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Abstract

We study the sample complexity of identifying an
approximate equilibrium for two-player zero-sum
n X 2 matrix games. That is, in a sequence of
repeated game plays, how many rounds must the
two players play before reaching an approximate
equilibrium (e.g., Nash)? We derive instance-
dependent bounds that define an ordering over
game matrices that captures the intuition that the
dynamics of some games converge faster than
others. Specifically, we consider a stochastic ob-
servation model such that when the two players
choose actions ¢ and 7, respectively, they both ob-
serve each other’s played actions and a stochastic
observation X;; such that E [X;] = A;;. To our
knowledge, our work is the first case of instance-
dependent lower bounds on the number of rounds
the players must play before reaching an approxi-
mate equilibrium in the sense that the number of
rounds depends on the specific properties of the
game matrix A as well as the desired accuracy.
We also prove a converse statement: there exist
player strategies that achieve this lower bound.

1 INTRODUCTION

In single player stochastic games like multi-armed bandits
and reinforcement learning, instance dependent or “gap
dependent” sample complexity bounds that characterize the
number of interactions with the environment to identify a
good policy are well-understood. In contrast to minimax or
worst-case sample complexity guarantees, these bounds and
the algorithms that obtain them adapt to the true difficulty
of the problem and are provably better when the problem
is easy. However, very little progress has been made on
multiplayer settings. Even the simplest of such settings—i.e.
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two—player normal form matrix games—have only been
studied in a minimax, worst-case sense to our knowledge.
Nonetheless many practical applications are such that the
outcome for a decision—maker depends not just on their own
action, but on the actions of other decision—makers in the
environment. Indeed, finite normal form games represent a
reasonable abstraction for a multitude of different important
problems from economic decisions to voting systems to
auctions to military abstractions (see, e.g., Basar and Olsder
(1998); Nisan et al. (2007); Von Neumann and Morgenstern
(2007) and references therein).

To concretize ideas, consider a setting in which two firms
produce bids for a sequence of arriving customers. Each
firm has one of two ways of preparing the bid (e.g., use
a higher quality product versus lower quality product but
include a warranty). Customers are drawn iid from a pop-
ulation, and select a firm meaning that the selected firm
“wins” the bid, while the other firm “loses” the bid. This
setting can be abstracted as a repeated two—player zero—sum
game defined by a 2 X 2 stochastic matrix with independent
entries in {—1, 0, 1} and with expectation A € [—1,1]2*2,
For instance, the entries of A may be A;; = Ay = 0,
A12 = 5/6, and Ay; = —2/3. Such abstractions arise in
many applications including online platforms and other dig-
ital marketplaces where firms are competing for the same
consumer demand.

With this motivation in mind, in this paper we consider two—
player, zero—sum normal form matrix games possessing a
unique Nash equilibrium which are defined by a stochastic
matrix of dimension n x 2 such that 2 < n < oo. For
this class of games, we characterize the instance dependent
sample complexity of identifying a joint mixed strategy that
approximately achieves the value of the game, and a joint
mixed strategy from which players have no incentive to
deviate in an approximate sense. That is, in a sequence of re-
peated game plays, we address the following questions: how
many rounds must the two players play before reaching a (7)
e—good solution, or (i) e-Nash equilibrium, respectively?

The repeated play proceeds as follows: for a fixed matrix
A € R™2 with entries A;j, at the start of each round
t, the first and second player choose an i € {1,...,n}
and j € {1, 2} simultaneously, respectively, observe each
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others chosen actions, and then both simultaneously observe
outcome X;; where E[X;;] = A;; and is 1-sub-Gaussian
(e.g., X;; ~ Bernoulli(A;;) € {—1, 1} representing firm 1
winning the bid or not). Hence, the first and second player
receive expected rewards of A;; and —A;;, respectively.
Throughout we refer to this zero-sum stochastic matrix game
by simply referencing the matrix A that induces the game.

Letting 4\,,, denote the m—dimensional simplex, we analyze
the following two objectives: find a joint mixed strategy
(z,y) € {n X o such that

(i) |Vi— (z, Ay)| < & where

Vi := max min z' Ay
TELn YEO2

is the value of the game, and

(ii) both (z, Ay) > (2/, Ay)—e and (z, Ay') > (x, Ay) —
e hold for all (z/,y') € > X Do

The former is precisely an e-good solution, and the latter
an e-Nash equilibrium.

We characterize the instance-dependent sample complexity
of identifying e-approximate solutions for the above prob-
lems in the sense that they scale with not just € and the num-
ber of actions, but the particular properties of the matrix A.
Thus, our characterization defines an ordering over games
capturing the intuition that the dynamics of some games
converge must faster than others. Specifically, we prove
lower bounds on the number of rounds necessary for any
two players to converge to an approximate Nash equilibrium.
Moreover, we propose strategies for the two players that
achieve this sample complexity. Our instance-dependent
sample complexities introduce a number of quantities that
characterize notions of the sub-optimality “gap,” and we
discuss why it is non-trivial to extend these definitions and
our analysis to the general n x m dimensional matrix games.

Before we state our main contributions, we state some easily
proven facts to contextualize our results (see Appendix A
for proof).

Proposition 1. For any zero-sum matrix game A, an e~Nash
equilibrium is also an e—good solution.

This means any lower bound on identifying an e-good solu-
tion is also a lower bound on identifying an e-Nash equilib-
rium. Conversely, any algorithm that can identify an e-Nash
equilibrium can also identify an e—good solution with the
same sample complexity.

Lemma 1. Fix any ¢ > 0 and § € (0,1), and matrix
A € R™ ™. Suppose that A € R"*™ has entries A;; that
are the empirical mean of M 1-sub-Gaussian ob-
servations resulting from players playing (i, j), and such
that flij has expectation A;;. Let (x,vy) € {>n X O, be the
Nash equilibrium of the game defined by A. With probabil-
ity at least 1 — 0, the mixed strategy (x,y) is an e~Nash
equilibrium of A.

The above strategy is minimax optimal: there exists a worst-
case game matrix A such that identifying an e~Nash equilib-
rium or e—good solution with constant probability requires
at least 1/¢2 samples. This worst-case result suggests that
the sample compelxity of identifying an e~Nash equilibrium
and e—good solution are about the same, and that this sam-
ple complexity scales with . Remarkably, we will show
that both these conclusions are false: there is a provable
separation between these two problems, and that the sample
complexities for natural problems can be as small as 1/e.

1.1 Contributions

Consider a game defined by a fixed 2 x 2 matrix A which
has a unique Nash equilibrium which is not a pure-strategy
Nash equilibrium. In Theorems 1 and 2, we show under
some mild assumptions that to find an e-good solution for
the matrix game A with probability at least 1 — d, we re-

quire at least €2 (min {6%, max { A%, ﬁ}} log(l/é))

samples from the matrix A, where I;Hrlz)blem—dependent pa-
rameters D and A ;, are functions of A alone and defined
in Section 2. Complementing this result, we present an algo-
rithm (Algorithm 1) that, with probability 1 — §, identifies
an e-good solution using a number of samples matching this
lower bound up to logarithmic factors.

In the same setting, we show (Theorem 5) that identifying

an e—Nash equilibrium for the game defined by A with
A2

mo

probability at least 1 —d requires at least ( =755 log(1/0 ))

samples where A,,,, defined in Section 3, is function of A
alone. Since a lower bound on e—good solution identification
immediately implies a lower bound on identifying an e—
Nash equilibrium, as noted above, we conclude that the
sample complexity of identifying an e—Nash equilibrium
with probability at least 1 — § requires

2
Q(min { &, max { g, S5 }} log(1/9))

samples. In general, it is the case that

2
maxd L Bmy Uy o S 11
AL D2 [ = Al elD]

which demonstrates a separation in sample complexity be-
tween identifying an e—good solution and e—Nash equilib-
rium. Again, we complement this lower bound result by
designing an algorithm (Algorithm 2) that, with probabil-
ity 1 — 9, identifies an e~Nash equilibrium with a sample
complexity matching this lower bound up to logarithmic
factors.

On the other hand, if the game does have a pure-strategy
Nash equilibrium then we prove nearly optimal instance de-
pendent upper bounds for identifying an e-good solution or
e-Nash that are similar to multi-armed bandits. In summary,
our results completely characterize the instance-dependent
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sample complexity of identifying an e-good solution and
e-Nash in the 2 x 2 case.

Now consider a game defined by a fixed 3 x 2 matrix A
that has a unique Nash equilibrium which is not a pure-
strategy Nash equilibrium. In Theorem 7, we show un-
der some mild assumptions that to find an e-good solu-
tion for the matrix game defined by A with probability

at least 1 — 0, we require at least {2 (ﬁ 1og(1/6)) sam-

ples. In fact, this number of samples, characterized by the
problem-dependent constant A, is required to just iden-
tify the support of the mixed strategy for player 1 in {3
which we show is necessary for e-good identification. Now
consider a game defined by an n x 2 matrix B for any
n > 3 which has a unique Nash equilibrium (z*, y*) that
is not a pure-strategy equilibrium. We complement our
lower bound result by designing an algorithm (Algorithm
3) that, with probability at least 1 — §, samples each ele-

ment of B for O (min {E%, max {ﬁ, Aii}} log(l/é))
times (ignoring some logarithmic factors) and either returns
Supp(z*) and Supp(y*) or concludes that A, is not suffi-
ciently large compared to ¢. If the support is successfully
identified, the algorithms for the 2 x 2 cases can be ap-
plied. Otherwise, an e—Nash equilibrium can be output
after O(Z - log(n/0)) using the procedure of Lemma 1.
While these sample complexity results hint at necessary and
sufficient conditions on the instance-dependent sample com-
plexities of general m x n games, a full characterization of
this setting is left for future work.

In their respective sections, we define these problem-
dependent parameters and provide intuition for what they
represent and how they arise, which itself provides some
insight into the difficulty of the general m x n setting.

Above we have highlighted our results in the special case
of a unique Nash Equilibrium which is not a pure strategy.
However, we address all other cases as well, they are simply
more straightforward. For instance, if the Nash equilibrium
is not unique, then Ay, = 0 (and Ay = 0 for n x 2
games) and therefore our upper and lower bounds match
and correspond to a 1/ rate. Moreover, our algorithms do
not assume that the equilibrium is a pure or mixed strategy,
or if it is unique or not. All cases are covered (see Theorems
4,6, 8 and Lemma 1). Note that our lower bound results hold
only for the mixed strategy case, and we do omit a lower
bound for the pure strategy case. This was done because the
mixed strategy case is the novel and challenging case while
the pure strategy case is very similar to multi-armed bandit
lower bounds (c.f., Kaufmann et al. (2016)).

1.2 Related Work

Complexity of Matrix Games. Characterizing equilibrium
behavior in normal form matrix games has been studied ex-
tensively in economics (Bohnenblust et al., 1950; Von Neu-

mann and Morgenstern, 1947), as has learning as an abstrac-
tion for how players reach an equilibrium (Fudenberg et al.,
1998). The computational complexity of (exact) Nash equi-
librium, especially in finite normal form games, is known to
be PPAD-complete (Daskalakis et al., 2009a,b). Given such
hardness results, it is natural to reason about the computa-
tional complexity of approximate equilibrium. For instance,
it has been shown that e—approximate Nash can be com-
puted in polynomial time (Daskalakis et al., 2007, 2009c)
where ¢ is an absolute constant. These results primarily fo-
cus on settings of full information, and are concerned with
computational complexity.

Iteration complexity has been explored fairly extensively
in partial information settings including settings with time-
varying rewards and continuous action spaces; see, €.g.,
(Blum and Monsour, 2007; Bravo et al., 2018; Cardoso
et al., 2019; Cesa-Bianchi and Lugosi, 2006; Daskalakis
et al., 2011; Drusvyatskiy et al., 2021; Rakhlin and Srid-
haran, 2013; Syrgkanis et al., 2015) and references therein.
Only recently has the focus shifted to characterizing statisti-
cal learnability—i.e., sample complexity—of equilibrium
concepts, or other desiderata such as e—good solutions, in
the presence of bandit feedback. For example, in the bandit
feedback setting where players also observe the actions of
their opponents, O’Donoghue et al. (2021) show that players
adopting an optimism in the face of uncertainty principle
when selecting actions experience sublinear regret—i.e.,
the short-fall in cumulative rewards relative to the value of
the game—and further show that alternative strategies such
as Thompson sampling cannot do not have a guarantee of
sublinear regret.

Instance Dependent Bounds for Games. To our knowl-
edge, instance dependent sample complexity bounds remain
under explored in games. That being said, there are very
recent results on special classes of games. For instance,
Dou et al. (2022) provide the first minimax bounds for the
class of congestion games, which have the nice property of
being equivalent to an optimization problem due to their
potential game structure. Additionally, Dou et al. (2022)
provide sample complexity results for the centralized and
decentralized problem settings under both semi-bandit and
bandit feedback. Similarly, Cui et al. (2022) study the re-
gret of the Nash Q-learning algorithm for two-player turn
based Markov games, and introduce the first gap dependent
logarithmic upper bounds, which match theoretical lower
bounds up to log factors, in the episodic tabular setting.

Instance Dependent Bounds in Stochastic Bandits. The
sample complexity of stochastic bandits is well-understood:
given n actions each yielding a stochastic reward, to iden-
tify an action with a mean within ¢ of the maximum with
probability 1 — 4, it is necessary and sufficient to take
> i, min{ 2, Az } log(1/6) total samples, where A is the
difference between the ith mean and the highest mean (up to
loglog(1/A,;) factors) (Karnin et al., 2013; Kaufmann et al.,
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2016; Mannor and Tsitsiklis, 2004). Stochastic bandits can
be directly compared to our setting where A is an n x 1
matrix with the means of the arms on the rows.

2 RESULTS FOR e-GOOD SOLUTIONS
OF 2 x 2 MATRIX GAMES

This section is devoted to instance-dependent sample com-
plexity bounds for identifying an e-good solution (x, y) for
a zero-sum game matrix A. Recall that |V} — (z, Ay)| < e.
In what follows, we will frequently assume that the mixed
strategies of the unique Nash equilibrium have full sup-
port: the mixed strategy © =€ (\,, is said to have a full
support if Supp(z) = {i € [m] : z; > 0} is equal to
[m] :={1,...,m}. Here z; is the i-th component of . If
m = 2 then the unique equilibrium is either a full support
mixed strategy or is a pure strategy, but not both.

Definition 1 (Pure Strategy Nash Equilibrium). An ele-
ment (i*, j*) is a Pure Strategy Nash Equilibrium (PSNE)
of the game induced by the matrix A € R™*™ if A« jv =
maxe(m] Aij« and Apj» = minjep,) Ai-j. Moreover, a
Nash equilibrium (x,y) € (X Oy where Supp(z) = {i}
and Supp(y) = {j} corresponds to a PSNE (i, j).

For a matrix A = [a, b; ¢, d] (elements of a row are separated
by a comma and rows are separated by a semicolon) that has
a unique Nash equilibrium which is not a PSNE, our bounds
will be given in terms of instance-dependent quantities:

D=a—-b—c+d,
Amin = min{|a — b|, |a — ¢|, |d — bl |d — ¢|}.
The matrix A = [a, b; ¢, d] has a unique Nash equilibrium
which is not a PSNE if and only if either of the following
hold:
a<b a<c, d<b d<c or

a>b a>c,d>b, d>c.

Hence |D| > 2Anin > 0. The material of this section

show that the sample complexity of identifying an e-good
. Lo 1 1

solution behaves as min { %, max {m, o7} } log(1/9)

up to log factors. To motivate this bound, for matrix A =

[1,0;0,1] we have that min { %, max { x3—, ﬁ}} ~

which is significantly better than the trivial bound of 5%

To provide some intuition about where these quantities
come from, suppose we measured each entry of A ex-
actly T' times and compiled the empirical means into a
matrix A. If we let (x,y) and (Z,7) be the Nash equilib-
ria for A and A, respectively, then z ' Ay = “d be and
we show in Appendices B and C that we roughly have
|lzT Ay — 27 Ag| < min {%, 71p7 J- Moreover, we re-
quire roughly A% samples to decide whether a < b or
b > a (same for other pairs). Without this information, we
cannot characterize whether the input matrix has a PSNE

or not, and this affects the value V; (which in turn affects
the performance of the algorithm). Hence, we observe it
suffices to take 7' ~ min { %, max {ﬁ, ﬁ}} In the
remainder of this section we make this argument rigorous
and show that no smarter algorithm can improve upon this
simple strategy.

