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Abstract

In this paper, we study multi-block min-max bilevel optimization problems, where
the upper level is non-convex strongly-concave minimax objective and the lower
level is a strongly convex objective, and there are multiple blocks of dual variables
and lower level problems. Due to the intertwined multi-block min-max bilevel
structure, the computational cost at each iteration could be prohibitively high,
especially with a large number of blocks. To tackle this challenge, we present
two single-loop randomized stochastic algorithms, which require updates for only
a constant number of blocks at each iteration. Under some mild assumptions
on the problem, we establish their sample complexity of O(1/e*) for finding an
e-stationary point. This matches the optimal complexity for solving stochastic non-
convex optimization under a general unbiased stochastic oracle model. Moreover,
we provide two applications of the proposed method in multi-task deep AUC (area
under ROC curve) maximization and multi-task deep partial AUC maximization.
Experimental results validate our theory and demonstrate the effectiveness of our
method on problems with hundreds of tasks.

1 Introduction

We consider multi-block min-max bilevel optimization problem of the following formulation

m

1
in max F(x,a):= — ; {fi(x,0i,y;(x)) = E¢ep, [fi(x, i, y;(x);§)]}  (upper)

(D

s.t. y;(x) = argmin g;(x,y;) = Eceo,[9:(x,y;5¢)], fori=1,2,...,m. (lower)
y; ER%

where f; and g; are smooth functions and A C R is a convex set. In particular, in this paper
we assume that for each i € {1,...,m}, fi(x,as,y;) is strongly concave in the dual variable «;
but can be nonconvex in the primal variable x, and g;(x,y,) is strongly convex in y,. The upper
problem mingcra, maxqeam F(X, o) is a min-max optimization problem where the lower problems
{y;(x) = argminy cga, gi(X,y;)}iZ, are involved as variables. For each block i, the upper-level
objective f;(X,q;,y,) and the lower-level objective g;(X,y,) depend only on its corresponding block
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of variables o and y, i.e. ; and y,. This problem has important applications in machine learning,
e.g., multi-task deep AUC maximization as presented in section 3.

Tackling problem (1) is challenging as it involves solving a min-max problem with coupled multiple
minimization problems simultaneously. The naive way for solving it is to do multiple gradient ascents
and descents for o and y, respectively, to ensure a good estimation of the gradient for updating x.
However, this approach has two major drawbacks. As the algorithm involves a double loop structure,
it can be computationally expensive and give suboptimal theoretical complexity. On the other hand,
the multi-block structure requires data sampling from distributions P;, Q; for all blocks, which may
lead to an impractical demand for memory.

1.1 Related work

Min-max Bilevel optimization. To the best of our knowledge, the only existing work that provides a
stochastic algorithm with provable convergence guarantee on min-max bilevel problems is [9]. They
propose a single loop bi-time scale stochastic algorithm based on gradient descent ascent, and prove
that it converges to an e-stationary point with an oracle complexity of O(e~?). Nevertheless, this
convergence result is established for a special case where f(x, -,y) is a linear function.

Stochastic Nonconvex Strongly Concave Min-max Problems. The considered problem is also
closely related to non-convex strongly concave min-max problems, which have been studied ex-
tensively recently. To the best of our knowledge, [30] establishes the first result on non-smooth
nonconvex concave min-max problems. They prove a convergence to nearly stationary point of the
primal objective function with an oracle complexity in the order of O(e~*) for non-convex strongly
concave min-max problems with a certain special structure. The same order of oracle complexity is
achieved in [36] without relying on any special structure. These two works use two-loop algorithms.
There are some studies focusing on single-loop algorithms. [25] analyzes a single-loop stochastic
gradient descent ascent (SGDA) method for smooth nonconvex strongly concave problem, which
achieves O(e~*) complexity but with a large mini-batch size. In [12], the same order of complexity
is achieved without large mini-batch by employing the stochastic moving average estimator. Some
recent works improve the sample complexity to O(e~3) under the Lipschitz continuous oracle model
for the stochastic gradient using less practical variance reduction techniques [16, 28, 31]. [41]
establishes lower complexity bounds for non-concex strongly concave min-max problem under
both general and finite-sum setting and proposes accelerated algorithms that nearly match the lower
bounds.

Stochastic Nonconvex Bilevel optimization. The considered problem belongs to a general family
of non-convex bilevel optimization problems. Non-asymptotic convergence results for nonconvex
stochastic bilevel optimization (SBO) with a strongly convex lower problem has been established
in several recent studies [4, 8, 12, 14, 19]. As the one who gives the first results for this problem,
[8] proposes a double-loop algorithm with O(e~°) oracle complexity for finding an e-stationary
point of the objective function. [19] improves the complexity order to O(e~*), but suffers from
a large mini-batch size. [14] proposes a single-loop algorithm with two time-scale updates that

achieves an oracle complexity of O(e~5). Recently, [12] improves the oracle complexity to the

state-of-the-art oracle complexity O(e~*) by proposing a single-loop algorithm based on a moving-
average estimator. [5] presents a new analysis for (double-loop) SGD-type updates showing that
an improved sample complexity O(e~*) can be achieved. There are studies that further improve
the complexity to O(e~3) by leveraging the Lipschitz continuous conditions of stochastic oracles
[4, 10, 21]. [24] considers bilevel optimization under distributed setting and proposed algorithms
achieving state-of-the-art complexities. However, none of these works tackle multi-block min-max
bilevel optimization problems directly.

Multi-block Bilevel Optimization. There are some recent studies considering bilevel optimization
with multi-block structure. [10] extends their single-block bilevel optimization algorithm to multi-
block structure. Their algorithm requires two independently sampled block batches and for all
sampled blocks, each variable needs update using variance reduction technique STORM [6]. For
unsampled blocks, an update involving constant factor multiplication is also required. Under Lipschitz
continuous conditions on stochastic oracles, the complexity is no worse than O(m/e3) with m blocks.
A more recent work [29] considers top-K NDCG optimization, which is formulated as a compositional
bilevel optimization with multi-block structure. Their method simplifies the updates by sampling only
one block batch in each iteration and requires updates only for the sampled blocks. Their method
achieves complexity of O(m/e*). We use a similar approach as the latter work for estimating the
hessian inverse in a block-wise manner. However, this paper differs from [29] in that we tackle a more
general multi-block min-max bilevel problems without assuming a particular form of the objective.
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1.2 Our Contributions

In Section 2.1, we present two simple single loop single timescale stochastic methods with randomized
block-sampling for solving a general form of multi-block min-max bilevel optimization problem under
the nonconvex strongly concave (upper) strongly convex (lower) setting. Both methods employ SGD
for updating selected y, for their corresponding lower-level problems, employs SGA for updating the
selected «;, and employs a momentum update for the primal variable x based on the sampled «;, y,.
Then we show in Section 2.2, theoretically, that they converge to e-stationary point with complexity
O(e*) under a general unbiased stochastic oracle model. Our result for the single-block setting
matches the lower bound for solving smooth, potentially nonconvex optimization through queries to
an unbiased stochastic gradient oracle under a bounded variance condition [1]. Finally, in section 3
we present two applications of multi-block min-max bilevel optimization in deep AUC maximization:
multi-task deep AUC maximization and multi-task deep partial AUC maximization. In section 4,
empirical results show the effectiveness of the proposed methods.

2 Proposed Algorithms and convergence Analysis

Notations. Let || - || denote the Euclidean norm of a vector or the spectral norm of a matrix.
For a twice differentiable function f : X xY — R, V,f(x,y) (resp. V,f(z,y)) denotes its
partial gradient taken w.r.t x (resp. ¥), and Viy f(z,y) (resp. Vf/y f(z,y)) denotes the Jacobian
of Vo f(z,y) wrt x (resp. Vyf(z,y) wrty). We let f(-;B) represent the unbiased stochastic
oracle of f(-) with a sample batch B as the input. The unbiased stochastic oracle is said to have
bounded variance o2 if E[||f(-;B) — f(-)[)] < 0% A mapping f : X — R is C-Lipschitz
continuous if || f(z) — f(2')|| < C|lz — 2’| Y, 2’ € X. Function f is L-smooth if its gradient
Vf(-) is L-Lipschitz continuous. A function g : X — R is A-strongly convex if Vz,2’ € X,
g(z) > g(z') + Vg(z')" (x — 2') + 5 |lz — 2’||*. A function g : X — R is A-strongly concave if
—g(x) is A-strongly convex. Let IT 4 denote a projection function onto a convex set .A. For notation
simplicity, we use S to denote the set of all block indices, i.e. S = {1,...,m}.

We state the definition of e-stationary point as following.

Definition 2.1. Consider a differentiable function F'(x), a point x is called e-stationary if ||V F' (x)|| <
€. A stochastic algorithm is said to achieve an e-stationary point if E[||VF(x;)||]] < €, where X; is
the algorithm output at the ¢-th iteration and the expectation is taken over the randomness of the
algorithm until the iteration ¢.

