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Abstract.Stochastic gradient Hamiltonian Monte Carlo (SGHMC) is a variant of stochas-
tic gradients with momentum where a controlled and properly scaled Gaussian noise is
added to the stochastic gradients to steer the iterates toward a global minimum. Many
works report its empirical success in practice for solving stochastic nonconvex optimiza-
tion problems; in particular, it has been observed to outperform overdamped Langevin
Monte Carlo–based methods, such as stochastic gradient Langevin dynamics (SGLD), in
many applications. Although the asymptotic global convergence properties of SGHMC
are well known, itsfinite-time performance is not well understood. In this work, we study
two variants of SGHMC based on two alternative discretizations of the underdamped
Langevin diffusion. We providefinite-time performance bounds for the global conver-
gence of both SGHMC variants for solving stochastic nonconvex optimization problems
with explicit constants. Our results lead to nonasymptotic guarantees for both population
and empirical risk minimization problems. For afixed target accuracy level on a class of
nonconvex problems, we obtain complexity bounds for SGHMC that can be tighter than
those available for SGLD.
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1. Introduction
We consider the stochastic nonconvex optimization
problem

min
x∈Rd
F(x):EZ~D[f(x,Z)], (1)

whereZis a random variable whose probability distri-
butionDis unknown, supported on some unknown set
Z, and the objectiveFis the expectation of a random
functionf:Rd×Z→R, where the functionsx→
f(x,z)are continuous and nonconvex. Having access to
independent and identically distributed (i.i.d.) samples
Z (Z1,Z2,:::,Zn),whereeachZiis a random variable
distributed with the population distributionD,thegoal
is to compute an approximate minimizerx̂(possibly
witharandomizedalgorithm)ofthepopulation risk;that
is, we want to computêxsuch thatEF(̂x)−F∗≤ε̂for a

given target accuracyε̂>0, whereF∗ minx∈RdF(x)is
the minimum value and the expectation is taken with
respect to bothZand the randomness encountered (if
any) during the iterations of the algorithm to compute
x̂. This formulation arises frequently in several contexts,
including machine learning. A prominent example is
deep learning in whichxdenotesthesetoftrainable
weights for a deep learning model andf(x,zi)is the
penalty (loss) of prediction using weightxwith the
individual sample valueZi zi∈Z.
Because the population distributionDis unknown,

a common popular approach is to consider theempiri-
cal risk minimization(ERM) problem

min
x∈Rd
Fz(x):

1

n

n

i1

f(x,zi), (2)
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based on the data setz:(z1,z2,:::,zn)∈Z
nas a proxy

to Problem (1) and minimize theempirical risk

EFz(x)−min
x∈Rd
Fz(x) (3)

instead, for which the expectation is taken with respect
to any randomness encountered during the algorithm
to generatex.

1
Many algorithms have been proposed

to solve Problem (1) and itsfinite-sum version (2).
Among these, gradient descent, stochastic gradient,
and their variance-reduced or momentum-based var-
iants come with guarantees forfinding a local mini-
mizer or a stationary point for nonconvex problems. In
some applications, convergence to a local minimum
can be satisfactory (Du et al.2018,Geetal.2018). How-
ever, in general, methods with global convergence
guarantees are also desirable and preferable in many
settings (Hazan et al.2016,Şimşekli et al.2018).
It is well known that sampling from a distribution

that concentrates around a global minimizer ofFis a
similar goal to computing an approximate global min-
imizer ofF. For example, such connections arise in the
study of simulated annealing algorithms in optimiza-
tion that admit several asymptotic convergence guar-
antees (see, e.g., Kirkpatrick et al.1983, Gidas1985,
Hajek1985, Gelfand and Mitter1991, Bertsimas and
Tsitsiklis1993, Borkar and Mitter1999, Belloni et al.
2015). Recent studies make such connections between
thefields of statistics and optimization stronger, justi-
fying and popularizing the use of Langevin Monte
Carlo–based methods in stochastic nonconvex optimi-
zation and large-scale data analysis further (see, e.g.,
Welling and Teh2011; Chen et al.2016;Şimşekli et al.
2016, 2018; Chaudhari et al.2017; Dalalyan2017;
Raginsky et al.2017; Wibisono2018).
Stochastic gradient algorithms based on Langevin

Monte Carlo are popular variants of stochastic gra-
dients that admit asymptotic global convergence guar-
antees with which a properly scaled Gaussian noise is
added to the gradient estimate. Two popular
Langevin-based algorithms that have demonstrated
empirical success are stochastic gradient Langevin dy-
namics (SGLD) (Welling and Teh2011,Chenetal.
2015) and stochastic gradient Hamiltonian Monte
Carlo (SGHMC) (Duane et al.1987;Neal2010; Chen
et al.2014,2015) and their variants to improve their ef-
ficiency and accuracy (Ahn et al.2012, Patterson and
Teh2013,Dingetal.2014, Maetal.2015, Wibisono
2018). In particular, SGLD can be viewed as the ana-
logue of stochastic gradients in the Markov Chain
Monte Carlo (MCMC) literature, whereas SGHMC is
the analogue of stochastic gradients with momentum
(see, e.g., Chen et al.2014). SGLD iterations consist of

Xk+1 Xk−ηgk+ 2ηβ−1ξk,

whereη>0 is the step-size parameter,β>0 is the in-
verse temperature,gkis a conditionally unbiased esti-
mate of the gradient ofFz,andξk∈R

dis a sequence of
i.i.d. centered Gaussian random vectors with unit co-
variance matrix. When the gradient variance is zero,
SGLD dynamics correspond to an (explicit) Euler dis-
cretization of thefirst order (aka overdamped) Lange-
vin stochastic differential equation (SDE)

dX(t) −rFz(X(t))dt+ 2β−1dB(t),t≥0 , (4)

where{B(t):t≥0}is the standard Brownian motion in
Rd. The processXadmits a unique stationary distribu-
tionπz(dx)∝exp(−βFz(x))dx, also known as theGibbs
measure, under some assumptions onFz (see, e.g.,
Chiang et al.1987,Holleyetal.1989). Forβchosen
properly (large enough), it is easy to see that this distri-
bution concentrates around approximate global mini-
mizers ofFz. Recently, Dalalyan (2017) established nov-
el theoretical guarantees for the convergence of the
overdamped Langevin MCMC and the SGLD algo-
rithm for sampling from a smooth and log-concave
density, and these results have direct implications to
stochastic convex optimization; see also Dalalyan and
Karagulyan (2019). In a seminal work, Raginsky et al.
(2017) show that SGLD iterates track the overdamped
Langevin SDE closely and obtainedfinite-time perfor-
mance bounds for SGLD. Their results show that
SGLD converges toε-approximate global minimizers
afterO(poly(1λ∗,β,d,

1
ε))iterations in whichλ∗is the uni-

form spectral gap that controls the convergence rate of
the overdamped Langevin diffusion, which is, in gen-
eral, exponentially small in bothβand the dimensiond
(Raginsky et al.2017,Tzenetal.2018). A related result
of Zhang et al. (2017a)showsthatamodified version
of the SGLD algorithmfinds anε-approximate local
minimum after polynomial time (with respect to all pa-
rameters). Recently, Xu et al. (2018)improvedtheεde-
pendency of the upper bounds of Raginsky et al. (2017)
further in the mini-batch setting and obtained several
guarantees for the gradient Langevin dynamics and
variance-reduced SGLD algorithms.
On the other hand, the SGHMC algorithm is based

on the underdamped (aka second order or kinetic)
Langevin diffusion

dV(t) −γV(t)dt−rFz(X(t))dt+ 2γβ−1dB(t), (5)

dX(t) V(t)dt, (6)

where γ>0isthefrictioncoefficient,X(t),V(t)∈Rd

models the position and the momentum of a particle
moving in afield of force (described by the gradient
ofFz) plus a random (thermal) force described by
Brownian noise,first derived by Kramers (1940). It
is known that, under some assumptions onFz,the
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Markov process(X(t),V(t))t≥0is ergodic and admits a
unique stationary distribution

πz(dx,dv)
1

Γz
exp−β

1

2
v2+Fz(x)dxdv, (7)

(see, e.g., H́erau and Nier2004, Pavliotis2014)in
whichΓzis the normalizing constant:

Γz
Rd×Rd

exp−β
1

2
v2+Fz(x)dxdv

2π

β

d=2

Rd
e−βFz(x)dx:

Hence, thex-marginal distribution of stationary distri-
butionπz(dx,dv)is exactly the invariant distribution
of the overdamped Langevin diffusion.2SGHMC dy-
namics correspond to the discretization of the under-
damped Langevin SDE in which the gradients are
replaced with their unbiased estimates. Although var-
ious discretizations of the underdamped Langevin
SDE have also been considered and studied (Chen
et al.2015, Leimkuhler et al.2015), the followingfirst
order Euler scheme is the simplest approach that is
easy to implement and a common scheme among
practitioners (Chen et al.2015,2016; Teh et al.2016):

Vk+1 Vk−η[γVk+g(Xk,Uz,k)] + 2γβ
−1ηξk, (8)

Xk+1 Xk+ηVk, (9)

where(ξk)
∞
k0is a sequence of i.i.d. standard Gaussian

random vectors inRdand{Uz,k:k 0, 1,:::}is a se-
quence of i.i.d. random elements such that

Eg(x,Uz,k) rFz(x)for anyx∈R
d:

In this paper, we focus on the unadjusted dynamics
(without the Metropolis–Hastings type of correction)
that works well in many applications (Chen et al.
2014,2015) as Metropolis–Hastings correction is typi-
cally computationally expensive for applications in
machine learning and large-scale optimization when
the size of the data setnis large and low-to-medium
accuracy is enough in practice (see, e.g., Welling and
Teh2011, Chen et al.2014).
There is also an alternative discretization to (8)and

(9), recently proposed by Cheng et al. (2018a)thatleads
to state-of-the-art estimates in the special case that
improves upon the Euler discretization when the objec-
tive is strongly convex (Cheng et al.2018a). To intro-
duce this alternative discretization by Cheng et al.
(2018a), wefirst define a sequence of functionsψkby

ψ0(t) e
−γtandψk+1(t)

t

0
ψk(s)ds,k≥0. The iterates

(̂Xk,̂Vk)are then defined by the following recursion:

V̂k+1 ψ0(η)̂Vk−ψ1(η)g(̂Xk,Uz,k)+ 2γβ
−1ξk+1, (10)

X̂k+1 X̂k+ψ1(η)̂Vk−ψ2(η)g(̂Xk,Uz,k)+ 2γβ
−1ξk+1,

(11)

where(ξk+1,ξk+1)is a 2d-dimensional centered Gauss-

ian vector so that the(ξj,ξj)sarei.i.d.andindependent

of the initial condition, and for anyfixedj, the random
vectors((ξj)1,(ξj)1),((ξj)2,(ξj)2),:::((ξj)d,(ξj)d)are

i.i.d. with the covariance matrix

C(η)
η

0

ψ0(t),ψ1(t)
T
ψ0(t),ψ1(t)dt: (12)

In the rest of the paper, we refer to the Euler discreti-
zation (8) and (9) as SGHMC1 and the alternative dis-
cretization (10)and(11) as SGHMC2.
Recently, Eberle et al. (2019) showed that the under-

damped SDE converges to its stationary distribution
faster than that of the best known convergence rate of
overdamped SDE in the two-Wasserstein metric under
some assumptions, whereFzcan be nonconvex. Their
result is for the continuous-time underdamped dynam-
ics. This raises the natural question of whether the dis-
cretized underdamped dynamics (SGHMC) can lead to
better guarantees than the SGLD method for solving
stochastic nonconvex optimization problems. Indeed,
experimental results show that SGHMC can outper-
form SGLD dynamics in many applications (see, e.g.,
Chen et al.2014,2015;Eberleetal.2019). Although as-
ymptotic convergence guarantees for SGHMC exist
(see, e.g., Mattingly et al.2002,Section3;Chenetal.
2014;Leimkuhleretal.2015), there is a lack offinite-
time explicit performance bounds for solving noncon-
vex stochastic optimization problems with SGHMC in
the literature including risk minimization problems.

1.1. Contributions
Our main contributions can be summarized as follows:
•We provide, for the first time to our knowledge,

nonasymptotic provable guarantees for SGHMC to
find approximate minimizers of both empirical and
population risks with explicit constants. We establish
the results under some regularity and growth assump-
tions for the component functionsf(x,z)andthenoise
in the gradients, but we do not assumefis strongly con-
vex in any region.
•We show that, for a class of nonconvex problems,

SGHMC2 can improve upon the (vanilla) SGLD algo-
rithm in terms of thegradient complexity, that is the total
number of stochastic gradients required to achieve a
global minimum. Here,“improvement”means the best
available bounds for SGHMC2, which we prove in our
paper, are better than the best available bounds for
SGLD for some class of problems; see Section5for de-
tails. As a consequence, our analysis gives further theo-
retical justification to the success of momentum-based
methods for solving nonconvex machine learning

Gao, Gürb̈uzbalaban, and Zhu:Global Convergence of Stochastic Gradient Hamiltonian Monte Carlo
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problems, empirically observed in practice (see, e.g.,
Sutskever et al.2013).
•We illustrate the applications of our theoretical re-

sults using two examples including binary linear classi-
fication and robust ridge regression.
•On the technical side, we adapt the proof techni-

ques of Raginsky et al. (2017) developed for the over-
damped dynamics to the underdamped dynamics and
combine them with the analysis of Eberle et al. (2019),
which quantifies the convergence rate of the under-
damped Langevin SDE to its equilibrium. The main
new technical results we derive in this paper, relative
to these studies, include controlling the discretization
errors between SGHMC and the continuous-time
underdamped Langevin SDE and bounding the mo-
ments of underdamped dynamics.

1.2. Related Work and Comparison with
Existing Literature

In a recent work, Şimşekli et al. (2018) obtains afinite-
time performance bound for the ergodic average of
the SGHMC iterates in the presence of delays in gradi-
ent computations. Their analysis highlights the depen-
dency of the optimization error on the delay in the
gradient computations and the step size explicitly;
however, it hides some implicit constants that can be
exponential in bothβanddin the worst case. A com-
parison with the SGLD algorithm is also not given.
On the contrary, in our paper, we make all the con-
stants explicit. This allows us to make gradient com-
plexity comparisons with respect to overdamped
MCMC approaches, such as SGLD.
Cheng et al. (2018b) consider the problem of sam-

pling from a target distributionp(x)∝exp(−F(x)),
where F:Rd→ R isL-smooth everywhere andm-
strongly convex outside a ball offinite radiusR. They
prove upper bounds for the time required to sample
from a distribution that is withinεof the target distri-
bution with respect to the one-Wasserstein distance
for both underdamped and overdamped methods
that scale polynomially inεandd. They also show
that an underdamped MCMC has a better dependen-
cy with respect toεanddby a square root factor.
Compared with this paper, in our analysis, we consid-
er a larger class of nonconvex functionsF(x) that satis-
fy the dissipativity condition, a weaker condition that
does not require strong convexity outside a region.
Under our assumptions, the best known bounds are
such that the distance to the invariant distribution
scales exponentially with dimensiondin the worst
case but not polynomially ind(see, e.g., Raginsky et al.
2017, Xu et al.2018). WhenFis globally strongly con-
vex (or, equivalently, when the target distribution
p(x)∝exp(−F(x))is strongly log-concave), there is also
a growing interesting literature that establishes per-
formance bounds for both overdamped MCMC (see,

e.g., Dalalyan2017) and underdamped MCMC meth-
ods (see, e.g., Mangoubi and Smith2017,Chengetal.
2018b). In this particular setting, the fact that under-
damped Langevin MCMC (also known as Hamiltonian
MCMC) can improve upon the best available bounds
for overdamped Langevin MCMC algorithms is also
proven (Mangoubi and Smith2017,Chatterjietal.
2018, Cheng et al.2018b, Dalalyan and Riou-Durand
2020). Similar results have also been established when
F(x) is convex but not strongly convex (Dalalyan et al.
2019). Compared with these papers in whichF(x)is
convex, our assumptions are weaker as we allowF(x)
tobenonconvexaslongasitisdissipative.
A related paper, Xu et al. (2018) applies variance re-

duction techniques to overdamped MCMC to improve
performance when the empirical risk can be noncon-
vex, satisfying the same dissipativity assumption con-
sidered in our paper. However, these results do not
give guarantees for the risk minimization Problem (1).
Furthermore, such variance-reduction techniques re-
quire objectives in the form of afinite sum and do not
apply to thestreaming data settingwhen each data point
is used only once. In this work, we obtain guarantees
for both the risk minimization problem and the empir-
ical risk minimization, and our results apply to the
streaming data setting. Also, the convergence guaran-
tees provided in Xu et al. (2018) depend on a spectral
gap–related parameter that is not provided explicitly,
whereas all our results are explicit, and this allows us
to have explicit performance comparisons between the
upper bounds of SGLD and SGHMC algorithms.
We also note that underdamped Langevin MCMC

(also known as Hamiltonian MCMC) and its practical
applications are also analyzed further in a number of
recent works (see, e.g., Betancourt et al.2014,2017;
Betancourt2017; Lee and Vempala2018;Mangoubietal.
2018). In particular, Mangoubi et al. (2018)providea
characterization of the conductance of Hamiltonian
Monte Carlo (HMC) in continuous time using
Liouville’s theorem, and invoking Cheeger’sinequality,
they obtain upper and lower bounds on the spectral
gap of HMC in continuous time. Although the formula
provided in Mangoubi et al. (2018) for the conductance
of HMC is elegant, it is not an explicit formula. In our
analysis, our focus is to obtain performance bounds
with explicit constants, and therefore, we build on
the coupling techniques of Eberle et al. (2019), which
leads to explicit constants for the class of problems
we consider.
We also note that Mangoubi et al. (2018) consider

sampling from the target distribution12N(−1,σ
2)+

1
2N(1,σ

2)in dimension one and estimate the spectral
gap of HMC in the regime asσ→0. This is a mixture
of two Gaussians with the same varianceσ2centered
at–1 and 1, respectively, in which they argue that, for
this specific example, HMC does not lead to much

Gao, Gürb̈uzbalaban, and Zhu:Global Convergence of Stochastic Gradient Hamiltonian Monte Carlo
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improvement over the random walk approach for
sampling. In our paper, our results apply to more
general targets that are not necessarily a mixture of
Gaussians. However, if we consider sampling from
the distribution12N(−a,σ

2)+12N(a,σ
2)asa→∞ forσ2

fixed, Proposition1is applicable, and it implies that
HMC is more efficient than overdamped Langevin
dynamics in terms of dependency toa(which meas-
ures the distance between the modes) in the sense that
the mixing time isO(a)in HMC, whereas it isO(a2)in
random walk. This does not contradict the results of
Mangoubi et al. (2018) because we consider different
scaling regimes: wefixσ>0 and leta→∞, whereas
Mangoubi et al. (2018)fixa 1 and letσ→0.
There are also some connections of our work to exist-

ing momentum-based optimization algorithms. More
specifically,ifthetermwithdB(t) involving the Brown-
ian noise is removed in the underdamped SDE (5)and
(6), this results in a second-order ordinary differential
equation (ODE) inX(t). Momentum-based algorithms
for strongly convex objectives, such as Polyak’sheavy
ball method as well as Nesterov’s accelerated gradient
method, both can be viewed as (alternative) discretiza-
tionsofthisODE(see,e.g.,Polyak1987,Suetal.2014,
Wilson et al.2016,Shietal.2018). It is known (Su et al.
2014, Wilson et al.2016, Shi et al.2018)thatNesterov’s
acceleratedgradient methodtracksthissecondorder
ODE (also referred to as Nesterov’sODEinthelitera-
ture), whereas thefirst order nonaccelerated methods,
such as the classical gradient descent, are known to
track afirst order ODE inX(t)calledthegradientflow
dynamics. Furthermore, existing analysis shows that
Nesterov’s ODE converges to its equilibrium faster (in
time) than thefirst order gradientflow ODE in terms
of upper bounds, and this speed-up is also inherited by
the discretized dynamics. Roughly speaking, our re-
sults can be interpreted as the analogue of these results
in the nonconvex optimization setting in which we
deal with SDEs instead of ODEs building on the theory
of Markov processes and show that SGHMC tracks the
second order (underdamped) Langevin SDE closely
and inherits its favorable convergence guarantees (in
terms of upper bounds on the expected suboptimality)
compared with that of overdamped Langevin SDE.
Acceleration offirst order gradient or stochastic gra-

dient methods and their variance-reduced versions
forfinding a local stationary point (a point with a gra-
dient less thanεin norm) are also studied in the litera-
ture (see, e.g., Nesterov1983, Allen-Zhu and Hazan
2016, Ghadimi and Lan2016, Carmon et al.2018, Jofŕe
and Thompson2019). It is also shown that, under
some assumptions, momentum-based accelerated
methods can escape saddle points faster (see, e.g., Liu
et al.2018,O’Neill and Wright2019). In contrast, in
this work, our focus is obtaining performance guaran-
tees for convergence to global minimizers instead.