The following definition defines the set of algorithms under
consideration.

Definition 2 ((¢, §)-PAC-good). We say an algorithm is
(€,0)-PAC-good if for all matrices A € R™*™ the algorithm
terminates at an almost-sure finite stopping time 7 € N and
outputs a pair of mixed strategies (x,y) € Ly X > such
that |V} — (z, Ay)| < € with probability at least 1 — §.

Our lower bounds will use this class of algorithms, and our
proposed algorithm falls within this class.

2.1 Lower bound with respect to |D|

This subsection derives a lower bound for the case when A
has a unique Nash equilibrium which is not a PSNE.
Theorem 1. Fix any matrix A = [a,b;c,d] that has a
2
unique Nash equilibrium which is not a PSNE, € € (0, 3"5“‘ )
and § € (0,1). Any (e, §)-PAC-good algorithm that returns
a pair of mixed strategies (x,y) € Ho X Do at stopping time

. log(1/305
T satisfies E 4[] > %.

The lower bound considers a class of matrices Ay parame-
terized by [] € R defined as follows:

a+0 b }

AD:{ c d-0]

Clearly Ag = A when O = 0. Observe that if | < Apyin,
then the matrix game defined by A has a unique Nash
equilibrium which is not a PSNE. The proof of the theorem,
found in Appendix D, follows from change of measure
arguments applied to the instances defined in the following

lemma.
V3e|D|.

Lemma 2. Fix any e € (0 A"“") and let A =
For any pair of mixed strategies (x',y') € Do X O we have

* 31D

m V, ' By')| > 2.
_— A)AD)AA|B (2, By")| > 5

Unlike many lower bounds for multi-armed bandits that
rely on a number of binary hypothesis tests being decided
correctly (c.f., (Kaufmann et al., 2016)), to prove the lower
bound of this setting it is not possible to find a satisfying
hypothesis test with fewer than three hypotheses due to the
peculiar min-max behavior of the objective.

2.2 Lower bound with respect to A,,,;;, and

Consider a matrix A = [a, b; ¢, d] that has a unique Nash
equilibrium which is not a PSNE. Without loss of generality
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assume that D > 0 and A, = a — b. Let us also assume
that a — ¢ > d — b. This subsection derives a lower bound
with respect to A, and €.

Theorem 2. Consider the matrix A and fix any € > 0 and
0 € (0,1). Any (e, 6)-PAC-good algorithm that returns a
pair of mixed strategies (x,y) € o X {>o at stopping time

7 satisfies E4[T] > min { 10g(16{532>06) , 10%2/306) }

min

The lower bound considers a class of matrices Ay parame-
terized by OJ € R defined as follows:

A — a+0 b-—0
U= le+0 d-0O|"

Clearly Ag = A when OO0 = 0. The proof of the theorem,
found in Appendix E, follows from change of measure ar-
guments applied to the instances defined in the following
lemma.

Lemma 3. Fixanye > 0. Let A = 6 max{e, Apin}. For

any pair of mixed strategies (2',y’) € D2 X Do we have
ma; Vi — (&', By)| > e.

pera™ Al }I 5 — (=, By')|

We can now combine Theorems 1 and 2 to obtain the

claimed result at the beginning of this section. Indeed,

if ¢ € (0, é‘?}‘;“) then 1og3(51|/D3?5) > log(Al/ 399) and so by

Theorem 1 we have

min

log(5t5)
300
Ealr] > 3¢l D]
1 1
log(555) log(355)
_ 3048 300
—max{ 3Dl 0 AL,

. log (k<) log(=+) log(355)
zmm{ 36e2 > MAX 351 A2305 :

min

log(1/3006)
A2

min

On the other hand, if ¢ > 3“3" then logg(ell/DS?‘s)

and so by Theorem 2 we have

<

» 36A2

min

1 1
. [ log(555) los(305) lo8(305)

_ 1 (305’ £(53) 1o8(503

= 35 mln{ ez IMAX g TEply TAT )

Thus, for all € > 0 we have

]EA[T] Z min {Eizymax { 3¢| D[’ Azl }} log(;éSO&)

min

1
Ealr] > min{logg(ﬁig‘s) log(3°5)}

2.3 Lower bound for games with multiple Nash
Equilibria

Consider a matrix A = [a, a; ¢, d] such that a > ¢, a < d.
Let us also assume that a — ¢ > d — a. Observe that the
matrix game on A has multiple Nash Equilibria and this
game is a degenerate version of a matrix game with unique
Nash Equilibrium which is not a PSNE (as A, = 0). This
subsection derives a lower bound for the matrix game on A
with respect to €.

Theorem 3. Consider the matrix A and fix any € > 0 and

0 € (0,1). Any (e, 6)-PAC-good algorithm that returns a

pair of mixed strategies (x,y) € {o X {>o at stopping time
. log(1/306)

7 satisfies Eo[T] > =557

The lower bound considers a class of matrices Ay parame-

terized by [J € R defined as follows:

A — a+0 ao-0
BT le+0 d-0Of”

Clearly Ag = A when [0 = 0. The proof of the theorem,
found in Appendix F, follows from change of measure ar-
guments applied to the instances defined in the following
lemma.

Lemma 4. Fix any ¢ > 0. Let A = 6e. For any
pair of mixed strategies (z',y') € a2 X o we have

V, ', By')| > e.
BE{AAA()AA|B (2", By')|

2.4 Upper bound for s—good solution

As discussed above, Lemma 1 describes a minimax optimal
strategy. This subsection is dedicated to Algorithm 1 that
achieves an instance-dependent sample complexity for the
special case of m = n = 2. Algorithm 1 first samples
the elements of A until we can conclude whether A has a
PSNE or not. If A has a PSNE, then we return it. If A
does not have a PSNE, we further sample each element of

A fo rO(log

the empirical matrix A. Here D is an empirical estimate of

| D|. If no prior condition is met, the algorithm terminates in
8log(16/9)
£2

) times and return the Nash equilibrium of

the worst case at iterationt =1 = and outputs
an e—good solution with high probability. The full sample
complexity guarantees of the algorithm are described in the
following theorem whose proof is in Appendix C.

Theorem 4. Fix any e > 0and 6 € (0,1). With probability
at least 1 — 9, Algorithm 1 returns an e—good solution after
at most ng samples such that

* ng = c¢1 - min { log( 1/6) ,max log( ), 103(5“5) }} if
the matrix game lnduced by A has a umque Nash equi-

librium which is not a PSNE, and
) log(1/(e4)) }
9 A2

min

* ng = comin { 1og$/5
induced by A has a PSNE,

if the matrix game

where c1, co are absolute constants.

3 RESULTS FOR ¢-NASH EQUILIBRIUM
OF 2 x 2 MATRIX GAMES

This section is devoted to instance-dependent sample com-
plexity bounds for identifying an e-Nash equilibrium (z, y).
Recall that both (x, Ay) > (2/, Ay) — ¢ and (z, Ay’) >
(x, Ay) — € hold for all (2/,y") € O X {o. For a matrix
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Algorithm 1 Find an e—good solution

I T ¢ Blos16/)

2: fortimestept =1,2,...,7T do

3:  Sample each element (4, 7) once and update the em-
pirical means A;;.

4 A« y/2log(2T)/t

50 Apin ¢ min{|Ay; — Ap|,[Ay — Asa|} A1 —
A21| |A1z — Agol}
D [Aj — Ay — A21 + Ags|

if1 < Bpin+24 <3 5 and the matrix game Ahas a
PSNE then
8: Return the PSNE of /i
9: elseif1 < % < 2 and D < 10z then
10: Sample eaeriinelement (i,4) for T — ¢ times.
11: Return the Nash equilibrium of A.
12: elseif 1 < 2mnt28 <3 2 and D > 10e then
133 N« 78010&]?”
14: 1fN>T—tthen
15: Sample each element (i, j) for T — ¢ times
16: Return the Nash equilibrium of A.
17: end if
18: Sample each element (i, j) for N times.
19: Return the Nash equilibrium of A.
20:  endif
21: end for

22: Return the Nash equilibrium of A.

A = [a,b;c,d], our bounds will be given in terms of the
following instance-dependent quantities:

D=a—-b—c+d,

A, = max{min{|a — b, |d — ¢|}, min{|a — ¢|, |d —

The sample complexity of identifying an e-Nash equi-

,527522}}10g 1/6) up to
log factors. To motivate this bound consider the ma-
trix A = [1 + &% ,1,01+€05] where 0 < ¢ < 1.

Then min{ ,max { AT 52D2 }} E which is sig-

nificantly better than the trivial bound of 6% On the
other hand, for the matrix B = [1 0;0,1] we have that

librium is min{ 2,m3ix{A2

min { %, max { o3 e 52D2 }} ~ % which is significantly

worse than the bound of 1 < that we achieved for identify-
ing an e—good solution before. This shows that finding an
e—Nash equilibrium can require many more samples than
finding an e—good solution. This is not unexpected as every
e—Nash equilibrium is also an e~good solution.

To provide some intuition about where these quantities come
from, suppose we measured each entry of A exactly 7' times
and compiled the empirical means into a matrix A. If we let
(Z,7) be the Nash equilibrium for A, respectively, then we

bl}}-

show (cf. Appendix G) that we roughly have

an ~T “ A'm
max ¢’ Ay — ' Ay < 2
vebs . Y Y= VTipp
~ A,
ZT A7 — min 2" Ay’ < \/T\g\'

Yy EQ2

Moreover, in the previous section we showed that roughly
1/A2. samples are required to distinguish between var-
ious alternatives. Hence, wezobserve it suffices to take
this section we make this argument rigorous and show that
no smarter algorithm can improve upon this simple strategy.

T ~ min{ —5, max { AT }} In the remainder of

The following is the definition of the set of algorithms under
consideration.

Definition 3 ((£, 0)-PAC-Nash). We say an algorithm is
(€,68)-PAC-Nash if for all induced by matrices A € R™*™,
the algorithm terminates at an almost—sure finite stopping
time 7 € N and outputs a pair of mixed strategies (x,y) €
O X Oy, such that (x, Ay) > (', Ay) — e and (x, Ay') >
(x, Ay) —e hold for all (2',y') € (> X (> with probability
at least 1 — 6.

Our lower bounds will use this class of algorithms, and the
proposed algorithm falls within this class.

3.1 Lower bound for finding c<—Nash equilibrium

This subsection derives a lower bound for the case when A
has a unique Nash equilibrium which is not a PSNE.

Theorem 5. Fix any matrix A = [a,b;c,d] that has a

unique Nash equilibrium which is not a PSNE, € > 0 and

0 € (0,1). Any (e, 6)-PAC-Nash algorithm that returns a

pair of mixed strategies (z,y) € Do X (o at stopping time
R A2 log(1/308)

7 satisfies EA[T] > —2%5 55—

Without loss of generality assume that D > 0 and A,,,, =

a — b. The lower bound considers a class of matrices Ap

parameterized by [ € R defined as follows:

A — a+0 b+0
U= le—0O d-0O

Clearly Ag = A when [0 = 0. The proof of the theorem,
found in Appendix H, follows from change of measure
arguments applied to the instances defined in the following
lemma.

Lemma 5. Fix any ¢ > 0. For any pair of mixed strate-
gies (2',y') € o X o, there exists a matrix B €
{Ap, Aa, A_A} such that (2',y") is not an e-Nash equi-
librium of B where A := 38D

Amy

Recall that any lower bound for an e—good solution also
holds for e—Nash equilibrium. Hence, combining Theo-
rems 2 and 5 we obtain the claimed result at the beginning
of this section. Note that the lower bound of Theorem 1 is

A A2
< o7pz Whene € (0, ).

redundant as Sl

1
e|D|
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3.2 Upper bound for £-Nash equilibrium

Algorithm 2 Find an e-Nash equilibrium

I: T +

2: forroundt =1,2,...,7 do

3:  Sample each element (4, j) once and update the em-
pirical means A;;.

4 A« (/2log(8L)/(¢).

50 Apin < min{|A;; — Aga|, A2 — Ago|} A —
Ao, |Arz — Az} o

6 Ap, +—  max{min{|A;; — A, |4y -
A22|} m1n{|A11 - A21| |A12 - A22|}}

7: D ‘All 7A127A21+A22‘

8log(16/6)
52

if1 < ﬁ < 2 and the game induced by A
has a purén ‘sntrategy Nash then
9: Return the Nash equilibrium associated with the
PSNE of A.

10:  elseif 1 < Dmnt2d - 3 2 and A,,,, > D/8 then
11: Sample eagll;nelement (i,4) for T — ¢ times.
12: Return the Nash equilibrium of A.
13: elseif1 < “““*;A < 2and A,,, < D/8 then

2 16T
14: N 208 62;’5( )
15: if N > T — ¢ then
16: Sample each element (4, j) for T — ¢ times.
17: Return the Nash equilibrium of A.
18: end if
19: A« \/21og(¥)/(zv+t)
20: Sample each element (4, j) for N times.
21: 21 eargmini\ﬁﬂ—ﬁiﬂandiz — {1,2}\{11}
22: j1 — argr_nini |A1j A2J| andjg — {1, 2]:\{]1}
23: Bi1jl — Ailjl’ﬁi2.72 — Alz]z’ i1j2 Ai1jz -
2A1, B’izjl «— A’i2j1 + 2A1

24: Return the Nash equilibrium of B.
25:  endif
26: end for

27: Return the Nash equilibrium of A.

Next, we characterize the instance-dependent sample com-
plexity of Algorithm 2 for the special case of 2 x 2 matrix.
Algorithm 2 first samples the elements of A until we can
conclude whether the game induced by A has a PSNE or
not. If the game does, then we return it. If the matrix game
induced by A does not have a PSNE, we further sample each
A 2

element of A for O(’"’Eli;g()) times and return the Nash
equilibrium of a matrix B that we get by slightly modifying
the empirical matrix A. Here Dand A, , are the empirical
estimates of |D| and A,,,, respectively. If no prior condi-
tion is met, the algorithm terminates in the worst case at
iterationt =T = w and outputs an e—Nash equi-
librium with high probability by Lemma 1. The full sample
complexity guarantees of the algorithm are described in the
following theorem the proof of which is in Appendix G.

Theorem 6. Fixanye > 0and § € (0,1). With probability
at least 1 — § Algorithm 2 returns an e—Nash equilibrium
after at most ng samples where

g( )
* Ng=-=cy- mln{ 55 , max

log(Z5) A2, log(5)
Arls, = hpre )
min

if the matrix game induced by A has a unique Nash
equilibrium which is not a PSNE, and

«ng=cy- mln{log 1/())7 log(l/eé)

} otherwise,

nun

where c1, co are absolute constants.

4 RESULTS FOR n x 2 MATRIX GAMES

This section is devoted to instance-dependent sample com-
plexity bounds for identifying an e—good solution and an
e—Nash equilibrium in a n X 2 matrix game that has a unique
Nash equilibrium. For a matrix A € R™*2, the bounds will
be given in terms of instance-dependent quantities Ay
and A,. For Ay, the natural extension from the 2 x 2 to
the n X 2 case is

Apin = min{min{[A;; — Aja|}, min {|4;1 — A},
i I,k j#k

nin {[4j2 = Agzl}-

To define A, observe that if the matrix game induced by A

has a unique Nash equilibrium (z*, y*), then | Supp(z*)| =

| Supp(y*)| (Bohnenblust et al., 1950) Suppose that A has

a unique Nash equilibrium (z*, y*) such that Supp(z*) =

{i1,i2}. Let A;;1 > Ajj2 and Alzl < A;,2 and define
Ag:=  min

T - V*f *7 Az 7Ai ’
eplin (Vi — (", (Air, Ai2)))

[Aij1—Ai 2| +]Aig1—Aiyal .
[Aij1—Aij 2|+ Aig1—Aig2 |+ A —Ai2] It is not

* (A, Aig)) > 0

where r; =

hard to see that min; )\ 14, ,i,3 VA — (¥
which implies A, > 0.

