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Abstract

Multi-group agnostic learning is a formal learning
criterion that is concerned with the conditional
risks of predictors within subgroups of a popu-
lation. The criterion addresses recent practical
concerns such as subgroup fairness and hidden
stratification. This paper studies the structure of
solutions to the multi-group learning problem, and
provides simple and near-optimal algorithms for
the learning problem.

1. Introduction

Despite its status as the de facto selection criterion for ma-
chine learning models, accuracy is an aggregate statistic
that often obscures the underlying structure of mistaken
predictions. Oakden-Rayner et al. (2020) recently raised
this concern in the context of medical image analysis. Con-
sider the problem of diagnosing an image as cancerous or
not. Certain types of aggressive cancers may be less com-
mon than some non-aggressive types. Thus, classifiers that
concentrate their errors on images of these rarer and more
aggressive cancers can achieve higher overall accuracy than
classifiers that spread their errors more evenly over all types
of cancer. However, choosing classifiers that concentrate
their errors on these rarer cancers is clearly not ideal, as
it could lead to harmful misdiagnoses for those who need
treatment the most. Oakden-Rayner et al. refer to this
general phenomenon as the hidden stratification problem,
where there is some latent grouping of the data domain and
performance on these latent groups is just as important as
performance on the entire domain.

Similar scenarios arise in areas where fairness is a con-
cern (see, e.g., Hardt et al., 2016). Here, the concern is that
for applications such as credit recommendation or loan ap-
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proval the errors of models may be concentrated on certain
demographic groups and potentially exacerbate pre-existing
social disadvantages. This issue can persist even when pro-
tected class information such as race or age is not explicitly
included in the model, as other features often serve as good
proxies for protected class information.

The multi-group (agnostic) learning setting, formalized by
Rothblum & Yona (2021a), is a learning-theoretic model
for addressing these scenarios. This setting is specified by a
collection of groups G, where each group g € G is a subset
of the input space, and a set of reference predictors . Here,
the groups in G can overlap in arbitrary ways, and |G| need
not be finite. The multi-group learning objective is to find a
predictor f such that, for all groups g € G simultaneously,
the average loss of f among examples in g is comparable
with that of the best predictor h, € H specific to g. This
learning objective thus pays attention to the group that is
worst off with respect to H. Note that because a good
reference predictor hg for one group g may be very poor
for another group ¢’, a successful multi-group learner may
need to choose its predictor f from outside of H.

Rothblum & Yona (2021a) obtained initial results for multi-
group learning (and, in fact, study a broader class of objec-
tives compared to what we consider here), but they leave
open several theoretical questions that we address in this
paper. First, while it is known that uniform convergence
of empirical risks with respect to H is necessary and suffi-
cient for the standard agnostic learning model, it is not clear
whether the same holds for multi-group learning, let alone
whether the sample complexities are equivalent. Second,
Rothblum & Yona focus on finite G, but the motivation from
hidden stratification may require the use of rich and infinite
families of groups in order to well-approximate the poten-
tially unknown strata of importance. Finally, Rothblum &
Yona obtained their algorithm via a blackbox reduction to
a more general problem, leaving open the possibility of
simpler algorithms and prediction rules with multi-group
learning guarantees.

1.1. Summary of results

We introduce some notation in order to state our results.
Given n i.i.d. training examples drawn from a distribution
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D over X x Y, let #,(g) for a group g C X denote the
number of training examples (z,y) with € g. For a
predictor f: X — Z and a group g C X, let

L(f 1 9) = E@g)~plt(f(x),y) | z € g]

denote the conditional risk of f on g,and £: ZxY — [0,1]
is a bounded loss function.

Our first multi-group learning result is an algorithm to learn
simple predictors with per-group conditional risk guarantees.
Here, the class of ‘simple predictors’ we consider is the
collection of decision lists in which internal (decision) nodes
are associated with membership tests for groups from G,
and leaf (prediction) nodes are associated with reference
predictors from H.

Theorem 4 (Informal). There is an algorithm A such that
the following holds for any hypothesis set H and set of
groups G. Given n i.i.d. training examples from D, A pro-
duces a decision list f such that, with high probability,

. log [H]Ig] \'/*
Lif1 ) < ,32;L<h|g>+0<(M) )

forall g € G, where vy, := mingeg #,(g)/n is the mini-
mum empirical probability mass among groups in G.

When H and G are infinite, a version of Theorem 4 also
holds when the complexities of H and G are appropriately
bounded; see Theorem 6 for a formal statement.

Though the algorithm and resulting predictors of Theorem 4
and Theorem 6 are quite simple, the per-group excess error
rates are suboptimal. Statistical learning theory suggests
that if we knew a priori which group g we would be tested
on, empirical risk minimization (ERM) on the i.i.d. training
examples restricted to g would lead to an excess risk of
O(y/1og(|H]|)/#n(g)) in the finite setting (Shalev-Shwartz
& Ben-David, 2014). The rates in Theorem 4 have two
undesirable properties when compared to this theoretical
rate: they have a worse exponent, and they depend on the
minimum probability mass among all the groups.

Our next result shows that the theoretical rate suggested by
per-group ERM can be achieved in the multi-group learning
setting, modulo a logarithmic factor in |G|.

Theorem 8 (Informal). There is an algorithm A such that
the following holds for any finite hypothesis set 'H and finite
set of groups G. Given n i.i.d. training examples from D,
A produces a randomized predictor f such that, with high
probability,

o 1/2
L(flg) < }32%L(h|g)+0<<1g(|%||g)> )

#n(g)

"Here and in the rest of the paper, big-O notation is only used
to conceal constants. So, a = O(b) should be read as ‘There exists
an absolute constant C' > 0 such that a < Cb.

forall g € G.

The improved rates of Theorem 8 come at the expense of
increased complexity in both learning procedure and predic-
tion algorithm.

In our final result, we show that in the group-realizable set-
ting, where each group has a corresponding perfect predictor,
this trade-off between optimal rates and simple algorithms
is unnecessary.