2. Preliminaries and Assumptions
In our analysis, we use the following two-Wasserstein
distance: for any two probability measuresν1,ν2on
R2d,wedefine

W2(ν1,ν2) inf
Y1~ν1,Y2~ν2

E Y1−Y2
2
1=2

,

where ·is the usual Euclidean norm,ν1,ν2are two
Borel probability measures onR2dwithfinite second
moments, and the infimum is taken over all random
couples (Y1,Y2) taking values inR

2d×R2dwith mar-
ginalsY1~ν1,Y2~ν2(see, e.g., Villani2008). We let
C1(Rd)denote the set of continuously differentiable
functions onRd andL2(πz)denote the space of
square-integrable functions onRdwith respect to the
measureπz.
We first state the assumptions used in this paper in

Assumption1. Note that we do not assume the com-
ponent functionsf(x,z) to be convex; they can be non-
convex. Thefirst assumption of nonnegativity offcan
be assumed without loss of generality by subtracting a
constant and shifting the coordinate system as long as
fis bounded below. The second assumption of Lip-
schitz gradients is, in general, unavoidable for discre-
tized Langevin algorithms to be convergent (see, e.g.,
Mattingly et al. 2002), and the third assumption is
known as thedissipativity condition(see, e.g., Hale
1988) and is standard in the literature to ensure the
convergence of Langevin diffusions to the stationary
distribution (see, e.g., Mattingly et al.2002,Raginsky
et al.2017,Eberleetal.2019). The fourth assumption is
regarding the amount of noise present in the gradient
estimates and allows not only constant variance noise,
but allows the noise variance to grow with the norm of
the iterates (which is the typical situation in mini-
batch methods in stochastic gradient methods; see,
e.g., Raginsky et al.2017). Finally, thefifth assumption
is a mild assumption saying that the initial distribution
μ0for the SGHMC dynamics should have a reasonable
decay rate of the tails to ensure convergence to the sta-
tionary distribution. For instance, if the algorithm is

started from any arbitrary point(x0,v0)∈R
2d,thenthe

Dirac measureμ0(dx,dv) δ(x0,v0)(dx,dv)works. If the

initial distributionμ0(dx,dv)is supported on a Euclide-

an ball with radius being some universal constant, it
also works. Similar assumptions on the initial distribu-
tionμ0are also necessary to achieve convergence to a
stationary measure in continuous-time underdamped
dynamics as well (see, e.g., H́erau and Nier2004).

Assumption 1.We impose the following assumptions:
i.The function f is continuously differentiable, takes non-

negative real values, and there exist constants A0,B≥0so
that

|f(0,z)|≤A0, rf(0,z)≤B,
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for any z∈Z.
ii.For each z∈Z, the function f(·,z)is M-smooth:

rf(w,z)−rf(v,z)≤M w−v:

iii.For each z∈Z, the function f(·,z)is (m, b)-dissipative:

x,rf(x,z)≥mx2−b:

iv.There exists a constantδ∈[0, 1)such that, for everyz,

E[g(x,Uz)−rFz(x)
2]≤2δ(M2x2+B2):

v.The probability lawμ0of the initial state(X0,V0)satis-
fies

R2d
eαV(x,v)μ0(dx,dv)<∞,

whereVis a Lyapunov function to be used repeatedly for
the rest of the paper:

V(x,v):βFz(x)+
β

4
γ2(x+γ−1v2+γ−1v2−λx2),

(13)

andγis the friction coefficient as in(5),λis a positive
constant less thanmin(1=4,m=(M+γ2=2)), andα
λ(1−2λ)=12.

We note that the Lyapunov function Vis used in
Eberle et al. (2019) to study the rate of convergence to
equilibrium for underdamped Langevin diffusion,
which itself is motivated by, for example. Mattingly
et al. (2002). It follows from these assumptions (apply-
ing Lemma EC.9) that there exists a constantA∈
(0,∞)so that

x·rFz(x)≥mx
2−b≥2λ(Fz(x)+γ

2x2=4)−2A=β:

(14)

This drift condition, which is used later, guarantees
the stability and the existence of Lyapunov functionV
for the underdamped Langevin diffusion in (5)and
(6); see Eberle et al. (2019).

3. Main Results for the SGHMC1
Algorithm

Ourfirst result shows SGHMC1 iterates (Xk,Vk)in(8)
and (9) track the underdamped Langevin SDE in the
sense that the expectation of the empirical riskFzwith
respect to the probability law of (Xk,Vk) conditional
on the samplez, denoted byμk,z, and the stationary
distributionπz of the underdamped SDE is small
whenkis large enough. The difference in expectations
decomposes as a sum of two termsJ0(z,ε)andJ1(ε)
although the former term quantifies the dependency
on the initialization and the data setz, whereas the lat-
ter term is controlled by the discretization error and
the amount of noise in the gradients, which depends
on the parameterδ. We also note that the parameter

μ∗(see Table1) in our bounds governs the speed of
convergence to the equilibrium of the underdamped
Langevin diffusion.

Theorem 1.Consider the SGHMC1 iterates (Xk,Vk) de-
fined by the recursion(8)and(9)from the initial state (X0,
V0), which has the lawμ0. If Assumption1is satisfied,
then forβ,ε>0, we have

EFz(Xk)−E(X,V)~πz(Fz(X))
Rd×Rd

Fz(x)μk,z(dx,dv)

−
Rd×Rd

Fz(x)πz(dx,dv)

≤J0(z,ε)+J1(ε),

where

J0(z,ε):(Mσ+B)·C Hρ(μ0,πz)·ε, (15)

J1(ε):(Mσ+B)·
C0

μ
3=2
∗

(log(1=ε))3=2δ1=4+
C1

μ
3=2
∗

ε

log(μ−1∗log(ε
−1))+

C2
μ∗

ε2

(log(1=ε))2
, (16)

withσdefined by (EC.20) provided that

η≤min
ε

(log(1=ε))3=2

4

,1,
γ

K2
(d=β+A=β),

γλ

2K1
,
2

γλ
,

(17)

and

kη
1

μ∗
log
1

ε
≥e: (18)

Here,Hρis a semimetric for probability distributions de-
fined by (EC.12). All the constants are made explicit and
are summarized in Table1.

The proof of Theorem1is presented in detail in Sec-
tion EC.1 in the e-companion. In the following sec-
tions, we discuss that this theorem combined with
some basic properties of the equilibrium distribution
πzleads to a number of results that provide perfor-
mance guarantees for both the empirical and popula-
tion risk minimization.

3.1. Performance Bound for the Empirical Risk
Minimization

In order to obtain guarantees for the empirical risk
given in (3), in light of Theorem1, one has to control
the quantity

Rd×Rd
Fz(x)πz(dx,dv)−min

x∈Rd
Fz(x),

which is a measure of how much thex−marginal of
the equilibrium distributionπzconcentrates around a

Gao, Gürb̈uzbalaban, and Zhu:Global Convergence of Stochastic Gradient Hamiltonian Monte Carlo
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global minimizer of the empirical risk. Asβgoes to in-
finity, it can be verified that this quantity goes to zero.
Forfiniteβ, Raginsky et al. (2017) (see proposition 11)
derives an explicit bound of the form

Rd×Rd
Fz(x)πz(dx,dv)−min

x∈Rd
Fz(x)

≤J2:
d

2β
log
eM

m

bβ

d
+1, (19)

(which is also provided in the e-companion for the sake
of completeness, see Lemma EC.12). This combined
with Theorem1immediately leads to the following per-
formance bound for the empirical risk minimization.
The proof is omitted.

Corollary 1(Empirical Risk Minimization with SGHMC1).
Under the setting of Theorem1, the empirical risk minimi-
zation problem admits the performance bounds

EFz(Xk)−min
x∈Rd
Fz(x)≤J0(ε,z)+J1(ε)+J2,

provided that Conditions(17)and(18)hold in which the
termsJ0(z,ε),J1(ε)andJ2are defined by(15), (16), and
(19), respectively.

3.2. Performance Bound for the Population Risk
Minimization

By exploiting the fact that thex−marginal of the in-
variant distribution for the underdamped dynamics is
the same as it is in the overdamped case, it can be
shown that the generalization errorF(Xk)−FZ(Xk)is
no worse than that of the available bounds for SGLD
given in Raginsky et al. (2017), and therefore, we have
the following corollary. A more detailed proof is given
in Section EC.1.

Corollary 2 (Population Risk Minimization with
SGHMC1).Under the setting of Theorem1, the expected
population risk of Xk(the iterates in(9)) is bounded by

EF(Xk)−F
∗≤J0(ε)+J1(ε)+J2+J3(n),

with

J0(ε):(Mσ+B)·C·Hρ(μ0)·ε, (20)

J3(n):
4βcLS
n

M2

m
(b+d=β)+B2, (21)

Table 1.Summary of the Constants and Where They Are Defined in the Text

Constants Source

Ccx
R2d
V(x,v)μ0(dx,dv)+

(d+A)
λ

1
8(1−2λ)βγ

2 ,Ccv
R2d
V(x,v)μ0(dx,dv)+

(d+A)
λ

β
4(1−2λ)

(EC.1), (EC.2)

K1 max
32M212+γ+δ( )
(1−2λ)βγ2

,
812M+

1
4γ
2−14γ

2λ+γ( )
β(1−2λ)

(EC.3)

K2 B21+2γ+2δ (EC.4)

Cdx
R2d
V(x,v)μ0(dx,dv)+

4(d+A)
λ

1
8(1−2λ)βγ

2 ,Cdv
R2d
V(x,v)μ0(dx,dv)+

4(d+A)
λ

β
4(1−2λ)

(EC.5), (EC.6)

σ max Ccx,C
d
x Cdx

(EC.20)

C0 γ̂·M2Cdx+B
2β=γ+ M2Cdx+B

2β=γ
1=2 (EC.8)

C1 γ̂·βM2(C2)
2=(2γ)+ βM2(C2)

2=(2γ)

1=2 (EC.9)

C2 2γ2Cdv+(4+2δ)M
2Cdx+B

2+2γβ−1
1=2 (EC.10)

γ̂ 22
√

α0
√ 5

2+log
R2d
e
1
4αV(x,v)μ0(dx,dv)+

1
4e
α(d+A)
3λ αγ(d+A)

1=2 (EC.11)

α0
α(1−2λ)βγ2

64+32γ2
, α λ(1−2λ)

12
(EC.7)

μ∗
γ
768min λMγ

−2,Λ1=2e−ΛMγ−2,Λ1=2e−Λ (EC.13)

C
(1+γ)2

√
e
1+Λ
2

min{1,α1} max{1, 4(1+2α1+2α21)(d+A)β
−1γ−1μ−1∗=min{1,R1}}

(EC.14)

Λ 12
5(1+2α1+2α

2
1)(d+A)Mγ

−2λ−1(1−2λ)−1, α1 (1+Λ−1)Mγ−2 (EC.15)

ε1 4γ−1μ∗=(d+A) (EC.16)

R1 4·(6=5)1=2(1+2α1+2α
2
1)
1=2(d+A)1=2β−1=2γ−1(λ−2λ2)−1=2 (EC.17)

Hρ(μ0) R1+R1ε1maxM+
1
2βγ

2,34β (x,v)
2
L2(μ0)

+R1ε1M+
1
2βγ

2b+d=β
m +R1ε1

3
4d+2R1ε1βA0+

βB2

2M
(EC.18)
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where σis defined by (EC.20);Hρ(μ0)is defined by
(EC.18);J1(ε)andJ2are defined by(16)and(19), respec-
tively; and cLSis a constant satisfying

cLS≤
2m2+8M2

m2Mβ
+
1

λ∗

6M(d+β)

m
+2,

andλ∗is the uniform spectral gap for overdamped Langevin
dynamics:3

λ∗:inf
z∈Zn
inf

β−1

Rd
rg2dπz

Rd
g2dπz

:g∈C1(Rd)∩L2(πz),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g≠0,
Rd
gdπz 0: (22)

3.3. Generalization Error of SGHMC1 in the
One-Pass Regime

Because the predictorXkis random, it is natural to
consider the expected generalization errorEF(Xk)−
EFZ(Xk)(see, e.g., Hardt et al.2016) that admits the
decomposition

EFZ(Xk)−EF(Xk) EFZ(Xk)−EFZ(X
π)( )

+EFZ(X
π)−EF(Xπ)( )

+EF(Xπ)−EF(Xk)( ), (23)

whereXπis the Gibbs output; that is, its distribution
conditional onZ zis given byπz. If every sample is
used once, that is, if only one pass is made over the
data set, then the second term in (23) disappears. As a
consequence, the generalization error is controlled by
the bound

|EFZ(Xk)−EF(Xk)| ≤EFZ(Xk)−EFZ(X
π)| |

+EF(Xπ)−EF(Xk)| |: (24)

The following result provides a bound on this quanti-
ty. The proof is similar to the proof of Theorem1and
its corollaries and, hence, omitted.

Theorem 2(Generalization Error of SGHMC1).Under
the setting of Theorem1, we have

EF(Xk)−EF(X
π)| |≤J0(ε)+J1(ε),

EFZ(Xk)−EFZ(X
π)| |≤J0(ε)+J1(ε),

provided that(17)and(18)hold when Xπis the output of
the underdamped Langevin dynamics, that is, its distribu-
tion conditional onZ zis given byπzandJ0(ε)is de-
fined by(20). Then, it follows from(24)that, if each data
point is used once, the expected generalization error satisfies

|EFZ(Xk)−EF(Xk)| ≤2J0(ε)+2J1(ε):

4. Main Results for the SGHMC2
Algorithm

Recall the SGHMC2 algorithm(̂Xk,̂Vk)defined in (10)
and (11), and denote the probability law of(̂Xk,̂Vk)
conditional on the samplezbyμ̂k,z(dx,dv). Similar to
our analysis for SGHMC1, we can derive similar per-
formance guarantees for SGHMC2 in terms of empiri-
cal risk, population risk, and the generalization error.
The main difference is that the termJ1(ε)is con-
trolled by the accuracy of the discretization and has to
be replaced by another termĴ1(ε)as the SGHMC2 al-
gorithm is based on an alternative discretization. In
particular, the performance bounds we get for
SGHMC2 are tighter than SGHMC1 as is elaborated
further in Section5.

Theorem 3.Consider the SGHMC2 iterates(̂Xk,̂Vk)de-
fined by the recursion(10)and(11)from the initial state
(X0,V0). which has the lawμ0. If Assumption1is satisfied,
then forβ,ε>0, we have

EFz(̂Xk)−E(X,V)~πz(Fz(X))
Rd×Rd

Fz(x)̂μk,z(dx,dv)

−
Rd×Rd

Fz(x)πz(dx,dv)

≤J0(z,ε)+Ĵ1(ε),

whereJ0(z,ε)is defined in(15)and

Ĵ1(ε):(Mσ+B)·
C0
μ∗
√ log(1=ε)δ1=4+

Ĉ1
μ∗
√ ε

log(μ−1∗log(ε
−1)), (25)

withσdefined by (EC.20) provided that

η≤min
ε

log(1=ε)

2

,1,
γ

K̂2
(d=β+A=β),

γλ

2̂K1
,
2

γλ
,

(26)

and

kη
1

μ∗
log
1

ε
≥e: (27)

Here,Hρis a semimetric for probability distributions de-
fined by (EC.12). All the constants are made explicit and
are summarized in Tables1and2.

The proof of Theorem3isgiveninSectionEC.2.
Relying on Theorem3, one can readily derive the
following result on the performance bound for the
empirical risk minimization with the SGHMC2 algo-
rithm. The proof follows a similar argument as dis-
cussed in Section3.1and is omitted.
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Corollary 3(Empirical Risk Minimization with SGHMC2).
Under the setting of Theorem3, the empirical risk minimi-
zation problem admits the performance bounds

EFz(̂Xk)−min
x∈Rd
Fz(x)≤J0(z,ε)+Ĵ1(ε)+J2,

provided thatConditions (26)and(27)hold in which the
termsJ0(z,ε),Ĵ1(ε)andJ2are defined by(15), (25), and
(19), respectively.

Next, we present the performance bound for the
population risk minimization with the SGHMC2 algo-
rithm. Similarly to in Section3.2, to control the popu-
lation risk during SGHMC2 iterations, one needs to
control the difference between thefinite sample size
Problem (2) and the original Problem (1) in addition
to the empirical risk. This leads to the following result.
The details of the proof are given in Section EC.2.

Corollary 4 (Population Risk Minimization with
SGHMC2).Under the setting of Theorem3, the expected
population risk ofX̂k(the iterates in(11)) is bounded by

EF(̂Xk)−F
∗≤J0(ε)+Ĵ1(ε)+J2+J3(n),

whereJ0(ε),Ĵ1(ε),J2,J3(n)are defined in(20), (25),
(19), and(21).

Finally, we present a result on the generalization er-
ror of the SGHMC2 algorithm in the one-pass regime.
The proof follows from Theorem3and the discussion
for the SGHMC1 algorithm in Section3.3and, hence,
is omitted.

Theorem 4(Generalization Error of SGHMC2).Under
the setting of Theorem3, we have

EF(̂Xk)−EF(X
π)≤J0(ε)+Ĵ1(ε),

EFZ(̂Xk)−EFZ(X
π)≤J0(ε)+Ĵ1(ε),

provided that(26)and(27)hold, where Xπis the output
of the underdamped Langevin dynamics; that is, its distri-
bution conditional onZ zis given byπzandJ0(ε)is
defined by(20). Then, it follows from(24)that, if each

data point is used once, the expected generalization error
satisfies

|EFZ(̂Xk)−EF(̂Xk)| ≤2J0(ε)+2̂J1(ε):

5. Performance Comparison with Respect
to the SGLD Algorithm

In this section, we compare our performance bounds
for SGHMC1 and SGHMC2 to SGLD. We use the nota-
tionsÕandΩ̃to give explicit dependence on the pa-
rametersd,β,μ∗, but it hides factors that depend (at
worst polynomially) on other parametersm,M,B,λ,γ,b
andA0. Without loss of generality, we assume here the
initial distributionμ0(dx,dv)is supported on a Euclide-
an ball with radius being some universal constant for
the simplicity of performance comparison.

