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Abstract
The current best approximation algorithms for k-median rely on first obtaining a structured fractional

solution known as a bi-point solution, and then rounding it to an integer solution. We improve this second step
by unifying and refining previous approaches. We describe a hierarchy of increasingly-complex partitioning
schemes for the facilities, along with corresponding sets of algorithms and factor-revealing non-linear programs.
We prove that the third layer of this hierarchy is a 2.613-approximation, improving upon the current best ratio
of 2.675, while no layer can be proved better than 2.588 under the proposed analysis.

On the negative side, we give a family of bi-point solutions which cannot be approximated better than
the square root of the golden ratio, even if allowed to open k + o(k) facilities. This gives a barrier to current
approaches for obtaining an approximation better than 2

√
ϕ ≈ 2.544. Altogether we reduce the approximation

gap of bi-point solutions by two thirds.

1 Introduction
We study the classical NP-hard k-median problem. Given a set of clients C, a set of facilities F , and a distance
metric d over C ∪F , the goal is to open a subset S of k facilities which minimizes the total distance from each
client to its closest facility in S. In addition to their natural applications in facility location (e.g., in the opening
of health-care facilities), such problems also naturally model clustering in various ways.

1.1 Related Work Three main approaches have been applied toward constant factor approximations for k-
median. The first is LP-rounding, using a half-integral solution as an intermediate step. Charikar et al. [5] used
this approach to give the first constant-factor approximation of 6 2

3 . Charikar and Li [6] later refined this approach
with dependent rounding to achieve a factor of 3.25.

The second approach is local search. Arya et al. [2] proved that the natural local search algorithm with 2
ϵ

simultaneous swaps is a tight (3 + ϵ)-approximation. Their analysis was later nicely simplified by Gupta and
Tangwongsan [9]. Very recently, Cohen-Addad et al. [8] showed that this could actually be improved by using
an auxiliary cost function which discounts clients with multiple nearby open facilities. They proved that this
algorithm with O

(
( 1ϵ )ˆ(

1
ϵ )ˆ(

1
ϵ )
)

simultaneous swaps achieves an approximation factor of 2.836 + ϵ.
The third approach, and the one we focus on for the rest of the paper, is to first generate an intermediate

fractional form called a bi-point solution, and then round it to an integral solution. These two steps are usually
analyzed independently, each incurring a multiplicative loss in the approximation factor, which we will refer to as
the bi-point generation factor and the bi-point rounding factor respectively. Jain and Vazirani [13] introduced this
approach, achieving a bi-point generation factor of 3 via reduction to the related Uncapacitated Facility Location
problem, and a bi-point rounding factor of 2, resulting in a 6-approximation for k-median. Jain, Mahdian and
Saberi [12] later reduced the bi-point generation factor from 3 to 2 to get a 4-approximation; Charikar and Guha
also gave an earlier 4–approximation by analyzing both steps holistically [4].

Li and Svensson [14] improved the bi-point rounding factor to 1+
√
3+ϵ

2 ≈ 1.366 under the relaxation of being
allowed to open k+O

(
1
ϵ

)
facilities, resulting in a pseudo-approximation algorithm. Then, in a remarkable result,

they showed how to convert any α-pseudo-approximation algorithm which opens k + c facilities into a proper
(α + ϵ)-approximation algorithm, by running it on a set of nO(c/ϵ) derived instances. This enabled conversion
of their pseudo-approximation into a (1 +

√
3 + ϵ)-approximation with runtime nO(1/ϵ2). Their algorithm was
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based on constructing stars of nearby facilities which could be randomly rounded while still guaranteeing a nearby
facility for each client.

Byrka et al. [3] refined this approach by categorizing stars by their size and relative distance, and then
considering a slew of algorithms which open facilities asymmetrically across each category. They then gave a
factor-revealing non-linear program (NLP) corresponding to taking the best of all algorithms, and solved the
NLP with computer assistance to get a bi-point rounding factor of 1.3371 + ϵ. They also re-framed the star-
rounding technique in terms of bounding positive correlation, and developed a dependent-rounding technique
which reduced the number of facilities required to k +O

(
log 1

ϵ

)
, resulting in a runtime of nO( 1

ϵ log 1
ϵ ). They also

exhibited a bi-point solution with an integrality gap of 1+
√
2

2 ≈ 1.207 even when allowing for k + o(k) facilities
to be opened, thus giving a new lower bound for the bi-point rounding factor, resilient to Li and Svensson’s
pseudo-approximation technique.

Lastly, during the writing of this paper, Cohen-Addad et al. [7] have released results refining the bi-point
generation factor to be slightly less than 2. The remainder of our paper does not reflect this result, though it
would likely imply some small improvement to the overall factor.

1.2 Our Work Let us now formally define bi-point solutions and summarize the current-best bi-point
generation result.

Definition 1.1. (Bi-point solution) Given a k-median instance I, a bi-point solution is a pair F1, F2 ⊆ F
such that |F1| ≤ k ≤ |F2|, along with real numbers a, b ≥ 0, a + b = 1 such that a|F1| + b|F2| = k. The cost
of this bi-point solution is defined as aD1 + bD2, where D1 and D2 are the total connection costs of F1 and F2,
respectively.

Theorem 1.1. ([12]) There exists an algorithm that, given a k-median instance, produces a bi-point solution of
cost at most 2 ·OPT in polynomial time, where OPT is the cost of optimal solution for the given instance.

In this paper, we will focus exclusively on improving the bi-point rounding factor, where a factor of α
immediately implies a 2α-approximation for k-median, per Theorem 1.1.

A key ingredient in improving this factor will be the star-rounding algorithm of Li and Svensson (LS). One
drawback of their algorithm is that it requires separate algorithms when b is close to 0 or 1, and this caveat
propagates to any dependent results. To avoid importing this complexity, we provide a streamlined version of LS
that uses a somewhat-sophisticated dependent-rounding procedure to remove any restriction on the value of b, by
essentially unifying the star-rounding and knapsack-type algorithms from LS. This more generic analysis requires
opening slightly more facilities than LS, but we feel the gain in simplicity is worthwhile and hope others may
find it similarly helpful in future work. (Indeed, this technique would have removed the need for many edge-case
algorithms and analysis in [3] as well.)

Theorem 1.2. There exists a randomized algorithm SR that takes a bi-point solution and returns a set of
k +O

(
1
ϵ log

1
ϵ

)
facilities, with expected cost at most

(1 + ϵ) · [(1− b)D1 + b(3− 2b)D2)] .

To account for the extra facilities opened, we invoke the pseudo-approximation reduction of LS for a net run-
time of nO( 1

ϵ2
log 1

ϵ ), and an additional additive penalty of ϵ incurred in the approximation factor. For convenience,
we generally omit the ϵ term when stating our approximation factors throughout the paper. (Alternatively, we
may consider ϵ as being absorbed into the rounding error in our non-exact approximation factors).

Now consider the previously mentioned bi-point rounding algorithms of Jain and Vazirani (JV) and of LS.
JV is based on F2-centric stars, while LS is based on F1-centric stars. In each case, the stars function to provide
a worst case backup bound for each client. Byrka et al. refined LS by partitioning stars according to a factor
g(i) representing their relative distance to each other. This exposed new possible backup bounds beyond those
immediately provided by the stars, thus enabling a larger variety of competing algorithms, and resulting in the
improved approximation.

In this paper we apply a similar refinement, but to JV instead of LS. We find JV is more amenable to these
techniques for several reasons. First, the resulting backup bounds are more direct and thus cheaper, due to only
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needing to make at most one “hop" to another facility. Second, we are able to apply the g(·)-based partitioning
to all stars, instead of just some, which also means the new backup bounds are available to all clients. Third, the
resulting algorithms are simpler and do not open more than k facilities. This last property immediately implies
that our new algorithms cannot actually beat the integrality gap of 2. Nevertheless, when run in tandem with
LS, we achieve results which appear to completely subsume those in Byrka et al. (e.g., including their algorithms
in our analysis does not improve the results of this paper, at least experimentally).

Additionally, thanks to the simpler setting of F2-centric stars, we are able to push the technique further,
defining and analyzing a hierarchy of increasingly complex partitions based on the factor g(i). For each layer of
the hierarchy, we propose a set of candidate algorithms, and a factor-revealing NLP representing the best of all
solutions. The NLP complexity increases exponentially at each layer. However with computer-assisted methods,
we are able to rigorously prove that the third layer, in tandem with SR, provides a bi-point rounding factor of
1.3064 (improving over the previous best factor of 1.3371). We also show the existence of a difficult instance for
which our NLP cannot prove a bi-point rounding factor smaller than 1.2943, for any layer of our hierarchy.

Theorem 1.3. There exists a randomized algorithm that, given a bi-point solution of cost aD1 + bD2 and ϵ > 0,
opens at most k +O

(
1
ϵ log

1
ϵ

)
facilities and returns a solution of cost at most (1.3064 + ϵ) · (aD1 + bD2).

Theorem 1.4. There exists a bi-point solution for which our NLP cannot prove a bi-point rounding factor better
than 1.2943, for any layer of our hierarchy.

Theorem 1.1, Theorem 1.3 and the pseudo-approximation reduction of Li and Svensson [14, Theorem 4]
together imply our improved approximation factor.

Corollary 1.1. There exists a randomized algorithm that, given a k-median instance and ϵ > 0, runs in time
nO( 1

ϵ2
log 1

ϵ ) and returns a solution of cost at most (2.613+ϵ) ·OPT , where OPT is the cost of the optimal solution
of the given instance.

Lastly, we provide a bi-point solution with integrality gap
√
ϕ ≈ 1.272 where ϕ is the golden ratio, even when

allowing for k + o(k) facilities to be opened. This improves on the previous gap of 1.207, giving an improved
lower bound for the bi-point approximation factor. Study of this instance inspired the algorithmic improvements
in this paper; we hope it can shed further insight into the true approximability of bi-point solutions.

Theorem 1.5. For every ϵ > 0 and C(k) = o(k), there exists a family of bi-point solutions with integrality gap√
ϕ− ϵ, even if we allow solutions that open k + C(k) facilities.

The rest of the paper is organized as follows. In Section 2, we present our bi-point rounding algorithm.
Section 2.2 discusses the aforementioned variant of Li and Svensson’s star-rounding algorithm SR, Section 2.3
describes our main hierarchy of partitioning schemes for facilities and the corresponding set of rounding algorithms,
and Section 2.4 presents the NLP for obtaining the bi-point rounding factor and the results achieved for the
second and third layers of our hierarchy. In Section 3, we give a lower bound for our framework. In Section 4, we
exhibit the pseudo-approximation-resilient family of integrality-gap instances. We conclude with a discussion in
Section 5.

2 Bi-point Rounding Algorithm
In this section, we define a set of bi-point rounding algorithms, and bound the total cost and facilities opened
for each algorithm. Our set of algorithms consists of a family of rounding algorithms obtained via a hierarchy of
partition schemes for the facilities, along with the star-rounding algorithm SR. Our top-level algorithm runs all
of these algorithms and returns the best solution obtained.

2.1 Preliminaries For any client j ∈ C, we use c(j) to denote the connection cost of j (to its closest open
facility in S). For any set J of clients, let c(J) :=

∑
v∈J c(v). We let i1(j) and i2(j) denote the closest facility to

j in F1 and F2, respectively. When the context is clear, we shall drop the parameter j in the notation.
By an abuse of notation, for any facility i ∈ F , we let i (and ī) denote the event that facility i is opened

(and closed) in our solution (respectively). For ease of notation, we also drop the ∧ operator when joining these
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events. For example, Pr[i1ī2] is the probability for the event that facility i1 is opened and facility i2 is closed. For
any set X ⊆ F , we let σX(i) denote the closest facility to i in X (i.e., σX(i) := argmini′∈X d(i, i′)).

Lastly, we use [m] to denote the set of natural numbers {1, 2, · · · ,m}, and [m1,m2] to denote the set
{m1,m1 + 1, · · · ,m2}. However, when we refer explicitly to the set [0, 1], it means the standard set of reals
between 0 and 1 (inclusive).

2.2 Star-Rounding Algorithm In this section, we define the star-rounding algorithm SR and prove
Theorem 1.2, which will provide the same cost guarantee as Li and Svensson’s algorithm, but with no restrictions
on bi-point parameter b (see Definition 1.1). The proof follows a similar structure to that of previous star-rounding
algorithms[14, 3]. We will first need the following dependent-rounding procedure from [11] 12.

Theorem 2.1. ([11, Theorem 2.1]) Symmetric Randomized Dependent Rounding. Given vectors
x ∈ [0, 1]n and a = (a1, . . . , an) ∈ Rn, and t ∈ N, there exists a randomized algorithm (SRDR) which runs
in expected O(n2) time and returns a vector X ∈ [0, 1]n with at most t fractional values. Both the weighted sum
and all the marginal probabilities are preserved:

∑
i aiXi =

∑
i aixi with probability one, and E[Xi] = xi for all

i ∈ [n]. Let S, T be disjoint subsets of [n]. Then we have the upper correlation bound:

(2.1) E

∏
i∈S

Xi

∏
j∈T

(1−Xj)

 ≤

∏
i∈S

xi

∏
j∈T

(1− xj)

1−1/(t+1)

.

This can generally be converted to a standard multiplicative (1+ ϵ) error bound by setting the parameter t to be
O
(

1
ϵ log

1∏
i∈S xi

∏
j∈T (1−xj)

)
, but in the special case below, we can actually set t independently of the xi. This

will allow us to avoid restricting the domain of the algorithm.

Corollary 2.1. Pairwise positive correlation under uniform marginals. Suppose SRDR is run with
t ≥ log(1+1/ϵ)

log(1+ϵ) . For any distinct i, j such that xi = xj = b for any value of b, we have

E[Xi(1−Xj)] ≤ (1 + ϵ)b(1− b).

Proof. Let S = {i}, T = {j}. Then (2.1) simplifies to:

(2.2) E[Xi(1−Xj)] ≤ (xi(1− xj))
1−1/(t+1) =

(
1

b(1− b)

)1/(t+1)

b(1− b).

If min{b, 1− b} ≥ ϵ
1+ϵ , then 1

b(1−b) ≤
(1+ϵ)2

ϵ and 1
t+1 ≤ log(1+ϵ)

log((1+ϵ)2/ϵ) , so (2.2) is at most (1 + ϵ)b(1− b). Otherwise
min{b, 1− b} ≤ ϵ

1+ϵ , in which case we may directly bound by the marginals:

E[Xi(1−Xj)] ≤ min{E[Xi],E[1−Xj ]}(2.3)

= min{b, 1− b} =
b(1− b)

1−min{b, 1− b} ≤ (1 + ϵ)b(1− b).

We now define the star-rounding algorithm SR. Form graph G by drawing an edge from each facility in F2 to its
closest facility in F1, resulting in a forest of F1-centric stars. For each i ∈ F1, let Li ⊆ F2 be the leaves of the star
rooted at i. Define vectors a, x with ai := |Li| − 1 and xi := b, and set t :=

⌈ log(1+1/ϵ)
log(1+ϵ)

⌉
for some ϵ > 0. Now run

SRDR(a, x, t) to obtain output vector X. Finally, for each i ∈ F1, open ⌈Xi|Li|⌉ facilities uniformly at random
from Li and open i itself with probability ⌈1−Xi⌉.

1This result appears exclusively in v1 of the referenced arXiv paper, but continues to be publicly available.
2As David Harris reminded us, a later version of the referenced paper [10] gives a stronger result and a corresponding pseudo-

approximation algorithm for the more general knapsack median problem. This can be used to provide the same cost bounds as
Theorem 1.2 with only k +O( 1

ϵ
) facilities.
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Lemma 2.1. SR opens at most k +O
(
1
ϵ log

1
ϵ

)
facilities, with probability one.

Proof. By Theorem 2.1, there are at most t fractionally-valued Xi (the rest being 0 or 1). Also,
∑

i(|Li|−1)Xi =∑
i aiXi =

∑
i aixi =

∑
i(|Li| − 1)b and {Li}i∈F1

partitions F2. Thus, the count of facilities opened is∑
i∈F1

(
⌈1−Xi⌉+ ⌈Xi|Li|⌉

)
≤
∑
i∈F1

(1−Xi +Xi|Li|) + 2t (with probability one)

=
∑
i∈F1

(1− b+ b|Li|)) + 2t (with probability one)

= (1− b)|F1|+ b|F2|+ 2t

= k + 2t = k +O
(
1

ϵ
log

1

ϵ

)
.

Lemma 2.2. For any two facilities i1 ∈ F1 and i2 ∈ F2, we have

Pr[̄i1] ≤b,(2.4)
Pr[̄i2] ≤1− b,(2.5)

Pr[̄i1ī2] ≤(1 + ϵ)b(1− b).(2.6)

Proof. We shall use this simple fact: for any event E and random variable Y , Pr[E|Y = y] ≤ f(y) implies that
Pr[E ] ≤ E[f(Y )]. Let i3 be the root of the star containing i2. Then we have that

• Pr[̄i1|Xi1 = y] = 1− ⌈1− y⌉ ≤ y =⇒ Pr[̄i1] ≤ E[Xi1 ] = b;

• Pr[̄i2|Xi3 = z] = 1− ⌈z|Li|⌉
|Li| ≤ 1− z =⇒ Pr[̄i2] ≤ E[1−Xi3 ] = 1− b;

• If i1 and i2 are in the same star, then “i1 is closed ” =⇒ Xi1 = 1 =⇒ “i2 is opened”, so Pr[̄i1ī2] = 0. Else
the two facilities are chosen by independent processes (for fixed X), and we can apply Corollary 2.1 to show

Pr[̄i1ī2|Xi1 = y ∧Xi3 = z] = Pr[̄i1|Xi1 = y] · Pr[̄i2|Xi3 = z] ≤ y(1− z),

implying that

Pr[̄i1ī2] ≤ E[Xi1(1−Xi3)] ≤ (1 + ϵ)b(1− b).

Lemma 2.3. For any client j, let i1 and i2 be the closest facilities in F1 and F2, at distances d1 and d2 from j,
respectively. SR gives

E[c(j)] ≤ (1 + ϵ)((1− b)d1 + b(3− 2b)d2).

Proof. Let i3 ∈ F1 be the root of i2 in G. At least one of i2 or i3 will be opened. By the triangle inequality,
d(j, i3) ≤ d(j, i2) + d(i2, i3) ≤ d(j, i2) + d(i2, i1) ≤ 2d2 + d1. If d2 < d1, we bound the cost by connecting to the
first open facility in order of precedence (i2, i1, i3):

E[c(j)] ≤ Pr[i2]d2 + Pr[̄i2i1]d1 + Pr[̄i2ī1](2d2 + d1)

= d2 + Pr[̄i2](d1 − d2) + 2Pr[̄i2ī1]d2(2.7)
≤ d2 + (1− b)(d1 − d2) + 2(1 + ϵ)b(1− b)d2

= (1− b)d1 + bd2 + (1 + ϵ)b(2− 2b)d2.

Similarly, if d1 < d2, we connect in order (i1, i2, i3):

E[c(j)] ≤ Pr[i1]d1 + Pr[̄i1i2]d2 + Pr[̄i1ī2](2d2 + d1)

= d1 + Pr[̄i1](d2 − d1) + Pr[̄i2ī1](d1 + d2)

≤ d1 + b(d2 − d1) + (1 + ϵ)b(1− b)(2d2)

= (1− b)d1 + bd2 + (1 + ϵ)b(2− 2b)d2.
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Summing the expected cost of all clients yields Theorem 1.2.
Finally, we remark that SR generalizes Li and Svensson’s knapsack algorithm in the following senses: Firstly,

if we run SR with t = 1 we essentially recover a randomized version of the knapsack algorithm. Secondly,
the (2 − b)d2 + (1 − b)d1 cost bound used in the knapsack analysis may be viewed as the result of relaxing
Pr[̄i2ī1] ≤ Pr[̄i2] (e.g., in step (2.7) above), which is equivalent to the relaxation used in Equation (2.3).

2.3 Main Family of Algorithms In this section, we describe our main hierarchy of increasingly complex
partitioning schemes for the facilities. Given a bi-point solution aF1 + bF2, let us rename the set F1 to A for
convenience. Now, we associate each facility i ∈ A to its nearest facility σB(i) ∈ F2 (breaking ties arbitrarily).
This gives us a set of “primary stars”, where the centers are facilities in F2 and the leaves are the facilities in A.
Let B denote the set of centers of primary stars with at least one leaf, i.e., B is the set of facilities in F2 that
have at least one facility from A associated with it. We pad the set B, arbitrarily, with the remaining facilities
from F2 until |B| = |A|.