Assumptions. Before presenting our algorithm, we make the following well-behaving assumptions.
Assumption 2.2. For functions f; and g;, we assume that the following conditions hold for all : € S

o fi(X, ,Yy;) is pup-strongly concave in terms of ;. g;(x,y;) is pg-strongly convex in terms of y,.
e fiis C'y-Lipschitz continuous in terms of both x and y;, and f;, g; are L, L,-smooth respectively.
¢ HV%ygl(X, Y1)||2 S Cgrgy szQZ(Xa Yis C) i :ugI

« V2,9i(%,¥,), Vi, 9:(X,;) are Ly, Lyy,-Lipschitz continuous respectively.

We remark that the Lipschitz continuity condition of f; in terms of x can be removed when there is
only one block. Other Lipschitz continuity conditions are stadnard in bilevel optimization literature.
Moreover, the gradients of functions f; and g; can only be accessed through unbiased oracles with
bounded variance.

Assumption 2.3. The unbiased stochastic oracles V. fi(x,;,y;;8), Vafi(X,a;,y;;8),

Vyfi(x, 5,5 B), Vygi(x,¥:; B), V2,9:(X,¥;; B), V2, 9i(X,y,; B) have variances bounded by ‘%Zl
for all « € S, where | B| denotes the size of the sampled batch B.

These assumptions are similar to those made in many existing works for SBO [4, 8, 14, 19].
Moving average gradient estimator. Algorithms based on moving average estimators have achieved
the state-of-the-art oracle complexity in both min-max and bilevel optimizations [11]. Here we
give a brief introduction to the moving average estimator. For solving a nonconvex minimization
problem min, g« F'(x) through an unbiased oracle Op(x), i.e. E[Or(x)] = VF(x), the stochastic
momentum method (stochastic heavy-ball method) that employs moving average updates is given by

Vip1 = (1 — B)ve + BOR(xe), Xit1 = X¢g — NVig1,



Algorithm 1 A Stochastic Algorithm for Multi-block Min-max Bilevel Optimization (v1)

Require: o, y°, H?, zy,xo
1: fort=0,1,...,T do ~
2:  Sample tasks I; C S. Sample data batches B! C P;, B! C Q; of batch size B for each i € I;.
3:  for sampled blocks i € I; do
4 Tt =TI 4laf + m Va fi(xe, of, vt BY)]
5 Vi =yl = m2Vygi(xi, ¥} BE)
6: end for

7. Update estimator H'™' of [V2 g;(x¢,y})] " by (2)

8:  Update gradient estimator A+ of V, F(x;) by (3)

90 zep1 = (1 — Bo)zs + BoAH

0: X1 = X¢ — NoZt+1

1: end for

where § and 7 are momentum parameter and learning rate, respectively. As a moving average of the
historical gradient estimator, the sequence of v, could achieve an effect of variance diminishing
across a long run ([32]).

2.1 The Proposed Algorithms

First, we propose a simple single loop stochastic algorithm 1 to solve the multi-block min-max bilevel
optimization problem. At the beginning of each iteration, we first sample a set of blocks I; and data
batches B!, B! for each selected block 7 € I;. Then we update estimators of «;(x;) and y, (x;) for all
selected blocks ¢ € I; using one step of SGA and SGD. Then, we compute an estimator of the hessian
inverse H'*™! of the lower-level objective and compute a gradient estimator A**! of the upper-level
objective. Finally, we compute the moving average estimator z; 1 of VF'(x;) and update x;1. Note
that the design of our algorithm on the min-max bilevel optimization part is inspired by [11], and it is
similar to their momentum-based algorithms PDSM (for min-max problem) and SMB (for bilevel
problem) in their paper. In fact, if we set the number of blocks to be one and remove y and the lower
level problems, then Algorithm 1 is the same as PDSM. Similarly, if the number of blocks is one
and the dual variables in the upper level problem are removed, then the proposed algorithm becomes
similar as SMB except for the hessian inverse update with reasons explain shortly. In other words,
our proposed method is a generalized form of momentum-based algorithm for min-max and bilevel
optimization problems. Additionally, Algorithm 1 only updates O(1) blocks of dual variables «; and
the variables y, of the lower-level problems. These make the analysis of Algorithm 1 much more
involved.

To further understand Algorithm 1, we first define the objective function F(x) :=
o Dies filx, ai(x),y;(x)),  where y;(x) = argmin, g;(x,y;) and a;(x) =
arg max,, fi(X,a;,y;(x)), so that the Problem (1) can be rewritten as miny F'(x). The up-
dates for a/™'’s and y'™!’s are intuitive since the gradient estimations of V f; (x¢, b, y!) and

Vi (xt, ylfﬁ are directlgf available from the unbiased stochastic oracles. However, since functions
y,;(x) and «;(x) are implicit, estimating the gradient VF'(x) is difficult. In fact, one may apply the

corollary of Theorem 1 in [3] to get:

1
VF(x) = m Z (Vafi(x, 2i(x),y;(x)) + Vy;(x)V, fi(x, 2i(x), y;(x))) -
=
A standard approach in bilevel optimization literature [8] for computing Vy, (x) is to derive Vy,(x) =
2 _ . . e :
—Vi,9:(x, Yi (x)) [sz gi(x,y;(x))]~! from the optimality condition of y; (x). Therefore, the gradient
we are looking for is given by

1 -
VE(x) = — D Vafilx aix),¥:(%)) — Vi,0i(%,¥: (%) [V, 01 (%, ()] 7'V, fi(x, (), y;(x)).
i€S
All components in this gradient can be easily obtained from unbiased stochastic oracles except
for the inverse of hessian [V, g;(x,y;(x))]~" for all blocks. This could be problematic in the
sense of theory and practical implementation. For practical implementation, we do not want to
update the hessian inverse estimators for all blocks, which is prohibitive when the number of



blocks is large. A common approach used in the literature of SBO is to use Neumann series [8]

HITY = & i1 (I - ﬁvzygi(xt,yﬁgff)), where ¢ is chosen from {1,...,k;} randomly

and k; is the number of samples {ff}f;l for estimating the hessian inverse. This estimator is a biased
one and its error w.r.t to szy gi(Xt, y;?)_1 is controlled by the number of samples k, [8]. However, it
is problematic to employ the above estimator for only the sampled blocks 7 € I; because the error
for those not sampled cannot be controlled. To address this issue, we use a different approach for
estimating the hessian inverse by only updating the estimators for those sampled blocks [29]. The
idea is to maintain a momentum term s:*! for each block that stores historical information on the

hessian estimator Vf/y gi(xe, ¥4 l”;’f) And the hessian inverse is approximated by directly computing
the inverse of sﬁ“, i.e., for sampled 7 € I,

sl = (1= B1)st + BiV2,gi(xe, v BY),  HIT = [siH1] )

In terms of theoretical analysis, we are not bounding the individual error H +_ sz gi(x¢,yt) ! for
all blocks, but the cumulative error for all blocks across all iterations. This is exhibited in Lemma 2.6.
As the conclusion of the above discussion, the gradient estimator of V F'(w,) is given by

1 -
AL — 1Al Z {foi(Xm ag,yg; Bi) — szgi(xt,yﬁ; Bf)Hitvyfi(Xtv al, yi; Bf)} N E)
1l 2=

We maintain a moving average estimator z;; for A*! and finally update x;, using z; 1. The
detailed steps are presented in Algorithm 1.

Nevertheless, such method is not suitable for problems with a high dimensionality of y,, since
computing the Hessian inverse could be computationally expensive. To this end, we propose the
second method, Algorithm 2, for problems with high dimensionality of y,. The main idea is to treat
[V2,9:(%,¥,)] 7'V, fi(x, 2, y;) as the solution to a quadratic function minimization problem. As
aresult, V2 g:(x,y;)] "'V, fi(X, o,y;) can be approximated by SGD. Such method for Hassian
inverse computation has been studied for solving single-block bilevel optimization problems in some
previous works [7, 23]. However, none of them has applied this method in multi-block scenario.

Define quadratic function v; and its minimum point as following

. 1
vi(X, ai,y;) = argndun%(v,x, @i, y;) = §UTV§y9i(X, yi)v — UTvyfi(Xa @i, y;)
vERY

Then we have the gradient V,v;(v, X, a;,y;) = Vi, 0i(X,¥;,)v — Vy fi(X, i, y;), which im-
plies that the unique solution is given by v;(x, o, y;) = [V3, gi(x,¥;)] "'V, fi(x, i, y;). Note
that due to the smoothness of g and Lipschitz continuity of f with respect to y in Assump-

tion 2.2, one may define constant I' = i—f so that ||v;(x,a;,y;)]|> < T2, Considering the
g

updates in Algorithm 2, we have ||v{||> < T'? for all i,t. Define the stochastic estimator
Vi (v, X, ai7yi;l’>’i,l§’i) = Viygi(x, yi;gi)v — Vyfi(X,a;,y;;B;), then it has bounded vari-
ance, of which the proof is deferred to Appendix B. Here we enlarge the value of o so that
Epe[|Voyi (Vi %0, ¥5; BY, BY) — Vyi(vhx, yH)|?] < "7;. It is worth to note that the projection

in the updates of v!™ is necessary in order to bound the variance of V,; (v, x;, y%; B, BY). Instead
of taking projection, previous works [7, 23] treat the variance boundedness as an assumption, which

is not guaranteed without using projection.