5.1. Generalization Error in the One-Pass Setting
A consequence of Theorem2is that the generalization
error of the SGHMC1 iterates|EFZ(Xk)−EF(Xk)|in the
one-pass setting satisfy

Õ
(d+β)3=2

μ∗β
5=4
ε+
(d+β)3=2

β(μ∗)
3=2
(log(1=ε))3=2δ1=4+ε

log(μ−1∗log(ε
−1))+

d+β

β

ε2

μ∗(log(1=ε))
2
, (28)

fork KSGHMC1:Ω̃
1
μ∗ε

4log
7(1=ε)iterations, and sim-

ilarly, Theorem4implies the generalization error of

the SGHMC2 iterates|EFZ(̂Xk)−EF(̂Xk)|in the one-
pass setting satisfy

Õ
(d+β)3=2

μ∗β
5=4
ε+
(d+β)3=2

βμ∗
√ log(1=ε)δ1=4+ε

log(μ−1∗log(ε
−1)), (29)

fork KSGHMC2:Ω̃
1
μ∗ε

2log
2(1=ε)iterations (see the

discussion in Section EC.7 for details). On the other

Table 2.Summary of the Constants and Where They Are Defined in the Text

Constants Source

K̂1 K1+Q1
4
1−2λ+Q2

8
(1−2λ)γ2

(EC.22)

K̂2 K2+Q3 (EC.23)

Q1
1
2c0((5M+4−2γ+(c0+γ

2)) + (1+γ)52+c0(1+γ)+2γ
2λ) (EC.24)

Q2
1
2c0[((1+γ)c0(1+γ)+

5
2+c0+2+λγ

2+2(Mc0+M+1))2(1+δ)M
2+2M2+γ2λ+32γ

2(1+γ) (EC.25)

Q3 c0((1+γ)c0(1+γ)+
5
2+c0+2+λγ

2+2(Mc0+M+1))(1+δ)B
2+c0B

2+12γ
3β−1c22+γ

2β−1c12+Mγβ
−1c22

(EC.26)

c0 1+γ2, c12
d
2, c22

d
3

(EC.27)

Ĉ1 γ̂·
3βM2

2γ C
d
v+(2(1+δ)M

2Cdx+2(1+δ)B
2)+

2dγβ−1

3 +
3βM2

2γ C
d
v+2(1+δ)M

2Cdx+2(1+δ)B
2+

2dγβ−1

3

1=2 (EC.29)
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hand, the results of theorem 1 in Raginsky et al. (2017)
imply that the generalization error for the SGLD algo-
rithm afterKSGLDiterations in the one-pass setting
scales as

Õ
β(β+d)2

λ∗
δ1=4log(1=ε)+ε for

KSGLD Ω̃
β(d+β)

λ∗ε4
log5(1=ε): (30)

The constantsλ∗(see (22)) andμ∗(see Table1) are ex-

ponentially small in bothβanddin the worst case,

but under some extra assumptions, the dependency
ondcan be polynomial (see, e.g., Cheng et al.2018b)
although the exponential dependence onβis unavoid-

able in the presence of multiple minima in general
(see Bovier et al.2005). One can readily see that
KSGHMC2has better dependency on thanKSGHMC1
and infer from (28) and (29) that the performance of
SGHMC2 is better than SGHMC1. Hence, in the rest
of the section, we only focus on the comparison be-
tween SGHMC2 and SGLD.
We see that the generalization error for SGHMC2

(29) is bounded by

Õ
(d+β)3=2

βμ∗
log(1=ε)δ1=4+ε log log(1=ε),

(31)

asμ∗is small, and if we ignore the log log(1=ε)fac-
tor,4then we get

Õ
(d+β)3=2

βμ∗
log(1=ε)δ1=4+ε for

KSGHMC2 Ω̃
1

μ∗ε
2
log2(1=ε) (32)

iterations of the SGHMC2 algorithm, whereas the cor-
responding bound for SGLD from Raginsky et al.
(2017), theorem 1, is

Õ
β(β+d)2

λ∗
log(1=ε)δ1=4+ε for

KSGLD Ω̃
β(d+β)

λ∗ε4
log5(1=ε) (33)

iterations of the SGLD algorithm. Note thatKSGHMC2
andKSGLDdo not have the same dependency onεup
to log factors (the former scales withεas log2(1=ε)ε−2

and the latter log5(1=ε)ε−4), and this improvement on
εdependency is due to better diffusion approximation
of SGHMC2 (see Lemma EC.6) compared with SGLD
and the exponential integrability estimate we have
in Lemma EC.2, which improves the estimate in
Raginsky et al. (2017), and using the same argument,

one can improve the log5(1=ε)=ε4 term in (33)to
log3(1=ε)=ε4.
To make the comparison with SGLD simpler, we

notice that in both Expressions (32)and(33), we see a

term scaling withδ1=4because of the gradient noise
levelδ(δisfixed in the one-pass setting), and wefix
the error in (32)and(33) without theδterm to be the
same order and then compare the number of itera-
tionsKSGHMC2andKSGLD. More precisely, given̂ε>0,

and we chooseε>0 such that
(d+β)3=2

βμ∗
ε ε̂in (32)so

that the generalization error for SGHMC2 is

Õ ε̂+
(d+β)3=2

βμ∗
log
(d+β)3=2

βμ∗̂ε
δ1=4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠for

KSGHMC2 Ω̃
(d+β)3

β2μ3∗̂ε
2
log2

(d+β)3=2

βμ∗̂ε
: (34)

Similarly, the generalization error for SGLD is

Õ ε̂+
β(β+d)2

λ∗
log
β(β+d)2

λ∗̂ε
δ1=4 for

KSGLD Ω̃
β5(d+β)9

λ5∗̂ε
4
log5

β(β+d)2

λ∗̂ε

⎛
⎜⎜⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎟⎟⎠: (35)

When λ∗andμ∗are on the same order orμ∗is larger,

because typicallyβ≥1, the term involvingδin the
generalization error for SGHMC2 is (smaller) better
than the counterpart for SGLD, and this is guaranteed
to be achieved in a fewer number of iterations ignor-
ing the log factors and universal constants for
KSGHMC2in (34)andKSGLDin (35).
Comparingλ∗andμ∗on arbitrary nonconvex func-

tionsseemsnontrivial;however,wegiveaclassofnon-
convex functions (see Proposition1and Example1),

where1
μ∗
Õ 1

λ∗
. For this class, we can infer from (34)

thatKSGHMC2 has a dependency 1=μ
3
∗ Õ(1=λ3=2∗ ),

whichis muchsmallerincontrastto1=λ5∗forKSGLD
in (35).

5.2. Empirical Risk Minimization
The empirical risk minimization bound given in Cor-
ollary3has an additional termJ2compared with the

J0(ε)andĴ1(ε)terms appearing in the one-pass gen-

eralization bounds. Note also thatJ0(z,ε)≤J0(ε).As
a consequence, the SGHMC2 algorithm has expected
empirical risk

Õ
(d+β)3=2

μ∗β
5=4
ε+
(d+β)3=2

βμ∗
√ log(1=ε)δ1=4+ε

log(μ−1∗log(ε
−1))+d·

log(1+β)

β
, (36)
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afterKSGHMC2 Ω̃ 1
μ∗ε

2log
2(1=ε)iterations as opposed

to

Õ
β(β+d)2

λ∗
δ1=4log(1=ε)+ε+d·

log(1+β)

β
, (37)

afterKSGLD Ω̃
β(d+β)
λ∗ε4
log5(1=ε)iterations required in

Raginsky et al. (2017). Comparing (36)and(37), we
see that the last terms are the same. If this term is the
dominant term, then the empirical risk upper bounds
for SGLD and SGHMC2 are similar except that
KSGHMC2can be smaller thanKSGLD, for instance, when

1
μ∗
Õ 1

λ∗
. Otherwise, if the last term is not the domi-

nant one and can be ignored with respect to other
terms, then the performance comparison is similar to
the discussion about the generalization bounds (31)
and (33).
We next briefly discuss the comparisons of

SGHMC2 and SGLD based on the total number of sto-
chastic gradient evaluations (gradient complexity),
and we compare with a recent work (Xu et al.2018),
which establishes a faster convergence result and im-
proves the gradient complexity for SGLD in the mini-
batch setting compared with Raginsky et al. (2017).
Here, the total number of stochastic gradient evalua-
tions of an algorithm is defined as the number of sto-
chastic gradients calculated per iteration (which is
equal to the batch size in the mini-batch setting) times
the total number of iterations. Xu et al. (2018) show
that it suffices to take

K̂SGLD Ω̃
d7

λ̂
5
ε̂5

(38)

stochastic gradient evaluations to converge to anε̂

neighborhood of an almost ERM, whereΩ̃(·)hides

some factors inβandλ̂is the spectral gap of the dis-

crete overdamped Langevin dynamics, that is, SGLD
with zero gradient noise. This improves upon the re-
sult in Raginsky et al. (2017), which shows that the

same task requiresΩ̃ d17

λ9∗̂ε
8 stochastic gradient evalua-

tions. Our results show that (see, e.g., (36)), for
SGHMC2, it suffices to have

K̂SGHMC2 Ω̃
d9

μ4∗̂ε
6

(39)

stochastic gradient evaluations, ignoring the log fac-

tors in the parameterŝε,μ∗,dand hiding factors inβ

that can be made explicit. To see (39), we infer from
(36) that, forfixed precisionε̂>0 and dimensiond,by
ignoring the log factors andβ, we can chooseεso that

d3=2ε=μ∗ ε̂and choose the gradient noise levelδso

thatd3=2δ1=4=μ∗
√

ε̂. So the number of SGHMC2 iter-

ations is

KSGHMC2 Ω̃
1

μ∗ε
2
Ω̃
d3

μ2∗̂ε
2
:

On the other hand, the mini-batch size to achieve gra-
dient noise levelδis given by 1=δ(see Raginsky et al.

2017), which is equal tod6=(μ2∗̂ε
4). Hence, we obtain

(39), which is the product of the mini-batch size and
number of iterations.
It is hard to comparêλin (38) andμ∗in (39) in gen-

eral becauseλ̂is the spectral gap of the discrete over-
damped Langevin dynamics (i.e., SGLD with zero
gradient noise) without a simple closed-form formula.
However, when the step size is small enough, we ex-
pectλ̂is similar toλ∗, which is the spectral gap of the
continuous-time overdamped Langevin diffusion. As
a consequence, when the step sizeηis small enough
(which is the case, for instance, when target accuracy

ε̂is small enough), we havêλ≈λ∗and
1
μ∗
O 1

λ∗

O 1
λ̂
for the class of nonconvex functions we discuss

in Proposition1and Example1. For this class of prob-
lems, comparing (38) and (39), we see that we obtain
an improvement in the spectral gap parameter (μ4∗
versusλ̂

5
); however,ε̂andddependency of the

bound (38) is better than (39).

5.3. Population Risk Minimization
If samples are recycled and multiple passes over the
data set are made, then one can see from Corollary2
that there is an extra termJ3that needs to be added to
the bounds given in (36)and(37). This term satisfies

J3 Õ
(β+d)2

λ∗n
:

If this term is dominant compared with other terms
J0,J1andJ2, for instance, this may happen if the
number of samplesnis not large enough, and then,
the performance guarantees for population risk mini-
mization via SGLD and SGHMC2 are similar. Other-
wise, ifnis large andβis chosen in a way to keep the
J2term on the orderJ0, then similar improvement
can be achieved.

5.4. Comparison ofl∗andm∗
The parametersλ∗(see (22)) andμ∗(see Table1) gov-
ern the convergence rate to the equilibrium of the
overdamped and underdamped Langevin SDE, and
they can be both exponentially small in dimensionsd
and inβ. They appear naturally in the complexity esti-
mates of the SGHMC2 and SGLD methods as these al-
gorithms can be viewed as discretizations of Langevin
SDEs (when the discretization step is small and the
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gradient noiseδ 0, the discrete dynamics behave
similarly to the continuous dynamics). Next, to get
further intuition,first, we discuss some toy examples

of nonconvex functions in which1μ∗
O 1

λ∗
. For these

examples, if the other parameters(β,d,δ)arefixed,
then SGHMC2 can lead to an improvement upon the
SGLD performance. We then show in Proposition1
that these examples generalize to a more general class
of nonconvex functions.

Example 1.Consider the following symmetric double-
well potential inRdstudied previously in the context
of Langevin diffusions (Eberle et al.2019):

fa(x) U(x=a)with U(x):

1

2
(x−1)2 for x≥

1

2
,

1

4
−
x2

2
for x≤

1

2
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

wherea>0 is a scaling parameter that is illustrated in
the left panel of Figure1. For this example, there are
two minima that are apart at a distanceR O(a). For
simplicity, we assume there is only one sample, that
is,z (z1)andFz(x) f(x,z1) fa(x). We consider the
nonconvex optimization Problem (2) with both the
SGHMC2 and SGLD algorithms. Eberle et al. (2019)
show that μ∗≥Θ(

1
a)for this example, whereas

λ∗≤Θ(
1
a2
), making the constants hidden by theΘex-

plicit. This shows that the contraction rate of the
underdamped diffusionμ∗is (faster) larger than that
of the overdamped diffusionλ∗by a square root factor
whenais large and all the constants can be made ex-
plicit. Such results extend to a more general class of
nonconvex functions with multiple wells and higher
dimensions as long as the gradient of the objective sat-
isfies a growth condition (see examples 1.1 and 1.13 in
Eberle et al. (2019) for a further discussion).

For computing anε-approximate global minimizer
offa f(x,z1)(or, more generally, for a nonconvex
problem satisfying Assumption1),βis chosen large

enough so that the stationary measure concentrates
around the global minimizer. Using the tight charac-
terization ofλ∗from theorem 1.2 in Bovier et al. (2005)
forβlarge, further comparisons with similar conclu-
sions between the rate of convergence to the equili-
brium distribution between the underdamped and
overdamped dynamics can also be made. For exam-

ple, consider the nonconvex objectiveFz(x) f̃a(x)

Ũ(x=a)instead, illustrated in the right panel of Figure1
fora 4, where

Ũ(x)

1

2
(x−1)2 forx≥

1

2
,

1

4
−
x2

2
for−

1

8
≤x≤

1

2
,

1

2
x+
1

4

2

+
15

64
forx≤−

1

8
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

is the asymmetric double-well potential in dimension
one. It follows from Theorem EC.1 (see also Eberle

et al.2019) that the contraction rate satisfiesμ∗
Θa−1( ), whereas it follows from theorem 1.2 in Bovier

et al. (2005) thatλ∗ Θ(1=a2). This shows that, when
the separation between minima or, alternatively, the
scaling factorais large enough,μ∗is larger thanλ∗by

a square root factor up to constants.
The behavior in these toy examples can be general-

ized to more general nonconvex objectives with a
finite-sum structure satisfying Assumption1. Proposi-
tion1gives a class of functions in whichμ∗is on the
order of the square root ofλ∗. The proof is presented
in detail in Section EC.6.

Proposition 1.Suppose that the functions fa(x,z)indexed
by a satisfies Assumption1(i)–(iii) with m m1a

−2,M

Figure 1.(Color online) The Illustration of the Functionsfa(x)(Left) and̃fa(x)(Right) fora 4
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M1a
−2and B B1a

−1for somefixed constants m1,M1, and
B1. Then, we have, as a→∞,

λ∗ O(a−2), μ∗ Θ(a−1): (40)

This result is more general than the previous example.
In particular, iff(x,z) satisfies Assumption1(i)–(iii)
withm,M,andBreplaced bym1,M1,B1,thenfa(x,z):
f(x=a,z)satisfies Assumption1(i)–(iii) withm
m1a

−2,M M1a
−2andB B1a

−1. Proposition1essen-
tially says that, if we consider the normalized empiri-
cal risk objectiveFz(x=a)

1
n

n
i1f(x=a,zi), whereais a

(normalization) scaling parameter andf(x,z) satisfies
Assumption1, then for large enough values ofa, the
empirical risk surface is relativelyflat, and the conver-
gence rate of momentum variant SGHMC2 to an
ε-neighborhood of the global minimum is governed
by the parameterμ∗, which is larger than that of the
parameterλ∗of SGLD whenais sufficiently large.
This leads to improved performance bounds for
SGHMC2 compared with known performance bounds
for SGLD.

6. Applications
We note that several nonconvex stochastic optimiza-
tion problems of interest can satisfy Assumption1un-
der appropriate noise assumptions for the underlying
data set. For example, LASSO problems with noncon-
vex regularizers (see, e.g., Hu et al.2017); nonconvex
formulations of the phase retrieval problem around
global minimum (see, e.g., Zhang et al.2017b); or non-
convex stochastic optimization problems defined on a
compact set, including but not limited to dictionary
learning over the sphere (see, e.g., Sun et al.2016)and
training deep learning models subject to norm con-
straints in the model parameters (see, e.g., Anil et al.
2019). In this section, we discuss some applications of
our results, and we provide two specific examples.

6.1. Binary Linear Classification
In binary linear classification, the aim is to learn a pre-
dictive model of the formP(Y 1|Ain a) σc(̃x,a),
wherex̃∈Rdis a parameter vector to be learned,Ainis
the input variable (feature vector),Yis the binary out-
put, andσc:R→[0, 1]is a threshold function. Binary
classification arises in many data-driven applications
in operations research from diagnosing patients in
healthcare (Wu and Liu2007) to predicting directions
in the stock market (James et al.2013).
A number of empirical studies demonstrate that

nonconvex choices of theσcfunction can often lead to
superior classification accuracy and robustness prop-
erties compared with convex choices ofσc, such as the
hinge loss (Collobert et al.2006, Wu and Liu2007,
Chapelle et al.2009, Nguyen and Sanner2013). Given
access to a data set of input–output pairszi (ai,yi),a

standard way of estimating̃xis based on minimizing
theregularized squared lossover the data set, that is,

min
x∈Rd

1

n

n

i1

(yi−σc(x,ai))
2+
λr
2
x2, (41)

whereλr>0 is a regularization parameter that may
depend on the number of samplesn. By Lagrangian
duality, this problem is equivalent to the constrained
optimization problem

min
x∈Rd

1

n

n

i1

(yi−σc(x,ai))
2 subject to x≤R,

for someR, which has also been considered in the lit-
erature (see, e.g., Foster et al.2018, Mei et al.2018,
Wang et al.2019). For nonconvexσc(·), this problem is
also nonconvex in general. We consider minimizing
the objective (41) in the mini-batch setting in which
the gradients in SGHMC iterations are estimated from
nbdata points sampled with replacement,; that is, the
gradient is estimated as

g(x,Uz)
1

nb

nb

j1

rf(x,zj), (42)

wherezjare i.i.d. with a uniform distribution over the
set of indices{1, 2,:::,n}. We also consider the follow-
ing assumption for the threshold functionsσc, which
are satisfied by many choices ofσcin practice. A
prominent example is the logistic (or sigmoid) func-
tion in which caseσc(z) 1=(1+e

−z), which is also
used in deep learning. Another possible choice is the
probit function, which corresponds toσc(t) Φ(t),
whereΦis the cumulative distribution function of the
standard normal distribution.

