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Abstract. Stochastic gradient Hamiltonian Monte Carlo (SGHMC) is a variant of stochas-
tic gradients with momentum where a controlled and properly scaled Gaussian noise is
added to the stochastic gradients to steer the iterates toward a global minimum. Many
works report its empirical success in practice for solving stochastic nonconvex optimiza-
tion problems; in particular, it has been observed to outperform overdamped Langevin
Monte Carlo-based methods, such as stochastic gradient Langevin dynamics (SGLD), in
many applications. Although the asymptotic global convergence properties of SGHMC
are well known, its finite-time performance is not well understood. In this work, we study
two variants of SGHMC based on two alternative discretizations of the underdamped
Langevin diffusion. We provide finite-time performance bounds for the global conver-
gence of both SGHMC variants for solving stochastic nonconvex optimization problems
with explicit constants. Qur results lead to nonasymptotic guarantees for both population
and empirical risk minimization problems. For a fixed target accuracy level on a class of
nonconvex problems, we obtain complexity bounds for SGHMC that can be tighter than
those available for SGLD.
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1. Introduction

given target accuracy & >0, where F* = min p.F(x) is

We consider the stochastic nonconvex optimization
problem

I'['Ii'[;l P(x) = ]EZ'-D[f(fo)] ’ (1)
xeR

where Z is a random variable whose probability distri-
bution D is unknown, supported on some unknown set
Z, and the objective F is the expectation of a random
function f:R?x Z— R, where the functions x>
f(x, z) are continuous and nonconvex. Having access to
independent and identically distributed (i.id.) samples
Z=(Z,2,...,2Z,), where each Z; is a random variable
distributed with the population distribution D, the goal
is to compute an approximate minimizer £ (possibly
with a randomized algorithm) of the population risk; that
is, we want to compute £ such that EF(£) —F* < £ for a
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the minimum value and the expectation is taken with
respect to both Z and the randomness encountered (if
any) during the iterations of the algorithm to compute
*. This formulation arises frequently in several contexts,
induding machine learning. A prominent example is
deep learning in which x denotes the set of trainable
weights for a deep learning model and f(x,z;) is the
penalty (loss) of prediction using weight x with the
individual sample value Z; = z; € Z.

Because the population distribution D is unknown,
a common popular approach is to consider the empiri-
cal risk minimization (ERM) problem

. 1<
min F,(x) -—;;f(xfzi‘), 2
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based on the data set z := (z1,22,...,2,) € Z" as a proxy
to Problem (1) and minimize the empirical risk

E Fa(x) - min Fy(x) (©)

instead, for which the expectation is taken with respect
to any randomness encountered during the algorithm
to generate x. Many algorithms have been proposed
to solve Problem (1) and its finite-sum version (2).
Among these, gradient descent, stochastic gradient,
and their variance-reduced or momentum-based var-
iants come with guarantees for finding a local mini-
mizer or a stationary point for nonconvex problems. In
some applications, convergence to a local minimum
can be satisfactory (Du et al. 2018, Ge et al. 2018). How-
ever, in general, methods with global convergence
guarantees are also desirable and preferable in many
settings (Hazan et al. 2016, Simsekli et al. 2018).

It is well known that sampling from a distribution
that concentrates around a global minimizer of F is a
similar goal to computing an approximate global min-
imizer of F. For example, such connections arise in the
study of simulated annealing algorithms in optimiza-
tion that admit several asymptotic convergence guar-
antees (see, e.g., Kirkpatrick et al. 1983, Gidas 1985,
Hajek 1985, Gelfand and Mitter 1991, Bertsimas and
Tsitsiklis 1993, Borkar and Mitter 1999, Belloni et al.
2015). Recent studies make such connections between
the fields of statistics and optimization stronger, justi-
fying and popularizing the use of Langevin Monte
Carlo-based methods in stochastic nonconvex optimi-
zation and large-scale data analysis further (see, e.g.,
Welling and Teh 2011; Chen et al. 2016; Simsekli et al.
2016, 2018; Chaudhari et al. 2017; Dalalyan 2017;
Raginsky et al. 2017; Wibisono 2018).

Stochastic gradient algorithms based on Langevin
Monte Carlo are popular variants of stochastic gra-
dients that admit asymptotic global convergence guar-
antees with which a properly scaled Gaussian noise is
added to the gradient estimate. Two popular
Langevin-based algorithms that have demonstrated
empirical success are stochastic gradient Langevin dy-
namics (SGLD) (Welling and Teh 2011, Chen et al.
2015) and stochastic gradient Hamiltonian Monte
Carlo (SGHMC) (Duane et al. 1987; Neal 2010; Chen
et al. 2014, 2015) and their variants to improve their ef-
ficiency and accuracy (Ahn et al. 2012, Patterson and
Teh 2013, Ding et al. 2014, Ma et al. 2015, Wibisono
2018). In particular, SGLD can be viewed as the ana-
logue of stochastic gradients in the Markov Chain
Monte Carlo (MCMC) literature, whereas SGHMC is
the analogue of stochastic gradients with momentum
(see, e.g., Chen et al. 2014). SGLD iterations consist of

Xis1 = Xe — 08+ 207 &k,

where 1 > 0 is the step-size parameter, > 0 is the in-
verse temperature, g is a conditionally unbiased esti-
mate of the gradient of F,, and & € R? is a sequence of
ii.d. centered Gaussian random vectors with unit co-
variance matrix. When the gradient variance is zero,
SGLD dynamics correspond to an (explicit) Euler dis-
cretization of the first order (aka overdamped) Lange-
vin stochastic differential equation (SDE)

dX(f) = —~VF,(X(D)dt + 28 2dB(t), t>0, (4

where {B(t) : t > 0} is the standard Brownian motion in
R?. The process X admits a unique stationary distribu-
tion 7,(dx)ecexp (—BF,(x))dx, also known as the Gibbs
measure, under some assumptions on F, (see, e.g.,
Chiang et al. 1987, Holley et al. 1989). For f chosen
properly (large enough), it is easy to see that this distri-
bution concentrates around approximate global mini-
mizers of F;. Recently, Dalalyan (2017) established nov-
el theoretical guarantees for the convergence of the
overdamped Langevin MCMC and the SGLD algo-
rithm for sampling from a smooth and log-concave
density, and these results have direct implications to
stochastic convex optimization; see also Dalalyan and
Karagulyan (2019). In a seminal work, Raginsky et al.
(2017) show that SGLD iterates track the overdamped
Langevin SDE closely and obtained finite-time perfor-
mance bounds for SGLD. Their results show that
SGLD converges to e-approximate global minimizers
after O(poly(3-, B,d, 1)) iterations in which A, is the uni-
form spectral gap that controls the convergence rate of
the overdamped Langevin diffusion, which is, in gen-
eral, exponentially small in both § and the dimension d
(Raginsky et al. 2017, Tzen et al. 2018). A related result
of Zhang et al. (2017a) shows that a modified version
of the SGLD algorithm finds an e-approximate local
minimum after polynomial time (with respect to all pa-
rameters). Recently, Xu et al. (2018) improved the ¢ de-
pendency of the upper bounds of Raginsky et al. (2017)
further in the mini-batch setting and obtained several
guarantees for the gradient Langevin dynamics and
variance-reduced SGLD algorithms.

On the other hand, the SGHMC algorithm is based
on the underdamped (aka second order or kinetic)
Langevin diffusion

dV(t) = —yV(t)dt — VF,(X(t))dt + /2y~ dB(t), (5)
dX(t) = V(t)dt, (6)

where y >0 is the friction coefficient, X(t), V(t) € R?
models the position and the momentum of a particle
moving in a field of force (described by the gradient
of F;) plus a random (thermal) force described by
Brownian noise, first derived by Kramers (1940). It
is known that, under some assumptions on F,, the
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Markov process (X(t),V(t))s is ergodic and admits a
unique stationary distribution

rald,do) = f-oxp|-B{3lolP + E. 0 ixdo, )

(see, e.g.,, Hérau and Nier 2004, Pavliotis 2014) in
which I'; is the normalizing constant:

T, = 4 P (—5 (%||v| 24 P,(x)))dxdv

df2
=(2Fn) f e PF gy,
Rd

Hence, the x-marginal distribution of stationary distri-
bution m,(dx,dv) is exactly the invariant distribution
of the overdamped Langevin diffusion.” SGHMC dy-
namics correspond to the discretization of the under-
damped Langevin SDE in which the gradients are
replaced with their unbiased estimates. Although var-
ious discretizations of the underdamped Langevin
SDE have also been considered and studied (Chen
et al. 2015, Leimkubhler et al. 2015), the following first
order Euler scheme is the simplest approach that is
easy to implement and a common scheme among
practitioners (Chen et al. 2015, 2016; Teh et al. 2016):

Vis1 = Vi =y Vi + (X, Uz )] ++2yB & (8)
Xir1 = X + Vi, ©)

where ()2, is a sequence of i.i.d. standard Gaussian
random vectors in R? and {U,; :k=0,1,...} is a se-
quence of i.i.d. random elements such that

Eg(x, U,;) = VF,(x) for any x eR?.

In this paper, we focus on the unadjusted dynamics
(without the Metropolis—Hastings type of correction)
that works well in many applications (Chen et al.
2014, 2015) as Metropolis-Hastings correction is typi-
cally computationally expensive for applications in
machine learning and large-scale optimization when
the size of the data set n is large and low-to-medium
accuracy is enough in practice (see, e.g., Welling and
Teh 2011, Chen et al. 2014).

There is also an alternative discretization to (8) and
(9), recently proposed by Cheng et al. (2018a) that leads
to state-of-the-art estimates in the special case that
improves upon the Euler discretization when the objec-
tive is strongly convex (Cheng et al. 2018a). To intro-
duce this alternative discretization by Cheng et al.
(2018a), we first define a sequence of functions i, by

Yo()=e?" and P, ,(t) = félpk(s)ds, k>0. The iterates
(}? oV %) are then defined by the following recursion:

Vit = PoMVi— 1, (M8(Xk, Uzk) + /27 Epur,  (10)

X1 = Xie + (Vi — P (mg(Xie, Un) + 2V B s
(11)

where (&xs1,&,;) is @ 2d-dimensional centered Gauss-
ian vector so that the (&;, cE;) s are iid. and independent

of the initial condition, and for any fixed j, the random
vectors ((§)1,(E), (62, (&), --- (£, (£])a) are

i.i.d. with the covariance matrix

g T
) = fu [WoO0: O] wo®, v: Ol (12)

In the rest of the paper, we refer to the Euler discreti-
zation (8) and (9) as SGHMC1 and the alternative dis-
cretization (10) and (11) as SGHMC2.

Recently, Ebetle et al. (2019) showed that the under-
damped SDE converges to its stationary distribution
faster than that of the best known convergence rate of
overdamped SDE in the two-Wasserstein metric under
some assumptions, where F, can be nonconvex. Their
result is for the continuous-time underdamped dynam-
ics. This raises the natural question of whether the dis-
cretized underdamped dynamics (SGHMC) can lead to
better guarantees than the SGLD method for solving
stochastic nonconvex optimization problems. Indeed,
experimental results show that SGHMC can outper-
form SGLD dynamics in many applications (see, e.g.,
Chen et al. 2014, 2015; Eberle et al. 2019). Although as-
ymptotic convergence guarantees for SGHMC exist
(see, e.g., Mattingly et al. 2002, Section 3; Chen et al.
2014; Leimkuhler et al. 2015), there is a lack of finite-
time explicit performance bounds for solving noncon-
vex stochastic optimization problems with SGHMC in
the literature including risk minimization problems.

1.1. Contributions
Our main contributions can be summarized as follows:

e We provide, for the first time to our knowledge,
nonasymptotic provable guarantees for SGHMC to
find approximate minimizers of both empirical and
population risks with explicit constants. We establish
the results under some regularity and growth assump-
tions for the component functions f(x, z) and the noise
in the gradients, but we do not assume fis strongly con-
vex in any region.

e We show that, for a class of nonconvex problems,
SGHMC2 can improve upon the (vanilla) SGLD algo-
rithm in terms of the gradient complexity, that is the total
number of stochastic gradients required to achieve a
global minimum. Here, “improvement” means the best
available bounds for SGHMC2, which we prove in our
paper, are better than the best available bounds for
SGLD for some class of problems; see Section 5 for de-
tails. As a consequence, our analysis gives further theo-
retical justification to the success of momentum-based
methods for solving nonconvex machine learning
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problems, empirically observed in practice (see, e.g.,
Sutskever et al. 2013).

* We illustrate the applications of our theoretical re-
sults using two examples including binary linear classi-
fication and robust ridge regression.

¢ On the technical side, we adapt the proof techni-
ques of Raginsky et al. (2017) developed for the over-
damped dynamics to the underdamped dynamics and
combine them with the analysis of Eberle et al. (2019),
which quantifies the convergence rate of the under-
damped Langevin SDE to its equilibrium. The main
new technical results we derive in this paper, relative
to these studies, include controlling the discretization
errors between SGHMC and the continuous-time
underdamped Langevin SDE and bounding the mo-
ments of underdamped dynamics.

1.2. Related Work and Comparison with
Existing Literature

In a recent work, Simsekli et al. (2018) obtains a finite-
time performance bound for the ergodic average of
the SGHMC iterates in the presence of delays in gradi-
ent computations. Their analysis highlights the depen-
dency of the optimization error on the delay in the
gradient computations and the step size explicitly;
however, it hides some implicit constants that can be
exponential in both 8 and d in the worst case. A com-
parison with the SGLD algorithm is also not given.
On the contrary, in our paper, we make all the con-
stants explicit. This allows us to make gradient com-
plexity comparisons with respect to overdamped
MCMC approaches, such as SGLD.

Cheng et al. (2018b) consider the problem of sam-
pling from a target distribution p(x)oexp(—F(x)),
where F:R? - R is L-smooth everywhere and m-
strongly convex outside a ball of finite radius R. They
prove upper bounds for the time required to sample
from a distribution that is within ¢ of the target distri-
bution with respect to the one-Wasserstein distance
for both underdamped and overdamped methods
that scale polynomially in ¢ and d. They also show
that an underdamped MCMC has a better dependen-
cy with respect to & and d by a square root factor.
Compared with this paper, in our analysis, we consid-
er a larger class of nonconvex functions F(x) that satis-
fy the dissipativity condition, a weaker condition that
does not require strong convexity outside a region.
Under our assumptions, the best known bounds are
such that the distance to the invariant distribution
scales exponentially with dimension d in the worst
case but not polynomially in d (see, e.g., Raginsky et al.
2017, Xu et al. 2018). When F is globally strongly con-
vex (or, equivalently, when the target distribution
p(x)cecexp (—F(x)) is strongly log-concave), there is also
a growing interesting literature that establishes per-
formance bounds for both overdamped MCMC (see,

e.g., Dalalyan 2017) and underdamped MCMC meth-
ods (see, e.g., Mangoubi and Smith 2017, Cheng et al.
2018b). In this particular setting, the fact that under-
damped Langevin MCMC (also known as Hamiltonian
MCMC) can improve upon the best available bounds
for overdamped Langevin MCMC algorithms is also
proven (Mangoubi and Smith 2017, Chatterji et al.
2018, Cheng et al. 2018b, Dalalyan and Riou-Durand
2020). Similar results have also been established when
F(x) is convex but not strongly convex (Dalalyan et al.
2019). Compared with these papers in which F(x) is
convex, our assumptions are weaker as we allow F(x)
to be nonconvex as long as it is dissipative.

A related paper, Xu et al. (2018) applies variance re-
duction techniques to overdamped MCMC to improve
performance when the empirical risk can be noncon-
vex, satisfying the same dissipativity assumption con-
sidered in our paper. However, these results do not
give guarantees for the risk minimization Problem (1).
Furthermore, such variance-reduction techniques re-
quire objectives in the form of a finite sum and do not
apply to the streaming data setting when each data point
is used only once. In this work, we obtain guarantees
for both the risk minimization problem and the empir-
ical risk minimization, and our results apply to the
streaming data setting. Also, the convergence guaran-
tees provided in Xu et al. (2018) depend on a spectral
gap-related parameter that is not provided explicitly,
whereas all our results are explicit, and this allows us
to have explicit performance comparisons between the
upper bounds of SGLD and SGHMC algorithms.

We also note that underdamped Langevin MCMC
(also known as Hamiltonian MCMC) and its practical
applications are also analyzed further in a number of
recent works (see, e.g., Betancourt et al. 2014, 2017;
Betancourt 2017; Lee and Vempala 2018; Mangoubi et al.
2018). In particular, Mangoubi et al. (2018) provide a
characterization of the conductance of Hamiltonian
Monte Carlo (HMC) in continuous time using
Liouville’s theorem, and invoking Cheeger’s inequality,
they obtain upper and lower bounds on the spectral
gap of HMC in continuous time. Although the formula
provided in Mangoubi et al. (2018) for the conductance
of HMC is elegant, it is not an explicit formula. In our
analysis, our focus is to obtain performance bounds
with explicit constants, and therefore, we build on
the coupling techniques of Eberle et al. (2019), which
leads to explicit constants for the class of problems
we consider.

