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Abstract— Temperature gradient due to Joule heating has
huge impacts on the electromigration (EM) induced failure
effects. However, Joule heating and related thermomigration
(TM) effects were less investigated in the past for physics-based
EM analysis for VLSI chip design. In this work, we propose a new
spatial temperature aware transient EM induced stress analysis
method. The new method consists of two new contributions: First,
we propose a new TM-aware void saturation volume estimation
method for fast immortality check in the post-voiding phase for
the first time. We derive the analytic formula to estimate the void
saturation in the presence of spatial temperature gradients due
to Joule heating. Second, we develop a fast numerical solution
for EM-induced stress analysis for multi-segment interconnect
trees considering TM effect. The new method first transforms
the coupled EM-TM partial differential equations into linear
time-invariant ordinary differential equations (ODEs). Then
extended Krylov subspace-based reduction technique is employed
to reduce the size of the original system matrices so that they can
be efficiently simulated in the time domain. The proposed method
can perform the simulation process for both void nucleation
and void growth phases under time-varying input currents and
position-dependent temperatures. The numerical results show
that, compared to the recently proposed semi-analytic EM-TM
method, the proposed method can lead to about 28x speedup on
average for the interconnect with up to 1000 branches for both
void nucleation and growth phases with negligible errors.

I. INTRODUCTION

Electromigration (EM) is the top reliability killer for
copper-based interconnects of current integrated circuits (ICs)
in 7 nm technology and below. The EM crisis becomes even
worse as technology advances. It is critical to develop more
accurate EM models and less conservative EM sign-off and
assessment techniques for more EM-aware design and run-
time management. Therefore, it is important to accurately
predict aging and failure effects in interconnect trees for fast
sign-off analysis for today’s chip design. Recently, a number
of physics-based EM models and assessment techniques have
been proposed for finding transient hydrostatic stress [1]–[8].

The crux of those EM modeling problems primarily focuses
on solving the partial differential equation (PDE) (called
Korhonen’s equation) of hydrostatic stress evolution in the
confined multi-segment wires subject to blocking material
boundary or zero-stress conditions. However, most of those
methods did not consider the spatial temperature gradients due
to Joule heating. Recent studies [7], [9] show that the ther-
momigration (TM) (due to Joule heating) effects can be quite
significant (almost in the same magnitude as electromigration)
due to the Joule heating effects. This situation will become
even worse as technology advances to smaller features and
3D stacked integration, in which higher power density, more
Joule heating, and larger thermal resistances due to stacking
will lead to even higher temperature and temperature gradients
across chip [10].

In this work, we try to address this issue to explicitly con-
sider the impacts of thermomigration (spatial thermal gradient
) effect. Our key contributions are as follows:

This work is supported in part by NSF grants under No. CCF-1816361, in
part by NSF grant under No. CCF-2007135 and No. OISE-1854276.

• First, we propose a new TM-aware void saturation vol-
ume estimation method for fast immortality check in the
post-void phase for the first time. We derive the analytic
formula to estimate the void saturation in the presence of
spatial temperature gradients due to Joule heating.

• Second, we develop a fast numerical solution for EM-
induced stress analysis for multi-segment interconnect
trees considering TM effect. The new method first trans-
form the coupled EM-TM partial differential equations
into linear time-invariant ordinary differential equations
(ODEs). Then extended Krylov subspace-based reduction
technique is employed to reduce the size of the original
system matrices so that they can be efficiently simulated
in the time domain.

• Third, our numerical results show that compared to
a recently proposed semi-analytic TM-EM analysis
method, the proposed TM-EM method achieves about
28x speedup on average for the interconnect with up
to 1000 branches, which cover the majority of typically
power grid networks.

II. REVIEW OF RELATED WORK

Metal under high current density induces an inhomogeneous
temperature distribution that leads to temperature gradients.
These temperature gradients result in metal atoms’ migration.
This effect is called Thermomigration (TM). We remark that in
this work, the spatial temperature impacts on metal migration
are simply referred as thermomigration or TM.

