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Abstract— However, to analyze power quality parameters, it 

is necessary to record information through network buses but in 

order to save money, a limited number of buses are selected for 

this purpose. This paper presents the method of determining 

monitoring buses to observe the voltage sags in all parts of the 

network for the occurrence of any type of short circuit faults in 

the network. In this method, the number and location of 

monitoring buses are selected so that for the minimum number 

of monitoring buses, all network points are covered due to short 

circuit faults. For this purpose, first, by determining the 

vulnerable areas of network buses and then forming a monitor 

reach matrix for the network, the location and the minimum 

number of monitoring buses can be determined. The IEEE 14-

bus system and 57 bus system are used to implement the 

proposed method. 

Keywords—voltage sag, power quality, area of vulnerability 

(AOV), monitoring buses. 

 

I. INTRODUCTION  

Voltage sag, which is a sudden decrease in the amount of 
rms voltage (0.1 to 0.9 of the nominal voltage) and duration 
is up to 1 min, if not resolved, can cause malfunction of 
electrical equipment and have a lot of financial losses, 
Therefore, in recent years, it has always been one of the 
topics studied by researchers[1].To study this phenomenon, 
various indices have been introduced[2, 3] Since to record 
and analyze network parameters and voltage sag indices, it 
is necessary to study the required information through 
network buses. 
 And although if this information can be obtained by 
studying all network buses, the resulting information will be 
accurate and correct, Since not all network buses can be 
selected due to the high cost of study, monitoring and 
maintenance, Therefore determining the optimal monitoring 
buses is one of the topics studied by researchers. 
To obtain information of non-monitor buses, voltage sag 
estimation methods are used in references such as[4-6] 
where neural network methods, Bayes theory and genetic 
algorithm are used.  
Obviously, if the monitoring buses are determined more 
accurately, the information of other buses that are obtained 
In recent years, papers in this field have been 
developed.in[7]  integer programming-based method is 
proposed In this paper, the minimum number and location of 
monitors are shown, but the method used can only be used 
for one type of faults and does not cover all parts of the 
network.in [8]An Approach Based on Analytical 
Expressions is used for optimal placement 

The method used covers all points of the network and can be 
applied to all four types of faults (SLG-LL-LLG-3L), but a 
large number of points are required to apply the faults.. 
In[9] The fault position method is used to determine the 
fault locations and by forming a comprehensive database, 
the monitoring bus algorithm is applied. The formation of 
this database is time-consuming. 
In[10] the fault position method is used in a distribution 
network and covers any type of faults (balance and 
unbalance) and all points of the network, a matrix called 
resulting binary observability matrix (BOMRes) Forms and 
by the method described reduces the dimensions of the 
matrix, which reduces the calculations  . in[11] the types of 
fault variables (fault location, fault impedance and fault 
type) are considered by the hybrid method and to determine 
the optimal monitoring buses, the genetic algorithm method 
is used, which requires more time for solution convergence 
.in[12] simulated single-phase solid and the location of the 
fault and cost reduction are considered as the targets of the 
placement problem and the Bicriteria Discrete Optimization 
algorithm is used. 
in[13] The p-Median model algorithm is used for optimal 
placement with full network observability in the distribution 
network. Monitoring equipment is prioritized based on the 
importance of the load that may be due to non-technical 
losses that cause voltage sag.  In[14] The network 
impedance matrix (Z_bus) has been used to determine the 
monitoring buses. In this method, although the amount of 
calculations has been reduced, it has the same answer for all 
four types of fault. 
In this paper, the vulnerable areas of network buses are used 
to determine the optimal monitoring buses.The method used 
in this paper to determine these areas requires less 
computation than other papers with the same high accuracy 
and is very effective in large networks[15-18]  
To determine the critical points, the systematic numerical 
method is used, and to determine the monitoring buses by 
comparing the critical points of the lines with the threshold 
voltage, first form a comprehensive binary matrix of line 
status and solve the objective functions Monitoring buses 
are specified so that the entire network is completely 
covered. 
The paper is organized into four-part: in section II, 
determining the vulnerable areas of the network buses for 
the considered threshold voltage, in section III 
comprehensive binary matrix of line status is obtained by 
comparing the critical points of vulnerable areas with the 
threshold voltage. in section IV, define the objective 
function and its constraints so that the entire network is 



covered and in section V, introduced methods are tested on 
IEEE 14-bus system and 57 bus system.  
` 

II. IDENTIFY AREA OF VULNERABILITY DUE TO 

VOLTAGE SAG 

 
To determine the AOV, critical points must be determined. 
These points for a bus are the points that if a fault occurs in 
those points, the voltage is recorded exactly equal to the 
threshold voltage specified in the bus. 
To determine these points, assuming that the amount of 
voltage remaining in the buses due to the fault in the lines is 
quadratic, the method based on quadratic interpolation and 
secant method is used. 
The aim is to determine whether the study line is completely 
or partially part of the AOV of the studied bus or not at all. 

