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ABSTRACT

Semi-supervised learning is a popular machine learning paradigm that utilizes a
large amount of unlabeled data as well as a small amount of labeled data to fa-
cilitate learning tasks. While semi-supervised learning has achieved great success
in training neural networks, its theoretical understanding remains largely open.
In this paper, we aim to theoretically understand a semi-supervised learning ap-
proach based on pre-training and linear probing. In particular, the semi-supervised
learning approach we consider first trains a two-layer neural network based on the
unlabeled data with the help of pseudo-labelers. Then it linearly probes the pre-
trained network on a small amount of labeled data. We prove that, under a certain
toy data generation model and two-layer convolutional neural network, the semi-
supervised learning approach can achieve nearly zero test loss, while a neural
network directly trained by supervised learning on the same amount of labeled
data can only achieve constant test loss. Through this case study, we demonstrate
a separation between semi-supervised learning and supervised learning in terms
of test loss provided the same amount of labeled data.

1 INTRODUCTION

With the help of human-annotated labels, supervised learning has achieved remarkable success in
several computer vision tasks (Girshick et al., 2014; Long et al., 2015; Krizhevsky et al., 2012;
Tran et al., 2015). However, annotating large-scale datasets (e.g., video datasets with temporal
dimensions) is time-consuming and costly. In order to reduce the number of labels used for training
while maintaining a good prediction performance, a variety of methods have been proposed. Among
these methods, semi-supervised learning (Scudder, 1965; Fralick, 1967; Agrawala, 1970), which
leverages both a small amount of labeled data and a large amount of unlabeled data to improve
learning performance, is one of the most widely used approaches. It has been shown to achieve
promising performance for a wide variety of tasks, including image classification (Rasmus et al.,
2015; Springenberg, 2015; Laine & Aila, 2016), image generation (Kingma et al., 2014; Odena,
2016; Salimans et al., 2016), domain adaptation (Saito et al., 2017; Shu et al., 2018; Lee et al.,
2019), and word embedding (Turian et al., 2010; Peters et al., 2017).

One of the popular semi-supervised learning approaches is pseudo-labeling (Lee et al., 2013), which
generates pseudo-labels of unlabeled data for pre-training. This approach has been remarkably suc-
cessful in improving performance on many tasks. For example, in image classification, one can
first train a teacher network on a small labeled dataset and use it as a pseudo-labeler to generate
pseudo-labels for large unlabeled datasets. Then one can train a student network on the combination
of labeled and pseudo-labeled images (Xie et al., 2020; Pham et al., 2021b; Rizve et al., 2021). In
order to theoretically understand semi-supervised learning with pseudo-labelers, Oymak & Gulcu
(2021) considered learning a linear classifier in the Gaussian mixture model setting. They are able
to show that in the high dimensional limit, the predictors found by semi-supervised learning are cor-
related with the Bayes-optimal predictor. Frei et al. (2022c) further proved that the semi-supervised
learning algorithm can provably converge to the Bayes-optimal predictor for mixture models. How-
ever, their analyses are limited to linear classifiers, and cannot explain the success of semi-supervised
learning with neural networks.
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In this paper, we attempt to theoretically explain the success of semi-supervised learning with
pseudo-labelers in training neural networks. Specifically, we focus on a toy data model that con-
tains both signal patches and noise patches, where the signal patch is correlated to the label while
the noise patch is not. We consider semi-supervised learning with pre-training and linear probing.
In the pre-training state, we train a two-layer convolutional neural network (CNN) on an unlabeled
dataset with pseudo-labels. We then fine-tune the pre-trained model using linear probing on a small
amount of labeled data. We provide a comprehensive analysis of the learning process in both pre-
training and linear probing stages.

The contributions of our work are summarized as follows.

* We theoretically show that with the help of pseudo-labelers, CNN can learn the feature representa-
tion during the pre-training stage. Moreover, the learned feature is highly correlated with the true
labels of the data, even though the true labels are unknown and not used during the pre-training
stage.

* Based on our analysis of the pre-training process, we further show that when linear-probing the
pre-trained model in the downstream task, the final classifier can achieve near-zero test loss and
test error. Notably, these guarantees of small test loss and error only require a very small number
of labeled training data.

* As a comparison, we show that standard supervised learning cannot learn a good classifier under
the same setting. Specifically, we show that, even when the training process converges to a global
minimum of the training loss, the learned two-layer CNN can only achieve constant level test
loss. This, together with the aforementioned results for semi-supervised learning, demonstrates
the advantage of semi-supervised learning over standard supervised learning.

Notation. We use lower case letters, lower case bold face letters, and upper case bold face let-
ters to denote scalars, vectors, and matrices respectively. For a scalar , we use [z], to denote

max{z,0}. For a vector v = (v1,--- ,v4) ", we denote by [|v||s := (3¢, v?)? its £ norm, and
use supp(v) := {j : v; # 0} to denote its support. For two sequences {a;} and {by}, we denote
ar = O(bg) if |ag| < C|bi| for some absolute constant C, denote a, = Q(by,) if by, = O(ax), and
denote a, = O(by,) if |ai| < C|bg| and a, = Q(by). We also denote ay, = o(by) if lim |ay /bg| = 0.

Finally, we use O(-), O(-) and (-) to omit logarithmic terms in the notations.

2 RELATED WORK

Semi-supervised learning methods in practice. Since the invention of semi-supervised learning
in Scudder (1965); Fralick (1967); Agrawala (1970), a wide range of semi-supervised learning ap-
proaches have been proposed, including generative models (Miller & Uyar, 1996; Nigam et al.,
2000), semi-supervised support vector machines (Bennett & Demiriz, 1998; Xu et al., 2007; 2009),
graph-based methods (Zhu et al., 2003; Belkin et al., 2006; Zhou et al., 2003), and co-training (Blum
& Mitchell, 1998), etc. For a comprehensive review of classical semi-supervised learning methods,
please refer to Chapelle et al. (2010); Zhu & Goldberg (2009). In the past years, a number of deep
semi-supervised learning approaches have been proposed, such as generative methods (Odena, 2016;
Li et al., 2019), consistency regularization methods (Sajjadi et al., 2016; Laine & Aila, 2016; Ras-
mus et al., 2015; Tarvainen & Valpola, 2017) and pseudo-labeling methods (Lee et al., 2013; Zhai
et al., 2019; Xie et al., 2020; Pham et al., 2021a). In this work, we will focus on pseudo-labeling
methods.

Theory of semi-supervised learning. To understand semi-supervised learning, Castelli & Cover
(1995; 1996) studied the relative value of labeled data over unlabeled data under a parametric as-
sumption on the marginal distribution of input features. Later, a series of works proved that semi-
supervised learning can possess better sample complexity or generalization performance than su-
pervised learning under certain assumptions on the marginal distribution (Niyogi, 2013; Globerson
etal., 2017) or the ratio of labeled and unlabeled samples (Singh et al., 2008; Darnstédt, 2015), while
Balcan & Blum (2010) provided a unified PAC framework able to analyze both sample-complexity
and algorithmic issues. Oymak & Gulcu (2021); Frei et al. (2022c) considered semi-supervised
learning with pseudo-labers by learning a linear classifier for mixture models and convergence to
Bayes-optimal predictor.
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Self-supervised learning in practice. A closely related learning paradigm to semi-supervised
learning is called self-supervised learning, which creates human-designed supervised learning prob-
lems to leverage natural structures and learn representations from unlabeled data. Representative
self-supervised learning approaches include contrastive learning and pretext-based self-supervised
learning. Contrastive learning (Caron et al., 2020; He et al., 2020; Chen et al., 2020) aims to group
similar examples closer and dissimilar examples far from each other by utilizing a similarity metric,
while pretext-based self-supervised tries to learn a good representation from pretext tasks generated
from the unlabeled data to facilitate downstream learning tasks. In practice, various pretext tasks
have been proposed, which include (1) generation-based ones such as colorizing grayscale images
(Zhang et al., 2016), image inpainting (Pathak et al., 2016), image and video generation with GAN
(Goodfellow et al., 2014; Brock et al., 2018; Karras et al., 2019; Vondrick et al., 2016; Tulyakov
et al., 2018); and (2) context-based ones such as image jigsaw puzzle (Noroozi & Favaro, 2016),
geometric transformation (Gidaris et al., 2018; Jing et al., 2018), frame order verification and recog-
nition (Lee et al., 2017; Misra et al., 2016; Wei et al., 2018). The semi-supervised learning approach
with pseudo-labelers studied in this paper is related to pretext-based self-supervised learning because
the unlabeled data with pseudo-labels can be seen as a particular pretext task.

Theory of self-supervised learning. In order to understand self-supervised learning, there is a line
of work towards understanding contrastive learning (Saunshi et al., 2019; Tsai et al., 2020; Mitro-
vic et al., 2020; Tian et al., 2020; Wang & Isola, 2020; Tosh et al., 2021b;a; HaoChen et al., 2021;
Wen & Li, 2021; Saunshi et al., 2022), which is one of the most used self-supervised learning ap-
proaches based on data augmentation. Unlike contrastive learning, the theoretical understanding of
pretext-based self-supervised learning is still rather limited. The only notable works are Lee et al.
(2020) and Wei et al. (2020). Lee et al. (2020) proved generalization guarantees for self-supervised
algorithms using empirical risk minimization on the pretext task under certain conditional indepen-
dence assumptions. Wei et al. (2020) proved that under an “expansion’” assumption, the minimizer
of the population loss based on self-training and input-consistency regularization will achieve high
prediction accuracy. Since semi-supervised learning with pseudo-labelers can be seen as a special
case of pretext-based self-supervised learning (the pretext task is generated by the pseudo-labelers),
we believe the case study in the current paper and its theoretical understanding can shed light on
pretext-based self-supervised learning as well.

Feature learning by neural networks. Our work is also closely related to several recent works
that study how neural networks learn the features. Allen-Zhu & Li (2020a) showed that adversar-
ial training purifies the learned features by removing certain “dense mixtures” in the hidden layer
weights of the network. Allen-Zhu & Li (2020b) studied how ensemble and knowledge distillation
work in deep learning when the data have “multi-view” features. Zou et al. (2021) studied an aspect
of feature learning by Adam and GD and showed that GD can learn the sparse features while Adam
may fail even with proper regularization. Notably, there are two concurrent works studying the be-
nign overfitting phenomenon in learning neural networks: Frei et al. (2022a) established theoretical
guarantees for benign overfitting of two-layer fully connected neural networks with zero training
error and test error close to the Bayes-optimal error, while Cao et al. (2022) studied the benign
overfitting phenomenon in training a two-layer convolutional neural network (CNN), achieving ar-
bitrarily small training and test loss. Our work studies a different aspect of feature learning afforded
by semi-supervised learning versus supervised learning: given a small amount of labeled data, semi-
supervised learning can learn the features with the help of pseudo-labelers, while supervised learning
fails to learn the features and tends to overfit the noise in the training data.

3 PROBLEM SETUP AND PRELIMINARIES

In this section, we first give a brief overview of the semi-supervised learning pipeline using pseudo-
labelers. Then we will introduce our data model, the convolutional neural network, and the detail of
the training algorithms considered in this paper.

3.1 SEMI-SUPERVISED LEARNING PIPELINE WITH PSEUDO-LABELERS

In this paper, we consider a kind of semi-supervised learning (Xie et al., 2020; Pham et al., 2021b;
Rizve et al., 2021), which leverages pseudo-labelers for pre-training. Such a semi-supervised learn-
ing method is related to a special kind of pretext-based self-supervised learning, whose pretext task
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Figure 1: The general pipeline of semi-supervised learning with pre-training and linear probing.

is designed by generating pseudo-labels for unlabeled data with the help of pseudo-labelers (Zhai
et al., 2019). The typical pipeline of this kind of semi-supervised learning is shown in Figure 1.
Moreover, the case study we carry out is shown in Figure 2. The pretext task trains a two-layer con-
volutional neural network with the help of pseudo-labelers, and the downstream task trains a linear
probe using the pre-trained models.

3.2 DATA DISTRIBUTION

Inspired by recent work (Allen-Zhu & Li, 2020b; Zou et al., 2021; Shen et al., 2022; Cao et al.,
2022), we consider a toy data model where each data input x consists of two patches x(!) and x(?),
where each patch has d dimensions. We focus on binary classification task, and present our data
distribution D in the following definition.

Definition 3.1. Each data point (x,y) with x = [xMT x@T]T ¢ R and y € {—1,+1} is
generated as follows: the label y is generated as a Rademacher random variable; one of x(1), x(?) is
given by the feature vector y - v, the other is given by a noise vector £ that is generated from a d-
dimensional Gaussian distribution A(0, o2(I— vv ' /[[v[3)). We denote by D the joint distribution
of (x,y), and denote by Dy the marginal distribution of x.

The most natural way to think of our data model is to treat patches x(*) and x(?) as the embedding of
the image data: one of them is a signal which is label-dependent, and the other one is the noise that
is label-independent. For simplicity, we assume that the noise patch is generated from the Gaussian
distribution N (0,02 - (I—vv ' -[[v]3 %)) to ensure that the noise vector is orthogonal to the signal
vector v, and only consider the case where the data consists of one signal patch and one noise
patch. However, our results and proof techniques can be easily extended to cover the setting with
non-orthogonal signal/noise and multiple signal/noise patches. With this simple data model, in this
case study we aim to show the effectiveness of semi-supervised learning and explain the mechanism
behind semi-supervised learning with neural networks.

Since the positions of signal and noise are not specified in Definition 3.1. It is natural to use a clas-
sifier with a convolutional structure that applies the same function to each patch. More specifically,
we consider learning a CNN with n; labeled examples S” = {(x},y})};t, generated from the dis-
tribution D and n,, unlabeled examples S = {x;};"*, generated from the marginal distribution D,
where n; is significantly smaller than the dimension d. If we only use the labeled data, the CNN can
easily overfit the training dataset by memorizing the noise patches &;. Consequently, the CNN will
perform badly on the fresh test data. Therefore, our case is hard to learn without using unlabeled
examples.