2.2 Convergence Analysis

In this section, we present brief convergence analysis of Algorithm 1 and Algorithm 2. The detailed
theorems and proofs are deferred to the appendix.

2.2.1 Convergence analysis of Algorithm 1

The key point of this analysis is the gap between the true gradient V F'(x;) and its estimator z'*1. To
this end, we define

1
VF(Xhat’yt) = E Z {vxfi(xhagvyg) - viygi(xtayz)Et[Hit]vyfi(xhO‘E’yg)} :
i€S



Algorithm 2 A Stochastic Algorithm for Multi-block Min-max Bilevel Optimization (v2)

Require: o, y%, v°,zg,xg
1: fort=0,1,...,T do R
2:  Sample tasks I; € S. Sample data batches B! C P;, Bt C Q; of batch size B for each i € I;.
for sampled blocks i € I; do
t+1 H.A[ I;J’_nlvafl(xtiazvyi?lg:)]
yf“ =¥ —mVygi(x, ¥} BY)
VI = TIp [vE = g [ V2,050, ¥5 BOVE = V0, filxi, o, v BY)] |
end for
Update gradient estimator A™1 = (1 5, [V, fi(x,. ol s BY) — V2,050, BV,
9: 2411 = (1 — Po)z: + BoA™!
10 Xp41 = X¢ — NoZe+1
11: end for

e A AT

One may notice that the estimator A**! is in fact approximating V, F'(x;, o, y?) instead of V, F(x;).
We exploit the moving average formulation of ‘™! and decompose the gap into two parts, || A+ —
V. F(x¢, b, y")||? and ||V, F(x;, al,y!) — V. F(x¢)||?>. These two gaps are determined by how
well y', o and H} approximate y(x;), cr(x;) and [V, g;(x;,y})] ™", respectively. In other words,
we aim to bound the following three errors, ||y(x¢) — y'||* =: dy4, [a(x) — a®|? := 4,4 and
IV3ygi(xe, ¥0)] ™1 — HE|12.

We first bound the variance E[d,, ;] by proving the following lemma.

Lemma 2.4. Consider the updates for y* in Algorithm 1, under Assumption 2.2 and 2.3, with
12 < min{ %4, f—mj} we have
2 )

2m AmmnsTo? 8m3C’2 21!
ZE ] Sy + ——

Efllze+1]1%]
= oy 1g B L Pn5ng =

One may also bound the second variance E[d,, ] based on the previous variance E[d,, ;] following a
similar strategy.

Lemma 2.5. Consider the updates for o in Algorithm 1, under Assumption 2.2, 2.3, with n; <

: 1 4m
min we have
{L2’ Hy? MfIItl}’

T 2 T—1 T-1
4m 24Lf 8mufn102T 32m3C2nk
> e 5

Et[(sa,t] S a 0 +
pors nupy |1 w = B UG

Due to the lower bound assumption of Vf/ygq; (x,y;;¢) in Assumption 2.2, the error in Hessian
approximation can be bounded by bounding dgyy 1 1= >_,c s st — V3, 9:(X¢, ¥;(x:))]|>. We prove
the following lemma.

Lemma 2.6. Under Assumption 2.2,2.3, considering the momentum method (2) for the update of
hessian, with 81 < 1 we have

Smﬁngz 32m3L3w(1 =+ 02 2 -1

59yy0 2
o e L

It then follows the convergence theorem for Algorithm 1.

Theorem 2.7. Under Assumption 2.2, 2.3 and with a proper settings of parameters 11,72, 51 =
O (Be€?), Bo = O (min{|I;|, B}¢?) and ny = O (min {min{|[t|, B}e?, %}), Algorithm 1

ensures that after T = O (max { |11,1\7364’ min{|]1\,B}e4 }) iterations we can find an e-stationary
solution of F(x), i.e., E[||VF(x,)||?] < €2 for a randomly selected T € {0,...,T}.



2.2.2 Convergence analysis of Algorithm 2

Similarly, to bound the gap between the true gradient VF(x;) and its estimator z'*! in
Algorithm 2, we aim to bound the following three errors, 6, do,¢ and ), s lvi —

[V2,9i(Xe,¥;(x0))] 7'V fi(xe, i (x¢), ¥, (%)) ||* =: dy,¢. We follow the same strategy for §,,; and
dq,+ to what has been discussed in the previous section. To deal with Jy ;, we first note that by its
construction, 7; (v, X, y;) is f14-strongly convex and L -smooth with respect to v. At a result, similarly
to Lemma 2.5, one may bound the error of the estimators v:. Then it follows the convergence theorem

for Algorithm 2.

Theorem 2.8. Considering Algorithm 2, under Assumption 2.2, 2.3 and with a
proper settings of parameters m1,m2,m5 = O (B€e?), By = O (min{|L], B}e?)

and ny = O(min{min{|]t|,B}62,B|IT“€2}), Algorithm 1 ensures that after T =

O (max { ‘It’lr%€47 min{|11|’3}64 }) iterations we can find an e-stationary solution of F(x),
ie, E[||VF(x,)||?] < €2 for a randomly selected T € {0, ...,T}.

Remark. In Theorem 2.7 and Theorem 2.8, there is no condition on the sizes of data batches B, B!
nor block batch I; for the algorithm to converge. Hence, their sizes can be as small as one. The
order of complexity is O(1/e*), which matches the optimal complexity for nonconvex optimization
under a general unbiased stochastic oracle model. In addition, there is parallel speed up by increasing
batch sizes for data samples and task samples due to the scaling in terms of |I;| and B in the iteration
complexity.

3 Applications in Multi-task Deep (Partial) AUC Maximization

In this section, we present two applications of multi-block min-max bilevel optimization: multi-task
deep AUC maximization and deep partial AUC maximization. (partial) AUC is a performance measure
of classifiers for imbalanced data. Recent studies have shown great success of deep AUC maximization
in various domains (e.g., medical image classification and molecular property prediction) [26, 33, 40].
However, efficient algorithms for multi-task deep (partial) AUC maximization have not been well
developed. For multi-task deep AUC maximization, we solve an existing formulation by our algorithm.
For multi-task deep partial AUC maximization, we propose a new bilevel formulation and solve it by
our algorithm.

3.1 Muti-task Deep AUC maximization

Following the previous work [26, 40], deep AUC maximization problem can be formulated as a
non-convex strongly concave min-max optimization problem miny ,  maxqea Lavc(W, a, b, o).
However, training a deep neural network from scratch by optimizing AUC loss does not necessarily
lead to a good performance[39]. To address this issue, [39] proposed a compositional training strategy
for deep AUC maximization:

min max Layc(W — 7V Lcg(W), a,b, o),
w,a,b a€R

where Lcg denotes the cross-entropy loss. The outer objective remains to be the AUC loss, while
the inner objective is a gradient descent step of minimizing the traditional cross-entropy loss. This

method has shown superior performance on various datasets [39]. We extend this formulation to
multi-task problems and reformulate it into a multi-block min-max bilevel optimization:

m
. i i 11 i
oy in | ax E Lauc(u*(wy, wy),a', b, a")
1,Wn),a, il
i=1

i N T i ~ iy |2
s.t. u’(wy, W) = arg min 5 Hu — ((wy,w}) — nVLCE(wl,wh))H ,
i

where w; denotes the weight for the encoder network that is shared for all tasks, and w;, =
(W}, ...,w") denote the task-owned classification heads. The upper objective is strongly con-
cave in terms of dual variables o; and the lower level objective is strongly convex in terms of u’.
The hessian of the lower-level objective is the identity matrix. Hence, there is no need to track and
estimate the hessian matrix.