We also note that Mangoubi et al. (2018) consider
sampling from the target distribution IAN(-1,0%)+
IN(1,0%) in dimension one and estimate the spectral
gap of HMC in the regime as ¢ — 0. This is a mixture
of two Gaussians with the same variance 0% centered
at -1 and 1, respectively, in which they argue that, for
this specific example, HMC does not lead to much
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improvement over the random walk approach for
sampling. In our paper, our results apply to more
general targets that are not necessarily a mixture of
Gaussians. However, if we consider sampling from
the distribution 2N (—4,0%) + 3N (a,0?) as a — oo for o2
fixed, Proposition 1 is applicable, and it implies that
HMC is more efficient than overdamped Langevin
dynamics in terms of dependency to a (which meas-
ures the distance between the modes) in the sense that
the mixing time is O(a) in HMC, whereas it is O(a?) in
random walk. This does not contradict the results of
Mangoubi et al. (2018) because we consider different
scaling regimes: we fix ¢ >0 and let a — oo, whereas
Mangoubi et al. (2018) fixa =1 and letc — 0.

There are also some connections of our work to exist-
ing momentum-based optimization algorithms. More
specifically, if the term with dB(t) involving the Brown-
ian noise is removed in the underdamped SDE (5) and
(6), this results in a second-order ordinary differential
equation (ODE) in X(t). Momentum-based algorithms
for strongly convex objectives, such as Polyak’s heavy
ball method as well as Nesterov’s accelerated gradient
method, both can be viewed as (alternative) discretiza-
tions of this ODE (see, e.g., Polyak 1987, Su et al. 2014,
Wilson et al. 2016, Shi et al. 2018). It is known (Su et al.
2014, Wilson et al. 2016, Shi et al. 2018) that Nesterov’s
accelerated gradient method tracks this second order
ODE (also referred to as Nesterov’s ODE in the litera-
ture), whereas the first order nonaccelerated methods,
such as the classical gradient descent, are known to
track a first order ODE in X(t) called the gradient flow
dynamics. Furthermore, existing analysis shows that
Nesterov’s ODE converges to its equilibrium faster (in
time) than the first order gradient flow ODE in terms
of upper bounds, and this speed-up is also inherited by
the discretized dynamics. Roughly speaking, our re-
sults can be interpreted as the analogue of these results
in the nonconvex optimization setting in which we
deal with SDEs instead of ODEs building on the theory
of Markov processes and show that SGHMC tracks the
second order (underdamped) Langevin SDE closely
and inherits its favorable convergence guarantees (in
terms of upper bounds on the expected suboptimality)
compared with that of overdamped Langevin SDE.

Acceleration of first order gradient or stochastic gra-
dient methods and their variance-reduced versions
for finding a local stationary point (a point with a gra-
dient less than € in norm) are also studied in the litera-
ture (see, e.g., Nesterov 1983, Allen-Zhu and Hazan
2016, Ghadimi and Lan 2016, Carmon et al. 2018, Jofré
and Thompson 2019). It is also shown that, under
some assumptions, momentum-based accelerated
methods can escape saddle points faster (see, e.g., Liu
et al. 2018, O’Neill and Wright 2019). In contrast, in
this work, our focus is obtaining performance guaran-
tees for convergence to global minimizers instead.

2. Preliminaries and Assumptions

In our analysis, we use the following two-Wasserstein
distance: for any two probability measures v1,v; on
R, we define

1/2
Wa(vi,17) = v mj_l'llf( - E[lly: - Yal?]}

where || -|| is the usual Euclidean norm, 14, v; are two
Borel probability measures on R* with finite second
moments, and the infimum is taken over all random
couples (Y1, Y) taking values in R x R with mar-
ginals Y1~ vy, Y2 ~ 12 (see, e.g., Villani 2008). We let
C!(R%) denote the set of continuously differentiable
functions on R? and L*(m,) denote the space of
square-integrable functions on R? with respect to the
measure .

We first state the assumptions used in this paper in
Assumption 1. Note that we do not assume the com-
ponent functions f(x, z) to be convex; they can be non-
convex. The first assumption of nonnegativity of f can
be assumed without loss of generality by subtracting a
constant and shifting the coordinate system as long as
f is bounded below. The second assumption of Lip-
schitz gradients is, in general, unavoidable for discre-
tized Langevin algorithms to be convergent (see, e.g.,
Mattingly et al. 2002), and the third assumption is
known as the dissipativity condition (see, e.g., Hale
1988) and is standard in the literature to ensure the
convergence of Langevin diffusions to the stationary
distribution (see, e.g., Mattingly et al. 2002, Raginsky
et al. 2017, Eberle et al. 2019). The fourth assumption is
regarding the amount of noise present in the gradient
estimates and allows not only constant variance noise,
but allows the noise variance to grow with the norm of
the iterates (which is the typical situation in mini-
batch methods in stochastic gradient methods; see,
e.g., Raginsky et al. 2017). Finally, the fifth assumption
is a mild assumption saying that the initial distribution
po for the SGHMC dynamics should have a reasonable
decay rate of the tails to ensure convergence to the sta-
tionary distribution. For instance, if the algorithm is
started from any arbitrary point (xo,vp) € R?, then the
Dirac measure py(dx,dv) = 8y, q,)(dx,dv) works. If the
initial distribution y(dx, dv) is supported on a Euclide-
an ball with radius being some universal constant, it
also works. Similar assumptions on the initial distribu-
tion i are also necessary to achieve convergence to a
stationary measure in continuous-time underdamped
dynamics as well (see, e.g., Hérau and Nier 2004).

Assumption 1. We impose the following assumptions:

i. The function f is continuously differentiable, takes non-
negative real values, and there exist constants Ag,B >0 so
that

If0,2)[<Ao, |IVf(0,2)l <B,



Downloaded from informs.org by [144.174.212.42] on 21 November 2022, at 14:42 . For personal use only, all rights reserved.

Gao, Girbiizbalaban, and Zhu: Global Convergence of Stochastic Gradient Hamiltonian Monte Carlo

2936

Operations Research, 2022, vol. 70, no. 5, pp. 2931-2947, @ 2021 INFORMS

foranyz e Z.
ii. For each z € Z, the function f(-,z) is M-smooth:

IVf (w,2) = Vf(o,2)l| < Mllw -
iii. For each z € Z, the function f(-,z) is (m, b)-dissipative:

(x, Vf (x,2)) > m|lx| - b.
iv. There exists a constant 6 € [0,1) such that, for every z,

E[I(xU) - VE,(0)I"] < 26(M?|lx|[* + B?).

v. The probability law , of the initial state (Xo, V) satis-
fies

f e“v(””)yu(dx, dv) < o0,
]de

where V is a Lyapunov function to be used repeatedly for
the rest of the paper:

V(x,v) := BF,(x) +§yz(llx +y Mol + Iy ol = AlldP),
(13)

and y is the friction coefficient as in (5), A is a positive
constant less than min(1/4,m/(M+y?/2)), and a=
A(1-2A)/12.

We note that the Lyapunov function V is used in
Eberle et al. (2019) to study the rate of convergence to
equilibrium for underdamped Langevin diffusion,
which itself is motivated by, for example. Mattingly
et al. (2002). It follows from these assumptions (apply-
ing Lemma EC.9) that there exists a constant A€
(0, ) so that

x VEy(x) > millx|f* = b > 2A(Fo(x) +)7|IxIf /4) - 24/B.
(19)

This drift condition, which is used later, guarantees
the stability and the existence of Lyapunov function V
for the underdamped Langevin diffusion in (5) and
(6); see Eberle et al. (2019).

3. Main Results for the SGHMC1

Algorithm
Our first result shows SGHMC1 iterates (Xj, Vi) in (8)
and (9) track the underdamped Langevin SDE in the
sense that the expectation of the empirical risk F, with
respect to the probability law of (X, Vi) conditional
on the sample z, denoted by y,,, and the stationary
distribution 7, of the underdamped SDE is small
when k is large enough. The difference in expectations
decomposes as a sum of two terms Jo(z, €) and J1(¢)
although the former term quantifies the dependency
on the initialization and the data set z, whereas the lat-
ter term is controlled by the discretization error and
the amount of noise in the gradients, which depends
on the parameter 6. We also note that the parameter

U, (see Table 1) in our bounds governs the speed of
convergence to the equilibrium of the underdamped
Langevin diffusion.

Theorem 1. Consider the SGHMCI iterates (X;, V) de-
fined by the recursion (8) and (9) from the initial state (X,
Vo), which has the law po If Assumption 1 is satisfied,
then for B, & > 0, we have

2.6 - Eoxpn E00 = | [, Fuohgald o)

- f F,(x)m,(dx, do)
RxRA
< Tolz,e) + T1(e),

where

Jﬂ(zf E) = (MO' + B) ) C\'Hp(.uuf T{z) &, (15)

J1 (E) = (MO' + B) . ((%(log (1/6))3f261f4 + %E)

2
1 -1] -1 —E
J Og (lu» Og (E )) |u* (]. g (1/ ))2

with ¢ defined by (EC.20) provided that

), (16)

£ yA 2
”Sm{(uog (1/5))3"'2) G /P APy }
(17)
and
kn= ilog (%) >e. (18)

Here, H,, is a semimetric for probability distributions de-
fined by (EC.12). All the constants are made explicit and
are summarized in Table 1.

The proof of Theorem 1 is presented in detail in Sec-
tion EC.1 in the e-companion. In the following sec-
tions, we discuss that this theorem combined with
some basic properties of the equilibrium distribution
T, leads to a number of results that provide perfor-
mance guarantees for both the empirical and popula-
tion risk minimization.

3.1. Performance Bound for the Empirical Risk
Minimization

In order to obtain guarantees for the empirical risk

given in (3), in light of Theorem 1, one has to control

the quantity

f Fo(x)m(dx, dv) — min Fy(x),
RixR? xeR?

which is a measure of how much the x— marginal of
the equilibrium distribution 7, concentrates around a
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Table 1. Summary of the Constants and Where They Are Defined in the Text

Constants Source
MV{x,v}ynfsﬁr,dv}#%ﬂ f Vo, oy o 52 (EC.1), (EC2)
Co==% T-20)p)2 ’ Ti2n)
2A2(L : 4l2 1 (EC3)

K, = m.ax{3 {l_g;;:’) , 8(m ;{’f_‘;‘}f’“‘l’)}

K = BY(1+2y +20) (EC.4)

f Vit o ey f Vit oy doys 450 (EC.5), (EC6)

Cr==k -2y . H1-21)

o= max{‘/_x, ﬁ } (EC.20)

=7-((mect+ BZ]g Jy+ NPT By) (EC.8)
1/2 (EC.9)
=7 (ﬁW(Cz)zf(Z}’)+\/ﬁW(Cz)2f(2}’))

C = [2;#0‘; +(@+25)(MeCt+ B) + 2971 (EC.10)

" 12 EC.11

7 =383 tog{ [ & oduse) +1EHaya+ ) .

af614+2312}?§13 . a= Afll—zz.l} (EC7)

W=+ mm{).My-z A2 ANMy2, A”ze“"} (EC.13)

C = fmax }‘Fff\l {1,4(1+2a1 +222)(d + A)p~y~1p;! /min{1, R, }} (EC.14)
A=2(142a; +20)d+ AMy2A (1-20)",  ay =(1+A)My2 (EC.15)
=4y, /(d +A) (EC.16)

Ry =4-(6/5)"/%(1+2a; +2a2) /2 (d + A)' Pp Y2y 1 (A — 242712 (EC.17)

(EC.18)

Ty (o) =Ra+ Ruzymax M+ 362, 3}I(x0)lEe, ) + Ruea(M+3512) 222+ Ry 3 +2R, 1A +5)

global minimizer of the empirical risk. As 8 goes to in-
finity, it can be verified that this quantity goes to zero.
For finite g, Raginsky et al. (2017) (see proposition 11)
derives an explicit bound of the form

f Fa(a)ma(d, do) — min Fy(x)
RIxpd eR?

<J2:= iﬁlog( (b'B + 1)), (19)

(which is also provided in the e-companion for the sake
of completeness, see Lemma EC.12). This combined
with Theorem 1 immediately leads to the following per-
formance bound for the empirical risk minimization.
The proof is omitted.

Corollary 1 (Empirical Risk Minimization with SGHMC1).
Under the setting of Theorem 1, the empirical risk minimi-
zation problem admits the performance bounds

EF,(X) —mEJ;} F,(x) < Jo(e, z) + T1(e) + T2,

provided that Conditions (17) and (18) hold in which the
terms Jo(z,€), J1(€) and J, are defined by (15), (16), and
(19), respectively.

3.2. Performance Bound for the Population Risk
Minimization

By exploiting the fact that the x— marginal of the in-
variant distribution for the underdamped dynamics is
the same as it is in the overdamped case, it can be
shown that the generalization error F(X;) — Fz(Xy) is
no worse than that of the available bounds for SGLD
given in Raginsky et al. (2017), and therefore, we have
the following corollary. A more detailed proofis given
in Section EC.1.

Corollary 2 (Population Risk Minimization with
SGHMCH1). Under the setting of Theorem 1, the expected
population risk of Xy (the iterates in (9)) is bounded by

EF(X;) —F' < Jo(e) + J1(e) + T2 + T3(n),
with

Jole) := (Mo +B)-C- \[Hp(u,) - &, (20

7 =25 g em), e
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where o is defined by (EC.20); H,(u,) is defined by
(EC.18); J1(¢) and T are defined by (16) and (19), respec-
tively; and cys is a constant satisfying

- 2m? + 8M?2 N 1 (6M(d +B) N 2)
€Ls = m*MB A m g

and A, is the uniform spectral gap for overdamped Langevin
dynamics:’

g f IVglPdn,
A, := inf inf :g€ C'(RY) N L(my),
zeZ" f gzdnz
g#0, 4 gdn, =o]. (22)

3.3. Generalization Error of SGHMC1 in the
One-Pass Regime

Because the predictor X; is random, it is natural to

consider the expected generalization error EF(Xj)—

EFz(X;) (see, e.g., Hardt et al. 2016) that admits the

decomposition

EFz(Xx) — EF(Xk) = (EFz(Xk) — EFz(X™))
+ (EFz(X™) —EF(X™))
+ (EF(X™) - EF(Xy)), (23)

where X" is the Gibbs output; that is, its distribution
conditional on Z = z is given by m,. If every sample is
used once, that is, if only one pass is made over the
data set, then the second term in (23) disappears. As a
consequence, the generalization error is controlled by
the bound

[EFz(X)) — EF(Xi)| < [EFz(X;) — EFz(X™)|
+ |[EF(X™) — EF(Xy)|. (24)

The following result provides a bound on this quanti-
ty. The proof is similar to the proof of Theorem 1 and
its corollaries and, hence, omitted.

Theorem 2 (Generalization Error of SGHMC1). Under
the setting of Theorem 1, we have
IEF(Xi) — EF(X™)| < To(e) + J1(e),

|EFz(Xk) — EFz(X")| < Jo(e) + T1(e),

provided that (17) and (18) hold when X™ is the output of
the underdamped Langevin dynamics, that is, its distribu-
tion conditional on Z =z is given by m, and Tole) is de-
fined by (20). Then, it follows from (24) that, if each data
point is used once, the expected generalization error satisfies

[EFz(Xx) — EF(Xi)| <27 o(e) + 271 (e).-

4. Main Results for the SGHMC2

Algorithm

Recall the SGHMC?2 algorithm (Xj, V) defined in (10)
and (11), and denote the probability law of (X, V)
conditional on the sample z by fi, ,(dx,dv). Similar to
our analysis for SGHMC1, we can derive similar per-
formance guarantees for SGHMC2 in terms of empiri-
cal risk, population risk, and the generalization error.
The main difference is that the term [7i(¢) is con-
trolled by the accuracy of the discretization and has to
be replaced by another term 71 (¢) as the SGHMC2 al-
gorithm is based on an alternative discretization. In
particular, the performance bounds we get for
SGHMCQ2 are tighter than SGHMC1 as is elaborated
further in Section 5.

Theorem 3. Consider the SGHMC?2 iterates (X, V) de-
fined by the recursion (10) and (11) from the initial state
(Xo, Vo). which has the law . If Assumption 1 is satisfied,
then for B, & > 0, we have

EF,(%¢) ~ Egxvy-r, (Fo(0)| =

L. F, s

- f Fa(0)m,(dx, do)
B R4
< To(z, &)+ T1(e),

where Jo(z, €) is defined in (15) and

J1(¢) :=(Mo +B)- (V#_1'log(1/€)51f4 \({:EE)
Jlog (i 1log (e1), (25)

with ¢ defined by (EC.20) provided that

yA 2
B +AIB), M}

(26)

. &
rl| ﬁmm{(—r—————-———-——-—log(l/g ) ’
and

1 1
=—log|-|>e. 2
bl @
Here, H,, is a semimetric for probability distributions de-
fined by (EC.12). All the constants are made explicit and
are summarized in Tables 1 and 2.