 

 
Fig. 1. area of vulnerability and critical points for specific threshold voltage 

 

A. Find critical point by secant method 

     One of the types of numerical methods of rooting can be 
open methods. In these methods, you can start from 
anywhere, and unlike Bracketing methods, there is no limit. 
Among the open methods, the secant method has been used 
in this paper. In this method, two points are used to solve the 
problem[19] 
In summary, in this method, a new point is created by 
connecting the values of these two selected points with a 
line and the collision of this line with the x-axis, then 
continue the same with the last two points. This operation is 
repeated until the desired answer, which is defined based on 
the convergence criterion. 

 
Fig. 2. The secant method 

 

x2=x1-
f(x1 )(x1-x0 )

f(x1 )-f(x0 )
                                  (1) 

  and , which are close to the roots of the 

quadratic equation, show the two initial points for solving 
the equation. The iteration loop and the convergence 
estimate of this method are as follows: 
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B. AOV determination process 

First, it forms a matrix that shows the magnitude of the 
voltage at bus k due to a fault in buses 1 to n, and then by 
subtracting the values of this matrix from the threshold 
voltage, a vulnerability index vector (BVI) is formed for bus 
k. 

vmag=  vk

fault_1⋮ vk

fault_n                                   (6) 

Δvmag= Δvmag,1⋮
Δvmag,n

 =  vk

fault_1⋮ vk

fault_n -vth             (7) 

BVI= BVI1⋮
BVIn

 = 1 ,   Δvmag≤0

0 ,   Δvmag>0
                    (8) 

If ∆  is negative or zero, the corresponding BVI 

becomes one, and if it is positive, it becomes zero. BVI is the 
vulnerability index of bus i(i=1,2,…,n).  equal to 1 means that the magnitude of the voltage at 
bus k due to a fault in bus i is less than the threshold voltage, 
so bus i is part of the AOV of bus k. 

Vulnerability index vector LVI  is calculated for network 

lines according to Equation (9).   is the vulnerability 

index of line j between  and    (j=1,2,…,m) buses and m is 

the number of network lines. LVI of line j which is between   and    buses is obtained by adding the value of the BVI 

of these two buses. 
 

LVI= LVI1⋮
LVIn

 = BVIA1⋮
BVIAn

 + BVIB1⋮
BVIBn

                   (9) 

 
If the value of BVI for one of the  and   buses is 1, the   is equal to 1, which means that a part of the line is AOV 

and the line has only one critical point. 

In this case | f (0.5) | Calculated and using the value of 

three-point voltage   v
k

fault_Aj ، v
k

fault_Bj و   0.5   Second 

degree interpolation is performed 

Then the numbers close to the root of the quadratic 
equation are used as the starting point in the secant method 
and the critical point is obtained by solving the secant method. 

And if      is zero, in this case, the study line is 

completely outside the bus AOV. 



If  LVIj  is equal to 2, in this case firstf(p
max 

)Calculated 

using the golden section search method [20] if f(p
max 

) is less 

than threshold voltage the line is completely in the AOV of  
target bus 

Otherwise with three values   v
k

fault_Aj ،  v
k

fault_Bj 
andf(p

max 
)second degree interpolation is performed and by 

solving the equation  vth=ap
i
2+bp

i
+c two points near the roots 

of the equation are selected as the starting points of the secant 
method and by solving the secant algorithm, two critical 
points are obtained. In the third case, two The end of the lines 
is part of the area that causes the voltage sag for the desired 
bus. 

III. COMPREHENSIVE BINARY MATRIX OF LINE STATUS 

      Comprehensive binary matrix of line status (CBM) 
shows the observability of each part of the network at the 
network buses when the voltage sag occurs in the lines. 
Based on the data of this matrix, it can be determined that 
the occurrence of a fault in each segment of network lines 
will trigger which of the network buses, and the dimensions 
of this matrix depend on the amount of threshold voltage. 
To understand the method used to form a comprehensive 
binary matrix of line states, it is best to consider the L line. 
So that according  section II, it is determined that the L line 
is completely or partially part of the AOV of assuming 4 

buses ،،وor is not part of the AOV of these 
buses at all. 