3.3 SUPERVISED LEARNING MODELS

For supervised learning, we consider a two-layer CNN whose filters are applied to the patches x(1)
and x(?) respectively and parameters in the second layers are set to be +1. Then the CNN can be
written as fw (x) = fu7 (X) — fw (X) where fw (x)™!, fw(x) ! are formulated as

w60 = [o(fwy,x M) + 0wy, x®)].
" G.1)
fa 0 = 3 [o((wyx®)) + o (w;,x)) .

j=m+1
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Figure 2: Illustration of our model. The left figure characterizes semi-supervised pre-train schema:
NN is trained by minimizing errors between pseudo-labels § and predictions fw (x). After semi-
supervised pre-training finished, the learned parameters {W }X_, serve as pre-trained models and
are adapted to a downstream task using linear probing, as shown in the right figure.

Here o is activation function ReLU?(-) = [-]% (¢ > 2), m is the width of the network, w; € R?
denotes the j-th ﬁlter and W is the collection of all filters {w; }27" Given labeled training dataset
= {(x},y})}L,, we train the CNN model by mlmmlzmg the emplrlcal cross-entropy loss

Ls(W) = ™ ZLi(W

where L;(W) = £(y, - fw(x})) with £(z) = log(1 + exp(—2z)) denotes the individual loss for the

training example (x;,y;). We minimize the empirical function Lg/(W') with gradient descent as
follows

wi = w0V, Lo (W), wi® ~ N(0.031), ] € [2m],
where 77 > 0 is the learning rate and o defines the scale of random initialization.

3.4 SEMI-SUPERVISED LEARNING MODELS

For semi-supervised pre-training, we assume that we have access to K pseudo-labelers { f}¥ }le.
The accuracy of k-th pseudo-labeler is py € (1/2,1). Then we use K pseudo-labelers to generate
K pseudo-labeled dataset { S}, where Sy := {(xi, Uk.i) | Uk = fZV(XL)}:L:I Next we solve
K pre-training tasks with two-layer CNN models { fw, } 2, defined in (3.1) using {Sx }/_, respec-
tively. Note that our result can cover K = 1 as a special case, where there is only one pseudo-labeler.

We consider learning the model parameter Wk by optimizing the empirical loss of both pseudo-
labeled dataset S, and labeled dataset S' = {(x},y})};, with weight decay regularization

1 A
Ls,us/ (W) = (ZL W) + ZL Wk)) +§||Wk||%,

Ny + M et

where A > 0 is the regularization parameter, L;(Wy) = £ (y;€ it fw, (xz)) denotes the individual
loss for the pseudo-labeled data (x;, ¥k i), Ly (W) = £(y} - fw, (x})) denotes the individual loss
for the labeled data (x}, y;). Our result can cover n; = 0, which corresponds to the case that there
is no labeled data during pre-training. In light of this, our semi-supervised learning framework
will reduce to a special kind of pretext-based self-supervised learning, where the pretext tasks are
generated by pseudo-labelers.

We use gradient descent to minimize the regularized loss function Lg, s/ (W}). Starting from
initial W( = {wk j»J € [2m]}, gradient descent update rule is as follows

w}jj” =W\~ Ve, Ls,us (W), wil) ~ N(0,021y), j € [2m]k € [K]
where 1 > 0 is the learning rate and o defines the scale of random initialization.

o Downstream Task: Linear Model. The semi-supervised pre-training gives us X CNN models
with parameters {W; }X_| . Based on them, for the downstream task, we consider a linear model

= Zakfw;; (x)
k=1



Published as a conference paper at ICLR 2023

where aj, € R denotes the trainable weight for the k-th pre-trained model. Then, given { Jw: [
and labeled training data 5" = {(x},y})}"_,, we consider learning the downstream linear model
parameter a by optimizing the following empirical loss

1 n
Lo(a) = 230 gulo).
i=1
We initialize a as an all zero vector and optimize the empirical loss by gradient descent with learning
rate 7, i.e.,
altth) — g _ n-Valg (a(t)), a® — 0.

4 MAIN RESULTS

In this section, we present the main theoretical results in this paper. We start with a condition that is
required by our analysis.

Condition 4.1. The strength of the signal is ||v||3 = ©(d), the noise variance is o, = O(d°),
where 0 < ¢ < 1/8 is a small constant, and the width of the network satisfies m = polylog(d).
We also assume that the size of the unlabeled dataset n, = Q(d*¢), and labeled data ny = O(1).
For both supervise learning and semi-supervised learning settings, we initialize the weight with
oo = O(d~3/*). For semi-supervised learning, we require A = o(d®/*) and assume that there exists
a constant C such that for all pseudo-labelers, their test accuracy py > 1/2 + C.

Since we generate the noise patch from the Gaussian distribution, the strength of the noise patch is
|l€]|3 ~ d'*< by standard concentration inequalities, which is larger than the strength of the signal
patch ||v||3 = ©(d). Therefore, Condition 4.1 defines a setting with large noises. The condition of
d > n, > n; further ensures that learning is in a sufficiently over-parameterized setting. Here we
only require the neural network width m to be polylogarithmic in the dimension d and require the
psudolablers to perform better than a random guess.

Theorem 4.2 (Semi-supervised Learning: Pre-training). Let & € [K] and consider the semi-
supervised pre-training of fwk( ). For any test data point (x,y), denote ¥ = f¥(x). Then un-

der Condition 4.1, after T, = @(d 47] ~1) training iterations with learning rate n = O(d~11),
the trained neural network can achieve nearly O test error on the distribution D: Py ,yply -

Pyt (x) < 0] = o(1).

Theorem 4.2 characterizes the prediction power of the feature representation learned in the pre-
trained models using unlabeled data. For any test data point (x,y), the sign of y can be predicted
based on fyy(zy) (x) with high probability.

Theorem 4.3 (Semi-supervised Learning: Downstream). Let { f (Tk) } 4w be the neural networks

trained according to the K pre-training tasks, and consider the learmng of the downstream task
— 0.1
based in { fW;T(;)c) } .- Under Condition 4.1, after 7" = ©(d! /) iterations with learning rate

n = (1), with probability 1 — o(1), the obtained a(”") satisfies:
* Training erroris 0: 2 37" | 1[y; - g, (x;) < 0] = 0.
« Test error and loss are nearly 0: P(x )~p[y - gacrr) (x) < 0] = o(1), Lp(a™)) = o(1).

Theorem 4.3 shows that the feature representation learned based on the semi-supervised pre-training
can ensure small training and test errors for the supervised downstream task. Notably, this result
holds even though we assume that there are only a constant number of labeled data. This shows
that semi-supervised learning can significantly reduce the need for a large labeled training dataset.
For comparison, we also have the following guarantees on the performance of standard supervised
learning of CNNSs.

Theorem 4.4 (Supervised Learning). Under supervised learning setting, after gradient descent for
T = O(d1/4=9)a=3/2)=1) jterations with learning rate n = O(d~'~2¢), then there exists t < T
such that with probability 1 — o(1) the CNNs defined in (3.1) with parameter W) satisfies:
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« Training loss is nearly zero: Lg/ (W®) = o(1).
* Test loss is high: Lp(W®) = ©(1).

Theorem 4.4 shows that although standard supervised learning can train a CNN model with nearly
zero training loss, the obtained CNN model generalizes poorly to test data. Comparing Theorem 4.4
with Theorem 4.3 shows that the generalization of semi-supervised learning and supervised learning
are largely different. The reason behind this difference is that, the pre-training, with a relatively
large number of unlabeled training data, helps learn a feature representation that captures the feature
v in our data model, while direct application of supervised learning can only memorize the noises
&), i € [ny] in the training dataset, which is independent of the labels of the data.

A recent line of work (Oymak & Gulcu, 2021; Frei et al., 2022c) studies the semi-supervised learning
methods with pseudo-labelers. Our results are different from theirs in several aspects: (i) we are
considering learning with CNNs rather than a linear model, so the problem is highly non-convex with
various local minima, which makes the optimization analysis more challenging; (ii) the Bayesian
optimal predictor is no longer unique for CNNs. Therefore, we measure the quality of the learned
features via downstream task instead of making a comparison with the Bayesian optimal predictor;
(iii) They can only deal with the case where the teacher network (pseudo-labeler) is the same as
the student network (Frei et al., 2022c) or the case where the teacher network (pseudo-labeler) is
at least as complex as the student network (Oymak & Gulcu, 2021). However, our teacher network
(pseudo-labeler) is not specified and can be any structure, such as a linear network. Therefore we
can handle the case where the student network is more complex than the teacher network, one of the
most natural settings for semi-supervised learning with pseudo-labeler (Xie et al., 2020).

5 PROOF SKETCH

In this section, we present the proof sketch for the semi-supervised learning setting. And the proof
sketch of the supervised learning setting is given in the appendix.

Semi-supervised Pre-training. We consider learning K functions fw, (x), & € [K] based on the
pre-training. Since the learning process of these K functions can be analyzed in exactly the same
way, here we only focus on the learning of one of these functions. For simplicity of notation, we
drop the subscript & in the following proof sketch.

Our study of the pre-training focuses on two aspects of the training process: feature learning and
noise memorization. Specifically, we aim to monitor how the filters in the CNN model learn the
feature vector v and the noise vectors &;’s. Therefore, we introduce the following notations.

A® (® A _w(®)

A= 12;2%Xm<wj vy, Ay = 1%;igxm (Wi, v),

AY = max —(w(-t)7v>7 1_\(_t)1 =  max (W(-t),v>7
m+1<;5<2m J m41<j<2m’ J

') .= max <w(-t)7£i>, 'Y = max (W(-t),£;>7 r® = max{ max F(-t), max I’/-(t), }
v 1<j<2m’ J v 1<j<2m " 7 i€lng] © i€lm] *
5.1
Based on the above definitions for » € {£1}, a larger Ag) implies better feature learning along the

positive feature direction v, while a larger ]\S” implies better feature learning along the negative
feature direction —v. Moreover, a larger I'(¥) implies a higher level of noise memorization.

Based on the update rule of gradient descent, for the inner products (w§t), v) and <w§t), &), for
j € [2m], I € [ny], we can obtain iterative equations in (A.1). With the help of the iterative
equations and definitions in (5.1), we can further show the following lemma.

Lemma 5.1. Assume we use both unlabeled data with pseudo-labels generated by the pseudo-
labeler and labeled data for the training of our CNN model. Then for r € {£1}, let T, be the

first iteration that th) reaches ©(1/m), then for ¢ € [0, T}.], we have
AUHD > (1= pA)-AD 4 0p-C - O(d) - (AD) 1 e {£1},
Mﬁrl) <(1—=nA)- ]\7(})774 € {£1},
p(t+1) < (1 ) T® +7- é(dl—Qe) . (F(t))Q—l,
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where C is defined in Condition 4.1.
Lemma 5.2. Assume we use only labeled data for the training of our CNN model. Then fori € [n],
let 77/ be the first iteration that F{(t) reaches ©(1/m), then we have

AT < (1 —pA) - AY 4 - 0(d) - (A + (AD)17Y) 1 € {1},
AGFY < (1 —nA) - AW r e {£1},

(a

) > (1= A T 4 - O(d 2 - (0 Ya 1 i e [y], for t € [0, T7).

(2

Based on the results in Lemma 5.1, we can observe that if both pseudo-labeled and labeled data
are used for training, the CNN will learn the positive direction of the feature vector v, while barely
tending to fit the negative direction of the feature vector or memorize the noise. And if only labeled
data are used, the CNN will fit noise faster than a feature, which can be seen from Lemma 5.2.
Leveraging Lemmas 5.1 and 5.2, we can obtain following Lemmas 5.3 and 5.4, which characterize
the magnitude of feature learning and noise memorization.

Lemma 5.3. If both pseudo-labeled and labeled data are used to train CNN, for € {£1}, let T, be
the first iteration that A\ reaches ©(1/m) respectively. Let Ty = max,c(+1}{7;}. Then, it holds
that AL = ©(1), A = O(d=%) and T®) = O(d—%+¢) for all ¢ € [0, T).

Lemma 5.4. If only labeled data are used to train CNN, for ¢ € [ny], let T/ be the first iteration that
I‘;(t) reaches ©(1/m). Let Ty = max;c[,,) T;. Then, it holds that A, = O(d™%), A, = O(d™3)
forr € {1} and F;(t) = (1) fori € [ny].

The above results indicate the deviation between the two settings. The reason is that assume we
consider a sequence {x;} with iterative equation x41; = 2 + 7 - C’txf 1 If we only use labeled
data, as shown in Lemma 5.2, T\ has C;, = ©(d'*+2) while A{") has C; = ©(d), therefore T"|("
increases faster than K( )
be O(d*~2¢) for F ) and O(d) for AW, leading to a slower increasing speed of I';

In contrast, if we use both labeled data and pseudo-labeled data, C; will

(1)

Downstream task. After the pre-training, we have obtained K CNN classifiers { fW<Té€) }szl. Now
k

we train the second-layer parameters a with the training data whose true labels are available. The
following lemma shows that the /;-norm of a will increase with a logarithmic order.

||1 log( £)/6(1 ) For any labeled data
(x},y:) € S’, we have with high probability that y. - fww (x;) = ||a t) || . For any newly

Lemma 5.5. For any learning rate n = ©(1), we have ||a(

generated data (x, ) ~ D, we also have with high probability that v fwo (x) = Ha(t) I,

With the help of the above lemma and note that training error and test error are related to y- fyy (ro) (X)
and test loss is related to ||a("®)||;, we can prove that after T = ©(d’! /) iterations with learning
rate n = O(1), the model can achieve nearly zero training error, test error, training loss and test loss.