Studies show that the large temperature gradients |dT/dx|
can cause significant TM, which can be in the same magnitude
as EM [7], [11], [12]. In addition, experimental data shows
that thermal gradient has remarkable impacts on the EM-
induced time to failure (TTF) for power electronics due
to temperature gradients effects |dT/dx| [13]. This article
also highlights that the temperature gradient of 0.19K/μm
leads to 50% TTF reduction. As a result, the temperature
gradient effects can be quite significant due to the Joule
heating effects. However, many existing EM methods do not
consider thermal effect [14]–[19] or only consider the transient
thermal effects when solving the Korhonen’s equation or
derive analytic models to estimate transient EM stress under
time-varying temperature [3]–[5], [20], [21]. Those works
fail to consider the spatial temperature or TM impacts on
the multisegments. Cook et al. proposed a fast solution to
find transient hydrostatic stress [22]. However, it also did not
consider the gradient temperature impacts caused by the Joule
heating. Recently, some researchers investigated TM impacts
on EM stress analysis and showed that TM indeed can have
the same impacts on the EM and the TM effect will become
more significant as technology scale [9], [23].

III. PROPOSED NEW SATURATION-VOLUME ESTIMATION

CONSIDERING TM EFFECTS

This section presents how to compute the void saturation
volume for multi-segment interconnects considering TM ef-
fects and the resulting EM immortality check formula. To
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estimate the steady-state stress of post-voiding phase, we first
illustrate the relationship between nucleation and post-voiding
phases. We assume that the void size will be much smaller than
the wire length so that the effective width length essentially
does not change. This is typically true for most interconnet
wires.

Fig. 1 shows the EM stress evolution considering TM effect
on a single wire in nucleation phase and post-voiding phase.
In nucleation phase, the stress at the cathode node increases
over time. We usually check steady-state stress for nucleation
phase to see whether the interconnect is an immortal wire.
This work is done before the saturation volume estimation.

Therefore, we can get the steady stress σn(x,∞) (blue bold
dash line) with zero atom flux at the block terminals, which
is the boundary condition of nucleation phase. We also have
the atom conversation,∫ L

0

σn(x,∞)dV = wh

∫ L

0

σn(x,∞)dx = wh

∫ L

0

σ0dx

(1)
Where σ0 is the initial stress, w, h and L are the width,
thickness and length of the wire, respectively.

Fig. 1. EM stress evolution considering TM effect in nucleation phase and
post-voiding phases.

When the stress reaches the critical value σcrit(≈ 500 MPa),
the void is formed and starts to grow, which is the post-voiding
phase, as shown in Fig. 1. In the meantime, the boundary
conditions at the cathode node (x = 0 μm) change, which is
given by

∂σ

∂x

∣∣∣∣
x=0

=
σ(0, t)

δ
(2)

where δ is the effective thickness of the void interface. Once
the void is formed, the stress at (x = 0 μm) is released
to zero. Fig. 1 shows that all steady-state stress σp(x,∞)
(orange bold dash line) values for post-voiding phase on
the interconnect becomes negative. As we can see, the only
difference between nucleation phase and post-voiding phase
is the boundary condition at block node x = 0 μm.

Specifically, we have the following proposition without
proof for the relationship between pseudo steady-state stress 1

in the nucleation phase and the steady-state stress in the post-
voiding phase:

Proposition 1: Let’s define σn(x, t) and σp(x, t) as the
stresses at location x at time t in the nucleation phase and in
the post-voiding phases respectively, then we have

σp(x,∞) = σn(x,∞)− σn(0,∞), (3)

1pseudo means void will not form even the critical stress is reached

where σn(0,∞) is the pseudo steady-state maximum stress at
location x = 0 (the cathode node) for nucleation phase. This
can be easily observed from Fig. 1 as the current densities in
all the segments of interconnect wires do not change in both
nucleation and post-voiding phases. Therefore, the maximum
steady stress σn(0,∞) for nucleation phase at x = 0 μm is
the offset of steady-state stress in nucleation phase to steady
stress in post-voiding phase.