 
Fig. 3.  the segment of line L for threshold voltage t with considering 

buses  ,  ,  and . 
     According to Figure 3,  ، ، and  are the critical 

points of  the line L for buses ،،and, and the 

line L is completely part of the AOV of  bus . The L-line 

is divided into five segments  ،   ،    ،  and  . 
According to this figure, the occurrence of a fault in the 

segment  causes the voltage sag in the buses   ,  

and . 

       In the event of a fault in the segment, by installing 

monitoring on the buses ، and  the voltage sag with 
the considered threshold voltage can be recorded, but it is 

not visible on the bus m. 
If a fault occurs in a segment of the line L and voltage sag 
occurs in the bus, the element associated with that segment 
and the bus in the binary matrix will be equal to 1 otherwise, 
it will be 0. 

      In segment    of line L, elements corresponding for 

buses ،،   are equal to 0,1,0 and 1, 

respectively, because in buses  and , the voltage sag 

can be observed and recorded, and in basses  and , the 
voltage sag is not recorded.  
      If the number of segments of line L for the threshold 
voltage t is equal to k and the number of buses is M, the 
dimensions of this matrix for line L will be equal to M * K. 

BL=blm,k                 

  0  ,                    if Vmkx>t                                                                   1   ,                if Vmkx≤t ,     ∀m,k     x=1,2,3,…      (10)                       
Therefore, the values of the binary matrix elements of the L 
line state are as follows: 

BL= 1 1 1 0 0

1 1 1 1 1

1 0 0 0 1

0 0 1 1 1

                         (11) 

This process must be performed for all network lines (N) 
and if these matrices are put together, the following 
comprehensive matrix can be achieved: 

B= B1 B2 … BL … BN                      (12) 
    The number of rows of this matrix is equal to the total 
number of network buses and the number of columns of this 
matrix is equal to the sum of the segments of all network 
lines. 
      For each type of quadruple fault, the CBM matrix can be 

formed so that  represents CBM for the case where the 

balance three-phase fault,  and  are related to the 

case where line to line and double line to ground faults and  are related to the case where single line-to-ground in the 
network is considered for study. 

IV.  FORMULATION OF OPTIMIZATION AND 

PLACEMENT PROBLEM 

 
The purpose of CBM is to determine the optimal number 
and location of monitoring buses so that while selecting the 
minimum number of monitoring buses, all points of the 
network will be covered by these monitoring buses. 
The binary vector y, which contains M (equal to the number 
of network buses) elements, indicates the status of the 
network buses in terms of selection or non-selection as the 
monitoring bus. So that if the y (i) element is one, that is, the 
corresponding bus is selected as the monitoring bus, but if it 
is zero, the corresponding bus is not as the monitoring bus. 
The objective function for the optimization problem so that 
the least number of buses is selected is as follows: 

 

min∑ y(i)M
i=1                                   (13) 

 

as mentioned,one of the purposes of this paper is that if 
occures voltage sag because of the fault at any point of the 
network at least one bus can record it. In other words, the 
whole network is covered. Since each column of the CBM 
matrix represents one segment of network , so at least one 
entry of any columns must be 1, which indicates that the bus 
related to this entry is triggered if any kind of faults at that 
segment cause voltage sag. 

Therefore, the following constraints must be considered 
for all four types of faults in Equation(13): 

 b3p(i,k)y(i)≥1 ,             ∀k=1,2,...,k3p

M

i=1

 

 b2p(i,k)y(i)≥1 ,              ∀k=1,2,...,k2p

M

i=1

 

 b2p-g(i,k)y(i)≥1 ,        ∀k=1,2,...,k2p-g

M

i=1

 



 b1p(i,k)y(i)≥1 ,               ∀k=1,2,...,k1p

M

i=1

 

              y(i)          binary                     ∀i=1,2,...,N       (14) 

and k3p k2p,  k2p-g , k1p 

are the total number of segments or total number of columns 

of  B1P, B2P-g, B2P and B3P. 
to solve the (13) and (14) equations, the cplex solver is used 
in GAMS software[21]  

 

V.  CASE STUDY 

In this part, the ieee 14-bus system and 57 bus system are 
used to implement the proposed method 

First, with the method described in Section II, we can 
determine the vulnerable area of each bus or the vulnerability 
of each line to all buses(part of line or all of that is AOV of 
the bus under study or not part of the AOV at all)and CBM 
matrix is formed. . In this paper, to study the voltage sag, the 
lowest voltage value is considered in the phase with the 
highest amplitude drop. According to Figure 4, which shows 
the amount of voltage in three different phases, the amount of 
voltage at point A of the red curve is recorded as voltage sag. 