To provide some intuition for the origin of Ay, consider a
class of matrices Ag = [a,b;¢c — O,d — O;e+ 0O, f + 0]
parameterized by L1 € R. In Appendix J.2, we show that for
A = cg - A4 where cg is an absolute constant, the matrices
Ag, Aa and Asa have different supports for their respec-
tive Nash equilibrium. This implies that we require roughly
1/ A3 samples to determine the support of the Nash equilib-
rium of A. Without this information, we cannot determine
an e—good solution with high probability as the support of
the Nash equilibrium affects the value V ;. The same holds
true for finding an e—Nash equilibirum as every e—Nash
equilibrium is also an e—good solution. Moreover, to obtain
any meaningful upper bound, we require an empirical esti-
mate of A, to be close to A, and this is possible when we
re-scale the gaps Vi — (y*, (Ai1, As2)) by a factor of 7;. In
the remainder of this section we make this argument rigor-
ous and further show that roughly 1/ Af] samples suffices
to find the support of the Nash equilibrium of A. Once the
support is identified, we can use the algorithms derived for
the 2 x 2 case in the previous two sections.
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4.1 Lower bound with respect to A,

Consider any matrix game A = [a,b; c¢,d; e, f] that
has a unique Nash equilibrium (z*,y*) which is not a
PSNE. Without loss of generality assume that Supp(z*) =
Supp(y*) = {1,2}. Let us also assume that @ > b,a >
c,a >e,d>b,d>c f>e f>b Observe that in this
case we have the following:

(la = b+ |e = d)(VZ = {y", (e, /)))

A =
J la — bl +|c—d|+e— f]|

Let D :=a—b—c+dand Dy := a—b—e+f. Let
A = %&ibwl and \ = mln{ 9 b)A, (GDZ)A}.
This subsection derives a lower bound for s—good solution

for the matrix game A.

Theorem 7. Consider the matrix A and fix any € € (0, %)
and ¢ € (0,1). Any (e, 9)-PAC-good algorithm that returns
a pair of mixed strategies (x,y) € (>3 X o at stopping time
T satisfies E4[1] > %.

The lower bound considers a class of matrices A parame-
terized by [J € R defined as follows:

a b
c—0 d-0
e+0 f+0

Ap =

Clearly Ag = A when [0 = 0. The proof of the theorem,
found in Appendix J, follows from change of measure ar-
guments applied to the instances defined in the following
lemma.

Lemma 6. Fix any ¢ € (0, %) For any pair of mixed
strategies (z',y') € 3 X o, we have

max |V — (2, By')| > e.

Be{Ao,An,A2n}

4.2 Finding the support in n x 2 matrix games

Next, we characterize the instance-dependent sample com-
plexity of Algorithm 3 which finds the support of the unique
Nash equilibrium, having cardinality at most two, for the
matrix game A € R™*2, Algorithm 3 first samples the ele-
ments of A until we can conclude whether the game induced
by A has a PSNE or not. If the game has a PSNE, then we
return it. If the game induced by A does not have a PSNE,
we further sample the elements of A until Ag is sufficiently
large and return the support of the Nash equilibrium of the
empirical matrix A. Here Ag is an empirical estimate of
Ag. If no prior condition is met, the algorithm terminates in
the worst case at iterationt =1 = M and outputs
an e—Nash equilibrium with high probability by Lemma 1.
The full sample complexity guarantees of the algorithm are
described in the following theorem the proof of which is in
Appendix I.

Algorithm 3 Find the equilibrium support for a n x 2 matrix

T 810g(§n/§)

2: forroundt =1,2,...,7T do
3:  Sample each element (i, 7) once and update the em-
pirical means A;;.
4 A+ y/2log(38T) /(1)
5: Amin < min {Hllni{|14“ — /LQ|}, min {|Aj1 —
Jik:g#k

A}, Hlin {|;1j2 — Apa|}}

6. if1 < ﬁ <3 5 and the matrix game Ahas a
PSNE then
7: Return the PSNE of A.
8 elseifl < % < “;’ and A does not have a
pure strategy Nash then
9: Vi € [n], remove the row i of A if there is a row j
such that Ajl > A;; and AJQ > Ajo.
10: forroundt' =t+1,t+2,...,T do
11: Sample each element (4, j) once and update the
empirical means A; -
12 A /2 log(S"T)/(t’)
13: (2',y') < Nash equilibrium of A
14: If t = T, return the Nash equilibrium of A.
15: if | Supp(z’)| = 2 then
16: {i1,i2} < Supp(z’)
17: For all rows ¢, ~ B
- Aij1—Ai 2| +]Ai1—Aiy2
i < [Ai1 —lA;Q |+|A12‘1 —lAiQ |+|1§71‘ — Az
18: Ag « min 7 (Vi— (Y, (Ai1, Ai2)))

i:i¢{i1,i2}
19: If Ay > 4A’, then Return {{i1,42}, {1,2}}
as the support of the Nash equilibrium.
20: end if

21: end for
22:  endif
23: end for

24: Return the Nash equilibrium of A.

Theorem 8. Fix any ¢ > 0 and § € (0,1).
8log(8n/d)
=R el

Let T =

- Consider a game defined by the matrix A €
R"™*2 with a unique Nash equilibrium (x*,y*) € (>, X
Oo. The following hold, where c1,ca, c3,cq are absolute
constants.

o If A has a PSNE and M < T, then with

probability at least 1 — 6, Algorlthm 3 samples each
element of A for ng times and returns a PSNE where
log(Z)
o8lzs)

min

Ng =1c¢C1 -

e If A has a PSNE and % > T, then with

probability at least 1 — 6, Algionrithm 3 samples each

element of A for ng times and either returns a PSNE
. log(n/9)

or an e-Nash equilibrium where ny = co =
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eIf A does not have a PSNE and
8nT og( 80T )
maX{SO(JlX%( = 7221§§ . )} < T, then with

min g9

probability at least 1 — 6§, Algorithm 3 samples each

element of A for ng times and returns Supp(z*) and
log(Z) log(%f) }
Az, T A S

min

Supp(y*) where ng = c3 - max {

oIf A does not have a PSNE and

800log(82L) 7221og(82L .
2%( 2 ), Cfé 2 )} > T, then with

probability “at least 1 — 0, Algorithm 3 samples

each element of A for ng times and either returns

Supp(z*) and Supp(y*) or an e-Nash equilibrium
_ log(n/4)

where ng = ¢4 - —

max {

If Algorithm 3 returns Supp(z*) and Supp(y*) such that
| Supp(«*)| = | Supp(y*)| = 2, then Algorithms 1 and 2
can be run on the 2 x 2 sub-matrix formed by Supp(z*)
and Supp(y*) and return, with high probability, an e~good
solution and e—Nash equilibrium, respectively.

S CONCLUSION AND OPEN QUESTIONS

To the best of our knowledge, this work provides the first
instance-dependent sample complexity results for zero-sum
normal form games. We have completely characterized
the instance dependent sample complexity of finding Nash
Equilibrium in 2 x 2 matrix games. In addition, we have
shed some light on the case of n X 2 matrix games. These
results shed light on the properties of a game that make its
dynamics converge quickly or slowly. The implications of
this line of results could be new algorithms designed to take
advantage of easy games, where previous minimax optimal
algorithms may not. This more nuanced understanding of
instance-dependent sample complexity may also influence
mechanism design since our results describe specifically
how one could speed up convergence of players to a Nash
equilibrium.

However, our work leaves many questions unresolved as
well as revealing new ones. The most obvious direction—
extending our results to general (n x m) € N x N-is also
one of the most challenging. First, unlike our n x 2 case
in which the size of the support is trivially at most k = 2,
it is unclear how to identify the true size k of the support
of the Nash equilibrium in general, and then how to iden-
tify the k£ x k sub-matrix within the game matrix. Second,
there does not exist a closed-form expression for the Nash
equilibrium of general (n x m) € N x N matrix games.
We exploit the existence of the closed-form solution in our
2 x 2 analysis in many ways, including deriving alternative
instances for lower bounds, and also understanding the right
notions of gap by considering a perturbation of the optimal
solution. Due to Cramer’s rule there exists a closed-form ex-
pression for the Nash equilibrium of general (n x n) matrix
game, however, we would have to analyze how determinants
of a matrix behave under minor perturbations in order to

establish meaningful upper bounds.

Besides larger game matrices, there are other very natural
questions to pursue. Given the instance-dependent quanti-
ties we introduced in this work, how do these generalize
to general-sum games and can our lower bound strategies
be extended? What is the sample complexity of identifying
other kinds of equilibria, such as an ¢ (coarse) correlated
equilibrium? Finally, can we derive instance-dependent
regret bounds for computationally efficient strategies?
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A Properties of Matrix games

Let eé? denote a k-dimensional vector such that its j-th component is 1 and the rest of the components are 0. We now state
some well known properties of Nash Equilibrium (in short NE) of Matrix games.

1. (Karlin and Peres (2017)) If (x*,y*) is a Nash equilibrium of a matrix game A € R™*", then (z*, Ay*) = V1 .

2. (Karlin and Peres (2017)) Let («*, y*) be a Nash equilibrium of a matrix game A € R™*". Then the following holds
true:
* Forany i € Supp(z*), (e]", Ay*) = V ;. Similarly, for any j € Supp(y*), (z*, Ae}}) = V.
* Forany i ¢ Supp(z™), (ef", Ay*) < V1. Similarly, for any j ¢ Supp(y*), (z*, Ae}}) > V.
3. (Bohnenblust et al. (1950)) Consider a matrix game on A € R™*™ that has a unique Nash equilibrium (z*, y*). Then
the following holds true:

* [ Supp(a™)| = [ Supp(y”)|
* Forany i € Supp(z™), (¢f", Ay*) = V ;. Similarly, for any j € Supp(y*), (z*, Ae}}) = V}.

(e Ay
* Forany i ¢ Supp(z*), (e]", Ay*) < Vi. Similarly, for any j ¢ Supp(y*), (z*, Ae}}) > V.

3

Next we present some useful properties of Matrix games.
Proposition 2. If A,,;, = 0, then the matrix game on A = [a, b; ¢, d] has a PSNE.

Proof. W.l.o.g let us assume that a = b. If @ > ¢, then (1,1) is a PSNE of A. If @ > d, then (1,2) is a PSNE of A. If
a < c¢<d,then (2,1)isa PSNE of A. If a < d < ¢, then (2, 2) is a PSNE of A. O

Proposition 3. If the matrix game on A = |[a,b;c,d] has a Nash equilibrium (x*,y*) such that
min{| Supp(z*)|, | Supp(y*)|} = 1, then the matrix game on A has a PSNE.

Proof. If Supp(«*) = {i} and Supp(y*) = {4}, then (i, j) is a PSNE of A. Now w.l.o.g let us assume that Supp(z*) = {1}
and Supp(y*) = {1,2}. This implies that a = b. Hence due to Proposition 2, matrix game on A has a PSNE. O

Proposition 4. If the matrix game on A = [a, b; ¢, d] does not have a PSNE, then either a < b, a < ¢, d < band d < c or
a>ba>cd>bandd > c

Proof. Due to Proposition 2, we have A,;, > 0. Let us first assume that a > b. Then d > ¢ otherwise A has a PSNE.
Similarly we have a > ¢ otherwise (2, 1) would be a PSNE of A. Also we have b < d otherwise (1, 2) would be a PSNE of
A. Similarly we can show thatif a < b,thena < ¢,d < bandd < c. O

Proposition 5. 1. The matrix game on A = [a, b; ¢, d] has a unique Nash equilibrium which is not a PSNE if and only if
one of the following condition holds true:
ca<ba<cd<bandd<c
ca>ba>cd>bandd > c

2. Consider a matrix game on A = [a, b; ¢, d] that has a unique Nash equilibrium (z*, y*) which is not a PSNE. Then

T = (dBC,“TEb), y* = (%, “BC) and Vi = % where D = a —b—c+d.

Proof. Let us assume that a < b, a < ¢, d < band d < ¢. Then the matrix game on A = [a, b; ¢, d] does not have a PSNE.
Hence due to Proposition 3, any Nash equilibrium (z*, y*) of the matrix game on A has Supp(z*) = Supp(y*) = {1, 2}.
Let ((z,1 — ), (y,1 — y)) be a Nash equilibrium of matrix game on A. Then it must satisfy the following equations:
ar+ (1—2x)c=bx+ (1 —2z)d
ay+ (1 —y)b=cy+(1-y)d
The above equations have a unique solution which is x = #‘Z‘M andy = #:Zg-s-d" In a similar way we can show that
ifa>b,a>c d>bandd > c then the matrix game on A has unique Nash equilibrium ((z,1 — ), (y, 1 — y)) where

_ d—c _ d—b * __ d—c . a=b . _ ad—bc _ _n
r= g andy = ;=25 Wealsohave Vi = S5¢ -a+ 457 -c= “F= where D =a —b—c+d.

Next let us assume that the matrix game on A = [a, b; ¢, d] has a unique Nash equilibrium which is not a PSNE. Then it
does not have a PSNE. Due to Proposition 4, either a < b,a < ¢,d <bandd < cora >b,a >c,d>bandd >c. 0O
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Proposition 6. Consider a matrix A = [a,b; ¢, d). If Amin > 0, then the input matrix A has a unique Nash Equilibrium.

Proof. 1f A does not have a PSNE, then due to Propositions 4 and 5, we get that the matrix A has a unique Nash Equilibrium
which is not a PSNE.

Let Apin > 0. Let us assume that A has a PSNE. W.l.o.g. let the element (1,1) be a PSNE. Due to the definition of
PSNE, we have a < band a > c. If d < b, then (1, 1) is the unique Nash Equilibrium of A as a < b and strategy 1 strictly
dominates strategy 2 for the row player. Similarly if d > ¢, then (1, 1) is the unique Nash Equilibrium of A as a > ¢ and
strategy 1 strictly dominates strategy 2 for the column player. The final case d < c and d > b is not possible otherwise we
would have d > b > a > ¢ which is contradictory. Hence A has a unique Nash Equilibrium. O

Proposition 7. The matrix game on A = [a, b; ¢, d] has a unique Nash equilibrium which is not a PSNE if and only if the
matrix game on A does not have a PSNE.

Proof. If the matrix game on A = [a, b; ¢, d] has a unique Nash equilibrium which is not a PSNE, then due to Proposition 5
eithera < b,a < c¢,d<bandd < cora > b,a > ¢, d > band d > c. This implies that A does not have a PSNE.

If A does not have a PSNE, then due to Proposition 4 eithera < b, a < ¢,d < bandd < cora > b,a > c¢,d > bandd > c.
This along with Proposition 5 implies that the matrix game on A has a unique Nash equilibrium which is not a PSNE. [

Proposition 8. Any e-Nash equilibrium of a matrix game A is also an £-good solution of the matrix game A.

Proof. Let (z*,y*) be a Nash equilibrium of A and (z, y) be an e-Nash equilibrium of A. Recall that V; = (z*, Ay*).
Now we have the following:

(¥, Ay*) > (x, Ay™) (as (z*,y*) is a Nash equilibrium)
> (x,Ay) — ¢ (as (z,y) is an e-Nash equilibrium)
Similarly we have the following:
(x*, Ay™) < (z*, Ay) (as (z*,y*) is a Nash equilibrium)
<(z,Ay) +e¢ (as (z,y) is an e-Nash equilibrium)
Hence (x, y) is also an e-good solution. O

B Minimax sample complexity, Proof of Lemma 1

Proof. First note that
m n _ m n B m n 6
U U145 - 4] > ¢/2) SZZP(\AU—AMEU?)SZZW
i=175=1 =1 j=1 i=1 j=1

where the last inequality follows from a sub-Gaussian tail bound on our 1-sub-Gaussian observations. The sub-Gaussian tail
bound, also known as Hoeffding bound, is as follows.

Lemma 7 (sub-Gaussian tail bound). Let X1, Xo, ..., X, be i.i.d samples from a 1-sub-Gaussian distribution with mean .
Then we have the following:
1
p [ !
n

Thus, in what follows assume |A;; — A;;| < e/2 for all (4,5) € [m] x [n]. For any 2’ € {\,, we have

(z, Ay) = (z, Ay) +Z i — Ai )Ty

'ZXi_IJ‘ . 210g(2/5)] o
n
=1

- s
> (2, Ay) — % (as (,y) is a NE of A)
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Similarly, for any ' € ¢, we have

(e, Ay) < (@, Ay) +
< (z,Ay') + g (as (z,v) is a NE of A)
<(z,Ay)+e
which completes the proof. O

C Proof of c-good solution Upper Bound
We establish the sample complexity and the correctness of the Algorithm 1 by proving the Theorem 4.

Proof of Theorem 4. Let A;;; denote the empirical mean of A;; at time step ¢. Let us begin by defining two events:

1 21log(16T'/6
L Ay < \f2esl16T/0)y

)
I
DL
e
-9”
N

~
Il
—
o
Il
-
<
Il
i

21log(16/6
Og,(T/)}

v
[mam)
=
|
e
5
INA

>
|
S

@
Il
—
<.
I
-

A union bound and sub-Gaussian-tail bound demonstrates that P(G° U E°) < P(G°) + P(E°) < §. Consequently, events
FE and G hold simultaneously with probability at least 1 — &, so in what follows, assume they hold.