The proof of Theorem 3 is given in Section EC.2.
Relying on Theorem 3, one can readily derive the
following result on the performance bound for the
empirical risk minimization with the SGHMC2 algo-
rithm. The proof follows a similar argument as dis-
cussed in Section 3.1 and is omitted.
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Table 2. Summary of the Constants and Where They Are Defined in the Text
Constants Source
K1=K1 +Ql%+&ﬁ (ECZZ)
Ka=Kz+Qs (EC.23)
Q1 =L1a((BM+4-2y +(co +72) +(1 +y)[§+ (1 +y)] +2)%1) (EC.24)
Q> =3eol((1+)(col1+7) +3) + 0 + 2+ 12 +2Meo + M+ )21 + M)+ (2M2 +724 +3)2(1+7)) (EC.25)
Qs =gl((1 +y)(cu(1 +7) +§]+.cu +24 292 +2(Mcy + M +1))(1+8)B + B2 +373B e + 2B c1a + MyBlen (EC.26)
cp=1 +y2, c12= %, c» Z% (ECZ?)
(EC.29)

12
Ei=7- (Et‘;’;i[q + (21 +OMCE +2(1+ 6)B) + 24 + ,jl-%[q +(2(1+6)M2CI +2(1+5)B?) +2"—gf—"])

Corollary 3 (Empirical Risk Minimization with SGHMC2).
Under the setting of Theorem 3, the empirical risk minimi-
zation problem admits the performance bounds

EF,(X:) —min F,(x) < Jo(z,€) + J1(e) + T2,

provided that Conditions (26) and (27) hold in which the
terms Jo(z,€), J1(¢) and T, are defined by (15), (25), and
(19), respectively.

Next, we present the performance bound for the
population risk minimization with the SGHMC2 algo-
rithm. Similarly to in Section 3.2, to control the popu-
lation risk during SGHMC2 iterations, one needs to
control the difference between the finite sample size
Problem (2) and the original Problem (1) in addition
to the empirical risk. This leads to the following result.
The details of the proof are given in Section EC.2.

Corollary 4 (Population Risk Minimization with
SGHMC2). Under the setting of Theorem 3, the expected
population risk of X, (the iterates in (11)) is bounded by

EF(Xx) —F' < To(e)+ J1(e) + T2+ Ta(n),

where Jo(e), T1(e), T2, Ta(n) are defined in (20), (25),
(19), and (21).

Finally, we present a result on the generalization er-
ror of the SGHMC2 algorithm in the one-pass regime.
The proof follows from Theorem 3 and the discussion
for the SGHMC1 algorithm in Section 3.3 and, hence,
is omitted.

Theorem 4 (Generalization Error of SGHMC2). Under
the setting of Theorem 3, we have
[EF(R) - BF(X™)| < Tole) + T1(e),
[EF2(Re) - EF2(X")| < To(e) + T1(e),

provided that (26) and (27) hold, where X™ is the output
of the underdamped Langevin dynamics; that is, its distri-
bution conditional on Z =z is given by m, and Tole) is
defined by (20). Then, it follows from (24) that, if each

data point is used once, the expected generalization error
satisfies

|EFz(R¢) - EF(R))| < 2T o(e) + 27 1(e).

5. Performance Comparison with Respect
to the SGLD Algorithm

In this section, we compare our performance bounds
for SGHMC1 and SGHMC2 to SGLD. We use the nota-
tions @ and Q to give explicit dependence on the pa-
rameters d, B, ,, but it hides factors that depend (at
worst polynomially) on other parameters m, M,B,A,y, b
and A,. Without loss of generality, we assume here the
initial distribution y(dx, dv) is supported on a Euclide-
an ball with radius being some universal constant for
the simplicity of performance comparison.

5.1. Generalization Error in the One-Pass Setting
A consequence of Theorem 2 is that the generalization
error of the SGHMC1 iterates [EFz(Xy) — EF(Xy)| in the
one-pass setting satisfy

(@d+p??  (@d+p°A
O( F».BIBSM e lg(pf;?’fz ((108(1/6))3’{261»’4+£)

” oL d+p €
\{log(p* log (¢71)) + 5 p*(log(lfﬁ))z)’ (28)

fork = Ksgamal := ﬁ(p—ls,;log?( 1/ E)) iterations, and sim-

ilarly, Theorem 4 implies the generalization error of
the SGHMC? iterates [EFz(Xy) — EF(Xi)| in the one-
pass setting satisfy

[@d+py**  (@d+p)P
O( Wik e+ BT (1flog(1/£)61"4+£)

\{log (u;og (E‘l))), (29)

for k = Kscumen := Q(ﬁlogz(lfe)) iterations (see the
discussion in Section EC.7 for details). On the other
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hand, the results of theorem 1 in Raginsky et al. (2017)
imply that the generalization error for the SGLD algo-
rithm after Ksgrp iterations in the one-pass setting
scales as

@(M(ﬁlﬂlog (1/£)+£)) for

Kscip = ('B(d +'B)108 5(1/5)) (30)

The constants A, (see (22)) and pu, (see Table 1) are ex-
ponentially small in both § and d in the worst case,
but under some extra assumptions, the dependency
on d can be polynomial (see, e.g., Cheng et al. 2018b)
although the exponential dependence on f is unavoid-
able in the presence of multiple minima in general
(see Bovier et al. 2005). One can readily see that
KSGHM[:}_ has better dependency on € than KSGHMCI
and infer from (28) and (29) that the performance of
SGHMC2 is better than SGHMC1. Hence, in the rest
of the section, we only focus on the comparison be-
tween SGHMC2 and SGLD.

We see that the generalization error for SGHMC2
(29) is bounded by

3/2
@(%( HlOg(l/E)(SlM + E)Jloglog(l/e)),

(1)

as u, is small, and if we ignore the v/loglog (1/¢) fac-
tor,* then we get

/
@(%(1 flog (1/€)6"/* + E)) for

=~ 1
Ksgramez = Q(mlogz(lf € )) (32)
iterations of the SGHMC2 algorithm, whereas the cor-
responding bound for SGLD from Raginsky et al.
(2017), theorem 1, is

(‘B('B 9 (log(1/£)51f4+£)) for

Kseo (ﬁ(“ﬁ)logs(l/e)) (33)

iterations of the SGLD algorithm. Note that Kscumc2
and Ksgrp do not have the same dependency on e up
to log factors (the former scales with ¢ as log2(1/¢)e~2
and the latter log®(1/¢)e™*), and this improvement on
¢ dependency is due to better diffusion approximation
of SGHMC?2 (see Lemma EC.6) compared with SGLD
and the exponential integrability estimate we have
in Lemma EC.2, which improves the estimate in
Raginsky et al. (2017), and using the same argument,

one can improve the log®(1/e)/e* term in (33) to

log3(1/e)/e*.
To make the comparison with SGLD simpler, we
notice that in both Expressions (32) and (33), we see a

term scaling with 6'/* because of the gradient noise
level 6 (6 is fixed in the one-pass setting), and we fix
the error in (32) and (33) without the 6 term to be the
same order and then compare the number of itera-
tions Kscpmcr and Kgegrp. More precisely, given £ >0,
and we choose &> 0 such that (d"ﬁ L _e=2in (32) so

that the generalization error for SGHMCZ is

0|z

(d+p)*? d+p)*? /4
+T lOg W [s] for

3 3/2
NS R

Similarly, the generalization error for SGLD is

@(ﬂﬁ(ﬁ;d)z (ﬁ(ﬁ+d) )51;4) o

1z

2
Kscip = 0[65(;; Af Y log ('B(i:rgd) )] (35)

When A, and p, are on the same order or y, is larger,
because typically >1, the term involving 6 in the
generalization error for SGHMC2 is (smaller) better
than the counterpart for SGLD, and this is guaranteed
to be achieved in a fewer number of iterations ignor-
ing the log factors and universal constants for
Kscamez in (34) and Ksgrp in (35).

Comparing A, and p, on arbitrary nonconvex func-
tions seems nontrivial; however, we give a class of non-
convex functions (see Proposition 1 and Example 1),

where 1 = o \/_ For this class, we can infer from (34)

that KSGHM has a dependency 1/u’=0(1/A%?),
which is much smaller in contrast to 1/,1 for Kscrp
in (35).

5.2. Empirical Risk Minimization

The empirical risk minimization bound given in Cor-
ollary 3 has an additional term 7> compared with the
Jo(e) and J(¢) terms appearing in the one-pass gen-
eralization bounds. Note also that 7o(z, ) < Jo(¢). As
a consequence, the SGHMC2 algorithm has expected
empirical risk

~[@+p>*  (@+p)>*?

(9( W e+ N (Jlog(1/£)5m+£)
log(1+ﬁ))

IB r

Jlog (u;og(e1)) +d- (36)
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after Kscumcz = ﬁ(ﬁlogz(l / 5)) iterations as opposed

to

p

after Ksgip = f)(f%g@log 5(1/6)) iterations required in
Raginsky et al. (2017). Comparing (36) and (37), we
see that the last terms are the same. If this term is the
dominant term, then the empirical risk upper bounds
for SGLD and SGHMC2 are similar except that
Kscume can be smaller than K¢ p, for instance, when

i = (f")( \/Ai) Otherwise, if the last term is not the domi-

@(‘6—('6; ay (5”“log (1/e) + e)+d.w), (37)

nant one and can be ignored with respect to other
terms, then the performance comparison is similar to
the discussion about the generalization bounds (31)
and (33).

We next briefly discuss the comparisons of
SGHMC2 and SGLD based on the total number of sto-
chastic gradient evaluations (gradient complexity),
and we compare with a recent work (Xu et al. 2018),
which establishes a faster convergence result and im-
proves the gradient complexity for SGLD in the mini-
batch setting compared with Raginsky et al. (2017).
Here, the total number of stochastic gradient evalua-
tions of an algorithm is defined as the number of sto-
chastic gradients calculated per iteration (which is
equal to the batch size in the mini-batch setting) times
the total number of iterations. Xu et al. (2018) show
that it suffices to take

~ &
Rseip = Q|—=— (38)

A&
stochastic gradient evaluations to converge to an &
neighborhood of an almost ERM, where Q(-) hides

some factors in § and A is the spectral gap of the dis-
crete overdamped Langevin dynamics, that is, SGLD
with zero gradient noise. This improves upon the re-
sult in Raginsky et al. (2017), which shows that the

same task requires f)( A‘f;s) stochastic gradient evalua-

tions. Our results show that (see, eg., (36)), for
SGHMC(2, it suffices to have

- &
Rscrmez = Q(ﬁ) (39)
K3
stochastic gradient evaluations, ignoring the log fac-
tors in the parameters &, u ,d and hiding factors in 8
that can be made explicit. To see (39), we infer from
(36) that, for fixed precision € > 0 and dimension d, by
ignoring the log factors and f, we can choose ¢ so that

d*?e/u, =€ and choose the gradient noise level 6 so

that d3/25'/* / \JIT, = &. So the number of SGHMC? iter-
ations is
1

. [ &8
Kscamez = Q(ﬁ) = Q(@ )

On the other hand, the mini-batch size to achieve gra-
dient noise level ¢ is given by 1/6 (see Raginsky et al.
2017), which is equal to d/(u2&*). Hence, we obtain
(39), which is the product of the mini-batch size and
number of iterations.

It is hard to compare A in (38) and p, in (39) in gen-
eral because A is the spectral gap of the discrete over-
damped Langevin dynamics (i.e.,, SGLD with zero
gradient noise) without a simple closed-form formula.
Howgver, when the step size is small enough, we ex-
pect A is similar to A,, which is the spectral gap of the
continuous-time overdamped Langevin diffusion. As
a consequence, when the step size 1) is small enough
(which is the case, for instance, when target accuracy
¢ is small enough), we have A ~ A, and = O(\/Ai) =
(@ \g for the class of nonconvex functions we discuss
in Proposition 1 and Example 1. For this class of prob-
lems, comparing (38) and (39), we see that we obtain
an improvement in the spectral gap parameter (ut
versus A ); however, £ and d dependency of the
bound (38) is better than (39).

5.3. Population Risk Minimization

If samples are recycled and multiple passes over the
data set are made, then one can see from Corollary 2
that there is an extra term 75 that needs to be added to
the bounds given in (36) and (37). This term satisfies

_ - [(B+ad)
33_0( An |

If this term is dominant compared with other terms
Jo,J1 and J, for instance, this may happen if the
number of samples n is not large enough, and then,
the performance guarantees for population risk mini-
mization via SGLD and SGHMC2 are similar. Other-
wise, if n is large and f is chosen in a way to keep the
J» term on the order 7, then similar improvement
can be achieved.

5.4. Comparison of A, and p,

The parameters A, (see (22)) and pu, (see Table 1) gov-
ern the convergence rate to the equilibrium of the
overdamped and underdamped Langevin SDE, and
they can be both exponentially small in dimensions d
and in . They appear naturally in the complexity esti-
mates of the SGHMC2 and SGLD methods as these al-
gorithms can be viewed as discretizations of Langevin
SDEs (when the discretization step is small and the
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Figure 1. (Color online) The Illustration of the Functions f; (x) (Left) and  ,(x) (Right) fora = 4
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gradient noise 6 = 0, the discrete dynamics behave
similarly to the continuous dynamics). Next, to get
further intuition, first, we discuss some tc‘ examples

of nonconvex functions in which Pl = O(\/Ai . For these

examples, if the other parameters (,d,0) are fixed,
then SGHMC2 can lead to an improvement upon the
SGLD performance. We then show in Proposition 1
that these examples generalize to a more general class
of nonconvex functions.

Example 1. Consider the following symmetric double-
well potential in R? studied previously in the context
of Langevin diffusions (Eberle et al. 2019):

1
E(IIJrII—l)2 for ||x]|>
1|

4 2

1
2!
1

for |lxl[ <3,

fa(x) =U(x/a) with U(x):=

]

where a > 0 is a scaling parameter that is illustrated in
the left panel of Figure 1. For this example, there are
two minima that are apart at a distance R = O(a). For
simplicity, we assume there is only one sample, that
is, z=(z1) and F,(x) = f(x,z1) = fo(x). We consider the
nonconvex optimization Problem (2) with both the
SGHMC2 and SGLD algorithms. Eberle et al. (2019)
show that p,>©@) for this example, whereas
A, <©(%), making the constants hidden by the © ex-
plicit. This shows that the contraction rate of the
underdamped diffusion p, is (faster) larger than that
of the overdamped diffusion A, by a square root factor
when q is large and all the constants can be made ex-
plicit. Such results extend to a more general class of
nonconvex functions with multiple wells and higher
dimensions as long as the gradient of the objective sat-
isfies a growth condition (see examples 1.1 and 1.13 in
Eberle et al. (2019) for a further discussion).

04 ¢
«—O(a)—»
L
03} .
-
-
-
— L
Z 02 .
o »
L]
L]
L ]
0.1 .
L]
L]
L ]
0 . s
2 0 2 4 6

For computing an e-approximate global minimizer
of f; =f(x,z1) (or, more generally, for a nonconvex
problem satisfying Assumption 1), g is chosen large
enough so that the stationary measure concentrates
around the global minimizer. Using the tight charac-
terization of A, from theorem 1.2 in Bovier et al. (2005)
for B large, further comparisons with similar conclu-
sions between the rate of convergence to the equili-
brium distribution between the underdamped and
overdamped dynamics can also be made. For exam-
ple, consider the nonconvex objective F,(x)=f,(x) =
U (x/a) instead, illustrated in the right panel of Figure 1
for a = 4, where

%(x—l)2 for xZ%,
U(x) = 1_x_2 for —Lf.xél
4 2 5 8~ T2
1 1 15 1
E(x'l‘z) +6_4 for xﬁ—g,

is the asymmetric double-well potential in dimension
one. It follows from Theorem EC.1 (see also Eberle
et al. 2019) that the contraction rate satisfies u, =

©(a~'), whereas it follows from theorem 1.2 in Bovier
et al. (2005) that A, = ©(1/a?). This shows that, when
the separation between minima or, alternatively, the
scaling factor a is large enough, y, is larger than A, by
a square root factor up to constants.

The behavior in these toy examples can be general-
ized to more general nonconvex objectives with a
finite-sum structure satisfying Assumption 1. Proposi-
tion 1 gives a class of functions in which y, is on the
order of the square root of A,. The proof is presented
in detail in Section EC.6.

Proposition 1. Suppose that the functions f,(x,z) indexed
by a satisfies Assumption 1(i)~(iii) with m = ma~2, M=
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Mia~? and B=Bya™" for some fixed constants my, M1, and
B;. Then, we have, as a — oo,

A=0@?), p=0@m). (40)

This result is more general than the previous example.
In particular, if f(x, z) satisfies Assumption 1(i)-(iii)
with m, M, and B replaced by m;,M;, By, then f(x,z) :
=f(x/a,z) satisfies Assumption 1(i)-(iii) with m=
mya~2, M=M,a~2 and B = Bja!. Proposition 1 essen-
tially says that, if we consider the normalized empiri-
cal risk objective F,(x/a) =157 f(x/a,z;), where a is a
(normalization) scaling parameter and f(x, z) satisfies
Assumption 1, then for large enough values of a, the
empirical risk surface is relatively flat, and the conver-
gence rate of momentum variant SGHMC2 to an
e-neighborhood of the global minimum is governed
by the parameter u,, which is larger than that of the
parameter A, of SGLD when a is sufficiently large.
This leads to improved performance bounds for
SGHMC2 compared with known performance bounds
for SGLD.