Theorem 10 (Informal). There is an algorithm A such that
the following holds for any finite hypothesis set H and finite
set of groups G such that for all g € G there exists an
h € H satisfying L(h | g) = 0. Given n i.i.d. training
examples from D, A produces a predictor f such that, with
high probability,

log(|#H[|G])

> forallg e G.

1.2. Related work

There are a number of areas of active research that intersect
with the present paper.

Distributionally robust optimization. The field of dis-
tributionally robust optimization, or DRO, focuses on the
problem of optimizing some cost function such that the cost
of the solution is robust to perturbations in the problem
instance (Ben-Tal et al., 2009). In the context of machine
learning and statistics, the idea is to use data from some
training distribution to learn a predictor that will perform
well when used on a worst-case choice of test distribution
from some known class. In this field, the class of test distri-
butions is typically a small perturbation of the training dis-
tribution (Bertsimas et al., 2018; Duchi et al., 2021; 2020).

A special case of DRO of particular relevance to the cur-
rent work is group-wise DRO. Here, the class of test dis-
tributions is fixed to be a finite set of distributions, and the
goal is to find a predictor whose worst-case conditional risk
over any of these test distributions is minimized. Several
solutions for this problem have been proposed, including
mirror descent (Mohri et al., 2019), group-wise regulariza-
tion (Sagawa et al., 2020a), group-wise sample reweight-
ing (Sagawa et al., 2020b), and two-stage training proce-
dures (Liu et al., 2021).

Group and individual fairness. As discussed above, pre-
diction mistakes committed by machine-learned models can
lead to widespread social harms, particularly if they are
concentrated on disadvantaged social groups. To address
this, a recent, but large, body of work has emerged to define
fairness criteria of predictors and develop machine learning
methods that meet these criteria. While many criteria for
fair predictors abound, they can typically be broken into two
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categories. The first of these is group-wise fairness (Hardt
et al., 2016; Agarwal et al., 2018; Donini et al., 2018) in
which a classifier is trained to equalize some notion of harm,
such as false-negative predictions, or benefit, such as true-
positive predictions, across predefined groups. The second
category of fairness notion is individual fairness (Dwork
et al., 2012; Dwork & Ilvento, 2018), in which there is a
distance function or notion of similarity among points, and
the objective is to give similar predictions for similar points.

Of particular relevance to the present paper is the work of
Kearns et al. (2018), which studied group fairness for a
large (potentially infinite) number of (potentially overlap-
ping) groups. The authors assumed boundedness of the
VC-dimensions for both the hypothesis class and the class
of groups, as well as access to an oracle for solving certain
cost-sensitive classification problems. Under these assump-
tions, they provided an algorithm that solves for a convex
combination of hypotheses from the hypothesis class that
respects certain notions of fairness for all groups and is
competitive with the best such fair convex combination.

Online fairness. There is a growing body of work at the
intersection of online learning and fairness (Gillen et al.,
2018; Noarov et al., 2021; Gupta et al., 2021). The most
relevant to the present paper is the work of Blum & Lyk-
ouris (2020), which studies an online version of multi-group
learning where the goal is to achieve low regret on each of
the groups simultaneously. That work gives a reduction to
sleeping experts, showing that for a particular choice of ex-
perts, the regret guarantees of the sleeping experts algorithm
directly translates to a per-group regret guarantee. Inspired
by this observation, in Section 4 we show that the offline
multi-group learning problem can also be reduced to the
sleeping experts problem. The online-to-batch conversion
argument we use requires some care, however, since there
are multiple objectives (one for each group) that need to
be satisfied, in contrast to standard online-to-batch settings
where only a single objective needs to be met.

Multicalibration, multiaccuracy, and outcome distin-
guishability. Also motivated by fairness considerations, a
recent line of work is centered on calibrating predictions to
be unbiased on a collection of groups or subpopulations.

Given a class of groups G, multiaccuracy requires that the
expectation of a predictor is close to expectation of the out-
come y when conditioned on any g € G (Hébert-Johnson
et al., 2018; Diana et al., 2021). Kim et al. (2019) showed
that for an appropriate choice of groups, multiaccuracy im-
plies a type of multi-group learnability result. Unfortunately,
the upper bound they show for the per-group error rate is
only non-trivial when the best rate achievable at that group
is small. In Appendix E, we show that this looseness is
inherent to this type of multiaccuracy reduction.

Multicalibration is a more stringent notion than multiac-
curacy that requires these expectations to be close when
conditioned both on the group and the value of the predic-
tion. Even more stringent is outcome indistinguishability, a
family of criteria that requires the predictions of a function
f + X = [0,1] to be indistinguishable against the true prob-
abilities of positive versus negative outcomes with respect
to classes of distinguishing algorithms with varying levels
of access to the underlying distribution (Dwork et al., 2021).

Using a reduction to the outcome indistinguishability frame-
work, Rothblum & Yona (2021a) provided an algorithm
with a multi-group learning guarantee. Specifically, they
showed that for a given finite hypothesis class / and finite
set of groups G, one can produce a predictor f : X — R
such that L(f | g) < miﬂheH L(h|g)+eforallge g
with probability 1 — 6. The sample complexity of their

approach is O (m” 675) log |H|€|g‘), where my (€, ) is
the sample complexity of agnostically learning a classifier

h € H with excess error € and failure probability ¢ (Roth-
blum & Yona, 2021b). Standard ERM arguments give us

my(€,0) = O ( log ‘HI) leading to an overall sample

complexity of O (6854 poly log IHIIQ\)

In independent and concurrent work, Globus-Harris et al.
(2022) also considered a multi-group learning setup under
the framework of ‘bias bug bounties.” In this setting, there
is some deployed model and outsiders are incentivized to
find groups on which the model does worse than Bayes
optimal. If such a group is found, one can submit the group
as well as a certificate of suboptimality to receive a bounty,
and the model will be updated to improve performance on
the affected group. Interestingly, the algorithm developed
by Globus-Harris et al. to update their model (which they
call LISTUPDATE) is equivalent to one of the algorithms
presented in the present paper (PREPEND). Beyond the
development of the concept of bias bug bounties, Globus-
Harris et al. are primarily concerned with the computational
complexity of finding such bounties, whereas the present
work is focused on the statistical sample complexity of
multi-group learning.