3.2 Multi-task Deep Partial AUC Maximization

Some real-world applications (e.g., medical diagnosis [2]) cannot tolerate a model with a high False
Positive Rate (FPR) even though it has significant performance in AUC. Hence, a measure of interest
is one-way partial AUC (pAUC), which puts a restriction on the range of FPR (i.e., FPRE [p, p],
where 0 < p; < p < 1). Below, we focus on the case p; = 0. However, our method can be easily
extended for handling p; > 0. Let D, D_ denote the set of positive and negative data for a binary
classification task, respectively. Let D_[K| denote the top-K negative examples according to their
prediction scores. Let n4,n_ denote the number of positive and negative samples respectively. Then
we have partial AUC optimization with a pairwise square loss formulated as following [37]:

mino Y 3 () el + o)

X, €Dy _px JED_[K]

where K = n_p, cis a constant and hy(-) denotes the prediction score on a data. A key challenge for
solving the above problem is to deal with the non-differentiable top-K selector x; € D_[K], which
depends on the model parameters w. This challenge has been recently tackled in [38, 42]. We focus
on the comparison with the first work as it is optimization oriented similar to ours and also has the
state-of-the-art performance. They formulate the problem into either a weakly convex minimization
or approximate it by a smooth objective in a compositional form. A caveat of their algorithms (named
SOPA, SOPA-s) is that they need to maintain and update n auxiliary variables with one for each
positive data. If we apply their algorithms for multi-task problems, one needs to maintain and update
Z;’;l nfi_ auxiliary variables, which could dramatically slow down the convergence.

To address this problem, we first transform it into a min-max optimization problem. Let a(w) =
L Zx7€D+ w(X;) and b(w) = ﬁp ij ep_[r] w(X;). Then we can write the problem as (cf.
Appendlx B for a derivation)

min 1 Z (hw(xi) —a)® + % Z I(x; € D_[K])(hw(x;) — b)* + (b(W) — a(w) + ¢)*.

w,a,b 1L _
“P T yep, Pxjep_

To tackle non-continuous non-differentiable indicator function I(-) we can replace it by a sigmoid
function. To tackle non-differentiability of the top-K selector x; € D_[K], we follow [29] and
formulate it as lower-level optimization problem, i.e., x; € D_[K] is equivalent to hy(x;) > A(W),
where A(w) represents the K + 1-th largest scores among all negative examples, which can be
approximated by a solution from a smooth strongly convex minimization problem as following:

A(w) = argmin L(\, w) := %)\2 + 1 Z 71 1n(1 + exp((hw(x) — A)/71)),
AER n— n— xeD

where ¢, 11, T are small constants. Based on above, the multi-task deep partial AUC minimization
problem can be formulated as a multi-block min-max bilevel optimization problem give by:

min max {nlk Z (hw(xi; k) — ag)? —|— —_ Z B(hw (X5 k) — (W) (R (X3 k) — by )?

w,a,b acR™

k=1 {7 x;eph x eD*
+2ak< Z O(hw(x;5 k) — Ap(W)hw(x;; k Z hyw(x;; k ) —ai}
- x eDk Xze’D’C
. K+e o 1
Ak (W) = argmin Ly (A, w) := A+ )\ + — Z 71 In(1 + exp((hw(x;;: k) — A)/71)),

AER n_ n_
€ x; €Dk

where Df_ /- denote the positive/negative data set of the k-th task, hy(x; k) denote the prediction
score for the k-th classifier, and ¢(s) = m is the sigmoid function. The upper-level objective
is strongly concave in terms of a, and the lower-level objective is strongly convex in terms of \.

We develop a tailored algorithm based on Algorithm 1 for solving the above formulation of multi-task
pAUC maximization as shown in Algorithm 3 in Appendix C. For the hessian update, the momentum



Table 1: The testing AUC scores on four datasets.
Method\DataSet CIFAR100 CheXpert CelebA ogbg-molpcba
mAUC (baseline) 0.9044 (0.0015) 0.8084( 0.1455) 0.9062 (0.0042) 0.7793(0.0028)
mAUC-CT (ours) 0.9272 (0.0014) 0.8198(0.1495) 0.9192 (0.0004) 0.8406(0.0044)

update (2) is efficient due to that the each lower-level problem is only one-dimensional. For simplicity
of implementation, we define a loss G**! 38 in the Appendix C, on which auto-differentiation can be
directly applied for computing a gradient estimator. We refer readers to Appendix C for a detailed
explanation and derivation of G**1.

4 Experiments

4.1 Multi-task Deep AUC Maximization with Compositional Training

Data. We use four datasets, namely CIFAR100, CheXpert, CelebA and ogbg-molpcba. CIFAR-100
[22] is an image dataset consisting of 60, 000 32 x 32 color images in 100 classes. Hence, there are 100
tasks for CIFAR100. We follow 45,000/5,000/10, 000 split to construct training/validation/testing
datasets. CelebA [27] is a large-scale face attributes dataset with more than 200K celebrity images,
each with 40 attribute annotations (i.e., 40 tasks). We use the recommended training/validation/testing
split as 162, 770/19,866/19,961. CheXpert [18] is a dataset that contains 224,316 chest radiographs
with 14 observations. Since the official testing dataset is not open to public, we take the official
validation set as the testing data, and take the last 1000 images in the training dataset for validation.
Due to the absence of positive samples for the observation Fracture in the testing dataset, we ignore
this label and only consider the rest 13 observations (i.e., 13 tasks). The last dataset ogbg-molpcba is
a molecular property prediction graph dataset [15]. It consists of 437,929 graphs with 128 labels (i.e.,
128 tasks). We follow scaffold splitting procedure as recommended in [34].

Models. We use ResNet18 [13] for CIFAR-100 and CelebA, and ImageNet pretrained DenseNet121
[17] for CheXpert. For ogbg-molpcba, we use Graph Isomorphism Network (GIN) [35].

Setup. We compare our method for optimizing the multi-task AUC maximization with compositional
training denoted by mAUC-CT (ours) with a baseline that directly optimizes multi-task min-max
AUC loss denoted by mAUC (baseline). We do not compare with other straightforward baselines
(e.g., optimizing the CE loss and the focal loss) since they have been shown to be inferior than AUC
maximization methods for imbalanced data in many previous works [40, 42]. For both methods, the
learning rates 72, 71, 7)o are set to be the same and tuned in {0.01,0.03,0.05,0.07,0.1}. The learning
rates decay by a factor of 10 at the 4th and 30th epoch for CheXpert and CelebA, respectively. No
learning rate decay is applied for CIFAR-100 and ogbg-molpcba. The moving average parameter
Bo and 7] in the lower level problem of mAUC-CT (ours) are tuned in {0.1,0.5,0.9}. Regarding the
task sampling, for datasets CIFAR-100 and ogbg-molpcba, 10 tasks are sampled to be updated in
each iteration, and for each sampled task, we independently sample a data batch of size 128. For the
other two datasets with fewer tasks, CheXpert and CelebA, we sample one task at each iteration. The
batch size for data samples is 32 for CheXpert, and 128 for CelebA. We run both methods the same
number of epochs which varies on different data, 2000 epochs for CIFAR100, 6 epochs for CheXpert,
40 epochs for CelebA and 100 epochs for obgb-molpcba.

Results. In Table 1, we report the testing AUC score with the model selected according to the
best performance on validation datasets. Comparing with optimizing AUC loss directly, mAUC-CT
(ours) achieves better performance on all tested datasets. We show the results of an ablation study in
Figure 1, which verifies convergence has a parallel speed-up effect on both the batch sizes of data
samples and task samples. The algorithm converges faster as either the data or task sample batch size
increases. In Figure 2 (left two), we compare our method with the baseline in terms of convergence
speed on the training data of two datasets, which demonstrate that our method converges faster. More
results on training convergence are included in the appendix.

4.2 Multi-task Deep Partial AUC Maximization

Setup. For this task, we use the same datasets and the same networks for the image datasets and
graph datasets as in the previous subsection. For baselines, we compare with a naive mini-batch based
method (MB) for pAUC maximization [20], and a state-of-the-art pAUC maximization method SOPA-
s [42]. Following previous works [40, 42], for pAUC maximization methods we use a pretrained
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encoder network by optimizing the CE loss as the initial encoder and learn the whole network by
maximizing pAUC. We also report the performance of optimizing the CE loss for a refernece. For
all methods, the learning rate is tuned in {0.0001, 0.0005, 0.001, 0.005, 0.01}. The hyperparameters
selection of MMB-pAUC are: n; and 12 € {0.5,0.1,0.01}, 51 € {0.99,0.9,0.5,0.1,0.01} and 3y €
{0.9,0.99}. For Focal loss we select gamma from {1, 2,4} and alpha from {0.25,0.5,0.75}. The
momentum parameters in SOPA-s are tuned in the same range and their A parameter in {0.1,1,10}
as in [42]. The margin parameter in the surrogate loss (e.g., c) is set to be 1. Regarding the task
sampling, we sample one task at each iteration for ogbg-molpcba and CheXpert, sample 10 tasks for
CIFAR100, and sample 4 tasks for CelebA. The data sample batch size is 32 for CheXpert, and 64
for others. For smaller datasets (CIFAR100 and ogbg-molpcba), we run 100 epochs for each, and we
decay the learning rate by a factor of 10 at the 50-th epoch. For larger datasets (CelebA, CheXpert),
we run 50 and 5 epochs respectively.