Assumption 2.The threshold functionσcis twice contin-
uously differentiable onR. It is bounded and has bounded
first and second derivatives; that is, there exists a constant
Lσc>0such thatmax{σc∞,σc∞,σc ∞}≤Lσc:The
distribution of the input data Ainhas compact support; that
is,Ain≤D for some D>0.

We show in the next lemma that, if Assumption 2
holds, then Assumption1holds with explicit con-
stantsA0,B,M,m,b,andσcthat are precise. The proof
is in the e-companion.

Lemma 1.In the setting of binary linear classification,
consider the SGHMC method applied toObjective (41),
where gradients are estimated according to(42), where the
probability lawμ0of the initial state has compact support.
If Assumption2holds, then Assumption1holds for any

δ∈[14nb,1)with the following constants:

A0 (1+σc(0))
2,B 2D1+σc∞ σc∞, (43)

M 2D2σc
2
∞+2D

2(1+σc∞)σc ∞+5λr, (44)

m λ=2, b 8(1+σc∞)
2σc

2
∞D

2=λr: (45)
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We conclude from Lemma 1that the objective is dissi-
pative, and our main results for the SGHMC1 and
SGHMC2 algorithms described in Sections3–5apply
to binary linear classification under Assumption2with
the constants given in Lemma1and in whichμ∗is giv-

en by the formula in Table1.Forexample,ifD O(1),

then we have1μ∗
Θ̃(d+βeΘ̃(d+β))(see (EC.89)), and

we conclude from (39)thatitsuffices to have

K̂SGHMC2 Ω̃
d9

μ4∗̂ε
6
Ω̃
d9eΘ̃(d+β)

(d2+β2)̂ε6

stochastic gradient evaluations to converge to anε̂
neighborhood of an almost ERM ignoring the log fac-
tors in the parametersε̂,μ∗,dand hiding other con-

stants that can be made explicit based on Lemma1.
We also note that, under further assumptions on

the statistical nature of the input and if the number of
data points is large enough, it can be shown that Ob-
jective (41) admits a unique minimizer, the objective is
strongly convex in some regions (Mei et al.2018), and
the convergence to the unique minimizer is indepen-
dent of the dimensiond. However, our assumptions
here are weaker; for example, we have weaker as-
sumptions on the threshold functionσc. Therefore,
such arguments are not directly applicable.

6.2. Robust Ridge Regression
Given an input (feature) vectorAin∈R

d, the aim is to
predict the outputY∈R. Given access to a data set of
input–output pairszi (ai,yi), we assume a linear
modelyi a

T
ĩx+εi, where the errorsεiare i.i.d. with

mean zero. The standardridge regressionestimate ofx̃
minimizes a penalized residual sum of squares (Hoerl
and Kennard1970); that is, it minimizes n

i1yi−
x,ai

2+λrx
2, whereλr>0 is a regularization pa-

rameter.5However, this formulation can be sensitive
to outliers. Robust formulations of the ridge regres-
sion (Razavi et al.2012) can be obtained if one solves
instead the following problem

min
x∈Rd

1

n

n

i1

f(x,zi),f(x,zi) ρyi−x,ai +
λr
2
x2,

(46)

where λr>0 is a regularization parameter andρ:
R→Ris a suitably chosen loss function. In particular,
for achieving robustness to outliers, the nonconvex
choices of the functionρthat are either bounded or
slowly growing near infinity has been considered in
the literature (as opposed to the standard ridge regres-
sion setting that corresponds toρ(t) t2). For exam-
ple, popular choices of the functiont→ρ(t)include
Tukey’s bisquare lossdefined as

ρTukey(t)
1−(1−(t=t0)

2)3 for t≤t0,
1 for|t|≥t0,

(see, e.g., Mei et al.2018) and exponential squared loss
(Wang et al.2013):ρexp(t) 1−e

−t2=t0, wheret0>0is
a tuning parameter. In the following, similar to Wang
et al. (2019), we assume that the dataAinis bounded
and the threshold function and its derivatives up to
order two are bounded. This assumption forρis satis-
fied in several cases, including Tukey’s bisquare and
exponential squares losses.

Assumption 3.The functionρis twice continuously differ-
entiable onR. The functionρis bounded and has bounded
first and second derivatives; that is, there exists a constant
Lρsuch thatmax(ρ∞,ρ ∞,ρ ∞)≤Lρ. Furthermore,
the distribution of the input data Ainhas compact support;
that is, there exists D such thatAin≤D.

The following lemma shows that, under Assump-
tion3, our assumptions (Assumption1) for analyzing
the SGHMC methods hold with proper initialization.

Lemma 2.In the setting of robust regression, considerOb-
jective (41)in which gradients are estimated according to
(42)in which the probability lawμ0of the initial state has
compact support. If Assumption2holds, then Assumption1
holds for both SGHMC1 and SGHMC2 methods for any
choice ofδ∈[14nb,1)with the following constants:

A0 ρ∞, B 4ρ ∞D, (47)

M ρ ∞D
2+λr, m λr=2, b

2ρ 2
∞D

2

λr
:

(48)

Similarly, we conclude from Lemma2that our main
results for the SGHMC1 and SGHMC2 algorithms de-
scribed in Sections3–5 apply to the problem of robust
regression under Assumption3.

7. Outline of the Proof
To obtain the main results in this paper, we adapt the
proof techniques of Raginsky et al. (2017) developed
for the overdamped dynamics to the underdamped
dynamics and combine it with the analysis of Eberle
et al. (2019), which quantifies the convergence rate of
the underdamped Langevin SDE to its equilibrium. In
an analogy to the fact that momentum-basedfirst or-
der optimization methods require a different Lyapu-
nov function and a quite different set of analysis tools
(compared with their nonaccelerated variants) to
achieve fast rates (see, e.g., Nesterov1983,Suetal.
2014, Lu et al.2018), our analysis of the momentum-
based SGHMC1 and SGHMC2 algorithms requires
studying a different Lyapunov functionVdefined in
(13) that also depends on the objectivefas opposed to
the classic Lyapunov functionH(x) x2arising in
the study of the SGLD algorithm (see, e.g., Mattingly
et al.2002, Raginsky et al.2017). This fact introduces
some challenges for the adaptation of the existing
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analysis techniques for SGLD to SGHMC. For this
purpose, we take the following steps.
First, we show that SGHMC1 and SGHMC2 iterates

track the underdamped Langevin diffusion closely in
the two-Wasserstein metric. As this metric requires
finiteness of second moments, wefirst establish uni-
form (in time)L2bounds for both the underdamped
Langevin SDE and SGHMC1 and SGHMC2 iterates
(see Lemmas EC.1 and EC.5), exploiting the structure
of the Lyapunov functionV. Second, we obtain a
bound for the Kullback–Leibler divergence between
the discrete and continuous underdamped dynamics
making use of the Girsanov theorem, which is then
converted to bounds in the two-Wasserstein metric
by an application of an optimal transportation in-
equality of Bolley and Villani (2005). This step re-
quires proving a certain exponential integrability
property of the underdamped Langevin diffusion
(Lemma EC.2). We show in Lemma EC.2 that the ex-
ponential moments grow at most linearly in time,
which strictly improves the exponential growth in
time in lemma 4 in Raginsky et al. (2017).6As a result,
the method improves upon theεdependence of the
number of iterates (see Equations (32)and(33)).
Second, we apply the seminal result of Eberle et al.

(2019), which shows that the continuous-time under-
damped Langevin SDE is geometrically ergodic with
an explicit rateμ∗in the two-Wasserstein metric. In or-
der to get explicit performance guarantees, we derive
new bounds that make the dependence of the con-
stants to the initialization in Eberle et al. (2019) explicit
(see Lemma EC.4).
As the x-marginal of the equilibrium distribution

πz(dx,dv)of the underdamped Langevin SDE concen-
trates around the global minimizers ofFzforβappropri-
ately chosen and we can control the error between the
discrete-time SGHMC1 and SGHMC2 dynamics and
the underdamped SDE by choosing the step size accord-
ingly, this leads to performance bounds for the empirical
risk minimizations for the SGHMC1 and SGHMC2 algo-
rithms in Corollaries1and3. For controlling the popula-
tion risk during SGHMC iterations, in addition to the
empiricalrisk,onehastocontrolthegeneralization error
F(Xk)−FZ(Xk)that accounts for the differences between
thefinite sample size Problem (2) and the original Prob-
lem (1). By exploiting the fact that thex−marginal of the
invariant distribution for the underdamped dynamics is
thesameasitisintheoverdampedcase,wecontrolthe
generalization error in Corollaries2and4,whichisno
worse than that of the available bounds for SGLD given
in Raginsky et al. (2017).

8. Conclusion
SGHMC is a momentum-based popular variant of
the stochastic gradient in which a controlled amount

of isotropic Gaussian noise is added to the gradient
estimates for optimizing a nonconvex function. We
obtainfirst-time,finite-time guarantees for the con-
vergence of SGHMC1 and SGHMC2 algorithms to
theε-global minimizers under some regularity as-
sumption on the nonconvex objectivef. Wealso
show that, on a class of nonconvex problems,
SGHMC2 can be faster than overdamped Langevin
MCMC approaches, such as SGLD, in the sense that
the best available bounds for SGHMC2, which we
prove in our paper, are better than the best available
bounds for SGLD. This effect is due to the momen-
tumtermintheunderdampedSDE.Furthermore,
our results show that momentum-based acceleration
is possible on a class of nonconvex problems under
some conditions if we compare known upper
bounds between SGLD and SGHMC. Finally, we
mention a few limitations in our work that may lead
to some future research directions. In our paper, the
performance dependence on dimension is exponen-
tial in general. In the future, we will investigate for
what class of (nonconvex) target functionsfwe can
obtain performance bounds independent of dimen-
siondor has polynomial dependence ond. In addi-
tion, our results suggest that momentum-based
SGHMC methods work particularly well when the
(nonconvex) target functions have relativelyflat
landscapes. In the future, we will investigate wheth-
er we can obtain theoretical results for SGHMC on a
wider class of nonconvex problems.
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Endnotes
1We note that, in our notation,Zis a random vector, whereaszis a

deterministic vector associated to a data set that corresponds to a re-

alization of the random vectorZ.
2With slight abuse of notation, we use πz(dx)to denote thex-

marginal of the equilibrium distributionπz(dx,dv).
3In Raginsky et al. (2017), their formula forλ∗missed theβ

−1factor.
4We emphasize that the effect of the last term log log(1=ε)ap-

pearing in (31) is typically negligible compared with other parame-

ters. For instance, even ifε 2−2
16

is double-exponentially small, we

have log log(1=ε)≤4.
5See Kilmer and O’Leary (2001) for details regarding the choice of

the parameterλr.
6The method used in the proof of Lemma EC.2 can indeed be

adapted to improve the exponential integrability and, hence, the

overall estimates in Raginsky et al. (2017) for SGLD as well.
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E-Companion:Proofs

EC.1.ProofofTheorem1andCorollary2

Wefirstpresentseveraltechnicallemmasthatwillbeusedinouranalysisandreviewexistingresults

fortheunderdampedLangevinSDE.TheproofoftheselemmaswillbedeferredtoSectionEC.3.

OuranalysisforanalyzingtheconvergencespeedoftheSGHMC1algorithmanditscomparison

totheunderdampedLangevinSDEisbasedonthe2-Wassersteindistanceandthisrequiresthe

L2normoftheiteratestobefinite.Inthenextlemma,weshowthatL2normofthebothdiscrete

andcontinuousdynamicsareuniformlyboundedovertimewithexplicitconstants.Themainidea

istomakeuseofthepropertiesoftheLyapunovfunctionVwhichisdesignedoriginallyforthe

continuous-timeprocessandshowthatthediscretedynamicscanalsobecontrolledbyit.

LemmaEC.1(UniformL2bounds).(i)Itholdsthat

sup
t≥0

EzX(t)
2≤Ccx:=

R2d
V(x,v)dµ0(x,v)+

d+A
λ

1
8
(1−2λ)βγ2

<∞, (EC.1)

sup
t≥0

EzV(t)
2≤Ccv:=

R2d
V(x,v)dµ0(x,v)+

d+A
λ

β
4
(1−2λ)

<∞. (EC.2)

(ii)For0<η≤min γ
K2
(d/β+A/β),γλ

2K1
,2
γλ
,where

K1:=max
32M2 1

2
+γ+δ

(1−2λ)βγ2
,
8 1
2
M+1

4
γ2−1

4
γ2λ+γ

β(1−2λ)
, (EC.3)

K2:=2B
2 1

2
+γ+δ , (EC.4)

wehave

sup
j≥0

EzXj
2≤Cdx:=

R2d
V(x,v)µ0(dx,dv)+

4(d+A)

λ
1
8
(1−2λ)βγ2

<∞, (EC.5)

sup
j≥0

EzVj
2≤Cdv:=

R2d
V(x,v)µ0(dx,dv)+

4(d+A)

λ
β
4
(1−2λ)

<∞. (EC.6)

SinceSGHMC1isadiscretizationoftheunderdampedSDE(exceptthatnoiseisalsoaddedto

thegradients),weexpectSGHMC1tofollowtheunderdampedSDEdynamics.Itisnaturaltoseek

forboundsbetweentheprobabilitylawµz,koftheSGHMC1algorithmatstepkwithtimestepη
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andthatoftheunderdampedSDEattimet=kηwhichwedenotebyνz,kη.Inouranalysis,wefirst

controltheKullback-Leibler(KL)divergencebetweenthesetwo,andthenconvertthesebounds

intoboundsintermsofthe2-Wassersteinmetric,applyinganoptimaltransportationinequalityby

BolleyandVillani(2005).NotethatBolleyandVillanitheoremhasalsobeensuccessfullyapplied

toanalyzingtheSGLDdynamicsinRaginskyetal.(2017).However,theanalysisinRaginsky

etal.(2017)doesnotdirectlyapplytooursettingasunderdampeddynamicsrequireadifferent

Lyapunovfunction.Thissteprequiresanexponentialintegrabilitypropertyoftheunderdamped

SDEprocesswhichweestablishnext,beforestatingourresultinLemmaEC.3aboutthediffusion

approximationoftheSGHMC1iterates.

LemmaEC.2(Exponentialintegrability).Foreveryt,

Ez e
α0 (X(t),V(t))

2

≤
R2d
e
1
4αV(x,v)µ0(dx,dv)+

1

4
e
α(d+A)
3λ αγ(d+A)t,

where

α0:=
α

64
(1−2λ)βγ2

+ 32
β(1−2λ)

, α:=
λ(1−2λ)

12
. (EC.7)

WeshowedintheaboveLemmaEC.2thattheexponentialmomentsgrowatmostlinearlyin

timet,whichisastrictimprovementfromtheexponentialgrowthintimetinRaginskyetal.

(2017).Asaresult,inthefollowingLemmaEC.3forthediffusionapproximation,ourupperbound

isoftheorder(kη)3/2 log(kη)(δ1/4+η1/4)+kη
√
ηcomparedtokη(δ1/4+η1/4)inRaginskyetal.

(2017).ThemethodthatisusedintheproofofLemmaEC.2fortheunderdampeddynamicscan

indeedbeadaptedtothecaseoftheoverdampeddynamicstoimprovetheresultsinRaginsky

etal.(2017).

LemmaEC.3(Diffusionapproximation).Foranyk∈Nandanyη≤1,sothatkη≥eandη

satisfiestheconditioninPart(ii)ofLemmaEC.1.Then,wehave

W2(µz,k,νz,kη)≤(C0δ
1/4+C1η

1/4)·(kη)3/2· log(kη)+C2(kη)
√
η,
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whereC0,C1andC2aregivenby:

C0=̂γ· M2Cdx+B
2 β

γ
+ (M2Cdx+B

2)
β

γ

1/2

, (EC.8)

C1=̂γ·
M2βη

γ
+
βηγ

2
(C2)

2+
M2βη

γ
+
βηγ

2
(C2)2

1/2

, (EC.9)

C2= 2γ
2Cdv+(4+2δ)M

2Cdx+B
2 +2γβ−1

1/2
, (EC.10)

γ̂=
2
√
2

√
α0

5

2
+log

R2d
e
1
4αV(x,v)µ0(dx,dv)+

1

4
e
α(d+A)
3λ αγ(d+A)

1/2

. (EC.11)

EC.1.1.ConvergenceratetotheequilibriumoftheunderdampedSDE

WeconsidertheunderdampedSDEandboundthe2-Wassersteindistance W2(νz,t,πz)tothe

equilibriumforafixarbitrarytimet≥0.CrucialtotheanalysisisEberleetal.(2019),which

quantifiestheconvergencetoequilibriumforunderdampedLangevindiffusions.Wefirstreviewthe

resultsfromEberleetal.(2019).Letusrecallfrom(13)thedefinitionoftheLyapunovfunction

V(x,v):

V(x,v)=βFz(x)+
β

4
γ2(x+γ−1v2+ γ−1v2−λx2).

Forany(x,v),(x,v)∈R2d,weset:

r((x,v),(x,v))=α1x−x + x−x+γ
−1(v−v),

ρ((x,v),(x,v))=h(r((x,v),(x,v)))·(1+ε1V(x,v)+ε1V(x,v)),

whereα1,ε1>0areappropriatelychosenconstants,andh:[0,∞)→[0,∞)iscontinuous,non-

decreasingconcavefunctionsuchthath(0)=0,hisC2on(0,R1)forsomeconstantR1>0with

right-sidedderivativeh+(0)=1andleft-sidedderivativeh−(R1)>0andhisconstanton[R1,∞).

Foranytwoprobabilitymeasuresµ,νonR2d,wedefine

Hρ(µ,ν):= inf
(X,V)∼µ,(X ,V)∼ν

E[ρ((X,V),(X,V))]. (EC.12)

NotethatHρisasemi-metric,butnotnecessarilyametric.Asimplifiedversionofthemainresult

fromEberleetal.(2019)whichwillbeusedinoursettingisgivenbelow.
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TheoremEC.1(Theorem2.3.andCorollary2.6.inEberleetal.(2019)).There exist

constantsα1,1∈(0,∞)andacontinuousnon-decreasingfunctionh:[0,∞)→[0,∞)withh(0)=0

suchthatwehave

W2(νz,kη,πz)≤C Hρ(µ0,πz)e
−µ∗kη,

where

µ∗=
γ

768
min{λMγ−2,Λ1/2e−ΛMγ−2,Λ1/2e−Λ}, (EC.13)

C=
√
2e1+

Λ
2
1+γ

min{1,α1}
max{1,4(1+2α1+2α21)(d+A)β

−1γ−1µ−1∗ /min{1,R1}}, (EC.14)

Λ=
12

5
(1+2α1+2α

2
1)(d+A)Mγ

−2λ−1(1−2λ)−1, α1=(1+Λ
−1)Mγ−2, (EC.15)

ε1=4γ
−1µ∗/(d+A), (EC.16)

R1=4·(6/5)
1/2(1+2α1+2α

2
1)
1/2(d+A)1/2β−1/2γ−1(λ−2λ2)−1/2. (EC.17)

WeremarkthatthedefinitionsofΛ,α1in(EC.15)arecoupledandthereexistsα1∈(0,∞)so

thatΛ,α1in(EC.15)arewelldefined;seeTheorem2.3.inEberleetal.(2019).Inordertoget

explicitperformancebounds,wealsoderiveanupperboundforHρ(µ0,πz)inthenextlemma.Itis

basedonthe(integrabilityproperties)structureofthestationarydistributionπzandtheLyapunov

functionVthatcontrolstheL2normoftheinitialdistributionµ0.