Next, based on the steady-stress in post-voiding phase, we
estimate the void volume. Specifically, based on physics, the
void volume Vv(t) with initial condition σ0 meets the atom
conservation equation [24]

Vv = −

∫
ΩL

σ(x, t)

B
dV +

∫
ΩL

σ0

B
dV (4)

where σ(x, t) is the stress over time and position, B is the
effective bulk elasticity modulus, and ΩL is the volume of
the remaining interconnect wire. This equation (4) works for
both nucleation phase and post-voiding phase. In nucleation
phase, void size Vv is always zero since no void is formed.
Once it enters post-voiding phase, the void size Vv starts
to increase. After all stresses are released, the void reaches
saturation volume, which is the steady-state of post-voiding
phase. Based on (4), the steady-state saturation volume Vsat of
void is expressed as

Vsat = −wh

∫ L

0

σp(x,∞)

B
dx+ wh

∫ L

0

σ0

B
dx

= −wh

∫ L

0

σn(x,∞)− σn(0,∞)

B
dx+ wh

∫ L

0

σ0

B
dx

(5)

By substituting (1) into (5), the saturation volume can be
calculated by

Vsat =
whLσn(0,∞)

B
(6)

Actually, σn(0,∞) is the steady stress at cathode node with
zero atom flux, which is the maximum steady stress in
nucleation phase. For the TM-aware immortality check in
nucleation phase, the maximum effective EM voltage VT

eff,g

on the ground node g is calculated to be compared with the
critical stress VT

crit,EM [25]. VT
eff,g is given by

VT
eff,g = V

T
E − UT

g (7)

where VT
E is EM voltage considering spatial temperature

effect, UT
g = Ug −

Q
eZ

ln(Tg), Tg and Ug are the temperature
and voltage at the node g with maximum stress. Q is the
specific heat of transport, e is the electron charge, and Z is
the effective charge number. To estimate the temperature on
the interconnects, an analytical solution is given by [7]

T (x) = (
Ti + Tj

2
− Tm − T0)sech(

L

2Γ
) cosh(

x

Γ
)

+Tncsch(
L

2Γ
) sinh(

x

Γ
) + Tm + T0

(8)

where Ti and Tj are the temperatures at node i and j of the
branch ij. Γ is effective thermal length. T0 is the ambient
temperature. Tm and Tn are respectively represented by

Tm =
j2ρΓ2

κCu

, Tn =
Ti − Tj

2
(9)

where ρ is the resistivity and κCu is the thermal conductivity
of the copper. With V T

eff,g =
Ω
eZ

σg, we have

σg =
eZ

Ω
V T

eff,g =
eZ

Ω
(VT

E − UT
g ) (10)
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Based on (6) and (10), the saturation volume can be calculated
by

V T
sat =

whL

B
σg =

whL

B

eZ

Ω
(VT

E − UT
g ) (11)

where Ω is the atomic lattice volume.
To extend one single wire to a general multisegment inter-

connect, the total void saturation volume is calculated by

V T
sat, total =

∑
ij

wijhijLij

B

eZ

Ω
(VT

E − UT
g ) (12)

When the void is formed in interior junction node, each
segment connected with this node has the void. To estimate
the void saturation volume for each segment separately, based
on (5), we need to calculate the integral of the stress, which
is given by [9], [25]∑

ij

∫ xj

xi

σ(x)wijhijdx =
∑
ij

wijhij

[
(
σi + σj

2
)Lij

+
Q

Ω

(
ln(

T0 + Tm,ij√
TiTj

)Lij

+
(Ti + Tj − 2(T0 + Tm,ij))Γ

T0 + Tm,ij

tanh(
Lij

2Γ
)

)]
(13)

Then, the kth void saturation volume on the segment which
has Nk branches is estimated by

V T
sat, k =−

1

B

Nk∑
ij

wijhij

[
(
σi + σj

2
)Lij

+
Q

Ω

(
ln(

T0 + Tm,ij√
TiTj

)Lij

+
(Ti + Tj − 2(T0 + Tm,ij))Γ

T0 + Tm,ij

tanh(
Lij

2Γ
)

)]

+

Nk∑
ij

wijhijLij

B

eZ

Ω
(VT

E − UT
g )

+

Nk∑
ij

∫ xj

xi

wijhij

σ0

B
dx

(14)

The relationship between the total saturation volume and the
void volumes for each segment satisfies

V T
sat, total =

Nv∑
k=1

V T
sat, k (15)

where Nv is the total number of segments which have the
void.