6 EXPERIMENTS

In this section, we perform numerical experiments on synthetic datasets, generated according to
Definition 3.1, to verify our main theoretical results. The code and data for our experiments can be
found on Github !. In particular, we set the problem dimension d = 10000, labeled training sample
size n; = 20 (10 positive samples and 10 negative samples), pseudo-labeled training sample size
ny = 20000 (10000 positive samples and 10000 negative samples), feature vector v sampled from
distribution A(0, I') and noise vector sampled from distribution A'(0, 021) where o, = 10d°%".

For semi-supervised learning task, we have a linear pseudo-labeler with test error 0.196 £ 0.044.
Then, we use this classifier to generate pseudo-labels for n,, = 20000 unlabeled samples in order
to help semi-supervised learning. After that, for pre-training, we use these pseudo-labeled samples
and n; labeled samples together to train a CNN with network width m = 20, activation function
o(z) = [2]%, regularization parameter A\ = 0.1 and learning rate 7 = 1 x 10~*. Besides, we

'https://github.com/uclaml/SSL_Pseudo_Labeler
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Figure 3: Visualization of the feature learning and noise memorization in the training process. (Left:
Semi-supervised, Right: Supervised)

Semi-supervised

Pre-train Downstream Supervised
Training error | 0.175340.0259 0 0
Test error 0 0 0.4982+ 0.0208
Training loss | 0.4155+0.0418 | 0.015040.0022 | (6.473+£5.031)x10~"
Test loss 0.2200+£0.0886 | 0.0182+0.0021 0.6931+0.0005

Table 1: Training error and loss, test error and loss for semi-supervised and supervised learning.

initialize CNN parameters from N (0, 08 ), where o = 0.1 X d—3/4. After 200 iterations, we can
obtain a CNN model with training error close to the error of pseudo-labeler and zero test error,
according to Table 6. And for a downstream task, we use n; labeled samples to train a linear probe.
By applying learning rate 7 = 0.1 and after 7" = 100 iterations, we can obtain a final model with
low training and test loss as well as 100% training accuracy and test accuracy.

For supervised learning task, we directly use n; labeled data to train a CNN with network width
m = 20, activation function o(z) = [2]%, learning rate n = 1 x 10~*. After 200 iterations, we
obtain a CNN with O training error and small training loss, about 0.5 test error and high test loss,
which indicates supervised learning will give a model that behaves badly and even no better than a
random guess.

Moreover, for synthetic data experiments, we also calculate the inner products max ey, <W§t)7
and max c(2m] { Max;epn,] (w§-t), &€i), MaX;e[n,] (w§-t), &)l ie. Agt) and I'®)| representing feature
learning and noise memorization respectively, to verify our key lemmas. The results are reported in
Figure 3. It can be seen from Figure 3 that under semi-supervised learning setting the algorithm will
the feature learning will dominate the noise memorization though the noise patch has a larger norm
than the signal patch, while under the supervised learning setting, the algorithm will entirely forget
the feature but fit noise. This verifies Lemmas 5.3 and 5.4.

v)

7 CONCLUSION AND FUTURE WORK

In this paper, we study semi-supervised learning with pseudo-labelers and provide a theoretical un-
derstanding of the success of semi-supervised learning. We show the advantage of semi-supervised
learning over supervised learning through a case study. By considering a simple data model and
two-layer CNN, we present a comprehensive analysis of the training procedure from a beyond-NTK
feature learning perspective. We prove that the final classifier of a semi-supervised learning sce-
nario can achieve near-zero test loss and error with only a small number of labeled training data,
while its supervised-learned counterpart fails to achieve the same performance with the same data
complexity.

In the current paper, we only focus on the simplest possible data and neural network models to study
semi-supervised learning. For example, the second layer of the CNN is fixed during the training.
What if the second layer is trainable? In addition, the stride is the same as the filter size in the
current CNN, and it is reasonable to have the stride be smaller than the filter size. On the other hand,
it would be interesting to consider linearly non-separable data (Shi et al., 2022; Frei et al., 2022b;
Damian et al., 2022) and ReL U activation function with the help of pre-activation noise (Allen-Zhu
& Li, 2020a). We leave these extensions as future works.
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A PROOF FOR SEMI-SUPERVISED LEARNING SETTING

We consider learning K functions fw, (x), k € [K] based on the pre-training. Since the learning
process of these K functions can be analyzed in exactly the same way, here we only focus on
the learning of one of these functions. For simplicity of notation, we drop the subscript & in the
following proof for Sections A.1, A.2, A3, A4, A5, A6and A.7.

A.1 GRADIENT CALCULATION

Lemma A.1 (Gradient Calculation). The gradient of loss function Lg(W') with respect to weight
parameters w is

Vw,Lsus' (W) = <chyz (Wj,y; - H‘i_l YV 4 KWJ‘vﬁi)]i_l -&)

m+nu ]

©3 bt ((wgost VT 4l v o+ [, €010 ~£;)> Faews,

i=1
for1 < j <m;and

Ve Lausr (W) = e (Y i (s I v+ (w011 €)
N =1
5 b (gl ISyl v o+ [, D) ) hews,
i=1
form +1 < j < 2m, where —0'(y; - fw(x;)) = exp [~7; - fW(Xz')V(l + exp[ Ui - fw(xi)]) is
denoted by ¢; and —¢'(y; - fw (x})) = exp[—v; - fw (x})]/(1 + exp[—y; - fw(x})]) is denoted by
b;.

Proof of Lemma A.1. When1 < j <m,
Ve, (Ui - fw () =0 (Ui - fw (X)) - Ui - Viw, fw (%)
= —¢iYi " Vw,; fw(xi)
=—¢;G; - (o' ((Wj,yi - V) - yi - v+ 0" ((w;, &)) - &)
= —qeiTi ([(wj,yi - VIS g v+ [(wy, €] &)

Vw, Ly - fw (%)) =€ (y; - fw(x7)) - ¥i - Vw, fw (X))
= —b; - y; - Vw, fw(x})
—biy; - (o' ({(wj,y; - V) ;- v+ 0" ((wy, &) '€§)
= —gbsy; - ([(wy, 07 - V)T i v+ [(wy, €))7 - €))
and when m + 1 < j < 2m,
Vo, {(Gi - fw(x:)) = qeii ((w,ys - VI i - v + [(wy, €))97° ‘Ei)
Ve, Ui - fw (x5)) = abiv - ([(w, 05 VIS gl v+ [(wy, €157 - €))

]
Note that ij LSUS’( ) ( Zn" Vw7é(yl - fw Xl) —1 ijf(yi - fw (Xz)) ) /(’fl] + nu) +
A - w;, we have proved the lemma. O

)+

A.2 INNER PRODUCT UPDATE RULE CALCULATION

When the model is trained by gradient descent, the update rule can be formulated by

Wit — W](-t) —n- ijLS(W(t)); j € [2m). (A1)

J
We study the performance of entire training process from two perspective: feature learning and noise

memorization. Mathematically, we will focus on two quantities: <W§-t), v) and <W§-t), &;). And then
we have following lemma for the inner product update rule.
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Lemma A.2 (Inner Product Update Rule). The feature learning and noise memorization perfor-
mance of gradient descent can be formulated by

(t+1) ® qant; ¢ -1
v = () () + (S Ol

i=1

ny
5 O Uw D,y v 1||v||§>,
=1

VI3

(Wi &) = (L) - (wif) €) + (ZA w1 e &)

i=1

+Zylb(” 9 ene 1<£Z,sz>)

(Wit ) = (1) - (w8 + T (

ny + Ny

Zyz (t) £z>}q 1<€z»£l>

i=1
+ 3y e 1<51,£l>)
=1

where j € [2m], [ € [ny] and u; := Tj1<jcm) — Lpmg1<j<om]

Proof of Lemma A.2. According to Lemma A.1 and gradient descent update rule (A.1), we have
wtth

qnu; - —
P = (Zy (6w VIS g v+ (w6015 &)
u i=1
n
+ ) byl (w5, v

7

VI g L €0 €))
i=1
Taking inner product with feature vector v and noise patch & and note that v is orthogonal to &;
according to the data model, we have
(t+1) -1 A ® & _qnuj g1, 2 CeN1a-1l/g
(Wi = (1) - (v AT Zc (655 - V1L ll VI + (w5, €017 (€6, v)

+Zb<t> ([t - V)T VI + [y, €01 1<£wv>))

= (=) (wifhv) +

t qg—1
e O ORI

=1
ny

+3 60w,y v)] —1||v|§),
=1

(Wi ) = (1 —pA) - (wl)

w', z>+m<2c<”yv([<wﬁy«v>ﬂ1yi<v,sz>+[<wg,sv>1 H€n6))

+Zb(“ (w3 (v, &) + [(wy, €))% <5”€l>))

= ()l )+ nf’j“;u(zﬂz O €011 6 6)

i=1
ny

+Zyzb(t) >]q 1<£m€l>>
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and

(Wi g = (=) - (o) €)) + (ZA lw €t e €

+ Zyz b0 (wD), )7 1<£;,s;>)7

which completes the proof. O
A3 EstiMate A A 7@ 10

Let th) = maX1§j§m<w(t) V>, K(_t)l = maxm+1§j§2m—< (t),V>, /_\gt) =

J b
(t) (t)

NONE . .
MaX,+1<;<2m <Wj V), A = maxi<i<m 7<wj ,v), which characterize the feature learning

aspect of training process. An easy way to distinguish between K&t) and ]\9) is that th) should be
large while AL should be small.

Let FZ(.t) = maxi<j<am(Wj, &), € [ny], F;(t) = maxi<;<om(W;,&;),% € [m], which character-
ize the noise memorization aspect of training process with respect to a particular sample.

Let T = max { max;cpn, ri, MAax;e ] ) }., which characterize the noise memorization as-
pect of training process regardless of the sample index.
We first provide the concentration inequality for /AXS«O) and ]\7(“0) in the following lemma.

Lemma A.3. With probability at least 1 — 4§ with respect to the randomness of initialization of w,
we have

RO~ E[RQ]| < /8108 (5 )oollvil,

RO~ E[AL]| < /8108 (5 )oollvil,

and
E[AD] < \/log(m)oo|v||2, E[AL] < \/log(m)oo||v|2,r € {£1}.

Proof of Lemma A.3. Note that A( ) — max1<]<m< (0) >,/A\(_Oi = MaXm41<;<2m —<w§0),v>,

A(lo) = maxm+1§j§2m<w§0), v) and A&i = MaX;,41<j<2m 7<w§0),v>, w;o) ~ N(0,02I) and
v is a fixed vector. Therefore, <W§_0) v) ~ N(0,03|v|3), —(w (-0) v) ~ N(0,08|v||3) for all
1<j<2mand A" A r ¢ {%1} are identically dlstrlbuted Therefore, without loss of
generality, we only need to discuss the concentration of Ag . By applying Lemma C.1, we have

+2
P(|A” — ERL]| > t) < 2¢ #31E,
By applying Lemma C.2, we have

E[AY] = \/log(m)ool|v |2,

which completes the proof. O

Then we provide concentration inequality for I‘EO) in the following lemma.
Lemma A.4. Suppose that d > Q(log(m(n, + n1)/9)), m = Q(log(1/6)). Then with probability
atleast 1 — 6,
UoUp\/a
4
0'00'1,\/&
4

< F ) < 24/log(16m(ny + m)/d) - ooo,Vd, forall i € [ny],

1(0)

<1 < 2\/log(16m(ny + m)/d) - oo, Vd, foralli € [ny].

17
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Proof of Lemma A.4. By Lemma C.3, with probability at least 1 — §/4,
opVA/V2 < ||&ill2 < V/3/2- 0,Vd, fori € [ny),

(A2)
o VANZ < €lls < /3]2-0,Vd, fori € .
Therefore, by Gaussian tail bound and union bound, with probability at least 1 — /4,
(w?, &) < [(w”,&)] < V/210g(8m/d) - 0o |&ill2, fori € [, a3

(wi, &) < |(w)”, €] < v/21og(Bm/d) - oo €ll2, for i € frl.
Note that P(ogo,v/d/4 > <w§0), &;)) is an absolute constant and therefore by the condition on m,

we have
O'Oa'p\/a (t) aoop\/g (0)
Pl —— <T: =P ——— < m W .
( 4 - 4 - je[gmx]< ;&)

-1 _IP(UOO-Z\/E

> max <W§-O), El>)

j€[2m]
2m
=1- (P(UOU”\/& > <W(‘O)7§i>>>
4 J
6
>1_ 2
>1 1

and

W~

(2 antt) g
On the other hand, according to (A.2) and (A.3), we have
P(I'" < 2/log(16m(ny + m)/9) - oo, Vd)
= }P’( max <w§0),£i> < 2¢/1og(16m(ny 4 n1)/9) ~aoap\/3)

jE[2m]
0
>1—-
2 g
and S
P(F;(t) < 2y/log(16m(ny +m)/d) - opopVd) > 1 — T
which completes the proof. O

A.4 STAGE I OF GD: ON-DIAGONAL FEATURE LEARNING

In this stage, T\Y) and /A\(f)l respectively increase to magnitude ©(1/m) and ]\?), ]\(f)l and I‘;t)
remain small, the same magnitude as initialization. In order to characterize the behaviour of feature
learning and noise memorization during Stage I, we decompose the analysis into following three

parts:

1. First, in Lemma A.9, we provide a lower bound of the update rules of on-diagonal feature learning
term of Agt), A(f)l to lower-bound their increasing speed, and an upper bound of off-diagonal
feature learning term Agt), A(f)l to indicate their decrease.

2. Second, in Lemma A.11, we provide a upper bound of the update rules of noise memorization
term I'*) to upper-bound its increasing speed.

3. Third, we provide a useful lemma, which is a derivation of Claim C.20 in Allen-Zhu & Li
(2020b), which is called tensor power method. By applying tensor power method, we will prove
that:

e When th) reaches ©(1/m) at T, j_th) and T'¥) remain a magnitude no more than initialization.

e When K(_t)l reaches ©(1/m) at T_;, A_; and T'() remain a magnitude no more than initializa-
tion.