LemmaEC.4(Boundinginitializationerror).Ifparts(i),(ii),(iii)and(iv)ofAssumption1

hold,thenwehave

Hρ(µ0,πz)≤Hρ(µ0):=R1+R1ε1max M+
1

2
βγ2,

3

4
β (x,v)2L2(µ0)

+R1ε1 M+
1

2
βγ2

b+d/β

m
+R1ε1

3

4
d+2R1ε1 βA0+

βB2

2M
, (EC.18)

where (x,v)2
L2(µ0)

:=
R2d
(x,v)2µ0(dx,dv).
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EC.1.2.ProofofTheorem1

AsthefunctionFzsatisfiestheconditionsinLemmaEC.10inSectionEC.5withc1=M and

c2=B(LemmaEC.9inSectionEC.5),andtheprobabilitymeasuresµk,z,πzhavefinitesecond

moments(LemmaEC.1),wecanapplyLemmaEC.10anddeducethat

Rd×Rd
Fz(x)µk,z(dx,dv)−

Rd×Rd
Fz(x)πz(dx,dv)≤(Mσ+B)·W2(µz,k,πz). (EC.19)

Here,onecanobtainfromLemmaEC.1andTheoremEC.1(convergencein2-Wassersteindistance

impliesconvergenceofsecondmoments)that

σ2=max Ccx,C
d
x =C

d
x. (EC.20)

Now,byLemmaEC.3andTheoremEC.1,wehave

W2(µz,k,πz)≤W2(µz,k,νz,kη)+W2(νz,kη,πz)

≤(C0δ
1/4+C1η

1/4)·(kη)3/2· log(kη)+C2(kη)
√
η+C Hρ(µ0,πz)e

−µ∗kη.

Itthenfollowsfrom(EC.19)that

Rd×Rd
Fz(x)µk,z(dx,dv)−

Rd×Rd
Fz(x)πz(dx,dv)

≤(Mσ+B)·C Hρ(µ0,πz)e
−µ∗kη+(C0δ

1/4+C1η
1/4)·(kη)3/2· log(kη)+C2(kη)

√
η .

Letkη≥e,and

kη=
1

µ∗
log

1

ε
.

ThenforanyηsatisfyingtheconditioninLemmaEC.1andη≤ ε

(log(1/ε))3/2

4

,wehave

Rd×Rd
Fz(x)µk,z(dx,dv)−

Rd×Rd
Fz(x)πz(dx,dv)

≤(Mσ+B)·C Hρ(µ0,πz)ε+
C0

µ
3/2
∗

(log(1/ε))3/2δ1/4+
C1

µ
3/2
∗

ε log(µ−1∗ log(ε
−1))

+
C2
µ∗

2

(log(1/ε))2
.

Theproofisthereforecomplete.
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EC.1.3.ProofofCorollary2

Withaslightabuseofnotations,considertherandomelements(X̂,V̂)and(̂X∗,̂V∗) with

Law((X̂,V̂)|Z=z)=µz,kandLaw((̂X
∗,̂V∗)|Z=z)=πz.Thenwecandecomposetheexpected

populationriskofX̂(whichhasthesamedistributionasXk)asfollows:

EF(̂X)−F∗= EF(̂X)−EF(̂X∗)+ EF(̂X∗)−EFZ(̂X
∗)+ EFZ(̂X

∗)−F∗ . (EC.21)

Thefirsttermin(EC.21)canbewrittenas:

EF(̂X)−EF(̂X∗)=
Zn
Pn(dz)

R2d
Fz(x)µk,z(dx,dv)−

R2d
Fz(x)πz(dx,dv),

wherePnistheproductmeasureofindependentrandomvariablesZ1,...,Zn.Thenitfollowsfrom

Theorem1andLemmaEC.4that

EF(̂X)−EF(̂X∗)≤J0(ε)+J1(ε).

Next,weboundthesecondandthirdtermsin(EC.21).Notethat

R2d
Fz(x)πz(dx,dv)=

Rd
Fz(x)πz(dx),

whereπz(dx)=Λze
−βFz(x)dxandΛz= Rd

e−βFz(x)dx.Thedistributionπz(dx),i.e.,thex−marginal

ofπz(dx,dv),isthesameasthestationarydistributionoftheoverdampedLangevinSDEin(4).

Thereforethesecondtermandthethirdtermin(EC.21)canbeboundedthesameasinRaginsky

etal.(2017)fortheoverdampeddynamics.

Specifically,thesecondtermin(EC.21)canbeboundedas

EF(̂X∗)−EFZ(̂X
∗)≤

4βcLS
n

M2

m
(b+d/β)+B2 =J3(n),

byapplyingLemmaEC.11,andthelasttermin(EC.21)canbeboundedas

EFZ(̂X
∗)−F∗=E FZ(̂X

∗)−min
x∈Rd
FZ(x)+E min

x∈Rd
FZ(x)−FZ(x

∗)

≤E FZ(̂X
∗)−min

x∈Rd
FZ(x)≤J2,

wherex∗isanyminimizerofF(x),i.e.,F(x∗)=F∗,andthelaststepisduetoLemmaEC.12.The

proofiscomplete.
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EC.2.ProofofTheorem3andCorollary4

TheproofofTheorem3(Corollary4)issimilartotheproofofTheorem1(Corollary2).There

aretwokeynewresultsthatweneedtoestablish:auniform(intime)L2boundfortheSGHMC2

iterates(̂Xk,̂Vk),andthediffusionapproximationthatcharacterizesthe2-Wassersteindistance

betweentheSGHMC2iteratesandthecontinuous-timeunderdampledLangevindiffusion. We

summarizethesetworesultsinthefollowingtwolemmasanddefertheirproofstoSectionEC.4.

Withthesetwolemmas,Theorem3andCorollary4readilyfollowandweomittheproofdetails.

LemmaEC.5(UniformL2boundsforSGHMC2iterates).

For0<η≤min 1,γ
K̂2
(d/β+A/β),γλ

2K̂1
,2
γλ
,where

K̂1:=K1+Q1
4

1−2λ
+Q2

8

(1−2λ)γ2
, (EC.22)

K̂2:=K2+Q3, (EC.23)

whereK1,K2aredefinedin(EC.3)and(EC.4),and

Q1:=
1

2
c0 (5M+4−2γ+(c0+γ

2))+(1+γ)
5

2
+c0(1+γ)+2γ

2λ , (EC.24)

Q2:=
1

2
c0 (1+γ)c0(1+γ)+

5

2
+c0+2+λγ

2+2(Mc0+M+1) 2(1+δ)M2

+ 2M2+γ2λ+
3

2
γ2(1+γ) , (EC.25)

Q3:=c0 (1+γ)c0(1+γ)+
5

2
+c0+2+λγ

2+2(Mc0+M+1) (1+δ)B2+c0B
2

+
1

2
γ3β−1c22+γ

2β−1c12+Mγβ
−1c22, (EC.26)

where

c0:=1+γ
2, c12:=

d

2
, c22:=

d

3
, (EC.27)

wehave

sup
j≥0

Ez X̂j
2≤Cdx, sup

j≥0

Ez V̂j
2≤Cdv, (EC.28)

whereCdxandC
d
varedefinedin(EC.5)and(EC.6).
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Next,letusprovideadiffusionapproximationbetweentheSGHMC2algorithm(X̂k,̂Vk)andthe

continuoustimeunderdampeddiffusionprocess(X(kη),V(kη)),andweuseµ̂z,ktodenotethelaw

of(̂Xk,̂Vk)andνz,ktodenotethelawof(X(kη),V(kη)).

LemmaEC.6(Diffusionapproximation).Foranyk∈Nandanyη,sothatkη≥eandη

satisfiestheconditioninLemmaEC.5,wehave

W2(̂µz,k,νz,kη)≤(C0δ
1/4+Ĉ1η

1/2)· kη· log(kη),

whereC0isdefinedin(EC.8)andĈ1isgivenby:

Ĉ1:=̂γ·
3βM2

2γ
Cdv+ 2(1+δ)M

2Cdx+2(1+δ)B
2 +

2dγβ−1

3

+
3βM2

2γ
Cdv+(2(1+δ)M

2Cdx+2(1+δ)B
2)+

2dγβ−1

3

1/2

, (EC.29)

whereγ̂isdefinedin(EC.11).

EC.3.ProofsofLemmasinSectionEC.1

EC.3.1.ProofofLemmaEC.1

(i)Wefirstprovethecontinuous–timecase.ThemainideaistousethefollowingLyapunovfunction

(see(13))introducedinEberleetal.(2019)fortheunderdampedLangevindiffusion:

V(x,v)=βFz(x)+
β

4
γ2(x+γ−1v2+ γ−1v2−λx2). (EC.30)

Lemma1.3inEberleetal.(2019)showedthatifthedriftconditionin(14)holds,then

LV≤γ(d+A−λV), (EC.31)

whereListheinfinitesimalgeneratoroftheunderdampedLangevindiffusion(X,V)definedin

(5)–(6):

LV=−(γv+∇Fz(x))∇vV+γβ
−1∆vV+v∇xV. (EC.32)
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Toshowpart(i),wefirstnotethatforλ≤1
4
,

V(x,v)≥βFz(x)+
β

4
(1−2λ)γ2(x+γ−1v2+ γ−1v2)

≥max
1

8
(1−2λ)βγ2x2,

β

4
(1−2λ)v2 . (EC.33)

Nowletussetforeacht≥0,

L(t):=Ez[V(X(t),V(t))], (EC.34)

andwewillprovideanupperboundforL(t).

First,wecancomputethat

∇vV=βv+
βγ

2
x, (EC.35)

ByIt̂o’sformulaand(EC.35),

d(eγλtV(X(t),V(t)))=γλeγλtV(X(t),V(t))dt+eγλtLV(X(t),V(t))dt

+eγλt βV(t)+
βγ

2
X(t)· 2γβ−1dB(t),

whichtogetherwith(EC.31)impliesthat

eγλtV(X(t),V(t))≤V(X(0),V(0))+γ(d+A)
t

0

eλγsds

−
t

0

eγλs βV(s)+
βγ

2
X(s)· 2γβ−1dB(s). (EC.36)

Notethat∇Fz(x)isLipschitzcontinuousbypart(ii)ofAssumption1,andhence(X(t),V(t))is

theuniquestrongsolutionoftheSDE(5)-(6),andthusE[
T

0
V(t)2+ X(t)2dt]<∞ forevery

T>0(Seee.g.Øksendal(2003)).Therefore,foreveryT>0,wehave

T

0

e2γλs βV(s)+
βγ

2
X(s)

2

(2γβ−1)ds<∞,

andhence
t

0
eγλs βV(s)+βγ

2
X(s)·

√
2γβ−1B(s)isamartingale.Thenwecaninferfrom(EC.36)

and(EC.34)thatforanyt≥0,

L(t)=Ez[V(X(t),V(t))]≤L(0)e
−γλt+

d+A

λ
(1−e−γλt).
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Incombinationwith(EC.33),weobtainthat(X,V)areuniformly(intime)L2bounded.Indeed,

wehave

1

8
(1−2λ)βγ2EzX(t)

2≤Ez[V(X0,V0)]+
d+A

λ
,

β

4
(1−2λ)EzV(t)

2≤Ez[V(X0,V0)]+
d+A

λ
.

Theproofofpart(i)iscompletebynotingthatEz[V(X0,V0)]isfinitefrompart(v)ofAssumption1.

(ii)Next,weprovetheuniform(intime)L2boundsfor(Xk,Vk).Letusrecallthedynamics:

Vk+1=Vk−η[γVk+g(Xk,Uz,k)]+ 2γβ−1ηξk, (EC.37)

Xk+1=Xk+ηVk, (EC.38)

whereEg(x,Uz,k)=∇Fz(x)foranyx. WeagainusetheLyapunovfunctionV(x,v)in(EC.30),and

setforeachk=0,1,...,

L2(k)=EzV(Xk,Vk)/β=Ez Fz(Xk)+
1

4
γ2 Xk+γ

−1Vk
2+ γ−1Vk

2−λXk
2 . (EC.39)

Weshowbelowthatonecanfindexplicitconstants K1,K2>0,suchthat

(L2(k+1)−L2(k))/η≤γ(d/β+A/β−λL2(k))+(K1L2(k)+K2)·η.

Weproceedinseveralstepsinupperbounding L2(k+1).

First,byusingtheindependenceofVk−η[γVk+gk(Xk,Uz,k)]andξk,wecanobtainfrom(EC.37)

that

EzVk+1
2

=EzVk−η[γVk+gk(Xk,Uz,k)]
2+2γβ−1ηEzξk

2

=EzVk−η[γVk+gk(Xk,Uz,k)]
2+2γβ−1ηd

=EzVk−η[γVk+∇Fz(Xk)]
2+2γβ−1ηd+η2Ez∇Fz(Xk)−gk(Xk,Uz,k)

2

≤(1−ηγ)2EzVk
2−2η(1−ηγ)Ez[Vk,∇Fz(Xk)]+η

2Ez∇Fz(Xk)
2+2γβ−1ηd

+2δη2M2EzXk
2+2δη2B2
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≤(1−ηγ)2EzVk
2−2η(1−ηγ)Ez[Vk,∇Fz(Xk)]

+η2(M2EzXk
2+B2+2MBEzXk )+2γβ

−1ηd

+2δη2M2EzXk
2+2δη2B2,

wherewehaveusedpart(iv)ofAssumption1andLemmaEC.9inSectionEC.5intheOnline

E-Companion.Byusing|x|≤|x|
2+1

2
,weimmediatelyget

EzVk+1
2≤(1−ηγ)2EzVk

2−2ηEz[Vk,∇Fz(Xk)]+2η
2γEz[Vk,∇Fz(Xk)]

+ η2M2+η2MB+δη2M2 EzXk
2+(η2MB+2γβ−1ηd+2δη2B2). (EC.40)

Second,wecancomputefrom(EC.38)that

EzXk+1
2=EzXk

2+2ηEz[Xk,Vk]+η
2EzVk

2. (EC.41)

Third,notethat

Fz(Xk+1)=Fz(Xk+ηVk)=Fz(Xk)+
1

0

∇Fz(Xk+τηVk),ηVkdτ,

whichimmediatelysuggeststhat

|Fz(Xk+1)−Fz(Xk)− ∇Fz(Xk),ηVk|=
1

0

∇Fz(Xk+τηVk)−∇Fz(Xk),ηVkdτ

≤
1

0

∇Fz(Xk+τηVk)−∇Fz(Xk)·ηVk dτ

≤
1

2
Mη2Vk

2,

wherethelastinequalityisduetotheM−smoothnessofFz.Thisimplies

EzFz(Xk+1)−EzFz(Xk)≤ηEz∇Fz(Xk),Vk +
1

2
Mη2EzVk

2. (EC.42)

Finally,wecancomputethat

Ez Xk+1+γ
−1Vk+1

2

=Ez Xk+γ
−1Vk−ηγ

−1g(Xk,Uz,k)+ 2γ−1β−1ηξk
2
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=Ez Xk+γ
−1Vk−ηγ

−1g(Xk,Uz,k)
2
+2γ−1β−1ηd

=Ez Xk+γ
−1Vk−ηγ

−1∇Fz(Xk)
2
+2γ−1β−1ηd

+Ez ηγ
−1g(Xk,Uz,k)−ηγ

−1∇Fz(Xk)
2

≤Ez Xk+γ
−1Vk−ηγ

−1∇Fz(Xk)
2
+2γ−1β−1ηd+2η2γ−2δ(M2Ez Xk

2
+B2)

=Ez Xk+γ
−1Vk

2
−2ηγ−1EzXk+γ

−1Vk,∇Fz(Xk)

+η2γ−2Ez ∇Fz(Xk)
2
+2γ−1β−1ηd+2η2γ−2δ(M2EzXk

2+B2), (EC.43)

wherewehaveusedpart(iv)ofAssumption1intheinequalityabove.

Combiningtheequations(EC.40),(EC.41),(EC.42)and(EC.43),weget

(L2(k+1)−L2(k))/η

= Ez[Fz(Xk+1)]−Ez[Fz(Xk)]+
1

4
γ2 EzXk+1+γ

−1Vk+1
2−EzXk+γ

−1Vk
2

+
1

4
EzVk+1

2−EzVk
2 −

1

4
γ2λEzXk+1

2−EzXk
2 η

≤Ez∇Fz(Xk),Vk +
1

2
MηEzVk

2−
1

2
γEXk+γ

−1Vk,∇Fz(Xk)

+
1

4
ηE∇Fz(Xk)

2+
1

2
γβ−1d+

1

2
ηδ(M2EXk

2+B2)

+
1

4
(−2γ+ηγ2)EzVk

2−
1

2
(1−ηγ)Ez[Vk,∇Fz(Xk)]

+
1

4
η(M2EzXk

2+B2+2MBEzXk )+
1

2
γβ−1d

+
1

2
δηM2EzXk

2+
1

2
δηB2−

1

2
γ2λEzXk,Vk −

1

4
γ2ληEzVk

2

=−
γ

2
Ez∇Fz(Xk),Xk −

γ

2
EzVk

2−
γ2λ

2
EzXk,Vk +γβ

−1d+Ekη

≤−γλEz[Fz(Xk)]−
1

4
λγ3EzXk

2+γA/β−
γ

2
EzVk

2−
γ2λ

2
EzXk,Vk +γβ

−1d+Ekη,(EC.44)

whereweusedthedriftcondition(14)inthelastinequality,and

Ek:=
1

2
M+

1

4
γ2−

1

4
γ2λ EzVk

2+
1

4
Ez∇Fz(Xk)

2+δ(M2EXk
2+B2)

+
1

2
γEz[Vk,∇Fz(Xk)]+

1

4
(M2EzXk

2+B2+2MBEzXk ).



e-companiontoGao, G̈urb̈uzbalabanandZhu: SGHMCforNon-ConvexStochastic Optimization ec13

Wecanupperbound Ekasfollows:

Ek≤
1

2
M+

1

4
γ2−

1

4
γ2λ EzVk

2+
1

4
Ez∇Fz(Xk)

2+δ(M2EzXk
2+B2)

+γEzVk
2+γEz∇Fz(Xk)

2+
1

4
Ez(M Xk +B)

2

≤
1

2
M+

1

4
γ2−

1

4
γ2λ+γ EzVk

2+δ(M2EzXk
2+B2)

+
1

4
+γ Ez(M Xk +B)

2+
1

4
Ez(M Xk +B)

2

≤
1

2
M+

1

4
γ2−

1

4
γ2λ+γ EzVk

2

+2M2 1

2
+γ+δ EzXk

2+2B2
1

2
+γ+δ .

Sinceλ≤1
4
,weobtainfrom(EC.33)and(EC.39)that

L2(k)≥max
1

8
(1−2λ)γ2EzXk

2,
1

4
(1−2λ)EzVk

2 (EC.45)

≥
1

16
(1−2λ)γ2EzXk

2+
1

8
(1−2λ)EzVk

2.

Therefore,

Ek≤K1L2(k)+K2, (EC.46)

wherewerecallfrom(EC.3)and(EC.4)that

K1=max
2M2 1

2
+γ+δ

1
16
(1−2λ)γ2

,
1
2
M+1

4
γ2−1

4
γ2λ+γ

1
8
(1−2λ)

,

and

K2=2B
2 1

2
+γ+δ .