Now, let C denote the set F2 \ B. We also associate each facility i ∈ A to its nearest facility σC(i) ∈ C
(breaking ties arbitrarily). This gives us a set of “secondary stars” with centers in C and leaves in A. (See
Figure 1). Also, for a set S, let σB(S) := {σB(x)|x ∈ S}. σC(S) is defined similarly.
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<latexit sha1_base64="KwAsY2tauPqULjqzs0meD9B+9uY=">AAAB8nicbZDLSgMxFIYz9VbrrV52boJFqJsyI0VdFrpxWcFeYDqUTJppQ5PMkJwRytDHcONCEbc+jTvfxnTahbb+EPj4/3PIOSdMBDfgut9OYWNza3unuFva2z84PCofn3RMnGrK2jQWse6FxDDBFWsDB8F6iWZEhoJ1w0lznnefmDY8Vo8wTVggyUjxiFMC1vL7ho8kGTSr/GpQrrg1NxdeB28JlcZZlKs1KH/1hzFNJVNABTHG99wEgoxo4FSwWamfGpYQOiEj5ltURDITZPnIM3xpnSGOYm2fApy7vzsyIo2ZytBWSgJjs5rNzf8yP4XoLsi4SlJgii4+ilKBIcbz/fGQa0ZBTC0QqrmdFdMx0YSCvVLJHsFbXXkdOtc176ZWf/AqjTpaqIjO0QWqIg/doga6Ry3URhTF6Bm9ojcHnBfn3flYlBacZc8p+iPn8wcZI5Nh</latexit>

�C(i)
<latexit sha1_base64="KwAsY2tauPqULjqzs0meD9B+9uY=">AAAB8nicbZDLSgMxFIYz9VbrrV52boJFqJsyI0VdFrpxWcFeYDqUTJppQ5PMkJwRytDHcONCEbc+jTvfxnTahbb+EPj4/3PIOSdMBDfgut9OYWNza3unuFva2z84PCofn3RMnGrK2jQWse6FxDDBFWsDB8F6iWZEhoJ1w0lznnefmDY8Vo8wTVggyUjxiFMC1vL7ho8kGTSr/GpQrrg1NxdeB28JlcZZlKs1KH/1hzFNJVNABTHG99wEgoxo4FSwWamfGpYQOiEj5ltURDITZPnIM3xpnSGOYm2fApy7vzsyIo2ZytBWSgJjs5rNzf8yP4XoLsi4SlJgii4+ilKBIcbz/fGQa0ZBTC0QqrmdFdMx0YSCvVLJHsFbXXkdOtc176ZWf/AqjTpaqIjO0QWqIg/doga6Ry3URhTF6Bm9ojcHnBfn3flYlBacZc8p+iPn8wcZI5Nh</latexit>

�C(i)

<latexit sha1_base64="SytJiY6wMJ81mBnL+X1cDIjpOmE=">AAAB+HicbVDJSgNBEO2JW4xLxnj00iQInsJMCOoxqIjHCGaBZBh6OjVJk57F7h4hDvkSLx5c8OrdP/Dkzb+xsxw08UHB470qqup5MWdSWda3kVlZXVvfyG7mtrZ3dvPmXqEpo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPzid+6AyFZFN6oUQxOQPoh8xklSkuumT/DXZl4EhTc4ku34polq2xNgZeJPSelWvbzo3DxUqy75le3F9EkgFBRTqTs2FasnJQIxSiHca6bSIgJHZI+dDQNSQDSSaeHj/GhVnrYj4SuUOGp+nsiJYGUo8DTnQFRA7noTcT/vE6i/FMnZWGcKAjpbJGfcKwiPEkB95gAqvhIE0IF07diOiCCUKWzyukQ7MWXl0mzUraPy9Vru1Srohmy6AAV0RGy0QmqoStURw1EUYIe0BN6Nu6NR+PVeJu1Zoz5zD76A+P9B4kVlUk=</latexit>

B ✓ F2
<latexit sha1_base64="SytJiY6wMJ81mBnL+X1cDIjpOmE=">AAAB+HicbVDJSgNBEO2JW4xLxnj00iQInsJMCOoxqIjHCGaBZBh6OjVJk57F7h4hDvkSLx5c8OrdP/Dkzb+xsxw08UHB470qqup5MWdSWda3kVlZXVvfyG7mtrZ3dvPmXqEpo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPzid+6AyFZFN6oUQxOQPoh8xklSkuumT/DXZl4EhTc4ku34polq2xNgZeJPSelWvbzo3DxUqy75le3F9EkgFBRTqTs2FasnJQIxSiHca6bSIgJHZI+dDQNSQDSSaeHj/GhVnrYj4SuUOGp+nsiJYGUo8DTnQFRA7noTcT/vE6i/FMnZWGcKAjpbJGfcKwiPEkB95gAqvhIE0IF07diOiCCUKWzyukQ7MWXl0mzUraPy9Vru1Srohmy6AAV0RGy0QmqoStURw1EUYIe0BN6Nu6NR+PVeJu1Zoz5zD76A+P9B4kVlUk=</latexit>

B ✓ F2

A primary star

A secondary star

<latexit sha1_base64="DQv0cCx6MmMXwrwd0C3gjkN2KkY=">AAAB73icbZDLSgMxFIbP1Futt1qXbkKL4KrMSKkiCBVFXFawF2iHkkkzbWgmMyYZoQx9CTcuFHEl+BC+gSt3vo3pZaGtPwQ+/v8ccs7xIs6Utu1vK7W0vLK6ll7PbGxube9kd3N1FcaS0BoJeSibHlaUM0FrmmlOm5GkOPA4bXiDi3HeuKdSsVDc6mFE3QD3BPMZwdpYzXN0eoauOk4nW7CL9kRoEZwZFCrpz4/c5Vu+2sl+tbshiQMqNOFYqZZjR9pNsNSMcDrKtGNFI0wGuEdbBgUOqHKTybwjdGCcLvJDaZ7QaOL+7khwoNQw8ExlgHVfzWdj87+sFWv/xE2YiGJNBZl+5Mcc6RCNl0ddJinRfGgAE8nMrIj0scREmxNlzBGc+ZUXoX5UdMrF0o1TqJRgqjTsQx4OwYFjqMA1VKEGBDg8wBM8W3fWo/VivU5LU9asZw/+yHr/AeWvkX8=</latexit>

A := F1

<latexit sha1_base64="DQv0cCx6MmMXwrwd0C3gjkN2KkY=">AAAB73icbZDLSgMxFIbP1Futt1qXbkKL4KrMSKkiCBVFXFawF2iHkkkzbWgmMyYZoQx9CTcuFHEl+BC+gSt3vo3pZaGtPwQ+/v8ccs7xIs6Utu1vK7W0vLK6ll7PbGxube9kd3N1FcaS0BoJeSibHlaUM0FrmmlOm5GkOPA4bXiDi3HeuKdSsVDc6mFE3QD3BPMZwdpYzXN0eoauOk4nW7CL9kRoEZwZFCrpz4/c5Vu+2sl+tbshiQMqNOFYqZZjR9pNsNSMcDrKtGNFI0wGuEdbBgUOqHKTybwjdGCcLvJDaZ7QaOL+7khwoNQw8ExlgHVfzWdj87+sFWv/xE2YiGJNBZl+5Mcc6RCNl0ddJinRfGgAE8nMrIj0scREmxNlzBGc+ZUXoX5UdMrF0o1TqJRgqjTsQx4OwYFjqMA1VKEGBDg8wBM8W3fWo/VivU5LU9asZw/+yHr/AeWvkX8=</latexit>

A := F1

<latexit sha1_base64="7AqHpzkB4VgjT2qSTuuKXhIDeeM=">AAAB/XicbVDLSgMxFM3UV62vUbtzEyyCqzJTioogFAvisoJ9QDsMmTTThiaZIckIdSj+ihsXirj1P9z5N6bTLrT1wIXDOfdy7z1BzKjSjvNt5VZW19Y38puFre2d3T17/6ClokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjCqT/32A5GKRuJej2PicTQQNKQYaSP5drEOL6/gjV+BPUU0pyJR8Nq3S07ZyQCXiTsnpVoxzNDw7a9eP8IJJ0JjhpTquk6svRRJTTEjk0IvUSRGeIQGpGuoQJwoL82un8ATo/RhGElTQsNM/T2RIq7UmAemkyM9VIveVPzP6yY6vPBSKuJEE4Fni8KEQR3BaRSwTyXBmo0NQVhScyvEQyQR1iawggnBXXx5mbQqZfesXL1zS7UqmCEPjsAxOAUuOAc1cAsaoAkweATP4BW8WU/Wi/Vufcxac9Z85hD8gfX5A5Palko=</latexit>

C := F2 \B
<latexit sha1_base64="7AqHpzkB4VgjT2qSTuuKXhIDeeM=">AAAB/XicbVDLSgMxFM3UV62vUbtzEyyCqzJTioogFAvisoJ9QDsMmTTThiaZIckIdSj+ihsXirj1P9z5N6bTLrT1wIXDOfdy7z1BzKjSjvNt5VZW19Y38puFre2d3T17/6ClokRi0sQRi2QnQIowKkhTU81IJ5YE8YCRdjCqT/32A5GKRuJej2PicTQQNKQYaSP5drEOL6/gjV+BPUU0pyJR8Nq3S07ZyQCXiTsnpVoxzNDw7a9eP8IJJ0JjhpTquk6svRRJTTEjk0IvUSRGeIQGpGuoQJwoL82un8ATo/RhGElTQsNM/T2RIq7UmAemkyM9VIveVPzP6yY6vPBSKuJEE4Fni8KEQR3BaRSwTyXBmo0NQVhScyvEQyQR1iawggnBXXx5mbQqZfesXL1zS7UqmCEPjsAxOAUuOAc1cAsaoAkweATP4BW8WU/Wi/Vufcxac9Z85hD8gfX5A5Palko=</latexit>

C := F2 \B

<latexit sha1_base64="/5xQJgpP1Vm6F351HCPKs0uayn0="></latexit>

Padding facilities in F2 so that |B| = |A|
<latexit sha1_base64="/5xQJgpP1Vm6F351HCPKs0uayn0="></latexit>

Padding facilities in F2 so that |B| = |A|

Figure 1: Star construction.

Note that the primary and secondary stars constructed are F2-centric stars, in contrast to the F1-centric stars
of Li and Svensson [14] and Byrka et al. [3]. Jain and Vazirani in their work [13] essentially formulated F2-centric
primary stars, like in our construction, and ensured that for every client j at least one of i1 or σB(i1) is opened,
yielding a 2-approximation. In our construction, with help of both primary and secondary stars, we ensure that
at least one of i1 or σB(i1) or σC(i1) is opened. Thus, with two backups, we have more freedom when designing
our rounding algorithm. Furthermore, the two backups (i.e., σB(i1) and σC(i1)) are relatively closer to the client
j and require fewer triangle inequality “hops” compared to the backups used by Byrka et al. [3].

However, σC(i1) may not always be a useful backup. We quantify this by introducing the following parameter.
For every facility i ∈ A, let

g(i) :=
d(i, σB(i))

d(i, σC(i))
.

Observe that 0 ≤ g(i) ≤ 1, ∀i ∈ A. In general, if client j is connected to σB(i1), by triangle inequality, the
connection cost for j would be,

c(j) = d(j, σB(i1)) ≤ d(j, i1) + d(i1, σB(i1)) ≤ d(j, i1) + d(i1, i2) ≤ d1 + (d1 + d2).

Copyright © 2023 by SIAM
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However, if i2 ∈ C, then d(i1, σC(i1)) ≤ d(i1, i2). Therefore,

c(j) = d(j, σB(i1)) ≤ d(j, i1) + d(i1, σB(i1)) = d(j, i1) + g(i1)d(i1, σC(i1))

≤ d1 + g(i1)(d1 + d2).

Thus, if g(i) is small, we can utilize this better bound on the cost. However, if i2 ∈ B and j is connected to
σC(i1), then the connection cost for j would be,

c(j) = d(j, σC(i1)) ≤ d(j, i1) + d(i1, σC(i1)) = d(j, i1) +
1

g(i1)
d(i1, σB(i1))

≤ d1 +
1

g(i1)
(d1 + d2).

Hence, it is favorable to consider this backup only when 1
g(i) is small.

We now partition the set A as follows: choose m− 1 distinct values g1, g2, · · · , gm−1 such that g0 := 0 < g1 <
g2 < · · · < gm−1 < gm := 1. Partition the set A as A = A1 ⊎A2 ⊎ · · · ⊎Am, such that ∀x ∈ At, gt−1 ≤ g(x) ≤ gt,
∀t ∈ [m] (ties broken arbitrarily). We create a corresponding partition of the sets B and C as follows: partition
the set B as B = B1 ⊎ B2 ⊎ · · · ⊎ Bm, where B1 = σB(A1) and Bt = σB(At) \ ∪t−1

s=1Bs, for t ∈ [2,m]. The sets
B1, · · · , Bm are padded with the remaining facilities in B such that |At| = |Bt|, ∀t ∈ [m] (this can be done since
|A| = |B|). Also, partition the set C as C = C1⊎C2⊎· · ·⊎Cm, where Cm = σC(Am), Ct = σC(At)\∪m

s=t+1Cs for
t ∈ [2,m− 1], and C1 = C \ ∪m

s=2Cs. Note that the set Cm is defined first and we pad the set Ct until |At| = |Ct|
before defining the set Ct−1, for t ∈ [2,m]. Thus, it is possible for some of the Ct’s to be empty, and there might
exist at most one non-empty set Ct such that |At| ̸= |Ct| (see Figure 2).

We also define γAt
= |At|

|C| and γCt
= |Ct|

|C| , ∀t ∈ [m]. Based on the above construction, observe that
γCm

= min{1, γAm
}, γCt

= min{γAt
, 1−∑m

s=t+1 γCs
} for t ∈ [2,m− 1], and γC1

= 1−∑m
s=2 γCs

.

…. ….

…. ….

…. ….

<latexit sha1_base64="OrRE32p/TJRkfmca+O7KeBnaDg4=">AAAB6nicbZDLSgMxFIbP1Futt1qXbkKL4KpMpKjLoi5cVrQXaIeSSTNtaCYzJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc/xYcG1c99vJrKyurW9kN3Nb2zu7e/n9QkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vBykjfvmdI8kndmFDMvJH3JA06JsdbtRRd38yW37E6FlgHPoVTNfn4Urt6LtW7+q9OLaBIyaaggWrexGxsvJcpwKtg410k0iwkdkj5rW5QkZNpLp6OO0ZF1eiiIlH3SoKn7uyMlodaj0LeVITEDvZhNzP+ydmKCcy/lMk4Mk3T2UZAIZCI02Rv1uGLUiJEFQhW3syI6IIpQY6+Ts0fAiysvQ+OkjE/LlRtcqlZgpiwcQhGOAcMZVOEaalAHCn14gCd4doTz6Lw4r7PSjDPvOYA/ct5+AKoAkFE=</latexit>

B1
<latexit sha1_base64="OrRE32p/TJRkfmca+O7KeBnaDg4=">AAAB6nicbZDLSgMxFIbP1Futt1qXbkKL4KpMpKjLoi5cVrQXaIeSSTNtaCYzJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc/xYcG1c99vJrKyurW9kN3Nb2zu7e/n9QkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vBykjfvmdI8kndmFDMvJH3JA06JsdbtRRd38yW37E6FlgHPoVTNfn4Urt6LtW7+q9OLaBIyaaggWrexGxsvJcpwKtg410k0iwkdkj5rW5QkZNpLp6OO0ZF1eiiIlH3SoKn7uyMlodaj0LeVITEDvZhNzP+ydmKCcy/lMk4Mk3T2UZAIZCI02Rv1uGLUiJEFQhW3syI6IIpQY6+Ts0fAiysvQ+OkjE/LlRtcqlZgpiwcQhGOAcMZVOEaalAHCn14gCd4doTz6Lw4r7PSjDPvOYA/ct5+AKoAkFE=</latexit>

B1

<latexit sha1_base64="425O1MFkvkJEOryzLrDo4si3KOg=">AAAB6nicbZDLSgMxFIbP1Futt1qXbkKL4KpMpKjLii5cVrQXaIeSSTNtaCYzJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc/xYcG1c99vJrKyurW9kN3Nb2zu7e/n9QkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vBykjfvmdI8kndmFDMvJH3JA06JsdbtRRd38yW37E6FlgHPoVTNfn4Urt6LtW7+q9OLaBIyaaggWrexGxsvJcpwKtg410k0iwkdkj5rW5QkZNpLp6OO0ZF1eiiIlH3SoKn7uyMlodaj0LeVITEDvZhNzP+ydmKCcy/lMk4Mk3T2UZAIZCI02Rv1uGLUiJEFQhW3syI6IIpQY6+Ts0fAiysvQ+OkjE/LlRtcqlZgpiwcQhGOAcMZVOEaalAHCn14gCd4doTz6Lw4r7PSjDPvOYA/ct5+AKh6kFA=</latexit>

A1

<latexit sha1_base64="425O1MFkvkJEOryzLrDo4si3KOg=">AAAB6nicbZDLSgMxFIbP1Futt1qXbkKL4KpMpKjLii5cVrQXaIeSSTNtaCYzJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc/xYcG1c99vJrKyurW9kN3Nb2zu7e/n9QkNHiaKsTiMRqZZPNBNcsrrhRrBWrBgJfcGa/vBykjfvmdI8kndmFDMvJH3JA06JsdbtRRd38yW37E6FlgHPoVTNfn4Urt6LtW7+q9OLaBIyaaggWrexGxsvJcpwKtg410k0iwkdkj5rW5QkZNpLp6OO0ZF1eiiIlH3SoKn7uyMlodaj0LeVITEDvZhNzP+ydmKCcy/lMk4Mk3T2UZAIZCI02Rv1uGLUiJEFQhW3syI6IIpQY6+Ts0fAiysvQ+OkjE/LlRtcqlZgpiwcQhGOAcMZVOEaalAHCn14gCd4doTz6Lw4r7PSjDPvOYA/ct5+AKh6kFA=</latexit>

A1

<latexit sha1_base64="MRW0+3SdplrntfR5/B/QjilsUL0=">AAAB9HicbVDJSgNBEO2JW4xbjEcvQ4LgKcxIUC9CIB48RjALJEPo6dQkTXoWu2sCw5Dv8OJBET36B/6BJ2/+jZ3loIkPCh7vVVFVz40EV2hZ30ZmbX1jcyu7ndvZ3ds/yB8WmiqMJYMGC0Uo2y5VIHgADeQooB1JoL4roOWOalO/NQapeBjcYRKB49NBwD3OKGrJqfXsqy74ESYKsJcvWWVrBnOV2AtSqmY/PwrXb8V6L//V7Ycs9iFAJqhSHduK0EmpRM4ETHLdWEFE2YgOoKNpQH1QTjo7emKeaKVveqHUFaA5U39PpNRXKvFd3elTHKplbyr+53Vi9C6dlAdRjBCw+SIvFiaG5jQBs88lMBSJJpRJrm812ZBKylDnlNMh2Msvr5LmWdk+L1du7VK1QubIkmNSJKfEJhekSm5InTQII/fkgTyRZ2NsPBovxuu8NWMsZo7IHxjvP2UClMo=</latexit>

C1 = ;
<latexit sha1_base64="MRW0+3SdplrntfR5/B/QjilsUL0=">AAAB9HicbVDJSgNBEO2JW4xbjEcvQ4LgKcxIUC9CIB48RjALJEPo6dQkTXoWu2sCw5Dv8OJBET36B/6BJ2/+jZ3loIkPCh7vVVFVz40EV2hZ30ZmbX1jcyu7ndvZ3ds/yB8WmiqMJYMGC0Uo2y5VIHgADeQooB1JoL4roOWOalO/NQapeBjcYRKB49NBwD3OKGrJqfXsqy74ESYKsJcvWWVrBnOV2AtSqmY/PwrXb8V6L//V7Ycs9iFAJqhSHduK0EmpRM4ETHLdWEFE2YgOoKNpQH1QTjo7emKeaKVveqHUFaA5U39PpNRXKvFd3elTHKplbyr+53Vi9C6dlAdRjBCw+SIvFiaG5jQBs88lMBSJJpRJrm812ZBKylDnlNMh2Msvr5LmWdk+L1du7VK1QubIkmNSJKfEJhekSm5InTQII/fkgTyRZ2NsPBovxuu8NWMsZo7IHxjvP2UClMo=</latexit>

C1 = ;

<latexit sha1_base64="bC7/WTTiid7B72AqXrcHMbITXL8=">AAAB6nicbZDLSgMxFIbPeK31VuvSTWgRXJWZUtRlRRcuK9oLtEPJpJk2NJMMSUYoQx/BjQtF3Ipv4Ru4cufbmF4W2vpD4OP/zyHnnCDmTBvX/XZWVtfWNzYzW9ntnd29/dxBvqFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDC8nefOeKs2kuDOjmPoR7gsWMoKNtW4vuuVuruiW3KnQMnhzKFYznx/5q/dCrZv76vQkSSIqDOFY67bnxsZPsTKMcDrOdhJNY0yGuE/bFgWOqPbT6ahjdGydHgqlsk8YNHV/d6Q40noUBbYywmagF7OJ+V/WTkx47qdMxImhgsw+ChOOjESTvVGPKUoMH1nARDE7KyIDrDAx9jpZewRvceVlaJRL3mmpcuMVqxWYKQNHUIAT8OAMqnANNagDgT48wBM8O9x5dF6c11npijPvOYQ/ct5+AKn+kFE=</latexit>

A2

<latexit sha1_base64="bC7/WTTiid7B72AqXrcHMbITXL8=">AAAB6nicbZDLSgMxFIbPeK31VuvSTWgRXJWZUtRlRRcuK9oLtEPJpJk2NJMMSUYoQx/BjQtF3Ipv4Ru4cufbmF4W2vpD4OP/zyHnnCDmTBvX/XZWVtfWNzYzW9ntnd29/dxBvqFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDC8nefOeKs2kuDOjmPoR7gsWMoKNtW4vuuVuruiW3KnQMnhzKFYznx/5q/dCrZv76vQkSSIqDOFY67bnxsZPsTKMcDrOdhJNY0yGuE/bFgWOqPbT6ahjdGydHgqlsk8YNHV/d6Q40noUBbYywmagF7OJ+V/WTkx47qdMxImhgsw+ChOOjESTvVGPKUoMH1nARDE7KyIDrDAx9jpZewRvceVlaJRL3mmpcuMVqxWYKQNHUIAT8OAMqnANNagDgT48wBM8O9x5dF6c11npijPvOYQ/ct5+AKn+kFE=</latexit>

A2

<latexit sha1_base64="oEM0LIfysVCgRgwsn9p1Eenio+M=">AAAB6nicbZDLSgMxFIbPeK31VuvSTWgRXJWZUtRlURcuK9oLtEPJpJk2NJMMSUYoQx/BjQtF3Ipv4Ru4cufbmF4W2vpD4OP/zyHnnCDmTBvX/XZWVtfWNzYzW9ntnd29/dxBvqFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDC8nefOeKs2kuDOjmPoR7gsWMoKNtW4vuuVuruiW3KnQMnhzKFYznx/5q/dCrZv76vQkSSIqDOFY67bnxsZPsTKMcDrOdhJNY0yGuE/bFgWOqPbT6ahjdGydHgqlsk8YNHV/d6Q40noUBbYywmagF7OJ+V/WTkx47qdMxImhgsw+ChOOjESTvVGPKUoMH1nARDE7KyIDrDAx9jpZewRvceVlaJRL3mmpcuMVqxWYKQNHUIAT8OAMqnANNagDgT48wBM8O9x5dF6c11npijPvOYQ/ct5+AKuEkFI=</latexit>

B2
<latexit sha1_base64="oEM0LIfysVCgRgwsn9p1Eenio+M=">AAAB6nicbZDLSgMxFIbPeK31VuvSTWgRXJWZUtRlURcuK9oLtEPJpJk2NJMMSUYoQx/BjQtF3Ipv4Ru4cufbmF4W2vpD4OP/zyHnnCDmTBvX/XZWVtfWNzYzW9ntnd29/dxBvqFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDC8nefOeKs2kuDOjmPoR7gsWMoKNtW4vuuVuruiW3KnQMnhzKFYznx/5q/dCrZv76vQkSSIqDOFY67bnxsZPsTKMcDrOdhJNY0yGuE/bFgWOqPbT6ahjdGydHgqlsk8YNHV/d6Q40noUBbYywmagF7OJ+V/WTkx47qdMxImhgsw+ChOOjESTvVGPKUoMH1nARDE7KyIDrDAx9jpZewRvceVlaJRL3mmpcuMVqxWYKQNHUIAT8OAMqnANNagDgT48wBM8O9x5dF6c11npijPvOYQ/ct5+AKuEkFI=</latexit>

B2

<latexit sha1_base64="zRU9EddtlyB9bwDTTECKQen3Eb0=">AAAB6nicbZDLSgMxFIbPeK31VuvSTWgRXJWZUtRloS5cVrQXaIeSSTNtaCYZkoxQhj6CGxeKuBXfwjdw5c63Mb0stPWHwMf/n0POOUHMmTau++2srW9sbm1ndrK7e/sHh7mjfFPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGNWmeeueKs2kuDPjmPoRHggWMoKNtW5rvXIvV3RL7kxoFbwFFKuZz4/81Xuh3st9dfuSJBEVhnCsdcdzY+OnWBlGOJ1ku4mmMSYjPKAdiwJHVPvpbNQJOrVOH4VS2ScMmrm/O1IcaT2OAlsZYTPUy9nU/C/rJCa89FMm4sRQQeYfhQlHRqLp3qjPFCWGjy1gopidFZEhVpgYe52sPYK3vPIqNMsl77xUufGK1QrMlYETKMAZeHABVbiGOjSAwAAe4AmeHe48Oi/O67x0zVn0HMMfOW8/rQqQUw==</latexit>

C2

<latexit sha1_base64="zRU9EddtlyB9bwDTTECKQen3Eb0=">AAAB6nicbZDLSgMxFIbPeK31VuvSTWgRXJWZUtRloS5cVrQXaIeSSTNtaCYZkoxQhj6CGxeKuBXfwjdw5c63Mb0stPWHwMf/n0POOUHMmTau++2srW9sbm1ndrK7e/sHh7mjfFPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGNWmeeueKs2kuDPjmPoRHggWMoKNtW5rvXIvV3RL7kxoFbwFFKuZz4/81Xuh3st9dfuSJBEVhnCsdcdzY+OnWBlGOJ1ku4mmMSYjPKAdiwJHVPvpbNQJOrVOH4VS2ScMmrm/O1IcaT2OAlsZYTPUy9nU/C/rJCa89FMm4sRQQeYfhQlHRqLp3qjPFCWGjy1gopidFZEhVpgYe52sPYK3vPIqNMsl77xUufGK1QrMlYETKMAZeHABVbiGOjSAwAAe4AmeHe48Oi/O67x0zVn0HMMfOW8/rQqQUw==</latexit>