If A has a PSNE and if the condition of line 7 of Algorithm 1 is satisfied, then we identify an e-good solution in %

min

time steps due to Lemma 9 and Corollary 1. On the other hand, if A has a PSNE but the for loop completes after
t = T iterations, then we identify an e-good solution in 7" = w time steps due to Lemma 1. Note that in this case,

T < %(MTT) due to Lemma 9. Hence, if A has a PSNE, we identify an e-good solution in O (min { log(é/ 9) k’ggﬂ })
time steps.

. € ’ .
min min

Let us now assume for the rest of the proof that A has a unique NE which is not a PSNE. If the condition of line 9 of
Algorithm 1 is satisfied, then we identify an e-good solution in 7" = w time steps due to Lemma 1. Now observe

that in this case T' = O (min {logi#, logs(uT)/‘ 3) }) due to Lemma 13. On the other hand, if the for loop completes after

t = T iterations, then we identify an e-good solution in 7' = w time steps due to Lemma 1. Note that in this case,

1 16T
T < M due to Lemma 9.

Now let us assume for the rest of the proof that the condition in the line 12 is satisfied. Then due to Lemma 12, we have

4 log (L8 log (L8 e . . . . . ..
6%1:5'5) <NKL 96%[5‘5). If the condition in the line 14 is satisfied, then we identify an e-good solution in 7" = w

time steps due to Lemma 1. Now observe that in this case 7' = O (min{logi#,max { loi(QT/[s), loi(lgﬂé) }}) as
800 log(16T)
2 .

T <
Lemma 15. In this case, let the number of times we are required to sample each element be ng. Then ng < 7T and

16T 16
SOOIAOE( s) + % laolg[glﬁ ). Hence, ng = O (min {ng/‘s) , nax { logA(Z,T/é), 1og5(‘7[“)/|6) }}) U

min

+ N. If the condition in the line 14 is not satisfied, then we identify an e-good solution due to

ng <

C.1 Consequential lemmas of Algorithm 1’s conditional statements

Recall the definitions of events £ and G. We first present a few lemmas that deal with empirical estimates and instance
dependent parameters like Amin, D7 Amin and |D|. Whenever we fix a time step ¢ < T and discuss the parameters like
Anmin, D and A, we consider those values that have been assigned to these parameters during the time step . We begin with
upper bounding |A i, — Amin| in the following lemma.

Lemma 8. Fix a time step t < T. If the event G holds, then we have the following:

|Amin - Amin‘ S 2A



Instance-dependent Sample Complexity Bounds for Zero-sum Matrix Games

Proof. Let us assume that the event G holds. Then for every element (4, ), we have |4;; — A;;| < A. Then we have
“Aij — Ayjr| — |Aij — Ay j|| < 2A forany i, j, i, j'. By repeatedly applying the Lemma 18, we get |Amin — Amin| <
2A. O

The following lemma upper bounds the number of time steps required to satisfy the condition 1 < % < %

Lemma 9. Lett be the time step when the condition 1 < % < % holds true for the first time. If the event G holds,
16T min
thent < %(5)_

min

800 log(16T)
A2

min

Proof. Consider the time step t = . Let us assume that the event G holds. Then for every element (i, j), we

have [A;; — Aij| < A=/ M Smin Now observe that Apin + 2A < A + 4A = 88min - Similarly, we have

Amin — 2A > Ay — 4A > 4A""“ Hence we have 1 < % <3

The following lemma bounds the ratio m‘“ .

Lemma 10. Let t be the time step when the condition 1 < % <

[\GJ[e+]

holds true for the first time. If the event G holds,

then % < 2— < % at the time step t.

Proof. Let us assume that the event G holds. Then for every element (z Jj), we have |A;; — A; ]| <A As %“A < Z,we

—2A =
A A A A A
< mln min < _ min < min min > _ min £ min —
have A . Now observe that e S R A SRS T 2. Next observe that e Z R on 2 GAs
5
5 O

The following lemma and the subsequent corollary relates the empirical matrix A to the input matrix A.

Lemma 11. Let t be the time step when the condition 1 < % <3 5 holds true for the first time. If the event G holds,

min

then at any time step to such that t < tog < T, we have the following:
o If Aij, > Aijy, then Ajj, > Ay,
o If Aiyj > Aiyj, then A; ;> Ay,
o If Aij, > Aijy, then Ajj, > Aij,
o If Aj; > Auyj, then Ay j > Aiyj

Proof. As Lﬂﬁ S 2, we have A < A"‘“‘ . Due to Lemma 10, we have A < A"‘“’ . As event G holds, for any element

min—2

) log( 16T

(i, ), we have [A;; — Ay;| < ) < A

If A;;, > Ayj,, we have the following:

Ay, > Ay, — A
> Aij, + Apin — A (as Aij, — Aij, > Amin)
> Ay, +A (as A < Bumin)
> Aij, (as event G holds)
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If A;,; > Aj,j;, we have the following:

Aiyj > Ay — A

> A+ Apin — A (as A j — Ay > Apin)
> Aigj + A (as A < L'é““)
> Ay (as event G holds)
If A;;, > A;j,, we have the following:
Aijy 2 Ay = A
> Ay + Apin — A (as Ay, — Aijy > Apin)
> Aij2 + A (as A< Ll“(‘;“)
> Ayj, (as event GG holds)
If A;,; > A;,;, we have the following:
Ay > Ay — A
> Aiyi 4+ Apin — A (as Ajyj — Aiyj > Apin)
>Ai2j+A (as A < ~1r“0i“)
> A,y (as event GG holds)
O

Corollary 1. Let t be the time step when the condition 1 < % < % holds true for the first time. If the event G holds,

then at any time step to such that t < tqg < T, we have the following:
s (i,7) is PSNE of A if and only if (i, j) is a PSNE of A.
* A does not have a PSNE if and only if A does not have a PSNE.

The following lemma bounds the ratio %.

Lemma 12. Let t be the time step when the condition 1 < é“‘?“ifgﬁ < % holds true for the first time. If the event G holds
and A has a unique Equilibrium which is not a PSNE, then 3 < \gl < g at the time step t.

émin+2A < 3

~ ] - ~ Amin—2A — 2
A D Amin D D D D _ 5

and 2A,;, < D, we have A < =min < S5 Now observe that D] < 5755 < b = i Next observe that

b b - Db _5s 0

Proof. Let us assume that the event G holds. Then for every element (i, j), we have |4;; — A;;| < A. As

> = —= =z,
[DI = D+4A = 6D/5 ~— 6

The following two lemmas bound | D| when certain conditions in the algorithm 1 hold true.

Lemma 13. [f the condition in the line 9 of the algorithm I holds true and event G holds, then |D| < 12¢

Proof. Due to Lemma 12, we have |D| < % < 12e. O

Lemma 14. [f the condition in the line 12 of the algorithm I holds true and event G holds, then |D| > 8¢

Proof. Due to Lemma 12, we have |D| > % > 8e. O
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Forany A € R™*" let A(A) := {B € R"*" : max; ; |(B—A);;| < A}. We now present the main lemma that establishes
the correctness of the algorithm 1 when the input matrix A does not have a PSNE.

Lemma 15. If the condition in the line 12 of the algorithm 1 holds true and event G holds, then Nash equilibrium of the
empirical matrix A is also an e-good solution of the input matrix A.

Proof Ac A < fg) as event G holds true. Due to Lemma 12, we have D < 5‘4D‘. Hence, A € A ( 632)) which in

L = \elD Ay —Ayg—Agi+A
turn implies that A € A( 63[2)) Now we show that 435‘ < An A1212A21+A22‘.

_ _ _ _ e|D
|A11—A12—A21+A22| > |A117A12*A21 +A22|*4 :‘32|

1 e|D|
12 12 (asAGA( =5 ))
_ DI - DI

12
. /BeID] - VD2

12
_ VED
NG

Let (z,y) be the Nash equilibrium of A. Now by applying Lemma 17 we have that |V — (z, Ay)| < e. We can apply

(as [D|] > 8¢)

lemma 17 as A € A V;y;l ), ”46‘\/? < |A11—A121—2A21+A22| and A has a unique Nash equilibrium which is not a PSNE
(due to Corollary 1). O

C.2 Technical Lemmas for Upper Bound
In this section, we present few technical lemmas that are used to establish the upper bound on the sample complexity of
finding e-good solution.

Let A € R™*™. Recall that A(A) := {B € R"*" : max; ; |(B — A);;| < A} and for any n-dimensional vector v, v(%)
denotes its i-th component. Now we present the following lemma, where we relate V}, the Nash equilibrium of A, to V};
where B € A(A).

Lemma 16. Consider a matrix A € R™*"™ with unique Nash equilibrium (xz*,y*) which is not a PSNE. Then for any
B € A(A) that has a unique Nash equilibrium (z,y) which is not a PSNE, we have the following:

n n

Vi = (2", By") + Y _y ()Y 0y

j=1 i=1
where Aij = Bl‘j — Aij and GZ- = .Z'(Z) —z* (Z)
Proof. Foralli € [n], letx; = (i), y; = y(i), xf = 2*(¢) and y; = y*(0).

First observe that (z*, By*) = Vi + >, ; 27yjAj;. Also observe that >, 6; = 0. Let B; denote the j-th column of B.
Let V; := (z, B;j). Now we have the following:

(z,Bj) = 2[37:‘41] + i Ay + 0;Aij + 0:045]
i=1

SICED SCIUED SUTPRD (2N 8 5 =V
i=1 =1 i=1

Let V = (V1,...,V,). Since Supp(z) = Supp(y) = [n], therefore we have for all j € [n], V; = Vj;. Now we have the
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following:
Ve =(V,y")

n n n n n n n
=D UVAEY U wAG Y Y 0iAG+ Yy Y A
=1 =1 =1 =1 =1 =1 =1
n n

=VA+EY D sy 0y yi Ayt ui Y 6id

i=1 j=1 i=1  j=1 j=1 =1

= (@, By )+ Vi) _0i+> y; > 0iA (as Y7y Aij = V3

= (2%, By") + > _u; Y 0:A
j=1  i=1

Let us define two matrices A; and A5 as follows:

Ay = |:a+A11 b+A12}

c+ Ay d+ Ao
Let A = max; j |A;j|. Now we present the following lemma, where we upper bound [V i, — (™, A2y™*)| where (z*,y*) is
the Nash equilibrium of A;.

Lemma 17. Let A; and Ay have a unique NE which is not a PSNE. Let (z*,y*) be the NE of the matrix game A;. Let
A <la—b—c+d|/12. Then we have the following:

Vi, — (&%, Aoy™)| < =~

whereD::afbchrd,D’ ::a—b—c+d+A11—A12+A22—A21.

Proof. Let (z*,y*) = ((x,1 — z), (y,1 — y)) be the NE of the matrix game A; where z = 71) cgandy = 7a7‘;:z+d.

/ / / / : r d—c+Ags—A
Let ((',1 — 2'),(y',1 — ¢/)) be the NE of the matrix game A, where ' = R e i, R ey, vy v
d—b+Ass—A19

: N R A — v
I o dT A A A, —A,; For convenience, let N := d—cand D := a — b — ¢+ d. Hence, we have x = D and
/ N+Az—As

and 3/ =

¥ = BrA L AT AL A, - Now we will upper bound x’ as follows:

IN|+ 24

~ Dl -
() By
|D| - |D] D
N 6A

(o1 1) () e 21 en0 225
_ IV IN| 6A  12A2
ez IDI ID| |D|  |DJ?
N

|V] A 1
_W (as|D|<1andﬁ§3)
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Next we will lower 2’ as follows:

gjl > M
~ |D|+4A
(INI 2A> ( 4A>1
D]~ D] D]
IN|  2A 4A 1
= DI DI Il —
N (D |D| 1 | D] (as 7z > 1 —zwhenz > 0)

IV 28 _|N| 44 sA?
DI |D] D[ |D] " |DP?
[N|  6A IN]

2= INL <4
B weint =1

Hence we have |2/ — z| < %. Due to Lemma 16, we have the following:

2 2
Vi — (@, By")| <Dy (i) D |6:Ay)
j=1 i=1
2

IN
]
Qd*
S
oo
S| >
— (v}

Il
S|E
iy

QQ*
)

<222 (as |D'| > |D| - 4A > 2/D|/3)

O

The next lemma states some basic inequalities that will be used frequently in the analysis that follows.

Lemma 18. Let a,a,b,b, A’ be positive real numbers. Let |a — a| < A’ and |b — b| < A’. Then we have the following:
s la+b—(a+b)] <24
¢ |min{a,b} — min{a, b}| < A’

s |max{a,b} — max{a,b}| < A’

Proof. First observe that |[a —a +b — b < |a — a| + |b — b < 2A/.

Next w.Lo.g let us assume that min{a, b} = a. If min{a, b} = a, then we have | min{a, b} —min{a, b}| = |a —a| < A’ If
min{a, b} = b,thenb <a <a+A"andb>b—A" > a—A’. Hence, in this case also we have | min{a, b} —min{a, b}| =
la —b] < A

Finally w.1.0.g let us assume that max{a, b} = b. If max{a, b} = b, then we have | max{a, b} —max{a,b}| = |[b—b| < A".
If max{g, b} =a,thena >b>b— A’anda < a+ A’ < b+ A’. Hence, in this case also we have | max{a,b} —
max{a,b}| = |b—a|] < A O

D Proof of c-good solution lower bound with respect to D

Before finishing the proof of the theorem 1, we begin with the proof of Lemma 2
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Proof. W.l.o.g let us assume that D > 0. For J € {—A, 0, A} it can be shown that

v 7adfbc+d 02
Ao D D D
d—bc d—a af+ (a+ 6)0
' Apy) =2 O

where 2/ = (=5t 2=boa) ¢ pp and y' = (d [b;'ﬁ, e B) € o forany o € [c—d,a—bland B € [b—d, a— c]. Note
that this parameterlzatlon ensures the range of 2/, 4/ is equal to {\o. We refer the reader to the Appendix D.2 for the detailed
calculations.

We will now show that regardless of what values («, 8) take (equivalently, regardless of what values (z’, y') take), there is at
. . « a 2
least one of the three alternative matrices has error of at least 3¢/ 22 If o8] > A2/2, then [V — (¢/, Aoy/)| = % > &5
2
If o] < A%/2and o+ B > 0, then (a/, Any') — Vj, = SFPHOINE 5 A Similarly, if |08 < A?/2 and if
a+ B <0, then (z', A _ay') - Vi , = MLIW > %. Hence, we proved that for any (2/,y") € £ X o, there
exists a matrix B € {A_x, Ag, Aa} such that

A
Ve — (@, BY)| 2 o5 =+

D.1 Proof of Theorem 1

Let v o N (A;j,1) be the distribution of an observation when playing pair (7, j) with matrix A. Let P4 denote the
probability law of the internal randomness of the algorithm and random observations. If an algorithm is (£, 0)-PAC-good and
outputs a solution (Z,y) then ming P4 (|V}; — (%, Ay)| <€) > 1 — §. We will show that if an algorithm is (¢, §)-PAC-good
then it can also accomplish a particular hypothesis. We will conclude by noting that any procedure that can accomplish the
hypothesis test must take the claimed sample complexity.

For any pair of mixed strategies (, §) output by the procedure at the stopping time 7, define

6={A-ado Aab\arg | max |V~ (@B,

breaking ties arbitrarily in the maximum so that ¢ € {A_a, Ao} U{A_a, Ar} U {Ao, Aa}. Note that
]PAO(AO € ¢) 2 IPAO(AO € 9, |V.Zl<0 - <Zt\a AO@)l < E) = PAO("/:{O - <§j\? Ao/y\>| < E) >1-9 )]

where the equality follows from the Lemma 2: at least one of the three matrices must have a loss of at least 3¢ /2, but A has
a loss of at most €, thus Ay € ¢. Now because

2max{P, (¢ = {Ao, A-a}),Pa, (¢ = {Ao, Ar})} >

we have that P4, (¢ = {Ag, A_a}) > 152 or Py, (¢ = {Ag, Ar}) > 152, Let’s assume the former (the latter case is
handled identically). By the same argurnent as (1) we have that P4, (¢ = {Ao, _a}) <4.