Results. The partial AUC scores with FPR< 0.1 on the testing data of different methods are shown
in Table 2. From the results, we can see that our methods perform better than baseline methods with
a significant margin. In Figure 2 (right two), we compare our method with the baselines in terms of
convergence speed on the training data of two datasets, which demonstrate that our method converges
faster. More results on training convergence are included in the appendix.

Table 2: The testing partial AUC scores on the four datasets.

Method\DataSet CIFAR100 CelebA CheXpert ogbg-molpcba
CE 0.8895 (0.0009)  0.8024 (0.0026)  0.6606 (0.0159) 0.6576 (0.0010)

Focal 0.8966 (0.0007)  0.8064 (0.0011)  0.6646 (0.0132)  0.6453 (0.0021)

MB 0.9188 (0.0006)  0.8304 (0.0005) 0.6759 (0.0160) 0.7213 (0.0018)
SOPA-s 0.9251 (0.0003)  0.8336 (0.0001)  0.6682 (0.0156) 0.7290 (0.0019)
Ours 0.9262 (0.0005)  0.8360 (0.0003) 0.6827 (0.0183) 0.7374 (0.0015)

5 Conclusion and Future Work

We have developed two simple single loop randomized stochastic algorithms for solving multi-block
min-max bilevel optimization problems. These algorithms require updates for only constant number
of blocks in each iteration. We showed that both of them achieve an oracle complexity of O(e™*),
which matches the optimal complexity order for solving stochastic nonconvex optimization under a
general unbiased stochastic oracle model. At the same time, we hope our work inspires others to find
more novel applications of our idea.
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A Convergence Analysis of Algorithm 1

First, we present the detailed statements Theorem 2.7.

Theorem A.l. Let F(xg) — F(x*) < Ap. Under Assumption 2.2,2.3 and consider
Algorithm 1 with momentum method for Hessian inverse approximation, with 1y <
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E[[VF@)P] <€, E[[VF(r) = zr1)l°] < 2¢°
where T is randomly sampled from {0, ..., T}, C1,Cq,Cs, Cy are constants defined in the proof,
and L is the Lipschitz continuity constant of VF (x).
To prove Theorem A.1, we need the following Lemmas.
Lemma A.2. Under Assumption 2.2 and 2.3, F(x) is Lp-smooth for some constant Ly € R.

Lemma A.3. Consider the update x,1 = x; — 10Z¢+1. Then under Assumption 2.2, with noLp < %
we have

Flxe) < Flx) + 2 IVEGr) = 2]’ = ZIVEE)IP = Llieesa |
Lemma A.4. [Lemma 4.3 [25]] Under Assumption 2.2, y;(x) is Cy = Lg/pq-Lipschitz-continuous
for all i. Define a;(x,y;) := argmax,, 4 fi(x,a;,y;). Then a;(x,y) is Co = Ly /ps-Lipschitz

continuous.

Proof of Theorem A. 1. First, recall and define the following notations
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Consider the update z; 1 = (1 — B9)z; + Bo A in Algorithm 1, we have
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where (a) follows from E; [V F(x;, af,y")] = A1, (b) is due to [la + b[|2 < (14 B)||a|* + (1 +
%) 2 and (c) uses the assumption 3y < 1 and Lemma A.2.
Furthermore, one may bound the last two terms in 4 as following
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i€S

612, C? 6C2, L%
+ ¥ = v )P+ = e - ()l + v -y ]

g 9

1 6C2,, L> 1 2,03 6C2, L

— (L} + 27 o —alx) P+ <2Lf+ oyl oy 1)y — y(x)?

M Hy 1
602 C?
I 1 AR S ACH)
i€ES

® = Ef|VF(xi, 0", y") — A7

1
Evai(xtaaﬁa)z |I‘ZVF Xt O z?yz)

i€S i€l

SB
<t ZEBt[zuv filxe, 0l ¥8) = Vo fi(xe, ol vt B2
€S

+6(V2,9i(xe, YOEH IV, fi(Xe, &b, ¥1) — V2,06 (x0, 5 BOEJHIV, fi (x4, 0, yh) |12
+ 6||v326yg7(xtaYf7Bf)]Et[Hﬂvy-fl(X“aLYD - viygl(xhyza Bf)vayfv(Xh af7yz)”2

+ 612, 9 (%0, Y13 BOHIV  fi(xe, of, ¥1) — V2,94 (%0, ¥ BOHIV  fi(%e, of, v1: B ||

12(Cg,, + 0%)o?

1
i Z VF;(x¢,al,yh) — o7 Z Al

i€l i€l

<E;|2 +2

|

8BF 40’2 120 QCf

<=+
1] B

gacy

HY|?
B ;|

ELH? + 48(Chay + ™) [ Ee[H] — HI[ICF +

gry

where Bp = QC'f C‘Z”cf is the upper bound of ||V F;(x, o, y;) 2.
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Since H is irrelevant to the randomness at the ¢-th iteration, we have E;[H}] = H}. Thus

1 6C2, L 1 rz,,C; 6C2 L
@ < —(2L3 + M)Ha —a(x)|® + —(2LF + + =Y f)Hy y(x:)|?
m Mg 9 g
66‘21 Cc?
— LN HE — (V2,0 (%, i (x0))] 712
€S
1 602 L2 c?  6C?
< —(2L2 —&-w)a—ax) + —(2L% + gmyf—&— gy )y—y( 2
< (2L 2 [ (x¢)? < 2 2 2 [ o]
6C2 (C2
+ —IL N st = 2, gi(xe, v (%)) |2
,U'g iES
Cl 52 C3
= et — el + 2y -yl st - V(e y(x0)
(5)
and
2 12 202 C2 2 2

-— + — = —
|1 B Bu2 B,ug min{|l;|, B}
Thus, combining inequalities 4, 5 and 6, we have

4L2%nk C
Edl[VE(xe) = 2e1]%) < (1= B0) [VE (xi-1) = 2> + =2 2|2 + 4o [M;nat —afx)|

Bo
[N o I, 2|, CaB
T g ¥ Y s = V(e v I |+ e
)

For simplicity, denote &, = [la® — a(x¢)||%, 0, = [ly" — y(x¢)||? and &gyt = |s* —
V2,9(X,y(x;))[|?. Take expectation over all randomness and summation over t = 1,...,T to
get

d 1 4LF770 d
D E[IVF(x:) = zea|’] < N E[[|VF(x0) — 21]%] ZE 12:(1%] Z [0at]
t=0 t=1

Cs CafoT
+E;E vt +*ZE sl + LTI BT

(3
Recall that from Lemma 2.5, Lemma 2.4 and Lemma 2, we have
T 2 T—1 T-1
24L 8 2T 32 302 2
> Eld g 7 D Bl + THEE - S 3 Bl
o Mf|It|"71 B i Il
9
T 3,12 2 T-1
2m dmneTo? 8m Cyn
E[§ dy.0 + E[||z 1H (10)
tZ: z = Milatiy B |2772ug ; "
T T—-1 312 2\ 2 T—1
4m o2 32m°L (1 +O T)O
> Eldgyy.] Wagyy,o +32L7,, > E[5,] +8mph T + T%W Z]E lze11]%]
t=0 tlP1 t=0 1 (11)
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Combining inequalities 8, 9, 10 and 11, we obtain

T
Y ElIVE(x) — 2]

t=0
T—1
1 4L né 4m 8muf77102T 32m302n2
- F o F 0 E 5 a'l0 E
6 E[IVF(xo) — z1]?] Z EAS ol AT B PATAE Z llzega?
4m 02  32m3L2, (14 C2)2 = CuBoT
E[6 8mB T — vy E[ s
Z v.t] 1118 Ogyy.,0 + 8mpBy B + 1,232 Z [llze+111%] min{|M,B}
F - 4 2P 2 4C0ym.To? 4 2
< E[|V (XO) Z1|| ] + Chda,0 8Cpurmo i C26y.0 ConpTo 035gyy,0 +80351T
Bo g e |m B [T m2 g pgB [14] 81
CibT | (4Lp | 32mPCrClof | 3mPColy, (1 + G | Sm2CaCint) S o
min{|/;|, B} 83 UG 111|257 (L Pn5ng ) = '
(12)
where Cs := 2Ly Cl + Cy + 32L2 Cs.