C2

<latexit sha1_base64="ynKaAt/nv9AnYkfPBBYibrXfwGI=">AAAB6nicbZDLSgMxFIbP1Futt1qXbkKL4KrMSFGXRV24rGgv0A4lk2ba0CQzJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc4KYM21c99vJrKyurW9kN3Nb2zu7e/n9QkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg5yZv3VGkWyTsziqkvcF+ykBFsrHV70RXdfMktu1OhZfDmUKpmPz8KV+/FWjf/1elFJBFUGsKx1m3PjY2fYmUY4XSc6ySaxpgMcZ+2LUosqPbT6ahjdGSdHgojZZ80aOr+7kix0HokAlspsBnoxWxi/pe1ExOe+ymTcWKoJLOPwoQjE6HJ3qjHFCWGjyxgopidFZEBVpgYe52cPYK3uPIyNE7K3mm5cuOVqhWYKQuHUIRj8OAMqnANNagDgT48wBM8O9x5dF6c11lpxpn3HMAfOW8/BP+QjQ==</latexit>

Bm
<latexit sha1_base64="ynKaAt/nv9AnYkfPBBYibrXfwGI=">AAAB6nicbZDLSgMxFIbP1Futt1qXbkKL4KrMSFGXRV24rGgv0A4lk2ba0CQzJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc4KYM21c99vJrKyurW9kN3Nb2zu7e/n9QkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg5yZv3VGkWyTsziqkvcF+ykBFsrHV70RXdfMktu1OhZfDmUKpmPz8KV+/FWjf/1elFJBFUGsKx1m3PjY2fYmUY4XSc6ySaxpgMcZ+2LUosqPbT6ahjdGSdHgojZZ80aOr+7kix0HokAlspsBnoxWxi/pe1ExOe+ymTcWKoJLOPwoQjE6HJ3qjHFCWGjyxgopidFZEBVpgYe52cPYK3uPIyNE7K3mm5cuOVqhWYKQuHUIRj8OAMqnANNagDgT48wBM8O9x5dF6c11lpxpn3HMAfOW8/BP+QjQ==</latexit>

Bm

<latexit sha1_base64="y0+xUVHznmRDqny5vvKjSBsL0zA=">AAAB6nicbZDLSgMxFIbP1Futt1qXbkKL4KrMSFGXFV24rGgv0A4lk2ba0CQzJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc4KYM21c99vJrKyurW9kN3Nb2zu7e/n9QkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg5yZv3VGkWyTsziqkvcF+ykBFsrHV70RXdfMktu1OhZfDmUKpmPz8KV+/FWjf/1elFJBFUGsKx1m3PjY2fYmUY4XSc6ySaxpgMcZ+2LUosqPbT6ahjdGSdHgojZZ80aOr+7kix0HokAlspsBnoxWxi/pe1ExOe+ymTcWKoJLOPwoQjE6HJ3qjHFCWGjyxgopidFZEBVpgYe52cPYK3uPIyNE7K3mm5cuOVqhWYKQuHUIRj8OAMqnANNagDgT48wBM8O9x5dF6c11lpxpn3HMAfOW8/A3mQjA==</latexit>

Am

<latexit sha1_base64="y0+xUVHznmRDqny5vvKjSBsL0zA=">AAAB6nicbZDLSgMxFIbP1Futt1qXbkKL4KrMSFGXFV24rGgv0A4lk2ba0CQzJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc4KYM21c99vJrKyurW9kN3Nb2zu7e/n9QkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg5yZv3VGkWyTsziqkvcF+ykBFsrHV70RXdfMktu1OhZfDmUKpmPz8KV+/FWjf/1elFJBFUGsKx1m3PjY2fYmUY4XSc6ySaxpgMcZ+2LUosqPbT6ahjdGSdHgojZZ80aOr+7kix0HokAlspsBnoxWxi/pe1ExOe+ymTcWKoJLOPwoQjE6HJ3qjHFCWGjyxgopidFZEBVpgYe52cPYK3uPIyNE7K3mm5cuOVqhWYKQuHUIRj8OAMqnANNagDgT48wBM8O9x5dF6c11lpxpn3HMAfOW8/A3mQjA==</latexit>

Am

<latexit sha1_base64="EPctePv4evEpsNAMtwe4JVuDGfc=">AAAB+3icbVBNS8NAEJ34WetXrN68LBahXkoiRUUQKr14rGA/oA1hs920S3eTsLsRS+lf8eJBEa/+EW/+G7dpD9r6YODx3gwz84KEM6Ud59taWV1b39jMbeW3d3b39u2DQlPFqSS0QWIey3aAFeUsog3NNKftRFIsAk5bwbA29VuPVCoWRw96lFBP4H7EQkawNpJvF2q+uL7pKtYX2K+Vbn1x5ttFp+xkQMvEnZNi9SjMUPftr24vJqmgkSYcK9VxnUR7Yyw1I5xO8t1U0QSTIe7TjqERFlR54+z2CTo1Sg+FsTQVaZSpvyfGWCg1EoHpFFgP1KI3Ff/zOqkOr7wxi5JU04jMFoUpRzpG0yBQj0lKNB8Zgolk5lZEBlhiok1ceROCu/jyMmmel92LcuXeLVYrMEMOjuEESuDCJVThDurQAAJP8Ayv8GZNrBfr3fqYta5Y85lD+APr8wf7CZYC</latexit>

Cm := �C(Am)
<latexit sha1_base64="EPctePv4evEpsNAMtwe4JVuDGfc=">AAAB+3icbVBNS8NAEJ34WetXrN68LBahXkoiRUUQKr14rGA/oA1hs920S3eTsLsRS+lf8eJBEa/+EW/+G7dpD9r6YODx3gwz84KEM6Ud59taWV1b39jMbeW3d3b39u2DQlPFqSS0QWIey3aAFeUsog3NNKftRFIsAk5bwbA29VuPVCoWRw96lFBP4H7EQkawNpJvF2q+uL7pKtYX2K+Vbn1x5ttFp+xkQMvEnZNi9SjMUPftr24vJqmgkSYcK9VxnUR7Yyw1I5xO8t1U0QSTIe7TjqERFlR54+z2CTo1Sg+FsTQVaZSpvyfGWCg1EoHpFFgP1KI3Ff/zOqkOr7wxi5JU04jMFoUpRzpG0yBQj0lKNB8Zgolk5lZEBlhiok1ceROCu/jyMmmel92LcuXeLVYrMEMOjuEESuDCJVThDurQAAJP8Ayv8GZNrBfr3fqYta5Y85lD+APr8wf7CZYC</latexit>

Cm := �C(Am)<latexit sha1_base64="qqbiU466kXXkdmplid2I//b26Ao="></latexit>Ct := �C(At) \ [m
s=t+1Cs plus padding facilities

<latexit sha1_base64="qqbiU466kXXkdmplid2I//b26Ao="></latexit>

Ct := �C(At) \ [m
s=t+1Cs plus padding facilities

<latexit sha1_base64="SFujHzw7ldkfjK2cdr6GOlAy7Vo="></latexit>

Bt := �B(At) \ [t�1
s=1Bs plus padding facilities

<latexit sha1_base64="SFujHzw7ldkfjK2cdr6GOlAy7Vo="></latexit>

Bt := �B(At) \ [t�1
s=1Bs plus padding facilities

<latexit sha1_base64="D5hoPHmnefM0m0p7fpgtma+NTW4=">AAACE3icbZDLSsNAFIYn9VbrrV52bgaLUEVLIkVFECpuXCpYLTQhTKaTODiZhJkToYS+gxtfxY0LRdy6cefbOE1dqPWHgY//nMOZ8wep4Bps+9MqTUxOTc+UZytz8wuLS9XllSudZIqyNk1EojoB0UxwydrAQbBOqhiJA8Gug9vTYf36jinNE3kJ/ZR5MYkkDzklYCy/un3iw9Gxm3PscolPjnBU51sFdyM/h11nsIMjHzzsDvxqzW7YhfA4ON9Qa62Fhc796ofbS2gWMwlUEK27jp2ClxMFnAo2qLiZZimhtyRiXYOSxEx7eXHTAG8ap4fDRJknARfuz4mcxFr348B0xgRu9N/a0Pyv1s0gPPRyLtMMmKSjRWEmMCR4GBDuccUoiL4BQhU3f8X0hihCwcRYMSE4f08eh6u9hrPfaF44tVYTjVRG62gD1ZGDDlALnaFz1EYU3aNH9IxerAfryXq13katJet7ZhX9kvX+BU5vnjM=</latexit>

At := {i 2 A : g(i) 2 [gt�1, gt]}
<latexit sha1_base64="D5hoPHmnefM0m0p7fpgtma+NTW4=">AAACE3icbZDLSsNAFIYn9VbrrV52bgaLUEVLIkVFECpuXCpYLTQhTKaTODiZhJkToYS+gxtfxY0LRdy6cefbOE1dqPWHgY//nMOZ8wep4Bps+9MqTUxOTc+UZytz8wuLS9XllSudZIqyNk1EojoB0UxwydrAQbBOqhiJA8Gug9vTYf36jinNE3kJ/ZR5MYkkDzklYCy/un3iw9Gxm3PscolPjnBU51sFdyM/h11nsIMjHzzsDvxqzW7YhfA4ON9Qa62Fhc796ofbS2gWMwlUEK27jp2ClxMFnAo2qLiZZimhtyRiXYOSxEx7eXHTAG8ap4fDRJknARfuz4mcxFr348B0xgRu9N/a0Pyv1s0gPPRyLtMMmKSjRWEmMCR4GBDuccUoiL4BQhU3f8X0hihCwcRYMSE4f08eh6u9hrPfaF44tVYTjVRG62gD1ZGDDlALnaFz1EYU3aNH9IxerAfryXq13katJet7ZhX9kvX+BU5vnjM=</latexit>

At := {i 2 A : g(i) 2 [gt�1, gt]}

Figure 2: Star partition.

Depending on the value of m, we get the different levels of our hierarchy. As discussed above, ideally our
cost function would utilize the g(i) and 1

g(i) bounds for a facility i ∈ A. Based on the above construction, let
gt−1 ≤ g(i) ≤ gt. Hence, we will instead have to use gt and 1

gt−1
in place of g(i) when bounding the cost. Thus,

considering higher levels of the hierarchy gives us a tighter bound for the associated cost function.

2.3.1 Algorithm Definition Given the parameters g := {g0, g1, · · · , gm−1, gm}, let P := {A1, · · · , Am, B1,
· · · , Bm, C1, · · · , Cm} denote the partition obtained from the above construction. We now describe the family of
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rounding algorithms corresponding to this partition. Let A(pA1
, · · · , pAm

, pB1
, · · · , pBm

, pC1
, · · · , pCm

) be an
algorithm that, given the input parameters, uniformly at random samples ⌈pW |W |⌉ facilities from each set W ∈ P
and returns as output the union of these samples. All algorithms in the family of rounding algorithms that we
propose will be of the form of algorithm A described above, i.e., we do not need any star-rounding sub-routine
as in [14, 3]. We now define the following notion of “valid” algorithms.

Definition 2.1. (Valid Algorithm) The algorithm A(pA1
, · · · , pAm

, pB1
, · · · , pBm

, pC1
, · · · , pCm

) is valid
if the following conditions are satisfied:

1. 0 ≤ pW ≤ 1 for each set W in the partition P .

2. Total mass is preserved, i.e.,
m∑
t=1

pAt |At|+ pBt |Bt|+ pCt |Ct| = a|F1|+ b|F2| = k.(2.8)

3. For each t ∈ [m], either pAt = 1, or pB1 = pB2 = ... = pBt = 1, or pCt = pCt+1 = ... = pCm = 1. This
guarantees that for each facility i ∈ A, at least one of {i, σB(i), σC(i)} is opened.

4. At least one of pA1 or pB1 is set to 1. This guarantees that for each facility i ∈ A1, at least one of {i, σB(i)}
is opened.

While the set of possible valid algorithms is infinite, our cost function tends to be minimized by extreme point of
the parameter space. Thus, we restrict our attention to the following discrete set.

Definition 2.2. (ALGm) For fixed m, ALGm denotes the set of all algorithms of the form A(pA1
, · · · , pAm

,
pB1

, · · · , pBm
, pC1

, · · · , pCm
) such that,

• A is valid,

• At most one of the input parameters of A is a fractional value (others being either 0 or 1).

Note that ALGm may be enumerated by recognizing it is a subset of all ways to assign 0 or 1 to all but one
parameter, and choosing the remaining parameter such that Equation (2.8) is satisfied. Specifically, this implies
|ALGm| ≤ m23m−1. Since A(·) itself may be implemented in time linear in the number of facilities, then for any
fixed m, all algorithms in ALGm may be run in linear time.

2.3.2 Bounding the number of facilities Our bi-point rounding algorithm returns one (best) of the solutions
obtained by algorithms in ALGm and SR. From Lemma 2.1, SR opens at most k + O

(
1
ϵ log

1
ϵ

)
facilities. We

now show that each algorithm in ALGm opens at most k facilities. First, we have the following claim,

Claim 2.1. For algorithms in ALGm and for all W ∈ P , ⌈pW |W |⌉ = pW |W |.
Proof. Recall that, by definition, each algorithm A(pA1

, · · · , pAm
, pB1

, · · · , pBm
, pC1

, · · · , pCm
) in ALGm has at

most one input parameter that is fractional. Thus, if pW ∈ {0, 1}, then ⌈pW |W |⌉ = pW |W |. Let pV ∈ [0, 1] for
some V ∈ P . Then, pW ∈ {0, 1} for all W ∈ P \ {V }. Then, by Equation (2.8), we have

pV |V | = k −
∑

W∈P\{V }
pW |W |.(2.9)

Since the right hand side of the above is a non-negative integer, pV |V | is also a non-negative integer. Therefore,
⌈pV |V |⌉ = pV |V |.
Lemma 2.4. Each algorithm in ALGm opens at most k facilities.

Proof. The number of facilities opened by each algorithm A(pA1
, · · · , pAm

, pB1
, · · · , pBm

, pC1
, · · · , pCm

) in
ALGm is,

m∑
t=1

⌈pAt
|At|⌉+ ⌈pBt

|Bt|⌉+ ⌈pCt
|Ct|⌉ =

m∑
t=1

pAt
|At|+ pBt

|Bt|+ pCt
|Ct| = k,

where the first equality follows by Claim 2.1, and the second equality follows by Equation (2.8).

Thus, Lemma 2.4 and Lemma 2.1 proves the number of facilities bound in Theorem 1.3.
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2.3.3 Cost Analysis In this section, we derive bounds on the expected connection cost of each client. For a
client j, we have defined i1(j) and i2(j). Let i3(j) = σB(i1(j)) and i4(j) = σC(i1(j)) (when clear from context,
we omit the variable j). Assuming i1 ∈ At, for some t ∈ [m], we define the following cost functions:

1. C1(j) := Pr[i2]d2 + Pr[ī2]d1 + Pr[ī1] Pr[ī2](d1 + d2)

2. C 1
g
(j) := Pr[i2]d2 + Pr[ī2]d1 +

1
gt−1

Pr[ī1] Pr[ī2](d1 + d2)

3. C1, 1g
(j) := Pr[i2]d2 + Pr[ī2]d1 + Pr[ī1] Pr[ī2](1 + Pr[ī3]

(
1

gt−1
− 1
)
)(d1 + d2).

4. Cg,1(j) := Pr[i2]d2 + Pr[ī2]d1 + Pr[ī1] Pr[ī2](gt + Pr[ī3](1− gt))(d1 + d2)

We now have the following lemma that holds for all algorithms in ALGm.

Lemma 2.5. The expected connection cost of a client j is bounded above by,

1. C1(j) if i1 ∈ A1 and i2 ∈ Bt, for t ∈ [m],

2. C 1
g
(j) if i1 ∈ As, for s ∈ [2,m], and i2 ∈ Bt, for t ∈ [s],

3. C1, 1g
(j) if i1 ∈ As, for s ∈ [2,m− 1], and i2 ∈ Bt, for t ∈ [s+ 1,m],

4. Cg,1(j) if i1 ∈ As, for s ∈ [m], and i2 ∈ Ct, for t ∈ [m].

Proof. Recall that, by triangle inequality, d(j, i3) ≤ d(j, i1) + d(i1, i3) ≤ d(j, i1) + d(i1, i2) ≤ 2d1 + d2. We will
make heavy use of the fact that facilities in separate partitions are chosen independently.

In case (1), i1 ∈ A1 =⇒ i3 ∈ B1 (by construction). Since ALGm contains only algorithms that open at least
one of the sets A1 or B1 completely, this guarantees that at least one of i1 or i3 will be opened.

<latexit sha1_base64="Me3ihsPyGEKNZw4R/olDSlIrQ04=">AAAB8nicbZDLSgMxFIYz9Vbrrdalm2ARXJWJFHVZ0YXLCvYC02HIpGkbmskMyRmhDH0MNy4UEVz5Cr6BK3e+jelloa0/BD7+/xxyzgkTKQy47reTW1ldW9/Ibxa2tnd294r7paaJU814g8Uy1u2QGi6F4g0QIHk70ZxGoeStcHg1yVv3XBsRqzsYJdyPaF+JnmAUrOWJgOCOUPgyIEGx7FbcqfAykDmUa/nPj9L121E9KH51ujFLI66ASWqMR9wE/IxqEEzycaGTGp5QNqR97llUNOLGz6Yjj/Gxdbq4F2v7FOCp+7sjo5Exoyi0lRGFgVnMJuZ/mZdC78LPhEpS4IrNPuqlEkOMJ/vjrtCcgRxZoEwLOytmA6opA3ulgj0CWVx5GZqnFXJWqd6Scq2KZsqjQ3SEThBB56iGblAdNRBDMXpAT+jZAefReXFeZ6U5Z95zgP7Ief8BjBOTDA==</latexit>

i1 2 A1

<latexit sha1_base64="Me3ihsPyGEKNZw4R/olDSlIrQ04=">AAAB8nicbZDLSgMxFIYz9Vbrrdalm2ARXJWJFHVZ0YXLCvYC02HIpGkbmskMyRmhDH0MNy4UEVz5Cr6BK3e+jelloa0/BD7+/xxyzgkTKQy47reTW1ldW9/Ibxa2tnd294r7paaJU814g8Uy1u2QGi6F4g0QIHk70ZxGoeStcHg1yVv3XBsRqzsYJdyPaF+JnmAUrOWJgOCOUPgyIEGx7FbcqfAykDmUa/nPj9L121E9KH51ujFLI66ASWqMR9wE/IxqEEzycaGTGp5QNqR97llUNOLGz6Yjj/Gxdbq4F2v7FOCp+7sjo5Exoyi0lRGFgVnMJuZ/mZdC78LPhEpS4IrNPuqlEkOMJ/vjrtCcgRxZoEwLOytmA6opA3ulgj0CWVx5GZqnFXJWqd6Scq2KZsqjQ3SEThBB56iGblAdNRBDMXpAT+jZAefReXFeZ6U5Z95zgP7Ief8BjBOTDA==</latexit>

i1 2 A1

<latexit sha1_base64="/NpSpPMYp1lOFImVpjCB68PwFkg=">AAAB8nicbZDLSsNAFIYn9Vbrrdalm6FFcFUSLeqyqAuXFewF0hAm00k7dDIJMydCCX0MNy4UEVz5Cr6BK3e+jdPLQlt/GPj4/3OYc06QCK7Btr+t3Mrq2vpGfrOwtb2zu1fcL7V0nCrKmjQWseoERDPBJWsCB8E6iWIkCgRrB8OrSd6+Z0rzWN7BKGFeRPqSh5wSMJbL/VPc5RJf+o5frNhVeyq8DM4cKvX850fp+q3c8Itf3V5M04hJoIJo7Tp2Al5GFHAq2LjQTTVLCB2SPnMNShIx7WXTkcf4yDg9HMbKPAl46v7uyEik9SgKTGVEYKAXs4n5X+amEF54GZdJCkzS2UdhKjDEeLI/7nHFKIiRAUIVN7NiOiCKUDBXKpgjOIsrL0PrpOqcVWu3TqVeQzPl0SEqo2PkoHNURzeogZqIohg9oCf0bIH1aL1Yr7PSnDXvOUB/ZL3/AJCxkw8=</latexit>

i3 2 B1

<latexit sha1_base64="/NpSpPMYp1lOFImVpjCB68PwFkg=">AAAB8nicbZDLSsNAFIYn9Vbrrdalm6FFcFUSLeqyqAuXFewF0hAm00k7dDIJMydCCX0MNy4UEVz5Cr6BK3e+jdPLQlt/GPj4/3OYc06QCK7Btr+t3Mrq2vpGfrOwtb2zu1fcL7V0nCrKmjQWseoERDPBJWsCB8E6iWIkCgRrB8OrSd6+Z0rzWN7BKGFeRPqSh5wSMJbL/VPc5RJf+o5frNhVeyq8DM4cKvX850fp+q3c8Itf3V5M04hJoIJo7Tp2Al5GFHAq2LjQTTVLCB2SPnMNShIx7WXTkcf4yDg9HMbKPAl46v7uyEik9SgKTGVEYKAXs4n5X+amEF54GZdJCkzS2UdhKjDEeLI/7nHFKIiRAUIVN7NiOiCKUDBXKpgjOIsrL0PrpOqcVWu3TqVeQzPl0SEqo2PkoHNURzeogZqIohg9oCf0bIH1aL1Yr7PSnDXvOUB/ZL3/AJCxkw8=</latexit>

i3 2 B1

<latexit sha1_base64="vmO7JMV4Lu2Z2eAliHFwG5J7CJw=">AAAB8nicbZDLSsNAFIYn9Vbrrdalm6FFcFWSUtRlURcuK9gLpCFMppN26GQSZk6EEvoYblwoIrjyFXwDV+58G6eXhbb+MPDx/+cw55wgEVyDbX9bubX1jc2t/HZhZ3dv/6B4WGrrOFWUtWgsYtUNiGaCS9YCDoJ1E8VIFAjWCUZX07xzz5TmsbyDccK8iAwkDzklYCyX+zXc4xJf+uAXK3bVngmvgrOASiP/+VG6fis3/eJXrx/TNGISqCBau46dgJcRBZwKNin0Us0SQkdkwFyDkkRMe9ls5Ak+MU4fh7EyTwKeub87MhJpPY4CUxkRGOrlbGr+l7kphBdexmWSApN0/lGYCgwxnu6P+1wxCmJsgFDFzayYDokiFMyVCuYIzvLKq9CuVZ2zav3WqTTqaK48OkZldIocdI4a6AY1UQtRFKMH9ISeLbAerRfrdV6asxY9R+iPrPcf9LGTUQ==</latexit>

i2 2 Bt
<latexit sha1_base64="vmO7JMV4Lu2Z2eAliHFwG5J7CJw=">AAAB8nicbZDLSsNAFIYn9Vbrrdalm6FFcFWSUtRlURcuK9gLpCFMppN26GQSZk6EEvoYblwoIrjyFXwDV+58G6eXhbb+MPDx/+cw55wgEVyDbX9bubX1jc2t/HZhZ3dv/6B4WGrrOFWUtWgsYtUNiGaCS9YCDoJ1E8VIFAjWCUZX07xzz5TmsbyDccK8iAwkDzklYCyX+zXc4xJf+uAXK3bVngmvgrOASiP/+VG6fis3/eJXrx/TNGISqCBau46dgJcRBZwKNin0Us0SQkdkwFyDkkRMe9ls5Ak+MU4fh7EyTwKeub87MhJpPY4CUxkRGOrlbGr+l7kphBdexmWSApN0/lGYCgwxnu6P+1wxCmJsgFDFzayYDokiFMyVCuYIzvLKq9CuVZ2zav3WqTTqaK48OkZldIocdI4a6AY1UQtRFKMH9ISeLbAerRfrdV6asxY9R+iPrPcf9LGTUQ==</latexit>

i2 2 Bt

<latexit sha1_base64="ZJhLK8AYubRV+vuJ+R2rq+2ktwo=">AAAB6HicbZDJSgNBEIZrXOO4JOrRS2MQ9BJmJKg3AyJ4TMAskAyhp1NJOulZ6O4RwpAn8OJBEa++hm/hzUfwLewsB038oeHj/6voqvJjwZV2nC9rZXVtfWMzs2Vv7+zuZXP7BzUVJZJhlUUikg2fKhQ8xKrmWmAjlkgDX2DdH95M8voDSsWj8F6PYvQC2gt5lzOqjVUZtHN5p+BMRZbBnUO+lP2+PrM/bsvt3GerE7EkwFAzQZVquk6svZRKzZnAsd1KFMaUDWkPmwZDGqDy0umgY3JinA7pRtK8UJOp+7sjpYFSo8A3lQHVfbWYTcz/smaiu1deysM40Riy2UfdRBAdkcnWpMMlMi1GBiiT3MxKWJ9KyrS5jW2O4C6uvAy184J7UShW3HypCDNl4AiO4RRcuIQS3EEZqsAA4RGe4cUaWE/Wq/U2K12x5j2H8EfW+w9kZI+Q</latexit>