6. Applications

We note that several nonconvex stochastic optimiza-
tion problems of interest can satisfy Assumption 1 un-
der appropriate noise assumptions for the underlying
data set. For example, LASSO problems with noncon-
vex regularizers (see, e.g., Hu et al. 2017); nonconvex
formulations of the phase retrieval problem around
global minimum (see, e.g., Zhang et al. 2017b); or non-
convex stochastic optimization problems defined on a
compact set, including but not limited to dictionary
learning over the sphere (see, e.g., Sun et al. 2016) and
training deep learning models subject to norm con-
straints in the model parameters (see, e.g., Anil et al.
2019). In this section, we discuss some applications of
our results, and we provide two specific examples.

6.1. Binary Linear Classification

In binary linear classification, the aim is to learn a pre-
dictive model of the form P(Y =1|A;, =a) = 0.((%,a)),
wherex eR%is a parameter vector to be learned, A;, is
the input variable (feature vector), Y is the binary out-
put, and o.: R — [0,1] is a threshold function. Binary
classification arises in many data-driven applications
in operations research from diagnosing patients in
healthcare (Wu and Liu 2007) to predicting directions
in the stock market (James et al. 2013).

A number of empirical studies demonstrate that
nonconvex choices of the ¢, function can often lead to
superior classification accuracy and robustness prop-
erties compared with convex choices of o,, such as the
hinge loss (Collobert et al. 2006, Wu and Liu 2007,
Chapelle et al. 2009, Nguyen and Sanner 2013). Given
access to a data set of input—output pairs z; = (a;, 1), a

standard way of estimating X is based on minimizing
the regqularized squared loss over the data set, that is,
1 A

min =37 (y; = o.((xa)))* + I, (41)

xeR? M55 2
where A, >0 is a regularization parameter that may
depend on the number of samples n. By Lagrangian
duality, this problem is equivalent to the constrained
optimization problem

1& )
min - > (5 —0c((xa:)))” subjectto [x|| <R,
xeR? 155

for some R, which has also been considered in the lit-
erature (see, e.g., Foster et al. 2018, Mei et al. 2018,
Wang et al. 2019). For nonconvex o.(:), this problem is
also nonconvex in general. We consider minimizing
the objective (41) in the mini-batch setting in which
the gradients in SGHMC iterations are estimated from
n, data points sampled with replacement,; that is, the
gradient is estimated as

8ol =3 Vf(x,5), @)
b j=1

where z; are i.i.d. with a uniform distribution over the
set of indices {1,2,...,n}. We also consider the follow-
ing assumption for the threshold functions 0., which
are satisfied by many choices of g, in practice. A
prominent example is the logistic (or sigmoid) func-
tion in which case o.(z) =1/(1 +e7%), which is also
used in deep learning. Another possible choice is the
probit function, which corresponds to o.(t) =®(t),
where @ is the cumulative distribution function of the
standard normal distribution.

Assumption 2. The threshold function o, is twice contin-
uously differentiable on R. It is bounded and has bounded
first and second derivatives; that is, there exists a constant
Ly, >0 such that max{||0c||e,||0%llesllo” |lo} <Lo,. The
distribution of the input data A;, has compact support; that
is, ||Ail|| < D for some D > 0.

We show in the next lemma that, if Assumption 2
holds, then Assumption 1 holds with explicit con-
stants Ao, B,M,m,b, and o, that are precise. The proof
is in the e-companion.

Lemma 1. In the setting of binary linear classification,
consider the SGHMC method applied to Objective (41),
where gradients are estimated according to (42), where the
probability law e of the initial state has compact support.
If Assumption 2 holds, then Assumption 1 holds for any

e [4175, 1) with the following constants:
Ao =1 +locO))>, B=2D(1+|locllo)llolllco,  (43)
M =2D%a}]3, +2D*(1 + ||oclleo)llo? o + 547, (44)
m=21/2, b=8(1+|loclle)?lloll%D?/A,. (45)
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We conclude from Lemma 1 that the objective is dissi-
pative, and our main results for the SGHMC1 and
SGHMC(2 algorithms described in Sections 3-5 apply
to binary linear classification under Assumption 2 with
the constants given in Lemma 1 and in which p, is giv-
en by the formula in Table 1. For example, if D = O(1),

1_@ O(d+p)
then we have = ©(yd + pe +B) (see (EC.89)), and
we conclude from (39) that it suffices to have

N L[ 2P+
Rscame = Q(@) = Q(—(dz - ﬁz)éé)

stochastic gradient evaluations to converge to an &
neighborhood of an almost ERM ignoring the log fac-
tors in the parameters &,y ,d and hiding other con-
stants that can be made explicit based on Lemma 1.

We also note that, under further assumptions on
the statistical nature of the input and if the number of
data points is large enough, it can be shown that Ob-
jective (41) admits a unique minimizer, the objective is
strongly convex in some regions (Mei et al. 2018), and
the convergence to the unique minimizer is indepen-
dent of the dimension d. However, our assumptions
here are weaker; for example, we have weaker as-
sumptions on the threshold function o.. Therefore,
such arguments are not directly applicable.

6.2. Robust Ridge Regression

Given an input (feature) vector A;, € RY, the aim is to
predict the output Y € R. Given access to a data set of
input-output pairs z; = (a;,y;), we assume a linear
model y; =al% +¢;, where the errors ¢; are iid. with
mean zero. The standard ridge regression estimate of X
minimizes a penalized residual sum of squares (Hoerl
and Kennard 1970); that is, it minimizes >.,||yi—
(xad|P + Alx|?, where A,>0 is a regularization pa-
rameter.” However, this formulation can be sensitive
to outliers. Robust formulations of the ridge regres-
sion (Razavi et al. 2012) can be obtained if one solves
instead the following problem

1y _ A,
min =3 f (2, fxz)= plyi— (x,a0) + 5 I,

(46)

where A, >0 is a regularization parameter and p:
R — R is a suitably chosen loss function. In particular,
for achieving robustness to outliers, the nonconvex
choices of the function p that are either bounded or
slowly growing near infinity has been considered in
the literature (as opposed to the standard ridge regres-
sion setting that corresponds to p(t) = ||¢|[*). For exam-
ple, popular choices of the function t  p(t) include
Tukey's bisquare loss defined as

_J1-(=(t/t0)*)’ for |t <to,
Prkey(t) = { 1 for |f>ty,

(see, e.g., Mei et al. 2018) and exponential squared loss
(Wang etal. 2013): p_ () =1 eIt /to, where to > 0 is
a tuning parameter. In the following, similar to Wang
et al. (2019), we assume that the data A, is bounded
and the threshold function and its derivatives up to
order two are bounded. This assumption for p is satis-
fied in several cases, including Tukey’s bisquare and
exponential squares losses.

Assumption 3. The function p is twice continuously differ-
entiable on R. The function p is bounded and has bounded
first and second derivatives; that is, there exists a constant
L, such that max (||plle. llp’lleos l1p” lleo) < Ly Furthermore,
the distribution of the input data A;, has compact support;
that is, there exists D such that ||Aw|| < D.

The following lemma shows that, under Assump-
tion 3, our assumptions (Assumption 1) for analyzing
the SGHMC methods hold with proper initialization.

Lemma 2. In the setting of robust regression, consider Ob-
jective (41) in which gradients are estimated according to
(42) in which the probability law p, of the initial state has
compact support. If Assumption 2 holds, then Assumption 1
holds for both SGHMC1 and SGHMC2 methods for any
choice of 0 € [ﬁ, 1) with the following constants:

Ao=lplle,  B=4lp’llD, (47)

712
MDA, medjs,  p=2IBD
(48)

Similarly, we conclude from Lemma 2 that our main
results for the SGHMC1 and SGHMC2 algorithms de-
scribed in Sections 3-5 apply to the problem of robust
regression under Assumption 3.

7. Outline of the Proof

To obtain the main results in this paper, we adapt the
proof techniques of Raginsky et al. (2017) developed
for the overdamped dynamics to the underdamped
dynamics and combine it with the analysis of Eberle
et al. (2019), which quantifies the convergence rate of
the underdamped Langevin SDE to its equilibrium. In
an analogy to the fact that momentum-based first or-
der optimization methods require a different Lyapu-
nov function and a quite different set of analysis tools
(compared with their nonaccelerated variants) to
achieve fast rates (see, e.g., Nesterov 1983, Su et al.
2014, Lu et al. 2018), our analysis of the momentum-
based SGHMC1 and SGHMC2 algorithms requires
studying a different Lyapunov function V' defined in
(13) that also depends on the objective f as opposed to
the classic Lyapunov function H(x) = (x| arising in
the study of the SGLD algorithm (see, e.g., Mattingly
et al. 2002, Raginsky et al. 2017). This fact introduces
some challenges for the adaptation of the existing
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analysis techniques for SGLD to SGHMC. For this
purpose, we take the following steps.

First, we show that SGHMC1 and SGHMC?2 iterates
track the underdamped Langevin diffusion closely in
the two-Wasserstein metric. As this metric requires
finiteness of second moments, we first establish uni-
form (in time) L* bounds for both the underdamped
Langevin SDE and SGHMC1 and SGHMC?2 iterates
(see Lemmas EC.1 and EC.5), exploiting the structure
of the Lyapunov function V. Second, we obtain a
bound for the Kullback-Leibler divergence between
the discrete and continuous underdamped dynamics
making use of the Girsanov theorem, which is then
converted to bounds in the two-Wasserstein metric
by an application of an optimal transportation in-
equality of Bolley and Villani (2005). This step re-
quires proving a certain exponential integrability
property of the underdamped Langevin diffusion
(Lemma EC.2). We show in Lemma EC.2 that the ex-
ponential moments grow at most linearly in time,
which strictly improves the exponential growth in
time in lemma 4 in Raginsky et al. (2017).° As a result,
the method improves upon the ¢ dependence of the
number of iterates (see Equations (32) and (33)).

Second, we apply the seminal result of Eberle et al.
(2019), which shows that the continuous-time under-
damped Langevin SDE is geometrically ergodic with
an explicit rate u, in the two-Wasserstein metric. In or-
der to get explicit performance guarantees, we derive
new bounds that make the dependence of the con-
stants to the initialization in Eberle et al. (2019) explicit
(see Lemma EC4).

As the x-marginal of the equilibrium distribution
T,(dx,dv) of the underdamped Langevin SDE concen-
trates around the global minimizers of F,, for f appropri-
ately chosen and we can control the error between the
discrete-time SGHMC1 and SGHMC2 dynamics and
the underdamped SDE by choosing the step size accord-
ingly, this leads to performance bounds for the empirical
risk minimizations for the SGHMC1 and SGHMC2 algo-
rithms in Corollaries 1 and 3. For controlling the popula-
tion risk during SGHMC iterations, in addition to the
empirical risk, one has to control the generalization error
F(Xy) — Fz(X)) that accounts for the differences between
the finite sample size Problem (2) and the original Prob-
lem (1). By exploiting the fact that the x— marginal of the
invariant distribution for the underdamped dynamics is
the same as it is in the overdamped case, we control the
generalization error in Corollaries 2 and 4, which is no
worse than that of the available bounds for SGLD given
in Raginsky et al. (2017).

8. Conclusion
SGHMC is a momentum-based popular variant of
the stochastic gradient in which a controlled amount

of isotropic Gaussian noise is added to the gradient
estimates for optimizing a nonconvex function. We
obtain first-time, finite-time guarantees for the con-
vergence of SGHMC1 and SGHMC2 algorithms to
the e-global minimizers under some regularity as-
sumption on the nonconvex objective f. We also
show that, on a class of nonconvex problems,
SGHMC2 can be faster than overdamped Langevin
MCMC approaches, such as SGLD, in the sense that
the best available bounds for SGHMC2, which we
prove in our paper, are better than the best available
bounds for SGLD. This effect is due to the momen-
tum term in the underdamped SDE. Furthermore,
our results show that momentum-based acceleration
is possible on a class of nonconvex problems under
some conditions if we compare known upper
bounds between SGLD and SGHMC. Finally, we
mention a few limitations in our work that may lead
to some future research directions. In our paper, the
performance dependence on dimension is exponen-
tial in general. In the future, we will investigate for
what class of (nonconvex) target functions f we can
obtain performance bounds independent of dimen-
sion d or has polynomial dependence on d. In addi-
tion, our results suggest that momentum-based
SGHMC methods work particularly well when the
(nonconvex) target functions have relatively flat
landscapes. In the future, we will investigate wheth-
er we can obtain theoretical results for SGHMC on a
wider class of nonconvex problems.
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Endnotes

! We note that, in our notation, Z is a random vector, whereas z is a
deterministic vector associated to a data set that corresponds to a re-
alization of the random vector Z.

2 with slight abuse of notation, we use m.(dx) to denote the x-
marginal of the equilibrium distribution m,(dx, dv).

3n Raginsky et al. (2017), their formula for A, missed the ﬁ" factor.
4 We emphasize that the effect of the last term +floglog(1/e) ap-
pearing in (31) is typically negligible compared with other parame-
ters. For instance, even if ¢ = 2"2jé is double-exponentially small, we
have 4/loglog(1/¢) <4.

% See Kilmer and O'Leary (2001) for details regarding the choice of
the parameter A,.

 The method used in the proof of Lemma EC2 can indeed be
adapted to improve the exponential integrability and, hence, the
overall estimates in Raginsky et al. (2017) for SGLD as well.
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E-Companion: Proofs

EC.1. Proof of Theorem 1 and Corollary 2

We first present several technical lemmas that will be used in our analysis and review existing results
for the underdamped Langevin SDE. The proof of these lemmas will be deferred to Section EC.3.

Our analysis for analyzing the convergence speed of the SGHMCI1 algorithm and its comparison
to the underdamped Langevin SDE is based on the 2-Wasserstein distance and this requires the
L? norm of the iterates to be finite. In the next lemma, we show that L? norm of the both discrete
and continuous dynamics are uniformly bounded over time with explicit constants. The main idea
is to make use of the properties of the Lyapunov function V which is designed originally for the

continuous-time process and show that the discrete dynamics can also be controlled by it.

LEMMA EC.1 (Uniform L% bounds). (i) It holds that

— f]RQd V(’.L', U)dﬂg(ﬂ}', ‘U) 4+ %

E,|X@®)|2<Ce: EC.1
Stgg) z” ()” =L, %(1_2/\)&-},2 < 00, ( )
V(z,v)dpo(z,v) + 2
E,||[V(t)|? < Ct:= Ja2a V(e i A < o0. EC.2
SUpE, |V ()] < €3 512y %0 (EC2)

(i) For0<n< min{%(d/ﬁ+A/ﬁ),5’%, %} where

K maxd Z2M2GH7+6) 8GM 43y — v’ +7) (EC.3)
. (1-2)0B8y B(1—2)) ’ ‘
1
K, :=2B? (§+7+5), (EC.4)

we have

V(x,v)po(de, dv) + A

E,|X;|?<C?:= Ja2a V(2 i A EC.5
V(z, dz,d A(d+A)

suplE,|[V;||2 < €4 := Jaa V(@ ”?3’“‘0( ndv)+ T (EC.6)

>0 Z(1=2))

Since SGHMC1 is a discretization of the underdamped SDE (except that noise is also added to
the gradients), we expect SGHMCI to follow the underdamped SDE dynamics. It is natural to seek

for bounds between the probability law p, , of the SGHMCI algorithm at step k with time step 5
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and that of the underdamped SDE at time ¢ = k7 which we denote by v, i,. In our analysis, we first
control the Kullback-Leibler (KL) divergence between these two, and then convert these bounds
into bounds in terms of the 2-Wasserstein metric, applying an optimal transportation inequality by
Bolley and Villani (2005). Note that Bolley and Villani theorem has also been successfully applied
to analyzing the SGLD dynamics in Raginsky et al. (2017). However, the analysis in Raginsky
et al. (2017) does not directly apply to our setting as underdamped dynamics require a different
Lyapunov function. This step requires an exponential integrability property of the underdamped
SDE process which we establish next, before stating our result in Lemma EC.3 about the diffusion

approximation of the SGHMCI1 iterates.

LEmMA EC.2 (Exponential integrability). For every t,

a(d+A)

E, eaon(x(t),.v(z))nz] < / 3oV o (de, dUH%e—g}—m(dJr A)t,

RB2d

where

a CA(1-2))
, o= B .

G 1=

(EC.7)

LR (Y

We showed in the above Lemma EC.2 that the exponential moments grow at most linearly in
time t, which is a strict improvement from the exponential growth in time ¢ in Raginsky et al.
(2017). As a result, in the following Lemma EC.3 for the diffusion approximation, our upper bound
is of the order (kn)*/2\/log(kn)(6'/* 4+ n'/*) + kn,/n compared to kn(6'/* +n'/*) in Raginsky et al.
(2017). The method that is used in the proof of Lemma EC.2 for the underdamped dynamics can
indeed be adapted to the case of the overdamped dynamics to improve the results in Raginsky

et al. (2017).