For a stopping time 7, let N; ;(7) denote the number of times (4, j) is sampled. Recalling that ufj = N(A;;,1), we have
by Lemma 1 of Kaufmann et al. (2016) that

E 4o [N1a(r )]KL(Vl 1,1/1 )+ Eay[Noa(r )]KL(V2 27V2 5) 2> d(Pa, (¢ ={A0, A-a}),Pa,(¢={A0,A-a}))

where KL(v'9,v{'$) = KL(v3'3,v3%) = A%/2 and d(p, )_plog(g)—i—( p) log(+=2 £). Since

d(Pao (¢ = {A0, A_a}),Pay (¢ = {Ag, A_a})) > d(}52,0)
= T2 log(ﬁ) + ITH 10g(2(11+_55))

5 1-68)2
= 3log(*f5) — 5 IOg(t(S(lJrz)i))
)~

1/8 > £ log(1/300)




Instance-dependent Sample Complexity Bounds for Zero-sum Matrix Games

and 7 = N1 1(7) + N1,2(7) + Na,1(7) + N2 o(7) we conclude that

log(1/305)  log(1/304)
> =
Ealrl =z =5 3¢|D]

as claimed.

D.2 Calculations for Lemma 2

Proposition 9. For 0 € {—A,0,A}, V;_ = 2d5te 4 doapy 2

x  _ (a+0)(d=0)—bc _ ad—bc |, d—a [
Proof. Vi, = Gop—cqa0 = "D T DU D .

Recall that 2/ = (9=5te a=b=a) and / = (w, %) Now we present the following proposition.

Proposition 10. For 0 € {—A,0,A}, (2, Apy') = 245be 4 doay 4 w

Proof. Let Vi = {2/, (a+0,¢)) and V2 = (2/, (b,d — O)). First we have the following.

d—c+ «a a—b—«
Vi=—F— (a+D)+ —F—c
_d-c +a—b +d_c+alj+a_c
~p “"Tp ¢ D D ¢
7ad—bc+d—c+aD+a—c N
D D D

Similarly, we have the following.

d—c+a a—b—«
= . (d -0
Va D bt —F5 (d—0)

d—c¢ a—2b a—b—a b—d
p— . . —_— D .

D b+ o) d ) + D o
_adfbc afb—ozD_bed

D D D “

Now observe that (z', Agy’) = (v/, (V1, V2)). Now we have the following:

7a—c—ﬁ a—b—a«a

/ ~/, (ad—bc ad—bc d—b+8 d—c+a
<y,(V1,V2)><y,< 55 )>+ 5 —p O 5 -0
d—b+p8 a—c a—c—p b—d
ad—bc (d—=b)(d—c)—(a—c)(a—Db) (d—c+a)B+(a—b—a)p
~~ b 2 O+ 2 O
d—"b — d—"b)(a— —(a—c)(d—b —b—c+d
L Vot@ode  (@-Wedo—fa-dd-be azboctd
_ad—bc d—a (a4 8)O+ ap
=~ p " p D 2)
Weget(QasD=a—b—c+dand (d—b)(d—c)—(a—c)(a—b)=(d—a)la—b—c+d). O

E Proof of =-good lower bound with respect to =, A ,;,,

Before finishing the proof of the Theorem 2, we begin with the proof of Lemma 3

Proof. Let us first consider the case when d — ¢ > 2A. Observe that Vi = adec’ Vi, = adec + (dfb)z)(afc) - A and
Vi ,=a—A Foranya € (<52, %= and B € [b5L, %5 let ' = (45¢ + o, %52 —a) and ¥’ = (452 + B, %5¢ — B).
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Note that this parameterization ensures the range of z’, 3’ is equal to {5. It can be shown that (z/, Any’) = 245b< 4+
MD + 208 + Dap. We refer the reader to the Appendix E.2 for the detailed calculations.

We will now show that regardless of what values («a, ) take (equivalently, regardless of what values (z’,y’) take), there is at
least one of the three alternative matrices has error of more than e. If [Da3| > ¢, then [V} — (2, Aoy')| = [Daf| > . Let
F(A) = WD E@=ONLIAB I [Daf] < eand f(A) > 5, then (2, Any') Vi, = Dafi+ f(A) - E2UE=d A >
—e+ 5 > e. Similarly, if [DaB| < cand f(A) < £, then Vi — (2/, A_py) = % —A—-Dap+ f(A) <
Apin — A +e+ % < —e. Hence, we proved that for any (z/,y') € £ X Do, there exists a matrix B € {Ag, Aa, Aan}
such that the following holds:

Vi — (2, By)| > ¢

Next we consider the case when d — ¢ < 2A. Observe that V; == ad_be vy =d—Aand Vi , =a— A. For
any o € [“5%, 95 and B € [252, 45¢), let 2’ = (45¢ + o, %52 — @) and i = (95% + B, %5¢ — B). Note that this

parameterization ensures the range of 2, 3/’ is equal to o. Recall that (2, Any’) = adec + (dfb)g(afc) O+206+ Dag.

We will now show that regardless of what values (o, 3) take (equivalently, regardless of what values (', y") take), there is
at least one of the three alternative matrices has error of more than e. If [Daf| > e, then [Vi — (2, Aoy')| = |[Dap]| > e.

Let f(A) = WA +2A8.If |Dap| < € and f(A) > £, then we have the following:

_27

d—b)(d—
(@', Asy)) ~ Vi, = Dag + (&) - TTNAZD o
z-H%— 2C+A (asd—b< D/2)
2—6+% (asd — c < 2A)
> ¢

Similarly, if [Da3| < cand f(A) < &, then Vi, —(¢/, A_ay/) = “=D A_Daf+f(A) < Apin—Atet+s <
—e. Hence, we proved that for any (z',y’) € {2 X (o, there exists a matrix B € {Ag, Ax, A_a} such that the following
holds:

Vs — (&', By')| > €

E.1 Proof of Theorem 2

Let v 5 = N(Aij, 1) be the distribution of an observation when playing pair (i, j) with matrix A. Let P4 denote the
probability law of the internal randomness of the algorithm and random observations. If an algorithm is (£, 6)-PAC-good and
outputs a solution (Z, y) then minyg P4 (|Vi — (Z, Ay)| < &) > 1 — . We will show that if an algorithm is (e, §)-PAC-good
then it can also accomplish a particular hypothesis. We will conclude by noting that any procedure that can accomplish the
hypothesis test must take the claimed sample complexity.

For any pair of mixed strategies (, §) output by the procedure at the stopping time 7, define

A_A,Ag, A ar a V5 — (z, By)|,
6= 1A s Ao As}\arg | max (Vi (3,57

breaking ties arbitrarily in the maximum so that ¢ € {A_a, Ao} U{A_a, Aa} U {A4p, Aa}. Note that
Pa, (Ao € ) = Pa, (Ao € ¢, |V, — (, Aoy)| < &) = Pa, ([Vi, — (7, Aoy)| <€) 216 3)

where the equality follows from the Lemma 3: at least one of the three matrices must have a loss of more than €, but Ay has
a loss of at most ¢, thus Ay € ¢. Now because

2max{Pa, (¢ = {Ao, A-a}),Pa, (¢ = {Ao, Aa})} 2 Pa, (¢ = {Ao, A_a}) +Pa, (¢ = {Ao, Ar})
:PAO(AO E(b) > 1—-6
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we have that P4, (¢ = {Ag, A_a}) > 52 or Pa (¢ = {Ag, Aa}) > 352. Let’s assume the former (the latter case is
handled identically). By the same argument as (3) we have that P4, (¢ = {Ap, A_a}) < 6.

For a stopping time 7, let N, ;(7) denote the number of times (4, j) is sampled. Recalling that ij = N(4;;,1), we have
by Lemma 1 of Kaufmann et al. (2016) that

ZZEAO[Ni7j(T)]KL( ;4]O7 Vij ) > d<PAo(¢ {AO’ *A})’]P)AA <¢ = {A07A7A}))

where for any 7, j € {1,2}, KL( ;4;’, vi )= A%/2and d(p, q) = plog(?

d(Pa, (6 ={Ao, A_a}),Pan (¢ ={A0, A_a})) > d(152,6)

QI3
~
+
—~

—_
|
=
~
[a—
Q
0
—~
e
IS]
~—
|22
—
=
(@]
[¢]

1-6)2
log(5r7557)

)
> 2log(L5) — 1/8 > 2 1og(1/300)
and 7 = Ny 1(7) + Ny 2(7) + N2,1(7) + N2 2(7) we conclude that

log(1/306) . [log(1/300) log(1/304)
A7 T 362 0 36A2,

min

EAO [T] >
as claimed.

E.2 Calculations for Lemma 3

Recall that 2/ = (45¢ + o, %5% —a) and y' = (45% + 3, %5¢ — B). Let (An)] denote the i-th row of Ay and (An)§

denote the j-th column of Ap.

First, observe that (z/, (An)§) = 45¢ - a + 4=¢. O+ aa+0a+ 2 D
Similarly, we have (z/, (An)$) =

. 0—ca—Oa =25 + O+ (a—c)a.
o=t .O—da+Oa = 252 — 0O+ (b—d)a.

Now we present the following proposition.

Proposition 11. (z/, Aqy') = 245be 4 (d_b)g(a_C)D +208 + Do

Proof. Let Vi = (2, (Ap)§) and Vo = (2/, (An)s). Now observe that (z', Agy’) = (v/, (V1, V2)). Now we have the

following:
(v, (V1,Va)) = <y’, (ad; e ad]; bc>> + (db +5) <a;c — ﬁ) n

—&—(dl_)b+5>'(a—c)a—(al_)c—ﬂ> (d—b)a

_ad—bc (d—b)—(a—c)

=5+ 5 O-+208
+(d—b)(a—6)5(a—0)(d_b).a+(a—b—c+d)a6
:adl;bc+(d—b)l—)(a_C)D+QDB+Da5 (asD=a—-b—c+d)

O

F Proof of c-good lower bound for games with multiple Nash Equilibria

Before finishing the proof of the Theorem 3, we begin with the proof of Lemma 4
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Proof. Let us first consider the case when D = d — ¢ > 2A. Observe that Vi =a, Vi, =a+ % - A and
Vi . =a— A Forany a € [—1,0] and 8 € [“%fl, Sl letr’ = (1 4+, —a)and y' = (d’Ta + B, “5¢ — B). Note that
this parameterization ensures the range of ', 3/’ is equal to g. It can be shown that (¢, Agy’) = a + WD +
2008 + Dap. We refer the reader to the Appendix F.2 for the detailed calculations.

We will now show that regardless of what values («, 3) take (equivalently, regardless of what values (z’, y') take), there is at
least one of the three alternative matrices has error of more than e. If [Da3| > ¢, then [V} — (2, Agy')| = [DafB| > . Let

F(A) = =2 AL ONB If [Daf| < e and f(A) > 4, then (27, Any') — Vi, = Daf+ f(A)— =050 A >
—e+% > e. Similarly, if [Da| < eand f(A) < §.,then Vi —(2/, A_ay') = ~A—Daf+f(A) < —A+e+5 < —¢.
Hence, we proved that for any (2/,y') € Do X (o, there exists a matrix B € {Ag, Aa, A2} such that the following holds:

Vg — (', By')| > ¢
Next we consider the case when d —c < 2A. Observe that Vi =a, V3, =d—AandV}  =a—A. Foranya € [-1,0]

and 5 € [“Tzd, Sl letx’ = (1+a,—a)and y’ = (% + B, 45¢ — ). Note that this parameterization ensures the range
of 2/, 4’ is equal to {\o. Recall that (z', Apy’) = a + WD + 208 + Dag.

We will now show that regardless of what values («, ) take (equivalently, regardless of what values (2',y’) take), there is
at least one of the three alternative matrices has error of more than e. If [Daf3| > ¢, then [V{ — (z', Aoy’)| = [Daf| > e.

Let f(A) = WA +2AB. If |Daf| < e and f(A) > £, then we have the following:

d—a)(d—
(' Asy) ~ Vi, = Das + f(a) - NIy
2,5+57d;C+A (asd—a<D/2)
2—64-5 (asd—c<2A)
>e€

Similarly, if |[Daf| < € and f(A) < %, then Vi — (2, A ay) =-A—-Daf+ f(A) < -A+e+ % < —e. Hence,
we proved that for any (2/,y’) € 2 X (2, there exists a matrix B € {Ag, Aa, A_a} such that the following holds:

Vs — (&', By')| > €

F.1 Proof of Theorem 2

Let y{f‘j = N(4;;,1) be the distribution of an observation when playing pair (i, j) with matrix A. Let P4 denote the
probability law of the internal randomness of the algorithm and random observations. If an algorithm is (g, 6)-PAC-good and
outputs a solution (Z, y) then minyg P4 (|Vi — (Z, Ay)| <€) > 1 — §. We will show that if an algorithm is (e, §)-PAC-good
then it can also accomplish a particular hypothesis. We will conclude by noting that any procedure that can accomplish the
hypothesis test must take the claimed sample complexity.

For any pair of mixed strategies (, 7) output by the procedure at the stopping time 7, define

¢ = {A*A7A07AA} \ arg Be{Aanaﬁo,AA} Ve — (z, BY)l,

breaking ties arbitrarily in the maximum so that ¢ € {A_a, Ao} U{A_a, Aa} U {A4p, Aa}. Note that
Pag(Ao € 6) > Pay (Ao € 6, Vi, — (& Ao < &) = Pay (Vi — (7 Aof)| <2) 215 @

where the equality follows from the Lemma 4: at least one of the three matrices must have a loss of more than €, but Ay has
a loss of at most ¢, thus Ay € ¢. Now because

2max{Pa, (¢ = {Ao, A-a}),Pa, (¢ = {Ao, An})} 2 Pa, (¢ = {Ao, A_a}) +Pa, (¢ = {Ao, Ar})
:PAO(AO E(b) > 1—-6
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we have that P4, (¢ = {Ag, A_a}) > 52 or Pa (¢ = {Ag, Aa}) > 352. Let’s assume the former (the latter case is
handled identically). By the same argument as (4) we have that P4, (¢ = {Ap, A_a}) < 6.

For a stopping time 7, let N, ;(7) denote the number of times (4, j) is sampled. Recalling that ij = N(4;;,1), we have
by Lemma 1 of Kaufmann et al. (2016) that

2 2
SO Ea [Nij(MIKLW, v2) > d(Pa, (¢ = {Ao, A_a}), Pan (¢ = {Ao, A_a}))
i=1 j—=1

where for any 4, j € {1,2}, KL(v;*,v2) = A2/2 and d(p, q) = plog(£) + (1 - p) log(1=2 £). Since

l_]’ 'Lj

d(Pa, (¢ = {Ao, A_n}),Pas (¢ = {Ao, A_a})) > d(152,6)
152 log (5%

75 -5
=2 10%(1275)
—5)?
%log(%%§>—-%10g<§1+$)
) —

> log(LE2) — 1/8 > 11og(1/300)

+

and 7 = N1 1(7) + N1,2(7) + No,1(7) + N2 o(7) we conclude that

log(1/306)  log(1/300)
A2 36e2

]EAO [T] >

as claimed.

F.2 Calculations for Lemma 4

Recall that 2/ = (1 4 o, —) and y’ = (452 + B3, %5¢ — B). Let (Ap)’ denote the i-th row of A and (Ag) denote the
j-th column of Aq.

First, observe that {2/, (Ag){) = 1-a+1-0+aa+UOa —ca — Oa = a+ 0O+ (a — ¢)a. Similarly, we have
(@, (Ap)s) =1-a—1-04+ac—Oa—da+Oa=a—0+4 (a — d)a.

Now we present the following proposition.

Proposition 12. (2/, Aqy') = a + “=9-=97 4 905 + Dag

Proof. Let Vi = (2/,(Ap)S) and Vo = (2, (Ag)$). Now observe that (z', Agy’) = (', (V1,V2)). Now we have the
following:

<y',<v1,va>>=<y',(a,a>>+(‘““w) a- (“gc—ﬁ) 0

+(d5a+ﬁ)4a—@a—(agc )md—@a
st (d_“)l_)(“_c)mmm

+ (dfa)(afc)l;(afc)(dfa) ca+(a—c+d—a)ap
:a+(d_a)[_)(“_c)m+2m+1)aﬁ (as D =d—c)

G Proof of =-Nash equilibrium Upper Bound

We establish the sample complexity and the correctness of the Algorithm 2 by proving the Theorem 6.
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Proof of Theorem 6. Let A; 4.+ denote the empirical mean of A;; at time step ¢. Let us begin by defining two events:

1 2log(16T/6
Ay < \fHosteT/e)

@Q
Il
DL
.
-9”
&

~
Il
-
o
Il
-
<
I
A

— Ay < W}

&=

|
e
91\7

E

©
Il
—
<.
I
-

A union bound and sub-Gaussian-tail bound demonstrates that P(G° U E°) < P(G°) + P(E°) < §. Consequently, events
E and G hold simultaneously with probability at least 1 — §, so in what follows, assume they hold.