j
<latexit sha1_base64="ZJhLK8AYubRV+vuJ+R2rq+2ktwo=">AAAB6HicbZDJSgNBEIZrXOO4JOrRS2MQ9BJmJKg3AyJ4TMAskAyhp1NJOulZ6O4RwpAn8OJBEa++hm/hzUfwLewsB038oeHj/6voqvJjwZV2nC9rZXVtfWMzs2Vv7+zuZXP7BzUVJZJhlUUikg2fKhQ8xKrmWmAjlkgDX2DdH95M8voDSsWj8F6PYvQC2gt5lzOqjVUZtHN5p+BMRZbBnUO+lP2+PrM/bsvt3GerE7EkwFAzQZVquk6svZRKzZnAsd1KFMaUDWkPmwZDGqDy0umgY3JinA7pRtK8UJOp+7sjpYFSo8A3lQHVfbWYTcz/smaiu1deysM40Riy2UfdRBAdkcnWpMMlMi1GBiiT3MxKWJ9KyrS5jW2O4C6uvAy184J7UShW3HypCDNl4AiO4RRcuIQS3EEZqsAA4RGe4cUaWE/Wq/U2K12x5j2H8EfW+w9kZI+Q</latexit>

j

<latexit sha1_base64="IbOC3OscLkO13xu0iO9DNZRaMh0=">AAAB6nicbZDLSgMxFIbP1Futt1qXboJFcFVmpKjLgi5cVrQXaIeSyWTa0EwyJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc4KEM21c99vJrayurW/kNwtb2zu7e8X9UlPLVBHaIJJL1Q6wppwJ2jDMcNpOFMVxwGkrGF5O8tY9VZpJcWdGCfVj3BcsYgQba92GPa9XLLsVdyq0DN4cyrX850fp6v2o3it+dUNJ0pgKQzjWuuO5ifEzrAwjnI4L3VTTBJMh7tOORYFjqv1sOuoYHVsnRJFU9gmDpu7vjgzHWo/iwFbG2Az0YjYx/8s6qYku/IyJJDVUkNlHUcqRkWiyNwqZosTwkQVMFLOzIjLAChNjr1OwR/AWV16G5mnFO6tUb7xyrQoz5eEQjuAEPDiHGlxDHRpAoA8P8ATPDncenRfndVaac+Y9B/BHztsP3cyQcw==</latexit>

d1
<latexit sha1_base64="IbOC3OscLkO13xu0iO9DNZRaMh0=">AAAB6nicbZDLSgMxFIbP1Futt1qXboJFcFVmpKjLgi5cVrQXaIeSyWTa0EwyJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc4KEM21c99vJrayurW/kNwtb2zu7e8X9UlPLVBHaIJJL1Q6wppwJ2jDMcNpOFMVxwGkrGF5O8tY9VZpJcWdGCfVj3BcsYgQba92GPa9XLLsVdyq0DN4cyrX850fp6v2o3it+dUNJ0pgKQzjWuuO5ifEzrAwjnI4L3VTTBJMh7tOORYFjqv1sOuoYHVsnRJFU9gmDpu7vjgzHWo/iwFbG2Az0YjYx/8s6qYku/IyJJDVUkNlHUcqRkWiyNwqZosTwkQVMFLOzIjLAChNjr1OwR/AWV16G5mnFO6tUb7xyrQoz5eEQjuAEPDiHGlxDHRpAoA8P8ATPDncenRfndVaac+Y9B/BHztsP3cyQcw==</latexit>

d1
<latexit sha1_base64="BxlWJ+AQHKvi7gBw055n4VJ+kqs=">AAAB6nicbZDLSsNAFIZP6q3WW61LN0OL4KokpajLgi5cVrQXaEOZTCbt0MkkzEyEEvoIblwo4lZ8C9/AlTvfxmnahbb+MPDx/+cw5xwv5kxp2/62cmvrG5tb+e3Czu7e/kHxsNRWUSIJbZGIR7LrYUU5E7Slmea0G0uKQ4/Tjje+nOWdeyoVi8SdnsTUDfFQsIARrI116w9qg2LFrtqZ0Co4C6g08p8fpav3cnNQ/Or7EUlCKjThWKmeY8faTbHUjHA6LfQTRWNMxnhIewYFDqly02zUKToxjo+CSJonNMrc3x0pDpWahJ6pDLEeqeVsZv6X9RIdXLgpE3GiqSDzj4KEIx2h2d7IZ5ISzScGMJHMzIrICEtMtLlOwRzBWV55Fdq1qnNWrd84lUYd5srDMZThFBw4hwZcQxNaQGAID/AEzxa3Hq0X63VemrMWPUfwR9bbD99QkHQ=</latexit>

d2
<latexit sha1_base64="BxlWJ+AQHKvi7gBw055n4VJ+kqs=">AAAB6nicbZDLSsNAFIZP6q3WW61LN0OL4KokpajLgi5cVrQXaEOZTCbt0MkkzEyEEvoIblwo4lZ8C9/AlTvfxmnahbb+MPDx/+cw5xwv5kxp2/62cmvrG5tb+e3Czu7e/kHxsNRWUSIJbZGIR7LrYUU5E7Slmea0G0uKQ4/Tjje+nOWdeyoVi8SdnsTUDfFQsIARrI116w9qg2LFrtqZ0Co4C6g08p8fpav3cnNQ/Or7EUlCKjThWKmeY8faTbHUjHA6LfQTRWNMxnhIewYFDqly02zUKToxjo+CSJonNMrc3x0pDpWahJ6pDLEeqeVsZv6X9RIdXLgpE3GiqSDzj4KEIx2h2d7IZ5ISzScGMJHMzIrICEtMtLlOwRzBWV55Fdq1qnNWrd84lUYd5srDMZThFBw4hwZcQxNaQGAID/AEzxa3Hq0X63VemrMWPUfwR9bbD99QkHQ=</latexit>

d2

<latexit sha1_base64="6cprT/6kkOBrT1e4spomWBgP44I=">AAAB83icbVDLSsNAFL3xWeur1qWboUUQhJKUoi4LunBZwT6gDWEymbRDJ5M4MxFK6G+4caGIuPMT/ANX7vwbp4+Fth64cDjnXu69x084U9q2v62V1bX1jc3cVn57Z3dvv3BQbKk4lYQ2Scxj2fGxopwJ2tRMc9pJJMWRz2nbH15O/PY9lYrF4laPEupGuC9YyAjWRur1OL1DgeecBl7VK5Ttij0FWibOnJTruc+P4tVbqeEVvnpBTNKICk04Vqrr2Il2Myw1I5yO871U0QSTIe7TrqECR1S52fTmMTo2SoDCWJoSGk3V3xMZjpQaRb7pjLAeqEVvIv7ndVMdXrgZE0mqqSCzRWHKkY7RJAAUMEmJ5iNDMJHM3IrIAEtMtIkpb0JwFl9eJq1qxTmr1G6ccr0GM+TgCEpwAg6cQx2uoQFNIJDAAzzBs5Vaj9aL9TprXbHmM4fwB9b7D5ink6s=</latexit> d1 + d2
<latexit sha1_base64="6cprT/6kkOBrT1e4spomWBgP44I=">AAAB83icbVDLSsNAFL3xWeur1qWboUUQhJKUoi4LunBZwT6gDWEymbRDJ5M4MxFK6G+4caGIuPMT/ANX7vwbp4+Fth64cDjnXu69x084U9q2v62V1bX1jc3cVn57Z3dvv3BQbKk4lYQ2Scxj2fGxopwJ2tRMc9pJJMWRz2nbH15O/PY9lYrF4laPEupGuC9YyAjWRur1OL1DgeecBl7VK5Ttij0FWibOnJTruc+P4tVbqeEVvnpBTNKICk04Vqrr2Il2Myw1I5yO871U0QSTIe7TrqECR1S52fTmMTo2SoDCWJoSGk3V3xMZjpQaRb7pjLAeqEVvIv7ndVMdXrgZE0mqqSCzRWHKkY7RJAAUMEmJ5iNDMJHM3IrIAEtMtIkpb0JwFl9eJq1qxTmr1G6ccr0GM+TgCEpwAg6cQx2uoQFNIJDAAzzBs5Vaj9aL9TprXbHmM4fwB9b7D5ink6s=</latexit> d1 + d2

Figure 3: Case 1.

Therefore, by connecting to the first available facility in the order of precedence (i2, i1, i3),

E[c(j)] ≤ Pr[i2]d2 + Pr[ī2i1]d1 + Pr[ī2ī1](2d1 + d2)

= Pr[i2]d2 + Pr[ī2] Pr[i1]d1 + Pr[ī2] Pr[ī1](2d1 + d2)

= Pr[i2]d2 + Pr[ī2]d1 + Pr[ī2] Pr[ī1](d1 + d2) = C1(j).

Now, consider case (3). Since i1 ∈ As, gs−1 ≤ g(i1) =⇒ d(i1, i4) ≤ 1
gs−1

d(i1, i3) ≤ 1
gs−1

(d1 + d2). Hence, by
triangle inequality, d(j, i4) ≤ d(j, i1) + d(i1, i4) ≤ d1 +

1
gs−1

(d1 + d2).
Therefore, by connecting to the first available facility in the order of precedence (i2, i1, i3, i4):

E[c(j)] ≤ Pr[i2]d2 + Pr[ī2i1]d1 + Pr[ī2ī1i3]d(j, i3) + Pr[ī2ī1ī3]d(j, i4)

= Pr[i2]d2 + Pr[ī2] Pr[i1]d1 + Pr[ī2] Pr[ī1] Pr[i3]d(j, i3) + Pr[ī2] Pr[ī1] Pr[ī3]d(j, i4)

≤ Pr[i2]d2 + Pr[ī2] Pr[i1]d1 + Pr[ī2] Pr[ī1](d1 + (d1 + d2) + Pr[ī3]

(
1

gs−1
− 1

)
(d1 + d2))

= Pr[i2]d2 + Pr[ī2]d1 + Pr[ī2] Pr[ī1](1 +

(
1

gs−1
− 1

)
Pr[ī3])(d1 + d2) = C1, 1g

(j).
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<latexit sha1_base64="4TiGf3snvRw9iuYdNJnGN5BZbNo=">AAAB8nicbZDLSgMxFIYz9Vbrrdalm2ARXJUZKeqyoguXFewFpsOQSdM2NJMMyRmhDH0MNy4UEVz5Cr6BK3e+jelloa0/BD7+/xxyzokSwQ247reTW1ldW9/Ibxa2tnd294r7paZRqaasQZVQuh0RwwSXrAEcBGsnmpE4EqwVDa8meeueacOVvINRwoKY9CXvcUrAWj4PPdzhEl+GJiyW3Yo7FV4Gbw7lWv7zo3T9dlQPi1+drqJpzCRQQYzxPTeBICMaOBVsXOikhiWEDkmf+RYliZkJsunIY3xsnS7uKW2fBDx1f3dkJDZmFEe2MiYwMIvZxPwv81PoXQQZl0kKTNLZR71UYFB4sj/ucs0oiJEFQjW3s2I6IJpQsFcq2CN4iysvQ/O04p1VqrdeuVZFM+XRITpCJ8hD56iGblAdNRBFCj2gJ/TsgPPovDivs9KcM+85QH/kvP8A8BuTTg==</latexit>

i1 2 As

<latexit sha1_base64="4TiGf3snvRw9iuYdNJnGN5BZbNo=">AAAB8nicbZDLSgMxFIYz9Vbrrdalm2ARXJUZKeqyoguXFewFpsOQSdM2NJMMyRmhDH0MNy4UEVz5Cr6BK3e+jelloa0/BD7+/xxyzokSwQ247reTW1ldW9/Ibxa2tnd294r7paZRqaasQZVQuh0RwwSXrAEcBGsnmpE4EqwVDa8meeueacOVvINRwoKY9CXvcUrAWj4PPdzhEl+GJiyW3Yo7FV4Gbw7lWv7zo3T9dlQPi1+drqJpzCRQQYzxPTeBICMaOBVsXOikhiWEDkmf+RYliZkJsunIY3xsnS7uKW2fBDx1f3dkJDZmFEe2MiYwMIvZxPwv81PoXQQZl0kKTNLZR71UYFB4sj/ucs0oiJEFQjW3s2I6IJpQsFcq2CN4iysvQ/O04p1VqrdeuVZFM+XRITpCJ8hD56iGblAdNRBFCj2gJ/TsgPPovDivs9KcM+85QH/kvP8A8BuTTg==</latexit>

i1 2 As

<latexit sha1_base64="hRYsPUQ7F1k7HG3wtpAaLiPDBqs=">AAAB8nicbZDLSsNAFIZP6q3WW61LN0OL4KokWtRlURcuK9gLpCFMppN26GQSZiZCCX0MNy4UEVz5Cr6BK3e+jdPLQlt/GPj4/3OYc06QcKa0bX9buZXVtfWN/GZha3tnd6+4X2qpOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxheTfL2PZWKxeJOjxLqRbgvWMgI1sZymX+KukygS1/5xYpdtadCy+DMoVLPf36Urt/KDb/41e3FJI2o0IRjpVzHTrSXYakZ4XRc6KaKJpgMcZ+6BgWOqPKy6chjdGScHgpjaZ7QaOr+7shwpNQoCkxlhPVALWYT87/MTXV44WVMJKmmgsw+ClOOdIwm+6Mek5RoPjKAiWRmVkQGWGKizZUK5gjO4srL0DqpOmfV2q1TqddgpjwcQhmOwYFzqMMNNKAJBGJ4gCd4trT1aL1Yr7PSnDXvOYA/st5/APS5k1E=</latexit>

i3 2 Bs

<latexit sha1_base64="hRYsPUQ7F1k7HG3wtpAaLiPDBqs=">AAAB8nicbZDLSsNAFIZP6q3WW61LN0OL4KokWtRlURcuK9gLpCFMppN26GQSZiZCCX0MNy4UEVz5Cr6BK3e+jdPLQlt/GPj4/3OYc06QcKa0bX9buZXVtfWN/GZha3tnd6+4X2qpOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxheTfL2PZWKxeJOjxLqRbgvWMgI1sZymX+KukygS1/5xYpdtadCy+DMoVLPf36Urt/KDb/41e3FJI2o0IRjpVzHTrSXYakZ4XRc6KaKJpgMcZ+6BgWOqPKy6chjdGScHgpjaZ7QaOr+7shwpNQoCkxlhPVALWYT87/MTXV44WVMJKmmgsw+ClOOdIwm+6Mek5RoPjKAiWRmVkQGWGKizZUK5gjO4srL0DqpOmfV2q1TqddgpjwcQhmOwYFzqMMNNKAJBGJ4gCd4trT1aL1Yr7PSnDXvOYA/st5/APS5k1E=</latexit>

i3 2 Bs

<latexit sha1_base64="30WY4hxxiiVyKMGO1yGARAJccUI=">AAACBnicbVC7SgNBFJ2NrxhfMZYiDAbBKuyGoFYS1MIygnlANiyzk0kyZHZ2mbmrhiVpbPwSwcZCESvBD7Cy82+cJBa+Dlw4nHMv997jR4JrsO0PKzUzOze/kF7MLC2vrK5l13M1HcaKsioNRagaPtFMcMmqwEGwRqQYCXzB6n7/eOzXL5jSPJTnMIhYKyBdyTucEjCSl93iXhG7XOIjD7AL7AqS0SWH3miI4VB72bxdsCfAf4nzRfLl9NtL7uR2u+Jl3912SOOASaCCaN107AhaCVHAqWDDjBtrFhHaJ13WNFSSgOlWMnljiHeM0sadUJmSgCfq94mEBFoPAt90BgR6+rc3Fv/zmjF0DloJl1EMTNLpok4sMIR4nAluc8UoiIEhhCpubsW0RxShYJLLmBCc3y//JbViwdkrlM6cfLmEpkijTbSNdpGD9lEZnaIKqiKKrtEdekCP1o11bz1Zz9PWlPU1s4F+wHr9BHOJm2w=</latexit>

i2 2 Bt with t > s
<latexit sha1_base64="30WY4hxxiiVyKMGO1yGARAJccUI=">AAACBnicbVC7SgNBFJ2NrxhfMZYiDAbBKuyGoFYS1MIygnlANiyzk0kyZHZ2mbmrhiVpbPwSwcZCESvBD7Cy82+cJBa+Dlw4nHMv997jR4JrsO0PKzUzOze/kF7MLC2vrK5l13M1HcaKsioNRagaPtFMcMmqwEGwRqQYCXzB6n7/eOzXL5jSPJTnMIhYKyBdyTucEjCSl93iXhG7XOIjD7AL7AqS0SWH3miI4VB72bxdsCfAf4nzRfLl9NtL7uR2u+Jl3912SOOASaCCaN107AhaCVHAqWDDjBtrFhHaJ13WNFSSgOlWMnljiHeM0sadUJmSgCfq94mEBFoPAt90BgR6+rc3Fv/zmjF0DloJl1EMTNLpok4sMIR4nAluc8UoiIEhhCpubsW0RxShYJLLmBCc3y//JbViwdkrlM6cfLmEpkijTbSNdpGD9lEZnaIKqiKKrtEdekCP1o11bz1Zz9PWlPU1s4F+wHr9BHOJm2w=</latexit>

i2 2 Bt with t > s

<latexit sha1_base64="ZJhLK8AYubRV+vuJ+R2rq+2ktwo=">AAAB6HicbZDJSgNBEIZrXOO4JOrRS2MQ9BJmJKg3AyJ4TMAskAyhp1NJOulZ6O4RwpAn8OJBEa++hm/hzUfwLewsB038oeHj/6voqvJjwZV2nC9rZXVtfWMzs2Vv7+zuZXP7BzUVJZJhlUUikg2fKhQ8xKrmWmAjlkgDX2DdH95M8voDSsWj8F6PYvQC2gt5lzOqjVUZtHN5p+BMRZbBnUO+lP2+PrM/bsvt3GerE7EkwFAzQZVquk6svZRKzZnAsd1KFMaUDWkPmwZDGqDy0umgY3JinA7pRtK8UJOp+7sjpYFSo8A3lQHVfbWYTcz/smaiu1deysM40Riy2UfdRBAdkcnWpMMlMi1GBiiT3MxKWJ9KyrS5jW2O4C6uvAy184J7UShW3HypCDNl4AiO4RRcuIQS3EEZqsAA4RGe4cUaWE/Wq/U2K12x5j2H8EfW+w9kZI+Q</latexit>

j
<latexit sha1_base64="ZJhLK8AYubRV+vuJ+R2rq+2ktwo=">AAAB6HicbZDJSgNBEIZrXOO4JOrRS2MQ9BJmJKg3AyJ4TMAskAyhp1NJOulZ6O4RwpAn8OJBEa++hm/hzUfwLewsB038oeHj/6voqvJjwZV2nC9rZXVtfWMzs2Vv7+zuZXP7BzUVJZJhlUUikg2fKhQ8xKrmWmAjlkgDX2DdH95M8voDSsWj8F6PYvQC2gt5lzOqjVUZtHN5p+BMRZbBnUO+lP2+PrM/bsvt3GerE7EkwFAzQZVquk6svZRKzZnAsd1KFMaUDWkPmwZDGqDy0umgY3JinA7pRtK8UJOp+7sjpYFSo8A3lQHVfbWYTcz/smaiu1deysM40Riy2UfdRBAdkcnWpMMlMi1GBiiT3MxKWJ9KyrS5jW2O4C6uvAy184J7UShW3HypCDNl4AiO4RRcuIQS3EEZqsAA4RGe4cUaWE/Wq/U2K12x5j2H8EfW+w9kZI+Q</latexit>

j

<latexit sha1_base64="IbOC3OscLkO13xu0iO9DNZRaMh0=">AAAB6nicbZDLSgMxFIbP1Futt1qXboJFcFVmpKjLgi5cVrQXaIeSyWTa0EwyJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc4KEM21c99vJrayurW/kNwtb2zu7e8X9UlPLVBHaIJJL1Q6wppwJ2jDMcNpOFMVxwGkrGF5O8tY9VZpJcWdGCfVj3BcsYgQba92GPa9XLLsVdyq0DN4cyrX850fp6v2o3it+dUNJ0pgKQzjWuuO5ifEzrAwjnI4L3VTTBJMh7tOORYFjqv1sOuoYHVsnRJFU9gmDpu7vjgzHWo/iwFbG2Az0YjYx/8s6qYku/IyJJDVUkNlHUcqRkWiyNwqZosTwkQVMFLOzIjLAChNjr1OwR/AWV16G5mnFO6tUb7xyrQoz5eEQjuAEPDiHGlxDHRpAoA8P8ATPDncenRfndVaac+Y9B/BHztsP3cyQcw==</latexit>

d1
<latexit sha1_base64="IbOC3OscLkO13xu0iO9DNZRaMh0=">AAAB6nicbZDLSgMxFIbP1Futt1qXboJFcFVmpKjLgi5cVrQXaIeSyWTa0EwyJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc4KEM21c99vJrayurW/kNwtb2zu7e8X9UlPLVBHaIJJL1Q6wppwJ2jDMcNpOFMVxwGkrGF5O8tY9VZpJcWdGCfVj3BcsYgQba92GPa9XLLsVdyq0DN4cyrX850fp6v2o3it+dUNJ0pgKQzjWuuO5ifEzrAwjnI4L3VTTBJMh7tOORYFjqv1sOuoYHVsnRJFU9gmDpu7vjgzHWo/iwFbG2Az0YjYx/8s6qYku/IyJJDVUkNlHUcqRkWiyNwqZosTwkQVMFLOzIjLAChNjr1OwR/AWV16G5mnFO6tUb7xyrQoz5eEQjuAEPDiHGlxDHRpAoA8P8ATPDncenRfndVaac+Y9B/BHztsP3cyQcw==</latexit>

d1
<latexit sha1_base64="BxlWJ+AQHKvi7gBw055n4VJ+kqs=">AAAB6nicbZDLSsNAFIZP6q3WW61LN0OL4KokpajLgi5cVrQXaEOZTCbt0MkkzEyEEvoIblwo4lZ8C9/AlTvfxmnahbb+MPDx/+cw5xwv5kxp2/62cmvrG5tb+e3Czu7e/kHxsNRWUSIJbZGIR7LrYUU5E7Slmea0G0uKQ4/Tjje+nOWdeyoVi8SdnsTUDfFQsIARrI116w9qg2LFrtqZ0Co4C6g08p8fpav3cnNQ/Or7EUlCKjThWKmeY8faTbHUjHA6LfQTRWNMxnhIewYFDqly02zUKToxjo+CSJonNMrc3x0pDpWahJ6pDLEeqeVsZv6X9RIdXLgpE3GiqSDzj4KEIx2h2d7IZ5ISzScGMJHMzIrICEtMtLlOwRzBWV55Fdq1qnNWrd84lUYd5srDMZThFBw4hwZcQxNaQGAID/AEzxa3Hq0X63VemrMWPUfwR9bbD99QkHQ=</latexit>

d2
<latexit sha1_base64="BxlWJ+AQHKvi7gBw055n4VJ+kqs=">AAAB6nicbZDLSsNAFIZP6q3WW61LN0OL4KokpajLgi5cVrQXaEOZTCbt0MkkzEyEEvoIblwo4lZ8C9/AlTvfxmnahbb+MPDx/+cw5xwv5kxp2/62cmvrG5tb+e3Czu7e/kHxsNRWUSIJbZGIR7LrYUU5E7Slmea0G0uKQ4/Tjje+nOWdeyoVi8SdnsTUDfFQsIARrI116w9qg2LFrtqZ0Co4C6g08p8fpav3cnNQ/Or7EUlCKjThWKmeY8faTbHUjHA6LfQTRWNMxnhIewYFDqly02zUKToxjo+CSJonNMrc3x0pDpWahJ6pDLEeqeVsZv6X9RIdXLgpE3GiqSDzj4KEIx2h2d7IZ5ISzScGMJHMzIrICEtMtLlOwRzBWV55Fdq1qnNWrd84lUYd5srDMZThFBw4hwZcQxNaQGAID/AEzxa3Hq0X63VemrMWPUfwR9bbD99QkHQ=</latexit>

d2

<latexit sha1_base64="6cprT/6kkOBrT1e4spomWBgP44I=">AAAB83icbVDLSsNAFL3xWeur1qWboUUQhJKUoi4LunBZwT6gDWEymbRDJ5M4MxFK6G+4caGIuPMT/ANX7vwbp4+Fth64cDjnXu69x084U9q2v62V1bX1jc3cVn57Z3dvv3BQbKk4lYQ2Scxj2fGxopwJ2tRMc9pJJMWRz2nbH15O/PY9lYrF4laPEupGuC9YyAjWRur1OL1DgeecBl7VK5Ttij0FWibOnJTruc+P4tVbqeEVvnpBTNKICk04Vqrr2Il2Myw1I5yO871U0QSTIe7TrqECR1S52fTmMTo2SoDCWJoSGk3V3xMZjpQaRb7pjLAeqEVvIv7ndVMdXrgZE0mqqSCzRWHKkY7RJAAUMEmJ5iNDMJHM3IrIAEtMtIkpb0JwFl9eJq1qxTmr1G6ccr0GM+TgCEpwAg6cQx2uoQFNIJDAAzzBs5Vaj9aL9TprXbHmM4fwB9b7D5ink6s=</latexit> d1 + d2
<latexit sha1_base64="6cprT/6kkOBrT1e4spomWBgP44I=">AAAB83icbVDLSsNAFL3xWeur1qWboUUQhJKUoi4LunBZwT6gDWEymbRDJ5M4MxFK6G+4caGIuPMT/ANX7vwbp4+Fth64cDjnXu69x084U9q2v62V1bX1jc3cVn57Z3dvv3BQbKk4lYQ2Scxj2fGxopwJ2tRMc9pJJMWRz2nbH15O/PY9lYrF4laPEupGuC9YyAjWRur1OL1DgeecBl7VK5Ttij0FWibOnJTruc+P4tVbqeEVvnpBTNKICk04Vqrr2Il2Myw1I5yO871U0QSTIe7TrqECR1S52fTmMTo2SoDCWJoSGk3V3xMZjpQaRb7pjLAeqEVvIv7ndVMdXrgZE0mqqSCzRWHKkY7RJAAUMEmJ5iNDMJHM3IrIAEtMtIkpb0JwFl9eJq1qxTmr1G6ccr0GM+TgCEpwAg6cQx2uoQFNIJDAAzzBs5Vaj9aL9TprXbHmM4fwB9b7D5ink6s=</latexit> d1 + d2