Hidden stratification. The hidden stratification problem
refers to settings where there are meaningful subgroups or
divisions of the data space, but they are unknown ahead
of time. The fear, as illustrated by Oakden-Rayner et al.
(2020), is that prediction errors can be concentrated on some
important subgroup and lead to real-world harms. Sohoni
et al. (2020) proposed addressing this problem by clustering

*n fact, their results apply to more general types of objectives
that need not be decomposable; see (Rothblum & Yona, 2021a,
Section 2) for details. In this paper, we focus only on objectives of
the form L(f | g), which are decomposable in their sense.
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a dataset and solving a DRO problem as if the resulting
clusters were the true known subgroups.

Transfer learning and covariate shift. Broadly speaking,
transfer learning studies the problem of learning a predictor
given many samples from a source distribution P and rela-
tively few (or perhaps no) samples from a target distribution
@, where the predictor will ultimately be evaluated on Q).
The results in this area depend on what is allowed to change
between P and (). Some works study the setting of covari-
ate shift, where only the covariate distribution is allowed to
change (Shimodaira, 2000; Zadrozny, 2004; Cortes et al.,
2010; Kpotufe & Martinet, 2018; Hopkins et al., 2021).
Others focus on label shift, where only the marginal label
distribution changes, leaving the class conditional distri-
butions unchanged (Azizzadenesheli et al., 2018). Finally,
in the most general setting, P and () may differ in both
covariates and labels (Ben-David et al., 2010).

Of these transfer learning settings, the covariate shift frame-
work most closely resembles the multi-group learning set-
ting. However, the two key differences are that (1) the trans-
fer learning setting is typically concerned with performance
on a single target distribution and (2) the target distributions
that arise in multi-group learning are restricted to condi-
tional distributions of the source distribution. Importantly,
in the multi-group learning setup, the target distributions
never have support that is outside of the source distribution.
Because of this restriction, we can achieve a much stronger
performance guarantee compared to what is possible in the
setting of general covariate shift.

One work that deviates from the single-target distribution
framework is that of Hopkins et al. (2021), whose notion
of covariate shift error is the maximum error over a set of
target distributions, similar to the multi-group learning setup.
However, in the covariate shift setting of Hopkins et al.
(2021), there is only a single such benchmark hypothesis for
all possible shifts, whereas in our multi-group setting, the
benchmark hypothesis is allowed to depend on the group.
Thus the guarantees in the setting of Hopkins et al. (2021)
are not comparable to those in our setting.

Boosting. Boosting is a classical machine learning tech-
nique for converting weak learners, i.e., learners that output
predictors that are only marginally more accurate than ran-
dom guessing, into strong learners, i.e., learners that output
predictors with very high accuracy (Schapire, 1990; Freund,
1995). Many of the algorithms for achieving multiaccuracy,
multicalibration, and outcome indistinguishability can be
viewed as boosting algorithms (Hébert-Johnson et al., 2018;
Kim et al., 2019; Dwork et al., 2021). For instance, the
algorithm of Kim et al. (2019) is based on the boosting
algorithm of Trevisan et al. (2009). One of the algorithms
proposed in this paper, PREPEND, is no exception here and

may also be viewed as a boosting algorithm.

1.3. Paper outline

The remainder of the paper is organized as follows. In Sec-
tion 2, we formalize the multi-group learning setting. In
Section 3 we present a simple algorithm for the multi-group
learning problem that achieves a suboptimal generalization
bound. In Section 4, we give a reduction to the online sleep-
ing experts problem. The resulting algorithm achieves the
correct generalization rate, though this comes at the expense
of a significantly more complicated learning algorithm. Fi-
nally, in Section 5, we consider a setting in which each
group has a corresponding perfect classifier. Here we show
that there is no need to trade off simplicity and optimality: a
relatively simple algorithm achieves the optimal per-group
performance guarantee.

All proofs are presented in the appendix.

2. Setting and notation

Let X denote an input space, ) denote a label space, and
Z denote a prediction space. Let D denote a distribution
over X x Y. Throughout, X C {h : X — Z} denotes
a (benchmark) hypothesis class. A group g is a subset of
the space X'. We overload notation by identifying a group
g C X with the binary function g : X — {0,1} that
indicates membership in g. We denote the set of groups
of interest by G, and let P(g) := E(, ,)~plg(x)] for any
group g. Let £: Z x ) — [0, 1] be a bounded loss function,
and for a predictor f: X — Z, the conditional risk of f
given g is

L(f | 9) == E@y~olt(f(z),y) | = € g].

For an i.i.d. sample (z1,41),...,(Tn,yn) ~ D, we de-
fine the following empirical quantities: let #,(g) =

oy 9(xi), Pa(g) := #n(g)/n, and
1 n
L.(f|g) = #Tg) ;g(xi)g(f(xi)vyi)-

The (unconditional) risk and empirical risk of f are L(f) :=
E(z)~p[0(f(2),y)] and L (f) := 5 3270, (f (), yi).

2.1. Multi-group agnostic learning

At a high level, the objective in the multi-group (agnostic)
learning setting is to find a predictor f such that the condi-
tional risk is not much larger than infre4 L(h | g) for all
g € G. This setting was formalized by Rothblum & Yona
(2021a); they require, for a given € > 0, that the excess
conditional risks be uniformly small over all groups g € G:

L(f1g) < inf L(h|g)+e¢ forallgeg. (1)
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Note that the best hypothesis in the benchmark class b, €
‘H for a particular group g may not be the same as that
for a different group ¢’. Indeed, there may be no single
h € H that has low conditional risk for all groups in G
simultaneously. Hence, a learner may typically need to
choose a predictor f from outside of H.