LEmMmA EC.3 (Diffusion approximation). For any k€N and any n <1, so that kn>e and n

satisfies the condition in Part (ii) of Lemma EC.1. Then, we have

W‘Z (.U’z,k: Vz,kn) S ((-/“{3!51/4 + Cln1/4) ) (k'-'?)sﬂ Y 108(;“7?) + CZ(kn) \/7_;"1
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where Cy, C and C, are given by:

1/2
Co=%- ((M?CngB?) S + \/(MzcngBz) %) : (EC.8)
1/2
M2 M?
=% (( 5 oy +\/ (P2 2) (02)2) , (£C.9)
Cy = (29°C% + (44 26) (M2C% + B) + 298~ 1) "%, (EC.10)
1/2
¥= f/g (g +log (/RM ezlfav(x‘”)ﬂg(dx,dv) + ieﬂgﬁa’y(d—l—A))) . (EC.11)

EC.1.1. Convergence rate to the equilibrium of the underdamped SDE

We consider the underdamped SDE and bound the 2-Wasserstein distance Ws(v,,,7,) to the
equilibrium for a fix arbitrary time ¢ > 0. Crucial to the analysis is Eberle et al. (2019), which
quantifies the convergence to equilibrium for underdamped Langevin diffusions. We first review the
results from Eberle et al. (2019). Let us recall from (13) the definition of the Lyapunov function
V(z,v):

B - _
V(z,0) =BE.(z) + 77" (o + 77 "0l* + v o” = All[).

For any (z,v),(z',v") € R*, we set:

r((@,v), (@",v)) = aillz —a'|| + [lz — 2’ + 77 (v = V'),

p((ﬂ’},’U), (37’1 U’)) = h(r((::c,v), (.’B!,‘U'))) ) (]— —I-E]V(.’B, U) +€1V($’, U’))a

where ay,e; > 0 are appropriately chosen constants, and h : [0,00) — [0,00) is continuous, non-
decreasing concave function such that h(0) =0, h is C? on (0, R;) for some constant R; >0 with
right-sided derivative A/, (0) =1 and left-sided derivative h’ (R;) >0 and h is constant on [R;,00).

For any two probability measures p,v on R??, we define

Ho(wv)=  if  Elp((X,V),(X", V). (EC.12)

(X, V)rop, (X V)

Note that #, is a semi-metric, but not necessarily a metric. A simplified version of the main result

from Eberle et al. (2019) which will be used in our setting is given below.
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THEOREM EC.1 (Theorem 2.3. and Corollary 2.6. in Eberle et al. (2019)). There exist
constants ay, €, € (0,00) and a continuous non-decreasing function h : [0,00) — [0, 00) with h(0) =0

such that we have

W2(Vz,km?rz) < (& Hp(ﬂ(},?rz)e_”'kﬂ ,

where
1, = 72:8 min{AM~~2,AV2e"AM~y~2, A1/2e~A}, (EC.13)
C=v2e 1+7mli{+17 Vvmax{1,4(142a; +203)(d+ A)B~1y1u; /min{l,R,;}}, (EC.14)
A= 1—52(1 +21 +203)(d+AMy AT (1 =207, a=(1+AHMy 2 (EC.15)
=4y . /(d+ A), (EC.16)
Ry =4-(6/5)*(14+2a; +2a2)/2(d+ A)V2B7 12~ (A - 2)%)~1/2, (EC.17)

We remark that the definitions of A,; in (EC.15) are coupled and there exists a; € (0,00) so
that A, in (EC.15) are well defined; see Theorem 2.3. in Eberle et al. (2019). In order to get
explicit performance bounds, we also derive an upper bound for H,(0,7;) in the next lemma. It is
based on the (integrability properties) structure of the stationary distribution m, and the Lyapunov

function V that controls the L2 norm of the initial distribution pq.

LEmMA EC.4 (Bounding initialization error). If parts (i), (ii), (¢it) and (iv) of Assumption 1

hold, then we have

3
M,y (o m,) < ﬂu)—R1+R1elmax{M+ LT }||(m,v)||§2(m)

b+d/B
m

- 2

3 B?
+R1€1—d+2R181 (,BA()—I-ﬁ—) s (EC]_S)

where ||(z,v)]|72,,.) = Jgea Iz, 0) [P 1o (d, dv).
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EC.1.2. Proof of Theorem 1

As the function F, satisfies the conditions in Lemma EC.10 in Section EC.5 with ¢; = M and
c2 = B (Lemma EC.9 in Section EC.5), and the probability measures pz, 7, have finite second

moments (Lemma EC.1), we can apply Lemma EC.10 and deduce that

/ Fo(z)pk »(dz,dv) — / F,(z)m,(dz,dv)| < (Mo + B) - Wa(lz i, Tz). (EC.19)
Rd xR Rd xRd

Here, one can obtain from Lemma EC.1 and Theorem EC.1 (convergence in 2-Wasserstein distance

implies convergence of second moments) that

o> =max {C;,Ce} =Cq. (EC.20)
Now, by Lemma EC.3 and Theorem EC.1, we have

W‘Z(.U’z,k:?rz) S W‘Z(.U’z,kauz,kﬁ) + WZ(Vz,km Wz)
< (Co8"/* + Cin') - (kn)*/? - /og (kn) + Ca(kn) /1 + C\/ Hp (0, s )e ™"

It then follows from (EC.19) that

Ad y Fy(z)py 2 (dz, dv) — /md y E,(z)m,(dz,dv)
< (M 4+ B)- Oy Myl m)e 474 (Cod** 4 Cun ) (k) /Tl + Calln) 7

1 1
k :—log( )
n ™

4
Then for any 7 satisfying the condition in Lemma EC.1 and 5 < (W) , we have

Let kn > e, and

/ E,(z)py 5(dz,dv) — / F,(z)m,(dz, dv)
Rd xRd ' RdxRd

<(Mo+B)- (C\/’Hp(ﬂo,wz)EJr (:;/2 (log(1/e))*25"* + 3/2 ) Viog(p;log(e 1))

L S
e (log(1/2))? )

The proof is therefore complete.
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EC.1.3. Proof of Corollary 2

With a slight abuse of notations, consider the random elements (X ,V) and ()A( *,V*) with
Law((X,V)|Z = z) = ptzx and Law((X*,V*)|Z = z) = 7,. Then we can decompose the expected

population risk of X (which has the same distribution as X}) as follows:
EF(X)— F* = (EF(}Z’) _ EF(}Z’*)) + (]EF(X*) . IEFZ()Z’*)) + (IEFZ()Z’*) - F*) . (EC.21)
The first term in (EC.21) can be written as:

EF(X)—-EF(X*) = /zn P"(dz) (LM Fy () py o (d, dv) — Au F(x)m,(de, dv)) ,

where P" is the product measure of independent random variables Z1, ..., Z,. Then it follows from

Theorem 1 and Lemma EC.4 that
EF(X)—EF(X*) < Jo(e) + Ji(e).
Next, we bound the second and third terms in (EC.21). Note that

/RM F, (), (dz, dv) :/Rd F, (o), (dz),

where 7, (dz) = Aze "= (") dz and A, = [, e P"=®)dz. The distribution m,(dz), i.e., the z—marginal
of m,(dz,dv), is the same as the stationary distribution of the overdamped Langevin SDE in (4).
Therefore the second term and the third term in (EC.21) can be bounded the same as in Raginsky
et al. (2017) for the overdamped dynamics.

Specifically, the second term in (EC.21) can be bounded as

EF(X*) —EFz(X*) <

Pews (M{mdm) +BQ) = Js(n),

by applying Lemma EC.11, and the last term in (EC.21) can be bounded as
EF,(X*)—F* =E [FZ(X*) — min Fz(m)] +E [min Fy(z) — Fz(m*)]
TeRd TeRd
<E [FZ(X*) — min Fz(a:)] <D,
zcRd

where z* is any minimizer of F(z), i.e., F'(z*) = F**, and the last step is due to Lemma EC.12. The

proof is complete.
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EC.2. Proof of Theorem 3 and Corollary 4

The proof of Theorem 3 (Corollary 4) is similar to the proof of Theorem 1 (Corollary 2). There
are two key new results that we need to establish: a uniform (in time) L? bound for the SGHMC2
iterates ()A( k,f/k), and the diffusion approximation that characterizes the 2-Wasserstein distance
between the SGHMC2 iterates and the continuous-time underdampled Langevin diffusion. We
summarize these two results in the following two lemmas and defer their proofs to Section EC.4.

With these two lemmas, Theorem 3 and Corollary 4 readily follow and we omit the proof details.

LEmMMA EC.5 (Uniform L? bounds for SGHMC?2 iterates).

For[}<n§min{ 7y L(d/B+A/B), = 2K1 'YA}’ where

K=K +Q 1 _42/\ +Qg _2/\)72, (EC.22)
Ky =K+ Qs, (EC.23)
where K1, K, are defined in (EC.3) and (EC.4), and
Q::= %cu ((5M +4—27+(co+7)+(1+7) ( +co(1 +7)) — 272)\) (EC.24)
Q= %cu ((l—l—'y) ( (1+7) —l—g) +C0+2+/\’)/2+2(MCD+M+1)) (2(146)M?)

3
+ (QM2 +° A+ §fﬁ(l +’y)) (EC.25)

Qs ::C{)((l +7) (60(1+7)+g) +cﬂ+2+/\')f2+Q(MCO+M+1))(14—::‘:7)824—6032

1
+ 573ﬁ_1022 +728 7 1o + MyB ™ cpo, (EC.26)
where
d d
coi=1+7"  cni=g,  mi=g, (EC.27)
we have
supE, | X;|?<Cd,  supE,|Vj|*<Cq, (EC.28)
j=0 >0

where C% and C? are defined in (EC.5) and (EC.6).
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Next, let us provide a diffusion approximation between the SGHMC2 algorithm ()A( ks f/k) and the
continuous time underdamped diffusion process (X (kn),V (kn)), and we use fi, x to denote the law

of (th/k) and v, to denote the law of (X (kn),V (kn)).

LEMMmA EC.6 (Diffusion approximation). For any k € N and any 7, so that kn > e and 7

satisfies the condition in Lemma EC.5, we have

Wi (fig k> Van) < (Co0 /% 4+ Cynt'?) - /ey - /1og (kn),

where Cy is defined in (EC.8) and C, is given by:

Cri=4- (352{"}(42 (c§+ (2(1 4 86)M2C% +2(1+ 8)B?) + M"’Tﬁ_l)
1/2
+\/ %{2(05“2(1 FO)M2C+2(1+5)B?) + 210 )) ., (EC29)

where 4 is defined in (EC.11).
EC.3. Proofs of Lemmas in Section EC.1
EC.3.1. Proof of Lemma EC.1

(1) We first prove the continuous-time case. The main idea is to use the following Lyapunov function

(see (13)) introduced in Eberle et al. (2019) for the underdamped Langevin diffusion:
V(@) = BE(&) + 572l +77 0l + Iy ol = Al |?). (BC.30)
Lemma 1.3 in Eberle et al. (2019) showed that if the drift condition in (14) holds, then
LY <y(d+A—-NV), (EC.31)

where L is the infinitesimal generator of the underdamped Langevin diffusion (X,V) defined in
(5)—(6):

LY = —(yw+ VE,(z))V,V+787'A, YV + 0V, V. (EC.32)
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To show part (i), we first note that for A < 1,

Vi@, v) > BFy () + 5 (122072l +7 0l + Iy~ oi])
> max { g (1-2082el. § (1 - 20)ol?}. (BC.33)
Now let us set for each ¢ > 0,
L) —E, V(X (1), V(1) (EC.34)

and we will provide an upper bound for L(t).
First, we can compute that

V.,V =8v+ e, (EC.35)
By It6’s formula and (EC.35),
d( V(X (t),V (1)) =A™ V(X (t),V (t))dt + ™ LV(X (t), V (t))dt
+ e (5V(t) + ‘%’X(t)) -/27B8-1dB(t),
which together with (EC.31) implies that
PV(X(£), V() < V(X (0), V (0)) +7(d+ A) /0 s
- /D T (5V(s) + %X(s)) -\/27B-1dB(s). (EC.36)

Note that VF,(z) is Lipschitz continuous by part (ii) of Assumption 1, and hence (X (¢),V(t)) is
the unique strong solution of the SDE (5)-(6), and thus E[fDT V()12 + | X (2)]|?dt] < oo for every

T >0 (See e.g. Oksendal (2003)). Therefore, for every T' > 0, we have

/ 27;\3
0

and hence f e (BV(s) + 22X (s)) -v/2yB~TB(s) is a martingale. Then we can infer from (EC.36)

BV (s )—I— X(s 27ﬁ Nds < o0,

and (EC.34) that for any t > 0,

L(t) =E,[V(X(t),V(t))] < L(0)e ™ + # (1— e,
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In combination with (EC.33), we obtain that (X,V) are uniformly (in time) L? bounded. Indeed,

we have
1 2 2 d+ A
§(1 - QA)ﬁ'Y ]EZHX(t)” < ]EZ[V(X{Ja%)] + T,
d+ A
BBV ()P < BV, Vo)l + T2

The proof of part (i) is complete by noting that E,[V(Xo, V)] is finite from part (v) of Assumption 1.

(i) Next, we prove the uniform (in time) L? bounds for (X}, V;). Let us recall the dynamics:

Virr =Vie —n[7Vi + 9( Xk, Uy )] + V278 10k, (EC.37)

XJH_] :Xk‘l‘an, (EC38)

where Eg(z,U, ;) = VF,(z) for any . We again use the Lyapunov function V(z,v) in (EC.30), and

set for each k=0,1,...,
Ia(k) =BV (X, V) /5 =Es | Fu(X) + 37° (IXe 77 Vil + Wil - MIXlP) | (BC.39)
We show below that one can find explicit constants K;, K3 > 0, such that
(La(k+1) = Lo(k))/n <v(d/B+ A/B — ALy (k)) + (K1 La(k) + K2) - -

We proceed in several steps in upper bounding Lo (k +1).
First, by using the independence of Vi —n[yVik + gk (X, U. )] and &, we can obtain from (EC.37)

that

E,|[Viqal®

=B, ||V = [V + 9 (X, Up )][|* + 2v87 ' 1 || & ||

=E,||Vi — n[7Vi + 9 (X, Upp)]|1> + 28~ ' 1d

=E,||[Vk — n[yVi + VEL(X4)] ”2 +2yB7 'nd +n’E, |\VF(Xk) — gr (X, Uz i) ||2

< (1 =m)Ea|Vil” = 20(1 — 1) E, [(Vie, VEL(Xi )] + 77Ey | VE, (X)||? +298nd

+ 200> MPE, || X ||* + 267 B
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S (1 - nFY)zEz”V’c”z - 2??(1 - T?FY)EZKVR:VFZ(XF:))]
+ 7 (M?E, || X,|” + B* + 2M BE, || X||) + 278~ 'nd

+ 26m° M?E, || X||? + 26m* B2,

where we have used part (iv) of Assumption 1 and Lemma EC.9 in Section EC.5 in the Online

2
E-Companion. By using |z| < lIlTH, we immediately get

IE:z”V'c-H”2 < (1 - r"’.\"-]{)ZIE:Z”Vk”z - QWEZ[(VJ::VFZ(XF:D] + QWZFYEZ[(VR!VFZ(XFG))]

+ (*M? +n*M B + 6p*M?) E, || X ||* + ("*M B + 2y8~'nd + 20n*B*).  (EC.40)
Second, we can compute from (EC.38) that
B, [ X1 ? = By [ X2+ 27, (X, V)] + 7P, | Vi 2 (EC.41)
Third, note that
1
Fu(Xes1) = Fa(Xi + Vi) = Fa(Xe) + / (VE,(Xe + 71V, Vi) dr,
0
which immediately suggests that

|F2(Xi1) — Fo(Xi) — (VFR(Xk), V)| = /D (VE,(Xi +71nVi) — VE,(Xi),nVi)dT

1
< / IVE, (X, + Vi) — VE,(X0)||- [[nVi]| dr
0

< M VAP,
where the last inequality is due to the M —smoothness of F),. This implies
E,Fp(Xpt1) —E, Fp(Xi) < nE(VE,(Xk), Vi) + %MnZEzHVkHZ. (EC.42)
Finally, we can compute that

E, || Xet1 +7 Vi |

2

=E, [|X& —l—’)f_le — ?}"Y_lg(Xm Usi) + V2y 1810k
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=E, || X +7" Ve = 9(Xe, Uy )| + 2787 nd
= E. [[Xi+ 7V — v ' VE(X) || + 2y nd
+ By ||y 0(Xe, Uni) — my ' VE (X))
<E, || Xx +7 Vi =y 'WVE(X,) | + 2y B nd + 202y 25 (ME, | X[ + B?)
=B, || Xx + 7 Vi ||” = 207 Eu (X + 7 Vi, VEL(X4))

+ 0Py Ry | VE (X) || + 277 87 nd + 20y 28 (MR, || X ||* + B?), (EC.43)

where we have used part (iv) of Assumption 1 in the inequality above.