<latexit sha1_base64="AjmBvkIElatLg2GTWGA05VCv/5E="></latexit>

i4 2 Cs0 with s0 � s
<latexit sha1_base64="AjmBvkIElatLg2GTWGA05VCv/5E="></latexit>

i4 2 Cs0 with s0 � s

<latexit sha1_base64="kfRiprrPJmktcUXMkcyY/xrzp44="></latexit>

 1
gs�1

d(i1, i3)  1
gs�1

(d1 + d2)
<latexit sha1_base64="kfRiprrPJmktcUXMkcyY/xrzp44="></latexit>

 1
gs�1

d(i1, i3)  1
gs�1

(d1 + d2)

Figure 4: Case 3.

In case (2), if i2 ̸= i3, we get the same bound on the cost as in item (3). However, if i2 = i3 (which is possible
since i3 ∈ ∪s

t=1Bt), we have only one guaranteed backup, i.e., i4. In this case, by connecting to the first available
facility in the order of precedence (i2, i1, i4):

E[c(j)] ≤ Pr[i2]d2 + Pr[ī2i1]d1 + Pr[ī2ī1]d(j, i4)

= Pr[i2]d2 + Pr[ī2] Pr[i1]d1 + Pr[ī2] Pr[ī1]d(j, i4)

≤ Pr[i2]d2 + Pr[ī2] Pr[i1]d1 + Pr[ī2] Pr[ī1]

(
d1 +

1

gs−1
(d1 + d2)

)
= Pr[i2]d2 + Pr[ī2]d1 + Pr[ī2] Pr[ī1]

1

gs−1
(d1 + d2) = C 1

g
(j).

Therefore, since C1, 1g
(j) ≤ C 1

g
(j), E[c(j)] ≤ C 1

g
(j).

<latexit sha1_base64="4TiGf3snvRw9iuYdNJnGN5BZbNo=">AAAB8nicbZDLSgMxFIYz9Vbrrdalm2ARXJUZKeqyoguXFewFpsOQSdM2NJMMyRmhDH0MNy4UEVz5Cr6BK3e+jelloa0/BD7+/xxyzokSwQ247reTW1ldW9/Ibxa2tnd294r7paZRqaasQZVQuh0RwwSXrAEcBGsnmpE4EqwVDa8meeueacOVvINRwoKY9CXvcUrAWj4PPdzhEl+GJiyW3Yo7FV4Gbw7lWv7zo3T9dlQPi1+drqJpzCRQQYzxPTeBICMaOBVsXOikhiWEDkmf+RYliZkJsunIY3xsnS7uKW2fBDx1f3dkJDZmFEe2MiYwMIvZxPwv81PoXQQZl0kKTNLZR71UYFB4sj/ucs0oiJEFQjW3s2I6IJpQsFcq2CN4iysvQ/O04p1VqrdeuVZFM+XRITpCJ8hD56iGblAdNRBFCj2gJ/TsgPPovDivs9KcM+85QH/kvP8A8BuTTg==</latexit>

i1 2 As

<latexit sha1_base64="4TiGf3snvRw9iuYdNJnGN5BZbNo=">AAAB8nicbZDLSgMxFIYz9Vbrrdalm2ARXJUZKeqyoguXFewFpsOQSdM2NJMMyRmhDH0MNy4UEVz5Cr6BK3e+jelloa0/BD7+/xxyzokSwQ247reTW1ldW9/Ibxa2tnd294r7paZRqaasQZVQuh0RwwSXrAEcBGsnmpE4EqwVDa8meeueacOVvINRwoKY9CXvcUrAWj4PPdzhEl+GJiyW3Yo7FV4Gbw7lWv7zo3T9dlQPi1+drqJpzCRQQYzxPTeBICMaOBVsXOikhiWEDkmf+RYliZkJsunIY3xsnS7uKW2fBDx1f3dkJDZmFEe2MiYwMIvZxPwv81PoXQQZl0kKTNLZR71UYFB4sj/ucs0oiJEFQjW3s2I6IJpQsFcq2CN4iysvQ/O04p1VqrdeuVZFM+XRITpCJ8hD56iGblAdNRBFCj2gJ/TsgPPovDivs9KcM+85QH/kvP8A8BuTTg==</latexit>

i1 2 As

<latexit sha1_base64="hRYsPUQ7F1k7HG3wtpAaLiPDBqs=">AAAB8nicbZDLSsNAFIZP6q3WW61LN0OL4KokWtRlURcuK9gLpCFMppN26GQSZiZCCX0MNy4UEVz5Cr6BK3e+jdPLQlt/GPj4/3OYc06QcKa0bX9buZXVtfWN/GZha3tnd6+4X2qpOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxheTfL2PZWKxeJOjxLqRbgvWMgI1sZymX+KukygS1/5xYpdtadCy+DMoVLPf36Urt/KDb/41e3FJI2o0IRjpVzHTrSXYakZ4XRc6KaKJpgMcZ+6BgWOqPKy6chjdGScHgpjaZ7QaOr+7shwpNQoCkxlhPVALWYT87/MTXV44WVMJKmmgsw+ClOOdIwm+6Mek5RoPjKAiWRmVkQGWGKizZUK5gjO4srL0DqpOmfV2q1TqddgpjwcQhmOwYFzqMMNNKAJBGJ4gCd4trT1aL1Yr7PSnDXvOYA/st5/APS5k1E=</latexit>

i3 2 Bs

<latexit sha1_base64="hRYsPUQ7F1k7HG3wtpAaLiPDBqs=">AAAB8nicbZDLSsNAFIZP6q3WW61LN0OL4KokWtRlURcuK9gLpCFMppN26GQSZiZCCX0MNy4UEVz5Cr6BK3e+jdPLQlt/GPj4/3OYc06QcKa0bX9buZXVtfWN/GZha3tnd6+4X2qpOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxheTfL2PZWKxeJOjxLqRbgvWMgI1sZymX+KukygS1/5xYpdtadCy+DMoVLPf36Urt/KDb/41e3FJI2o0IRjpVzHTrSXYakZ4XRc6KaKJpgMcZ+6BgWOqPKy6chjdGScHgpjaZ7QaOr+7shwpNQoCkxlhPVALWYT87/MTXV44WVMJKmmgsw+ClOOdIwm+6Mek5RoPjKAiWRmVkQGWGKizZUK5gjO4srL0DqpOmfV2q1TqddgpjwcQhmOwYFzqMMNNKAJBGJ4gCd4trT1aL1Yr7PSnDXvOYA/st5/APS5k1E=</latexit>

i3 2 Bs

<latexit sha1_base64="vLjQLJm6F39SAd7yezun1DFn+vw="></latexit>

i2 2 Cs0 with s0 < t
<latexit sha1_base64="vLjQLJm6F39SAd7yezun1DFn+vw="></latexit>

i2 2 Cs0 with s0 < t

<latexit sha1_base64="ZJhLK8AYubRV+vuJ+R2rq+2ktwo=">AAAB6HicbZDJSgNBEIZrXOO4JOrRS2MQ9BJmJKg3AyJ4TMAskAyhp1NJOulZ6O4RwpAn8OJBEa++hm/hzUfwLewsB038oeHj/6voqvJjwZV2nC9rZXVtfWMzs2Vv7+zuZXP7BzUVJZJhlUUikg2fKhQ8xKrmWmAjlkgDX2DdH95M8voDSsWj8F6PYvQC2gt5lzOqjVUZtHN5p+BMRZbBnUO+lP2+PrM/bsvt3GerE7EkwFAzQZVquk6svZRKzZnAsd1KFMaUDWkPmwZDGqDy0umgY3JinA7pRtK8UJOp+7sjpYFSo8A3lQHVfbWYTcz/smaiu1deysM40Riy2UfdRBAdkcnWpMMlMi1GBiiT3MxKWJ9KyrS5jW2O4C6uvAy184J7UShW3HypCDNl4AiO4RRcuIQS3EEZqsAA4RGe4cUaWE/Wq/U2K12x5j2H8EfW+w9kZI+Q</latexit>

j
<latexit sha1_base64="ZJhLK8AYubRV+vuJ+R2rq+2ktwo=">AAAB6HicbZDJSgNBEIZrXOO4JOrRS2MQ9BJmJKg3AyJ4TMAskAyhp1NJOulZ6O4RwpAn8OJBEa++hm/hzUfwLewsB038oeHj/6voqvJjwZV2nC9rZXVtfWMzs2Vv7+zuZXP7BzUVJZJhlUUikg2fKhQ8xKrmWmAjlkgDX2DdH95M8voDSsWj8F6PYvQC2gt5lzOqjVUZtHN5p+BMRZbBnUO+lP2+PrM/bsvt3GerE7EkwFAzQZVquk6svZRKzZnAsd1KFMaUDWkPmwZDGqDy0umgY3JinA7pRtK8UJOp+7sjpYFSo8A3lQHVfbWYTcz/smaiu1deysM40Riy2UfdRBAdkcnWpMMlMi1GBiiT3MxKWJ9KyrS5jW2O4C6uvAy184J7UShW3HypCDNl4AiO4RRcuIQS3EEZqsAA4RGe4cUaWE/Wq/U2K12x5j2H8EfW+w9kZI+Q</latexit>

j

<latexit sha1_base64="IbOC3OscLkO13xu0iO9DNZRaMh0=">AAAB6nicbZDLSgMxFIbP1Futt1qXboJFcFVmpKjLgi5cVrQXaIeSyWTa0EwyJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc4KEM21c99vJrayurW/kNwtb2zu7e8X9UlPLVBHaIJJL1Q6wppwJ2jDMcNpOFMVxwGkrGF5O8tY9VZpJcWdGCfVj3BcsYgQba92GPa9XLLsVdyq0DN4cyrX850fp6v2o3it+dUNJ0pgKQzjWuuO5ifEzrAwjnI4L3VTTBJMh7tOORYFjqv1sOuoYHVsnRJFU9gmDpu7vjgzHWo/iwFbG2Az0YjYx/8s6qYku/IyJJDVUkNlHUcqRkWiyNwqZosTwkQVMFLOzIjLAChNjr1OwR/AWV16G5mnFO6tUb7xyrQoz5eEQjuAEPDiHGlxDHRpAoA8P8ATPDncenRfndVaac+Y9B/BHztsP3cyQcw==</latexit>

d1
<latexit sha1_base64="IbOC3OscLkO13xu0iO9DNZRaMh0=">AAAB6nicbZDLSgMxFIbP1Futt1qXboJFcFVmpKjLgi5cVrQXaIeSyWTa0EwyJBmhDH0ENy4UcSu+hW/gyp1vY3pZaOsPgY//P4ecc4KEM21c99vJrayurW/kNwtb2zu7e8X9UlPLVBHaIJJL1Q6wppwJ2jDMcNpOFMVxwGkrGF5O8tY9VZpJcWdGCfVj3BcsYgQba92GPa9XLLsVdyq0DN4cyrX850fp6v2o3it+dUNJ0pgKQzjWuuO5ifEzrAwjnI4L3VTTBJMh7tOORYFjqv1sOuoYHVsnRJFU9gmDpu7vjgzHWo/iwFbG2Az0YjYx/8s6qYku/IyJJDVUkNlHUcqRkWiyNwqZosTwkQVMFLOzIjLAChNjr1OwR/AWV16G5mnFO6tUb7xyrQoz5eEQjuAEPDiHGlxDHRpAoA8P8ATPDncenRfndVaac+Y9B/BHztsP3cyQcw==</latexit>

d1
<latexit sha1_base64="BxlWJ+AQHKvi7gBw055n4VJ+kqs=">AAAB6nicbZDLSsNAFIZP6q3WW61LN0OL4KokpajLgi5cVrQXaEOZTCbt0MkkzEyEEvoIblwo4lZ8C9/AlTvfxmnahbb+MPDx/+cw5xwv5kxp2/62cmvrG5tb+e3Czu7e/kHxsNRWUSIJbZGIR7LrYUU5E7Slmea0G0uKQ4/Tjje+nOWdeyoVi8SdnsTUDfFQsIARrI116w9qg2LFrtqZ0Co4C6g08p8fpav3cnNQ/Or7EUlCKjThWKmeY8faTbHUjHA6LfQTRWNMxnhIewYFDqly02zUKToxjo+CSJonNMrc3x0pDpWahJ6pDLEeqeVsZv6X9RIdXLgpE3GiqSDzj4KEIx2h2d7IZ5ISzScGMJHMzIrICEtMtLlOwRzBWV55Fdq1qnNWrd84lUYd5srDMZThFBw4hwZcQxNaQGAID/AEzxa3Hq0X63VemrMWPUfwR9bbD99QkHQ=</latexit>

d2
<latexit sha1_base64="BxlWJ+AQHKvi7gBw055n4VJ+kqs=">AAAB6nicbZDLSsNAFIZP6q3WW61LN0OL4KokpajLgi5cVrQXaEOZTCbt0MkkzEyEEvoIblwo4lZ8C9/AlTvfxmnahbb+MPDx/+cw5xwv5kxp2/62cmvrG5tb+e3Czu7e/kHxsNRWUSIJbZGIR7LrYUU5E7Slmea0G0uKQ4/Tjje+nOWdeyoVi8SdnsTUDfFQsIARrI116w9qg2LFrtqZ0Co4C6g08p8fpav3cnNQ/Or7EUlCKjThWKmeY8faTbHUjHA6LfQTRWNMxnhIewYFDqly02zUKToxjo+CSJonNMrc3x0pDpWahJ6pDLEeqeVsZv6X9RIdXLgpE3GiqSDzj4KEIx2h2d7IZ5ISzScGMJHMzIrICEtMtLlOwRzBWV55Fdq1qnNWrd84lUYd5srDMZThFBw4hwZcQxNaQGAID/AEzxa3Hq0X63VemrMWPUfwR9bbD99QkHQ=</latexit>

d2

<latexit sha1_base64="6cprT/6kkOBrT1e4spomWBgP44I=">AAAB83icbVDLSsNAFL3xWeur1qWboUUQhJKUoi4LunBZwT6gDWEymbRDJ5M4MxFK6G+4caGIuPMT/ANX7vwbp4+Fth64cDjnXu69x084U9q2v62V1bX1jc3cVn57Z3dvv3BQbKk4lYQ2Scxj2fGxopwJ2tRMc9pJJMWRz2nbH15O/PY9lYrF4laPEupGuC9YyAjWRur1OL1DgeecBl7VK5Ttij0FWibOnJTruc+P4tVbqeEVvnpBTNKICk04Vqrr2Il2Myw1I5yO871U0QSTIe7TrqECR1S52fTmMTo2SoDCWJoSGk3V3xMZjpQaRb7pjLAeqEVvIv7ndVMdXrgZE0mqqSCzRWHKkY7RJAAUMEmJ5iNDMJHM3IrIAEtMtIkpb0JwFl9eJq1qxTmr1G6ccr0GM+TgCEpwAg6cQx2uoQFNIJDAAzzBs5Vaj9aL9TprXbHmM4fwB9b7D5ink6s=</latexit> d1 + d2
<latexit sha1_base64="6cprT/6kkOBrT1e4spomWBgP44I=">AAAB83icbVDLSsNAFL3xWeur1qWboUUQhJKUoi4LunBZwT6gDWEymbRDJ5M4MxFK6G+4caGIuPMT/ANX7vwbp4+Fth64cDjnXu69x084U9q2v62V1bX1jc3cVn57Z3dvv3BQbKk4lYQ2Scxj2fGxopwJ2tRMc9pJJMWRz2nbH15O/PY9lYrF4laPEupGuC9YyAjWRur1OL1DgeecBl7VK5Ttij0FWibOnJTruc+P4tVbqeEVvnpBTNKICk04Vqrr2Il2Myw1I5yO871U0QSTIe7TrqECR1S52fTmMTo2SoDCWJoSGk3V3xMZjpQaRb7pjLAeqEVvIv7ndVMdXrgZE0mqqSCzRWHKkY7RJAAUMEmJ5iNDMJHM3IrIAEtMtIkpb0JwFl9eJq1qxTmr1G6ccr0GM+TgCEpwAg6cQx2uoQFNIJDAAzzBs5Vaj9aL9TprXbHmM4fwB9b7D5ink6s=</latexit> d1 + d2

<latexit sha1_base64="mXUKWM0kzL/evDS9hvJQpq+d9SA=">AAAB8nicbZDLSgMxFIYzXmu91bp0E1oEV2VGiros1IXLCvYC7TBk0kwbmkmG5IxQhj6GGxeKCK58Bd/AlTvfxvSy0NYfAh//fw4554SJ4AZc99tZW9/Y3NrO7eR39/YPDgtHxZZRqaasSZVQuhMSwwSXrAkcBOskmpE4FKwdjurTvH3PtOFK3sE4YX5MBpJHnBKwVpcHVdzjEtcDCAplt+LOhFfBW0C5lvv8KF6/lRpB4avXVzSNmQQqiDFdz03Az4gGTgWb5HupYQmhIzJgXYuSxMz42WzkCT61Th9HStsnAc/c3x0ZiY0Zx6GtjAkMzXI2Nf/LuilEV37GZZICk3T+UZQKDApP98d9rhkFMbZAqOZ2VkyHRBMK9kp5ewRveeVVaJ1XvItK9dYr16porhw6QSV0hjx0iWroBjVQE1Gk0AN6Qs8OOI/Oi/M6L11zFj3H6I+c9x/5T5NU</latexit>

i4 2 Ct

<latexit sha1_base64="mXUKWM0kzL/evDS9hvJQpq+d9SA=">AAAB8nicbZDLSgMxFIYzXmu91bp0E1oEV2VGiros1IXLCvYC7TBk0kwbmkmG5IxQhj6GGxeKCK58Bd/AlTvfxvSy0NYfAh//fw4554SJ4AZc99tZW9/Y3NrO7eR39/YPDgtHxZZRqaasSZVQuhMSwwSXrAkcBOskmpE4FKwdjurTvH3PtOFK3sE4YX5MBpJHnBKwVpcHVdzjEtcDCAplt+LOhFfBW0C5lvv8KF6/lRpB4avXVzSNmQQqiDFdz03Az4gGTgWb5HupYQmhIzJgXYuSxMz42WzkCT61Th9HStsnAc/c3x0ZiY0Zx6GtjAkMzXI2Nf/LuilEV37GZZICk3T+UZQKDApP98d9rhkFMbZAqOZ2VkyHRBMK9kp5ewRveeVVaJ1XvItK9dYr16porhw6QSV0hjx0iWroBjVQE1Gk0AN6Qs8OOI/Oi/M6L11zFj3H6I+c9x/5T5NU</latexit>

i4 2 Ct

<latexit sha1_base64="wwGNmeWm7CO85OvpoOO9jV4VjI8=">AAACD3icbVDLSgMxFM3UV62v8bFzEyxKi1JmSlGXBTcuK9gHtEPIZDJtaOZhkhHK0D9w46+4caGIW7fu/BvTaQVtPXDhcM693HuPG3MmlWV9Gbml5ZXVtfx6YWNza3vH3N1rySgRhDZJxCPRcbGknIW0qZjitBMLigOX07Y7vJr47XsqJIvCWzWKqRPgfsh8RrDSEjJPepzewT6S0CsxZJ9Bhmpl+COWPGSfeqhaRmbRqlgZ4CKxZ6RYP/AzNJD52fMikgQ0VIRjKbu2FSsnxUIxwum40EskjTEZ4j7tahrigEonzf4Zw2OteNCPhK5QwUz9PZHiQMpR4OrOAKuBnPcm4n9eN1H+pZOyME4UDcl0kZ9wqCI4CQd6TFCi+EgTTATTt0IywAITpSMs6BDs+ZcXSatasc8rtRu7WK+BKfLgEByBErDBBaiDa9AATUDAA3gCL+DVeDSejTfjfdqaM2Yz++APjI9vBIWcYA==</latexit>

 gsd(i1, i4)  gs(d1 + d2)
<latexit sha1_base64="wwGNmeWm7CO85OvpoOO9jV4VjI8=">AAACD3icbVDLSgMxFM3UV62v8bFzEyxKi1JmSlGXBTcuK9gHtEPIZDJtaOZhkhHK0D9w46+4caGIW7fu/BvTaQVtPXDhcM693HuPG3MmlWV9Gbml5ZXVtfx6YWNza3vH3N1rySgRhDZJxCPRcbGknIW0qZjitBMLigOX07Y7vJr47XsqJIvCWzWKqRPgfsh8RrDSEjJPepzewT6S0CsxZJ9Bhmpl+COWPGSfeqhaRmbRqlgZ4CKxZ6RYP/AzNJD52fMikgQ0VIRjKbu2FSsnxUIxwum40EskjTEZ4j7tahrigEonzf4Zw2OteNCPhK5QwUz9PZHiQMpR4OrOAKuBnPcm4n9eN1H+pZOyME4UDcl0kZ9wqCI4CQd6TFCi+EgTTATTt0IywAITpSMs6BDs+ZcXSatasc8rtRu7WK+BKfLgEByBErDBBaiDa9AATUDAA3gCL+DVeDSejTfjfdqaM2Yz++APjI9vBIWcYA==</latexit>

 gsd(i1, i4)  gs(d1 + d2)

Figure 5: Case 4.