Once V T
sat, k is calculated for the kth void, then the EM

immortality check considering void saturation volume can be
simply given as

V T
sat, k < V T

sat, crit (16)

where V T
sat, crit is the given critical void volume before resis-

tance change can happen for the wire.

IV. THE PROPOSED TM-AWARE EM ANALYSIS

In this section, we present the proposed TM-aware transient
analysis method.

A. Void nucleation phase

The failure process consists of two phases, nucleation and
post-voiding phase. In the first phase, void nucleation occurs
near the cathode end. For a general interconnect wire, transient
hydrostatic stress evolution σ(x, t) along the wire is described
by the Korhonen equation [26]

PDE :
∂σ

∂t
=

∂

∂x
[κ(x)(

∂σ

∂x
− S −M)], t > 0 (17)

BC : κ(xb)(
∂σ

∂x

∣∣∣∣
x=xb

− S −M) = 0, 0 < t < tnuc (18)

IC : σ(x, 0) = σT (19)

where κ(x) = Da(T (x))BΩ/(kbT (x)) is a position-
dependent diffusivity due to non-uniform temperature, and
Da = D0exp(−Ea/(kbT (x))) is atomic diffusion coefficient.

D0 is a constant and Ea is the EM activation energy. S = eZρj
Ω

is EM flux and M = Q
ΩT

∂T
∂x

is for TM flux. xb represents
block terminals and σT is the initial thermal-induced residual
stress. For TM flux, following the similar work in [25] ,
we first finds analytical temperature distribution for a general
multi-segment wire.

To solve the (17), we apply the finite difference method
(FDM). Specifically, to discretize the equation (κ(x)σ′(x))′

along spatial variable x, we can apply the chain rule to rewrite
as κ(x)σ′′(x) + κ′((x)σ′(x). However, our study shows such
different scheme leads to large errors. Instead, we discretize
the second-order term directly:

(κ(x)σ′(x))′ =
κ(x+ 1

2Δx)
(

σ(x+Δx)−σ(x)
Δx

)
Δx

−
κ(x− 1

2Δx)
(

σ(x)−σ(x−Δx)
Δx

)
Δx

(20)

As a result, the PDE in (17) can be written into the
following finite difference form:

∂σ

∂t
=

κ(x+ 1
2
Δx)

(
σ(x+Δx)−σ(x)

Δx
− S(x+ 1

2
Δx)− Q

ΩT

T (x+Δx)−T (x)
Δx

)

Δx

−

κ(x− 1
2
Δx)

(
σ(x)−σ(x−Δx)

Δx
− S(x− 1

2
Δx)− Q

ΩT

T (x)−T (x−Δx)
Δx

)

Δx
(21)

To illustrate the proposed method, we use a two-segment
wire with total length L as an example shown in Fig. 2, in
which j1, j2 are current densities of each segment. The wire is
discretized into five nodes with two terminal boundary nodes
at each end of the wire, one junction node at the middle of the
wire, and two non-boundary nodes, each between the junction
and a terminal node.