Combining the equations (EC.40), (EC.41), (EC.42) and (EC.43), we get

(L2(k+1) — La(k)) /7
1 2 -1 2 -1 2
= | E,[Fo(Xps1)] — E,[FL(Xe)] + il (Ez”Xk-‘rl +7 Vill® = Eq || Xy + 7 Vid| )
1 1
+ 4 EulVen P~ BVAlP) - 17 (Eal Xl - ELXI7) ) /o
1 1
SE(VE,(Xk), Vi) + §i"’i'r?1']Ez||Vk||2 —37E (X +7 Vi, VF,(Xy))
1 1 1
+ ZT?E”VFZ(XR)HZ + 5’?5_1'5“' 5’1’?(5(j"’1'r21[':||X:rc||2 + B?)

432 EVAP — 5 (1= BV, VE (X))

1 1
+ ZH(MZIEZHX;;Hz + B% 4+ 2M BE, || Xx||) + 57;3—10{

1 1 1 1
- 5(’»'7?1fi'v1’2llﬂzIIX;eII2 + 55??32 - 572/\1EZ(X:=>V:=) — 172/\'-'?]EZIIWII2

7 gl 2 A 1
= _EEZ(VFZ(XJC))XK') - §Ez”Vk” - TEZ(XRH Wﬂ') +FY)B d+ &’fn

1 )
< —YAEa[Fa(X0)] = A Eal X2 +7A/8 — JEal|Vell* = T=Eu(Xi, Vi) +y87 d+ Exn, (EC.44)

where we used the drift condition (14) in the last inequality, and

1 1 1 1
Euim (GM + 37— 1) BllVAlP + EIV ALK P+ SOPELXP + 5)

1 1
+ 37Ea[(Ve, VE(Xi))] + 7 (M?E, | Xil[> + B? + 2MBE, | X, ).
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We can upper bound &, as follows:

1 1 1 1
o< (GM+ 47— 7 EalVAlP + BV LX) + SO, X, P+ B

1
+ VB | Vil + Ve[V Fo(Xi) || + JEa (M| X ]| + B)?
1 1 1
< (GM+ 37— 137 ) VAP + SOPE X P+ )

1 1
+(+7) B + B+ (B 1+ BY

1 1 1
<(Z 12 1 o9 2
< (2M+4 7 )H—'y) E, ||Vl

1 1
+2M? (§+fy+5) E, || Xx|*+2B” (§+7+5) :
Since A < 1, we obtain from (EC.33) and (EC.39) that
1 2 2 1 2
La(k) > max { 11— 20)E, | X, . (1~ 20E, V| (EC.45)

1 1
> 2o (1= 207 By | Xl + 5 (1 — 2V E | V.

Therefore,
Ex < K1Lo(k)+ Ko, (EC.46)
where we recall from (EC.3) and (EC.4) that

KlzmaX{QM2 (%+7+6) (%M+§’Yz—i72)\+fy)}1

-7 i(i-2)

and
2 (1
K,=2B B +y+46 .

Moreover, since A < I, we infer from the definition of L,(k) in (EC.39) that

1, 5 1 1 2

La(k) = Ea[F (X)) + 57 (1 = NEg || Xkl[” + 57 Ea[(X, Vi)] + 5 Ea | Vil
1 1 1
< ]Ez[Fz(Xk)] + ZFYZEZHXJ:”Z + §7Ez[(Xk1 V’c)] + ﬁEz”T/.‘c”2

Together with (EC.44) and (EC.46), we deduce that

(La(k+1) —Ly(k))/n <~(d/B+ A/B— ALy (k)) + (K1Lo(k) + K3)n.
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For 0 <7 <min {%(d/ﬁ—l—A/ﬁ),f}%}, we get

(La(k+1) — La(k)/m < 2v(d/B + A/B) ~ 57MLa(k),
which implies
Lo(k+1) < pLy(k) + K,
where
p=l—myA2, K i=2py(d/B+A/B),
and we have p € [0,1), where we used the assumption that n < % It follows that

4(d/+A/B)

La(k) < La0) + 1 = B V(0. ) /8] + =2

The result then follows from the inequality above and (EC.45).

EC.3.2. Proof of Lemma EC.2

From (EC.30)—(EC.32), we can directly obtain that
Le® = [—(yv + VE,(2))aV,V +v87 ' aA,V +v87 1|V, V|? +vaV, V] ey

= [aLV ++B871a|V,V|?] eV

< [ayd 4+ ayA —ay AV + 87|V, V|*] €. (EC.47)
Moreover, we recall from (EC.35) that
VUV - )BU + —,

and thus
62’){2
IVVI? < 28%[l0]1” + =5~ Il
We recall from (EC.33) that

V(z,v) Zmax{%(l —2A)ﬁ72||m||2,§(1 — 2)\)”‘1}”2} .
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Therefore, we have

Sﬁz 4)82,}(2

128
Ba—on Y

2 —
IVoVI™ < A-20B2 "~ 1-2x

V. (EC.48)

By choosing:
AB A1 -2))

=55 TR (EC.49)
1—2x
we get
Le®Y < ay(d+ A)e®. (EC.50)

Since Le® = [LaV +~B7Y|V,aV|]?] e*V, we have showed that
LaV +7y87Y|[VeaV|? < ay(d+ A).

Applying an exponential integrability result, e.g. Corollary 2.4. in Cox et al. (2013), we get

E [aVXOV©)] < E [2VXOWV O)] gar(@+ay,

That is,

P A / e?V@En)ter(@tt, 4y dv) < . (EC.51)

R2d

V(X (),V (1)

Next, applying Ité’s formula to e , we obtain

t
eFVXOV®) _ pFaVx@V©O) 4 / LedaVX @V () g
0

=[5 (ve+5x) dveorerap. @os
0

For every T >0,

2

T 1
/ E H§ (5V(s) + %X(s)) eAVEXOVE| g
0

2 T
< % / E[(IV ()2 +721X (5)]) eV X©ve)] ds
0

T
< %
“1-2xJ,

T
_ 128
=1-2x,

E[V(X(s), V(s))eb2" @OV ] ds

E [2VXVE)] gs < oo,
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where we used (EC.33) and (EC.51). Thus, f; 1(BV(s)+ 21X (s)) e1VX (V) . dB(s) is a mar-

tingale. By taking expectations on both hand sides of (EC.52), we get

i
E[eiav(m)y(s))] :E[e%av(xm),vm))} n / E[ce;}awxm,wsn] ds. (EC.53)

0

From (EC.47), (EC.48) and (EC.49), we can infer that
1ay 1 1 -1 0_,2 2 1oy
Le1® < Za’y(d—l—A)— Za’y)uv—l-’yﬁ EHVUVH et

]_ 3 1 %
< | = S I®
< (405’]/(d—|—A) 160{1{)\]}) e

a(d+A)

< Jay(d+A)em

|

where in the last inequality we used the facts that V >0 and tay(d+A) — £ayAV >0 if and only
if Y < %. Therefore, it follows from (EC.53) that

E [e;}aV(X(s),V(s))] <E [e;}av(xm)‘.vm))] pscc avy(d+ A)t
< 1 :

Finally, by (EC.33) again,

16 + 8
—205¢  Ba-2V)

I, v)lI? < 2l + 2ol < [ ] V(a,v).

Hence, the conclusion follows.

EC.3.3. Proof of Lemma EC.3

The proof is inspired by the proof of Lemma 7 in Raginsky et al. (2017) although more delicate in
our setting. Note that the main technical difficulty here is that the underdamped Langevin diffusion
is a hypoelliptic diffusion, i.e. the diffusion matrix of the stochastic differential equation defining
the multidimensional diffusion process is not of full rank, but its solutions admit a smooth density,
see Ditlevsen and Samson (2019). In our case, there is no Brownian noise in dX (¢) term in (6) and
the underdamped Langevin diffusion (5)-(6) is hypoelliptic. Consider the following continuous-time

interpolation of (X, Vi):
V(t)=Vo— ] 2V (Ls/nJn)ds — ] (X (Ls/nln), Ta(s))ds + /2761 ] dB(s),  (EC.54)

X(t)=Xo+ L V(|s/n|n)ds, (EC.55)
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where U, (t) :=U, for kn <t < (k+1)n. Then (X (kn),V(kn)) and (Xj,Vy) have the same distri-
bution p, x for each k > 0. Since there is no Brownian noise in dX () term in (6) and dX (t) term
in (EC.55), and their dynamics are different, there does not exist a solution to equation (7.115) in
Theorem 7.18 in Liptser and Shiryaev (2013), and one can not apply Girsanov theorem to compute
the relative entropy between (X (t),V(t)) and (V (t),X(t)), which is the main technical difficulty

here. To overcome this challenge, we define an auxiliary diffusion process ()Z (1), Tmf(t))
o~ t o~
V(O =Vo- [ AV (ls/nlmds
0
t Ls/min _ L t
—/ g Xo—l-/ V(lu/n|n)du,U,(s) | ds+ +/ 275_1/ dB(s), (EC.56)
0 0 0
i~ t i~
X(t)=X, —I—/ V(s)ds, (EC.57)
0

which serves as a bridge between the underdamped Langevin diffusion (X (kn),V (kn)) and the
discrete time SGHMCI iterates (X, Vi). Then, it is easy to see that V (kn) has the same distribution
as Vi, though X (kn) is not distributed the same as Xj. Since the drift term in (EC.57) in the
auxiliary diffusion process ()Nf (), 1[N/(t)) has the same dynamics as the dX (¢) term in (6), Girsanov
theorem is applicable according to Theorem 7.18 in Liptser and Shiryaev (2013).

Let P be the probability measure associated with the underdamped Langevin diffusion
(X (t),V(t)) in (5)(6) and P be the probability measure associated with the (X (£),V (t)) process in
(EC.56)—(EC.57). Let F; be the natural filtration up to time t. Then, the Radon-Nikodym deriva-
tive of P w.r.t. P is given by the Girsanov theorem (see e.g. Section 7.6 in Liptser and Shiryaev

(2013)):

AP\ _ V& 5 (W @V (Ls/mm+VFa(X () =g (Xo+J§* ™MV (Lu/mimauTa(s)) ) -aB(s)

dP |,

t

o B BT @7 (Lo /mim+ T R (R (6 —g (Xo+ LM (Lu/nim)auTa (o)) | s
¥

where B(-) is the P-Brownian motion given in (EC.56). Then by writing P; and P, as the probability

measures P and P conditional on the filtration Fi,

D(P,||P,)
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= —/d]f’tlog@
dPy
ﬁ 17

_ _ - le/nln _ .
E, |7V (s) =V ([s/nln) + VE,(X(s)) — g (X0+/D V(lu/an)dez(S))

2

_ = ds
4y Jo

t Ls/m]n _ Ls/nln _ .
<5 /0 E,|VE, (X0+ /0 V(u)du) o (X0+ /0 V(lu/n Jn)du,Uz(s))

~ 2y
+%/0th 7‘7(3)—7T7(l5/??Jn)||2d3

t ls/nln _ ls/nln _
< %/0 E,||VE, (Xu —I—A V(u)du) —VF, (Xu —I—A V(Lu/njn)du)

t Ls/nln _ ls/nln _ o
+§ /0 E, ||VF, (X0+ ]D V(lu/an)du) -9 (X0+ /0 V([u/njn)du,Uz(s))

B /‘
+_ ]Ez
2y Jo

which implies that

2

ds

2

ds

2

ds

WV (5) =4V (Ls/njn)| ds.

D(@kn”Pkn)

,B k—1
<13,

B k-1
+7'S"E,
7 &

2

VEF, (X0+ /D jnf/(u)du) —VE, (X0+ /0 jnf/([u/njn)du)

2

VF, (Xo + /0 K V(lu/n] n)du) -9 (Xo + /0 ﬂf/(l%/'an)du, Uz,,j)

k—1

B (F+1)m
+-> / E,

nef, Ehvo ¥ (s/nln)| ds. (BC.59)

We first bound the first term in (EC.58):

k—1 2

Bn
¥ 2_E,

=0

VE, (X0+ L jnf/(u)du) —VF, (X0+ /0 " f/([u/njn)du)

2

ﬁ k—1
<M?*Z1NE,
TS

[ (7~ asmim) au

< M%Zm / "B |V - P/l du

,Bn k=l 21 pGDn
=iy [ e
j=0 i=0

in

V)~V (Lu/nln)|| du,

where we used part (ii) of Assumption 1 Cauchy-Schwarz inequality.
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For in <u < (i+1)n, we have

V(u) = V(lu/n)n) = —(u—in)yVi — (u—in)g (Xi,Ups) + V298~ (B(w) — B(in)),  (EC.59)

in distribution. Therefore,

= (u—i0)Ey [WVi + g (X3, Upd)||* + 278" (u — im)
= (u—in)’E, |4V + VE(X)[* + (u— in) B, | VE,(X:) — g (Xi, Ud) | * + 2987 (u — i)
<2°E, [Vil|* + 207, | VE,(X0)|” + n?28(ME, | X4|* + B) + 278"

< 29MPE, |Vill* +40® (MPE, | X |* + B) +n?20(ME, | X, + B?) +2v8~'n.  (EC.60)

This implies that

A28 Bn Zmz /(i+1)‘fl

in
< Mzg(kn)f' (20 sup B V3 + 4+ 200 (M2 sup B X+ B) + 20670
Y j=0 j>0
We can also bound the second term in (EC.58):
sl Ez
k—
< P55 (aeE,
Y
Bn

92 (M2IE}Z I1X;1° +Bﬂ)

2

vE, (Xo + [ mman) —a (Xo+ [V uinimao.ts,)

2
+Bz)

/ V(u/nln)du

(MzsupE X1/ —|—Bz)

where the first inequality follows from part (iv) of Assumption 1.

Finally, let us bound the third term in (EC.58) as follows:

5" G+1)n ) i ,
EZ/ Ey vV () =¥ (Ls/nlm)|| ds

< %(kn)'yz (2*0*Cy + (4+26)n* (M?CJ + B*) + 2787 'n),
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where we used the estimate in (EC.60).

Hence, together with Lemma EC.1, we conclude that that

D(Biy|[Pur) < M2 ) (29797 CE+ (44 2007 (MACE + B7) +2957)
1+ 250 (e 4 B
Y
+ g ()y? (P CL+ (44 20)77 (MPCE-+ B) +2957'n).
We can then apply the following result of Bolley and Villani (2005), that is, for any two Borel

probability measures u,v on R?*? with finite second moments,

1/4
Wi(u,) <€, [ DG+ (P4 ] ,

]_ 3 2 1/2
—9; Allw|]
C,,—Qil‘;l‘i'; (A ( +log/2de u(dw))) .

From the exponential integrability of the measure v, x, in Lemma EC.2, we have

1 /3 2 v
< S ag|l(z.v)l
Copn <2 (Oio (2 +log Azd e Vg kn(dz,dv)

1/2
<9 (i (%Hog (/ FaV@D) y (da, dv)+; Lo a’y(d—l—A)k?}'))) :
RB2d

where

Hence

4 3 LaV(zx, U) ofd+A

W (]Pk‘muz kn) S - §+10g ed (dﬁ? dU)‘I— —e~ 3A a’y(d—I—A k'.'?
p 2d
R ) 2
~ D(Pg,||P
\/ D(Piy||Pir) + (W) : (EC.61)

where

M? ﬁn By
Y

D(Pyy||Pyy) < (km)® ! ( : ) (29°nC% + (44 25)n (M2CE + B2) + 2987")

+$ (M205+BZ)].
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Note that n <1 so that 292nC? + (4 + 28)n (M?C% + B?) + 2y~ < (C;)?, where C, is defined in
(EC.10). Then, we have

D(By[Bry) < (kn)° ! (204 20 cap + 2 (et ) |

By using (z +y)? < 2(z%+y?), we get

- 8 3 1 [+3
W Bumvnn) < o (54108 ([ AV (e, o) + 45 ar(d+ k) )

: [D(]I"Dk,?H]Pkn) + \/D(Evk“m»kﬂ)] . (EC.62)

Since kn>e > 1, we get

8 /3 1 a@t+a)
— (§ + log ( Iav(z’”),uu(dm, dv) + 1° e ay(d+ A)kn))
Qg

a(d+A

<8

~

8

o:_ +log ( e1?V(® ) o (da, dv) + e 3X a’y(d—l—A)) + 1) log(kn), (EC.63)
2d

(2 +log (/ e1V@0) . (dy dv) + e et a’y(d—l—A)) —|—10g(k’q))
RB2d
25 [
2 R
and

D(]@kﬂ”Pkn) + V D(]f”knlllpm)
- ((Miﬁmr@) (o) + \/(MfanJrﬁm) () ) (k)2

+ ((M203+32) §+ \/(M205+32) g) (kn)*V/,

which implies that

W2 (P, Vi) < (C2V/E + C2 /) (kn)? log (kn),
where Cy and C; are defined in (EC.8) and (EC.9). The result then follows from the fact that
vz +y < +/x+,/y for non-negative real numbers z and y.