We will give non-uniform bounds on the excess conditional
risks (discussed below), where € is replaced by a quantity
€n(g) depending on both the size n training set and the
specific group g € G in question:

L(flg) < }%équ_l L(h|g)+en(g) forallgeG. (2)

The quantity €, (g) will be a decreasing function of #,,(g),
and it will be straightforward to determine a minimum sam-
ple size n (in terms of a prescribed € > 0) such that Eq. (2)
implies Eq. (1).

2.2. Convergence of conditional risks

For a class of {0, 1}-valued functions F defined over a
domain &, the k-th shattering coefficient, is given by

max_ [{(f(@).....f(x)) : T € F)|.

T1,...,TLE

Hk(f) =

For a class of real-valued functions F defined over a domain
X, the thresholded class is given by

Fiwesh = {xz—1[f(z) > 7] : feF, 7R}

Finally, for a hypothesis class 7 and a loss function £: Z X
Y — [0, 1], the loss-composed class is

LoH = {(x,y) — l(h(z),y) : h € H}.

The following theorem shows that the empirical conditional
risks converge uniformly to their population counterparts.
This can be seen as a generalization of a result by Balsub-
ramani et al. (2019), which demonstrated universal conver-
gence of empirical conditional probabilities.

Theorem 1. Let H be a hypothesis class, let G be a set of
groups, and let £: Z x Y — [0,1] be a loss function. With
probability at least 1 — 6,

D

where D = 21og (Tl25, (€ © H)resn) 120 (G)) + log(8/6).

V(h,g9) € HxG,

In the standard agnostic binary classification setting, it is
known that, in general, the best achievable error rate of a
learning algorithm is on the order of the uniform conver-
gence rate of the empirical risks of the entire hypothesis
class (Shalev-Shwartz & Ben-David, 2014, Chapter 6). This
can be seen as a statistical equivalence between learning and

Algorithm 1 PREPEND

input Groups G, hypothesis class #, i.i.d. examples
(1,91),- -+, (Tn, yn) from D, error bound €,,: G — R..
output Decision list fr € DL [G; H].
Compute hg € argming, ¢y, Ly (h)
Set fo = [ho] € DLo[G; H].
fort=0,1,...,do
Compute

(gt41,hey1) € argmax Ly (ft | g) — Ln(h | g) — €n(9)-
(g,h)EGXH

if Lo (fi | gt+1) — Ln(het1 | gt41) = €n(gi41) then
Prepend (g¢41, ht+1) to f to obtain

frg1 = [gt+17ht+17gtahta ey g1, ha, h0]~

else
return f;.
end if
end for

estimation. Theorem 1 raises the question of whether such
an equivalence can also be established in the multi-group
learning setting. In this work, we make partial progress
towards establishing such an equivalence, providing a learn-
ing algorithm whose per-group error rate enjoys the same
upper bound as the convergence rates in Theorem 1.

3. A simple multi-group learning algorithm

In this section we will show that there is a particularly simple
class of predictors for solving the multi-group learning prob-
lem: decision lists in which internal (decision) nodes are as-
sociated with functions from G, and leaf (prediction) nodes
are associated with functions from /. We denote the set of
such decision lists of length ¢ by DL;[G; H]. The function
computed by fi = [g¢, bty Gr—1,he—1,---,91,h1,ho] €
DL¢[G; H] is as follows: upon input z € X,

if g;(x) = 1 then return hy(z) else if g;_1(x) = 1
then return h;_; (z) else if - -- else return ho(z).

This computation can be recursively specified as
he(x ifgi(x) =1
ft('r) _ t( ) . gt( )_
fic1(x) ifgi(z)=0
where fi 1 = [gt—1,ht—1,---,91,h1, ho] € DLy _1[G; H].
(We identify DLo[G; H] with H.)

We propose a simple algorithm, called PREPEND (Al-
gorithm 1), for learning these decision lists. PREPEND
proceeds in rounds, maintaining a current decision list
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ft € DL¢[G;H]. At each round, it searches for a group
gt+1 € G and a hypothesis h;11 € H that witnesses an
empirical violation of Eq. (2). If such a violation is found,
f+is updated to f;11 by prepending the pair (h¢11, gt41) to
the front of f;. If no violation is found, then we claim that
ft is good enough, and terminate.

We first bound the number of iterations executed by Algo-
rithm 1 before it terminates.

Lemma 2. Suppose that every g € G satisfies P,(g) -
en(g) > €, and say that minpcqy L, (h) < o. Then Al-
gorithm 1 terminates after at most t < «/e¢, rounds and
outputs a predictor f; € DL;|G; H] such that

L.(ft]g9) < hlgiLn(h | 9) +en(g) forallgeg.

3.1. Sample complexity

The key step in bounding the sample complexity of Al-
gorithm 1 is in controlling the complexity of DLz [G; H],
whereupon Theorem 1 can be applied. To see how this is
done, consider the case where |G| and || are finite. In this
setting, there are 71" decision nodes, each of which can be
chosen from G, and there are 7"+ 1 prediction nodes chosen
from H. Thus, [DL7[G; H]| < |G|T|H[T 1.

To apply this observation, we first note that for any f =
lgT, b1y ..., 91,1, ho] € DL[G; H], if there are rounds
t < t' such that g, = gy, then f is functionally equivalent to
f' € DLr_1[G; H] where f’ simply removes the occurrence
of hy, g¢ in f. Thus, when the number of groups is finite, we
can always pretend as if DLy [G; H] is the set of decision lists
of length exactly |G|. The next result follows immediately.

Proposition 3. Suppose |G| and |H| are finite. The follow-
ing holds with probability at least 1 — 6. If Algorithm 1 is
run until convergence, it will terminate with a predictor f
that satisfies

L(flg) < hmeigL(h | 9) + enlg)

|G| log(|#|G]) 4 log(1/9)
o \/ #n(9)

forall g € G.