Fig. 2. Discretization of the two-segment wire.
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Terminal boundaries are introduced during the handling of
ghost points in the discretization scheme. These ghost points
are terms in the FDM that do not correspond to physical points
on the wire structures. Boundary conditions are discretized
using the backward difference depending on location (internal
junctions or edges) and EM phase (nucleation or post-voiding).
As a result, we end up with the following linear time invariant
(LTI) ODE system for nucleation phase:

C

⎡
⎢⎢⎢⎣
σ̇1(t)
σ̇2(t)
σ̇3(t)
σ̇4(t)
σ̇5(t)

⎤
⎥⎥⎥⎦ = A

⎡
⎢⎢⎢⎣
σ1(t)
σ2(t)
σ3(t)
σ4(t)
σ5(t)

⎤
⎥⎥⎥⎦+B

[
j1(t)
j2(t)

]
−D

σ(0) = σT

(22)

where C is a 5 × 5 identity matrix, A,B and D matrices
are in the equations (23), (24) ,and (25), respectively. We
notice that we have non-zero D matrix, which comes from
the impacts of TM, which is different than the existing finite
difference based methods [6], [22].

A =

⎡
⎢⎢⎢⎢⎢⎣
−

κ(x1+
Δx
2

)

Δx2

κ(x1+
Δx
2

)

Δx2

κ(x2−
Δx
2

)

Δx2 −
κ(x2+

Δx
2

)−κ(x2−
Δx
2

)

Δx2

0
κ(x3−

Δx
2

)

Δx2

0 0
0 0

0 0 0
κ(x2+

Δx
2

)

Δx2 0 0

−
κ(x3+

Δx
2

)−κ(x3−
Δx
2

)

Δx2

κ(x3+
Δx
2

)

Δx2 0
κ(x4−

Δx
2

)

Δx2 −
κ(x4+

Δx
2

)−κ(x4−
Δx
2

)

Δx2

κ(x4+
Δx
2

)

Δx2

0
κ(x5−

Δx
2

)

Δx2 −
κ(x5−

Δx
2

)

Δx2

⎤
⎥⎥⎥⎥⎥⎦
(23)

B = βρ

⎡
⎢⎢⎢⎢⎢⎢⎣

−
κ(x1+

Δx
2

)

Δx
0

−
κ(x2+

Δx
2

)−κ(x2−
Δx
2

)

Δx
0

κ(x3−
Δx
2

)

Δx
−

κ(x3+
Δx
2

)

Δx

0 −
κ(x4+

Δx
2

)−κ(x4−
Δx
2

)

Δx

0
κ(x5−

Δx
2

)

Δx

⎤
⎥⎥⎥⎥⎥⎥⎦

(24)
where β = eZ

Ω

D =

⎡
⎢⎢⎢⎢⎢⎢⎣

κ(x1+
Δx
2

)M(x1+
Δx
2

)

Δx
κ(x2+

Δx
2

)M(x2+
Δx
2

)−κ(x2−
Δx
2

)M(x2−
Δx
2

)

Δx
κ(x3+

Δx
2

)M(x3+
Δx
2

)−κ(x3−
Δx
2

)M(x3−
Δx
2

)

Δx
κ(x4+

Δx
2

)M(x4+
Δx
2

)−κ(x4−
Δx
2

)M(x4−
Δx
2

)

Δx

−
κ(x5−

Δx
2

)M(x5−
Δx
2

)

Δx

⎤
⎥⎥⎥⎥⎥⎥⎦

(25)

B. Post-voiding phase

Immediately after a void has nucleated, the stress at the void
surface will go to zero. However, the stress around the void is
close to the stress as immediately before the nucleation [27].
Therefore, at t = tnuc, this creates a significant stress gradient
around the voids. Hence, if xnuc is the position of the void
nucleation at a boundary and lets δ the thickness of the void
surface, then we have the following boundary condition at
xnuc:

∂σ

∂x

∣∣∣∣
x=xnuc

=
σ(xnuc, t)

δ
, tnuc < t <∞ (26)

PDE for post-voiding phase is the same as nucleation phase
and IC is the stress at t = tnuc in the nucleation phase. We
can obtain a similar (LTI) ODE system as shown in (22), in
which we still have non-zero D matrix.

C. Acceleration by model order reduction (MOR)

For a tree with a very large number of segments or branches,
we propose to use an existing MOR technique to improve
the scalability of the proposed method. We follow the similar
method proposed in [22] to reduce the size of original system
sparse matrices before the transient simulation.