Finally, let us provide a bound on Wg(,ttz1k,]f"kn). Note that by the definition of f/, we have that

(Xg t fokﬂ V(ls/n] n)ds,f/(kn)) has the same law as p, x, and we can compute that

/ "V (Ls/nin)ds
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2

V([s/n]n)ds

ds

Skn/
0

< (kn)?n (2v*nCF 4 (44 26)n (M>CE + B?) +2y87") < (kn)’n(C2)”.

where we used the assumption 7 <1 so that 2v?nC% 4 (4 4 28)n (M2C?% + B?) 4+ 2vy8~! < (C3)?

the last inequality above, where C, is defined in (EC.10). Therefore,

Wz(ﬂz,k, E‘Dk‘q) < 02 k?} \/ﬁ

The proof is complete.

EC.3.4. Proof of Lemma EC.4

We recall first from (EC.33) that

1
V(z,v) Zmax{§(1 —2A)ﬁ72||m||2,§(1 — 2)\)”‘1}”2} .

al(z,v)

Since [2q€ po(dz,dv) < oo with a > 0, we have [|(z,v)||12(,q) < 00.

Next, let us notice that by the concavity of the function h, we have (see Eberle et al. (2019))
h(r) <min{r,h(R;)} <min{r,R;}, for any r»>0.
It follows that

p((z,v), (z',v")) <min{r((z,v), (z’,v")), Ri}(1 + &1V (z,v) + . V(z',v"))

<R (1+eV(z,0) +&V(a',0))
Moreover, by the definition of V in (13) and Lemma EC.9, we deduce that
M 1 _ _
V(o) <8 (g el + Blal+ 40 ) + 182° -+ + ol )

M 1
< (S lelP+ Blal+ 4s) + 355(@lel + 2772l + Iy~ olP - Alel)

2

B 1
<5 (MlalP+ A0+ m) + 287l + 27 ol + ol = Alal?)

532

(5M+ m) Il + S8l + B0+ 2
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Therefore, we obtain

Hp(po,m2)

1 3 B2
<R, +Rig M + —B~* / ||:t:||2,uo(da:,dv) + —ﬁ/ ||*U||2,u0(da:,dv) +BAy+ B
2 p2d 4" Jp2a 2M

1 3 B?
+Rier [ [ M+ 3842 |lz||*7s (dz, dv) + =B ||v||*2(dz, dv) + BAs + b .
2 g2d 4" Jped 2M
(EC.64)
It has been shown in (Raginsky et al. 2017, Section 3.5) that

b+d
/ ||a:||2?rz(da:,dv) < + /5.
R2d m

In addition, from the explicit expression of m,(dz,dv) in (7), we have

2 -1
/ ||U||21rz(da:,dv):(QWﬁ_l)_d/Z/ |v||2e 117/ 28" gy — d /.
R2d Bd
Hence, the conclusion follows from (EC.64).
EC.4. Proofs of Lemmas in Section EC.2
EC.4.1. Proof of Lemma EC.5

Before we proceed to the proof of Lemma EC.5, let us state two technical lemmas, which will be
used in the proof of Lemma EC.5. Recall 1(t) =€ " and ¥x41(t) = f; Yr(s)ds, and (&ky1,8kyq) 1s
a 2d-dimensional centered Gaussian vector from the SGHMC? iterates (X, Vi) given in (10)—(11).
Using the definitions, it is straightforward to establish these two lemmas, so we omit the details of

their proofs.

LemMma EC.7. For any n >0,

max {[o (1) — 1+n|, [n —¢1(n)], [¥2(n)]} < con®, (EC.65)
where co:=1+72.
LEmMmA EC.8. For any n >0,
Cu(n) :==E||&|1* < cun :==dn, (EC.66)
Caa(r) = B < car = (EC.67)

Cra(n) :==E (&, &) < cran” := gnz. (EC.68)
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Now, we are ready to prove Lemma EC.5, i.e. the uniform (in time) L? bounds for (Xk,f/k)

defined in (10)—(11). We can rewrite the dynamics of the SGHMC?2 iterates as follows:

where

Vipr = (1 =)V —19(Xi, Un i) + Ex + /296 €541,

Xis1=Xe + Vi + Ep + V29876, 1,

Ey := (o(n) — 1 +y)Vi + (1 — ¥1(n))9(Xk, Usye),

E;c = (P1(n) — n)f/k - %bz(?}')g():—rk, Uz,k)a

(EC.69)

(EC.70)

(EC.71)

(EC.72)

where Eg(z,U, ) = VF,(z) for any . We again use the Lyapunov function V(z,v) defined as

before, and set for each k=0,1,...,

“ " oA “ 1 . “ - N
Ea(K) = ExV (R, /5 = Eu [ Fue) + 37 (177 Vel 4 Vel - NP) | )

We can compute that

EF,(Xx11) =EF, (Xx+nVi+ B, + V20878,
- - - N M - N
EF, (%) +E(VEX0) Ve + B ) + 5 E [n¥h + B + V278 6k

EF, (Xk) +E (vpz()zk), nf@) + %nzna ‘

where

5:1(k) :—E <VFZ(XR),E,;> + %E |

IA

We can also compute that

1,
—v‘E
47

Xk-',—l +’Y_1Vk+1

2

’YXH] ‘l‘f/k-',-l

('YX’k + Vi —19( X, Up i) + v/ 276—1&“) +vE; + 929871, + By

’YX;: + f/k — T?Q(Xka Us.x)

2

Ej+ V2860,

~E(VE(X), ;) + 5 BB

2
+52(k):

2

2

2 ~ ~
+ ME (Vi B+ V278 €1 ) (EC.T4)

2 -~ -~
+ MyBCp(n) + ME (nVi, By ) (EC.75)
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where

1 1
0y(k) := 575_1011(7}') + 5735_1022(7?) + 287 Ca(n)

1 T A | .. . .
+ 3B [B+ B[ + SE (3% + Vi ng(Re,Up) 7B+ B ).

We can also compute that

12IE” P = te vl
4’]’ i k1]l = 1 k41
1 N - . 2
= ZE (I —y)Vi —n9(Xi, Up i) + B + /2786511
1 N . -2 1
= ZE (I —y)Vi —n9( Xy, Uz i) + Ex|| + 5’?5_1011('-'?)
1 . . 2
:Z]E (1 _7n)Vk_ng(Xk:Uzk) +53(k)>
where
1 -2 1 N N - 1
03(k) := ZE | Eyl| + §E <(1 — M)V —n9( Xy, Uz,,k)>Ek> + 5’)’!6 Cia(n). (EC.76)

Finally, we can compute that

2

1 % 2 1 7 ¥ nl '
— 3V | K| = =37 XE | R+ Vi + B+ V2B
2 1 .

- Z'Yz)‘]E HEL + v Q’Yﬁ_l‘ﬂcﬂ

1 7 T n '

— SVAE (R +0Vi B+ V0BG )

< —%’YWE ||Xk +nVi

2

1 . .
——7AE ”Xk W

2
+54(k):

where

1 . P
bu(k) == =37 AE <Xk +nd,E;>. (EC.77)

By following the proofs of the L, uniform bound for SGHMCI iterates, we get

f,z(k+1?)?—flg(k) < A(AJB ALa(R) 1 (KR 4 K) - 51(k)+52(k);|?-63(k)+54(k)1

where K; and K, are given in (EC.3) and (EC.4).
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Next, we can estimate that

* nl M nl 2 ¥ i —
61(6) =E(VE.(X0), B, ) + B | E|| + ME (Vi Bt ) + My8Caa(n)

2 % 7 % M 4 7 % 2
< corPE [IVE(X0) - (Il + 9K, U )| + 5-c2n°E (1731l + (X )1
MenE | ||[Vi]| - (1IV; X, U, MAB~eoon®
+ MeorE [[Vell- (IVill+ l9(Re, Up)I1) | + M8~ coom
1 . N
< 5o E|VE(XW)” + Mcgn*Ellg(Xx, Un p)II* + My~ caon’®
1 ~ 1 - . 2
+ 5 Meon® (L4 2Vl + 5 (M + Deon’E (IVell + lo(X e, Ul )

con’E||VE,(Xy)||* + Mcin Ellg(Xe, Uzi) |* + MAB ™" caonf®

b~

<
1 ) . )
+5Meon® (14 2")El|Vi|l* + (M + Dcon’E[[Vil|* + (M + 1)conEl (X, U ) |
1 ) .
= 5o E|VE(Xy)[” + con®(Meon® + M + DE|lg(Xx, Ups) |* + MyB ™" coom’

1 -
+ §cun2(M(1 +20%) +2M 4 2)E||Vi|%,

and

1 1
0y(k) = 5’)’5_1011(7?) + 5’)’35_1022("‘?) +7%871Cra(n)
EEUUE T A I
+ ZE”’YE:; + B> + §E <’YXk + Vi —ng(Xk, Uz ), vEY +Ek>
1 1
< 5’)’5_1011'-'?4- 5’)’35_1022??3 +42B8  eran”
1,4 2 - 5 2
+ 360" (1+)E (V5] + (X, Un)])

1 . )
+ 500'-'?2(1 +7)E ["’YXk + Vi —1g(Xi, Uz )

(Il + o (R U 1) |
1 1
< 5’)’5_1011??4- 5’)’35_1022??3 +7°B 7 e’
1 2 2 ¥ - 2
+ 3eon* (L) (14 con* (1+9)E (IVell + 19K Vo)

1 . N ) 2
+ Zcoﬂz(l +7)E ||’YXk + Vi —n9(Xi, Uz )

1 1
< §7ﬁ‘lclln+ 5736‘1622??3 +72 B ern®
L 2 1 1 2(1 E||V,|?
+5con” (L+7) (1 4o (1+7))E[[ V||
1 -
+gcom’ (1+7)(1+ con’ (1 +7)Ellg(Xx, Ue ) *

3 ) 3 .
+eom” (1 + YV EIXe|” + Jeon* (L + N E[ Vi
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+ %C{an(l + Bl g(Xs, Uy i) ||
= %’Yﬁ_lcnﬂ + %7313‘1622773 +°B  eran’
+ %c{mz(l +7) (g +con’(1 +7)) B Ve|*
+geort (1) (14?1 +9) + 51t ) BlaCh Vo)

3 N
+ thmz(l + )V E|| Xk %,

and we can compute that
1 a0 1 - . . 1,
03(k) = ZE”Ek” + §E <(1 — M)V — 1n9(Xk, Uz,k)aEk> + 5’]’5 Cn(’f?)
15 4 ’ . 2
< 7n°E (IIVell + lo(Xi. U

1 - .
+ 5007?2151 H|(1 — MV —19( X, Uz )

; ; 1
(Il + 19(Re, Ul ) | + 598 e

~ ~ 2
< zeor(L+ con®)E ([IVell + lg(Xx. Uni)

|

1 . . 2 1
+ ZCuan H(l — Vi —19(Xa, Uzi)|| + 57/3“011??

N 1 N
< —con?* (14 con®)E||Vie||* + §Cu’?2(1 + con”)E||g(X, Up i) ||

b

1 . 1 . 1
+ 500172(1 — )’ E||[Vi||* + 500??41E||9(Xk,Uz,k)II2 + 575‘1011??
1 .
= 500??2(2 — 29+ (co+ 7)) E|| Vi|?

1 . 1
- 500??2(1 + (co+ 1)7*)E||lg( Xk, Un)||* + 57/3‘1011?7,

and finally we can compute that
1 . ..
64(k) = —37"AE <Xk +nm,E;>

1 N .
<57 Aeon’E [”X:c +nVi

(Il + llo K i)
1, 2 v ~2 1o 2 3 > 2
< 47 Acom B[ X +nViel" + g7 Acon’E (”Vk‘” + IIQ(Xk,Uz,,k)II)
1 . 1 - 1 .
< 5V Ao’ Bl Xxl[* + 57°Acon® (1 + 1) BIVe|l” + 57" Acon’Ellg (X, U i)
Putting everything together, we have

Loy(k+1) — Ly(k)
n
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I 01(k) 4 02(k) + 03(k) + 64 (k)

S’Y(Afﬁ—/\ffz(k))‘F(Klffz(k)"‘Kz)"-'? 7

<A((d+ A)/B—ALy(k)) + (K1La(k) + K3) -7

1
+ 50n ((M(l +20%) +2M +4 - 290+ (co +7°)1°)

5 R
+(1+7) (5 +con’(1 +7)) +7°A(1 +n2)) E[|Vi|®
1 2 3 4 2
+5con| (1+7) (1+con”(1+7) + 57" | +1+(co+1)n
+ A7’ +2(Meon® + M + 1)) Ellg(Xe, Up)|?
1 5oz, 1o 3 S o2
+ 3| VE(X)* + 57°con | A+ 5(1+7) | B[ X
1
+ 5735_1022'-'?2 +72B  e1an + MyB ™ eaan?,
where we used the fact that c¢;; = d. Moreover,
E||VF,(Xe)|* <E(M||Xx| + B)> < 2M°E|| X, |” + 2B2,

and

Ellg(Xe, Up )| = EIVE, (X0) |2 +Ellg(Xe, Uy 1) — VE, (X))
<E|[VE,(X,)| + 20M?E|| X, ||? + 25 B2

< 2(1+ 8)M?E|| Xx||> +2(1 +6) B~ (EC.78)
Therefore, we have

<A((d+A)/B—ALy(k)) + (K1La(k) + K3) -

Ly(k+1) — Ly(k)
n
1
+ 5o ((M(l +21%) +2M +4 =290+ (co +7v*)1?)
5 2 2 2 72
+(1+7) (g +eon (+7) )+ AL +77) |E[[Vil

L1
50N

((1 +7) (1 +eon*(1+7) + %n“) +1+ (o +1)n?
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+ M+ 2(Mcegn® + M + 1)) (2(1+0)M?)
2 2 3 2 > 2
F(2M Ay A+ o (L) ) | Bl X
2 3 4 2
+c{m((1+7) (1+00'-'? (L+7)+35n ) +1+(co+1)n
+ A2+ 2(Megn® + M + 1)) (1+48)B*+¢,B%*n

1
+ 5’?35_1022??2 + %87 eran + M~y B  ean?,

By applying the assumption n <1, we have

Lalb e DBl (4 )5 Abah) + (o) + K)o
+ nQuE||Vil|> + nQoE| Xy |* +1Qs,
where the constants @1, Q2, Qs are given in (EC.24)—-(EC.26). Let us recall that for A < i,
V(o) 2 max { 51— 2087lel S0 -2 ol |
Thus, we have

Ly(k+1) — La(k) <y((d+A)/B = ALy(k)) + (K, Ly(k) + K3) -1

n
4 .
+n (Q11—2A +Q2(1—2A)’y2) Ly(k) +nQs,
Therefore, for
; ¥ YA
O<n< —(d/B+A/B),— ¢, EC.79
o< min{ L (@/5+4/8). 22| (BC.79)

where K, := K, + % + %, and K, == K, + Qs, we get
. . 1 .
(L2(k +1) = La(k))/n < 2y(d/B + A/ B) — 5¥ALx(k).

This implies Ly(k+1) < pL, (k) + K, where p:=1—nyA/2€[0,1), where we used the assumption
n< %, and K :=2y(d/B+ A/B). It follows that

Ad/8-+4/8)

Ly(k) sﬁz(0)+1§p —E, [V(Xu,ffu)/ﬁ] + S

The uniform L? bounds then readily follow.
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EC.4.2. Proof of Lemma EC.6

We follow similar steps as in the proof of Lemma 7 in Raginsky et al. (2017). Recall that with
the same initialization, the SGHMC2 iterates (X, Vi) has the same distribution as (X (kn),V (k7))

where (X (-),V(-)) is a continuous-time process satisfying

AV (t) ==V (t)dt — g(X (|t/n)n), Us(1))dt + /2vB~1dB(2), (EC.80)

dX (t) =V (t)dt. (EC.81)

Let P be the probability measure associated with the underdamped Langevin diffusion (X (¢),V (¢))
in (5)—(6) and [P be the probability measure associated with the (X (1), TA/(t)) process. Let F; be
the natural filtration up to time ¢. Then, the Radon-Nikodym derivative of IP w.r.t. P is given by

the Girsanov theorem (see e.g. Section 7.6 in Liptser and Shiryaev (2013)):

AP\ B RV R(K () —g (R (Ls/mim) Ua(9))) 4B ()~ £ [E IV P (X () ~g (X (Ls/nJm) Ua(s))]*ds
¥

dP |,
where B(-) is the P-Brownian motion given in (EC.80). Then by writing P, and PP, as the probability

measures P and P conditional on the filtration Fi,

D(P,||P,) ::—/d]f"tlog ﬁ‘
— 2 [ B VR ~ s Ls/ni). V(o)) .
Then, we get
. B E—1 a(i+1)n N N 2
DEulP) ==Y [ B[ VA ) — ok (/i) Vo) as
k=1 a(j+1)n . . 2
5%2 [ R A& R s/

B kz_:l (G+1)n
+ -~ / Ez
2’}( j=0vIin

We first bound the first term in (EC.82). Before we proceed, let us notice that for any kn <s <

VE(X(Ls/nn) — o (Ls/nln). V()| ds. (BC.82)

(k+1)n,

X(s) =Xy + %1 (s — kn) Vi — a(s — kn)g(X, Up i) + vV 29B €11 o s (EC.83)
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in distribution, where & , ,_,, is centered Gaussian independent of F; and E||&,; ,_,[I> = Ca2(s —
kn) < 4(s — kn)® < 4n®. Moreover, (s — kn) = fs P (s —kn) <mn, and (s — kn) =

J‘;_k” i (t)dt < f;_kn tdt <n?. Therefore, we can compute that

B kz_:l /(.:H-l)f?
— E
2’){ j=0 1

2 k=1 o(j+1)n
<Gy E
2y =i

~VEX(|s/aJn)| ds

2
ds

in

BM? k=1 ,(j+1)n A A 9
T 2y Z/ E, |[¥1(s —3mV; —¥a(s — im)9(X;, Uy y) + V29871 1 o sl ds
j=0Jn
338 M2 k-1 o(j+1)n . 2
< /32 Z/ (Ez wl(s—JWJVj 2 ||Ya(s —ima(X;, U, ;)
Y j=0 in
2
s | V29878 410 g )ds
3)3M2

- dn3
< B ) (P sup BV (2014 )M sup B P+ 201+ 9B ) + 295
j=0

2
- 35M

(kn)n* (C§+ (2(1+6)M>C2+2(1+6)B?) + def—l)

where we used (EC.78), the assumption 7 <1 and Lemma EC.5.