Finally, for case (4), since i1 ∈ As, g(i1) ≤ gs =⇒ d(i1, i3) ≤ gsd(i1, i4). And, since i2 ∈ Ct,
d(i1, i4) ≤ d(i1, i2) ≤ d1 + d2. Hence, by triangle inequality, d(j, i3) ≤ d(j, i1) + d(i1, i3) ≤ d1 + gs(d1 + d2).
Further, d(j, i4) ≤ d(j, i1) + d(i1, i4) ≤ 2d1 + d2. Therefore, by connecting to the first available facility in the
order of precedence (i2, i1, i3, i4):

E[c(j)] ≤ Pr[i2]d2 + Pr[ī2i1]d1 + Pr[ī2ī1i3]d(j, i3) + Pr[ī2ī1ī3]d(j, i4)

= Pr[i2]d2 + Pr[ī2] Pr[i1]d1 + Pr[ī2] Pr[ī1] Pr[i3]d(j, i3) + Pr[ī2] Pr[ī1] Pr[ī3]d(j, i4)

≤ Pr[i2]d2 + Pr[ī2] Pr[i1]d1 + Pr[ī2] Pr[ī1](d1 + gs(d1 + d2) + Pr[ī3](1− gs)(d1 + d2))

= Pr[i2]d2 + Pr[ī2]d1 + Pr[ī2] Pr[ī1](gs + Pr[ī3](1− gs))(d1 + d2) = Cg,1(j).

Note we have implicitly assumed in several cases that certain facilities are distinct, which may not be the
case. It could be that i2 = i3 in case (1), or i2 = i4 in case (4), for example. However, it is straightforward to
show for these cases that the cost will only be less than the given bound.
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2.4 The Factor-Revealing NLP We now construct the non-linear program (NLP) that bounds the bi-point
rounding factor of our algorithm. We follow a similar approach as in Byrka et al. [3]. The objective of the NLP is
to maximize the bi-point rounding factor of a bi-point solution (i.e., the ratio between the total connection cost
achieved by the solution returned by our algorithm and the bi-point solution cost), over the space of all bi-point
solutions.

First, we define the following parameters which we will use to bound the total cost of each algorithm. Consider
the partition of the clients according to the memberships of their corresponding closest facilities in F1 and F2 as
follows:

J x,y
B := {j ∈ C|i1 ∈ Ax and i2 ∈ By},

J x,y
C := {j ∈ C|i1 ∈ Ax and i2 ∈ Cy}.

For each client class defined above and for Z ∈ {B,C}, we define:

Dx,y
Z,1 =

∑
j∈J x,y

Z

d1(j),

Dx,y
Z,2 =

∑
j∈J x,y

Z

d2(j).

Observe that D1 =
∑

x∈[m]

∑
y∈[m] D

x,y
B,1 + Dx,y

C,1 and D2 =
∑

x∈[m]

∑
y∈[m] D

x,y
B,2 + Dx,y

C,2. We now define the
corresponding aggregate versions of the cost functions from Section 2.3.3.

1. C1(J x,y
B ) = pBy

Dx,y
B,2 + (1− pBy

)Dx,y
B,1 + (1− pBy

)(1− pAx
)(Dx,y

B,1 +Dx,y
B,2),

2. C 1
g
(Bx,y

Z ) = pBy
Dx,y

B,2 + (1− pBy
)Dx,y

B,1 +
1

gx−1
(1− pBy

)(1− pAx
)(Dx,y

B,1 +Dx,y
B,2),

3. C1, 1g
(J x,y

B ) = pBy
Dx,y

B,2 + (1− pBy
)Dx,y

B,1

+ (1− pBy )(1− pAx)(1 +
( 1

gx−1
− 1
)(

1− min
s∈[x]

pBs

)
)(Dx,y

B,1 +Dx,y
B,2),

4. Cg,1(J x,y
C ) = pCyD

x,y
C,2 + (1− pCy )D

x,y
C,1

+ (1− pCy
)(1− pAx

)(gx + (1− gx)
(
1− min

s∈[x]
pBs

)
)(Dx,y

C,1 +Dx,y
C,2).

Finally, we define

cost(A) :=
∑
y∈[m]

C1(J 1,y
B ) +

∑
x∈[2,m],
y∈[x]

C 1
g
(J x,y

B ) +
∑

x∈[2,m−1],
y∈[x+1,m]

C1, 1g
(J x,y

B ) +
∑

x∈[m],
y∈[m]

Cg,1(J x,y
C ).(2.11)

Lemma 2.6. For each algorithm A ∈ ALGm, the total expected cost is bounded above by cost(A).

Proof. Given an algorithm A(pA1 , · · · , pAm , pB1 , · · · , pBm , pC1 , · · · , pCm) in ALGm, each facility i ∈ W is opened
with probability Pr[i] = ⌈pW |W |⌉

|W | = pW (by Claim 2.1). Thus for j ∈ J x,y
B , Pr[i1] = pAx and Pr[i2] = pBy (and

similarly for J x,y
C ). By construction i3 := σB(i1) ∈ ∪t

s=1Bs, so we may say Pr[i3] ≥ mins∈[t] pBs
. The rest of

the proof follows straightforwardly by summing the cost bounds obtained in Lemma 2.5 over each corresponding
client class and by linearity of expectation.

As shown in the subsequent section, all algorithm parameters (pW for W ∈ P ) may be expressed in terms
of b and γA1 , . . . , γAm (and γC1 , . . . , γCm , which can be rewritten in terms of γA1 , . . . , γAm by definition). Thus,
cost(A) is a function of b, γA1

, . . . , γAm
, Dx,y

Z,1 and Dx,y
Z,2 (as defined above), and g. Recall that g is a vector of

constants chosen by us at the start of the algorithm. Let the remaining parameters (including D1 and D2) be
variables chosen by an adversary. Then we may bound the bi-point rounding factor by the following program.
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maximize X(2.12)
s.t. X ≤ cost(A) ∀A ∈ ALGm(2.13)

X ≤ (1− b)D1 + b(3− 2b)D2 cost(SR), from Theorem 1.2(2.14)
(1− b)D1 + bD2 = 1(2.15)

D1 =
∑

x,y∈[m]

Dx,y
B,1 +Dx,y

C,1(2.16)

D2 =
∑

x,y∈[m]

Dx,y
B,2 +Dx,y

C,2(2.17)

D2 ≤ D1(2.18)
0 ≤ Dx,y

Z,1, 0 ≤ Dx,y
Z,2 ∀x ∈ [m], y ∈ [m], Z ∈ {B,C}(2.19)

0 ≤ b ≤ 1(2.20)
0 ≤ γAt ∀t ∈ [m](2.21)

Lemma 2.7. Given a bi-point solution, the expected cost of the best solution returned by algorithms SR and ALGm

is at most X∗ · (1 + ϵ) times the cost of the bi-point solution, where X∗ is the solution to the above NLP (2.12).

Proof. Let X denote the cost of the cheapest solution output by ALGm ∪ LS. Constraints (2.13) and (2.14)
enforce that X is indeed the cheapest. By uniformly scaling all distances, we may first normalize the bi-point
solution cost to 1 (enforcing constraint (2.15)), so that X is also the bi-point rounding factor. Constraints (2.16)
and (2.17) must hold since the corresponding classes partition all clients. Constraint (2.18) may be assumed, as
otherwise we may trivially take F1 as a solution with bi-point rounding factor less than one. Finally, we lose an
additional multiplicative factor of (1 + ϵ) if the best solution is returned by SR, thereby giving us the stated
bound.

2.4.1 Explicit description of algorithm parameters In this section we will explicitly describe ALGm for
several small values of m. This will allow us to fully expand constraints (2.13) in the NLP, after which we proceed
to calculate a rigorous upper-bound.

As a concrete example, consider m = 1. Here the facilities are partitioned into P = {A1, B1, C1}, and each
algorithm in ALG1 is of the form A(pA1

, pB1
, pC1

). Now, let us enumerate ALG1, as discussed in Section 2.3.1.
First, we restate the validity constraint 2.8 in terms of the NLP variables, by dividing both sides by |C| and using
the fact that |At| = |Bt|:

m∑
t=1

(pAt
+ pBt

)γAt
+

m∑
t=1

pCt
γCt

=
m∑
t=1

γAt
+ b.(2.22)

Since m = 1, we have γC1
= 1, and the above simplifies to (pA1

+ pB1
)γA1

+ pC1
= γA1

+ b. Now consider all
possible ways of assigning two of the parameters (pA1

, pB1
, and pC1

) to 0 or 1 and setting the third such that
(2.22) is satisfied. This results in 12 potential algorithms. After filtering out algorithms which fail to set at least
one of pA1 or pB1 to 1 (Definition 2.1 property 4), as well as those where the fractional argument is never between
0 and 1 (Definition 2.1 property 1), there are 5 (conditionally) valid algorithms remaining, shown in Table 1.
Notice A3 is only valid when γA1

≤ b, and A4 and A5 are valid only when γA1
≥ b. We may account for this

either by formulating and solving a separate NLP for each case, or by cleverly combining the algorithms (as is
later shown). Finally, we may explicitly express constraints (2.13) by calculating, for example:

cost(A1) = C1(J 1,1
B ) + Cg,1(J 1,1

C ) = D1,1
B,2 + bD1,1

C,2 + (1− b)(2D1,1
C,1 +D1,1

C,2)

For m = 1, we omit a rigorous upper bound since the NLP does not even improve upon the 1+
√
3

2 ratio attained
by LS. This may be proved by checking that the following is a feasible solution: b = 3−

√
3

2 , γA1
→ ∞, D1,1

B,1 = 1√
3
,

D1,1
B,2 = 0, D1,1

C,1 = D1,1
C,2 = D2 = 3+

√
3

6 , and X = D1 = 1+
√
3

2 . (We also remark that as γA1
approaches ∞, ALG1

reduces to {A1,A2}, which is identical to the pair of algorithms considered in JV.)
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Algorithm pA1
pB1

pC1

A1 0 1 b

A2 1 0 b

A3 1 1 b− γA1

A4
b

γA1
1 0

A5 1 b
γA1

0

Table 1: ALG1

For larger m, we may somewhat simplify the analysis by only utilizing a partial set of algorithms ALG′
m ⊆

ALGm in our analysis. Note that substituting any such ALG′
m into the NLP produces a valid relaxation (since it

is equivalent to removing the constraints corresponding to ALGm \ALG′
m). Thus, we need only prove validity of

ALG′
m rather than completeness.

Algorithm pA1 pA2 pB1 pB2 pC1 pC2

A1 1 1 0 0
b−γC2

1−γC2

b
γC2

A2 0 0 1 1
b−γC2

1−γC2

b
γC2

A3 1 1 0 0 b
1−γC2

b+γC2
−1

γC2

A4 0 1 1 0 b
1−γC2

b+γC2
−1

γC2

A5 0 0 1 1 b
1−γC2

b+γC2
−1

γC2

A6 1 1 0 b
γA2

b−γA2

1−γC2
0

A7 0 1 1 b
γA2

b−γA2

1−γC2
0

A8 0 b
γA2

1 1
b−γA2

−γC2

1−γC2

b−γA2

γC2

A9 0 0 1
b+γA2

−1

γA2

b+γA2
−γC2

1−γC2

b+γA2

γC2

A10 0
b+γA2

−γC2

γA2
1

b−γC2

γA2

b−γA2
−γC2

1−γC2
1

Table 2: ALG′
2 (all values truncated to [0, 1])

For m = 2 and m = 3, we define ALG′
2 in Table 2 and ALG′

3 in Appendix B. (See Appendix A.1 for
discussion of heuristics used to pick these sets.) In order to avoid the conditional validity of most algorithms, and
the resulting proliferation of NLPs, the algorithms are described in a certain form which is always valid. Note
that all parameters listed in ALG′

2 and ALG′
3 are implied to be truncated to the unit interval as needed. As an

example, let us fully state A8 from ALG′
2:

A8 =

(
pA1 = 0, pA2 = min

{
1,

b

γA2

}
, pB1 = 1, pB2 = 1,

pC1
= max

{
0,

b− γA2
− γC2

1− γC2

}
, pC2 = min

{
1,max

{
0,

b− γA2

γC2

}})
.
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To prove A8 is a valid algorithm, we may first restate it in a piecewise form, such that the parameters simplify in
each case:

A8 =


A
(
pA1

= 0, pA2
= b

γA2
, pB1

= 1, pB2
= 1, pC1

= 0, pC2
= 0
)

0 ≤ b ≤ γA2

A
(
pA1

= 0, pA2
= 1, pB1

= 1, pB2
= 1, pC1

= 0, pC2
=

b−γA2

γC2

)
γA2

≤ b ≤ γA2
+ γC2

A
(
pA1

= 0, pA2
= 1, pB1

= 1, pB2
= 1, pC1

=
b−γA2

−γC2

1−γC2
, pC2

= 1
)

γA2
+ γC2

≤ b ≤ 1

In this form, it is straightforward to verify in each case that A8 has all of the properties in Definition 2.1, (using
Equation (2.22) for the second property), as well as having at most one fractional parameter. All other algorithms
in ALG′

2 and ALG′
3 may be decomposed and proven valid in the same manner.

Finally, since the resulting NLPs are non-convex and appear challenging to solve exactly, we employ the
computer-assisted interval arithmetic based approach of [15] to obtain a rigorous upper bound on the bi-point
rounding factors. The approach is similar to [3], with some additional adjustments to handle the non-smooth
parameter functions, and zeroes in the denominator. For further description, see Appendix A.2. Using these
methods, we obtain the following results by Lemma 2.7.

Theorem 2.2. The expected cost of the best solution returned by SR and ALG2 with g1 := 0.6586 is at most
1.3103 times the cost of the bi-point solution.

Theorem 2.3. The expected cost of the best solution returned by SR and ALG3 with g1 := 0.642 and g2 := 0.833
is at most 1.3064 times the cost of the bi-point solution.

Therefore, Theorem 1.3 follows from Theorem 2.3, Lemma 2.1 and Lemma 2.4.

3 Lower Bounds for our Framework
In this section, we will show that, given the NLP (2.12), our hierarchy of partitioning schemes cannot achieve a
bi-point rounding factor smaller than 1.2943, proving Theorem 1.4. Note that this gives a rigorous lower bound
only for our particular analysis, rather than the true performance of the algorithm.

Consider a bi-point solution such that g(i) = ĝ for all i ∈ F1 and some fixed value of ĝ. Observe that,
regardless of how we choose the algorithm parameters m and g1, g2, · · · , gm−1, all facilities in F1 may be assigned
to a single set At. In the best case, we will have set gt = ĝ and gt+1 = ĝ + ϵ for small ϵ > 0, so that the cost
functions in Section 2.3.3 are as tight as possible. WLOG, we may assume that t = 1 and hence, the non-empty
sets are A2, B2, C1, and C2.

Let ALGuniform be the set of all valid algorithms over these sets. We provide a list of algorithms in Table 3
(in the previously mentioned form), and claim these include all algorithms in ALGuniform.

To find a difficult instance, we essentially solved 2.12 heuristically, with an additional variable g1 (i.e., treated
as a variable instead of a parameter) in [0, 1] and algorithms in ALGuniform ∪ {SR}.

Now we implicitly consider a bi-point solution with parameters ĝ = 1, b = 0.68, γA2
= 0.7478, and γC2

=
0.3291. Furthermore, distribute clients such that the cost parameters are D2,2

B,1 = 0.722175, D2,1
C,1 = 0.647832,

D2,2
C,1 = 0.317901, D2,2

B,2 = 0.289375, D2,1
C,2 = 0.259589, D2,2

C,2 = 0.127384. We claim it is straightforward to
construct an instance with these parameters. We have argued above that the algorithms in Table 3, with
parameters g1 = ĝ ≈ g2 give the best possible approximation obtainable with ALGm. Calculating the cost,
we see it obtains a bi-point rounding factor of 1.2943.

4 Integrality Gap for Bi-point Solutions

In this section, we demonstrate a family of bi-point solutions with integrality gap approaching
√
ϕ =

√
1+

√
5

2 ≈
1.272 for large k, proving Theorem 1.5.

4.1 A Golden Bi-point Solution We first construct a bi-point solution B(k) and show that it is a valid
bi-point solution with unit cost. To do this, we need the following constants for construction (given in several
forms to facilitate later algebra). Let ϕ = 1+

√
5

2 ≈ 1.618 be the golden ratio, and define ω := ϕ−√
ϕ. Let us also
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define,

ℓ :=
1

ϕ
= ϕ− 1 ≈ 0.618,

rB := ω
√

ϕ ≈ 0.440,

rC := (1− ω)
√
ϕ ≈ 0.832,

b :=
1− rB
rC

=
1

2
(1 + ω) ≈ 0.673,

a := 1− b =
1

2
(1− ω) ≈ 0.327.

Since we cannot create fractional facilities, the actual construction will choose rB and rC to be the closest
rational approximations of the form t/k where t ∈ Z+ to approximate the above irrational values. We then use
these approximations to derive b := 1−rB

rC
, a := 1−b, so that the hard validity requirements in Lemma 4.1 are still

satisfied exactly. Thus, the actual constants will deviate from above values by O(1/k). For the ease of notation,
let us ignore this additive error for now.

Now we construct B(k) as follows. Let A and C be sets of facilities of sizes rBk and rCk, respectively. For
each pair (i1, i2) ∈ A×C, set the distance d(i1, i2) = 2, and place a client j with d(j, i1) = 2− ℓ and d(j, i2) = ℓ.
Let J A denote this set of clients and set the demand for each client to uj := 1/| J A |.

<latexit sha1_base64="3Wp7HBYZEEq4Gzufr1IJW2W6m2k=">AAACGXicbVDLSsNAFJ34tr7iY+dmsAi6KYkUdVlx41LBPqANZTK50aGTSZi5EUuon+HGX3HjQhGXuvJvnD4Wvg4MHM459w73hJkUBj3v05manpmdm19YLC0tr6yuuesbDZPmmkOdpzLVrZAZkEJBHQVKaGUaWBJKaIa906HfvAFtRKousZ9BkLArJWLBGVqp63q6e0J7tINwi8VdzLiQAgUYylRE94b7bRKifcqlAIVm0HXLXsUbgf4l/oSUa1vxCOdd970TpTxP7DSXzJi272UYFEyj4BIGpU5uIGO8x66gbaliCZigGF02oLtWiWicavsU0pH6faJgiTH9JLTJhOG1+e0Nxf+8do7xcVAIleUIio8/inNJMaXDmmgkNHCUfUsY17YSTvk104yjLbNkS/B/n/yXNA4q/mGleuGXa1UyxgLZJjtkj/jkiNTIGTkndcLJPXkkz+TFeXCenFfnbRydciYzm+QHnI8v+eGjMA==</latexit>

rAk facilities and (colocated) clients
<latexit sha1_base64="3Wp7HBYZEEq4Gzufr1IJW2W6m2k=">AAACGXicbVDLSsNAFJ34tr7iY+dmsAi6KYkUdVlx41LBPqANZTK50aGTSZi5EUuon+HGX3HjQhGXuvJvnD4Wvg4MHM459w73hJkUBj3v05manpmdm19YLC0tr6yuuesbDZPmmkOdpzLVrZAZkEJBHQVKaGUaWBJKaIa906HfvAFtRKousZ9BkLArJWLBGVqp63q6e0J7tINwi8VdzLiQAgUYylRE94b7bRKifcqlAIVm0HXLXsUbgf4l/oSUa1vxCOdd970TpTxP7DSXzJi272UYFEyj4BIGpU5uIGO8x66gbaliCZigGF02oLtWiWicavsU0pH6faJgiTH9JLTJhOG1+e0Nxf+8do7xcVAIleUIio8/inNJMaXDmmgkNHCUfUsY17YSTvk104yjLbNkS/B/n/yXNA4q/mGleuGXa1UyxgLZJjtkj/jkiNTIGTkndcLJPXkkz+TFeXCenFfnbRydciYzm+QHnI8v+eGjMA==</latexit>

rAk facilities and (colocated) clients

<latexit sha1_base64="0Ua36WFE4jsCpw979NGCEEcD3fY=">AAACAnicbVDLSgNBEJyN7/WRqCfxMhgEvYRdCerNgAgeFYwJJCHMTnqTIbMPZnrFsEQv/ooXD4p41K/w5if4F04eB00saCiqummqvFgKjY7zZWVmZufmFxaX7OWV1bVsbn3jWkeJ4lDmkYxU1WMapAihjAIlVGMFLPAkVLzu6cCv3IDSIgqvsBdDI2DtUPiCMzRSM7elmqe0S+sIt5je+YwLKVCA7tNmLu8UnCHoNHHHJF/Kfp/s2+9nF83cZ70V8SSAELlkWtdcJ8ZGyhQKLqFv1xMNMeNd1oaaoSELQDfSYYQ+3TVKi/qRMhMiHaq/L1IWaN0LPLMZMOzoSW8g/ufVEvSPG6kI4wQh5KNHfiIpRnTQB20JBRxlzxDGlcnOKe8wxTia1mxTgjsZeZpcHxTcw0Lx0s2XimSERbJNdsgecckRKZFzckHKhJN78kieyYv1YD1Zr9bbaDVjjW82yR9YHz+nNpna</latexit>

rCk facilities
<latexit sha1_base64="0Ua36WFE4jsCpw979NGCEEcD3fY=">AAACAnicbVDLSgNBEJyN7/WRqCfxMhgEvYRdCerNgAgeFYwJJCHMTnqTIbMPZnrFsEQv/ooXD4p41K/w5if4F04eB00saCiqummqvFgKjY7zZWVmZufmFxaX7OWV1bVsbn3jWkeJ4lDmkYxU1WMapAihjAIlVGMFLPAkVLzu6cCv3IDSIgqvsBdDI2DtUPiCMzRSM7elmqe0S+sIt5je+YwLKVCA7tNmLu8UnCHoNHHHJF/Kfp/s2+9nF83cZ70V8SSAELlkWtdcJ8ZGyhQKLqFv1xMNMeNd1oaaoSELQDfSYYQ+3TVKi/qRMhMiHaq/L1IWaN0LPLMZMOzoSW8g/ufVEvSPG6kI4wQh5KNHfiIpRnTQB20JBRxlzxDGlcnOKe8wxTia1mxTgjsZeZpcHxTcw0Lx0s2XimSERbJNdsgecckRKZFzckHKhJN78kieyYv1YD1Zr9bbaDVjjW82yR9YHz+nNpna</latexit>

rCk facilities

<latexit sha1_base64="jmqHsX2vLc/JdhOmtk7YxJ2vASQ=">AAAB7HicbZDPSsNAEMYn9V+t/6oevQSL4Kkkpag3C148VjCt0Iay2U7apZtN2N0IJfQZvHiwilffwdfw5tu4aXvQ1g8WfnzfDDszQcKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uFRS8WppOjRmMfyISAKORPoaaY5PiQSSRRwbAejmzxvP6JULBb3epygH5GBYCGjRBvLq3WR81654lSdmexVcBdQuf6c5npt9spf3X5M0wiFppwo1XGdRPsZkZpRjpNSN1WYEDoiA+wYFCRC5WezYSf2mXH6dhhL84S2Z+7vjoxESo2jwFRGRA/Vcpab/2WdVIdXfsZEkmoUdP5RmHJbx3a+ud1nEqnmYwOESmZmtemQSEK1uU/JHMFdXnkVWrWqe1Gt37mVRh3mKsIJnMI5uHAJDbiFJnhAgcETvMDUEtaz9Wa9z0sL1qLnGP7I+vgBnoOS/g==</latexit>