Proposition 3 suggests that when |G| is small, a reasonable
approach is to take

-~ |G| log(|#H]|G]) + log(1/9)
() = O \/ #n(9) ’

in which case we will terminate with a predictor whose
excess conditional error on any group g is O(€,(g)). Thus,
when the number of groups is small, estimation error and
learning error are within a factor of \/@ .

If the number of groups is very large, or infinite, Proposi-
tion 3 may be vacuous. However, if we have a lower bound
on the empirical mass of any group (or perhaps restrict our-
selves to such groups), then we can give a result that remains
useful. To do so, we introduce the notation

Given this notation, we have the following result.

Theorem 4. Suppose that H and G are finite, and v > 0
is given. There is a setting of €, (-) such that the following
holds. If Algorithm 1 is run with groups G, ., then with
probability 1 — 0, it terminates with a predictor f satisfying

| Ky [log(1/)
L(f|g) <minL(h|g)+O [ { +
( ‘ ) heH ( | ) #n(g) #n(g)
forall g € G, , where K := log(|G|||H|). In addition,
with probability 1 — §, all g € G satisfying P(g) > v +
W will lie in Gy, .
Theorem 4 implies the following sample complexity to
achieve the error bound of the type in Eq. (1).

Corollary 5. There is an absolute constant ¢ > 0 such that
the following holds. Suppose that H and G are finite, and
v :=mingeg P(g). There is a setting of €, (-) such that the
following holds. If

¢ GI[#]

then with probability 1 — §, Algorithm 1 terminates with a
predictor f satisfying

L(f1g) < minL(h|g)+e forallgeg.

PREPEND can also handle the setting where both the number
of groups and the number of hypotheses are infinite, so long
as the pseudo-dimension of £ o H and the VC-dimension of
G are bounded.

Theorem 6. Suppose that both the pseudo-dimension of
£ o H and the VC-dimension of G are bounded above by d,
and v > 0 is given. There is a setting of €, (-) such that the
following holds. If Algorithm I is run with groups G,, ., then
with probability 1 — 6, it returns a predictor f satisfying

dlogn . \/log(l/é)
V#n(9) #n(9)

L(flg) < gggL(h | 9)+0O i/

forall g € Gy, . Moreover, with probability 1 — 0, all g € G

satisfying P(g) > v+ 1/ M lie in Gy, .
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3.2. Inadmissibility of evaluation functions

One interpretation of decision lists in the class DL;[G; H|
is that they correspond to orderings of the set G x . That
is, for any f € DL;[G; H] there is a corresponding ordering
(g1,h1), (g2, h2), . .. where for a given = € X, we first find

i(z) = min{i : g;(z) =1}

and classify according to h;(,)(x). Given this alternate
perspective, one can ask whether it is possible to calculate
such orderings directly. We will show a negative result here
for the approach of evaluation functions.

An evaluation function s : H x G X (X x V)* — R takes
asinput h € H, g € G and a sample (z1,y1),---, (Tn, Yn)
and outputs a real number as a score. The ordering induced
by an evaluation function is then simply the ordering of
the corresponding scores, with ties being broken by some
(possibly randomized) rule. We say that s is an order-1
evaluation function if s(h, g, (21,91), ..., (Zn,yn)) is only
a function of n, P,,(g) and L, (h | g).

By Theorem 1, P,(g) and L,(h | g) converge to their
expectations as n grows to infinity. Thus, in the limit, an
order-1 evaluation function is a function of P(g) and L(h |
g). Unfortunately, there exist two scenarios where these
statistics are identical but no decision list solves the multi-
group learning problem for both scenarios simultaneously.

Proposition 7. There exist H = {hi,ha}, G = {91, 92},
and distributions Dy and Dy such that the following holds.

* Pp,(9) = Pp,(g) and Lp, (h | g) = Lp,(h | g) for
allh e H, g € G.

* For any decision list f € DL[G; H], there exists an
i €{1,2} and g € G such that

1

Lp, > min Lp, (h =.

p.(flg) = minLp,(h|g)+ g

Here, the subscript D; denotes taking probabilities with
respect to D;.

4. A reduction to sleeping experts

In this section, we will show that the rate suggested by
Theorem 1 is achievable via a reduction to the sleeping
experts problem, similar to the result of Blum & Lykouris
(2020). The sleeping experts problem is an online expert
aggregation problem such that during every round, some
experts are ‘awake’ and some are ‘asleep’ (Blum, 1997;
Freund et al., 1997). The goal for a learner in this setting is
to achieve low regret against every expert on those rounds
in which it was awake.

To reduce the multi-group learning problem to a sleeping
experts problem, we create an expert for every pair (h, g) €

Algorithm 2 Reduction to sleeping experts

input Groups G, hypothesis class H, 2n i.i.d. examples
(‘Tlv yl)v AR (xnv yn)’ (xllv yll)v AR (x;m y',n) from D.
output Randomized predictor Q.
Run MLC-HEDGE on (z1,¥1), - -, (Zn,Yn) using ex-
perts H x G with uniform initial probabilities, and per-

expert learning rates 7, = min{, / %, 1}. Let
Pp1,...,Pn be the internal hypotheses of MLC-HEDGE.
output ) = uniform distribution over p1, ..., px,.

‘H % G. In each round ¢, we feed an example z, and say that
expert (h, g) is awake if and only if g(x;) = 1, in which
case the expert prediction is h(x;) and the revealed loss is
¢(h(x¢),y:). Formally, the reduction looks as follows:

Fort=1,2,...,n:

— Input x, is revealed.

- If g(x;) = 1, then expert (h,g) is awake and
predicts h(z). Otherwise, (h, g) is asleep.

— The learner produces a distribution p; over the
experts such that 32, - g(z¢)pe(h, g) = 1.