If A has a PSNE and if the condition in the line 8 of the algorithm 2 is satisfied, then we identify an e-Nash equilibrium

n %(MTT) time steps due to Lemma 20 and Corollary 2. On the other hand, if A has a PSNE but the for loop
8log(16/9)
52

completes after ¢ = T iterations, then we identify an e-good solution in 7" =
800 log(16T)
A2

time steps due to Lemma 1. Note

that in this case, T < :
(0] (min {bgg#, logA(zﬂ }) time steps.

min

due to Lemma 20. Hence, if A has a PSNE, we identify an e-Nash equilibrium in

Let us assume for the rest of the proof that A has a unique Nash equilibrium which is not a PSNE. If the condition in the line
10 of the algorithm 2 is satisfied, then we identify an e-Nash equilibrium in 7" = w time steps due to Lemma 1.

2 O,
Now observe that in this case 7' = O <min { logg/ J) , AmQEL g(zT/[s) }) due to Lemma 25. On the other hand, if the for loop

completes after ¢ = T iterations, then we identify an e-good solution in 7" = M time steps due to Lemma 1. Note

800 log( 16T
% due to Lemma 20.

min

that in this case, T <

Now let us assume for the rest of the proof that the condition in the line 13 is satisfied. Then due to Lemma
800A2, log(18T) 450A2, log(18T)
—opp - S N o< — P

tify an e-Nash equilibrium in 7" = %%6/5)

A? 1o ) og (16T .. . . .
0] (min {logg/‘s),max logA(sz/é), m2 12;;(2T/ )} as T < %(1%) + N. If the condition in the line 15 is

26, we have If the condition in the line 15 is satisfied, then we iden-

time steps due to Lemma 1. Now observe that in this case 7' =

g

min min

not satisfied, then we identify an e-Nash equilibrium due to Lemma 27. In this case, let the number of times we
800log(16L) | 450A2, log(14T)
o = TP

A2 o )
5o ) D

G.1 Consequential lemmas of Algorithm 2’s conditional statements

Hence,

are required to sample each element be nyg. Then ng < T and ng <

Recall the definitions of events F and G. We first present a few lemmas that deal with empirical estimates and instance
dependent parameters like Apin, D, Apyyy Apny s Apin and |D|. Whenever we fix a time step ¢ < T and discuss the
parameters like Apin, D, Ay, and A, we consider those values that have been assigned to these parameters during the time
step t.

We begin with upper bounding |A i, — Amin| and |A,,, — Am2| in the following lemma.
Lemma 19. Fix a time step t < T. If the event G holds, then we have the following:

* [Amin — Amin] < 2A

© (A, — Ay <2A

Proof. As the event G holds true, we have ||A;; — Ay /| — |Ai; — Airj|| < 2A for any i, j,’, j'. By repeatedly apply
Lemma 18, we get |Apin — Amin| <2Aand |A,,, — Am2| < 2A. O

The following lemma upper bounds the number of time steps required to satisfy the condition 1 < Qmint24

Apin—24A — 27
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Lemma 20. Let t be the time step when the condition 1 < % <3 5 holds true for the first time. If the event G holds,

800 log(25L )
A2

min

thent <

800 log(1¢L)
A2

min

Proof. Consider the time step ¢ = . Let us assume that the event G holds. Then for every element (i, j), we

have |A;; — A”| <A =/ % = Am‘“ . Now observe that A,i, + 2A < Ay + 4A = m‘" . Similarly, we have

Apin — 20 > Ay — 4A > 4Am‘“ Hence we have 1 < 72“““f§2 <3

The following two lemmas bound the ratios Am‘“ and A’"2
o

Lemma 21. Let t be the time step when the condition 1 < % < % holds true for the first time. If the event G holds,

5 Amin é .
then 3 < —— <jat the time step t.

min

Proof. Let us assume that the event G holds. Then for every element (z Jj), we have |A;; — A; J| < AL As %ﬂ <3 5, we

A A A A
< mln min < mln < min min > _ min £ min —
have A . Now observe that Ao S KBRS A= 2. Next observe that e Z R ton 2 GALTs

5. 0

Lemma 22. Let t be the time step when the condition 1 < é‘“‘"ijfi < % holds true for the first time. If the event G holds,

min

5 o Amy 5 .
then 3 < Ao <zat the time step t.

Proof. Let us assume that the event G holds true. Then for every element (3, j), we have | 4;; _Aij| < A. As % < %,
S < B mp o Bmy o Bmp s By " By

we have A < < . Now observe that < T < A5 = 1 Next observe that Ao > X 12 >

Am2 _5 O

6Am,/5  6°

The following lemma and the subsequent corollary relates the empirical matrix A to the input matrix A.

Lemma 23. Let t be the time step when the condition 1 < émf“itgi < % holds true for the first time. If the event G holds,

then at any time step to such that t < tq < T, we have the following:
o If Aij, > Aijy, then Ajj, > Aij,
o IfAjy; > Aiyj, then Ay j > Ayj
o If Aij, > Aij,, then Aij, > Aij,
o IfA; ;> Auyj, then Ay j > Aiyj

Proof. As SminT==

(i,j),wehave |Aij*ﬁij|§\/@§A.

If A;;, > A;j,, we have the following:
Aijy = Ay, — A
Z Aijg + Amin -A (as Aijl A’LJg > Amin)

> Ay, +A (as A < Bumin)
> Ay, (as event G holds)
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If A;,; > Aj,j;, we have the following:

All] > A — A
> A+ Apin — A (as Ajj — Aiyj > Amin)
> Apj+ A (as A < Sgin)
> A, j (as event G holds)
If A;j, > A;j,, we have the following:
Aijy > Ay, — A
Z A’ijg + Amin -A (as Aijl A’LJg > Amm)
> Aijz + A (as A< Ll"(‘)i“)
> Aij, (as event G holds)
If /Ll j> flil j» we have the following:
Aig > Aij — A
> A+ Amin — A (as Aj,j — Ajyy > Amin)
> Ajyy+ A (as A < Bpin)
> Ay (as event G holds)

O

Corollary 2. Lett be the time step when the condition 1 < % <3 5 holds true for the first time. If the event G holds,

min

then at any time step to such that t < tog < T, we have the following:
s (i,7) is PSNE of A if and only if (i, j) is a PSNE of A.
s A does not have a PSNE if and only if A does not have a PSNE.

The following lemma bounds the ratio %.

min+2A

Lemma 24. Let t be the time step when the condition 1 < 2 5 holds true for the first time. If the event G holds

<
and A has a unique Equilibrium which is not a PSNE, then 2 < % < g at the time step t.

5
6

Proof. Let us assume that the event G holds. Then for every element (i, j), we have |4;; — A;;| < A. As ﬁ <3

Apin D D D D _ 5
ar~1d 2A i < D, ~we have A < =m» < 55, Now observe that i < P < b = 1 Next observe that
D D D _ 5

[D] z D+4A = 6D/5 ~ 6" =

The following two lemmas bound the ratio AIDI when certain conditions in the algorithm 2 hold true.

Lemma 25. If the condition in the line 10 of the algorithm 2 holds true and event G holds, then D mf 2

4&

Proof. Due to Lemma 22, we have A,,,, > . Due to Lemma 24, we have | D| < GD . Hence, we have =552 > 2 SEE >
1—12. We get the latter inequality as the conditlon in the line 10 holds true. O
A 3Am,

Lemma 26. If the condition in the line 13 of the algorithm 2 holds true and event G holds, then 3| | < D < 3ot
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5Am ~ ~
Proof. Due to Lemma 22, we have —*2 < Ay, < |é.3 | <D< %. Hence, we have
2A7n2 A g
S0l = ho = ar- O

We now present the main lemma that establishes the correctness of the algorithm 2 when the input matrix A does not have a
PSNE.

Lemma 27. [f the condition in the line 13 of the algorithm 2 holds true and event G holds, then Nash equilibrium of the
matrix B is also an e-Nash equilibrium of A

Proof. First observe that A; < 1/21 (16T)/(20°A%"21°g($))7 D Dyetol 26. we then have A, < 32
rOOf. 1rst opserve al 1S Og €2D2 = 10&,,12. uec to Lemma , W €n nave 1S QOAmQ.

Let A;; := A;j — Byj forall i, j. As event G holds true and due to the construction of the matrix B, we have |A;;| <

e|D|
3A1 < Ay

As % <3 5 and A; < A, we have Ay < A“‘“‘ . Due to Lemma 21, we then have A; < Am‘“ . As the condition in the

line 13 holds true and due to Lemma 26, we have ‘ g’f < 21;’2 < 35

Now we show that B does not have PSNE. Recall that B;,;, = Ai,j1s Biyjs = Aiyjs» Birjs = Aijy — 241 and
Bi,j, = flml + 2A;. Due to Corollary 2, A does not have a PSNE. Hence, it suffices to show that 2A; < min{|A;; —
Ais|, | Aoy — Ao} A1 — Asyl, |A12 — Asa|}. As event G holds and due to Lemma 19, we have min{|Ay; — Aa|, | Aoy —
AQQ‘}|A11 — A21| |A12 — AQQ‘} > Amln — 2A1 As Al < A"“" , we have Amm 2A1 > 2A1 Hence, B does not have
a PSNE.

Let (z*,y*) := ((#7,23), (y1,y5)) be the Nash equilibrium of B. Let Dp = [B1; — B12 — Ba1 + Baa|. Observe that
Dp = |Ay1 — A1 — Aoy + Ags| > |D| — 4A; as event G holds true. Now we have the following:

« _ |Biy1 — Bija|

i2 DB
A1 — A; 2A
< [Ainn D12| + o (Due to the construction of B)
B
A, +2A
< % (Due to the choice of ¢; in Algorithm 2)
B
Ao, +4A
< ﬁ (as event G holds)
— 44
A, + Al /2 .
SNCECI (35 &1 < g < |DI/4)
_ 2Am2
D
3 A
<3 (as 757 < 2
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Similarly we have the following:

« _ By = Baj|
J2 DB

Ay, — Agj | +2A

< A1, D2j i+ 24 (Due to the construction of B)
B

A, + 2A

< % (Due to the choice of i; in Algorithm 2)
B

Ay, +4A

< ﬁ (as event GG holds)
— 44,

A, + A, /2 .
<l (as A < g < D]/
_ 20,

|D|

3 A

<3 (as 7pf < i6)

Hence, we have shown that 7, = argmax; ; and j; = argmax; y. .

Now we have Biljl = Ailjl < Ailjl + Al = Bi1j1 + Ahjl + Al. We also have Bi2j1 = Aigjl + 2A1 > Ai2j1 + Al =
thl + Ai2j1 + Al. Hence we have Ailjl Z 7A1 Z Aizjl'

Similarly, we have Biljl = Ailjl > Ailjl —A; = Biljl +Ai1j1 —A1. We also have Bi1j2 = AiljZ —2A1 < Ai1j2 —A; =
Bi1j2 + Ai1j2 — A1. Hence we have Ai1j1 <A < Ai1j2'

Hence, all the conditions of the Lemma 28 is satisfied by the matrices A and B. Hence, we can apply Lemma 28 and
conclude that (z*, y*) is an e-Nash equilibrium of A. O

G.2 Technical Lemma for Upper Bound

In this section, we present an important technical lemma that is used to establish the upper bound on the sample complexity
of finding e-Nash equilibrium.

Let us first define two matrices A; and A, as follows:

A — a b Ay = G+A11 b+A12
L= c d 2= c+Ay d+ Aoy

Let (z*,y*) := ((«7,2%), (yF,y3)) be the unique Nash equilibrium of A;. Let Supp(z*) = Supp(y*) = {1,2}. Let
i* 1= argmax; r] and j* := argmax; y;. Recall that A,,, := max{min{|a — b|,|d — ¢|},min{|a — |, |d — b[}} and
D :=a — b— c+ d. Now we present the technical lemma.

Lemma 28. Let |A;| < 2L foralli,j. If Ai-j > Ayj- foralli and A j- < A for all j, then (x*,y*) is an e-Nash
771,2

equilibrium of matrix As.

Proof. First, observe that (z*, Asy*) = 2950¢ 4 >i; T1Y; Aij. Let (A2)] denote the i-th row of A5 and (A2)f denote the
j-th column of A,. Now observe that ((As)7, y*) = 2452 + yi Ay + y5A12 and ((A2)5, y*) = 245 + i Aoy + 5 Ao
Finally, observe that ((45)§, z*) = 2952 4 27 Ay + 25 A0 and ((A2)5, %) = 2952 + 21 Ao + 25 Ags.
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W.lLo.g let us assume that ¢* = 1 and j* = 1. Now we have the following:

((A2)1,97) = (&7, Agy™) =
<

<

IN

((A2)3,y7) — (2", Asy™)

(@7, Agy™) — ((A2)1,27) =

IN

IN

<

(2%, Aay™) = ((A2)3,27)

5yt (Arr — Dor) + 25y5 (A2 — Aga)
z3y7 (|An] + A1) + 2595 ([ Arz] + [As2])
e|D|
Amz
L €|D
xQAnLQ
la —b| €[ D
D] Am,
€ (as la —b] < Apy)

EE

(z3y7 + 75Y3)

21y7 (Ao1 — Arr) + 27y5 (Asa — Ay2)

< 27y5 (Ao — Ala) (as Aj; > Agy)
< 2795 (|Aze| + |A12])

elD| . .
S A 152

m2

|Cl B C| 6|l)| * * la—c|
=Dl Am, (aswy < Tandy; = Tp7)
<e (asla—c| < Ap,)

z1Y5 (D12 — A1) + 2595 (D22 — Ao1)
z1y3 (|Av2| + |An1]) + 2395 (| A2a| + Ao )
e| D
Am2
€| D
2Am2
la —c| e|D|
|D| A"”Q
€ (asla—c| < Ap,)

(z1y5 + 595)

= 27y (A1 — A12) + 2597 (D91 — Aga)

< 25y7 (Ao — Agg) (as A1 < Aqo)
< 25y7 (|A21] + [Az2])

e|D| , .
< Amz%yl

la —b| €| D| . v la=b
=D A, (as yf < 1 and 2 = 7))
<e (asla —b] < Ap,)

O

H Proof of c-Nash equilibrium Lower Bound

Before finishing the proof of the theorem 5, we begin with the proof of Lemma 5



Arnab Maiti, Kevin Jamieson, Lillian J. Ratliff

Proof. Forany a € [<5%, 2=P] and B € [b54, %5€] let 2’ = (45¢ + o, %52 — a) and y' = (452 + B, 25¢ — B). Note that
this parameterization ensures the range of a’,y/ is equal to 9. It can be shown that (z/, Agy’) = “dgbc + (dfc)g(afb) O+
20a + Dagp. Let (Ag); denote the i-th row of A and (Ag)$ denote the j-th column of Ap. It can be shown that

(x', (Ap)S) = adec + (d—c)B(a—b)D +20a + (a — c)aand (2, (Ap)S) = adec + (d—c)B(a—b)D +20a + (b— d)a.
Similarly, it can be shown that (y/, (Ag)7) = 2452 + O+ (a — b)B and (y/, (Ap)3) = 2452 — O — (d — ¢)B. We refer
the reader to the Appendix H.2 for the detailed calculations.

Now we have the following:

(v, (A7) — (2, Aoy') = @D + (a—b)8 —20a — Daf

2(d

(v, (An)s) — (2, Any') = —T_C)D —(d—=¢)B —20a — Daf

(@', Agy’) — (@', (An)i) = Dap — (a — c)o
(@', Apy') — (2',(An)3) = Do + (d — b)a

Observe that if (2, 3’) is an e-Nash equilibrium of A, then (y/, (AQ)7) — (', Agy’) <e, (v, (An)s) — (z/, Any’) < e,
(@', Apy') — (@', (An)f) < e and (2, Agy') — (2, (An)3) <e.