18
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A.4.1 UPPER BOUND AND LOWER BOUND FOR A\, A) anp A{?, A1)

We first consider Stage I of GD when max;.c+1} {K&t), ]\&“} <O(m™t).

In this stage, we first prove following lemma:

Lemma A.5. As long as max,c {41} {K,@,Mt)} < O(m~1), we have ¢\ == —¢/ (Ui - fwo (x3))
and b") .= —¢/ (i - fw (x})) remains 1/2 + o(1).

Proof of Lemma A.5. Note that {(z) = log(1+exp (—z)) and —¢'(z) = exp (—2)/(1+exp (—z)),
(®)

and without loss of generality assuming ; = y; = 1, we can express ¢; ~ as follow:

e i lo (Wi V) +o(w? €0))]

(t) /
¢’ =1 H(Xi)) = 7 7 ¢ ¢ ’
! (o (i) ez;';l[o<<w§'>,v>>+a<<w§.%sm]+e 2m o (WS ) o ((wl? g

. (t) . (t) . . . .
Since o ((w; ", v)) dominates o({(w;~,§)) for j € [m], which will be proved later by using tensor
power method, we have
®) e i lo (Wi V) +o(w €0))]
C: =

i ez;nzl g((w;‘)7v))+{lowerorder term} + eZ?Qerl[‘7(<Wj(-t),V>)+‘7(<W](,t)7§i>)] .

On the one side,

1 S 1 S 1 1 1 (1)
— = = ——o(1).
e i U((w;t),v>)+{lower0rderterm} +1 - em(Agt))‘I*1 +1 - e@(mf(qu) +1 2+ 0(1) 2

cz(-t) >

On the other side, according to Lemma 5.3, we have I\ﬁ“ = O(d~ 1) and T = O(d=3%¢), it
follows that
o < e @)y

eZi=1

U((wﬁt),v>)+{lowerorderterm} +eM(A§t))q_1+m(F(‘))q_1
1+0(1)
e ma a((w;‘)7v>)+{lowerorderterm} +1 +0(1)

I+o(1) 1
STrigem —2 oW

Therefore, we have cZ(.t) =1/2+0(1) ify; = y; = 1 and other cases (g; = y; = 1, ¥; = —vi, bl(-t))
can be proved in a similar way. O

By applying above lemma, we can obtain following lemma:

Lemma A.6. For any 0 < 1/2, with probability at least 1 — 26 over pseudo-labels generated by the
pseudo-labeler, we have

I & ( 1> 1 1
— ) Uiy, —(p— 5 log < + (1),
o E vivie;” —\P=5)| <5, leg 5 +oll)

=1

where o(1) is with respect to d.

If we denote {(x;,y:)|y; = 1,7 € [nu]} as S1, {(x4, vi)|yi = —1,4 € [ny]} as S_1,|S1| as ny and
|S_1| as n_1, we have with probability at least 1 — 44 that

ii“ -c(t)—( —1) <1/i10 1—&—0(1)

n = Yiyici P35 81y gd ’
1 < 1 1 1

—_— Lyic:l — —= < log — 1).
n_q ;ych (p 2) 8n_1 Ogd +o(1)
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Proof of Lemma A.6. First, according to Lemma A.5, we have
1 Ny N (t) 1 Ny N ( (t) 1) 1 My N 1 Ny N
— WYic, | = — wile, ' — = — WY = —— iy £ o(1 A4
nu;yyq nu;yy G’ =3 +2nu7;yy 2nulz:;yy o(l) (A4
Then, according to Hoeffding’s inequality when a; = —1,b; = 1, we have
P 1§:A [ i }>t <2 2ngt” 2 exp (—2nyt?)
— Ui — iYi ex = | = 2exp (—2nyt°).

Note that the pseudo-label 7; generated by the pseudo-labeler takes y; with probability p and —y;
with probability 1 — p, we have E[-1- 3" Giy;] = = 5™ E[giy;| = 2p — 1. It follows that

(o

Ny

Zyzyz ( —)‘ ) < 2exp (—8nut?),

2n z“:yzyz (p - )’ <4/ ilog% (A.S5)

holds with probability at least 1 — 26. According to (A.4) and (A.5), we have

1 1 1 1
Yivi— \p— 5 log - 1),
2nu;yy (p 2)‘ <\ Bny 085 T o)

which verifies the first statement of the lemma. And the other part of the lemma can be proved in a
similar way. O

and therefore

According to above lemma and note that n,,n1,n_1 = w(1), we have further that

LZ”” nc? — _1)‘_
YiYiC; p =
Ny = 2

with high probability.

2

1T & 1
— Zyiyicl(.t) - (p — )‘ =o(1),r € {£1}, (A.6)
i

Besides, we also need an approximation about n; and n_1, which is given as the following lemma:
Lemma A.7. For r € {+1}, it holds with probability at least 1 — 24 that

where n,. := [{(x;,y:)|yi = 7,1 € [nu]}.

Proof of Lemma A.7. Note that n,, = > 1[X; = r],r € {£1} where X; takes label +1 or —1
with equal probability 1/2, according to Hoeffding’s inequality, we have

“
i=1

and it follows that

Nu

_]E[Z]l[Xi :r]H >t) < 2€Xp(—
=1

2

2t
=), re{£1},
nu)r {+1)

2

2t
P(nr >t)<2exp(——)7‘€{i1}
Ny
leading to
N N 1 1
T T - 108 ¢,
S 2 85
with probability at least 1 — 24. O

For labeled dataset S’ = {(x},y})};",, we also have
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Lemma A.8. Forr € {1}, it holds with probability at least 1 — 20 that

1
6 Y

ny
U Y
n ’ 2 %8
where n;. := [{(x},y;)|y; = r,i € [m]}].

Then we are prepared to estimate a lower bound of increasing speed of A® and an upper bound of
decreasing speed of A in the following lemma.

Lemma A.9. For th) = max1§j§m<w;t),v> and /AX(_t?L = MaXm41<j<2m (vvj(-t)7 —v), we have

with high probability that

—~ ~ 1 ~
AGHD > (1) - A 1y ( - 5) - 0(d) - (AW)a=1 € {£1).
For A( = maxm+1<j<2m< (¢ ) v) and A( = Maxi<;j<m (wgt) —v), we have with high prob-
ablhty that
A < (1 —nA) - AW r e {1}
Proof of Lemma A.9. We first prove the former inequality. Let j* = arg max;< j§m<w§t), v) and
note that u;+ = Lj1<j<m) — Lmy1<j<om) = 1, then we have

ROV 3wy

e OO L “||v|\2+2b i, I VIR )

=1

* *
Then we respectively estimate terms & and .

For &, note the definition of j* that /A\(t) = <W(i), v) and note the increasing property of /A\gt) and
A(O) > 0 with high probability, we have (w ) v) > 0. It follows that

t t _
Zylyz Wiy IV = D widie W I VB + YD widiel” - (w i v)]g

€51 €S
&
= Z yzyl *7 >] _1HV||§
€S
(Zyzyz “)) i3 - (A7)
€S
1
=1+ (p— 5 o)) - VI3 (A)"", (A7)

where S = {(x;,v:)|yi = 1,4 € [na]}, S—1 := {(x4s,9:)|yi = —1,7 € [ny]}, n1 = |S1| and the
last equality is due to (A.6).

For %, similarly we have

n
ST Wy v IE = S e w1 v IR+ D b (wl v v 3
=1

1€85] €S’

*

= 3" 6w Vv

1€5]
(X0 vz Gy
i€8]
1 ~ _
=ni- (5 %o) - IvIE- (A", (A8)
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where S] = {(x},y))|y; = 1,3 € [m]}, 1 = {(x}, y))|ly; = —1,i € [m]}, n} = |S7]| and the last
equality is due to Lemma A. 5

According to (A.7) and (A.8), we have

th-&-l)

> () R T (i (- G o) IvIE (BO)™ - (5 00) - VIR (L))
— (=) AP+ I (o Do) vl - (RF)" mTZu (5 =) ) VI3 - (A)*
== B b (0 (- g 2o0) e (F2) ) I
=(1—nA)-K§t)+qn-(n+nu (»- ) njn éio<1>>-||v||§-<Af>‘1‘-<A.9>

According to Lemma A.7 and Lemma A.8, and note that ny = O(1), n, = w(d*®), we have for #
that with probability at least 1 — 44

ni ( 1) ny Ny ( 1) ny 1

. p [ + [ . N e —

n + ny 2 n+ng 2 2(n+ny) 2 2(n 4+ ny) 2
PS

|n1 R ( 1) 1
~ np+ng p 2 n+n, 2

\/ 5 log 5 1 Glogs 1
§7~(p~)+7~

ny + Ny

-o( )
= o(1)

Therefore, note that n,, = w(n;) and n,, = w(1), we have

ni 1) ny Ny ( 1) n
p— = R Ap— = I N NG
ny + Ny ( 2 +n1—|—nu 2 2(n 4+ ny) P 2 +2(n1+nu) 2 o(1)
P

Plugging (A.10) into (A.9), we have
~ -~ 1 1 -~ -1
AT 2 (1 =nn) A +qn- (2 (p—3) o1 )) VI - (A7)

—~ 1 ~ _
:(1777>\)~A§t)+n«( 75) L0(d) - (AD)", (A.11)

which verifies the first inequality of case » = 1 in the lemma.

iﬁrf;e: ATEMAX 1<) <om (W), —V) and note that wje = Lji<jcm) ~ Lpmticjcom = — L.
AT > <W§ﬁ+1)7 —v)
= v+ T (Zyy Oy o2
- »

+Zb“ Oy w)e —1|v||§)

*
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For &, note the definition of j** that K(t) = (wﬁ)*, —v) and note the increasing property of /AX(_t?L

and A( > 0 with high probability, we have (w (*)*, —v) > 0. According to (A.6), it follows that

Zyzyz WSy VB = DT wdie (Wi, =) v
i€S_4
&
1
:n,l-(p—iio(l)) V2 (AY)", (A2

where S_1 = {(x;,¥:)|yi = —1,7 € [ny]}, n1 = |S_1].
For %, according to Lemma A.5, similarly we have

ny

_ 1
> bWy I VB = 3 bW I VI = nly- (50D )-IvIE- (RY) "
=1

€S

*
(A.13)

where S” ; = {(x},¥)|y; = —1,i € [m]} and n”_; = |S"4].
According to (A.12) and (A.13), we have

~(t ~ n_ 1 n’_ 1 n -1
A“T”z(lm)-/\“)ﬁqn( - ~(p—f)+ L ~io(1)>~IIVII§~(A“)1)q

ny + Ny

(A.14)

According to Lemma A.7 and Lemma A.8, and note that n; = ©(1), ny = w(d**), we have for &
that with probability at least 1 — 46

(SN S ST S A S TR
ny + ny P 2 n+ng 2 2(n+ny) 2 2(m 4+ ny) 2

LRSS DA L T
— on+ny 2 n; + Ny 2

_ %log% ( 1)+1/T§10g5 1
- o tny p 2 n+ng 2
1
=o( )
Ty
= o(1).
Therefore, note that n, = w(n;) and n, = w(1), we have
n_y ( 1) n, 1 Ny ( 1) n 1
(p-z)+ o= (p=2)+0—— - +0(1
™+ ) ke 2 3many P 2) T am ey 2 E0W
S
1 1
=—-|lp—=)xo(1 A.15
>+ (p—3) £o) (A1)

Plugging (A.15) into (A.14), we have

~ ~ 1 1 INOR A
R > (=0 R + g ( ( )io<1>)~v||§~(A“%)q

2
~ 1 ~ -1
= (1= A+ ( —5) L0(d) - (A", (A.16)
which verifies the first inequality of case 7 = —1 in the lemma.
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Next, we prove the latter part of the lemma. Let ]“ = arg maxm+1<J<2m( YH) v), then we have:
< (t+1 t+1
AP = (wlith )
_(1_ ) qg—1 2
=)o) - n+n(§3yy w23
&
ny
t t -1
F Y VIR ).
i=1
*
For &, according to (A.6), we have
Zyzyz Jh ayz >}q 1HV||2
&
~ (t t 1 —1
=3 wilic (W T IVIE+ YD vl (w1 IV
1€S1 i€ES_q
t g—1 ~ (t -1
(T i) (vt |v||%+( 5 wil?) ol It VIS
1€S €S _1
_ .o ®) A1 |2 o (t) 11412 > 0
= (p—gEo(l)) - Uwy VI IVIz +n-1-(p—5 £01)) - [wp, —v)IE [Iv]; 2 0,
and for ¥ it’s obvious that
t) -1
Zb< oy v vIE 2 0.
*
Therefore, it follows that
A < (1 =) - (wit) v) < (1= A
Let j% = arg maxlgj§m<w§.t+1), —v), then we have:
< (t+1 t+1
AT = (wii ) —v)
t a—1
= (=) (W) - (zylyz R L M
(/e () !
Yt IR
i=1
< (1=mA) - (Wi, =)
t
< (1-n0)-AY,
which verifies the second part of the lemma. O

Although the accuracy of pseudo-labeler is larger than 1/2, which is used as an assumption in the
previous proof, we can also analyse the model with high label flipping probability and the accuracy
of pseudo-labeler p is smaller than 1/2. In this case, the neural network for pre-training will turn

to fit the opposite direction of feature vector, J_L(f) will increase and K&” will decrease, which is
formulated as the following lemma.
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Lemma A.10. For A(t) = max1<j<m<w( ) v) and A( ) = maXm+1SjS2m<W§-t), —v), we have

with high probability that
AUHD < (1 —p)) - AD 7 e {£1}.