- Irabel 1y 1s revealed, and the learner suffers loss
B = Y, vl 9)g(we) (R(e), ye).

There are several suitable algorithms in the literature for the
sleeping experts problem. Most convenient for our purposes
is MLC-HEDGE, originally proposed by Blum & Mansour
(2007) and further analyzed by Gaillard et al. (2014). In Ap-
pendix C, we present MLC-HEDGE and state the learning
guarantees proven by Gaillard et al. (2014).

To convert this online learner into a batch learning algorithm,
we follow the strategy of Helmbold & Warmuth (1995).
We do this by keeping track of the internal hypotheses of
the online learner. That is, let p;(-; ) be the distribution
that the learner at time ¢ would produce if fed the example
z. Given these internal hypotheses, the final predictor is
as follows: on input x, draw ¢ uniformly at random from
{1,...,n}, draw (h, g) from p;(-; x), and predict h(z).

For a collection of internal hypotheses p1,...,p, and a
distribution () over such hypotheses, we use the notation

Lipt | 9) = E(y) [E(ﬁ’g)Npt(.;I) [f (ﬁ(x),y)} |9]

L(@Q|g) = Epnq [L(pt | 9)] -

To run MLC-HEDGE, we need to specify an initial probabil-
ity distribution over the experts and a set of expert-specific
learning rates. Our initial distribution is uniform distribu-
tion over the experts. For the learning rates, we use half the
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Algorithm 3 Consistent majority algorithm

input Groups G, binary classifiers H, n i.i.d. examples
from a group-realizable distribution.

output Group-conditional majority vote predictor f.
For each g € G, let h, € argminy,c, Ln(h | g).

output Predictor z — sign (deg g(:c)ﬁg(m)).

sample to estimate the empirical probability masses of each
group and set the learning rates to optimize an upper bound

on the per-expert regret (Gaillard et al., 2014, Theorem 16).

Algorithm 2 presents the full method.

Theorem 8. Let Q) be the randomized predictor returned
by Algorithm 2. Then

log(|9]I#]/9)

LQ|g) < géigL(hlg)JrO 0 (0)

for all g € G with probability at least 1 — 0.

Theorem 8 implies the following corollary.

Corollary 9. There is an absolute constant ¢ > 0 such that
the following holds. Suppose P(g) >~ > 0 forall g € G.
Let Q) be the randomized predictor returned by Algorithm 2.
If
c GlIH
n > leyIOgl ! |,
then with probability at least 1 — 6,

L(Q|g) < hmeiLlL(h|g)+6 forallg e g.

The dependence on log || in Theorem 8 and Corollary 9
can be replaced by the pseudo-dimension of ¢ o H (up to
a logn factor) using a slight modification to Algorithm 2.
Simply use half of the training data to find, for each g € G,
a hypothesis fzg € H satistying

dlogn +log(|G|/9)
#n(9)

L(h < inf L
(hglg)_égﬂ (h|g)+0O \/

(say, using ERM); and then execute Algorithm 2 using {fzg :
g € G} instead of H, along with the other half of the training
data. Removing the dependence on log |G| is algorithmically
less straightforward.

5. The group-realizable setting

We restrict our attention now to the case where )) = Z =
{—1,41} and ¢(z,y) = 1[z # y] is the binary zero-one
loss. In the group-realizable setting, each group has an
associated perfect classifier:

in L(h = for all .
min (h]lg) =0 forallge g

Note that realizability is the stronger assumption
minpey L(h) = 0. Realizability implies group-
realizability, but not vice versa. In this setting, the arguments
from Section 4 can be adapted to show that the randomized
predictor produced by Algorithm 2 achieves error

log(IQIH)>
#n(9)

with high probability for all g € G. However, in the group-
realizable setting, one can achieve this rate using a simpler
approach.

L(Qg)§0<

Algorithm 3 shows the algorithm for the group-realizable
setting. The idea is to use ERM to fit a classifier to every
group. Since the distribution is group-realizable, all of these
classifiers will be consistent on the data from their respective
groups. Given a data point to predict on, we collect all the
groups it lies in and predict using the majority vote of the
associated groups.

Theorem 10. Suppose Algorithm 3 is run on n i.i.d. ex-
amples from a group-realizable distribution and returns f.
With probability at least 1 — 6,

log (G]#]/9)

L(flg) < O( 7 (9)

) forallg € G.

The function class used by Algorithm 3 is simple but seem-
ingly quite powerful. One natural question is whether one
could use this class to solve the multi-group learning prob-
lem in the general agnostic setting, for example via some
sample splitting approach. The following result shows that
this not possible in general.

Proposition 11. There is a set of hypotheses H = {h,h'},
a set of groups G = {g1, g2, g3} and a distribution D such
that the following holds. If F is the set of possible predictors
produced by Algorithm 3, then for all f € F, there exists
some g € G such that

1
L in L(h -
(flg)>gg§ ( |9)+4

where the loss is zero-one loss.

6. Discussion and open problems

In this work, we presented simple and near-optimal algo-
rithms for multi-group learning. Here we point to some
interesting directions for future work.

Computation. It is not clear if any of the algorithms con-
sidered in this work can be made efficient, as they seem
to rely either on enumeration or on complicated opti-
mization subroutines. Thus, it is an interesting open
problem to devise multi-group learning algorithms that
are efficient for some specific choices of H and G and
some restrictions on the marginal distribution over X'.
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Representation. Through Algorithm 1, we have addressed
the question of representational complexity for multi-
group learning: we showed that decision lists of the
form in DL7[G; H] are sufficient. However, the full
expressivity of this class is not necessary in all cases
(such as in the group-realizable setting). An expanded
investigation of these representational issues should
address this gap.