Moreover,sinceλ≤1
4
,weinferfromthedefinitionofL2(k)in(EC.39)that

L2(k)=Ez[Fz(Xk)]+
1

4
γ2(1−λ)EzXk

2+
1

2
γEz[Xk,Vk]+

1

2
EzVk

2

≤Ez[Fz(Xk)]+
1

4
γ2EzXk

2+
1

2
γEz[Xk,Vk]+

1

2λ
EzVk

2.

Togetherwith(EC.44)and(EC.46),wededucethat

(L2(k+1)−L2(k))/η≤γ(d/β+A/β−λL2(k))+(K1L2(k)+K2)η.
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For0<η≤min γ
K2
(d/β+A/β),γλ

2K1
,weget

(L2(k+1)−L2(k))/η≤2γ(d/β+A/β)−
1

2
γλL2(k),

whichimplies

L2(k+1)≤ρL2(k)+K,

where

ρ:=1−ηγλ/2, K:=2ηγ(d/β+A/β),

andwehaveρ∈[0,1),whereweusedtheassumptionthatη≤ 2
γλ
.Itfollowsthat

L2(k)≤L2(0)+
K

1−ρ
=Ez[V(X0,V0)/β]+

4(d/β+A/β)

λ
.

Theresultthenfollowsfromtheinequalityaboveand(EC.45).

EC.3.2.ProofofLemmaEC.2

From(EC.30)–(EC.32),wecandirectlyobtainthat

LeαV= −(γv+∇Fz(x))α∇vV+γβ
−1α∆vV+γβ

−1α2∇vV
2+vα∇xVe

αV

= αLV+γβ−1α2∇vV
2 eαV

≤ αγd+αγA−αγλV+α2γβ−1∇vV
2 eαV. (EC.47)

Moreover,werecallfrom(EC.35)that

∇vV=βv+
βγ

2
x,

andthus

∇vV
2≤2β2v2+

β2γ2

2
x2.

Werecallfrom(EC.33)that

V(x,v)≥max
1

8
(1−2λ)βγ2x2,

β

4
(1−2λ)v2 .
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Therefore,wehave

∇vV
2≤

8β2

β(1−2λ)
+

4β2γ2

(1−2λ)βγ2
V=

12β

1−2λ
V. (EC.48)

Bychoosing:

α=
λβ
12β
1−2λ

=
λ(1−2λ)

12
, (EC.49)

weget

LeαV≤αγ(d+A)eαV. (EC.50)

SinceLeαV=[LαV+γβ−1∇vαV
2]eαV,wehaveshowedthat

LαV+γβ−1∇vαV
2≤αγ(d+A).

Applyinganexponentialintegrabilityresult,e.g.Corollary2.4.inCoxetal.(2013),weget

EeαV(X(t),V(t)) ≤EeαV(X(0),V(0))eαγ(d+A)t.

Thatis,

Ez e
αV(X(t),V(t)) ≤

R2d
eαV(x,v)+αγ(d+A)tµ0(dx,dv)<∞. (EC.51)

Next,applyingIt̂o’sformulatoe
1
4αV(X(t),V(t)),weobtain

e
1
4αV(X(t),V(t))=e

1
4αV(X(0),V(0))+

t

0

Le
1
4αV(X(s),V(s))ds

+
t

0

1

2
βV(s)+

βγ

2
X(s)e

1
4αV(X(s),V(s))·dB(s). (EC.52)

ForeveryT>0,

T

0

E
1

2
βV(s)+

βγ

2
X(s)e

1
4αV(X(s),V(s))

2

ds

≤
β2

2

T

0

E V(s)2+γ2X(s)2 e
1
2αV(X(s),V(s)) ds

≤
6β

1−2λ

T

0

EV(X(s),V(s))e
1
2αV(X(s),V(s)) ds

≤
12β

1−2λ

T

0

EeαV(X(s),V(s))ds<∞,
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whereweused(EC.33)and(EC.51).Thus,
t

0
1
2
βV(s)+βγ

2
X(s)e

1
4αV(X(s),V(s))·dB(s)isamar-

tingale.Bytakingexpectationsonbothhandsidesof(EC.52),weget

Ee
1
4αV(X(s),V(s)) =Ee

1
4αV(X(0),V(0)) +

t

0

ELe
1
4αV(X(s),V(s)) ds. (EC.53)

From(EC.47),(EC.48)and(EC.49),wecaninferthat

Le
1
4αV≤

1

4
αγ(d+A)−

1

4
αγλV+γβ−1

α2

16
∇vV

2 e
1
4αV

≤
1

4
αγ(d+A)−

3

16
αγλV e

1
4αV

≤
1

4
αγ(d+A)e

α(d+A)
3λ ,

whereinthelastinequalityweusedthefactsthatV≥0and1
4
αγ(d+A)− 3

16
αγλV≥0ifandonly

ifV≤4(d+A)
3λ
.Therefore,itfollowsfrom(EC.53)that

Ee
1
4αV(X(s),V(s)) ≤Ee

1
4αV(X(0),V(0)) +

1

4
e
α(d+A)
3λ αγ(d+A)t.

Finally,by(EC.33)again,

(x,v)2≤2x2+2v2≤
16

(1−2λ)βγ2
+

8

β(1−2λ)
V(x,v).

Hence,theconclusionfollows.

EC.3.3.ProofofLemmaEC.3

TheproofisinspiredbytheproofofLemma7inRaginskyetal.(2017)althoughmoredelicatein

oursetting.NotethatthemaintechnicaldifficultyhereisthattheunderdampedLangevindiffusion

isahypoellipticdiffusion,i.e.thediffusionmatrixofthestochasticdifferentialequationdefining

themultidimensionaldiffusionprocessisnotoffullrank,butitssolutionsadmitasmoothdensity,

seeDitlevsenandSamson(2019).Inourcase,thereisnoBrowniannoiseindX(t)termin(6)and

theunderdampedLangevindiffusion(5)-(6)ishypoelliptic.Considerthefollowingcontinuous-time

interpolationof(Xk,Vk):

V(t)=V0−
t

0

γV(s/ηη)ds−
t

0

g(X(s/ηη),Uz(s))ds+ 2γβ−1
t

0

dB(s), (EC.54)

X(t)=X0+
t

0

V(s/ηη)ds, (EC.55)
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whereUz(t):=Uz,kforkη≤t<(k+1)η.Then(X(kη),V(kη))and(Xk,Vk)havethesamedistri-

butionµz,kforeachk≥0.SincethereisnoBrowniannoiseindX(t)termin(6)anddX(t)term

in(EC.55),andtheirdynamicsaredifferent,theredoesnotexistasolutiontoequation(7.115)in

Theorem7.18inLiptserandShiryaev(2013),andonecannotapplyGirsanovtheoremtocompute

therelativeentropybetween(X(t),V(t))and(V(t),X(t)),whichisthemaintechnicaldifficulty

here.Toovercomethischallenge,wedefineanauxiliarydiffusionprocess(̃X(t),̃V(t)):

Ṽ(t)=V0−
t

0

γ̃V(s/ηη)ds

−
t

0

g X0+
s/ηη

0

Ṽ(u/ηη)du,Uz(s) ds+ 2γβ−1
t

0

dB(s), (EC.56)

X̃(t)=X0+
t

0

Ṽ(s)ds, (EC.57)

whichservesasabridgebetweentheunderdampedLangevindiffusion(X(kη),V(kη))andthe

discretetimeSGHMC1iterates(Xk,Vk).Then,itiseasytoseethat̃V(kη)hasthesamedistribution

asVk,thoughX̃(kη)isnotdistributedthesameasXk.Sincethedrifttermin(EC.57)inthe

auxiliarydiffusionprocess(̃X(t),̃V(t))hasthesamedynamicsasthedX(t)termin(6),Girsanov

theoremisapplicableaccordingtoTheorem7.18inLiptserandShiryaev(2013).

Let Pbetheprobability measureassociated withtheunderdamped Langevindiffusion

(X(t),V(t))in(5)–(6)and̃Pbetheprobabilitymeasureassociatedwiththe(̃X(t),̃V(t))processin

(EC.56)–(EC.57).LetFtbethenaturalfiltrationuptotimet.Then,theRadon-Nikodymderiva-

tiveofPw.r.t.P̃isgivenbytheGirsanovtheorem(seee.g.Section7.6inLiptserandShiryaev

(2013)):

dP

d̃PFt

=e
− β

2γ
t
0 γ̃V(s)−γ̃V(s/ηη)+∇Fz(̃X(s))−gX0+

s/ηη
0 Ṽ(u/ηη)du,Uz(s) ·dB(s)

·e
− β4γ

t
0 γ̃V(s)−γ̃V(s/ηη)+∇Fz(̃X(s))−gX0+

s/ηη
0 Ṽ(u/ηη)du,Uz(s)

2
ds
,

whereB(·)isthẽP-Brownianmotiongivenin(EC.56).ThenbywritingPtand̃Ptastheprobability

measuresPandP̃conditionalonthefiltrationFt,

D(̃PtPt)
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:=− d̃Ptlog
dPt

d̃Pt

=
β

4γ

t

0

Ez γ̃V(s)−γ̃V(s/ηη)+∇Fz(̃X(s))−g X0+
s/ηη

0

Ṽ(u/ηη)du,Uz(s)

2

ds

≤
β

2γ

t

0

Ez ∇Fz X0+
s/ηη

0

Ṽ(u)du −g X0+
s/ηη

0

Ṽ(u/ηη)du,Uz(s)

2

ds

+
β

2γ

t

0

Ez γ̃V(s)−γ̃V(s/ηη)
2

ds

≤
β

γ

t

0

Ez ∇Fz X0+
s/ηη

0

Ṽ(u)du −∇Fz X0+
s/ηη

0

Ṽ(u/ηη)du

2

ds

+
β

γ

t

0

Ez ∇Fz X0+
s/ηη

0

Ṽ(u/ηη)du −g X0+
s/ηη

0

Ṽ(u/ηη)du,Uz(s)

2

ds

+
β

2γ

t

0

Ez γ̃V(s)−γ̃V(s/ηη)
2

ds,

whichimpliesthat

D(̃Pkη Pkη)

≤
βη

γ

k−1

j=0

Ez ∇Fz X0+
jη

0

Ṽ(u)du −∇Fz X0+
jη

0

Ṽ(u/ηη)du

2

+
βη

γ

k−1

j=0

Ez ∇Fz X0+
jη

0

Ṽ(u/ηη)du −g X0+
jη

0

Ṽ(u/ηη)du,Uz,j

2

+
β

2γ

k−1

j=0

(j+1)η

jη

Ez γ̃V(s)−γ̃V(s/ηη)
2

ds. (EC.58)

Wefirstboundthefirsttermin(EC.58):

βη

γ

k−1

j=0

Ez ∇Fz X0+
jη

0

Ṽ(u)du −∇Fz X0+
jη

0

Ṽ(u/ηη)du

2

≤M2βη

γ

k−1

j=0

Ez

jη

0

Ṽ(u)−Ṽ(u/ηη)du

2

≤M2βη

γ

k−1

j=0

jη
jη

0

Ez Ṽ(u)−Ṽ(u/ηη)
2

du

=M2βη

γ

k−1

j=0

jη

j−1

i=0

(i+1)η

iη

Ez Ṽ(u)−Ṽ(u/ηη)
2

du,

whereweusedpart(ii)ofAssumption1Cauchy-Schwarzinequality.



e-companiontoGao, G̈urb̈uzbalabanandZhu: SGHMCforNon-ConvexStochastic Optimization ec19

Foriη<u≤(i+1)η,wehave

Ṽ(u)−Ṽ(u/ηη)=−(u−iη)γVi−(u−iη)g(Xi,Uz,i)+ 2γβ−1(B(u)−B(iη)), (EC.59)

indistribution.Therefore,

Ez Ṽ(u)−Ṽ(u/ηη)
2

=(u−iη)2Ez γVi+g(Xi,Uz,i)
2
+2γβ−1(u−iη)

=(u−iη)2Ez γVi+∇Fz(Xi)
2
+(u−iη)2Ez ∇Fz(Xi)−g(Xi,Uz,i)

2
+2γβ−1(u−iη)

≤2η2Ez γVi
2
+2η2Ez ∇Fz(Xi)

2
+η22δ(M2Ez Xi

2
+B2)+2γβ−1η

≤2γ2η2Ez Vi
2
+4η2 M2Ez Xi

2
+B2 +η22δ(M2Ez Xi

2
+B2)+2γβ−1η. (EC.60)

Thisimpliesthat

M2βη

γ

k−1

j=0

jη

j−1

i=0

(i+1)η

iη

Ez Ṽ(u)−Ṽ(u/ηη)
2

du

≤M2β

γ
(kη)3 2γ2η2sup

j≥0

Ez Vj
2
+(4+2δ)η2 M2sup

j≥0

Ez Xj
2
+B2 +2γβ−1η .

Wecanalsoboundthesecondtermin(EC.58):

βη

γ

k−1

j=0

Ez ∇Fz X0+
jη

0

Ṽ(u/ηη)du −g X0+
jη

0

Ṽ(u/ηη)du,Uz,j

2

≤
βη

γ

k−1

j=0

2δ M2Ez X0+
s

0

Ṽ(u/ηη)du
2

+B2

=
βη

γ

k−1

j=0

2δM2Ez Xj
2
+B2

≤
2βδ

γ
kη M2sup

j≥0

Ez Xj
2
+B2 ,

wherethefirstinequalityfollowsfrompart(iv)ofAssumption1.

Finally,letusboundthethirdtermin(EC.58)asfollows:

β

2γ

k−1

j=0

(j+1)η

jη

Ez γ̃V(s)−γ̃V(s/ηη)
2

ds

≤
β

2γ
(kη)γ2 2γ2η2Cdv+(4+2δ)η

2 M2Cdx+B
2 +2γβ−1η,
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whereweusedtheestimatein(EC.60).

Hence,togetherwithLemmaEC.1,weconcludethatthat

D(̃Pkη Pkη)≤M
2β

γ
(kη)3 2γ2η2Cdv+(4+2δ)η

2 M2Cdx+B
2 +2γβ−1η

+
2βδ

γ
kηM2Cdx+B

2

+
β

2γ
(kη)γ2 2γ2η2Cdv+(4+2δ)η

2 M2Cdx+B
2 +2γβ−1η.

WecanthenapplythefollowingresultofBolleyandVillani(2005),thatis,foranytwoBorel

probabilitymeasuresµ,νonR2dwithfinitesecondmoments,

W2(µ,ν)≤Cν D(µν)+
D(µν)

2

1/4

,

where

Cν=2inf
λ>0

1

λ

3

2
+log

R2d
eλw

2

ν(dw)
1/2

.

Fromtheexponentialintegrabilityofthemeasureνz,kηinLemmaEC.2,wehave

Cνz,kη≤2
1

α0

3

2
+log

R2d
eα0 (x,v)

2

νz,kη(dx,dv)
1/2

≤2
1

α0

3

2
+log

R2d
e
1
4αV(x,v)µ0(dx,dv)+

1

4
e
α(d+A)
3λ αγ(d+A)kη

1/2

.

Hence

W2
2(̃Pkη,νz,kη)≤

4

α0

3

2
+log

R2d
e
1
4αV(x,v)µ0(dx,dv)+

1

4
e
α(d+A)
3λ αγ(d+A)kη

·



 D(̃Pkη Pkη)+
D(̃Pkη Pkη)

2

1/4




2

, (EC.61)

where

D(̃Pkη Pkη)≤(kη)
3 M2βη

γ
+
βηγ

2
2γ2ηCdv+(4+2δ)ηM

2Cdx+B
2 +2γβ−1

+
βδ

γ
M2Cdx+B

2 .
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Notethatη≤1sothat2γ2ηCdv+(4+2δ)η(M
2Cdx+B

2)+2γβ−1≤(C2)
2,whereC2isdefinedin

(EC.10).Then,wehave

D(̃Pkη Pkη)≤(kη)
3 M2βη

γ
+
βηγ

2
(C2)

2+
βδ

γ
M2Cdx+B

2 .

Byusing(x+y)2≤2(x2+y2),weget

W2
2(̃Pkη,νz,kη)≤

8

α0

3

2
+log

R2d
e
1
4αV(x,v)µ0(dx,dv)+

1

4
e
α(d+A)
3λ αγ(d+A)kη

·D(̃Pkη Pkη)+ D(̃Pkη Pkη). (EC.62)

Sincekη≥e>1,weget

8

α0

3

2
+log

R2d
e
1
4αV(x,v)µ0(dx,dv)+

1

4
e
α(d+A)
3λ αγ(d+A)kη

≤
8

α0

3

2
+log

R2d
e
1
4αV(x,v)µ0(dx,dv)+

1

4
e
α(d+A)
3λ αγ(d+A)+log(kη)

≤
8

α0

3

2
+log

R2d
e
1
4αV(x,v)µ0(dx,dv)+

1

4
e
α(d+A)
3λ αγ(d+A)+1 log(kη), (EC.63)

and

D(̃Pkη Pkη)+ D(̃Pkη Pkη)

≤
M2βη

γ
+
βηγ

2
(C2)

2+
M2βη

γ
+
βηγ

2
(C2)2 (kη)

3η1/2

+ M2Cdx+B
2 β

γ
+ (M2Cdx+B

2)
β

γ
(kη)3

√
δ,

whichimpliesthat

W2
2(̃Pkη,νz,kη)≤(C

2
0

√
δ+C21

√
η)(kη)3log(kη),

whereC0andC1aredefinedin(EC.8)and(EC.9).Theresultthenfollowsfromthefactthat

√
x+y≤

√
x+
√
yfornon-negativerealnumbersxandy.

Finally,letusprovideaboundonW2(µz,k,̃Pkη).NotethatbythedefinitionofṼ,wehavethat

X0+
kη

0
Ṽ(s/ηη)ds,̃V(kη) hasthesamelawasµz,k,andwecancomputethat

Ez X̃(kη)−X0−
kη

0

Ṽ(s/ηη)ds

2



ec22 e-companiontoGao, G̈urb̈uzbalabanandZhu: SGHMCforNon-ConvexStochastic Optimization

=Ez

kη

0

Ṽ(s)−Ṽ(s/ηη)ds

2

≤kη
kη

0

Ez Ṽ(s)−Ṽ(s/ηη)
2

ds

≤(kη)2η2γ2ηCdv+(4+2δ)ηM
2Cdx+B

2 +2γβ−1 ≤(kη)2η(C2)
2.

whereweusedtheassumptionη≤1sothat2γ2ηCdv+(4+2δ)η(M
2Cdx+B

2)+2γβ−1≤(C2)
2in

thelastinequalityabove,whereC2isdefinedin(EC.10).Therefore,

W2(µz,k,̃Pkη)≤C2kη
√
η.

Theproofiscomplete.

EC.3.4.ProofofLemmaEC.4

Werecallfirstfrom(EC.33)that

V(x,v)≥max
1

8
(1−2λ)βγ2x2,

β

4
(1−2λ)v2 .

Since
R2d
eαV(x,v)µ0(dx,dv)<∞ withα>0,wehave (x,v)L2(µ0)<∞.

Next,letusnoticethatbytheconcavityofthefunctionh,wehave(seeEberleetal.(2019))

h(r)≤min{r,h(R1)}≤min{r,R1}, foranyr≥0.

Itfollowsthat

ρ((x,v),(x,v))≤min{r((x,v),(x,v)),R1}(1+ε1V(x,v)+ε1V(x,v))

≤R1(1+ε1V(x,v)+ε1V(x,v)).