9yy
Recall Lemma A 3 we have

F(xe41) < F(x0) + [ VE(xe) = 241]? = DI VE(x)|2 = 22 2041 ]”

Combining with 12, we obtain

1 T
N E 2
7 D EIIVF(x)|]
t=0
2E|F(xg) — F(x
< Z000) = Fretl] y LS gijor(e) - sl ZE 04 17
T
< l |:2E[F(X0) - F(X*)] + ]E[HVF(XO) - Z1H2] + 401504’0 202(5%0 40369yy 0:|
T 70 Bo prllelm | em2pyg [ 1¢] 51
8C1pgmo?  4Con0? o? C4Bo
8C301— + ————=
T/ T shg * min{|L,|, B}
L1 AL | 32mPCiC23 | 32mPCsLY (14 Comg  8m*CoCimg 1 XT:E )
T\ 5 niuG Il 1|28 Lz 2 ) &=
(13)
By setting
22 < min B muGILP? |, 8 \Le*n3 2
0= 80L3, " 640m2C1C2’ 640m2C3L2,, (1 + C2)’ 160m2CyC?2
we have
AL%n3 | 32m*CiC2n3  32m°C3Ly, (1+Co)ng  8m*CoCyng 1
2 2,2(7.12 2 750
Ao 771/~‘f|lt| 1|26

LIP3z 4
which implies that the last term of the right hand side of inequality 13 is less or equal to zero. Hence

THZ]EHVF X))

<1 [QE[F( 0) = F(x")] | E[IVE®) —z[’] | 4Cidao  2Cady0 , 4Cs0gyy0

(14)
T 7o Bo prllelm [T | I¢| 51
8Cipsmo?  4Comeo? o? CaBo
830 — + —mm———
/s TuB sh g+ min{|,], B}
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With
Be? g B Be? min{ ||, B}¢?
< g _—
M= 56Ciu0 ™ = RG 2’61_960 2P < =50,
30E[ ( ) — F(X*)] 15E[||VF(X0) — Z1|| ] 60015a,0 30025%0 6003593”/70
T Z max 2 5 D) ) 27 27 2
nNo€ Boe prllelme?” [Ieinapge®”  |1i|Bre

we have
1 T

62 62 2
m; (IVE(x)|?] < §+§<6

Furthermore, to show the second part of the theorem, following from inequality 12, we have

T
Y E[|VF(x;) = z41]
t=0
]E[HVF(X()) — 17 H2] 40150(70 8Cluf7710'2T 2025%0 4CQ772TO’2 4035gyy,0
< + + +
Bo pg | Ie |m B [Tt |21y pgB |1 81
o2 CyBoT 1=
T—+—"—— + — N E[|VFx)|?| + E[|VF(x;) — 2
#SCATG + T Ey * 3 o SV ElIVP() — 2 ]
(15)
With parameter set above, we have
1 T
T+1 ;E[HVF(XQ —z11]%] < 2€°
O]

A.1 Proof of Lemma A.2

Proof. Take arbitrary X1, Xo. Then with Assumption 2.2 and Lemma A.4 we have

[VF(x;) — VF(x2)||?

HZV Sl on(x),ys(x1)) — 92,01 060, 5 60)) V2, 0061, 74 50))] 0 fo (i, (), v (1)

€S
2
m Z Vo fi(X, i(Xa),¥;(X2)) — V7, 9i (X2, ¥,(x2)) [V, 9: (X2, ¥;(X2))] 'V, fi(xa, ii(Xa), y; (X2))
€S
6L2  (1+C?C?2 6C? 1+C))C}  6CL,, L3(1+C2+Cp
< <2L?(1 + Ci + Cif) gwy( ; y) f 4 9y gyy( ) f 9zyY ( ) %1 — X2||2
I 1 2
g g g
=: Ly [Ix1 — x| ?
O
A.2 Proof of Lemma A.3
Proof. By Lp-smoothness of F'(x), with 79 < i we have
L
F(xpe1) < F(x) + VE) (81 = %) + [ —xe?
L
= F(%) =m0V F (%) 201 + =515 2041 ]|
7 7o Lr Mo
= Flx) + PIVE() ~ el = BIVF@I + (5 = 2 ) P
O
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A.3 Proof of Lemma 2.4

This proof follows from the proof of Lemma 8 in [29].

A.4 Proof of Lemma 2.5

Proof. Define a! = Tlglal + miVafi(xe, b,y BL. Note that «;(x¢) =
argmax, ¢ 4 fi(X¢, o, y;(x¢)).  Since a;(x;) = aloi(xe) + mVafi(Xe, ai(Xe),y;(xe))],
take i € S, then
Eefllaf — o (x¢)]|%]
= Ey[|[ Tl + m Vafi(xe, af, ¥i; BE)) — Walov (Xe) + 11V fi(Xe, i (x¢), ¥; (x0))][|]
< Belllleg +m Vafi(xe, af, yi; BY)] — [ci(xe) + m Vafi(xe, i (xe), ¥, (xe))][I7]
=Ei[flaf — ai(x¢) + mVafi(xe, b, ¥5) — m Va fi(Xe, i (xe), ¥;(x¢))
+ mValfi(Xe, ab, 5 Bf) — mVafi(xe, of, y)]%]
< ok = ai(xe) + mVafi(Xe, ol ¥8) — mVafi(xe, ai(xe), y:(x))[|* +
< lof — ai(x) 1P + 07| Vafi(Xe, af, ¥5) — Vi fi(xe, ci(Xe), y; (x0)) [P
+ 2771<Oé§ - ai(xt)aVafi(xtaagayi(xt)) - vafi(xhai(xt)ayZ(Xt)»
2

nio?
B

nio?
B

+2m <Oé§ - Oéz'(Xt)7 Vafv;(Xt, 0457)’3) - Vafz‘(XnOlE,yi(Xt))) + ——
(a)
< llak = as (%) I + ni | Vafi(xe, b, ¥5) = Vi fi(xe, i(xe), ¥ (%) |7 = 2m1 gl — i (xe)[|?

Hft 2, 1 t 9 17% o?
2 | B ol sl 4 IV filw 0l y)) = Vel yis) 2| + 5

®  mp 3m L7 nio?
< (-1 12+ =Lyt — yi(xe)* +

0! — a(x) L

(16)
where inequality (a) uses the standard inequality (a,b) < §||a||2 + %Hb”2 and the strong mono-
tonicity of — fi(x,-,y; ;) as it is assumed to be p1y-strongly convex, and (b) uses the assumption

m < min{us/L%,1/py}. Note that

1] m— |1

_ |
Exflaf* — auxl?) = 2, ) — sl + o — au(x) 1
which implies
. m — |1
B — as(lP) = 7 Eallal ™ = o)l - Jt(ﬁ—%QMF (a7)
Thus combining inequalities 16 and 17 gives
m m — |1
ot — aa(e)l?] = Tt — ()l
|1 |1

(18)

2 2 2
1 3m L o
< (1_Tf)Haﬁ—ai(Xt)HQ-i-if”ylé_Yi(xt)”z"’ 1B
22

Rearrange it to get

I 3m L7 |1 nio®| L
t+1 2] « 1_771,“f‘t t_ 2 4 f 2 1 t
Bllof*! = autwl) < (1= 25 ot — oyl + Lyt~ yix)? + BT

19)

20



Thus
Eqlllait! — ai(xes)lI’]

iy |1y t+1 2 4m 2
< (14 ME) gttt — o 1+ — VB[l o
< (14 25D Bot — asol)+ (1 ) Balles(rein) = s

2 2 2 2

My |1l t o OmLylL| 2, 2ni0° |1 8mCy
1= BEIE ) 0t g, SRR gty
< (1~ 2 ot — o+ Lyt — )P+ 2 P

(20)
im e %m‘[tl < 1. Taking summation over all tasks i € S,

A

where we use the assumption 7; < A

we obtain

Eeflla’™ — a(xes1)|]

2 2 2 2,12
s |1 t 2 6771Lf|1t‘ t 2, 2nio°|L|  8m*Cq
< (1 - AL - Tyt E -
S Iy =)+ 2 e
21
Taking summation over t = 0,...,T — 1 and taking expectation over all randomness, we obtain

T
Y Ellla’ - a(x)|’]
t=0

4m 8muf77102T 32m3C2

<———a -« y —y(x
g1 00 > FllY =y T e,

(22)
O

A.5 Proof of Lemma 2.6

This proof follows from the proof of Lemma 10 in [29].

B Convergence Analysis of Algorithm 2

First, we note that the bounded variance of V,7; (v, X, ;, y,;; B;) can be derived as

Esg[va%(Vﬁ,Xme; Bf) = Vori(vi xe, ¥ |I°]

= EB;H|V@2,yQi(Xt,YE§Bf)V§ =V fi(xe, O&Yﬁ; Bf) - V[jygi(xt,ylf)Vﬁ + Vyfz‘(xt7a§,)’§)H2]

< EBt [2|\V§y9i(xt7)’§; B)WVi — V3, 0:(xe, YOVEI? 4 21V fi(xe, o, ¥) — Vi fi(xe, b, ¥ B |17
202

20
ty2 —<1F2
H||+B (+)B

We present the detailed statement of Theorem 2.8

Theorem B.l. Ler F(xg) — F(x*) < Ap. Under Assumption 2 2,2.3
. . . . Mf 1
and  consider  Algorithm 2, with m < min { Z2rE uflltl , 9601/Lf0'2 }
: MKy 1 4m Be? 2m ugBe
n3 S min { LE{’ 0 1y I2]? 96C3pg02 }; 72 S mln{ L2 ) Tt pg ? 48C502 60 S
min{|I;|,B}e’ < : 1 Bo N3ptg| e 771M|It\ [T¢|n2pg >
12, o = M 3L 8Lr 7 32mC,yy/Cs ? 32mCav/C1’ 16mCy/Cs J° T =
max { B2FE0)-F&")] 15E(|VF(xo)=z|?] 60C1800 _60Csd0 30033,
noe? ’ Boe? D pplIini€®? mapglIile? [IiInapge?

we have
E[|[VF(x)|* <€, E[|VF(x;) —z-1)[I°] < 2€%,

where T is randomly sampled from {0, ..., T}, C1,Cs,Cs, Cy are constants defined in the proof,
and L is the Lipschitz continuity constant of V F (x).