We will now show that regardless of what values («, 3) take (equivalently, regardless of what values (2',y’) take), there is
at least one of the three alternative matrices for which (z’,y’) is not an e-Nash equilibrium. Let us assume that (2, y") is
an e-Nash equilibrium of A, otherwise Ay is the matrix for which (z’,y’) is not an e-Nash equilibrium. Now we have the
following:

Using the above equations, we get the following:

—e< Daf <e
2e
> _
fz d—c
2¢e
<
b= a—1b
If Aa < €, we have the following:
2(a—b
(W, (Aa)7) — (2', Any') = %A +(a—b)f —2Aa— Dap
2 _
2%A+(a—b)ﬁ—2Aa—s (as —Daf3 > —¢)
2(a—0>
Z%A—ZAQ—% (aSBZ—deC)
2(a—b
> %A — be (as —Aa > —¢)
=¢ (as A = 3B
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If Aa > ¢, we have the following:

2(d —¢)

(W' (A-a)3) = (o', Aay) = =5—A = (d = 0)f + 2Aa — Dafs

> @A —(d—c)f+2Aa—c¢ (as —Daf3 > —¢)

> 2(dD_C)A_(d—C)/6+€ (as Aa > ¢)
2(d —¢) 2(d —¢) 0

> D A— a—b ete (as =B > —=5)

:6(d—C)8_2(d—C)€+E (aSA JED)
a—b a—b>b

>¢€

Hence, we proved that for any (2',y’) € D2 X (o, there exists a matrix B € {Ag, Aa, A_a} such that (2',y") is not an
e-Nash equilibrium of B. O

H.1 Proof of Theorem 5

Let V{j‘j = N(A;j,1) be the distribution of an observation when playing pair (,j) with matrix A. Let P4 de-
note the probability law of the internal randomness of the algorithm and random observations. Let fa(z,y) =
max{max,ep, (¢', Ay) — (x, Ay), (z, Ay) — miny cp,(z, Ay’)}. If an algorithm is (e, §)-PAC-Nash and outputs a
solution (Z,y) then ming P4 (fa(Z,7) < ) > 1 — 6. We will show that if an algorithm is (e, §)-PAC-Nash then it can also
accomplish a particular hypothesis. We will conclude by noting that any procedure that can accomplish the hypothesis test
must take the claimed sample complexity.

For any pair of mixed strategies (7, §) output by the procedure at the stopping time 7, define

={A_A Ay, A T,7
={A_x, Ao, A}\arg seia” A’AU’AA}fB(%y),

breaking ties arbitrarily in the maximum so that ¢ € {A_a, Ao} U{A_a, Aa} U{Ap, Aa}. Note that

Pao(Ao € ¢) 2 Pa, (Ao € ¢, f4,(T,Y) <€) =Pa,(fa,(, ) <€) 21-0 (5)

where the equality follows from the Lemma 5: at least one of the three matrices must have a loss of more than ¢, but Ay has
aloss of at most €, thus Ay € ¢. Now because

2max{Pa, (¢ = {Ao, A-a}),Pay(¢ = {Ao, Aa})} > Pay (¢ = {Ao, A-a}) + Pa,(¢ = {40, Ar})
=Py, (Ap€p)>1—-0

we have that P4, (¢ = {Ag, A_A}) > 152 or P4, (¢ = {4, An}) > 15°. Let’s assume the former (the latter case is
handled identically). By the same argument as (5) we have that P4, (¢ = {4, A_a}) < 4.

For a stopping time 7, let N; ;(7) denote the number of times (4, j) is sampled. Recalling that u{j‘j = N(A;;,1), we have
by Lemma 1 of Kaufmann et al. (2016) that

ZZ Ao INi (MK L(v3,v3) 2 d(Pay (6 = {Ao, A-n}), Pas (6 = {40, A-a}))

where for any 7, j € {1,2}, KL(v;*,v %) = A2/2 and d(p, q) = plog(%) (1- )log( ) Since

117 1_]

d(PAo (¢ = {AOa A—A})vlpAA (d) = {AOa A—A})) > d 1%7 5)
1 176) 1+61 g( 1+9 )

2(1-9)
—5)2
= 3 log(4) - gIOg(EstHz)s))
> Llog(LE2) — 1/8 > 1 1og(1/300)
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and 7 = N1 1(7) + N1,2(7) + Na,1(7) + N2 o(7) we conclude that

log(1/300) _ A2, log(1/305)
A2 B 9¢2 D2

EAO [T] >

as claimed.

H.2 Calculations for Lemma 5

Recall that 2/ = (%5¢ 4+ «, %5® — ) and y' = (952 + 3, %5¢ — B). Let (An)] denote the i-th row of A and (An)§

denote the j-th column of Ap.

First, observe that (y', (Ag)}) =
Similarly, we have (y', (Ag)%) =

Q.

asc.O—bp— 0B = 2=t 4+ O+ (a—b)B.

—b a+%.D+a6+D5+‘IBC«
cc— = —adgbc —0O+4 (e—=d)B.

d—b .
D

c\%\
o

_ a*b D—COé+DOé _ adfbc + (d*C)f(afb)Dd‘_
b+d ° |j—|—ba—|—Da—|— d_i O—da + Oa =

Next, observe that (z/, (An)§) = 45¢-a+ 95¢ -
(a — ¢)a 4+ 20cv. Similarly, we have {2/, (AQ)$5) =
adec + (d—c)B(a—b) O+ (b—d)o + 200

Now we present the following proposition.

Proposition 13. (z/, Apy') = 245be 4 (dfc)g(afb) O+ 20a + Daf3

Proof. Let Vi = (v, (An)7) and Vo = (v, (Ag)5L). Now observe that {2/, Agy’) = (2/, (V1,V2)). Now we have the

following:
, _/ , (ad—bc ad—bc d—c _(a—-b
W mava = (o (M50 ) (5 +a) o= (U5 —a) O

(G ra)-@-n- (5 -a) - @-ap
ad—be  (d—c)—(a—b)

_ 5 + 5 O+ 20«
UL DL B R
:ad5b6+(d_c)g(a_b)[H-QDa—i—Daﬁ (@asD=a—-b—-c+d

O

I Proof of n x 2 Matrix Upper Bound

We now establish the sample complexity and the correctness of the Algorithm 3 by proving the Theorem 8.

Proof of Theorem 8. Let A; 4.+ denote the empirical mean of A;; at time step ¢. Let us begin by defining two events:

2
ﬂ i — _i A7 < 2 log(StnT/é) }

i D: I 5%

log(8n /6
|< 20g(j§/)}

N0}
S

A union bound and sub-Gaussian-tail bound demonstrates that P(G¢ U E°¢) < P(G¢) + P(E*) < §. Consequently, events
E and G hold simultaneously with probability at least 1 — §, so in what follows, assume they hold.

If A has a PSNE and if the condition in the line 6 of the algorithm 3 is satisfied, then we identify a PSNE in %

time steps due to Lemma 30 and Corollary 3. On the other hand, if A has a PSNE but the outer for loop completes after
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t = T iterations, then we identify an e-good solution in 7' = M time steps due to Lemma 1. Note that in this case,

8nT
T < %(_5) due to Lemma 30.
Let us assume for the rest of the proof that A does not have a PSNE. If the outer for loop completes after ¢ = T iterations,
810g(8n/5) 800 log(%)
g2 Az

min

then we identify an e-good solution in 7' = time steps due to Lemma 1. Note that in this case, T <

due to Lemma 30.

Now let us assume for the rest of the proof that the condition in the line 8 is satisfied. If the condition in the line 14 is
satisfied, then we identify an e-Nash equilibrium in 7' = w time steps due to Lemma 1. Now observe that in this
800 log(82L)  722log(8nT

case T' < max { Az , Az } due to Lemma 30 and Lemma 34. If the condition in the line 19 is satisfied,

then we identify Supp( ) and Supp( *) due to Lemma 33. In this case, let the number of times we are required to sample

each element be ng. Then ny < max { 500 125(%)’ 7 1°§§8’3T) } + 1 due to Lemma 30 and Lemma 34. O

min g9

L1 Consequential lemmas of Algorithm 3’s conditional statements

Recall the definitions of events F and G. We first present few lemmas which deal with empirical estimates and instance
dependent parameters like Amm, Ag, Amin and A, . Whenever we fix a time step ¢ < 7" and discuss the parameters like
Amin, A ,A” and A, we consider those values that have been assigned to these parameters during the time step ¢. We begin
with upper bounding |A i, — Amin| in the following lemma.

Lemma 29. Fix a time step t < T. If the event G holds, then we have the following:

|Amin - Annin‘ S 2A

Proof. Let us assume that the event G holds. Then for every element (i, j), we have |A;; — A;;| < A. Then we have
|[Aij — Airjr| — |Aij — Agjr|| < 2A forany i, j,7, j'. By repeatedly applying the Lemma 18, we get |Apin — Apin| <
2A. O

The following lemma upper bounds the number of time steps required to satisfy the condition 1 < % < %

Lemma 30. Lett be the time step when the condition 1 < % <3 5 holds true for the first time. If the event G holds,
800 log( 82T
- E—

thent <

min

log( 8L -
M. Let us assume that the event G holds. Then for every element (i, j), we

min

Proof. Consider the time step ¢t =

have |A4;; — A”| < A= % = m‘“ . Now observe that A, + 2A < Ay + 4A = "‘“‘ . Similarly, we have

Apin — 2A > Ay — 4A > 4A""“ Hence we have 1 < % <3

The following lemma bounds the ratio m‘“ .

Lemma 31. Let t be the time step when the condition 1 < émf“%gi < % holds true for the first time. If the event G holds,

then 2 2 < ﬁ“““ < % at the time step t.

min T

Proof. Let us assume that the event G holds. Then for every element (z J), we have |A;; — 2]| <A As ﬁ <3, we

< Amm S < Amin « _Amin min > _ Bmin > Armn —
have A . Now observe that £ YNy 2. Next observe that ey ey Ay —

5. 0

Now let us define the notion of strong dominance.

Definition 4 (Strongly dominate). We say that a row i of a matrix A strongly dominates a row j of A if Ajx > Aj1 and
Aip > Aj2
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The following lemma and the subsequent corollary relates the empirical matrix A to the input matrix A.

Lemma 32. Let t be the time step when the condition 1 < %"“"7"’22 < % holds true for the first time. If the event G holds,

min —

then at any time step to such that t < to < T, we have the following:
o If Aij, > Aijy, then Ajj, > Ay,
o If Ay > Ay, then Ailj > Ailj
o If Aij, > Aij,, then Ay, > Aij,
o If Ai; > Auj, then Ay ;> Aij

min

. = 2log(82L
(4,7), we have |A;; — Aij| <4/ %‘5) <A.

If A;j, > A;j,, we have the following:

Proof. As % < %, we have A < A%Oi“. Due to Lemma 31, we have A < %. As event G holds, for any element

A, > Aij, — A

> Ajj, + Amin — A (as Ajj, — Aij, > Anin)
> Aij, +A (as A < Sumin)
> Ajj, (as event G holds)

If A;,; > Aj,j;, we have the following:

Aij > Aij— A

> A+ Apin — A (as A; j — Ay > Apin)
> Aigj + A (as A < Lg‘i“)
> A, (as event G holds)
If A;;, > A;j,, we have the following:
Aijy 2 Aij, — A
> Aijy + Amin — A (as Ay, — Aijy > Apin)
> AijQ + A (as A< Almoi“
> Ayj, (as event GG holds)
If A;,; > A;, ;, we have the following:
A > Ay — A
> Ajyj + Amin — A (as Aiyj — Aiyj > Apin)
> A+ A (as A < Bpin)
> Aiyj (as event GG holds)
O

Corollary 3. Lett be the time step when the condition 1 < Q"Lwi < % holds true for the first time. If the event G holds,

min

then at any time step to such that t < tog < T, we have the following:
s (i,7) is PSNE of A if and only if (i, j) is a PSNE of A.
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* A does not have a PSNE if and only if A does not have a PSNE.

o The row i of A strongly dominates the row j of A if and only if the row i of A strongly dominates the row j of A.

We now present the main lemma that establishes the correctness of the algorithm 1 when the input matrix A does not have a
PSNE.

Lemma 33. Let (x*,y*) be the Nash equilibrium of A. If the condition in the line 19 of the algorithm 3 holds true and
event G holds, then {i1,i2} = Supp(x*) and {1,2} = Supp(y*).

Proof. As condition in the line 19 of the algorithm 3 holds true and event G holds, A does not have a PSNE. Due to
Corollary 3, A does not have a PSNE. Hence {1,2} = Supp(y*). Moreover, | Supp(z*)| = 2 as A has a unique Nash
equilibrium.

As A has no row that strongly dominates any other row, A does not have a row that strongly dominates any other row due

to Corollary 3. As QHL% < %, we have A < AT Due to Lemma 31, we have A’ < A < AT Therefore, for any

o min 6A/ GA/ 1 . .
i,j,k € [n], A= Aa A = AR A —A] < 3a— < 3. Hence, we can apply the lemmas in the Section I.2.

Now let us assume that {i1,i2} # Supp(z*). Let B = [A;;1, Ai 2; Aiy1, Aiye] and (x5, yp) is the Nash equilibrium of B.
Then due to Lemma 37, 3i € Supp(z*) \ {¢1,42} such that V5 — (yp, (Ai1, Aiz)) < 0. Now we have the following:

A < (lAin - Am\j‘ | iy - Aszz(V/’{ - <}/'» (Ai}7z‘ii2)>)
g = |[Ai1 — Aio] + |Aiy1 — Aige| + A — Aio
< (Ain = Aipo| + [Ais1 = Ai2]) (Vi — (yB, (Air, Ai2))

< +4A’ (due to Lemma 36)
|Aiy1 — Aija] + [Aiy1 — Aiya] + [Ain — Asg
<4A (as Vi — (yp, (Air, Ai2)) < 0)
This contradicts the fact that the condition in the line 19 of the algorithm 3 holds true. Hence {41,i2} = Supp(z*). O

The following lemma upper bounds the number of time steps required to return the support of the Nash equilibrium when
the input matrix A does not have a PSNE.

Lemma 34. Let the condition in the line 8 of the algorithm 3 hold true. Let t' be the time step when both the conditions

| Supp(z')| = 2 and Ag > 4A’ hold true simultaneously for the first time. If the event G holds, then t' < %&8%).

A3
Let (2*,y*) be the Nash equilibrium of A. Let Supp(z*) = (i*,7*). Let A, = [Aj1, Aivo; Aje1, Ajeo] and A,
[Aje1, Aj=a; Aje1, Aj=o]. Let (2", y"") be the Nash equilibrium of A,. Then for any ¢ ¢ Supp(z*), we have the following
due to Lemma 36.

Proof. Consider the time step ¢’ = 722108(%57) | et us assume that the event G holds. Then A/ = /2 log(82L) /(t') = %g.

(|Aj1 — Ajea| + |Aje1 — Ajea
|Aie1 — Ao + |121j*1 - Aj*2| + A — Al
(|Airy — Aia| + [Ajer — Ajea|)(VA, — (v, (Air, Ai2))
- | A1 — Ajea| + [Aje1 — Ajeo| + |Ain — Aia|
> Ay — 154/
= 19A’ — 15A/
=4A" >0

)(Vi = (", (Ain, Ain)))

— 154/

Hence, due to Lemma 38, (2/,') is the unique Nash equilibrium of A and Supp(z’) = {i*,j*}. This implies that

A, > A, — 15A" = 19A’ — 15A7 = 4A/,
0
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I.2 Technical Lemmas for upper bound

In this section, we present few technical lemmas that are used to establish the upper bound on the sample complexity of
finding the support of the Nash equilibrium in n X 2 matrix games.

We first define matrices A1, Ay, Az and A4 as follows:

a b a+A11 b+A12
b A b+ A
A= |c d|As= |c+Ag1 d+ Ags A3{Z d]Az&[ZIAH diAu
e f e+ Asz1 f+Aso o *

Let us assume that |A;;| < A for all 4,j. Let us assume that a > b,a > ¢,d > b,d > c. Let us also assume that
e # f,e £ a,e # ¢, f #0b,f # d. Let us also assume that a + A1y > b+ Ag,a + Ay; > ¢+ Aoy, d + Agp >
b+ A12,d+ Ags > ¢+ Ag;. Let us also assume that no row of A; strongly dominates any other row. Now we present the
following lemma that would be useful to compute the parameter A,,.