Moreover,bythedefinitionofVin(13)andLemmaEC.9,wededucethat

V(x,v)≤β
M

2
x2+B x+A0 +

1

4
βγ2(x+γ−1v2+ γ−1v2−λx2)

≤β
M

2
x2+B x+A0 +

1

4
βγ2(2x2+2γ−2v2+ γ−1v2−λx2)

≤β M x2+A0+
B2

2M
+
1

4
βγ2(2x2+2γ−2v2+ γ−1v2−λx2)

≤ βM+
1

2
βγ2 x2+

3

4
βv2+βA0+

βB2

2M
.
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Therefore,weobtain

Hρ(µ0,πz)

≤R1+R1ε1 M+
1

2
βγ2

R2d
x2µ0(dx,dv)+

3

4
β

R2d
v2µ0(dx,dv)+βA0+

βB2

2M

+R1ε1 M+
1

2
βγ2

R2d
x2πz(dx,dv)+

3

4
β

R2d
v2πz(dx,dv)+βA0+

βB2

2M
.

(EC.64)

Ithasbeenshownin(Raginskyetal.2017,Section3.5)that

R2d
x2πz(dx,dv)≤

b+d/β

m
.

Inaddition,fromtheexplicitexpressionofπz(dx,dv)in(7),wehave

R2d
v2πz(dx,dv)=(2πβ

−1)−d/2

Rd
v2e− v

2/(2β−1)dv=d/β.

Hence,theconclusionfollowsfrom(EC.64).

EC.4.ProofsofLemmasinSectionEC.2

EC.4.1.ProofofLemmaEC.5

BeforeweproceedtotheproofofLemmaEC.5,letusstatetwotechnicallemmas,whichwillbe

usedintheproofofLemmaEC.5.Recallψ0(t)=e
−γtandψk+1(t)=

t

0
ψk(s)ds,and(ξk+1,ξk+1)is

a2d-dimensionalcenteredGaussianvectorfromtheSGHMC2iterates(̂Xk,̂Vk)givenin(10)–(11).

Usingthedefinitions,itisstraightforwardtoestablishthesetwolemmas,soweomitthedetailsof

theirproofs.

LemmaEC.7.Foranyη≥0,

max{|ψ0(η)−1+γη|,|η−ψ1(η)|,|ψ2(η)|}≤c0η
2, (EC.65)

wherec0:=1+γ
2.

LemmaEC.8.Foranyη≥0,

C11(η):=Eξk
2≤c11η:=dη, (EC.66)

C22(η):=Eξk
2≤c22η

3:=
d

3
η3, (EC.67)

C12(η):=Eξk,ξk ≤c12η
2:=
d

2
η2. (EC.68)
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Now,wearereadytoproveLemmaEC.5,i.e.theuniform(intime)L2boundsfor(̂Xk,̂Vk)

definedin(10)–(11). WecanrewritethedynamicsoftheSGHMC2iteratesasfollows:

V̂k+1=(1−γη)̂Vk−ηg(̂Xk,Uz,k)+̂Ek+ 2γβ−1ξk+1, (EC.69)

X̂k+1=X̂k+η̂Vk+Êk+ 2γβ−1ξk+1, (EC.70)

where

Êk:=(ψ0(η)−1+γη)̂Vk+(η−ψ1(η))g(̂Xk,Uz,k), (EC.71)

Êk:=(ψ1(η)−η)̂Vk−ψ2(η)g(̂Xk,Uz,k), (EC.72)

whereEg(x,Uz,k)=∇Fz(x)foranyx. WeagainusetheLyapunovfunctionV(x,v)definedas

before,andsetforeachk=0,1,...,

L̂2(k)=EzV(̂Xk,̂Vk)/β=Ez Fz(̂Xk)+
1

4
γ2 X̂k+γ

−1V̂k
2+ γ−1V̂k

2−λX̂k
2 . (EC.73)

Wecancomputethat

EFz(̂Xk+1)=EFz X̂k+η̂Vk+Êk+ 2γβ−1ξk+1

≤EFz X̂k +E ∇Fz(̂Xk),η̂Vk+Êk +
M

2
E η̂Vk+Êk+ 2γβ−1ξk+1

2

=EFz X̂k +E ∇Fz(̂Xk),η̂Vk +
M

2
η2E V̂k

2

+δ1(k),

where

δ1(k):=E ∇Fz(̂Xk),̂Ek +
M

2
E Êk+ 2γβ−1ξk+1

2

+ME η̂Vk,̂Ek+ 2γβ−1ξk+1 (EC.74)

=E ∇Fz(̂Xk),̂Ek +
M

2
E Êk

2

+Mγβ−1C22(η)+ME η̂Vk,̂Ek . (EC.75)

Wecanalsocomputethat

1

4
γ2E X̂k+1+γ

−1V̂k+1
2

=
1

4
E γX̂k+1+V̂k+1

2

=
1

4
E γX̂k+V̂k−ηg(̂Xk,Uz,k)+ 2γβ−1ξk+1 +γ̂Ek+γ 2γβ−1ξk+1+Êk

2

=
1

4
E γX̂k+V̂k−ηg(̂Xk,Uz,k)

2

+δ2(k),
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where

δ2(k):=
1

2
γβ−1C11(η)+

1

2
γ3β−1C22(η)+γ

2β−1C12(η)

+
1

4
E γ̂Ek+Êk

2

+
1

2
E γX̂k+V̂k−ηg(̂Xk,Uz,k),γ̂Ek+Êk .

Wecanalsocomputethat

1

4
γ2E γ−1V̂k+1

2

=
1

4
E V̂k+1

2

=
1

4
E (1−γη)̂Vk−ηg(̂Xk,Uz,k)+̂Ek+ 2γβ−1ξk+1

2

=
1

4
E (1−γη)̂Vk−ηg(̂Xk,Uz,k)+̂Ek

2

+
1

2
γβ−1C11(η)

=
1

4
E (1−γη)̂Vk−ηg(̂Xk,Uz,k)

2

+δ3(k),

where

δ3(k):=
1

4
E Êk

2

+
1

2
E (1−γη)̂Vk−ηg(̂Xk,Uz,k),̂Ek +

1

2
γβ−1C11(η). (EC.76)

Finally,wecancomputethat

−
1

4
γ2λE X̂k+1

2

=−
1

4
γ2λE X̂k+η̂Vk+Êk+ 2γβ−1ξk+1

2

=−
1

4
γ2λE X̂k+η̂Vk

2

−
1

4
γ2λE Êk+ 2γβ−1ξk+1

2

−
1

2
γ2λE X̂k+η̂Vk,̂Ek+ 2γβ−1ξk+1

≤−
1

4
γ2λE X̂k+η̂Vk

2

+δ4(k),

where

δ4(k):=−
1

2
γ2λE X̂k+η̂Vk,̂Ek . (EC.77)

ByfollowingtheproofsoftheL2uniformboundforSGHMC1iterates,weget

L̂2(k+1)−L̂2(k)

η
≤γ(A/β−λ̂L2(k))+(K1̂L2(k)+K2)·η+

δ1(k)+δ2(k)+δ3(k)+δ4(k)

η
,

whereK1andK2aregivenin(EC.3)and(EC.4).
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Next,wecanestimatethat

δ1(k)=E ∇Fz(̂Xk),̂Ek +
M

2
E Êk

2

+ME η̂Vk,̂Ek +Mγβ
−1C22(η)

≤c0η
2E ∇Fz(̂Xk)· V̂k + g(̂Xk,Uz,k) +

M

2
c20η

4E V̂k + g(̂Xk,Uz,k)
2

+Mc0η
2E V̂k · V̂k + g(̂Xk,Uz,k) +Mγβ−1c22η

3

≤
1

2
c0η

2E∇Fz(̂Xk)
2+Mc20η

4Eg(̂Xk,Uz,k)
2+Mγβ−1c22η

3

+
1

2
Mc0η

2(1+2η2)EV̂k
2+
1

2
(M+1)c0η

2E V̂k + g(̂Xk,Uz,k)
2

≤
1

2
c0η

2E∇Fz(̂Xk)
2+Mc20η

4Eg(̂Xk,Uz,k)
2+Mγβ−1c22η

3

+
1

2
Mc0η

2(1+2η2)EV̂k
2+(M+1)c0η

2EV̂k
2+(M+1)c0η

2Eg(̂Xk,Uz,k)
2

=
1

2
c0η

2E∇Fz(̂Xk)
2+c0η

2(Mc0η
2+M+1)Eg(̂Xk,Uz,k)

2+Mγβ−1c22η
3

+
1

2
c0η

2(M(1+2η2)+2M+2)EV̂k
2,

and

δ2(k)=
1

2
γβ−1C11(η)+

1

2
γ3β−1C22(η)+γ

2β−1C12(η)

+
1

4
Eγ̂Ek+Êk

2+
1

2
E γX̂k+V̂k−ηg(̂Xk,Uz,k),γ̂Ek+Êk

≤
1

2
γβ−1c11η+

1

2
γ3β−1c22η

3+γ2β−1c12η
2

+
1

4
c20η

4(1+γ)2E V̂k + g(̂Xk,Uz,k)
2

+
1

2
c0η

2(1+γ)E γX̂k+V̂k−ηg(̂Xk,Uz,k)· V̂k + g(̂Xk,Uz,k)

≤
1

2
γβ−1c11η+

1

2
γ3β−1c22η

3+γ2β−1c12η
2

+
1

4
c0η

2(1+γ)(1+c0η
2(1+γ))E V̂k + g(̂Xk,Uz,k)

2

+
1

4
c0η

2(1+γ)E γX̂k+V̂k−ηg(̂Xk,Uz,k)
2

≤
1

2
γβ−1c11η+

1

2
γ3β−1c22η

3+γ2β−1c12η
2

+
1

2
c0η

2(1+γ)(1+c0η
2(1+γ))EV̂k

2

+
1

2
c0η

2(1+γ)(1+c0η
2(1+γ))Eg(̂Xk,Uz,k)

2

+
3

4
c0η

2(1+γ)γ2EX̂k
2+
3

4
c0η

2(1+γ)EV̂k
2
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+
3

4
c0η

2(1+γ)η2Eg(̂Xk,Uz,k)
2

=
1

2
γβ−1c11η+

1

2
γ3β−1c22η

3+γ2β−1c12η
2

+
1

2
c0η

2(1+γ)
5

2
+c0η

2(1+γ)EV̂k
2

+
1

2
c0η

2(1+γ)1+c0η
2(1+γ)+

3

2
η4 Eg(̂Xk,Uz,k)

2

+
3

4
c0η

2(1+γ)γ2EX̂k
2,

andwecancomputethat

δ3(k)=
1

4
EÊk

2+
1

2
E (1−γη)̂Vk−ηg(̂Xk,Uz,k),̂Ek +

1

2
γβ−1C11(η)

≤
1

4
c20η

4E V̂k + g(̂Xk,Uz,k)
2

+
1

2
c0η

2E (1−γη)̂Vk−ηg(̂Xk,Uz,k)· V̂k + g(̂Xk,Uz,k) +
1

2
γβ−1c11η

≤
1

4
c0η

2(1+c0η
2)E V̂k + g(̂Xk,Uz,k)

2

+
1

4
c0η

2E (1−γη)̂Vk−ηg(̂Xk,Uz,k)
2

+
1

2
γβ−1c11η

≤
1

2
c0η

2(1+c0η
2)EV̂k

2+
1

2
c0η

2(1+c0η
2)Eg(̂Xk,Uz,k)

2

+
1

2
c0η

2(1−γη)2EV̂k
2+
1

2
c0η

4Eg(̂Xk,Uz,k)
2+
1

2
γβ−1c11η

=
1

2
c0η

2(2−2γη+(c0+γ
2)η2)EV̂k

2

+
1

2
c0η

2(1+(c0+1)η
2)Eg(̂Xk,Uz,k)

2+
1

2
γβ−1c11η,

andfinallywecancomputethat

δ4(k)=−
1

2
γ2λE X̂k+η̂Vk,̂Ek

≤
1

2
γ2λc0η

2E X̂k+η̂Vk · V̂k + g(̂Xk,Uz,k)

≤
1

4
γ2λc0η

2EX̂k+η̂Vk
2+
1

4
γ2λc0η

2E V̂k + g(̂Xk,Uz,k)
2

≤
1

2
γ2λc0η

2EX̂k
2+
1

2
γ2λc0η

2(1+η2)EV̂k
2+
1

2
γ2λc0η

2Eg(̂Xk,Uz,k)
2.

Puttingeverythingtogether,wehave

L̂2(k+1)−L̂2(k)

η
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≤γ(A/β−λ̂L2(k))+(K1̂L2(k)+K2)·η+
δ1(k)+δ2(k)+δ3(k)+δ4(k)

η

≤γ((d+A)/β−λ̂L2(k))+(K1̂L2(k)+K2)·η

+
1

2
c0η (M(1+2η

2)+2M+4−2γη+(c0+γ
2)η2)

+(1+γ)
5

2
+c0η

2(1+γ)+γ2λ(1+η2)EV̂k
2

+
1

2
c0η (1+γ)1+c0η

2(1+γ)+
3

2
η4 +1+(c0+1)η

2

+λγ2+2(Mc0η
2+M+1) Eg(̂Xk,Uz,k)

2

+
1

2
c0ηE∇Fz(̂Xk)

2+
1

2
γ2c0η λ+

3

2
(1+γ)EX̂k

2

+
1

2
γ3β−1c22η

2+γ2β−1c12η+Mγβ
−1c22η

2,

whereweusedthefactthatc11=d.Moreover,

E∇Fz(̂Xk)
2≤E(M X̂k +B)

2≤2M2EX̂k
2+2B2,

and

Eg(̂Xk,Uz,k)
2=E∇Fz(̂Xk)

2+Eg(̂Xk,Uz,k)−∇Fz(̂Xk)
2

≤E∇Fz(̂Xk)
2+2δM2EX̂k

2+2δB2

≤2(1+δ)M2EX̂k
2+2(1+δ)B2. (EC.78)

Therefore,wehave

L̂2(k+1)−L̂2(k)

η
≤γ((d+A)/β−λ̂L2(k))+(K1̂L2(k)+K2)·η

+
1

2
c0η (M(1+2η

2)+2M+4−2γη+(c0+γ
2)η2)

+(1+γ)
5

2
+c0η

2(1+γ)+γ2λ(1+η2)EV̂k
2

+
1

2
c0η (1+γ)1+c0η

2(1+γ)+
3

2
η4 +1+(c0+1)η

2



e-companiontoGao, G̈urb̈uzbalabanandZhu: SGHMCforNon-ConvexStochastic Optimization ec29

+λγ2+2(Mc0η
2+M+1) 2(1+δ)M2

+ 2M2+γ2λ+
3

2
γ2(1+γ) EX̂k

2

+c0η (1+γ)1+c0η
2(1+γ)+

3

2
η4 +1+(c0+1)η

2

+λγ2+2(Mc0η
2+M+1) (1+δ)B2+c0B

2η

+
1

2
γ3β−1c22η

2+γ2β−1c12η+Mγβ
−1c22η

2,

Byapplyingtheassumptionη≤1,wehave

L̂2(k+1)−L̂2(k)

η
≤γ((d+A)/β−λ̂L2(k))+(K1̂L2(k)+K2)·η

+ηQ1EV̂k
2+ηQ2EX̂k

2+ηQ3,

wheretheconstantsQ1,Q2,Q3aregivenin(EC.24)–(EC.26).Letusrecallthatforλ≤
1
4
,

V(x,v)≥max
1

8
(1−2λ)βγ2x2,

β

4
(1−2λ)v2 .

Thus,wehave

L̂2(k+1)−L̂2(k)

η
≤γ((d+A)/β−λ̂L2(k))+(K1̂L2(k)+K2)·η

+η Q1
4

1−2λ
+Q2

8

(1−2λ)γ2
L̂2(k)+ηQ3,

Therefore,for

0<η≤min
γ

K̂2
(d/β+A/β),

γλ

2̂K1
, (EC.79)

whereK̂1:=K1+
4Q1
1−2λ
+ 8Q2
(1−2λ)γ2

,andK̂2:=K2+Q3,weget

(̂L2(k+1)−L̂2(k))/η≤2γ(d/β+A/β)−
1

2
γλ̂L2(k).

ThisimpliesL̂2(k+1)≤ρ̂L2(k)+K,whereρ:=1−ηγλ/2∈[0,1),whereweusedtheassumption

η≤ 2
γλ
,andK:=2ηγ(d/β+A/β).Itfollowsthat

L̂2(k)≤L̂2(0)+
K

1−ρ
=Ez V(̂X0,̂V0)/β+

4(d/β+A/β)

λ
.

TheuniformL2boundsthenreadilyfollow.
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EC.4.2.ProofofLemmaEC.6

WefollowsimilarstepsasintheproofofLemma7inRaginskyetal.(2017).Recallthatwith

thesameinitialization,theSGHMC2iterates(̂Xk,̂Vk)hasthesamedistributionas(̂X(kη),̂V(kη))

where(X̂(·),̂V(·))isacontinuous-timeprocesssatisfying

d̂V(t)=−γ̂V(t)dt−g(̂X(t/ηη),Uz(t))dt+ 2γβ−1dB(t), (EC.80)

d̂X(t)=̂V(t)dt. (EC.81)

LetPbetheprobabilitymeasureassociatedwiththeunderdampedLangevindiffusion(X(t),V(t))

in(5)–(6)and̂Pbetheprobabilitymeasureassociatedwiththe(̂X(t),̂V(t))process.LetFtbe

thenaturalfiltrationuptotimet.Then,theRadon-NikodymderivativeofPw.r.t.P̂isgivenby

theGirsanovtheorem(seee.g.Section7.6inLiptserandShiryaev(2013)):

dP

d̂PFt

=e−
β
2γ

t
0(∇Fz(̂X(s))−g(̂X(s/ηη),Uz(s)))·dB(s)−

β
4γ

t
0 ∇Fz(̂X(s))−g(̂X(s/ηη),Uz(s))

2ds,

whereB(·)isthêP-Brownianmotiongivenin(EC.80).ThenbywritingPtand̂Ptastheprobability

measuresPandP̂conditionalonthefiltrationFt,

D(̂PtPt):=− d̂Ptlog
dPt

d̂Pt

=
β

4γ

t

0

Ez ∇Fz(̂X(s))−g(̂X(s/ηη),Uz(s))
2

ds.