To prove Theorem B.1, we need the following Lemmas.

21
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Lemma B.2 (Lemma 4.3 [25]). Under Assumption 2.2, v;(x,c;,y;) is C, = Lg/pg-Lipschitz-
continuous for all i.

Lemma B.3. Consider the updates for vf in Algorithm 2, under Assumption 2.2, 2.3, with ns <

: M~y 1 4m
min < %, — we have
{L’Zy TR }’

T 2 T—1 T-1
4m 24L Smpgnzo’T 32771302 2
Ei[6y,e] < Oy0 +—5> > E[dy1 + dau] + . E[llze+1[%]-
t;) PR gL T 2 tZ: . B ngug tzg

Proof of Theorem B.1. First, recall and define the following notations

VFE(x;) = % D Ve fi(xe (%), ¥, (%¢)) = V2,0i (%0, ¥, (%)) [V 5y i (%6, ¥, (%)) 7V £ (X, i (%2), ¥, (%)

€S
VF(Xtv 7y avz ZVF X¢, 17Yz - xfi(xtvo[LYE)_viygi(xbyg)vg
zES
A= |ZN+1 = V.. fi(xi, 0}, ¥} BY) = V2, 9:(x1, ¥} B} Vi
t i€l (

Consider the update z;11 = (1 — By)z; + Bo ATt in Algorithm 2, we have

EIVE () — 20 ]|%]

= E[[VE(x) — (1 — Bo)ze — BoAT|?]

=E[||(1 = Bo)(VF(x¢—1) —z) + (1 — Bo)(VF(x¢) — VF(x;—1)) + Bo(VF(x¢) — VF(xz, @, y', v?))
+ Bo(VE(xs, eyt vh) — A2

W= B)(VE(x1) — 2) + (1 — Bo)(VF(x)) = VE(x,_1)) + Bo(VE(x;) — VF(x;, @, y', v))|?
+ BEVE(x, al,y! v — AL
)

< (14 Bo)(1 = Bo)? [ VF (1) — 2] +2(1 + é) [IVE(x) = VE(x )| + BZIVE(x,) — VE(x0, &',y v)|?]
+ BR[|V E(x,, o, y! vl — AR

(©) 2

S (1 - Bo)IVF (%) — 2| + “BL—OFth xeea|]? + 40 [VF(x) — VE(xe, oy, v 2

@

+ BEE|[VF (x¢, @ty vh) — A2
®

(23)
where (a) follows from E;[VF(x;, a,y*)] = A1, (b) is due to ||a + b]|? < (1 + B)|al®* + (1 +
%) 2 and (c) uses the assumption 3y < 1 and Lemma A.2.
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Furthermore, one may bound the last two terms in 23 as following

@ = |VF(x:) - VF(x;, ',y vi)|®

= ST, 3,50) = V203,50 75 R ), )

i€S
1 2
- szfi(xtaagayﬁ) - viygz(xtvyf)vf
mics
1
< m Z2||Va:f7:(Xt,Oéi(Xf,)yyi(Xt)) = Vo fi(xe, uyl)”Q
=
2
+4||V7,9: (%0, ¥0) [Vi — [V5,9:(Xe, ¥, (%)) ™V fi(Xe, 00 (X ), ¥ (x¢))]
2
] 197200 = V20,3, 050 (73, 300019, s 0.3, 30)
1
< > 2L Jles (x¢) — o]|* + [lyi(xe) — vi|%]
i€S
_ 9 4L2£ C?
+— 24 mva yygi(xt7yi(xt))] 1Vyfi(XtaOéz‘(Xt)»L:(Xt))H + 9771%1“”}, - Y(Xt)Hz
ZES g
1 2 2 2 40290 2 4L§m C? 2
= o 2 2l = ol + i) =¥+ 2 v+ =B v
C e 5 C3 2
= Ha( X)) — o ||? + EHyt —y(x¢)[I” + EH"t - V(Xt)H
(24)

® = E[|VF(xs, al,y',vE) — AT

2
1
SEt 2 EZVFi(Xtaazt'ayL i |I|ZVF Xt, zayz’ z) +2 |I|ZVF X, z’yw z)_
= tier, ier,
8Br 5
< — B + — ZEB” |:2||vwf1(xt7 zvyz)_vxfl(xtaaiﬂy;t?[j’f)|2+2|[viygl(xf’yz)_viygl(xtayalgf)}vi2:|
zeS
8Br 40%? 40?1 P
<S2F 20 DTN
T
JE— C4
" min{|[,|, B}

(25)
where By is the upper bound of ||V F;(x, a;,y;, vi)||%.

Thus combining inequalities 23,24,25, we have

AL c
E[[[VF(x¢) = ze[|”] < (1= Bo)[[VF(x¢-1) — z]|* + TOFHXt —xi1|” + 460 [mlHOé(Xt) —af|?

6’; . 5 C3y 4 2 04@%
o I8 =y 4 Y v |+ e

23
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For simplicity, denote 0q ¢ := [|a’ —a(x¢)[|%, 6y == [[y* —y(x¢) |2 and 6,1 := >, g [V — V(x|
Take expectation over all randomness and summation overt = 1,...,7 to get
T 1 L2 77 T
S E[IVF(x:) = zea|’] < —-E[|VF(x0) — 2 ||°] F . ZE 12:(1%] Z [0at]
t=0 Po t=1
+ QET)E[(S ]+ %ET:E[é | CabT
m vt U min{|I,], B}
t=1 t=1
(26)
Recall that from Lemma 2.5, Lemma 2.4 and Lemma B.3, we have
T T—1 T—1
Z t 4m o n 24L2 Z SmenlaQT 327’713027’]8 Z E ||Zt+1||
Bl = T B e
27
T 2 2 T-1
2m dmnyTo? 8m Cun
E[5,, 50+ E[|lz¢41 17 (28)
tZ R TAT nB L 2 tz;
T 9 T—1 T—1
4m 24L 8m 02T 32m302 2
DBl < e 20 D Eldy+ 0ad] + Fae Z E[|lze41?].
— N3kl L] Hy = AR
(29)
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Combining inequalities 26,27,28,29, we have

N

E[|VF(xt) = 241

t=0
1 AL2mE & 0« Ch
E[|VF(x0) — 21 + =252 > " Ell[ze]*] + — Y Efda] + — ZE[%A
6 0 ¢=1 mi3 [t
Cs { 4m 2412 11 8mytgms0®T 32m3C2 2= }
— + E[d,+ + dat] + E[||z
gl It 0 p2 = By.e + ot B n3ull Z zesa
CsBoT
min{|I;|, B}
1 ALZmE  32m2C2n2Cs i 24L 03 )
—E[|VF(xq) —z ( £ 4 9 ) E[||z E[6
6 E[[|[VF(x0) — z[°] + 52 22| L2 Z [l12:]1%] = ;
Cy  24L2Cs ) 40, 8C3puyn30°T CafoT
+| =+ E[dy,¢] + dv,0 + z .
(m pu2m ; [9y.1] AT A B mln{|It|,B}
Lo 41272 32m20277 Cs 32m26’2n
—E[|VF(x0) —z £+ + E z

4C1 o+ Scl'u,fn10'2T 403 5 o+ 803,ug7730 T C4ﬂ0T
pg|Telm ™ B Napig|Le] " B min{|I;|, B}
Cy, 241205 24120\ &
4 72+ 29 3 4 2f ZE[ay,t]
m pgm pyme )=
1 ALZ2n2  32m2C22Cs  32m2C22C,  8m2Cind L
< S E[IVF(x0) — || + |~ + T oy CaRITAD T | O Ellzl]
Bo Bo AN it L \LPnsng ) =
401 0 SC’l,ufmaQT 403 s o+ 803}L97730'2T C4[30T
a, v, .
pp e B n3kg| Ll B min{ ||, B}
2C2 5 + 4CQ’I72T02
BT e L i
[Le|napg ¥ g B
(30)
2 2
where Cy := Cy + 2 5 and Oy = Oy + £ C3 + 24i501
f
Recall Lemma A.3, we have
F(xe) < F(x) + 5 [VE®) = 2o |? = T IVE®)]? = Bz |
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Combining with 30, we obtain