2`
<latexit sha1_base64="jmqHsX2vLc/JdhOmtk7YxJ2vASQ=">AAAB7HicbZDPSsNAEMYn9V+t/6oevQSL4Kkkpag3C148VjCt0Iay2U7apZtN2N0IJfQZvHiwilffwdfw5tu4aXvQ1g8WfnzfDDszQcKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uFRS8WppOjRmMfyISAKORPoaaY5PiQSSRRwbAejmzxvP6JULBb3epygH5GBYCGjRBvLq3WR81654lSdmexVcBdQuf6c5npt9spf3X5M0wiFppwo1XGdRPsZkZpRjpNSN1WYEDoiA+wYFCRC5WezYSf2mXH6dhhL84S2Z+7vjoxESo2jwFRGRA/Vcpab/2WdVIdXfsZEkmoUdP5RmHJbx3a+ud1nEqnmYwOESmZmtemQSEK1uU/JHMFdXnkVWrWqe1Gt37mVRh3mKsIJnMI5uHAJDbiFJnhAgcETvMDUEtaz9Wa9z0sL1qLnGP7I+vgBnoOS/g==</latexit>

2`

<latexit sha1_base64="tV4ulvF8/F+tggGpLYGO7CPWa/E=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMlKJuxIIiLivYC7RDyaSZNjaTDElGKKXv4MaFIm7d+yjufBMXLkwvC239IfDx/+eQc04Qc6aN6346qYXFpeWV9GpmbX1jcyu7vVPVMlGEVojkUtUDrClnglYMM5zWY0VxFHBaC3oXo7x2T5VmUtyafkz9CHcECxnBxlrVwlGTct7K5ty8OxaaB28KufPvy7Or995XuZX9aLYlSSIqDOFY64bnxsYfYGUY4XSYaSaaxpj0cIc2LAocUe0PxtMO0YF12iiUyj5h0Nj93THAkdb9KLCVETZdPZuNzP+yRmLCU3/ARJwYKsjkozDhyEg0Wh21maLE8L4FTBSzsyLSxQoTYw+UsUfwZleeh2oh7x3nizderlSEidKwB/twCB6cQAmuoQwVIHAHD/AEz450Hp0X53VSmnKmPbvwR87bD2Y1kr0=</latexit>

2� `
<latexit sha1_base64="tV4ulvF8/F+tggGpLYGO7CPWa/E=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMlKJuxIIiLivYC7RDyaSZNjaTDElGKKXv4MaFIm7d+yjufBMXLkwvC239IfDx/+eQc04Qc6aN6346qYXFpeWV9GpmbX1jcyu7vVPVMlGEVojkUtUDrClnglYMM5zWY0VxFHBaC3oXo7x2T5VmUtyafkz9CHcECxnBxlrVwlGTct7K5ty8OxaaB28KufPvy7Or995XuZX9aLYlSSIqDOFY64bnxsYfYGUY4XSYaSaaxpj0cIc2LAocUe0PxtMO0YF12iiUyj5h0Nj93THAkdb9KLCVETZdPZuNzP+yRmLCU3/ARJwYKsjkozDhyEg0Wh21maLE8L4FTBSzsyLSxQoTYw+UsUfwZleeh2oh7x3nizderlSEidKwB/twCB6cQAmuoQwVIHAHD/AEz450Hp0X53VSmnKmPbvwR87bD2Y1kr0=</latexit>

2� `

<latexit sha1_base64="racCHnveg23KYTEfgxMXef3COa8=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdBTcuK9gLtEPJpGfa0CQzJBmhlL6CGxdqcetD+BrufBtn2i609YfAx/+fQ845QSy4sa777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZlhnkYh0K6AGBVdYt9wKbMUaqQwENoPhbZY3H1EbHqkHO4rRl7SveMgZtZnVQSG6xZJbdmciq+AtoHTz+ZZpWusWvzq9iCUSlWWCGtP23Nj6Y6otZwInhU5iMKZsSPvYTlFRicYfz2adkLPU6ZEw0ulTlszc3x1jKo0ZySCtlNQOzHKWmf9l7cSG1/6YqzixqNj8ozARxEYkW5z0uEZmxSgFyjRPZyVsQDVlNj1PIT2Ct7zyKjQuyt5luXLvlaoVmCsPJ3AK5+DBFVThDmpQBwYDeIIXeHWk8+xMnfd5ac5Z9BzDHzkfPy0JksI=</latexit>

`
<latexit sha1_base64="racCHnveg23KYTEfgxMXef3COa8=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdBTcuK9gLtEPJpGfa0CQzJBmhlL6CGxdqcetD+BrufBtn2i609YfAx/+fQ845QSy4sa777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZlhnkYh0K6AGBVdYt9wKbMUaqQwENoPhbZY3H1EbHqkHO4rRl7SveMgZtZnVQSG6xZJbdmciq+AtoHTz+ZZpWusWvzq9iCUSlWWCGtP23Nj6Y6otZwInhU5iMKZsSPvYTlFRicYfz2adkLPU6ZEw0ulTlszc3x1jKo0ZySCtlNQOzHKWmf9l7cSG1/6YqzixqNj8ozARxEYkW5z0uEZmxSgFyjRPZyVsQDVlNj1PIT2Ct7zyKjQuyt5luXLvlaoVmCsPJ3AK5+DBFVThDmpQBwYDeIIXeHWk8+xMnfd5ac5Z9BzDHzkfPy0JksI=</latexit>

`

<latexit sha1_base64="0VnAA/gex0ckeXoPFwKYe6zsxjk=">AAAB6nicbZDLSgMxFIbP1Futt1qXbkKL4KrMiKjLii7EVUV7gXYomTTThiaZIckIZegjuHGhiFvxLXwDV+58G9PLQlt/CHz8/znknBPEnGnjut9OZml5ZXUtu57b2Nza3snvFuo6ShShNRLxSDUDrClnktYMM5w2Y0WxCDhtBIOLcd64p0qzSN6ZYUx9gXuShYxgY63b6855J19yy+5EaBG8GZQq2c+PwuV7sdrJf7W7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLYsSC6r9dDLqCB1Yp4vCSNknDZq4vztSLLQeisBWCmz6ej4bm/9lrcSEZ37KZJwYKsn0ozDhyERovDfqMkWJ4UMLmChmZ0WkjxUmxl4nZ4/gza+8CPWjsndSPr7xSpVjmCoL+1CEQ/DgFCpwBVWoAYEePMATPDvceXRenNdpacaZ9ezBHzlvP85wkGk=</latexit>

JA
<latexit sha1_base64="0VnAA/gex0ckeXoPFwKYe6zsxjk=">AAAB6nicbZDLSgMxFIbP1Futt1qXbkKL4KrMiKjLii7EVUV7gXYomTTThiaZIckIZegjuHGhiFvxLXwDV+58G9PLQlt/CHz8/znknBPEnGnjut9OZml5ZXUtu57b2Nza3snvFuo6ShShNRLxSDUDrClnktYMM5w2Y0WxCDhtBIOLcd64p0qzSN6ZYUx9gXuShYxgY63b6855J19yy+5EaBG8GZQq2c+PwuV7sdrJf7W7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLYsSC6r9dDLqCB1Yp4vCSNknDZq4vztSLLQeisBWCmz6ej4bm/9lrcSEZ37KZJwYKsn0ozDhyERovDfqMkWJ4UMLmChmZ0WkjxUmxl4nZ4/gza+8CPWjsndSPr7xSpVjmCoL+1CEQ/DgFCpwBVWoAYEePMATPDvceXRenNdpacaZ9ezBHzlvP85wkGk=</latexit>

JA

<latexit sha1_base64="P+XGtSizXAghQEcWFS5E2h7FO4c=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZceOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2s2k23WHLKzlT2MrhzKF1/TjK9V7vFr04vokmIQlNOlGq7Tqy9lEjNKMdxoZMojAkdkj62DQoSovLS6aBj+8Q4PTuIpHlC21P3d0dKQqVGoW8qQ6IHajHLzP+ydqKDKy9lIk40Cjr7KEi4rSM729ruMYlU85EBQiUzs9p0QCSh2tymYI7gLq68DI2zsntRPq+5pco5zJSHIziGU3DhEipwB1WoAwWEJ3iBV+vBerberMmsNGfNew7hj6yPH7KAkUw=</latexit>

A
<latexit sha1_base64="P+XGtSizXAghQEcWFS5E2h7FO4c=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZceOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2s2k23WHLKzlT2MrhzKF1/TjK9V7vFr04vokmIQlNOlGq7Tqy9lEjNKMdxoZMojAkdkj62DQoSovLS6aBj+8Q4PTuIpHlC21P3d0dKQqVGoW8qQ6IHajHLzP+ydqKDKy9lIk40Cjr7KEi4rSM729ruMYlU85EBQiUzs9p0QCSh2tymYI7gLq68DI2zsntRPq+5pco5zJSHIziGU3DhEipwB1WoAwWEJ3iBV+vBerberMmsNGfNew7hj6yPH7KAkUw=</latexit>

A

<latexit sha1_base64="jsSvGspgHrzOxB0Xyj8w0fhrKFM=">AAAB+3icbVDLSgNBEJyNrxhfazx6GRIET2FXRD2G6EE8RTAPSJYwO5kkQ2Znl5leSViST/EiqIhXj/6BJ2/+jZPHQRMLGoqqbrq7/EhwDY7zbaVWVtfWN9Kbma3tnd09ez9b1WGsKKvQUISq7hPNBJesAhwEq0eKkcAXrOb3Lyd+7Z4pzUN5B8OIeQHpSt7hlICRWna2hJvABpCMiWyPR/imVWrZeafgTIGXiTsn+WL68yN79ZQrt+yvZjukccAkUEG0brhOBF5CFHAq2CjTjDWLCO2TLmsYKknAtJdMbx/hI6O0cSdUpiTgqfp7IiGB1sPAN50BgZ5e9Cbif14jhs6Fl3AZxcAknS3qxAJDiCdB4DZXjIIYGkKo4uZWTHtEEQomrowJwV18eZlUTwruWeH01s0XT9EMaXSIcugYuegcFdE1KqMKomiAHtAzerFG1qP1ar3NWlPWfOYA/YH1/gNxj5b7</latexit>

B and JB
<latexit sha1_base64="jsSvGspgHrzOxB0Xyj8w0fhrKFM=">AAAB+3icbVDLSgNBEJyNrxhfazx6GRIET2FXRD2G6EE8RTAPSJYwO5kkQ2Znl5leSViST/EiqIhXj/6BJ2/+jZPHQRMLGoqqbrq7/EhwDY7zbaVWVtfWN9Kbma3tnd09ez9b1WGsKKvQUISq7hPNBJesAhwEq0eKkcAXrOb3Lyd+7Z4pzUN5B8OIeQHpSt7hlICRWna2hJvABpCMiWyPR/imVWrZeafgTIGXiTsn+WL68yN79ZQrt+yvZjukccAkUEG0brhOBF5CFHAq2CjTjDWLCO2TLmsYKknAtJdMbx/hI6O0cSdUpiTgqfp7IiGB1sPAN50BgZ5e9Cbif14jhs6Fl3AZxcAknS3qxAJDiCdB4DZXjIIYGkKo4uZWTHtEEQomrowJwV18eZlUTwruWeH01s0XT9EMaXSIcugYuegcFdE1KqMKomiAHtAzerFG1qP1ar3NWlPWfOYA/YH1/gNxj5b7</latexit>

B and JB
<latexit sha1_base64="SHXtMdrWyB+9Hqb8phwNF1rV8C4=">AAAB/3icbVA9SwNBEN3z2/gVFWxsFoNgFe4kqI0o2FhGMCokIcztTXRxb+/YnRPDGcGfoaWNhSK2+Rt2/hs3iYVfDwYe780wMy9MlbTk+x/eyOjY+MTk1HRhZnZufqG4uHRik8wIrIlEJeYsBItKaqyRJIVnqUGIQ4Wn4eVB3z+9QmNloo+pk2IzhnMt21IAOalVXGkQXlNOCYHiEcago9vuLrSKJb/sD8D/kuCLlPZ69308VFvF90aUiCxGTUKBtfXAT6mZgyEpFHYLjcxiCuISzrHuqIYYbTMf3N/l606JeDsxrjTxgfp9IofY2k4cus4Y6ML+9vrif149o/ZOM5c6zQi1GC5qZ4pTwvth8EgaFKQ6joAw0t3KxQUYEOQiK7gQgt8v/yUnm+Vgq1w5Ckr7FTbEFFtla2yDBWyb7bNDVmU1JtgNe2TP7MW78568V+9t2Drifc0ssx/wep+n3prw</latexit>

total demand = a
<latexit sha1_base64="SHXtMdrWyB+9Hqb8phwNF1rV8C4=">AAAB/3icbVA9SwNBEN3z2/gVFWxsFoNgFe4kqI0o2FhGMCokIcztTXRxb+/YnRPDGcGfoaWNhSK2+Rt2/hs3iYVfDwYe780wMy9MlbTk+x/eyOjY+MTk1HRhZnZufqG4uHRik8wIrIlEJeYsBItKaqyRJIVnqUGIQ4Wn4eVB3z+9QmNloo+pk2IzhnMt21IAOalVXGkQXlNOCYHiEcago9vuLrSKJb/sD8D/kuCLlPZ69308VFvF90aUiCxGTUKBtfXAT6mZgyEpFHYLjcxiCuISzrHuqIYYbTMf3N/l606JeDsxrjTxgfp9IofY2k4cus4Y6ML+9vrif149o/ZOM5c6zQi1GC5qZ4pTwvth8EgaFKQ6joAw0t3KxQUYEOQiK7gQgt8v/yUnm+Vgq1w5Ckr7FTbEFFtla2yDBWyb7bNDVmU1JtgNe2TP7MW78568V+9t2Drifc0ssx/wep+n3prw</latexit>

total demand = a

<latexit sha1_base64="cVj/vHSSwJZHmHysQWHZirlj6MY=">AAAB/3icbVDLSgNBEJz1GeMrKnjxMhgET2FXgnoRA148RjAPSEKYne3o4OzsMtMrhjWCn6FHLx4U8Zrf8ObfOHkcNLGgoajqprvLj6Uw6Lrfzszs3PzCYmYpu7yyurae29ismijRHCo8kpGu+8yAFAoqKFBCPdbAQl9Czb85G/i1W9BGROoSuzG0QnalREdwhlZq57abCHeYYoRM0gBCpoKH3onXzuXdgjsEnSbemORP+08DPJfbua9mEPEkBIVcMmManhtjK2UaBZfQyzYTAzHjN+wKGpYqFoJppcP7e3TPKgHtRNqWQjpUf0+kLDSmG/q2M2R4bSa9gfif10iwc9xKhYoTBMVHizqJpBjRQRg0EBo4yq4ljGthb6X8mmnG0UaWtSF4ky9Pk+pBwTssFC+8fKlIRsiQHbJL9olHjkiJnJMyqRBO7skLeSPvzqPz6nw4n6PWGWc8s0X+wOn/AF8emsA=</latexit>

total demand = 1
<latexit sha1_base64="cVj/vHSSwJZHmHysQWHZirlj6MY=">AAAB/3icbVDLSgNBEJz1GeMrKnjxMhgET2FXgnoRA148RjAPSEKYne3o4OzsMtMrhjWCn6FHLx4U8Zrf8ObfOHkcNLGgoajqprvLj6Uw6Lrfzszs3PzCYmYpu7yyurae29ismijRHCo8kpGu+8yAFAoqKFBCPdbAQl9Czb85G/i1W9BGROoSuzG0QnalREdwhlZq57abCHeYYoRM0gBCpoKH3onXzuXdgjsEnSbemORP+08DPJfbua9mEPEkBIVcMmManhtjK2UaBZfQyzYTAzHjN+wKGpYqFoJppcP7e3TPKgHtRNqWQjpUf0+kLDSmG/q2M2R4bSa9gfif10iwc9xKhYoTBMVHizqJpBjRQRg0EBo4yq4ljGthb6X8mmnG0UaWtSF4ky9Pk+pBwTssFC+8fKlIRsiQHbJL9olHjkiJnJMyqRBO7skLeSPvzqPz6nw4n6PWGWc8s0X+wOn/AF8emsA=</latexit>

total demand = 1

<latexit sha1_base64="lFREmA4U3Xo6dY1bU7/BW7s8k9k=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVEirqz0I3LFuwF2lAm05N27GQSZiZCCX0CNy4UqUvfwtdw59s4abvQ6g8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PWipKJMUmjXgkOz5RyJnApmaaYyeWSEKfY9sf17K8/YBSsUjc6UmMXkiGggWMEm2sRq1fLDllZy77L7hLKN18zDK91fvFz94gokmIQlNOlOq6Tqy9lEjNKMdpoZcojAkdkyF2DQoSovLS+aBT+8w4AzuIpHlC23P3Z0dKQqUmoW8qQ6JHajXLzP+ybqKDay9lIk40Crr4KEi4rSM729oeMIlU84kBQiUzs9p0RCSh2tymYI7grq78F1oXZfeyXGm4pWoFFsrDCZzCObhwBVW4hTo0gQLCIzzDi3VvPVmv1mxRmrOWPcfwS9b7N7WIkU4=</latexit>

C
<latexit sha1_base64="lFREmA4U3Xo6dY1bU7/BW7s8k9k=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVEirqz0I3LFuwF2lAm05N27GQSZiZCCX0CNy4UqUvfwtdw59s4abvQ6g8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PWipKJMUmjXgkOz5RyJnApmaaYyeWSEKfY9sf17K8/YBSsUjc6UmMXkiGggWMEm2sRq1fLDllZy77L7hLKN18zDK91fvFz94gokmIQlNOlOq6Tqy9lEjNKMdpoZcojAkdkyF2DQoSovLS+aBT+8w4AzuIpHlC23P3Z0dKQqUmoW8qQ6JHajXLzP+ybqKDay9lIk40Crr4KEi4rSM729oeMIlU84kBQiUzs9p0RCSh2tymYI7grq78F1oXZfeyXGm4pWoFFsrDCZzCObhwBVW4hTo0gQLCIzzDi3VvPVmv1mxRmrOWPcfwS9b7N7WIkU4=</latexit>

C

Figure 6: The bi-point solution.

Additionally, for each facility i1 ∈ A, add facility β(i1) at distance 2ℓ from i1 and client j colocated at β(i1)
(i.e., d(j, i1) = 2ℓ and d(j, β(i1)) = 0). Denote the added clients and facilities by J B and B, respectively. Set the
demand for each client to uj = a/|JB |.
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Finally, assign all other distances according to the resulting graph metric.

Lemma 4.1. The constructed bi-point solution aF1 +bF2 where F1 := A and F2 := B ∪ C is a valid bi-point
solution.

Proof. By definition of our parameters, we have that

• a+ b = 1,

• | F1 | = |A| = rBk = ω
√
ϕ · k < k,

• | F2 | = |C|+ |B| = (rC + rB)k =
√
ϕ · k > k,

• a| F1 |+ b| F2 | = (1− b)rBk + bk(rC + rB) = k(rB + brC) = k
(
rB + 1−rB

rC
rC

)
= k.

Lemma 4.2. The constructed bi-point solution has unit cost.

Proof. We have that

Cost of aF1 +bF2 =
∑
j∈JA

uj

(
ad(j, A) + bd(j,F2)

)
+
∑
j∈JB

uj

(
ad(j, A) + bd(j,F2)

)
=

1

|JA|
∑
j∈JA

(
a(2− ℓ) + bℓ

)
+

a

|JB |
∑
j∈JB

(
a · 2ℓ+ b · 0

)
= a(2− ℓ) + bℓ+ 2a2ℓ

= a(2− ℓ) + (1− a)ℓ+ 2a(1− b)ℓ

= 2a+ ℓ(1− 2ab)

= (1− ω) +
1

ϕ

(
1− 2 · 1

2
(1− ω) · 1

2
(1 + ω)

)
= 1− ω +

1

ϕ

(1
2
+

1

2
ω2
)

= 1 +
1

2ϕ
(1− 2ϕω + ω2)

= 1 +
1

2ϕ
(1 + ϕ− ϕ2) = 1.

Remarks. The golden ratio appears visually in the instance as the ratio between d(A,C) and d(A,B). Thus,
the instance is aesthetically pleasing in an objective sense. Also interestingly, the instance has the facility and
cost ratios

| F1 |
| F2 |

=
rBk

rBk + rCk
=

ω
√
ϕ√
ϕ

= ω,

D2

D1
=

ℓ

2aℓ+ 2− ℓ
=

1

2a+ 2/ℓ− 1
=

1

−ω + 2ϕ
= ω,

as −ω2 + 2ωϕ− 1 = ϕ2 − ϕ− 1 = 0 by definition of ϕ.
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4.2 Integrality Gap Of The Golden Bi-point Solution We proceed to prove that any solution S to B(k)
must cost at least

√
ϕ − O(1/k). To this end, we will consider S in terms of the following parameters. Let

P := {(i, β(i)) : i ∈ A} be the set of pairings between A and B. We define

x00 :=|{(i1, i2) ∈ P : i1 ̸∈ S ∧i2 ̸∈ S}|/|A|,
x01 :=|{(i1, i2) ∈ P : i1 ̸∈ S ∧i2 ∈ S}|/|A|,
x10 :=|{(i1, i2) ∈ P : i1 ∈ S ∧i2 ̸∈ S}|/|A|,
x11 :=|{(i1, i2) ∈ P : i1 ∈ S ∧i2 ∈ S}|/|A|,
xA :=|A ∩ S |/|A| = x10 + x11,

xB :=|B ∩ S |/|B| = x01 + x11,

xC :=|C ∩ S |/|C|.

Lemma 4.3. These parameters obey the following constraints:

• All parameters above lie in [0, 1],

• x00 ≥ 1− xB − xA,

• xArB + xBrB + xCrC = 1.

Proof. The first item follows by definition. Next, observe that

x00 + x01 + x10 + x11 = |P |/|A| = 1.

Adding x11 to both sides and using the fact that x01 + x11 = xB and x10 + x11 = xA, we get

x00 + xB + xA = 1 + x11,

which implies that x00 ≥ 1− xB − xA.
Finally, a feasible solution must have | S | ≤ k. For purposes of determining a minimum cost solution, we may

assume equality, as adding facilities to any smaller solution cannot increase the cost. Thus, we have

| S | = xA|A|+ xB |B|+ xC |C| = k.

Dividing both sides by k gives xArB + xBrB + xCrC = 1.

Lemma 4.4. For any feasible solution S to B(k), we have that

c(S) ≥ x+ 2(1− xC)(1− ℓxA) + 2aℓ(1− xB) + 2amax{1− xB − xA, 0}.(4.23)

Proof. Given j ∈ JA, let i1 ∈ A, i2 ∈ C be the facilities directly connected to j during construction. So i2 is
closest at distance ℓ and i1 is the second closest at distance 2 − ℓ from j. The third nearest facility is distance
≥ 2 + ℓ from j. For a random client j ∈ JA:

E
[
c(j) | j ∈ JA

]
≥ Pr[i2 ∈ S]ℓ+ Pr[i2 ̸∈ S ∧i1 ∈ S](2− ℓ) + Pr[i2 ̸∈ S ∧i1 ̸∈ S](2 + ℓ)

= xCℓ+ (1− xC)xA(2− ℓ) + (1− xC)(1− xA)(2 + ℓ)

= xCℓ+ (1− xC)(2 + ℓ− 2ℓxA)

= ℓ+ 2(1− xC)(1− ℓxA).

Given j ∈ JB , let i1 ∈ A, i2 ∈ B be the closest facilities. Note that i2 is closest at distance 0 and i1 is the
second closest at distance 2ℓ from j. All other facilities are at distance ≥ 2 + 2ℓ from j. For a random client
j ∈ JB :

E
[
c(j) | j ∈ JB

]
≥ Pr[i2 ∈ S] · 0 + Pr[i2 ̸∈ S ∧i1 ∈ S] · 2ℓ+ Pr[i2 ̸∈ S ∧i1 ̸∈ S] · (2 + 2ℓ)

= Pr[i2 ∈ S] · 0 + Pr[i2 ̸∈ S] · 2ℓ+ Pr[i2 ̸∈ S ∧i1 ̸∈ S] · 2
= 2ℓ(1− xB) + 2x00

≥ 2ℓ(1− xB) + 2max{1− xB − xA, 0}.
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Thus, the total cost of the solution is

c(S) =
∑

j∈JA∪JB

ujc(j)

=
∑
j∈JA

1

|JA|
c(j) +

∑
j∈JB

a

|JB |
c(j)

= E
[
c(j) | j ∈ JA

]
+ aE

[
c(j) | j ∈ JB

]
≥ ℓ+ 2(1− xC)(1− ℓxA) + 2aℓ(1− xB) + 2amax{1− xB − xA, 0}.(4.24)

Now the following system P describes a lower bound on the cost of any feasible solution S:

min ℓ+ 2(1− xC)(1− ℓxA) + 2aℓ(1− xB) + 2amax{1− xB − xA, 0}(4.25)
s.t. xArB + xBrB + xCrC = 1(4.26)

0 ≤ xA, xB , xC ≤ 1(4.27)

Lemma 4.5. For v = (xA, xB , xC) ∈ P, the objective function f(v) is minimized at at least one extremal point
(one with at most one fractional component).