Specifically, after the PDE in (17) has been space dis-
cretized into the ODE, it can be written as:

Cσ̇(t) = Aσ(t) +Bj(t)−D

σ(0) = [σ1(0), σ2(0), ..., σn(0)]
(27)

where the stress vector is represented by σ(t), σ(0) is the
initial stress at t = 0 due to thermal-mechanical interaction.
C,A are n×n matrices, D is n×1 constant matrix for t > 0,
and B is the n×p input matrix, where p is the number of inputs
or the size of driving current density sources, j(t), which can
be time-varying and is represented by the piecewise constant
linear waveform as the time constant (in terms of months) for
EM is much longer than the time constant (about milliseconds)
in VLSI circuits.

j(t) = u1(t) + u2(t− t1) + ...+ uN (t− tN−1) (28)

We notice the A in (23) is a singular matrix for the nucleation
case, which will cause problems for the Krylov subspace-
based MOR method. This actually is a known problem [6],
[22]. To mitigate this problem, one additional equation needs
to be introduced. This can be done by introducing the follow-
ing atom conservation equation considering initial stress:∑

k

akσk(t) =
∑
k

akσk(0) (29)

where σk(0) is initial stress and ak is the total area of
branches connected to the node k. This equation represents
the conservation in the stress kinetics.

Now, we transform the state equation (27) into the fre-
quency domain using the Laplace transformation. Notice that
D is a constant matrix for t > 0, hence it can be considered
as Du(t) where u(t) is the unit step function. Therefore we
have:

sCσ(s)− Cσ(0) = Aσ(s) +
1

s
(BJ(s)−D) (30)

where the Laplace transformation of j(t) is computed as:

J(s) =
1

s

(
N∑
i=1

uie
ti−1

)
=
1

s
J (31)

where J =
∑N

i=1 uie
ti−1 . Then we follow the similar ex-

tended Krylov subspace reduction/simulation method used
in [22] to reduce (30) into order-reduced system with much

smaller Â, B̂, Ĉ, D̂ matrices and the initial stress σ̂(0).
The resulting reduced ODE LTI stress evolution system with

the initial condition can be written as:

Ĉ ˙̂σ(t) = Âσ̂(t) + B̂j(t)− D̂

σ̂(0) = [σ̂1(0), σ̂2(0), ..., σ̂n(0)]
(32)

Then, transient simulations in the time domain using
backward-Euler time integration method can be performed
on (32), which will be much more efficient to simulate than the
original ODE LTI system in (27). After the reduced response
is obtained σ̂(t), then, the original approximate response can
be easily obtained by a simple projection operation.
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V. NUMERICAL RESULTS AND DISCUSSION

In this section, we first present the results for the proposed
spatial temperature aware void saturation volume estimation
method. Then we compare our proposed transient EM-TM
analysis method against finite element based COMSOL and a
few state of art methods on a number of interconnect trees.

A. Saturation volume estimation

In this sub-section, we use two examples from power
network benchmarks to demonstrate the accuracy of analytical
solution of the void saturation volume. The initial stress σ0 is
set to 10 MPa.

In the first example, the maximum stress is located at the
terminal end of the straight-line multisegment interconnect, as
shown in Fig. 3 (a) and (b). The saturation void size of TM-
aware immortality check is smaller than that of EM immor-
tality check. Fig. 4(a) shows steady-stress in void nucleation
phase and post-voiding phase. Once the void is formed, the
maximum stress is released to zero.

���������

��	��
���

�
������ 	���
���

��������	���	���

���

���

���

���

Fig. 3. The length of voids for (a) TM-aware and (b) EM saturation volume
estimation for the first example with terminal void. The length of voids for (c)
TM-aware and (d) EM saturation volume estimation for the second example
with interior void.

(a) (b)

Fig. 4. Steady state stress for TM-aware and EM analysis with (a) terminal
void and (b) interior void.

In the second example, the maximum stress is placed at
the mid part of the straight-line multisegment interconnect, as
shown in Fig. 3 (c) and (d). Both location and size of the
voids for TM-aware and EM immortality check are different.
Fig. 4(b) shows steady stress in void nucleation phase and
post-voiding phase. Once the void is formed, one interconnect
is divided into two sub-wires. By calculating areas A1 and
A2 in Fig. 4(b), we can estimate the saturation volume of two
sub-wires separately.