1 T
— N E[|VF 2
e S ElIVER)I
t=0
2E[F (xo) — F(x 1 & 1 <&
0) — T+1 2
< — E[|VF(x¢) — E
0T + T; [(IVF(x¢) = ze4a]*] — 2T; (1Ze+1 7]
1 Q[F(Xo) — F(X*)] 1 2 401 403 202
< = + —E||VF(x0) —z1||*] + a,0 Ov,0 + 77— 0y,0
T{ 70 Bo IV (xo) I pplleln 7 mapgl L) T [ Lilnapg Y
n 801/%‘77102 n 8C3/~Ll§7)302 n 4Comp0? C4fo

wyB min{|;|, B}

T\ B AR AL IItPnzu —
(1)
By setting
n2<min{ B2 mapiL* e |LPndud }
0= 64L3." 512m>C2C5’ 512m>C2Cy " 128m2C2C,
we have

AL3mE  32m2C2n3Cs  32m2C2n3C,  8mPCingChy 1 <0
B3 n3p2| 1|2 U%H?@|It|2 1 20312 4=

which implies that the last term of the right hand side of inequality 31 is less than or equal to zero
Hence

T
Z IV F(x) 2]
1 Q[F(Xo) — F(X*>] 1 2 401 403 202
< = + —E|||VF(xq) — z + a0+ dv,0 + 57— 0y.0
T{ o o EUIVE o) ~ 21l pellelm ™" mapg| L [ Leliopg
+ SClufmJQ + 803/197730'2 4 4027’}20'2 04[30
B B peB min{| |, B}
(32)
With
Be? Be? min{|I;|, B}e?
771§ 2a773§ 27772 Mq Q,BO_M
96C pupo 96C3pg0 48CH0 12C,
T > max {32[ ( ) — F(X*)] 15E[HVF(X0) — Z1|| } 600150470 60035‘,70 30025%0 }
- nNo€? ’ Boe? g |Temie?” mapg| I €2 | I napge?
we have
) e €&
Z [IVFx)|Z] < = + = < €
= 3 3

Furthermore, to show the second part of the theorem, following from inequality 30, we have

Y EIVE(x) — zera]|]

t=0
E[”VF(X()) — Z1||2] 4 401(5%0 n 801,[1,f’f]10'2T 403(5‘,70 803,I.Lg7730'2T 04,80T
- Bo g Ielm B n3tig| Lt B min{|/;|, B}
T-1
2025y 0 402772T0’ 1 2
’ + = E[|lVEx)|I] + E[||VF(x¢) — z
Tt paB 3 2 BUIVFGOI) + EIIVF ) 2
(33)
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With parameter set above, we have

HVF Xt *Zt+1|| ]< 262

MH

B.1 Proof of Lemma B.3

This proof is the same as the proof of Lemma 2.5.

C Algorithm and Derivation for Multi-task Deep Partial AUC Maximization

Algorithm 3 Min-Max Bilevel Optimization for pAUC Maximization (MMB-pAUC)
Require: a®, \°, H° 20, w°, a°, b°
1: fort=0,1,...,7 do
2:  Draw task batch I; C S.
3:  Draw data sample batch B}, for each k € I,
4 For sampled tasks k € I, update
5: al Tl al 4 mGa (W al, N BL) 0G4 (+) denotes a stochastic gradient w.r.t ay,
6
7
8

At“ — A — VAL (AL, wh BE)
H,tjl ~ (1 — B1)HE + B1V3, Li(AL, wh; BE)
Compute loss G**! according to 38 oG+ denotes an appropriate loss
Update gradient estimator A1 < autograd(G*+1)
10: ZH (1 — Bo)lt + BoAt+1
11: (witl attt by (wh,at b’) — noztt!
12: end for

R

Let D_[K] denote the top-K negative examples according to their prediction scores. Let ny,n_
denote the number of positive and negative label samples respectively. Then we have partial AUC
loss formulated as following

min = 37 ST () hax) + o)
R pxeD (K]
+ Y]

where K = n_p. Let a(w) = ﬁ > xiep, hw(xi) and b(w) = ﬁp Zx,-eD,[K] hw(x;). Then we
can transform the objective as

Ly —p S (hlx;) — b(W) + a(w) — hy(x) + b(w) — a(w) + )2
x€D+ x;€D_[K]

= LS ) WP+ —— 3 (ha(x) — b(W))? + (b(w) — a(w) + )?
"+ D, =P D K]

Then we can write the problem as

.1
min — Y (hy(x;)—a)? +— D I(x; € D_[K])(hw(x;)—b)*+ (b(w) —a(w)+c)* (34)
x; €D =P x;€ED_
i + J
Replacing the indicator function by I(x; € D_[K]) = 1 (hw(x;) — A(W)), where A\(w) represents
the K + 1-th largest scores among all negative examples, which can be represented as

A+ ni 3 (hw(x) = Vs

~ xeD_

A(w) = arg m)%n

We smooth the problem as
< K +e

Aw) = argmin L, w) i= ==X+ A%+ ni 3" mIn(1 + exp((hw(x) = A)/71)).
- T xeD_
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Due to the fact that the last term (b(w) — a(w) + ¢)? in Problem 34 cannot be directly obtained since
a(w) and b(w) are expectations, one may use p? = max, 2pa — o to get

(b(w) —a(w) +¢)* = mngxjep, (K], x: €D [2a(hw(xj) — hw(x;) +¢) — oz2] (35)

Then by replacing the top-K selector with ¢(hw(x;) — A(w)), the partial AUC minimization problem
can be formulated as a min-max bilevel optimization problem.

min = 37 (hy(x0) — 0+ 3 Gl(xy) — AW () — )7

w,a,b ny €D —pP x;€D_
Fmax2a | —— 37 6lha(x;) ~ AWhe(x) — — 3 hy(x)+ ¢ | - a?
Py n_ LAY w\r) n w 7
x;€D_ X, €Dy
. . K+¢ T2 |9 1
s.t, A(w) = argmin L(\, w) := A4 =4+ — Z 71 In(1 + exp((hw(x;) — A)/71))
A n— 2 - x;€D_

We consider multi-task partial AUC maximization, which is then given by

. u 1 2
ek enn { 5 (i) =0+ = 3 6l 8) = Aew) o x558) — )
k=1 \7F x;epk x €Dk
1
+ 2ak< 3 Z o(hw(x;; k (w))hw(xj; k) — E Z hw(x:5 k) + c) — ai}
x €Dk x; €Dk
. . K+¢ 9 1
s.t, Ap(W) = argmin Lg (A, w) := At o )\ +— Z 71 In(1 + exp((hw(x;; k) — X)/71))
A n_ n_ X, Dk
For function ¢, we use sigmoid function ¢(s) = m = 0(s). Vo(hw(xj; k) — Ap(W)) =

o(hw(x;k) — A (W) (1 — o(hw(x;;k) — (W) (Vhw(X,5k) — VAg(W)), where Vi (w) =
—(V3,L(\,w))"'V2, L, (A, w). Let H, = (V3, L(\,w)), and

vev)\Lk(Aa W) =Vy [VALk()‘v W)]

(K4 | xp((h(x;:K) — 1)/71)
=Vy ( - + oA — o ;k 1+ exp((hw(x;; k) — )\)/71))

1 exp((hw(xj5 k) = A)/11)
N no Z <1+QXP((hw(Xj;k)_>‘)/Tl)>

As aresult in order to compute in Pytorch V@ (hw(x;; k) — A(w)) we can define the following loss
LE(w) = st(o(hw(xj5 k) = M) (1 = o (hw(xj3 k) = Ag))- (36)

(st -t 5 B o
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so that VL(’Z(W) = Vé(hw(x;; k) — A(w)). Hence for updating w, a, b we can define the following
loss and the Pytorch will compute the gradient automatically:

1, L 1 ) — a2 i) — k) — )2
Gt '_lftikgt{Bfi > (hw(xisk) —ay) T Y st(Slhw(xjik) — M) (hw(xj; k) — b)

Xq'EBi U x;eBk

# g 3 T nstl(nl358) — )+ 200 (G 3 (00w ) = A5 )
U x;eBR —F et
! 1

+ B, Xg{;ﬁ LE(w)st(hw(xj: k) — Bi,{;ﬁ ho (X3 k) + c) }

(38)
The loss for o, A\x, and Hy, in the mini-batch for computing the gradient can be easily defined. For
practical version the terms that involve L’;(w) can be ignored.

D Additional Experiments

CheXpert CheXpert ogbg-molpcba ogbg-molpcba
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Figure 3: Convergence of our method vs data sample batch sizes B and vs task sample batch size
I :=|I,| for multi-task deep AUC maximization.
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Figure 4: Comparison of Convergence on training data for multi-task deep pAUC maximization on
the CIFAR100 and CheXpert datasets.
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