For A( ) = MaX;m41<j<2m <w§-t), v) and /i(lt) = maxlgjgm(wy), —v), we have with high prob-

ablhtythat
_ _ 1 _
MY = (1) - A0 +n- (5 —p) - (@) - (AV) " r € {£1).
Proof of Lemma A.10. First, we prove the former part of this lemma. Let j* =
arg max1§j§m<w§t+l),v) and note that v~ = 1j1<j<m] — Lpmt1<j<2m] = 1, then we have
thﬂ) _ (ngﬂ),v)
_ (t) q—1 2
= )2+ (Sl ol
&
+Zb<f il VI VIR )
*
For &, according to (A.6), we have
Zylyt OLw®, y; V)T v]2
&
=Y v w2 THIVIE+ DT widie (w4 v
€S €S _1
_ Z & (1) q (t) q—1 2 PR () _ 191 2
Yilic; (Wil ITHVIE+ (D wilie” ) - [wiY = vI3
1€S1 i€ES_4
1 _ 1 _
=n1- (p= 5 £0) - (W VI IVIE + - (p— 5 £0(1) - [wl, —v)]2 VI3,
For ¥, according to (A.6), we have
Zb“ (Wi g - I VI3
i=1
*
= > w2 VN IvIE+ YD bW v v 3
1€5] i€57
— - (5 o) - w I IVIE + 0y - (5 £ o) - [w?, v VI
=m-(g*o0 Wi VIR VI ey - (5 +o Wl =)L [ v[2,

It follows that

Eyzyq Ol g, “||v\|2+2b<“ wi®, g I VI
& *

= (m- (p= 5 o) 41t (5 200) ) - (w2 IVIE

# (e (= g o) o (52 0) ) -l I v
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According to Lemma A.7 and note that n,, = w(n;), it holds with probability at least 1 — 84 that
1 n ny 1 1
!/
. - < — E— — . — = =
n} (2 :I:o(l)) < <2 /5 10g6> (2 :i:o(l)) O(n1) = o(ny)

< (2+ n;log(ls> . (%—pi0(1)> Snl'(%_pio(l))a

leading to & + Y < 0. Therefore,
ATV < (1 =mwil vy < (1—nr) AT,
And we can prove in a similar way that A(tJrl < (1—=nA)- [A\(f)l

Next, we prove the second part of the lemma. Let j% = arg max,, < j§2m<w§-t), v) and note that
’LLjh = ﬂ[lfjfm] — ]l[m+1§]§2m] = *1, then we have
T (t+1 t+1
APTY > (wiit vy
_ (t) g1 2
= v - T (Zyzyz W g I v

&
n
+ 3O, 3T 3 )
=1

*

For &, note the definition of j? that A(t) (W(?, v) and note the increasing property of Agt) in this
case and A( )'> 0 with high probability, we have (w(h), v) > 0. It follows that

1 t 1 t -
Zyzyl (Wi VT IVIB = Y widic (W T IVIE+ YD vl - (w ) v)Ig
1€S1 i€S_1
&
t —_
= wiae” (w1 IvI3
1€S1
~ (t ~(t —1
— (T wd”) v )’
i€S,
1 - —1
=ny- (p— 3 £0(1) - IvI3- (AF)", (A17)

For %, similarly we have

n
S oWy v IVIE = Y o W I VIR + D b = w v v
=1

ho
J
1€85] €S’

*

= > Uw Vv

1€85]
-(x bE“) vl - (R)"
i€8]
1 _ _
= - (5 Eo(1)) - VI (AP)". (A18)
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According to Lemma A.7, (A.17) and (A.18), we have n)j = o(n;) with high probability, therefore
1 = _
bk =ni-(p—5+o(1) I3 (A),
leading to

N gnn 1 NON !
A > (1) (wil v (0= G o) - v - (AL

_ 1 - 1
=(1—n\) A 4y, (5 —p) -0(d) - (A)"
And we can prove in a similar way that

_ _ 1 _ —
AT > (0= AY - (5 -p) -0() - (A7)
O

In this case (p < 1/2), given a small amount of labeled data, downstream task parameter a will
learn the negative direction and the main theorems still hold.

A.4.2 UNIFORM UPPER BOUND FOR I'(¥)

The following lemma provides an upper bound for the increasing rate of T'().
Lemma A.11. For I‘Et) = maX;e[am]{Wy, &)1 € [nu], I‘,'i(t) = max e(am)(Wy, &)1 € [ni],

r® .= max{max;e[n,] th), MaX;en] Fg(t) }, we have with high probability that

_ N - 1+2€ _
D < (1 —pA) - T + - max {@(dz“e), @(dn)} AT i e ),
u

1+2¢

e )} ()i € [,

I < (=m0 -T + 7 max {é(dé”e)v o

and

- 1 . d1+26 1
DD < (1 —pA) - T® 45 max {@(dz“f),@( )} ()T

Ny
where ¢ < 1/8.

Proof of Lemma A.11. We first prove the former inequality. Let j* = arg maxj<j<am (W §t+1) &),
where | € [n,] is fixed. According to Lemma A.2, we have

rY = (witg)

(t
= (L) - (wi? &)+ (Zyl wi? &)1 (€. &) +Zyu wi?, «>}i‘1<sz,sl>)
TN =1
< (- (g + (Zc“ O eyl e el + 3 b0 ;>}i—1|<zg,a>|),
=1
L] *
(A.19)

where the last inequality is due to triangle inequality.

For &, note that [ € [n,] and there exists an i € [n,] equivalent to /, it follows that
Zc“) w11, &)

&
= N w D N (€ &) + Vw0 113 (A.20)

1€ [ny],i#l
(ny —1)- (% + o(1)) - O(dz ). (T 4 (% + 0(1)) LO(d"2) - (1)
= (n,—1)- é(d%+2e) . (F(t))‘l—l + é(d1+26) . (F(t))q—l

IN
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where the inequality is due to Lemma A.5, ||&|3 = (:)(daf)) = O(d*%), |(&:, &) = (d2o ) =
O(d=12¢) according to Lemma C.3 and the definition of T'(®).
For %, we have

SOl €117 (€1 €] < (5 +o(1))-B(d3+2)- (L) =y B(at ). (rO)*"

i=1

*
(A.21)
Plugging (A.20) and (A.21) into (A.19), we have

(et m = 1) B(aE) @(d1+26))> ()

I <@ —pn) -1 4 (n e
1 u

)
" . 1+26
g(1—17)\)-1“1(H—n-max{@(dzﬂ6 }

which is the first part of this lemma.

Let j* = argmax < j<o,,, (W (t+1)7 &), where [ € [ny] is fixed. According to Lemma A.2, we have
t+1 t4+1

Y = (wi. )

ny

= (1) (W gy 4 T (ZA Dw e e €) +2y7b“> {0 e <s“sl>>

n + Ny Py
("
< (=) - (wyl, l>+m+n(zc£t>[<w§? DR IES S N it 1|<sz,sl>)
YN =1 i=1
L) *

(A.22)
For &, we have

Ny

Zc(t j* ’& N &) < Z (%io(l))-é(d%“e)-(f‘(“)q—l _ nu,é(d%-‘r%)_(r(t))(I—l
i=1

&
(A.23)

(€, &)| = ©(d202) = ©(d7*2¢) and the definition of

r®.

For %, note that [ € [ny] and there exists an ¢ € [n;] equivalent to [, it follows that

ST nw enT e €

i=1

*

= > oUW NI €] + b [(w D, enT g (A24)
i€[m),i#l

1 ~ 1 - 1 ~ —
(m —1)- (5 +o(1)) - (i) (1) 4 (§ +o(1)) - 62 - ()"
=(m-1)- é(d%—ms) + é(d1+2e) . (F(t))q—l
Plugging (A.23) and (A.24) into (A.22), we have

IN

DD < (1 —pa) - TIOHD 4yy. (nin : ((nu Fy—1)-O(dE ) + é(d1+25))> L(r®)e?
1 u

~ 1 - 1+42¢ _
< (]. — 77)\) . ]_";(H—l) + 7 - max {6(d2+26)’ @(d )} ) (F(t))q 1’

Tu

which verifies the second inequality in this lemma.
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Note that T'®) = max{max;e[n,] Fl(t),maxle[m] F;(t)}, without loss of generality, we assume

)

'™ = max;epy,] I‘l(t) and assume [* = argmax;c, | I‘l(t+1 , we have

- - d1+25 _
T =D < (12 p0) - T 41 - max {@(dé“E), @( ) } Ty

Ny
. . . 142¢ _
<(1-n\)-T® 4y maX{@(dQJrQE)’@(dn )} A(TO)"

which verifies the third inequality in this lemma.
O

A.4.3 TENSOR POWER METHOD: PROVING I'¥) = O(T(9)) DURING [0, T}] AND COMPUTING
THE MAGNITUDE OF T

In this section, we first show that off-diagonal correlation ([\9) forp > 1/2 and 7\&” forp < 1/2)
remains initialization magnitude during [0, T}]. If the accuracy of pseudo-labeler p > 1/2, we have

off-diagonal correlation A < (1 — pA) - A" for r € {1}, therefore, A = O(ALY) =
O(d=1%). If p < 1/2, we have off-diagonal correlation AU < (1 —nx)- A forr € {£1},
therefore, A" = O(/A\q(ﬂo)) = O(d~1). In this paper, we mainly focus on p > 1/2.

According to Sections A.4.1 and A.4.2, we have obtained following upper bounds and lower bounds
for feature learning term AP A re {#1} and noise memorization term I'¥: When t € [0, T}.],
we have

AD > A0 4 (2p—1)-0(d) - (AD)e T and ACHD < (1 —nA) - AW, forr € {£1};

. - 1+2¢
D < (1 —nA) - T'® 4+ 5 - max {@(déwe), @(d )} (D®ya—t,
N
(A.25)
According to Condition 4.1, assume n,, = 2(d*¢) and note that € < 1/8, we have

d1+2e

max {é(di“e), 8( )} = max {©(d4 %), 0(d' )} = O(d' =),

Ny
leading to _
re+h < (1—nA)- r® 4q. O(d* %) . (F(t))qfl_

By leveraging tensor power method introduced in Lemma C.4, we can prove following lemma about

the magnitude of I'(*):

Lemma A.12. T®) remains initialization magnitude during [0, max,. 1T

Proof of Lemma A.12. Let T be the first iteration ¢ in which A" > A for r € {&1}, let T* be the
first iteration # in which T'(¥) > A’, then according to Lemma C.4, we know

> < g 02(1+§)q—1<1+10g<A/x0)>,

+ .
20,2, <A (1= (1 +0)" 2y e log (1 + 9)
Z > §(1— (zo/A)772) (148 @14 log (A/z0)
>0,z <A777 (L+0)7 (1= (1+8)~(@=2) 2 Cy ! log (1490) )
And it follows that
n-T7 < i +n-02(1+5)Q1<1+10g(A/M0))>
T - (1+0)-@2)A" ¢, C log (1+0) )’
5/(1 — (I’o/A/)q72) log (A//F(O))
. T* > —n-(1 5/ —(g—1) 1 WA /L)
T G- o e rog 0T T log(1+9) )0
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where Cy,Cy = (2p — 1) - ©(d) and €}, C) = ©(d'~2¢) according to (A.25).
Taking A = ©(1/m), A’ = C - T) where C is a large constant and C' = O(1), § = &' = L and
note that A\ = O(ood?) = ©(d~3),T(© = O(0g0,d?) = O(d~31¢), we have

n-TF<O(d 1)+7-6(1)=06(d" 1), (A.26)

and
n-T*>0(d 1) —n-0(1) = O(d"it). (A27)
Therefore, combining (A.26) and (A.27), we have - T™ > é(d_%Jre) > (:)(d_%) >n-T),leading

to T* > T for both r € {—1.+ 1}. This indicates that when A{” | A") reach ©(1/m), T*) remain
the same magnitude as initialization. [

By leveraging tensor power method, we can also estimate the length of Stage I, i.e. T7,7T_1, by
applying tensor power method. To use tensor power method, we need to upper-bound the increasing

speed of K&t). We have the following lemma:

Lemma A.13. For r € {1}, we have with high probability that

o~ N 1 A B
R > (1= - A0 +-q(p— 5 —o() - IVI3- (RO)" ",

—~ —~ 1 ~ _
R < (1 =) - A0+ q(p - 5+ o(1)) - IIvIl3 - (A¢)*™"

Proof of Lemma A.13. Let j* = argmax1§j9n<w§t+l),v> and note that uj« = lp<jc, =
1jnt1<j<am) = 1, then we have
A(t+1 t+1
Ag )=<W§-* ),v)
t t —1 ~ (1 t —1
= (L=mA) - {wiov) o+ (Zyzyz wil IR+ D2 vl [ (wi? I vl
1 u i€Sq 1€S_1
»
t) q 1 2 t) (t q—1 2
T (S U I 36wl v ).
€8] €8]
*
(A.28)
For &, according to Lemma A.6, we have
t t t t —1
S widic (W VITHIVIE+ Y vl - w1V
i€S i€S_1
*
=-n —E:I: 1)) . (t) q—1 2 ) —E:I: nY).— (t) q—1 9
=ni-(p—gxo(l)) - [(wi VLIVl + 71 (p— 5 £0(1) ) [—(wp, V)L IvI;
1 ~ —1 1 - -1
< (p—g o) - IvIE- AP+ (p= 5 o) - VI3 - (AY)?
1 ~ -1
=i+ (p—5 o)) - VI3 (AF)"",

(A.29)
where the last equality is due to Agt) = w(]\(_t)l)
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For %, according to Lemma A.5, we have

t t _ t t —
> w I IVIE+ 3 0 = (w3

i€8] i€8]
*
1 _ 1 _
= (5 £00) - (Wl I IVIE + 0Ly - (5 £ 0() - =Wl VIS IVIE (A30)

1 ~ — 1 - _
< (5 40) VB (RO 4l (5 +00) - IvIE- (A"

2
1 ~ _
=nj - (5 £o(1) - IvIE- (A)",

where the last equality is due to A\ = w(A)).
Plugging (A.29) and (A.30) into (A.28), we have
N(t+1
Al