Lemma 35. Let (z*,y™) be the Nash equilibrium of As. Then we have the following:
(ad — bc) — (af — be) + (cf — de)

V;{g - <y*7 (6,f)> =

a—b—c+d
Proof. First observe that Vi = % and y* = (a_‘;:z Td ab—eT ). Next we have the following:
ad — be d—>b a—c
Vi — " = —_e- _r.
A~ W (e ) a—b—c+d € a—b—c+d /

a—b—c+d
_ (ad —bc) — (af —be) + (cf — de)
N a—b—c+d

Next we present the following two propositions that would be useful to prove other technical lemmas in this section.

|d—fl4+]|c—e|+|b—f|+]|a—e|+|b—d|+]|c—qa] <3

Proposition 14. Ta—b[Fle—dFle—7]

Proof. W.l.o.gletus assume that e < f. As no row of A; strongly dominates any other row, we have @ > e and b < f. Now
observe that [a—c|+|b—d| = a—b—c+d = |a—b|+|c—d| and [a—e|+|b— f| =a—b—e+ f = |a—b|+|e—f|. Ifc > ¢
andd < f,thena > ¢ > eand b < d < f. Hence, we have [c—e|+|d— f| < |a—e|+|b— f| = |a—b|+ |e — f]. Similarly,
ife>cand f <d,thena > e > candb < f < d. Hence, we have |c—e| + |d — f| < |[a—c| + |b—d| = |a —b| + |c—d|.
‘d_fH‘C_f(ltlzjlfccljﬁ+_|ilf}?_dl+‘c_al <3 0

[(ad—be)— (af —be)+(cf—de)]
Jabltle—dtle—m? = 2

Therefore, we have

Proposition 15.

Proof. W.l.o.g let us assume that e < f. As no row of A; strongly dominates any other row, we have a > e and b < f.
We have (ad — be) — (af —be) + (¢f —de) = (d—b)(a—b—e— f)—(f —b)(a —b— ¢+ d). Now observe that
la—c|+|b—d| = |a—b|+|c—d| and |a—e|+|b— f| = |a—b|+|e— f|. This implies that |[d—b| < |a—b|+|c—d|+|e— f|.
[f =bl <fa=bl+[c—d|+|e—fl.Ja—b—ctd| < |a—b|+|c—d|+|e— fland [a—b—e+ f| < [a=b[+|c—d|+|e— f]

|(ad—bc)—(af—be)+(cf—de)| |d—blla—b—e— f|+|f—b|la—b—c+d]
Hence, we have "=z = (a—bTlc—di TTe—T1)? <2 -

We present the following lemma that serves as a concentration inequality for the empirical estimate of A,.
Lemma 36. Ler (z*,y*) be the Nash equilibrium of Az and (x',y') be the Nash equilibrium of Ay. Let Ay, =
(a—b—ctd)(Va, —(y",(e,/))) (o' =t —c"+d") (Vi (', (.F)

b e drtle—yT 94 Bay = —Japrre—arre g Whered = at+ A, b =b+Arp, ¢ = et Ay, d' =
d+ Agg, e/ = e+ Az and [/ = f + Aszo. Then we have the following:

Ay, > Aag —15A
Moreover, zj‘m < i and A 4, <0, then we have the following:

Ay, <Ay +4A
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Proof. Due to Lemma 35, we have A 4, = (24 |Zc)b‘fra|£ sflle(cj;l ) and A Ay = (“,dl_ll’;,cl_)b_, l(j,‘z,,__s,ﬁ)lz(_c}f,‘_dlel) where

a = CL—FAH,b/ = b+A12,C/ = C—|—A21,d/ = d+A22,€ = e+ Az; and f/ = f+A32. Let N = (ad—bc) —
(af —be)+ (¢f —de)and M = |a —b|+ |c—d| + |e— f|. Let N = (d/d' = V') — (df' = V') 4+ (¢ f/ — d'¢’) and
M =|d =V|+|d —d|+]|e — f|. Observe that N’ = N + (d — f)A11 + (e — ) A2+ (f — 0)As1 + (a — €)Ags +
(b — d)As1 + (¢ — a)Ase. Now we have the following:

N’ >N—(|d—f|+|e—c\+|f—b|—|—|a—e\+|b—d|+|c—a|)A

M = M(1+%2)
N 6A\
> (2L e ..
> ( U 3A> (1 + M) (due to Proposition 14)
v %
N N & 54
“u W 1+A+3A 1+A
M
N IN|
ZM_?)A e -6A (as 82 =0
N
> U 3A —2-6A (due to Proposition 15)
N

If % < 0, then we have the following:

N’ < N+ (d=fl+le—cl+|f =bl+|a—e|+]b—d|+ |c—a|])A

M= M( - 57)
N 6A
< = _ 2= ..
< < i + 3A) <1 i ) (due to Proposition 14)
N 6A
:<M+3A> 1+@ (as(l—2)" =1+ ;%)
Vol N %
:M+3A+M'1_%+3A~l_%
<N 3A + 3A L 82 <land & <0
_MJr + 3 (as 7 and 77 <0)
N
= — +4A
M+
O
Next we define matrix B as follows:
a b
c d
B = e f
g h

Let us assume that a > b,d > c,e > f,h > g. Let us also assume that a > c and d > c¢. Now we present the following
lemma where we establish important properties of the optimal rows (rows that are in the support of the Nash equilibrium).
Lemma 37. Let (x1,y) be the Nash equilibrium of By = [a, b; g, h)], (22, y2) be the Nash equilibrium of By = [e, f; ¢, d]
and (x3,ys3) be the Nash equilibrium of Bs = [e, f; g, h]. Let us assume that By, By and Bs have unique Nash Equilibria
which are not PSNE. If B has a unique Nash equilibrium (x*,y*) such that | Supp(z*)| = | Supp(y*)| = {1, 2}, then we
have the following:

* Vg, —(n,(c,d)) <0
* Vgg - <y23 (avb)> <0
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° V§3 - max{<y37 (a'7 b)>7 <y37 (07 d)>} <0

Proof. Due to Lemma 35, we have V55, — (y1, (c, d)) = {i=ba)=(ad-ba3(0d=he) e to Lemma 35 and the fact that

Supp(z*) = {1, 2}, we have V}; — (y*, (g, h)) = (ad—be) a(a}g i’fﬁj“h 49) - (. Hence, we have Vi, — (u1,(¢,d)) <0

(edffc);(el}fii);@b*da) Due to Lemma 35 and the fact that Supp(z*) =

{1,2}, we have V}; — (y*, (e, f)) = {ad=be) a(“f i)j_)d (ef=de) - (). Hence, we have Vg, — (Y2, (a,b)) <O.

Let y* = (y7,y3) and ys = (y3,1,93,2). As Supp(z*) = {1,2}, we have (y*, (e, f)) < Vj and (y*, (g, h)) < V.
If ys1 < y7, we have Vi = (yz1, (e, f)) < (y* (e, f)) < Vi < (ys1,(c, d)> Similarly, if y31 > y}, we have
Vi, = (3,1, (9, 1)) < (y*,(9,h)) < Vi < (ys1,(a,b)). Hence, V5 — max{(ys, (a, b)), (ys, (c,d))} <O. O

Due to Lemma 35, we have V3 — (y2, (a,b)) =

Let A be an x 2 matrix with no PSNE. Let us assume that Vi € [n], A;; # A;2. Now we present the following lemma that
relates the nash equilibrium of a submatrix of A to the nash equilibrium of A.

Lemma 38. Consider two distinct row indices i1,ia such that A;;1 > Aj 2, Aiy1 < Aiya. Let (x*,y*) be the Nash
equilibrium OfC = [Aill,Ailg;Aizl,AiQQ}. IfAz'll > Ai217 Ai12 < Aizg and VC*' — <y*, (Ajlij2)> > OfOI" all
J € [n]\ {i1,42}, then A has a unique Nash equilibrium (', y') such that Supp(z') = {41,142}

Proof. Let (z,y) be a Nash equilibrium of A. Let x = (z1,22,...,2Zn), ¥ = (y1,92) and y* = (y5, y3).

If y1 < yf, then (y, (A1, Aiy2)) > V4. Consider j € Supp(z) such that A;; > Ajs. In this case, we have
(v, (A1, 452)) < (", (Aj1,452)) < V& < (y,(Aiy1,Ai,2)). This contradicts the fact that j € Supp(z). Hence
y1 >y

If y1 > yi, then (y, (A1, 44,2)) > V. Consider j € Supp(z) such that Aj; < Ajs. In this case, we have
(v, (Aj1,Aj2)) < (W, (Aj1,452)) < V& < (y,(Ai 1, Ai2)). This contradicts the fact that j € Supp(x). Hence
y1 < i

Asy1 > yi and y1 < yi, we have y; = y7. This implies that Vi = max;cp,)(y*, (Aj1, 4j2)) = V.

As Vi — (y*,(4j1,A442)) > 0forall j € [n]\ {i1,i2} and V] = (y*,(Aj1,Aj2)) for all j € {i1,iz}, we have

Supp(z) = {21, i2}. Now observe that C has a unique Nash Equilibirum which is not a PSNE and ((x;,, %4, ), y) is also
a Nash Equilibrium of C'. This implies that (z, y) is the unique Nash equilibrium of A such that Supp(z) = {i1, 42} and

((‘Th’xiz)a y) = (CC*,y*)
O

J  Proof of Lower Bound with respect to A

Before finishing the proof of the theorem 7, we begin with the proof of Lemma 6

Proof. Letd = c— A, d =d—-A, ¢ = ¢ + Aand f/ = f+ A. Let V* = adlD’bC'. It can be shown that

Vi, = V*-i-(a;)bl)A,VZA =V*and Vi, >V*+ (o b)A . Forany o, 8 € [0,1] such that a+3 < 1and v € [%5 D, ,“gf’],

letz’ =(1—a—B,a,8)andy’ = (%—‘1 + 7, Tl 7). Note that this parameterization ensures the range of z’ is equal
to {3 and the range of i’ is equal to No. Let k = (1 — a— ) (a — b)y + a(c’ — d")y + B(e’ — f')y. It can be shown that
(@', Aay’') = V* 4 k. Tt can also be shown that (2, Agy’) = V*+k+ (a— B)Aand (2/, Aspny) = V* +k— (a— B)A
We refer the reader to the Appendix J.2 for the detailed calculations.

I£ k| > A/4.then [V, — (o', Aay/)| = [k > A/4. I k] < A/ and (a— B)A > 0, then V3, — (o', Apay/) > 702

k+ (o — B)A > 3. Similarly, If k| < A/4 and (o — B)A < 0, then Vi, — (@ Aoy') = % —k—(a—B)A> 2.

Hence, we proved that there exists a matrix B € {Ag, Aa, Aaa} such that the following holds:

. A
Vi — (&, By)| > 7 >



Instance-dependent Sample Complexity Bounds for Zero-sum Matrix Games

J.1 Proof of Theorem 7

Let y{f‘j = N(4;;,1) be the distribution of an observation when playing pair (i, j) with matrix A. Let P4 denote the
probability law of the internal randomness of the algorithm and random observations. If an algorithm is (£, 6)-PAC-good and
outputs a solution (Z, y) then minyg P4 (|Vi — (Z, Ay)| <€) > 1 — . We will show that if an algorithm is (e, §)-PAC-good
then it can also accomplish a particular hypothesis. We will conclude by noting that any procedure that can accomplish the
hypothesis test must take the claimed sample complexity.

For any pair of mixed strategies (, 7) output by the procedure at the stopping time 7, define

={Ag, Apn, A ar ma; Vi — {(z, BY)|,
¢ = {Ao, An, Aaa} \ gBE{A07Ai(,A2A}| B~ ( 0l

breaking ties arbitrarily in the maximum so that ¢ € {Aaa, Ap} U {Aaa, Aa} U {Ap, Aa}. Note that
]PAO(AO € ¢) > ]P)A()(AO € (ba |V.;lkg - <EU\u AO§>| < E) = IPAO(|VIZ[) - </(E\, AO@\>| < 5) >1-6 (6)

where the equality follows from the Lemma 6: at least one of the three matrices must have a loss of more than €, but Ay has
a loss of at most €, thus Ay € ¢. Now because

2max{Pa, (¢ = {Ao, A2a}), Pa, (¢ = {Ao, Aa})} > Pa, (¢ = {Ao, A2a}) + Pay (¢ = {Ao, Ar})
:IPAO(A()E(iJ) > 1-9§

we have that P4, (¢ = {Ao, Ar}) > 19 o Pa, (¢ = {Ao, Aar}) > %. Let’s assume the former (the latter case is
handled identically). By the same argument as (6) we have that P4, (¢ = {A4o, Ar}) < 6.

For a stopping time 7, let N; ;(7) denote the number of times (4, j) is sampled. Recalling that l/fj = N(A;;,1), we have
by Lemma 1 of Kaufmann et al. (2016) that

ZZEAO 1] KL( ZAJO’ zAjQA) Zd(PA0(¢:{A07AA})5PA2A(¢:{A07AA}))
1=2 j=1
where KL(13'9, 1132 ) = KL(13'5,v33%) = KL(v39, 1332 ) = KL(v33,v3'3*) = 2A% and d(p, q) = plog(Z) + (1 —
)log( ) Since

d(Pa,(6 = {Ao, An}), Pa,s (6 = {A0, Aa})) > d(+5°,6)

Lot log(158) + 5 log(515)
—6)2

= %log(%‘;) — Slog(Siey)

> Llog(LE2) — 1/8 > 11log(1/306)

and 7 = Zle Z?:l Ni,j (T) we conclude that

log(1/304) - log(1/306)

>
Ealrl = —As Iy

as claimed. We get the last inequality as 0 < A < A, (see Appendix J.2 for more details).

J.2 Calculations for Lemma 6

Recall that A := W. Letd =c—A,d =d—-A,¢ =e+Aand f/ = f+ A. Observe that

Di=a-b-ct+d=a—-b—c+dandDy=a—b—e+f=a—b—e + f. LetV* = adzbc

(d=b)Dy—(f—b)D

First, observe that J = L satisfies the equality ¢=2=5 b O — [z b+D . Next, observe that 0 < 4=2=4 b A <las

Di+D>
d=b=A _ (d=b)+(f=b)
D1 D1+D2
d—b a—c'\ _ (f —b a—¢ d' —b . a—c’ b —
Hence, we have (52, “5%) = (‘5.7 “p; ) and (40 o 5 ) € (2. Therefore, we have Vi = 52 -a+ 55 - b =

ad' —bc’ __ _ d'=b+A ad’ —bc’ (a—b)A _ y,x (a b)A
457 = V7. Next, observe that Vi = “5+= -a + & b=+ e =V FoTEE




Arnab Maiti, Kevin Jamieson, Lillian J. Ratliff

Ifa—e’ > A, then V;}*QA = fl_DbjA-a—f— “_S;A-b = ad/l)—le'+(aD’; — prglaba b)A . We get L f=b bogyasep = adD—lbc
z‘ifs*( dD_lb, G5e) = (fD_Qb, “5<). Note that the second row is sub-optimal for A2 as % (- A)—l—%(d’—A) <
If a — ¢’ < A, then the element in the third row and the first column of Asa is a PSNE. Hence, V. = =¢e + A. Let
g =€’ + A — a. Observe that a — b < Dy. Now we have V* + (“BI;)A = f,_Li’:“A a+ =5 =D = 1+ & )a— g—z =
a+ (a b)g <a+g=e¢ + A Hence Vj >V*—|—%.
Now we deﬁne a class of matrices B as follows:
a b
Bo=|d+0 d+0
e -0 f-0

Now observe that Bao = Ao, By = Aa and B_p = Asa.

Recallthatz’ = (1 —a — B,a,3) and y = (d;)_lb +7). Let Vi = (¢/, (a,0)), Vo = (¢, (¢ + 0,d +0O)) and
Vs = (y/, (¢/—0, f'—0)). First, wehave Wi = (dj/j_lb-i-’y)-a—i—( —<' )b = ’”ID;E’" (a—b)y = V*+(a—b)~. Next, we
have Vs = (452 +7)-(¢/+0)+(%5< —7) - (d'+0) = %%”CH —d')y+ (Gt +y+ 5L —y)0 =V +0+(c —d')y.
Similarly, we have V3 = (d =b 1) (¢ D)-i—(% —y)-(f—-0) = LD_lbc +(e’—f’)7—(dD_1b +v+ %= —y)d=
V=04 (e — ).

Letk = (1 —a— B)a—0by+ a(d —d)y+ B(e’ — f)y. Now observe that (z/, Boy') = (2/, (V1, Vs, V3))
V*+k+ (a—p)0

Now we present the following proposition.

Proposition 16. A < A,

Proof. Observe that A = (@d=b)Do—(f=0)D1 _  (ad=be)—(af—be)t(cf=de) Do to Lemma 35, we have A, =

D1+D> D1+D>
mdﬁ?;ﬁf :tli)\eJ)rTe(f;rdE) > 0. Hence, 0 < A < A,. Note that Ay > 0 as the third row of A is sub-optimal. O