Proof. Let v0 be a minimizer of f in P, and initialize variable v := v0. We will demonstrate that we can move v to
an extremal point without increasing f(v), proving the lemma. Define vectors e1 := (1,−1, 0), e2 := (0, rC ,−rB),
e3 := (rC , 0,−rB). Observe movement along these vectors preserves constraint (4.26).

First, observe f(v + te1) is linear in t, therefore at least one direction of ±e1 is non-increasing. Move v
maximally in that direction, until a new constraint in P becomes tight (or if already tight then we can skip this
movement). Now either xB or xA is integral (0 or 1), so max{1 − xB − xA, 0} can be simplified to be linear in
the remaining variables: either 1− xA, 1− xB , or 0.

Now, if xA is integral, let us move v in direction ±e2 until xC or xB becomes integral. Again, f(v + te2) is
linear in t, so at least one direction will be non-increasing.

If instead xB is integral, then we move v in direction ±e3 until one of the remaining variables becomes
integral. f(v+ te3) is linear in t except for term −2ℓrBrCt

2 which is concave in t, therefore at least one direction
will be non-increasing.

In either case, we have produced v with f(v) ≤ f(v0), and at most 1 fractional component.

Now we need only enumerate the extremal points of P and find the minimum value of f . P is the intersection
of a plane with a 3-dimensional unit cube, which can have up to 6 extreme points. For our chosen parameters
rB , rC , the extreme points (xA, xC , xB) are

v1 =

(
1,

1− rB
rC

, 0

)
= (1, b, 0) ≈ (1, 0.673, 0),

v2 =

(
0,

1− rB
rC

, 1

)
= (0, b, 1) ≈ (0, 0.673, 1),

v3 =

(
1,

1− 2rB
rC

, 1

)
≈ (1, 0.144, 1),

v4 =

(
0, 1,

1− rC
rB

)
= (0, 1, 2− ϕ) ≈ (0, 1, 0.382),

v5 =

(
1− rC
rB

, 1, 0

)
= (2− ϕ, 1, 0) ≈ (0.382, 1, 0).

Substituting these points to f gives

f(v1) = f(1, b, 0) = ℓ+ 2(1− b)(1− ℓ) + 2aℓ = ℓ+ 2a(1− ℓ) + 2aℓ = ℓ+ 2a =
√
ϕ,
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f(v2) = f(0, b, 1) = ℓ+ 2(1− b) = ℓ+ 2a =
√
ϕ,

f(v4) = f(0, 1, 2− ϕ) = ℓ+ 2aℓ(ϕ− 1) + 2a(ϕ− 1)

=
1 + 2aℓ+ 2a

ϕ

=
1 + (1− ω)(ϕ− 1) + (1− ω)

ϕ

=
1 + ϕ− ϕ2 + ϕ

√
ϕ

ϕ

=
√

ϕ,

and numerically,

f(v5) = f(2− ϕ, 1, 0) =
3

ϕ
+

2√
ϕ
− 2 ≈ 1.426 >

√
ϕ.

Also,

f(v3) = f(1, (1− 2rB)/2C , 1) = ℓ+ 2

(
1− 1− 2rB

rC

)
(1− ℓ)

= ϕ− 1 + 2
(1− ω)ϕ−√

ϕ+ 2ωϕ

(1− ω)ϕ
(2− ϕ)

= ϕ− 1 + 2
ω(1 + ϕ)

(1− ω)ϕ
(2− ϕ).

We claim that the RHS is exactly
√
ϕ as

ϕ− 1 + 2
ω(1 + ϕ)

(1− ω)ϕ
(2− ϕ) =

√
ϕ

⇔ (ϕ− 1)(1− ω) + 2ω(ϕ− 1) =
√
ϕ(1− ω)

⇔ 2ω(ϕ− 1) = (1− ω)(
√
ϕ− ϕ+ 1)

⇔ 2ωϕ− 2ω = 1− 2ω + ω2

⇔ 2ωϕ = 1 + ω2

⇔ 2ϕ2 − 2ϕ
√
ϕ = 1 + ϕ2 − 2ϕ

√
ϕ+ ϕ

⇔ ϕ2 − ϕ− 1 = 0,

which is true by definition of ϕ.
In summary, f(v5) > f(v1) = f(v2) = f(v3) = f(v4) =

√
ϕ ≈ 1.272. Therefore, the optimization program P

is minimized at
√
ϕ. Since the fractional cost of B(k) is 1, this implies the original I(k) has an integrality gap of√

ϕ.

4.2.1 Final Gap As discussed earlier, our instance cannot represent the irrational constants rB and rC exactly,
and so we instead set those constants to rational approximations with error O(1/k). We claim this should only
affect the solution of P by O(1/k), which is less than any ϵ > 0 for sufficiently large k.

Furthermore, suppose we allow solutions to open k+o(k) facilities. Then we must only slightly relax constraint
(4.26) by adding an o(k)/k = o(1) term to the RHS. Again, the impact on the solution of P is bounded by any
ϵ > 0 for sufficiently large k.

5 Discussion
Our algorithm hierarchy arises from an attempt to increasingly tighten the g(i)-based bounds. Another way to
utilize exact bounds could be with an appropriate randomized process, as was proposed at the end of [3]. Indeed
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our hierarchies may be viewed as increasingly-precise discretizations of such a process. In fact, for any fixed value
of b and the γ-type variables, our NLP becomes an LP whose dual provides an explicit probability distribution over
the algorithms, with matching approximation ratio. It would be interesting if there were a compact randomized
algorithm that can provide the same result as limm→∞ ALGm (as Jain and Vazirani essentially provided for
ALG1).

We have shown that our algorithm hierarchy and analysis can prove a bi-point rounding factor between
1.2943 and 1.3064. Our experiments loosely suggest that it may indeed achieve the lower bound as m → ∞ in our
hierarchy. However, even if true, we would still fail to match the known integrality gap. Study of the integrality
gap instance suggests that a matching approximation algorithm would need to leverage many more additional
backup facilities per client, beyond the small number considered by current algorithms. The high-level idea is
that if there are many nearby facilities, it should very likely to have a nearby backup bound—while if there are
very few neighbors, then we can benefit from strong negative correlation with those few neighbors.

Star-rounding algorithms such as SR form a forest of F1-centric stars, and guarantee that each edge has
an open endpoint. ALGm does the same but with a forest of F2-centric stars. We claim that SR can actually
be generalized to provide essentially the same guarantee for the forest of pseudo-trees (a tree plus one edge)
which results from the union of both graphs. The fundamentals of the technique are similar to [8]: trees can be
broken up into constant-size components by removing a tiny fraction of nodes and/or edges. This allows us to
simultaneously preserve both the root-or-leaf guarantee of Li and Svensson, and our “i1 or σB(i1)" guarantee.
This provides greatly reduced cost for the case when σB(i1) = i2, countering the costly C1/g(j) bound incurred
by this case during ALGm. Although the overall improvement to our approximation factor appears quite small,
we expect this may be a useful tool in matching the integrality gap of bi-point solutions.

Ultimately, the new integrality gap shows that improving the bi-point factor alone cannot achieve better than
2
√
ϕ ≈ 2.544. Improvement beyond this factor with bi-point solutions would require either improvement of the

bi-point generation factor, or utilizing specifics of the bi-point generation algorithm for a more holistic analysis
as in [1, 4].

Acknowledgments: We thank the anonymous reviewers at SODA 2023 for their careful reading of our
manuscript and valuable comments. We also thank David Harris for reminding us of the stronger dependent
rounding result in [10] that reduces the number of extra facilities required by a factor of O(log 1

ϵ ).
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A Computer-Assisted Techniques
In this section, we describe the heuristics and computer-assisted techniques and implementation used to find the
sets ALG′

2 and ALG′
3, and to obtain a rigorous upper bound on the bi-point rounding factor.

A.1 Generating the Set of Algorithms Recall that ALGm is the set of all valid algorithms with at most
one fractional input parameter. As described in Section 2.4.1 briefly, when solving the NLP, the set of parameters
describing the bi-point solution are variable. Thus, ALGm is a set of conditionally valid algorithms. This leads
to a proliferation of NLPs, and we have to solve all of them in order to obtain the bi-point rounding factor. To
avoid this, we construct algorithms that are piecewise valid (we refer to them as chains) (see the example in
Section 2.4.1.) Chains can be considered as a collection of conditionally valid algorithms such that the validity
range of these algorithms do not intersect and span the entire parameter space. It is straightforward to verify
that chains satisfy all the properties in Definition 2.1, and hence they are valid.

Intuitively, each chain can be thought of as starting with some minimal feasible set of facilities in the partition
P (which is guaranteed to be smaller than k) and then opening additional facility sets in a pre-determined order,
until we open k in total. For the example stated in Section 2.4.1 (i.e., A8 in Table 2), the starting sets are B1

and B2, then the sets A2, C2 and C1 are opened, in order. Thus, by enumerating all possible starting sets and
orderings of the remaining facility sets, we can generate chains that guarantee to include all algorithms of ALGm

in at least one chain.
First, we have the following claim: every algorithm in ALGm has at least m input parameters that are equal

to 1. The proof follows from property (3) of Definition 2.1, wherein for every t ∈ [m] at least one of {pAt , pBt , pCt}
is 1.

Thus, by the above claim, we start by considering all possible m-sized subsets of P which act as our starting
sets and assign a value of 1 to their corresponding parameters. Then, consider all possible orderings of the rest
of the sets. Let pW1

, pW2
, · · · , pW2m

be one such ordering. We now assign the fractional value obtained for pW1

by solving Equation (2.22) and assuming all the remaining unassigned parameters to be 0. This gives us the first
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piece of our chain. Next, assign the fractional value obtained for pW2
by solving Equation (2.22) and assuming

pW1
= 1 and all other unassigned parameters to be 0. This gives the second piece of the chain. Continue this

until the fractional value obtained is not a feasible quantity, i.e., we have run out of probability mass (whose total
is k). In each step, make sure to check that the set of parameters form a valid algorithm. If it is not valid at any
step, discard that ordering. Finally, replace every assigned fractional quantity v with max{0,min{1, v}}. Repeat
this process for all orderings, over all m-sized subsets to obtain the set of chains. Since we consider all possible
m-sized subsets and all possible orderings of the rest of the sets, every valid algorithm will appear in at least one
chain.

The resulting set of chains is excessive in the sense that the produced chains will have lots of overlap; indeed
many chains will be entirely redundant and may be removed. We employ the following simple greedy heuristic:
pick chains that cover the maximum number of uncovered valid algorithms iteratively. This produces a minimal
set of chains such that every algorithm in ALGm appears in at least one chain. For m = 2 we get a set of 22
chains, and for m = 3 we get a set of 166 chains, via this greedy heuristic.

Experimentally, we observe that not all constraints (corresponding to the chains) are tight. Thus, some of
the chains can be dropped with little to no loss in the objective value of the NLP (this is valid since we get a
relaxed NLP when we drop constraints (chains).) We employ the following heuristic we call the iterative addition
approach. We start with an initial set of chains (∅ also works). In each iteration, solve the NLP with the current
set, calculate the cost of the rest of the chains (not in the current set), and add the chain with the cheapest cost.
We repeat until no new chain improves the cost. This heuristic helps reduce the number of chains by a significant
amount. Namely, for m = 2 we get 10 chains (listed in Table 2), and for m = 3 we get 29 chains (listed in
Appendix B.)

A.2 Bounding the NLP via Interval Arithmetic Since the resulting NLPs are non-convex, it is difficult
to solve them exactly. Thus, we employ the interval arithmetic based approach of [15] to find a rigorous upper
bound on the bi-point rounding factor. We follow a similar approach as in [3], with some additional adjustments
to handle the non-smooth parameter functions, that arise due to chains, and division by 0 in some cases. Let
ALG′

m denote the set of chains obtained from the previous section. Also, let Ω denote the parameter space
{0 ≤ b ≤ 1} × {0 ≤ γA1} × . . .× {0 ≤ γAm}.

First, consider the constraints corresponding to each algorithm A(pA1
, · · · , pAm

, pB1
, · · · , pBm

, pC1
, · · · ,

pCm
) in ALG′

m, i.e., the constraint X ≤ cost(A) (in 2.12). Recall that cost(A) is essentially a function of the
input parameters pW for all W ∈ P (2.11), and each pW is a function of non-linear variables (2.22). Let I be an
interval in Ω. Also, let

p0W = max

{
0,min

ω∈I
pW

}
, p1W = min

{
1,max

ω∈I
pW

}
.

Then, let cost′(A) be the value obtained by replacing the terms pW with p1W and 1− pW with 1− p0W in cost(A).
Observe that maxω∈I cost(A) ≤ cost′(A). Therefore, we can relax the constraint X ≤ cost(A) by substituting it
with the constraint X ≤ cost′(A).

Next, consider the normalization constraint (1−b)D1+bD2 = 1. Let b0 = minω∈I b and b1 = maxω∈I b. This
constraint can be simplified and relaxed to D2 + (D1 −D2)(1− b) ≤ 1. Then, given the interval I, we substitute
this constraint with the relaxation D2 + (D1 −D2)(1− b1) ≤ 1.

Now, consider the constraint corresponding to the cost of SR, i.e., X ≤ (1 − b)D1 + b(3 − 2b)D2. This
constraint can be simplified as X ≤ (1− b)D1 + bD2 +2b(1− b)D2 ≤ 1+2b(1− b)D2 (since (1− b)D1 + bD2 ≤ 1).
Therefore, we can substitute this constraint with the relaxed constraint X ≤ 1 + 2b1(1 − b0)D2. Note that this
is a tighter relaxation compared to X ≤ (1 − b0)D1 + b1(3 − 2b0)D2; when b → 1 and D2 ≪ D1, the latter is
unbounded.

Therefore, given an interval I in Ω, the new and relaxed program obtained, by replacing the constraints in
the NLP (2.12) with their corresponding relaxations discussed, is an LP which can be solved efficiently with great
precision. The value obtained by this LP will be an upper bound to our original NLP constrained to the interval
I. With sufficiently small intervals, we can obtain the value with desired precision.

We run the interval arithmetic routine for the cases of m = 2 with the chains listed in Table 2, and
m = 3 with the chains listed in Appendix B. In our implementation, we start with Ω as our initial interval,
i.e., I0 = {b : [0, 1], γA2 : [0,∞), · · · , γAm : [0,∞)}. Note that γA1 doesn’t appear in any of our chains, so we
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can drop it. In each iteration, if the LP corresponding to the interval achieves a value greater than our estimate
(obtained by Mathematica’s NLP solver), we split the interval into multiple sub-intervals (8 for m = 2 and 16
for m = 3), typically dividing by half for each variable, and then solve the relaxed LP on each of the new sub-
intervals. For an interval of the form [0,∞), we split it as [0, N ] and [N,∞), for some sufficiently large N (in our
implementation, N = 2). The interval [N,∞) is not divided further.

Due to the nature of the chains, we may get terms involving 1
0 and 0

0 during the relaxation. We handle this
by simply assigning 0 when computing p0W and 1 when computing p1W , since they are the worst case lower and
upper bounds for pW . However, in the case when both the lower and upper bound calculation simplifies to the
term 1

0 , we assign p0W = 1 and p1W = 0. This is valid since the denominator being 0 essentially means that the
corresponding set is empty, and the best lower and upper bounds would be 1 and 0, respectively. Alternatively,
we could also just assign the cost variables corresponding to this set to be 0 since the corresponding client sets
are empty.

Using this approach, we obtain the value 1.3103 for m = 2 and 1.30634 for m = 3. This was implemented in
Python 3 and we used IBM’s CPLEX solver (version 20.1) for solving the LPs. The m = 2 case examined around
2.75 million intervals and ran for around 36 hours on a 12-Core Intel Core i7 2.2 GHz machine. The m = 3
case examined roughly 75 million intervals and ran for around 10 days on a 64-Core 3rd Gen Intel Xeon 3.5 GHz
machine.

B ALG′
3

All values are truncated to the interval [0, 1].

1. A1 = (0, 0, 1, 1, 1, b−γC3

γA3
, b−γA3

−γC3

1−γC2
−γC3

, b+γC2
−1−γA3

γC2
, b

γC3
)

2. A2 = (0, b+γA2
+γA3

−γC2
−γC3

γA2
, b+γA3

−1−γA2

γA3
, 1, b+γA3

−1

γA2
, 0, b+γA3

−γC2
−γC3

1−γC2
−γC3

, 1, 1)

3. A3 = (1, 1, 1, 0, b−γA3

γA2
, b

γA3
, b−γA2

−γA3
−γC2

−γC3

1−γC2
−γC3

, b−γA2
−γA3

−γC3

γC2
, b−γA2

−γA3

γC3
)

4. A4 = (0, 1, 1, 1, b+γC2
−1−γA3

γA2
, b+γC2

+γC3
−1

γA3
, b

1−γC2
−γC3

, 0, b+γC2
+γC3

−1−γA3

γC3
)

5. A5 = (0, b−γA3
−γC3

γA2
, b

γA3
, 1, 1, 1, b−γA2

−γA3
−γC2

−γC3

1−γC2
−γC3

, b−γA2
−γA3

−γC3

γC2
, b−γA3

γC3
)

6. A6 = (0, b−γC3

γA2
, b+γA3

−γC3

γA3
, 1, 1, b−γA2

−γC3

γA3
, b−γA2

−γA3
−γC3

1−γC2
−γC3

, 0, 1)

7. A7 = (1, 1, 1, 0, b+γC2
+γC3

−1

γA2
, 0, b

1−γC2
−γC3

, b+γC2
+γC3

−1−γA2

γC2
, b+γC3

−1−γA2

γC3
)

8. A8 = (1, 1, 1, 0, b−γC2

γA2
, b−γA2

−γC2

γA3
, b−γA2

−γA3
−γC2

1−γC2
−γC3

, b
γC2

, 0)

9. A9 = (0, 1, 0, 1, 0, b+γA3
−1

γA3
, b+γA3

−γC3

1−γC2
−γC3

, b+γA3
+γC2

−1

γC2
, 1)

10. A10 = (0, 1, 1, 1, 0, b−γC2

γA3
, b−γA3

−γC2
−γC3

1−γC2
−γC3

, b
γC2

, b−γA3
−γC2

γC3
)

11. A11 = (0, b+γC2
+γC3

−1−γA3

γA2
, 1, 1, 1, b

γA3
, b−γA3

1−γC2
−γC3

, 0, 0)

12. A12 = (1, 1, 1, 0, b−γA3
−γC2

γA2
, b−γC2

γA3
, b−γA2

−γA3
−γC2

−γC3

1−γC2
−γC3

, b
γC2

, b−γA2
−γA3

−γC2

γC3
)

13. A13 = (0, 0, 0, 1, 1, b+γA3
−γC3

γA3
, b−γC3

1−γC2
−γC3

, b+γC2
−1

γC2
, 1)

14. A14 = (1, 1, 1, 0, 0, 0, b−γC3

1−γC2
−γC3

, b+γC2
−1

γC2
, b

γC3
)

15. A15 = (0, 0, b
γA3

, 1, 1, 1, b−γA3
−γC2

−γC3

1−γC2
−γC3

, b−γA3

γC2
, b−γA3

−γC2

γC3
)

16. A16 = (1, 1, 1, 0, 0, 0, b−γC2
−γC3

1−γC2
−γC3

, b
γC2

, b−γC2

γC3
)
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17. A17 = (0, 0, 0, 1, b+γA2
+γA3

−γC2
−γC3

γA2
, b+γA3

−γC2
−γC3

γA3
, b−γC2

−γC3

1−γC2
−γC3

, 1, 1)

18. A18 = (0, 1, 1, 1, b
γA2

, b−γA2

γA3
, b−γA2

−γA3

1−γC2
−γC3

, 0, 0)

19. A19 = (0, 1, 1, 1, b+γC2
−1

γA2
, 0, b−γC3

1−γC2
−γC3

, 0, b
γC3

)

20. A20 = (1, 1, 1, 0, 0, b+γC2
+γC3

−1

γA3
, b

1−γC2
−γC3

, b+γC2
+γC3

−1−γA3

γC2
, 0)

21. A21 = (0, 0, 0, 1, b+γA2
+γA3

−1

γA2
, b+γA3

−1

γA3
, b+γA2

+γA3
−γC2

−γC3

1−γC2
−γC3

, 1, 1)

22. A22 = (1, 1, 1, 0, b−γC3

γA2
, 0, b−γA2

−γC3

1−γC2
−γC3

, 0, b
γC3

)

23. A23 = (0, b+γC2
−1−γA3

γA2
, b+γC2

−1

γA3
, 1, 1, 1, b

1−γC2
−γC3

, 0, b+γC2
+γC3

−1

γC3
)

24. A24 = (0, 1, 1, 1, b+γC3
−1

γA2
, 0, b−γC2

1−γC2
−γC3

, b
γC2

, b+γC3
−1−γA2

γC3
)

25. A25 = (0, b+γA2
−γC2

−γC3

γA2
, b+γA2

+γA3
−γC2

−γC3

γA3
, 1, b−γC2

−γC3

γA2
, 0, b−γA2

−γC2
−γC3

1−γC2
−γC3

, 1, 1)

26. A26 = (0, 0, 0, 1, 1, 1, b−γC2

1−γC2
−γC3

, b
γC2

, b+γC3
−1

γC3
)

27. A27 = (1, 1, 1, 0, 0, b−γC2

γA3
, b−γA3

−γC2

1−γC2
−γC3

, b
γC2

, 0)

28. A28 = (0, 1, 1, 1, b−γA3

γA2
, b

γA3
, b−γA2

−γA3
−γC3

1−γC2
−γC3

, 0, b−γA2
−γA3

γC3
)

29. A29 = (0, 0, 0, 1, b+γA2
−1

γA2
, b+γA2

+γA3
−γC2

−γC3

γA3
, b+γA2

−γC2
−γC3

1−γC2
−γC3

, 1, 1)

C Table from Section 3
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Algorithm pA1 pA2 pB1 pB2 pC1 pC2

A1 0 0 0 1 b
1−γC2

b+γC2
−1

γC2

A2 0 0 0 b+γA2
−1

γA2

b+γA2
−γC2

1−γC2
1

A3 0 0 0 b+γA2
−γC2

γA2

b−γC2

1−γC2
1

A4 0 1 0 0 b
1−γC2

b+γC2
−1

γC2

A5 0 1 0 b+γC2
−1

γA2

b
1−γC2

0

A6 0 1 0 b
γA2

b−γA2

1−γC2
0

A7 0 1 0 b
γA2

b−γA2
−γC2

1−γC2

b−γA2

γC2

A8 0 1 0 b−γC2

γA2

b−γA2
−γC2

1−γC2

b
γC2

A9 0 b+γA2
−1

γA2
0 0 b+γA2

−γC2

1−γC2
1

A10 0 b+γC2
−1

γA2
0 1 b

1−γC2
0

A11 0 b
γA2

0 1 b−γA2

1−γC2
0

A12 0 b+γA2
−γC2

γA2
0 0 b−γC2

1−γC2
1

A13 0 b−γC2

γA2
0 1 b−γA2

−γC2

1−γC2

b
γC2

A14 0 b−γC2

γA2
0 b+γA2

−γC2

γA2

b−γA2
−γC2

1−γC2
1

Table 3: Set of chains for all valid algorithms when g1 := ĝ, g2 := ĝ + ϵ for some small ϵ, and m = 2.
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