-~ qn 1 ~ -1 1
su—m»ﬂ”+@r@—2im0wM@oﬁw +ni- (5 £00) - IVI3

ny + Ny

~ 1 qnn 1
=(1—nN)AD+ I (- 1001 N L +
(1—n))-Af +m+nu(p > <>)nu2<1) m+nu(2 o )Hn2(
!/
—(1— .K(t) _7:|: n A(t
(1= R e (2 (= g o) + =T (5 VI3 -
— (1 -\ AP+ g ) o) v (At)q_
B g an- n1+nu P n+ny 2 © V2 1

(A31)

Note that we have already proved in (A.9) that

o~ - n 1 n/ 1
A§t+1) <(1-=n\)- Agt) +qn- ( LI (p - *) + L. = To(1 )) ||V||2 ( (t))

n + Ny 2 n+n 2
-
(A.32)
Note we have already prove in (A.10) that
ny 1 ) n} 1 1 ( 1 )
Ap— = == (p=Z)+001
n; + N ( 2 +n1—|—nu 2 2 p 2 o(1)
-

Therefore, we have

~ 1 -~ 1 -~ —1

A > (=) R 4 qn- (p— 5 — o) - IVIE- (A1),

-~ 1 -~ 1 > -1

R <=0 AP 4 qn- (p— 5 +0(1) - IV~ (A1)
In a similar way, we can prove that

~(t+1 ~ 1 -~ -1

R = (=m0 - A +gn- (p— 5 —o1)) - VI3 - (A1),

~ 1 -~ 1 -~ —1

R < (0=m) R +an- (=5 +o(1) - IvI3- (R4,
which completes the proof of this lemma. O

Lemma A.14 (Length of pre-training). For r € {£1}, let T, be the first iteration that A® reaches
O(1/m) respectively. Then T}, = ©(d~1)/n forall r € {#1}.
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Proof of Lemma A.14. By leveraging tensor power method given in Lemma C.4,

Z 0 < o tn- 02(1—1—6) <1+log(A/xo)>’

20,0, <A (1= (1 +0)~(=2)zoCy Gy log (1 +9)
o(1 — (QIQ/A)q_2 IOg Alz
Z 77— 1 §q 1(1 1 ) q)2) C -—n- (1+5) (a— 1)<1+1E1{i‘§;>’
10,2, <A + (1= (1+0)~@=2)oCy og
we have for r € {£1} that
0 Co log (A/A)
77~T:: n< — +n- (1+5) (1+ 7
t>0%;><,4 1-(1+ 5)*(‘1*2))/\50)6’ 4 log (1 + 6)
) ) (4) (i1)
5(1— A)1—2 2(0)
n-TF = Z > (1= (w0/4)"7?) - n-(14+6)" (ql<1+log(A/Ar)>7
0,8 <A (148)1 (1= (1+8)-(2)A" Cy log (1 + 9)

(444) (i)
where C1 is taken as ¢(p — & — o(1)) - [|v||3 and C5 is taken as ¢ (p — 4 + o(1)) - || v[|3 according to
Lemma A.13. Taking 6 = 1, A = ©(1/m) and note that terms (i), (iv) are respectively dominated
by terms (), (i) when 7 is sufficiently small and letting kK — oo, we have

1 1
O {lower order terms} < 7 - TF < KO) ~
AT Cg Ar C11

+ {lower order terms},

for r € {£1}. And it follows that

1
n-Tr = + {lower order terms}. (A.33)

"oalp-)IvI3-AY

And by Lemma A3, we have - T* = ©(1/q(p — 1) |[v||3 - \/log(m)ao||v|2) = ©(d—3/*), which
completes the proof. O

The discussion in this section verifies Lemma 5.3 and provides a clear understanding about how
AP AY varies within the iteration range [0,T;] for r € {£1}. Note that the iteration numbers

when /A\gt) and K(j)l reaches O(1/m) (T} and T_,) are different, however, since 7_; and T3 have
the same magnitude, it remains clear that although 77 # T (wlog, assume 77 < T_1), we still

have 7\5” = O(1) and Agt) — O(d~1) within the iteration range [T}, 7T_1], since off-diagonal
feature learning also costs time no less than order ©(1/n0¢||v||3+/logm), which is higher order
than |7} — T_1] = ©(1/noo||v||3logm), according to (A.33) and Lemma A.3. Therefore, at

time Ty := max{T},T_1}, off-diagonal Agt ,]\(t)l still remain initialization magnitude 6( ’%),
th), F(_t)l remain initialization magnitude 6(d 4+E) while on-diagonal Ag ), A( 1 reach and then
remain O(1).

A.5 PROOF OF LEMMA 5.2
If we only use labeled data S’ for the optimization of CNN, according to Lemma B.1, we have

wit = wl vy, Ls/(W)

=(1—n\) w4 ”“sz vi(wjyh - Syl v + [(wy, €015 - €,

=1

where u; := 1< j<m) — Dpmar<am) B = —0 (- fw (x})) = expl—y, - fw (x))]/ (1 +exp[—y} -
Fw ().
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Notice that v and 52 are orthogonal to each other, we have

ny
qnu; B
(Wi v) = (=) i)+ S B0 (el v,
ny
qnu; ;
(708 = = (o7 + S5 0 o €T ()i € o
=1

Let 77 be the first iteration that Fg(t) reaches ©(1/m), then we have following lemma:

Lemma A.15. Aslong as F;(t) < 0(1/m), bgt) =0y} - fww (x;)) will remain 1/2 £ o(1).

Proof of Lemma A.15. Note that £(z) = log(1+exp (—z)) and —¢'(z) = exp (—z)/(1+exp (—z)),

t

and without loss of generality assuming y; = 1, we can express bl(- as follow:

e o (Wi V) +o(wit) €0))]

7o (W v)+o((wi? gn))] 2 [o (Wi ) +e((wP e’
e +e

b,gt) =L (fwow(x)) =

Since 0(<w§-t), £)) will dominate O’(<W§»t), v)) , which will be proved later by using tensor power
method, we have

X i [o (Wi ) +o((wit )]

. m a’((w(t)E y){+lower order term} _|_€Z] T s lo((w (f)’v>)+a'(<w§t),£;>)]a

bgt) =l (fwo(x)) =

On the one side,

1
b >
e ey o({w; ,5;)){+lowerorderterm}_~_1
1
- em(F;(‘))‘l{Jrlowerorderlerm} 41
1 1 1

> = =
T e®mT) 411 240(1) 2

On the other side, according to Lemma 5.4, we have ]\9 = (3(d‘ 1 ), it follows that

o) < (AT ro()
i = T o((wy)}g;))jL{lowerorderterm} + em(/’\ﬁ”)qﬂ(l)
B 1+ 0(1)
e Ty o‘((w;t)ﬁ;))-&-{lowerorderterm} +14 0(1)
1+o0(1) 1
T~ — 4 o(1).
S Thitom —2+teW
Therefore, we have bgt) = 1/2 4+ o(1) and the other case of y; = —1 can be proved in a similar
way. O

With the help of above lemma, we are now ready to prove Lemma 5.2.
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Proof of Lemma 5.2. Let j* = argmax1§j§m<w§t+1),v> and note that u; = 1, according to
Lemma A.15, we have
A = <w§-i“>,v>
qn _
=(1-n\) Zb“ O T v 13
CI?’I qn —
:(1*77A)~<W§9, Zb w4 v+ o 2 b 1w, v 13
165’ ZES’
— (1) w® vy 1 (t) =112
= (1—n) - (Wl v) Z Vv
zGS/
&
q77 (t) . q—1 2
ey (5 2 o)) (w2~ w13
€S’
*
(A.34)
For &, we have
1 () \jg—1 1 ) \qg—1y.12
> (520wl I IvIE =) - (5 £ o)) - (w1 v
1€S]
5 (A.35)
’ 1 2 (A()yg—1
<ni- (3 £0) - IvI3- AY)
For %, we have
1 (t) G112 _ 1 1 (t) a—1)012
> (52 o) Uws?, = IvIE = nly - (5 £ o)) - [(wi, —v))i v
€S’
A.
¥ (A.36)
1 = _
<nly- (5 x0(1)) - IVIE- AL

By plugging (A.35) and (A.36) in (A.34), and according to Lemma A.8, we have with probability at
least 1 — 40 that

A < (1 =) - AP 4+ q”(n’l . ( ) V]2 (RD)1 4. (% :I:o(l)) )2 (Au)l)ql)
SR (( b i) - (3 o) V13- G
R ) g )

~ 1 NG 1 - _
= (1= A +qn<<4 +o(1)) - VIl - Ry~ + (1 io(l)) Ivli3 - (A% )
= (1= - A 4y 0@) - ()2 + (A1)
And we can prove in the same way that with probability at least 1 — 49 we have

R < (1 —mh) - R - ) - (R + @),
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Let j* = arg maX,, +1<;<2m <Wj(-t+1), v) and note that u; = —1, we have
T (t+1 t+1
AT = (wi™ )

q7l (t) q—1 2
= (1)) (wi,v) bWyt v
Z ? (A37)

<(1—nA) - (Wl v)

(1—nA)- A,

IN

And we can prove in the same way that Al tH <(1-—n\)- /_\(_t)l

") where | € [ny] is fixed. If y; = 1, let j& =

Next, we consider the increasing rate of I’
argmax < jgm<w§-t), &]) and note that u; = 1, we have

> (Wi g
qn
=(1—n\) - (w' &) Zb” oUWl et g€

= (1-nn) - (w, l>+%’l’b§”[< wi el gE + T bOywl) enle el &)

! 1€ [n],i#£l
=(1—-n\)- <W(?7 1)+ %]bl(t)K (?, i Y||€11|12{ = lower order terms}
qn (1 g
> (1=X) T+ T (5 —o(0)) -l - (1)

1
= (1 =nA) T 40 B(d ) - (e,

(A.38)
where the third equality holds if we properly choose the order of A.
Ify, = —1, let j* = argmaxm+1§j§2m<w§t),52> and note that u; = —1, we have
t+1 t+1
FZ( ) 2 <W§-u+ )7£l/>
ny
qn
=1 - (Wi, &) - ;1 Zbi”y; Wl et g
qn _
= (=N - (wid &) + o [(wlD et g3 - > bW N &)
™ 1€[n1],iF#l
q
= (1=n\)- (w', &) + ”bE”K 40 €019 [1€113{ lower order terms}
an 1
> (=) T+ T (2 —o()) - g3 - (0 )e-
n
_ (1 _ /(t) Q(Jl+2e (t)yg—1
=1 =nA)-I}7 +n-0(d ) (7)1,
(A.39)
where the third equality holds if we properly choose the order of \.
According to (A.38) and (A.39), we always have
L 2 (=) T - B2 - ()
O

A.6 PROOF OF LEMMA 5.4

(t)

By applying Lemma C.4 to T'\") and taking Cy = ©(d'1%), § = 1/2, A = ©(1/m), we have

> a<en/ar?) =8 i),

t>0,r{"<A
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And note the definition of Tl’ , we have
0T =6(d17%), (A.40)
In Lemma 5.2, we have already prove that
D < (1 =) - B9 +0-0(d) - (RD)~ + R0,
ASFD < (L—pn) - A € {13
Define A := maxre{il}{f&g), ]\Ef)}, according to (A.41), we have
AED < (1 —pX) - AD 4. 0(d) - (AD)a 1,

(A41)

By applying Lemma C.4 to A*), and taking C; = ©(d), § = 1/2, A = C'- A(9), where A is a large
constant, we have
S n=01/CA0) =6(dr).
t>0,A()<A
Let 7" be the first iteration that A® reaches C' - A9, then we have
n-T =0O(d 7). (A.42)
According to (A.40) and (A.42), we have T’ = w(T}), which indicates that when '™ reaches

7 %

. o e, . . . =~ 1
O(1/m), A® remains initialization magnitude ©(d~ 7).
A.7 EMPIRICAL, TEST ERROR AND LOSS FOR EARLY STOPPED CLASSIFIER

Assume the accuracy of pseudo-labeler p is larger than 1/2. We first estimate the empirical loss
for early stopped classifier fyy(r,), where Ty = maxre{ﬂ}{Tr} and 7. is defined as the first
iteration that A\") reaches O(1/m). According to Section A.4.3 and Lemma A.12, we have AT =
O(1), A" = O(d=1),T® = O(d—1+¢), for r € {&1}. We have the following lemma:

Lemma A.16. Early stopped classifier fyy(ro) (X) possesses following properties:

1. Training error of early stopped classifier fy(ro) (X) is asymptotically 1 — p: nu}rnl (> 1y, -
Sweo) (%) <0+ Y200 Ayf - fyyero (%}) <0]) =1 —p=£o(l).

2. Test error is nearly 1 — p, if we use pseudo-label § generated by pseudo-labeler as target:
Pxy)~D, g~y Bp) [ fw o) (%) < 0] =1 —pEo(1).

3. Test error is nearly 0, if we use true label y as target: Py ,)p[y - fyw ) (x) < 0] = o(1) and
hence sign fy (7o) (x) = sign(y) with high probability,

where p is the accuracy of the pseudo-labeler. We can regard p as the probability that x; is paired
with true label y;, 1 — p is the probability that x; is paired with wrong label —y;.

Proof of Lemma A.16. Recall the definition of fy in (3.1) that

m

Jfwo (xi) = Z [o(<w§-TO), yi - v)) + 0(<W§TO),&>)}

=1

T T
= 20 o™ v) o () 6)].
j=m+1
According to Section A.4.3 and Lemma A.12, we have AT = o(1), AT = O(d=%),1® =
max { max;ep,,] th), max;en,] I‘;(t)} = O(d~3te), forr € {£1}. If y; = 1, we have following
lower bound for fvy(rp) (X;)

fw(TO)(Xi) = Z [O’(<W§_T0)’v>> + U(<W§TU)7£i>):| _ Z |:0'(<W§TO)7v>) + U((WgTo),&»}
j=1 j=m+1

> (R (0) = m(A) (™)’

> (K§T°>)q{— lower order terms},
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and following upper bound for fyy(ry) (x;):

fw(To)(Xi) = Z [O’(<W§To)’v>) + U(<W§TO)7£Z,>)} _ Z {J(<W§T0)7V>) + J(<W§TO);€1‘>)}
J=1 j=m+1

< m(KgTo)) (P(TO ) — (A(To)) (Fz(‘TO))q

< ([A\gTO))qH— lower order terms}.