From two examples, considering Joule heating effects is
very important for the accurate prediction of EM reliability.
To validate the accuracy of the analytical solution, commercial
software COMSOL is also employed to calculate the satura-
tion volume. As shown in Table. I, the analytical results agree
well with that of COMSOL.

TABLE I
ACCURACY OF SATURATION VOLUME ESTIMATION

EM(μm3)
EM-TM(μm3) Rel. Err.

(%)COMSOL Proposed
1 64.756 64.291 64.286 0.008
2 3.461 2.584 3.507 2.662 3.505 2.661 0.049

B. Straight line interconnect case

Now we consider the straight line example, which typically
is used in the on-chip power grid networks. The line can
have many vias connecting the standard cells with blocking
terminals on both sides. For a real application, a straight line
is selected from a realistic IBMPG1 benchmark. Its size and
current densities obtained by SPICE circuits simulation for
IBMPG1 benchmark. Figs. 5(a) and 5(b) show that there exists
a very good agreement between the proposed method and
COMSOL results at different time points. We will see that
TM effects lead to decreasing of void nucleation time.
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Fig. 5. (a) Growth stage validation for two segments wire at t=1E9. (b)
Nucleation stage validation for nine segments wire.

C. Results for MOR-accelerated TM-EM analysis

The recently proposed fast EM analysis, FastEM [22],
does not consider the temperature gradient impacts on the
metal migration process. However, Fig. 6(a) shows that the
temperature gradient effects can be quite significant due to
the Joule heating effects. This figure compares our reduced
analytical solution with FastEM at steady-state stress and
shows that our results agree well with COMSOL. To further
validate the proposed MOR method, the six-segment case is
simulated and compared with the FDM. Each simulation is
conducted using five poles for reduction (q = 5). In Fig. 6(c),
the nucleation stage stress under nonuniform current density
distribution for three time steps is shown. The results show
agreement between both methods.

Table II shows the performance comparison between our
proposed MOR-accelerated TM-EM analysis method and re-
cently proposed TM-aware EM analysis method [9], which is a
semi-analytic method by using separation of variables method
and a fast numerical method for finding the eigenvalues for
the analytical solution. As we can see, the proposed MOR-
accelerated method can achieve about 28x speedup on average
for all the examples in this table.

In Fig. 6(b) we compare our proposed method with the
recently proposed semi-analytic EM-TM analysis method [9]
at t = 1E13. As you can see in that figure, both methods
agree well with COMSOL.

VI. CONCLUSION

In this article, we have proposed a new thermomigration-
aware transient EM stress analysis method for multi-segment
interconnects. The new method consists of two contributions:
First, the new analytic TM-aware void saturation volume
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Fig. 6. (a) Steady-state stress comparison between the new method,
FastEM [22] and COMSOL. (b) Steady-state stress comparison between the
proposed method and the semi-analytical method [9], (c) MOR validation for
6 wire segments with q=5.

TABLE II
THE CPU TIME COMPARISON WITH THE SEMI-ANALYTIC METHOD

#branch Method in [9] (s) New TM-EM (s) Speed-up

20 6.4451 0.0469 137.42×
50 16.3721 0.4681 34.98×
100 35.2561 1.3651 25.83×
200 83.5570 6.7356 12.41×
400 224.0334 40.5487 5.53×
500 324.1820 72.3226 4.48×
700 604.5640 190.4173 3.17×

1000 1307.7429 572.2694 2.29×

estimation formula for fast EM immortality check was pro-
posed and second, a fast numerical frequency domain anal-
ysis technique for solving the partial differential equations
for both nucleation and post-voiding phases were presented.
Compared to the recently proposed semi-analytic EM-TM
analysis method, the proposed TM-EM method achieves about
28x speedup on average for the interconnect with up to 1000
branches, which cover the majority of typically power grid
networks.
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