Simplicity and optimality. Finally, it remains an inter-
esting open problem is to design an algorithm that is
simple like Algorithm 1 but that also enjoys the perfor-
mance guarantees of Algorithm 2.
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A. Missing proofs from Section 2
A.1. Proof of Theorem 1

To simplify the proof, we will use the following notation. Let P be a probability distribution over X, let  be a family of
[0, 1]-valued functions over X, and let G be a family of {0, 1}-valued functions over X'. Given a sample z1, . .., z, drawn
from P, we make the following definitions:

_ P(hg)  E[h(z)g(2)]
P(9) = By = “Ejw)

_ Pulhg) XU hlag(n)
Bhlo) = 50y = T hmw

Given this notation, we will prove the following theorem, which directly implies Theorem 1.

Theorem 12. Let P be a probability distribution over X, let H be a family of [0, 1]-valued functions over X, and let G be a
Samily of {0, 1}-valued functions over X. Then with probability at least 1 — 9,

DP,( h\g 16D
‘P(h | 9) — Pn(h | g < min 9\/#n \/ #n(g)

forallh € H,g € G, where D = 21og 1oy, (Hinresn) + 210g Iy, (G) + log(8/0).

To prove Theorem 12, we will provide relative deviation bounds on [0, 1]-valued functions of the following form: with
probability 1 — 4,

P, (h)comp(H)log(1/4) N comp(H ) log(1/9)

P - P <

for all h € H, where comp(H ) is some complexity measure of H.

To establish this relative deviation bound, we first reduce the problem from [0, 1}-valued functions to {0, 1}-valued functions.

Lemma 13. If H is a class of [0, 1]-valued function, then

PY<SUpP(h)_Pn(h)>6><Pr< sup P(h’)_Pn(h/)>e>

heH P(h) h’ € Hinresh P(h/)
_ no_ /
pr(sup P ZLR) ) g D) =P )
heH Pn(h) h' € Hhresh Pn(h/)

Proof. The proof is inspired by the proof of Theorem 3 of Cortes et al. (2019). For h € H,t € [0, 1], we use the notation

P(h>t) = E[L[h(z) > ]

n

> dh(as) > ).

i=1

P,(h>t) =

1
n

To prove the lemma, it will suffice to prove the following two implications

Vhe H,t€]0,1], P(h>t)— P,(h>t) <ey/P(h>t) — YheH, P(h)— P,(h) < ey/P(h)
Vh e H,t €[0,1], Py(h >t) — P(h>t) < e\/Py(h > 1) — Yh € H, P,(h) — P(h) < ex/Pu(h).

We will prove the first statement, as the second can be proven symmetrically. Assume that

Ph>t)— Py(h>1t) <ey/P(h>t)
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forall h € H and t € [0, 1]. Since h is [0, 1]-valued, we can write

v
=
Il
o\
el
>
V

Thus,

IN
c\'_‘
;“

V
=
(ol
~

IA
)
O\H
3
>
vV
N’
o,
~

= e\/P(h)
where the first inequality is by assumption and the second is by Jensen’s inequality. O

The following result, found for example in Boucheron et al. (2005), provides uniform convergence bounds on the relative
deviations of {0, 1}-valued functions.

Lemma 14. If F is a class of {0, 1}-valued function, then

Pr <;1611; 50 > ) < Al (F) p(

Pr <sup P = Palf) > 6) < 4Ty, (F) exp <— €2n>

ser VP E
where 11, (F) is the k-th shattering coefficient of F.

";‘3

Combining these two results, we have the following.
Lemma 15. If H is a class of [0, 1]-valued function, then with probability 1 — 6,

n n

> —2\/Pn(h) log 2, (Hinresn) + log(8/0)

n

~
=
[
I
E
V

forall h € H.

Proof. Combining Lemmas 13 and 14, we immediately have that with probability 1 — ¢

M < 2\/10g s, (chresh) + IOg(S/d)

P, (h) N n
M 2\/108; H2n (chresh) + log(g/é)
Ph) n

for all b € H. Let us condition on this occurring.

Using the standard trick that for A, B, C' > 0, the inequality A < Bv/A + C entails the inequality A < B2 + B\/C + C,
we can observe from the second inequality above that

H[hresh) + 108;(8/5) + 410g H2n (chresh) + 10g(8/6)
n n

P < P+ 2Py 2

Combined with the first inequality, we have the lemma statement. O
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Now we turn to the proof of Theorem 12.
Proof of Theorem 12. The proof is similar to the proof of Theorem 5 of Balsubramani et al. (2019). Let F = G U {hg :
h € M,g € G} Note that for g € G, h € H and t € R, we have
Lh(z)g(x) > t] = g(x) L[h(z) > 1].
Thus, if welet C = {hg : h € H,g € G}, we observe that

log T, (Fipesh) logI1,,(G) + log I, (Cihresh )
logI1,,(G) + log I, (Hinresn ) 1. (G)
2 log Hn (chresh)Hn(g)'

Combining this with Lemma 15, we have with probability 1 — ¢

i) =2 PN 2 < P() < Pl 42y Pu) D 447

forall f € F, where we used the definition D = 2log (Ia; (Hunresn)) + 21og (T12,,(G)) + log(8/6). Let us condition on
this event holding.

INIA A

Now fix some h € H and g € G. We can work out

P(h]g)

IN

P, _ D
(9) 1=2\/7r
D D
_ #alhg) 1T FG T iE
n _ D
#n(g) 1-2,/-D

Here, we have used the notation #,,(f) = nP,(f). Observe that if #,,(g) < 16D, the theorem statement is trivial. Thus,
we may assume that #,,(g) > 16D, whereupon the inequality 2~ < 1 + 2z for all z < 1/2 implies

1_2\1/#?(9) = #f(g)'
Thus, we have
Pl < B8 ”%/%“#fhg) e
- T 1+2\/% o +4® o (T “6#n<h53/2#n<g>
= R e g R B T e S g

IN

. D DP,(h|g) 8D
P, (k| g) + min 9\/#n(g)’7\/ #.(9) +#n(g)}
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where we have made use of the inequalities #,,(hg) < #,(g) and #,,(g) > 16D.