And also, single-line to ground and three-phase faults are 
simulated, but the method is established for all four types of 
faults (SLG-LL-LLG and 3L). In this paper, for 14-bus 
system, three states, single-phase to ground fault with 0 and 4 
ohm impedances and 3-phase fault with 0 impedance are 
considered, and for 57-bus network, single-phase to ground 
faults with 0 impedance is considered. 

 

Fig. 4.  voltage magnitude in different phases when a fault occurs. 

 

And the threshold voltage is assumed to be 0.9 pu.figure 5 
shows the AOV of buses 14 and 3 in the ieee 14 bus system 
and AOV of bus 7 in the 57 bus system. For example, Figure 
6 shows the condition of line 3-4 for a single line to ground 
fault with 4 ohm impedance in the 14-bus system relative to 
all network buses, indicating that line 3-4 is composed of 4 
parts. 

 

a. AOV for bus 14 in ieee 14-bus with SLG fault with R=0 

 

b. AOV for bus 3 in ieee 14-bus with SLG fault with R=4 

 

c.  AOV for bus 7 in ieee 57-bus with SLG fault with R=0 
Fig. 5. AOV for buses 3and 14 in the IEEE14-bus and bus 7 in the IEEE 

57-bus 

the line 4-3 matrix relative to all buses is as follows 



 

Fig.6. the segment of line 3-4 with threshold equal 0.9pu in ieee 14-bus 
with SLG fault 

=

⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎡0 0 1 1

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
0 1 1 1
1 1 1 1

0 0 0 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

1 1 1 1⎦⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎤

                                            (15) 

 

And Figure 7, which is related to the status of line 41-42 
from the 57-bus network, shows that this line is divided into 8 
parts. 

If we do this for all network lines. By using the matrix of 
individual lines according to the formula (12), the CBM 
matrix is formed for these networks. 

Table 1 shows the CBM matrix for single-line to ground 
fault with 4 ohm impedance for 14-bus network. 

Finally, to determine the monitoring buses so that no 
specific buses is considered and all buses have the same 
priority, the CBM matrix is formed for each of the networks 
and scenarios and using the (13)and(14) formulas, the results 
shown in Table 2 are obtained. 

As expected, as the amount of fault impedance increases, 
the vulnerable areas of the buses shrink, so more buses are 
needed for monitoring. With considering the three-phase fault 
instead of single-line to ground fault, As vulnerable areas 
grow, fewer buses are needed to monitor the network. 

 

 

Fig . 7. Line 41-42  matrix with consideration of all  network buses  in 57 
bus system. 

Table 2. determine optimal monitoring buses to record voltage sag in 
different scenarios. 

Dimension 

of CBM 
Optimal 

monitoring buses 
Fault type Network type  

14*77 11,13,14  SLG  14 bus 

14*52  10,11,12,13,14  
SLG  with 
R=4 ohm  

14 bus  

14*44 12  3L  14 bus  

57*871  12,17,20,26,42,50,52  SLG  57 bus  

 

In Figure 8, the parts covered by each of the monitoring 
buses can be seen in SLG fault mode with impedance value 
of 4 ohms. areas covered by basses 10, 11, 12, 13, and 14 are 
shown in red, green, blue, yellow, and purple, respectively 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 1 1 0 0 0 0 0 1 1 0 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0

1 1 0 0 0 1 1 1 1 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 0 0 1 1 1 0 0 0 0 0 0 0 1 1 1 0

1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 0 0 0 1 1 0 0 1 1 1

Table 1. CBM matrix for single phase to ground fault with 4 ohm impedance for 14 bus network 

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 1 1 1 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 1 1 0 0 0 0 0

1 1 1 1 1 1 0 0

1 1 1 1 1 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 0

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1



 
 

 

VI. CONCLUSION 
Because it is not possible to use all the buses to monitor 
the entire network to record the voltage sag due to   due to 
economic problems and high maintenance costs, so in this 
paper a method for optimal placement of monitoring buses 
is provided so that all parts of the network are covered by 
these buses. to determine these buses, first the vulnerable 
areas of the network buses for the threshold voltage of 0.9 
were determined Then, by forming a comprehensive line 
status matrix (CBM) for the network, the formulas for 
determining the minimum and optimal monitoring buses 
can be applied to determine the desired buses. And as 
shown, the location and number of these buses is not fixed 
and depends on the impedance and the type of fault. 
The proposed method, in addition to simplicity and low 
computational volume compared to other methods, has 
high accuracy in determining areas and consequently in 
determining monitoring buses 
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Fig. 8.. areas coverd by buses 10,11,12,13 and 14 to voltage sag monitoring 
 