If y; = —1, we have following upper bound for fyy(ro) (X;):
m 2m
Fwero () = 3 [o(— (Wi v)) +o((wi™ &) = 30 [o(— (W™ v)) +a((wi™, €)]
J=1 j=m+1

< m([\(ﬁj))q +m(F§T°))q _ (KST{)))Q _ (FETO)>q
- (/A\(_Tf))q{-i- lower order terms},

IN

and following lower bound for fyy(ry) (x;):

m 2m

fw(To)(XZ‘) = Z |:CT( — <W§TO)’V>) + U(<W§,T0),€i>)} _ Z {0’( — <W§T0),V>) + O’(<W§To)’€i>)}

j=1 j=m+1
> (AUD)+ (007~ m (R (r)"
> —m(l_X(_Tf))q{— lower order terms}.
Therefore, for unlabeled data, we have y; - fy ) (x;) € [(1—0(1))- (A§F)ya, (m+o(1)) (AT )7]
and hence sign ( fyy (1o (x;)) = sign(y;) holds with high probability. We can also prove for labeled
data (x}, y7) that y; - fycro) (x}) € [(1=0(1))-(A5*)7, (m+o(1))-(AL;*) ], sign (fwero (%)) =
sign(y;) in the same way.

Note that g; takes y; with probability p, —y; with probability p and n; = o(n,,), the first statement
in this lemma follows obviously.

To prove the other two statement, we need to give an upper bound for the norm of w;. According to

the update rule of w§t)

qnu; — _
Wit = (1) wif) g (Zczyz Wiyl v w600 - &)

nl+nu

, we have

+szyl O 4y >]i1-y£-v+[<w§”,€§>]‘i1-&2)),

leading to

Wi e < (=) - ' ||2+M-(Z([< o I vl + vy €015 [€l2)

i=1

+Z Wi gy 11-||v||2+[<w§-”,s;>1i—1-||e;||2>)

< (1) - w2 + '<(n1+nu)'||V2'( max {A®,A0})

n + c{£1}
(X lela+ X lells) - ()"
1€[ny] i€[n]

< Wil + - (G(df) LO(1) + O(dE+e) - 5(d(q—1><—%+e)))

= [ w2 + 7 - ©(d?),
(A43)
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where the first inequality is by triangle inequality; the second inequality is due to the definition of
Aff), Kﬁt), I'®), the last inequality is due to Lemma 5.3.
According to Lemma A.14, we know that T}, - = ©(d~3),r € {+1} and Ty -5 = maXTe{il}{T

1

n} = ©(d~1). Note that w§-0) ~ N(0,021,),00 = ©(d~ 1) and hence ||w( )||2 = O(d1), we
know that

w2 < wi” la +7- Ty - ©(d ) = O(d ) + 6~ 1) = 6(d 1),
Therefore, for any (x,y) sampled from distribution D where x = [y - v, £7]T and & ~ N(0, o),
we have

(T T (T T 1.
(Wi &) ~ N0, 03 [wi ™ [5). [(w]", )] = O w™[l2) = O(d~++). (Add)
And this indicates that (w jTO) ;&) will still be dominated by (w (To) v), therefore it holds for newly
sampled (x, y) that
Y- Fwero (x) € [(1=0(1)) - (AT)7, (m + o(1)) - (AT)7],
which means that
]P)(x,y)ND [y : fW(Tl)) (X) < O] = 0(1)

This verifies the third statement that test error is nearly zero.
For the second statement, note that

P o)~ gy B [0 - Fwero (x) < 0]

= ]P)(X,y)ND [y : fVV<To)( ) |§ y] g~y-B(p) (?/J\ = y)

+ P,y op ¥ - fwvro (%) <07 =~y Pjey.80) (¥ = —y)

=p- ]P(x,y)ND [y : fW(To) (X) < 0] + ( ) : P(x,y)ND[y : fW(To) (X) > O]

=p-o(l)+(1—-p)-(1-0(1))

=1—-p=xo(l),

which verifies the second statement. O

A.8 DOWNSTREAM TASK

For downstream tasks, we use early stopped classifiers, which are stopped when on-diagonal feature

/AX(t are learned while off-diagonal feature j_X(t) and noise I'®) are not memorized. Assume we have
learned K early stopped classifiers f ) (%), f (TK)( x) by using n,, pseudo-labeled data

generated by pseudo-labeler f{',--- | f A and ny labeled data.
Then, we want to design a classifier on the learned representation fw(T(} (%), -, f TK)( x) to fit
1

y. Here we consider training a downstream linear model

K
x) = Z akfwm’f) (x)
k=1 k

where ay, 6 R denotes the weight as the k-th pre-trained model. Given labeled training data S” =
{(x}, y}) ™, we want to optimize the empirical loss function

Lg/(a) = a Zg(yz/‘ ’ ga(X;));

where £(z) = log(1+ exp(—=z)) denotes the cross entropy loss. We initialize a as zero and optimize
empirical loss function by gradient descent, i.e.

al*h) — a®) _ . VaLe(@®),a® — 0.

In order to estimate the training error and test error for downstream task, we first introduce following
lemma about the increasing rate of Ha(t) H1
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(t)

Lemma A.17 (Logarithmic increasing rate). For any learning rate 7 > 0, a,,” will always increase

for any k € [K] and hence [|a® ||, = 37, a{"”’. And it holds that [a®]

. = O(log(t)).

1o we introduce and prove the following lemma:

In order to give the increasing rate of Ha(t)‘
Lemma A.18. Consider following sequence {x;}72; with
Typ1 =x¢+C-a” "z =0,
where a > 1 and C > 0 are constants, and it follows that
1oga(lna-C-t+l) < x4 Sloga(lna-C-t—i—l) + C,

and
C

— < —
TeH1 = T = C-lna-t+1

Proof of Lemma A.18. Note that
Tit1 —X; = C.-a™™ < a" ($i+l — xl) = C,

by adding up above equation from ¢ = 0 to s = ¢t — 1, we have

t—1
Zam(xiﬂ —x;)=C-t
i=0

Tt
— a*de > C -t
o

a® — a®°
= ——2>C"t
Ina

== ad"*>C-lna-t+1
{ thIOga(C-lna-t—&—lg,
Ty — 2 =C-a™" < o
where the first arrow is due to a® is monotone increasing.
On the other hand,

a,:Ei+1 — awi-‘rC'aizi — azi ) aC'CLiZi S awi . aC/(ClnaH—l) S awi . a07
which implies
t—1 t—1

Zawwrl . (xi+1 _ xt) < a® Zali . (;CZ-+1 — fEi)
i=0 =0
t—1
:>Zazi+1 . (xi+1 _ zz) S ac . Ot
1=0

Tt
2/ a®dr < a© - Ct,
o

where the first arrow is due to (A.45) and the last arrow is due to a” is monotone increasing.
This leads to
Ty Sloga(lan-aC-n—Fl)
< loga(lan-ac -n—l—ac)
=log, (lna-C-t+1)+C
Therefore, we have
1oga(lna-C-t+l) < x4 Sloga(lna-C-t—i—l) + C,

and
C

T —
Te41 = T = Ina-C-t+1

39

(A.45)



Published as a conference paper at ICLR 2023

Now we are ready to prove Lemma A.17.

Proof of Lemma A.17. Note that we take downstream task linear model g, (x) as

d m
94x>—»§jak{§j[ (wild sy v)) + o (Wi, €)) |

Jj=1

=3 oy w>+o«w$%sﬂG

j=m+1
d
Z (To

Then, we have following update rule for model parameter a:

1
(t+) Zé’ Yi - gao (x7)) 'ygfwm’;')(X;)’
k

where we initialize aio) as zero for all k € [K].

Next, we prove following statement by using induction method: when ¢ > 1,
. a,(f),Vk € [K] is non-negative and increasing.

- K (t)
* 2@, =3 @

s af " =al) +0-6(1) - (exp (— |laW]ly - 6(1)), vk € [K]
Note that aECO) = 0 forall k € [d] and therefore g, (x]) = 0, (¥} - gao (x})) = £'(0) = —1/2,
1
a) =a) — - — Zf’ (Yi - Gao (X)) - Ui fcop (X))
ny i W,

0
—a® 4. o Zyz wirh () =75 ZyZ it () forall k € [K].

Note that the accuracy of the k-th pseudo-labeler p, > 1/2, accoring to the proof of Lemma A.16,
we have

)= 3 [T k) + (T )]

Jj=1
= Y [l v + o (i )]
j=m+1

=Y @((Aégo ))q)’
for all k& € [K]. Therefore

n)
o_ 1 Z /
%= 2m = yifWLTgf) .

A(T)
: @((Ayg %) >0,k € [K].

NAES]

It follows that

la®l, = Zla”)l Za?
=1
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Note that
K
1
Y- Ga () = v+ D0l f g (%)
k=1 k
= (1)
_ 1 /
—;ak <yz fW;TéC)(Xl))
K
ok (A.46)
_ Z ag) . @((Aézo ))q)
k=1
K ~
=Y a - 601)
k=1
= la®|l; - 6(1)
This leads to

! !/
Oyl gan (X)) = — exp (=¥ - ga (X}))
(W~ 900 (%0)) = = 4 S g g ()

=—c- (exp ( -y 9a<1>(X;)))
= —c- (exp (~ a1 - 6(1)),

where the second equality is due to ¥} - ga) (X}) > 0, exp (=¥} - o (x})) < land ¢ € (1/2,1);
the last equality is due to (A.46). It follows that

1

2 1

0 = a3 g () - iy ()
i=1

=af +n-c-8(1) (exp (— aVs - 6(1)), Vk € [K]

where ¢ € (1/2,1). By then, we have already proved the induction hypothesis of ¢t = 1.

Next, assume the induction hypotheses hold for ¢. For £ 4+ 1, we have

ny

1
t+1 t t
ot =a) — - o~ > (Y g (%)) il et (%5) > a) > 0.
=~ k
<0

>0
And it follows that
K ~
2Dy =" alf ™ and g - gaein (x)) = 2V - ©(1), (A.47)
1=1
leading to
O (17 gacesn (x) = =+ (exp (= a1 - B(1)) ) e € (1/2,1),
and

a](€t+2) - affﬂ) +n- é(l) . (exp ( _ ||a(t+1)H1 . é(l)))’v]g € [K].
This indicates that if induction hypotheses hold for ¢, then they holds for ¢ 4 1.
Adding up k € [K], we can obtain

la® |, = ||a(t)||1 +1- 6(1) - exp ( — (:)(1) . ||a(t)H1) (A.48)

According to Lemma A.18, we know that ||a(t) I | = log t/©(1){+ lower order terms w.rt. t}. [

The following lemma gives the convergence guarantee of downstream task:
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Lemma A.19. (Convergence Guarantee) For any learning rate > 0,

e
|VaLs (a®)]; < SO0 R V2Ls(a) = 0 for any a € R?,
n-O(1)-t+1
which means within polynomial steps, gradient descent is guaranteed to find a point with small
gradient.
Proof of Lemma A.19. Note that

K

[VaLs (a®)||; = Z |0, Ls: (a®)]

k=1

K
= Z Oay L (a'?)
k=

B i agm o)

_ e ||1 — [l

n
then according to Lemma A.18 and (A.48), we know
01
la® ||y — fa®, < —1 00 (A.49)
-O(1)-t+1
And it follows that B
O(1
[VaLs (a®) < —oH
n-O(1)-t+1

which shows that within polynomial steps, gradient descent is guaranteed to find a point with small
gradient.

Note that

0oy Ls(a Zél Yi - ga (X)) 'yéfwiTg)(X(i%

ny

1 .
aakaajLS’ (a) = El Zgll(y; *Ga®) (X;)) ) (f () (Xi) ) fW(Tg)(Xi)> for all k7.7 € [K]7

i=1 Wi i
.
Denote fW(Tl (x5), - ,f (TK)( )} as fw~ (x}), then
ViLs(a Ze" i+ gao (1)) - (e (x0) - - (x)) ).
Note that fw*( 1) - fw-(x])T is a non-negative definite matrix, ¢”(z) = exp(—2)/(1 +

exp (—z )) > 0 and the fact that sum of non-negative definite matrices is still a non-negative definite
matrix, it follows that V2 Lg(a) = 0. O

Theorem A.20 (Restatement of Theorem 4.3). Under semi-supervised learning setting, for down-
stream task, suppose K early stopped classifiers { fwz}ff:l are obtained after the pre-training of

K CNN models finished, and after Ty, = ©(d"!/n) iterations with learning rate n = O(1),
then we can find a linear model a(”4t), which satisfies: Both test error and loss are nearly 0, i.e.

P)~p[¥ - Gacrao (%) < 0] = 0(1), Lo (€(y - gacran (x))) = o(1).
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Proof of Theorem A.20. For test error, we have

K
Py - Gamao (%) < 0] = Piey)nn {Z ") (y - fw; (%)) < 0}
k=1

K
= P(x,y)wD |:Zal(cht) . 6(1) S O:| = 0(1)

k=1

(Tat)

where the last equality is due to a,, “*” > 0 according to Lemma A.17.

For test loss, we have

Lp(U(y - garan (X)) = Ex )~y * Gacran (X))],

i.e., we estimate for newly generated data (x, y) the magnitude of £(y - g, (x)). In order to do so,
we will first estimate £(y} - g (x;)). Then, we will show that £(y - g, (%)) and £(y] - ga (X))
nearly equal to each other.