Then,weget

D(̂Pkη Pkη)=
β

4γ

k−1

j=0

(j+1)η

jη

Ez ∇Fz(̂X(s))−g(̂X(s/ηη),Uz(s))
2

ds

≤
β

2γ

k−1

j=0

(j+1)η

jη

Ez ∇Fz(̂X(s))−∇Fz(̂X(s/ηη))
2

ds

+
β

2γ

k−1

j=0

(j+1)η

jη

Ez ∇Fz(̂X(s/ηη))−g(̂X(s/ηη),Uz(s))
2

ds.(EC.82)

Wefirstboundthefirsttermin(EC.82).Beforeweproceed,letusnoticethatforany kη≤s<

(k+1)η,

X̂(s)=X̂k+ψ1(s−kη)̂Vk−ψ2(s−kη)g(̂Xk,Uz,k)+ 2γβ−1ξk+1,s−kη, (EC.83)
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indistribution,whereξk+1,s−kηiscenteredGaussianindependentofFkandEξk+1,s−kη
2=C22(s−

kη)≤d
3
(s−kη)3≤d

3
η3. Moreover,ψ1(s−kη)=

s−kη

0
e−γtdt≤(s−kη)≤η,andψ2(s−kη)=

s−kη

0
ψ1(t)dt≤

s−kη

0
tdt≤η2.Therefore,wecancomputethat

β

2γ

k−1

j=0

(j+1)η

jη

Ez ∇Fz(̂X(s))−∇Fz(̂X(s/ηη))
2

ds

≤
βM2

2γ

k−1

j=0

(j+1)η

jη

Ez X̂(s)−X̂(s/ηη)
2

ds

=
βM2

2γ

k−1

j=0

(j+1)η

jη

Ez ψ1(s−jη)̂Vj−ψ2(s−jη)g(̂Xj,Uz,j)+ 2γβ−1ξj+1,s−jη
2

ds

≤
3βM2

2γ

k−1

j=0

(j+1)η

jη

Ez ψ1(s−jη)̂Vj
2

+Ez ψ2(s−jη)g(̂Xj,Uz,j)
2

+Ez 2γβ−1ξj+1,s−jη
2

ds

≤
3βM2

2γ
(kη)η2sup

j≥0

Ez V̂j
2+η4 2(1+δ)M2sup

j≥0

EX̂j
2+2(1+δ)B2 +

dη3

3
2γβ−1

≤
3βM2

2γ
(kη)η2 Cdv+ 2(1+δ)M

2Cdx+2(1+δ)B
2 +

2dγβ−1

3
,

whereweused(EC.78),theassumptionη≤1andLemmaEC.5.

Wecanalsoboundthesecondtermin(EC.82):

β

2γ

k−1

j=0

(j+1)η

jη

Ez ∇Fz(̂X(s/ηη))−g(̂X(s/ηη),Uz(s))
2

ds

=
β

2γ
η
k−1

j=0

Ez ∇Fz(̂Xj)−g(̂Xj,Uz,j)
2

≤
β

2γ
ηδ
k−1

j=0

2(M2Ez X̂j
2+B2)

≤ M2Cdx+B
2 β

γ
kηδ,

wherethefirstinequalityfollowsfrompart(iv)ofAssumption1,andwealsousedLemmaEC.5.

Hence,weconcludethat

D(̂µz,kνz,kη)≤
3βM2

2γ
(kη)η2 Cdv+ 2(1+δ)M

2Cdx+2(1+δ)B
2 +

2dγβ−1

3

+ M2Cdx+B
2 β

γ
kηδ. (EC.84)
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Tocompletetheproof,wecanfollowsimilarstepsasintheproofofLemmaEC.3.Byusingthe

estimatein(EC.84),theresultfromBolleyandVillani(2005),andtheexponentialintegrability

ofthemeasureνz,kηinLemmaEC.2,wecaninferthat

D(̂µz,kνz,kη)+ D(̂µz,kνz,kη)

≤
3βM2

2γ
Cdv+ 2(1+δ)M

2Cdx+2(1+δ)B
2 +

2dγβ−1

3

+
3βM2

2γ
Cdv+(2(1+δ)M

2Cdx+2(1+δ)B
2)+

2dγβ−1

3
kη2

+ M2Cdx+B
2 β

γ
+ (M2Cdx+B

2)
β

γ
kη
√
δ,

and

W2
2(̂µz,k,νz,kη)≤

8

α0

3

2
+log

R2d
e
1
4αV(x,v)µ0(dx,dv)+

1

4
e
α(d+A)
3λ αγ(d+A)kη

·D(̂µz,kνz,kη)+ D(̂µz,kνz,kη),

whichtogetherimpliesthat

W2
2(̂µz,k,νz,kη)≤(C

2
0

√
δ+Ĉ21η)(kη)log(kη),

whereC0andĈ1aredefinedin(EC.8)and(EC.29).Theresultthenfollowsfromthefactthat

√
x+y≤

√
x+
√
yfornon-negativerealnumbersxandy.

EC.5.SupportingLemmas

Inthissection,wepresentseveralsupportinglemmasfromtheexistingliterature.Theselemmas

areusedinourproofs,soweincludethemhereforthesakeofcompleteness.Thefirstlemmashows

thatfadmitslowerandupperboundsthatarequadraticfunctions.

LemmaEC.9(See(Raginskyetal.2017,Lemma2)).Ifparts(i)and(ii)ofAssumption1

hold,thenforallx∈Rdandz,

∇f(x,z)≤M x+B,

and

m

3
x2−

b

2
log3≤f(x,z)≤

M

2
x2+B x+A0.
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Thenextlemmashowsa2-Wassersteincontinuityresultforfunctionsofquadraticgrowth.This

lemmawasalsousedinRaginskyetal.(2017)tostudytheSGLDdynamics.

LemmaEC.10(SeePolyanskiyand Wu(2016)).Letµ,νbetwoprobabilitymeasuresonR2d

withfinitesecondmoments,andletG:R2d→RbeaC1functionobeying

∇G(w)≤c1w +c2,

forsomeconstantsc1>0andc2≥0.Then,

R2d
Gdµ−

R2d
Gdν ≤(c1σ+c2)W2(µ,ν),

where

σ2=max
R2d
w 2µ(dw),

R2d
w 2ν(dw).

Thenextlemmashowsauniformstabilityofπz.Notethatthex−marginalofπz(dx,dv)for

theunderdampeddiffusionisthesameasthestationarydistributionfortheoverdampeddiffusion

studiedinRaginskyetal.(2017).Fortwon−tuplesz=(z1,...,zn),z=(z1,...,zn)∈Z
n,wesayz

andzdifferonlyinasinglecoordinateifcard|{i:zi=zi}|=1.

LemmaEC.11(Proposition12,Raginskyetal.(2017)).Foranytwoz,z∈Zn thatdiffer

onlyinasinglecoordinate,

sup
z∈Z R2d

f(x,z)πz(dx,dv)−
R2d
f(x,z)πz(dx,dv)≤

4βcLS
n

M2

m
(b+d/β)+B2 ,

where

cLS≤
2m2+8M2

m2Mβ
+
1

λ∗

6M(d+β)

m
+2 ,

whereλ∗istheuniformspectralgapforoverdampedLangevindynamics:

λ∗=inf
z∈Zn

inf
β−1

Rd
∇g2dπz

Rd
g2dπz

:g∈C1(Rd)∩L2(πz),g=0,
Rd
gdπz=0 .

Thenextlemmashowthatforlargevaluesofβ,thex−marginalofthestationarydistribution

πz(dx,dv)isconcentratedattheminimizerofFz.NoteinProposition11ofRaginskyetal.(2017),

theyhavetheassumptionβ≥2/m,whichseemstobeonlyusedtoderivetheirLemma4,butnot

usedinderivingtheirProposition11.
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LemmaEC.12(Proposition11,Raginskyetal.(2017)).Itholdsthat

R2d
Fz(x)πz(dx,dv)−min

x∈Rd
Fz(x)≤

d

2β
log

eM

m

bβ

d
+1 .

EC.6.ProofofProposition1

Letusfirstprovethatλ∗=O(a
−2). Wefirstrecallthatλ∗istheuniformspectralgapforover-

dampedLangevindynamics:

λ∗:=inf
z∈Zn

inf
β−1

Rd
∇g2dπz

Rd
g2dπz

:g∈C1(Rd)∩L2(πz),g=0,
Rd
gdπz=0 .

Inparticular,fixanyz∈Znsothatforeveryg∈C1(Rd)∩L2(πz),suchthatg=0,and Rd
gdπz=

0,wehave

λ∗≤
β−1

Rd
∇g2e−βFz(x)dx

Rd
g2e−βFz(x)dx

.

ItfollowsfromLemmaEC.9that

m

3
x2−

b

2
log3≤Fz(x)≤

M2

2
x2+B x+A0, (EC.85)

withm=m1a
−2,M=M1a

−2,andB=B1a
−1.

Next,letustakethetestfunctiong1(x):=x
2.Andwefurtherdefine

c1:=
Rd
g1dπz=

Rd
g1(x)e

−βFz(x)dx

Rd
e−βFz(x)dx

, (EC.86)

andwealsodefine

g(x):=g1(x)−c1,

sothatg∈C1(Rd)∩L2(πz),g=0,and Rd
gdπz=0.Moreover,wehave

∇g(x)= ∇g1(x)=2x, and g1(ax)=a
2g1(x)=a

2x2.

Next,bythedefinitionofc1in(EC.86)andtheboundsin(EC.85),weget

c1≥
Rd
x2e−β(

M2

2 x2+B x+A0)dx

Rd
e−β(

m
3 x2−b2log3)dx

= Rd
ax2e−β(

M2

2 ax2+B ax+A0)dx

Rd
e−β(

m
3 ax2−b2log3)dx

=a2c1,

c1≤
Rd
x2e−β(

m
3 x2−b2log3)dx

Rd
e−β(

M2
2 x2+B x+A0)dx

= Rd
ax2e−β(

m
3 ax2−b2log3)dx

Rd
e−β(

M2
2 ax2+B ax+A0)dx

=a2c1,
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where

c1:=
Rd
x2e−β(

M21
2 x2+B1 x+A0)dx

Rd
e−β(

m1
3 x2−b2log3)dx

,

c1:=
Rd
x2e−β(

m1
3 x2−b2log3)dx

Rd
e−β(

M21
2 x2+B1 x+A0)dx

.

Hence,wehave

λ∗≤
β−1

Rd
∇g(x)2e−β(

m
3 x2−b2log3)dx

Rd
g(x)2e−β(

M2
2 x2+B x+A0)dx

=
β−1

Rd
4x2e−β(

m
3 x2−b2log3)dx

Rd
(g1(x)−c1)2e−β(

M2
2 x2+B x+A0)dx

=
β−1

Rd
4ax2e−β(

m
3 ax2−b2log3)dx

Rd
(g1(ax)−c1)2e−β(

M2
2 ax2+B ax+A0)dx

≤
β−1

Rd
4ax2e−β(

m
3 ax2−b2log3)dx

mina2c1≤c̃≤a2c1 Rd
(a2x2−c̃)2e−β(

M2
2 ax2+B ax+A0)dx

=a−2
β−1

Rd
4x2e−β(

m1
3 x2−b2log3)dx

minc1≤c≤c1 Rd
(x2−c)2e−β(

M21
2 x2+B1 x+A0)dx

,

whereweusedm=m1a
−2,M =M1a

−2,B=B1a
−1andg1(ax)=a

2g1(x)=a
2x2.Hence,we

concludethatλ∗=O(a
−2).

Next,letusprovethatµ∗=Θ(a
−1). Werecallthatµ∗theconvergencerateforunderdamped

Langevindynamicsisgivenby:

µ∗=
γ

768
min λMγ−2,Λ1/2e−ΛMγ−2,Λ1/2e−Λ ,

where

Λ=
12

5
(1+2α1+2α

2
1)(d+A)Mγ

−2λ−1(1−2λ)−1, α1=(1+Λ
−1)Mγ−2,

whereλ,Acomefromthedriftcondition(14),andfromGaoetal.(2020),wecantake

λ=
1

2
min

1

4
,

m

M+γ2/2
, A=

β

2

m

M+1
2
γ2

B2

2M+γ2
+
b

m
M+

1

2
γ2 +A0 . (EC.87)

Notethatµ∗dependsontheobjectivefunctionFzonlyviatheparametersfromitsproperties,

whichisindependentofz.Recallthatm=m1a
−2,M=M1a

−2,B=B1a
−1. Wedefineγ=:γ1a

−1

sothatγ1isindependentofaand

µ∗=a
−1γ1
768
min λM1γ

−2
1 ,Λ

1/2e−ΛM1γ
−2
1 ,Λ

1/2e−Λ , (EC.88)
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wherewecancheckthatλ,Λareindependentofa.Then,wecanseefrom(EC.88)thatµ∗islinear

ina−1sothatwehaveµ∗=Θ(a
−1).Theproofiscomplete.

EC.7.Explicitdependenceofconstantsonkeyparameters

Inthissectionweprovideexplicitdependenceofconstantsonparametersβ,d,µ∗,λ∗andn,which

isusedinSection5.Tosimplifythepresentation,weusethenotationÕ,̃Θtohidefactorsthat

dependonotherparameters.

WerecalltheconstantsfromTable1.Itiseasytoseethat

A=Θ̃(β), α1=Θ̃(1), Λ=Θ̃(d+β),

wherewetakeAasin(EC.87)and

µ∗=Θ̃ d+βe−Λ =Θ̃ d+βe−Θ̃(d+β) . (EC.89)

Sinceε1=Õ(µ∗/(d+β)),andµ∗isexponentiallysmallinβ+d,wegetthat

Hρ(µ0)=Õ(R1)=(1+d/β)
1/2.

Inaddition,inviewof(EC.89),itfollowsthat

C=Õ eΛ/2(d+β)1/2β−1/2µ−1/2∗ =Õ
(d+β)3/4β−1/2

µ∗
.

Thestructureoftheinitialdistributionµ0(dx,dv)wouldaffecttheoveralldependenceonβ,d.

SinceweassumedinSection5thatµ0(dx,dv)issupportedonaEuclideanballwithradiusbeing

auniversalconstant,thentheLyapunovfunctionVin(13)islinearinβ. Wecanthenobtain

R2d
V(x,v)µ0(dx,dv)=Õ(β),

R2d
eαV(x,v)µ0(dx,dv)=e

Õ(β),

Itfollowsthat

Cdx=Õ((β+d)/β), Cdv=Õ((β+d)/β), σ=Õ (β+d)/β.
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Next,wehaveα0=Õ(β)andα=Õ(1),and

γ̂=Õ( (β+d)/β),

C0=Õ (d+β)/ β , C1=Õ (d+β)/ β , C2=Õ (d+β)/β.

Moreover,bythedefinitionof Ĉ1in(EC.29),weget

Ĉ1=Õ (d+β)/ β .

Hence,from(20),weobtain

J0(ε)=Õ
(d+β)3/2

µ∗β5/4
ε ,

andfrom(16),weget

J1(ε)=Õ
(d+β)3/2

β(µ∗)3/2
(log(1/ε))3/2δ1/4+ε log(µ−1∗ log(ε

−1))+
d+β

β

ε2

µ∗(log(1/ε))2
.

Moreover,from(25),weget

Ĵ1(ε)=Õ
(d+β)3/2

β
√
µ∗

log(1/ε)δ1/4+ε log(µ−1∗ log(ε
−1)) .

Finally,from(19)and(21),wehave

J2=Õ
d

β
log(β+1) , and J3(n)=Õ

1

n

(β+d)2

λ∗
.

EC.8.ProofofLemma1andLemma2

EC.8.1.ProofofLemma1

SincethedistributionofAinhascompactsupport,wehave ai ≤DforsomeD>0.Letsi:=

ai,x.Bytakingthegradientoff(x,zi)withrespecttox,weobtain

∇f(x,zi)=−2(yi−σ(si))σ(si)ai+λrx. (EC.90)

Thisimplies

∇f(x,zi),x=−2(yi−σ(si))σ(si)si+λrx
2 (EC.91)

≥λrx
2−2(1+σ∞)σ ∞|si| (EC.92)

≥λrx
2−2(1+σ∞)σ ∞D x, (EC.93)
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whereweusedthetriangleinequalityandtheCauchy-Schwartzinequality.Then,itisstraightfor-

wardtocheckthatweobtain ∇f(x,zi),x≥m x
2−bfor

m=λr/2, b=8(1+ σ∞)
2σ 2

∞D
2/λr,

andthereforepart(iii)ofAssumption1holds.Alsoforanyz=(a,y),|f(0,z)|=|(y−σ(0))2|≤A0

forA0=(1+ σ(0))
2.Similarly,∇f(0,z)= −2(y−σ(0))σ(0)a≤B1for

B1:=2(1+|σ(0)|)|σ(0)|D.

Therefore,part(i)ofAssumption1holdsforanyB≥B1. WealsohavetheHessianmatrix

∇2f(x,zi)=2[σ(si)]
2aia

T
i−2(yi−σ(si))σ(si)aia

T
i+λrId,

whereIdisthed×didentitymatrix.Hence,∇
2f(x,zi)≤M1where

M1=2σ
2
∞D

2+2(1+σ∞)σ ∞D
2+λr.

Therefore,part(ii)ofAssumption1alsoholdsforM =M1.Inparticular,∇f(x,zj)isalsoi.i.d.

andwehaveE[∇f(x,zj)]=∇Fz(x)foranyx∈R
d.Furthermore,itfollowsfrom(EC.90)that

∇f(x,zj)≤B2+λrx, where B2:=2(1+σ∞)σ ∞D,

foranyzj.Therefore,ifweletuj:=∇f(x,zj)−∇Fz(x),thenujarei.i.d.withE[uj]=0and

Euj
2≤2E ∇f(x,zj)

2
+2E ∇Fz(x)

2

≤4(B2+λrx)
2

≤8B22+8λ
2
rx

2, (EC.94)

whereweusedCauchy-Schwarzinequality.Thisimplies

E g(x,Uz)−∇Fz(x)
2
=E

1

nb

nb

j=1

uj

2

=
1

n2b

nb

j=1

Euj
2≤2δ(M2x2+B2) (EC.95)

foranyδ∈[1
4nb
,1),M≥M2:=4λr,B≥B2:=4M2whereweused(EC.94)andthefactthatujare

i.i.d.withmeanzero.Ifwechoose,forinstance,M=M1+M2,B=max(B1,B2)=B2;weobserve

thatpart(i)and(iv)ofAssumptions1hold.
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EC.8.2.ProofofLemma2

Weset ri=yi− ai,xandfollowasimilarapproachtotheproofofLemma1.

Wecancomputethat

∇f(x,zi)=−ρ(ri)ai+λrx.

Thisleadsto

∇f(x,zi),x=−ρ(ri)ai,x+λrx
2≥λrx

2− ρD x≥m x2−b, (EC.96)

with

m=λr/2, b=
2ρ 2

∞D
2

λr
,

Therefore,part(iii)ofAssumption1holds. Wehavealso

|f(0,zi)|≤|ρ(yi)|, ∇f(0,zi)=−ρ(yi)ai ≤ ρ ∞D

foranyzi.Therefore,part(i)ofAssumption1holdswithA0= ρ∞ andB= ρ ∞D.Since

∇2f(0,zi)=ρ(ri)aia
T
i+λrId,

whereIdisthed×didentitymatrix,wealsohave

∇2f(0,zi)≤ ρ ∞D
2+λr.

Therefore,part(ii)ofAssumption1holdsforanyM≥ ρ ∞D
2+λr. Wehavealso

∇f(x,zi)≤ ρ ∞D+λrx.

Therefore,ifweletvj=∇f(x,zj)−∇Fz(x),thenvjarei.i.d.withE[vj]=0and

Evj
2≤2E ∇f(x,zj)

2
+2E ∇Fz(x)

2

≤4(ρ ∞D+λrx)
2

≤8 ρ 2
∞D

2+8λ2rx
2 , (EC.97)
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whereweusedCauchy-Schwarzinequality.Thisimplies

E g(x,Uz)−∇Fz(x)
2
=E

1

nb

nb

j=1

vj

2

=
1

n2b

nb

j=1

Evj
2≤2δ(M2x2+B2) (EC.98)

foranyδ∈[1
4nb
,1)andM2≥4λrandB≥4ρ ∞D whereweused(EC.97)andthefactthat

vjarei.i.d.withmeanzero. WeconcludethatAssumption1workforM = ρ ∞D
2+5λrand

B=4ρ ∞D.
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