We can also bound the second term in (EC.82):

B kz_f/(.:Hl)H
2 E,
27 j=0vI1

ﬁ k-1 2
ZEWZEZ A:)_Q(XPUZJ)
=0
k-1
< nb Y 2AME |+ B)
=0

< (M?C? 4 B?) %kné,

where the first inequality follows from part (iv) of Assumption 1, and we also used Lemma EC.5.

Hence, we conclude that

X 2dvB~!
D(fis k|| n) < n* (C;’ + (20 +8)M*C;+2(1+6)B%) + %)

B

+ (M?C2 + B?) Zkn. (EC.84)
g
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To complete the proof, we can follow similar steps as in the proof of Lemma EC.3. By using the
estimate in (EC.84), the result from Bolley and Villani (2005), and the exponential integrability

of the measure v, ;, in Lemma EC.2, we can infer that

D(fizk||Vaen) + 1/ Dz i ||Vakn)

<(352{"Y’f2( + (2(1+6)M>C2 +2(1+6)B) + "’5)

+ \/3@;{2 (cg +(2(1+6)M>Cé +2(1+6)B?) + —2d7f_1)) kn?

+((M20§+Bz)f \/(MZCd+Bz )kn\/_

and
205 8 (3 LaV(z,w) 1 3@3#1
Wy (fg ks Vagn) < — 3 +log y el “po(dz, dv) + 1° ay(d+ A)kn
R

Qo
: [D(ﬁz,k”b'z,kn) + V D(ﬁz,,k”b'z,kn)] 1

which together implies that
W (fiz > Vakn) < (C5V/8 + Cin) (kn) log (kn),

where C, and C, are defined in (EC.8) and (EC.29). The result then follows from the fact that
vz +y <+/x+,/y for non-negative real numbers z and y.

EC.5. Supporting Lemmas

In this section, we present several supporting lemmas from the existing literature. These lemmas
are used in our proofs, so we include them here for the sake of completeness. The first lemma shows

that f admits lower and upper bounds that are quadratic functions.

LEmMA EC.9 (See (Raginsky et al. 2017, Lemma 2)). If parts (i) and (i7) of Assumption 1
hold, then for all x € R% and z,

IVf(z,2)| < Mllz|| + B,

and

m 2
= el

b M
§log3 < f(z,2) < 7”2?”2 + Bl|z|| + Ao.
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The next lemma shows a 2-Wasserstein continuity result for functions of quadratic growth. This

lemma was also used in Raginsky et al. (2017) to study the SGLD dynamics.

LEMMA EC.10 (See Polyanskiy and Wu (2016)). Let p,v be two probability measures on R*®

with finite second moments, and let G :R?*® =R be a C* function obeying
IVG(w)| < eif|w|| + e,

for some constants c; >0 and c; > 0. Then,

/ Gd,u—/ Gdv

R2d B2d

02:ma,x{/ ||w||2,u(dw),/ ||w||2u(dw)}.
de de

The next lemma shows a uniform stability of m,. Note that the z—marginal of m,(dz,dv) for

< (cro+ca)Wa(p,v),

where

the underdamped diffusion is the same as the stationary distribution for the overdamped diffusion
studied in Raginsky et al. (2017). For two n—tuples z = (24,...,2,),2=(Z1,...,Z,) € Z", we say z

and z differ only in a single coordinate if card|{:: z; #Z;}| = 1.

LEmMA EC.11 (Proposition 12, Raginsky et al. (2017)). For any two z,z € Z" that differ

only in a single coordinate,

4Bcrs

mn

sup <

zEZ

Juu Y@l [ Sto2nin) (%2@ +d/B)+ Bz) ,

where

CrLs >~

om? +8M? 1 (6M(d
2"+ 8M7 | 1 (6M(d+5) | o)
mZMB A

where A, is the uniform spectral gap for overdamped Langevin dynamics:

{ﬁ‘l Jea IV |*dm,
f]Rd gzdﬂ.z

A, = Inf inf
zcZn

:g€ CYRY)NL*(m,),g# 0,/ gdr, = 0} .
Rrd
The next lemma show that for large values of 3, the z—marginal of the stationary distribution
7z(dx,dv) is concentrated at the minimizer of F,. Note in Proposition 11 of Raginsky et al. (2017),

they have the assumption 5 > 2/m, which seems to be only used to derive their Lemma 4, but not

used in deriving their Proposition 11.
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LEmMA EC.12 (Proposition 11, Raginsky et al. (2017)). It holds that

. d eM (b8
/mﬂd E,(z)m,(dz,dv) — fég} F,(z) < ﬁlog (E (? + 1)) .
EC.6. Proof of Proposition 1

Let us first prove that A\, = O(a~2). We first recall that \, is the uniform spectral gap for over-

damped Langevin dynamics:

B! JpallVgl*dm,
fmd gzdﬁz

A, i= Inf inf{

zEZM

:g € CYRY)N LA (7). g %U,/ gdm, :0} .
Rd

In particular, fix any z € 2" so that for every g € C*(R?)NL?(m,), such that g #0, and [, gdm, =

0, we have
< B Vgl
* = fRd gze_ﬁpz(z)dm

It follows from Lemma EC.9 that
b M?
e - 5 log3 < Fy(2) < = lal|* + Bllz]| + Ao, (EC.85)

with m=mya=2, M =M,a?, and B = B,a'.
Next, let us take the test function g(z) :=||z||?>. And we further define

. fRd gl (m)e_ﬁpz (I)dx
cyi= /nd girdm, = f]Rd e (EC.86)

and we also define
g9(z):=gi(x) —cy,
so that g € C*(R*) N L?(m,), g #0, and f]Rd gdm, = 0. Moreover, we have

IVg(@)l| =[Var(@)|=2]z]l,  and  gi(az)=a’g(z) = a||||".

Next, by the definition of ¢; in (EC.86) and the bounds in (EC.85), we get

foa ||| 2e~BCE =+ Blzl+40) gy foa laz|[2e=P% ozl + Bllazl+40) g

> —a?
“= Jra e PRI —F1083) 47 Joa e PCBlozlP—§1083) g e &
Jea |a||2e—BCR =" ~§ 1083) gy Jrea ||az||2e—F(Rlazl®~§1083) 4o ~
3 = 2 =a C1,

- _ /M 2 _aM 2
fog e PO Va2 4Blel A0 gy [ =B lazlP+Blazl+40) i
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where
M2
Joa l|Z]%€ —B(—=L Izl +Billzll+40) g1
=1 = 2_ 1
Jroa € P22~ F1083) gy

Joa l|z||%€ —B(ZtlIzlI?—$1083) g
El =

Ja o8 2121 By 2l +40) g

Hence, we have

B [ |Vg(z)|2e PRIzl ~§1083) gy

Jpag(x)?e” B2 ||zl|2+ Bllz]l+A0) gy

B [ 4]|z||2e B 1217~ § 1083) gy
) Jra(g1(2) — c1)2e~PE eI+ Bliz+40) gy

Bt fmd 4||ax||28—ﬁ(%||az||2_b]OES)dx
- Jra(g1(az) — Cl)ze_ﬁ(%z”“I”z’fBllaIllJrAu)dm
B [, Al|az|2e P (Blasl>~1083) gy

MiNaze, <o<asy Jpa (@[l — &)2e~ B4 lazl2+Bllaz+40) g

m 2 3
- B [ o A||x||2e BBt Ial?~§ 1083) gy
=1 2 f]l?. ] }

M
ming, <e<e; fpa(||]|2 — C)ze—ﬁ(—;}||x||2+81||x||+Ao)d$

A <

<

where we used m =mja=?, M = Mia=2, B= Bia~! and g:(az) = a’g:1(z) = a?||z||>. Hence, we
conclude that A, = O(a2).
Next, let us prove that p, =©(a~!). We recall that p. the convergence rate for underdamped

Langevin dynamics is given by:

[y = 728 1’11111{)&':/1"’)/‘2 AV2e A M~=2 A2 _A}

where

12
A= E(l + 20 +202)(d+ A)M~y2A71 (1 —2)) 7, a;=(1+A"Y)M~y72,

where A\, A come from the drift condition (14), and from Gao et al. (2020), we can take

1 . (/1 m B m B? b 1
A== - — A== —(M+-~4*)+4,). (ECS87
len(él’M—l—’]/z/Q)’ SM 1 17 (2M—|—72+m( +2’Y)+ o) ( )

Note that p, depends on the objective function F, only via the parameters from its properties,
which is independent of z. Recall that m =mya=2, M = Mya™2, B = Bia~!. We define = 'y]a_l

so that 7, is independent of a and

ﬁt*za_l%g min { AM;7; 2, A 2e =AMy 2, AV2e ) (EC.88)
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where we can check that A, A are independent of a. Then, we can see from (EC.88) that p, is linear

in a~' so that we have p, = ©(a™'). The proof is complete.
EC.7. Explicit dependence of constants on key parameters

In this section we provide explicit dependence of constants on parameters 3,d, ., A. and n, which
is used in Section 5. To simplify the presentation, we use the notation @, © to hide factors that
depend on other parameters.

We recall the constants from Table 1. It is easy to see that
4=6(), a=6(1), A=6(d+§),
where we take A as in (EC.87) and
f =6 (\/ﬂe—ﬁ) -6 (\/ﬂe—émﬁ)) . (EC.80)
Since £; = é(,u,/(d—l—ﬁ)), and p, is exponentially small in 3+ d, we get that
H,(1o) =O(Ry) = (1+d/B)"/2.

In addition, in view of (EC.89), it follows that

C= (5 (eMZ(d—I-ﬁ)l/Zﬁ_l/z‘u—l/?) _ CM) ((d_|_ 5)3/4ﬁ_1/2) |

[

The structure of the initial distribution pg(dz,dv) would affect the overall dependence on f3,d.
Since we assumed in Section 5 that po(dz,dv) is supported on a Euclidean ball with radius being

a universal constant, then the Lyapunov function V in (13) is linear in 3. We can then obtain

/ V(z,v)po(dz, dv) = O(B), / eV o (da, dv) = 0B
R2d m2d

It follows that

Ci=0((B+d)/p), Ci=0((B+d)/B), o=0(V(B+d/B).
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Next, we have oy = CM)(ﬁ) and a= @(1), and

¥=0(/(B+d)/B),
Co=0([@+8)/VB), C:i=0(W+B)/VB), C=0(V(d+A)/B).

Moreover, by the definition of C; in (EC.29), we get

Ci1=0((d+8)/v/B).

Hence, from (20), we obtain

o _ 3/2
Jo(e)=0 (%e) ,
and from (16), we get
~ 3/2 2
Sie)=0 (% ((log(1/€))*26"* +€) \/log(n: T log(e 1)) + d—gﬁﬂ*(logg(l/&‘))Z) '

Moreover, from (25), we get

. ~ 3/2
File)=0 (% (V1og(1/)6* +€) v/log(pi;? log(s_l))) .

Finally, from (19) and (21), we have

J=0 (glog(5+ 1)) , and  J3(n)=0 (%(5;:7‘”2) )

EC.8. Proof of Lemma 1 and Lemma 2

EC.8.1. Proof of Lemma 1

Since the distribution of A;, has compact support, we have ||a;|| < D for some D > 0. Let s, :=

(a;, ). By taking the gradient of f(z,z;) with respect to x, we obtain

Vi@, z) = —2 (yi — 0(s0)) 0 (s1)ai + Ara. (EC.90)

This implies
(VF(@,2:),3) = —2 (s — 0(51)) o' (5)si + Arl| ] (EC.91)
> Arllz]|? = 2(1 + [[o]lso) 0" floo 54l (EC.92)

> Arllzl* =21 + llollo) lo' [l Dl (EC.93)
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where we used the triangle inequality and the Cauchy-Schwartz inequality. Then, it is straightfor-

ward to check that we obtain (Vf(z, z:),z) > m|z||?> — b for
m=XA/2, b=8(1+olle)’llo"|[2D?/Ar,

and therefore part (iii) of Assumption 1 holds. Also for any z = (a,y), | f(0,2)| =|(y —o(0))?| < A,

for Ao = (1+ [|o(0)[))*. Similarly, |V f(0,2)]| =l - 2(y — 0(0))o’(0)al| < B for
B, :=2(1+ | (0) o’ (0)|D.
Therefore, part (i) of Assumption 1 holds for any B > B;. We also have the Hessian matrix
V2 f(x,2:) =2[0" (s:)]Paia;] —2(ys — o(s:))o” (s:)asa; + Al
where I, is the d x d identity matrix. Hence, |V?f(z,z;)| < M; where
M, =2||0’[Z.D* +2(1+lo]loo) 0"l D* + A,

Therefore, part (i1) of Assumption 1 also holds for M = M. In particular, V f(z, z;) is also i.i.d.

and we have E[V f(z, z;)] = VF,(z) for any = € R%. Furthermore, it follows from (EC.90) that
IVf(@,2;)| < B2+ Arllzl,  where B :=2(1+ [lo]|s0) [|o”[|0 D,
for any z;. Therefore, if we let u; :=V f(z,z;) — VF,(x), then u; are 1.i.d. with E[u;] =0 and
E|lu;|* < 2B |V £(z,,)|’] + 2B |IVE,@)I]

<4(Bz+Arjz])?

< 8B +8X\2||z|?, (EC.94)
where we used Cauchy-Schwarz inequality. This implies
23
g =

for any 6 € [Trlz,,> 1), M > M, :=4\,, B > By :=4M, where we used (EC.94) and the fact that u; are

2

E|lo(z.U) - VE@)|’] =E

1 &
= Y Ellu;|* <25(M?||z|*+ B®) (EC.95)
j=1

i.i.d. with mean zero. If we choose, for instance, M = M; + M5, B =max(B, By) = Bs; we observe

that part (i) and (iv) of Assumptions 1 hold.
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EC.8.2. Proof of Lemma 2

We set 7; =y; — (a;,x) and follow a similar approach to the proof of Lemma 1.

We can compute that

Vf(z,z:i)=—p'(ri)a: + Az
This leads to
(V £ (2,2),2) = —p (re){as,2) + Aellz]* 2 Mo = |0 Dlle] 2 mljal* —b,  (EC.96)
with

_ 22D

m=A/2, b o

Therefore, part (iii) of Assumption 1 holds. We have also
1£(0,z:)| < lp(ws)l,  V£(0,2:) =—[Ip"(wi)asl| < || D
for any z;. Therefore, part (i) of Assumption 1 holds with Ay = ||p||cc and B = ||p’||ecD. Since
V2£(0,2) = p"(r)asal + A 1a,
where I; is the d x d identity matrix, we also have
V25020l < 116"l D? + A
Therefore, part (ii) of Assumption 1 holds for any M > ||p”||.c D* + Ar. We have also
IV £ (@, )| < [|p'lloo D + Arl|2]|.
Therefore, if we let v; =V f(z,2;) — VF,(x), then v; are i.i.d. with E[v;] =0 and

Ello, | < 2E [V (2,2)I] +2E [|VE(2)|’]
<4(I/ 1D+ Mrlal)?

<8 (ll¢'lI2%.D* +8X7|z[|) , (EC.97)
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where we used Cauchy-Schwarz inequality. This implies

2
1 & 1 &
E Ilg(m,Uz)—VFz(w)Ilﬂ =E n—bzvj =§ZEII%IIZ525(M2||wllz+32) (EC.98)
j=1 b j=1

for any § € [ﬁ,l) and M, > 4\, and B > 4||p||ooD where we used (EC.97) and the fact that
v; are i.i.d. with mean zero. We conclude that Assumption 1 work for M = ||p”||D? + 5\, and

B=4]p/|l=D.
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