According to the update rule of a](f), we have

1
(t+ ) _ ZE Y+ G (X )) 'yng(Tg)(X;)'
k

Adding up the above equation for k € [K], we obtain

ny

[a Dy = a®@ |y —n- Z" Ui+ gaw (x yzzf )

And according to (A.49), we have

2D, — ]a® ] < L(l)

n-60(1)-t+1
therefore it follows that
ny K
e(1)
R Zé’ yz ga(,) Z (Tk) W

Note that K = ©(1) and for all k£ € [K] we have y, - fw(Téc) (x]) = O(1), it follows that
k

R <6
Zﬂ Ui gaie (x0) < n-0(1)-t+1

Note that n; = ©(1) and according to Lemma A.8, there exists a positive sample (x;,,;, ) and a
negative sample (x;,, y;,) with the property that

Oy, g () < —

Oy gan () < —2W _em
(v, - gac0 (x3,)) n-0(1) -t +1 n-01)-t+1

Note that £(z) = log(1 + exp(—=z)) and ¢'(z) = —exp(—z)/(1 + exp(—z)), we know that for
z >0,

() = - expl(—2),
0(z) <exp(—2) = —l'(2)/c,c € (1/2,1).
It follows that

(Y, - Ga (x7,)) < o1)

g ,;' at X; S»—vi -~ .
(v, - gac0 0x3,)) n-0(1)-t+1 n-0(1)-t+1
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Note that £(z) is 1-Lipschitz, we have
1(y - gacy (%)) = €(47, - gac (X7,))

|£(y * Galt) (X)) - g(ym ga(” X )
If y = 1, we have

Y - gato (X) = 5, Gao (X3,)] = |ga (%) = gac (x], )]

K
Zaﬁﬁf Za w it ()

k

Zak ( (T o (%) = fw;T(’f)(x;l))

)

|y ga(t) X yzl ga(t)(X;l)

)| <
| < |y gacr (%) + Ga (X))

9

and

j=m+1
= 0(d1%°),
where the last equality is due to (A.44) and Lemma 5.3.
Plugging (A.52) into (A.51), we have
|+ Gaco (%) = 9, - Gaco (x7,)| = O(d™ 1) - []a®) 1.
If y = —1, we can prove in a similar way that
|9+ gao (%) = Yl - a0 (x},)| = O(@™5+) - 2l .
Plugging (A.53) and (A.54) into (A.50), we have

(Y- gaw (%)) < max {y}, - gair (X5,), 9, - Gaw (<)} + O(d™3F) - ]a®]|y
According to  Lemma  A.18 and  (A.43), we  have la® ||,

log t/©(1){ lower order terms w.r.t. ¢}, therefore

. N o(1)
£y - ga (%)) < T o) 111

O(d~37¢) - log t {+ lower order terms w.r.t. t}

(A.50)

(A51)

(A.52)

(A.53)

(A.54)

Taking n = ©(1) and T,z = ©(d*/n) where o > 0 is a sufficiently small constant, we know that

Lp(l(y - gacran (%))
=E(x,y)~D[U(Y * Garao) (X))]
o(1)
T 6(1) Tu+1
=o(1),

which completes the proof.
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B PROOF OF SUPERVISED LEARNING SETTING

Here we prove Theorem 4.4. First, we give following lemma to facilitate the proof.

Lemma B.1 (Gradient Calculation). The gradient of loss function Ls(W') with respect to weight
parameter w is

ij LS’( = Z bzyz W]7 yz >](-11- ! y; "V A+ [<Wj7 €;>]3-_1 : é;)v

where u] = (11[1<J<m} ]l[m+1<J<2m]) and —é’(yg . fw(x;)) = exp|[—vy. - fw(x))]/(1 +
exp [yl - fw(x})]) is denoted as b;.

Proof of Lemma B.I. When1 < 57 < m,
Vi, £(yi - Fw (X)) =€ (y; - fw (7)) - ¥ Viw, fw (%)
= =bi -y - Vw, fw (X))
= —biy; - (0 (Wi V) i v+ 0 ((w), €0) - &)
= —abiy; ([(wy, i - VI - yh v+ [(wy €015 &)
and whenm + 1 < j <2m,
Vo, (yl - fw(x0)) = abiyi (w550 )L - v+ [y, €01 - €)
Combining above two cases, we have
Ve, 0y - fw (%)) = —q(Lj<jcm — Dpmr1<jicom )bith (Wi ps - VI oh v+ [(wy, €091 &)
= —qubiy; ([(wy,yf - VT - yh v+ [(wy, €0]47 52)

and therefore

1 & 1 &
Vi, Lsr (W) = -3 Ve, Li(W) = -3~ Ve, £ fw ()
=1 =1

Wi B -
— IS by (w0187 €.
=1

Proof of Theorem 4.4. Recall the definition of fy in (3.1) that

fa) =3 [o((wpoy ) +o((w3,)] - 5 (o ((wjsy - v) + o ((w;, 8)))].
Jj=1 j=m+1

Define w; := m!/9 . w;, we have

fw(x) = i {a((m—l/q WY V>) + U(<m—1/q . v}j,@)}

= 3 [olm Sy ) o (m e ,0)]

Jj=m+1
:%i{a«wpy v)) +o((w;, &) ] % i [ (W, - v>)+o((wj,£))}
= fe(x

Since the standard deviation of Gaussian initialization of w; is o and note that w; := m!/? - w,
the standard deviation of Gaussian initialization of w; is mY/oq = 5.
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On the other hand, note that the update rule of W;-t) is w;tﬂ) = w;” — 1+ Vaw,Ls/(W®), and in
Lemma B.1, we have

ny
qu; _ _
Vw,Ls (W) = —nfj-zbiyé(KWj?yé Tyl v+ (v, €019 ).
i=1
It follows that

ni
qnu; - —
witt =l TS0y (w0 €). B

n ‘
i=1
By plugging w; = m~/a. w; into (B.1), we have
_1 ny
~ (t+1 ~(t qnm _ Tu; t t 1 ~(t
Wit =W S S I v+ [ €01 €)
i=1

Assume 77 = m~ a 71, we have with = %O _ n-Vg,Ls (W(t)). Therefore, our data model and
training algorithm is equivalent to the model and algorithm below:

fog 0 = = 3 [0 v) + (1581
fw-1(x) = % 2Zm [‘7<<V~Vjay V) + 0(<V~Vj7€>)],
j=m+1

fﬁ}(x) = [y (x) — S -1 (x),
and we use gradient decent with learning rate 77 and cross-entropy loss to optimize such a data model,
ie.

~ (t) NN(O7ggId)7W§t+1) — ~(t . ,'7 Ve LS’ (W(t)) LS’ W(t) Ze yZ fW

where £(z) = log(14exp(—2)), 5o = m'/%0q. Note that the new model meets the one used in Cao
et al. (2022). To leverage their result, we introduce condition 4.3 from Cao et al. (2022) and verify
that the new model meets the new condition.

gondition B.2 (Condition 4.2 in Cao et al. (2022)). Dimension d is sufficiently large that d =
Q(m?VI4/(a=2]pAvI2a=2)/(@=2)]) " Training sample size n and neural network width m sat-
isfy n,;m = Q(polylog(d)). Learning rate 1 satisfies < O(min{||v|;?, 0,%d"'}). The
standard deviation of Gaussian initialization oy is approximately chosen such that O(nd %) :
min{(0,Vd) "4, ||[v]|z '} < 00 < O(m~2/ =D~/ @=2IV1) - minf (o, Vd) 1, [ v]5 "}
Theorem B.3 (Theorem 4.4 in Cao et al. (2022)). For any € > 0, let T' = (:)(n_lm . n(ap\/(j)_q .
05 4 plelpmPd~10,2). Under Condition B.2, if n~! - SNR™¢ = ((1),SNR =
| v||2/c,V/d, then with probability at least 1 — d~*, there exists 0 < ¢ < T such that:

1. The training loss converges to ¢, i.e., LS(W“)) <.

2. The trained CNN has a constant order test loss: Lp(W®) = 0(1).

Note that in our setting, m = ©(polylog(d)), n1 = ©(1), = 0(d2), 59 = m90y, 09 =
O(d=%) o, = ©(d*®!), 5j = m~anand n = O(d~'~%), it’s not difficult to verify that Condition
B.2 holds. Besides, SNR = d=%0 n=1 . SNR™? = ©(d¢) = §(1). Therefore, the conclusion of
Theorem B.3 holds for

(77 n( p\/g) .0, —(q— 2)+n_le_1nm3d 1 —2)
_ @(77 (d1/2+5) _(d—3/4)—(q—2) 4 letglg—2e)
:@(77 L J(/1=a=3/2 4 = Lem1g—1-2¢)
:@(77 . d(1/4—e)a— 3/2)
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C AUXILIARY LEMMAS

For the estimation of A(® and /A\(O), we introduce the following lemma.

Lemma C.1 (Borell-TIS inequality). Let X be a centered Gaussian on R™ and set 0% =
max;e [y, E(X?). Then for each t > 0,

7

For the expectation of Kﬁo) and 1_\50), we give the following lemma.

+2

> t> <2 %,

Lemma C.2. Let Y = maxj<;<,, X;, where X; ~ N(0,0?) are i.i.d. random variables. Then

1
———0+/logm < E[Y] < ﬁax/logm.
vmlog?2

For the estimation of ||£;]|3 and (&;, £;), we introduce following lemma.

Lemma C.3 (Lemma B.2 in Cao et al. (2022)). Suppose that § > 0 and d = (log(4n/d)). Then
with probability at least 1 — 4,

opd/2 < ||&]13 < 30,d/2,

(& &)| < 207 - \/dlog(4n?/5),
foralli,l € [n],i # 1.
Besides, we introduce following lemma about tensor power method.

Lemma C.4. Consider an increasing sequence x; > 0 defined as xy4+1 = =y + 7 - Ct;vg*l, and
C1 < Cy < Cs forall t > 0, then we have for A > xg, every d > 0, and every n > 0:

> s d 77-02(1+6)q—1(1+1°g(m>,

I (I R Rl e e Tog (11 0)
§(1 — (z0/A)772) o log (A /o)
S o (i e
tZOZw;SAn (1+ 6)’1*1(1 -1+ 5)*(q72))x0C2 n- ) log (1+9)

Proof of Lemma C.4. Forevery g =0,1,2,---,let 7, be the first iteration such that x; > (140)9x.
Let b be the smallest integer such that (1 + 6)%0 > A. By the definition of 7,, we have z; €
[(1+0)9z0, (1 + 0)9  ag) forall ¢ € [y, 7g41) and 2., > (1 + )9 2o, 27,1 < (14 6)920,
leading to

D ClA 0wl Sy —an, = DD (e — )
t€[rg,mg41) t€[rg,Tg41)
= > nGaf < Y -G+
t€[rg,Tg41) t€[rg,Tg41)

following lower bound for z_ ., — x,:

Trppr = Ty = Tpyyy — g1 — 1 Crp gzl ]
> (14 6)7  wo — (1+68)%z0 — - Cry—a[(1 +6)9ao) " !

= (1 +6)9x — - Crymy (1 + )0 DIgI"

and following upper bound for z  , — x :

LTropy = Lrg = Trgiq—1 +n- C"'g-*-l_lx?';—ll*l T
<(1+8)9 g 47 Crya [+ 5)(g+1)x0]q71 — (14 6)9x
= 5(1+6)7z0 + 1 Cr, ., 1(1+6)@ Do+ Dgg 1,

47



Published as a conference paper at ICLR 2023

Therefore,
Y - Gil(1+6)x0)" "t < 6(L+6)7x0 + - Crypy—a (14 6) DTV ZET
telTy,Tg+1)
> -G+ 6) M o)t = 61+ 6)m0 — - Crya (14 6) 0 DI2E 7
tE[Tg,Tg+1)
These imply that
Z 77'0t<#+7] Crypr—1(14+6)1 #—kn@b(l—kd)q_l

telTy,Tg41) T+ 5)(q72)gz o (1+ 5)((1 2)

]
. (a=1)
te[z )77 Cr = (1 + 0)a=2)g+a—1)g =7 Crym(149)7
Tg>Tg+1

)

—n-Co(1+ 5)—(q—1)_

2 (1+ 5)(q*2)g+(q*1)x0

Recall b is the smallest integer such that (1 + (5)”9&0 > A, so we can calculate that

b—1
é
UCté —74-77.02(1_’_5)11—1[)
tzt%;gA ; (14 6)a=29z,
51— (14 6)am0)
-Cy(146)7 1
SO0 @y, T AT
)
= SCy(146)7 1
S U= x0) @) 5(1+46)77"b,
and
b—1 5
Z n'CtZZ - = —n-Co(1+0)~ @V
t>0,2,<A o (14 6)(a—2g+(a=1) g,

B §(1—(1 +6)—<‘1—2)”)
T (1 a) (1 (14 6) D)z

(1 = (zo/A)"~ 2) -
T A0 (1—(140) @)z Co(1+6)~ (@7 Vp,

—n-Co(1+6)" @ p

where the last inequality is due to (1 + &)’z > A.
Note that (1 + )" tag < A,ie. b <1+ % therefore

0 iy, log (A/xo)>
O < COo(1 801 1 o+ 25/ P0) ’
tz(%;SAn t= ( (1+6) (a— 2)-TO+77 2( + ) ( +10g(1—|—(5)
§(1 —@o/A) (g log (A/xg)
—n-Cy(1+6)" 1)<1 >
t>(§<An T+ (1= (14 0)7 @) n Gl +9) * log (1 + )
Note that C; < C; < Oy, we have
) & o (40)
1+8)77 (14 =20,
t>oz:p;<,477 (1= (1+o)tan 2))95001 01( - ( log (1 + 6)
t>0m<A 1+5)q L1 = (1+0)~(a— 2))$002 log(1+9) )"
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