In the other direction, we have two cases: #, (hg) < 4D and #,(hg) > 4D. Let us assume first that #,,(hg) < 4D. Then
observe that

_ _ #n hg D

Falhl9) =9\ 2y = 7n(9)
< D

#n #n(g

\/ (4\/#n9 ) 0 < Phlg)

where we have used the fact that #y,(g) > 16D. Similarly, we also have

DP,(hlg) 8D _ #u(hg) . |D#n(hg) 8D
#n(9) #n(9) #n(9) #n(9)? #n(9)

4D D#"(hg) 8D
SEW N @R Tty =0 P19

Pu(h]g) =17

Thus, we may assume that #,,(hg) > 4D, so that we have

P(hlg) = 55—

Y

D
#alhg) 172/ 70w
#n(9) 142,/-D_ 44D

Using the inequality H% > 1— zforall z > 0, we have

#n(hg) [, D o |- B4 P
P(h‘g) = #n(g) (1 2 #n(hg)) (1 2 #n(g) ! ”(g))

)

_ #nlhg) \/D#n hg 2#n(h9) _ 4 D#nlhg)
#n(9) 9)*/? #n(9)?
DP,(h | g) 4D
> h —minq o
o ( |g { \/#n \/ #n(g)}
where we again made use of the inequalities #,(hg) < #,(g) and #,(g) > 16D. O

B. Missing proofs from Section 3
B.1. Proof of Lemma 2

We first note that if the algorithm terminates at round ¢, then we trivially must have

L.(fi]g) < hlg?f_[Ln(h | 9) +en(g) forallgeG.
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If the algorithm does not terminate at round ¢, then we must have found a pair h;11, g¢+1 such that

L(fe | gt41) — L(Pey1 | ger1) = €nl(get1)s

and we must have prepended the pair (h;11, g¢+1) onto f; to create f;;1. Observe that this prepending action implies that
fe41 will agree with h;1 1 on g1 and agree with f; everywhere else. Thus, we have

Ln(ft) *Ln(ft-l-l) = [ ( ( )7y) 7£(ft+1( ) y)]
= Pu(ge1)E [£(fi( — U1 (2),y) | grea (2) = 1]
= 7L(gt+1)€n(gt ) > €o.

\%

Thus, L, (f:) decreases by ¢, at every update, and we have L, (fy) < a. The theorem follows by combining these two
observations.
B.2. Proof of Proposition 3

The discussion before the statement of Proposition 3 implies that [DL7[G; H]| < |H[191+1|G|19!. Applying Theorem 1, and
utilizing the fact that for any finite class , we have II,, (%) < ||, we have with probability at least 1 — §

A

|L(f‘g)_Ln(f|g)| =9 #n(g)

o \/2<g| + 1) log([#]|9]) + log(8/9)

\/210g pLr[G; H]| + 2log |G| + log(8/9)

IN

#n(g)

forall f € DLy[G; H] and g € G. Combined with Lemma 2, we have the proposition statement.

B.3. Proof of Theorem 4

We will actually show the slightly stronger bound of

O‘IqugWD)l/g +18 log(8/9)

Lirte) = iréiﬂL(MgH%( V#n(9) #n(9)

where o = minpey Ly, (h). The theorem follows from the fact that o < 1.

We will take €,,(g) to be the function

nlg) = 3679 (alog(IgI1A]) "’ (Z)/ ( #nl(g))1/2.

Then the number of rounds PREPEND takes is bounded as

«

mingeg, . Pn(9)en(g)

T <
«
362/ (alog(1911H1))"* (n/7)V/° mingeq, . Palg)(#n(9)) /2

-1/6 1/2
0233623 (loa(lGIIHI)) 3 (n> (n>
o (log(IG11#])) 5

v

1/3
= a2/33672/3 (clog(|g||H))) " * (Z) .

Observe that since |G| and |H| are finite, we have [DL7[G; H]| < |H|T1|G|T. Combining Theorem 1 and Lemma 2, we
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have with probability 1 — §

2(T + 1) log(|H||G]) + log(8/4)

L(fl9)< Lu(f9) +9\/

#n(9)
< min Ly (h | 9) + €a(9) + 9¢ 2T+ 1) 1Ogglfnl(lgg)> + log(8/9)
< mip L(h | ) + enlo) + HM 20+ 1) oK) + eee/0)
< min L(h | g) + en(9) + 36\/Tloil|gl)g|) + 18\/l(ﬁi§§§).

Now by our bound on 7', we have

1/2
Tlog(|H||G]) clog(H|[G])  2/34—2/3 -1/3 (”)1/3
0 S 36 <#n(g) a®/33672/3 (log(|G||H|)) S
1/6 1/2
Y S : ) -
Thus, we have
log(8/4)

L(flg) < {LfgﬁLn(Mg)"'Qen(g)‘*‘lS o)

Finally, observe that n/y < #4(g)/~* forall g € G,, . Thus, we have

i soi) (1) ()

362/ (alog(|G|[H))) * (#:gg))”ﬁ <# 19))1/2

o
23 ((alog(IG]IH)\
50 ( Y#n(g) > -

€n(9)

IN

IA

B.4. Proof of Corollary 5
By Lemma 14, we have with probability 1 — §/2 that

Po) > Plo) ~ 29/ T 10g (161010

for all g € G. For the choice of n in the statement, this implies P,,(g) > /2. By Theorem 4, we have with probability
1-46/2,

, 2 log(16/G11H[/6)\ /3
L(flg) < minL(h| g)—|—22( g(v#L(;) |/ ))

forallg € G, ~ /2- By a union bound, both of these hold with probability at least 1 — §, in which case we have gw J2 = g.
Plugging in our bound on #,(g) = nP,(g), we have

L(f19)

IN

1/3
heH

1/3
< minL(h | g) + 22 <410g(16|29|7-l|/5))
heH ~2n

< min L(h
< minL(h|g) +e

where the last line follows from the choice of n in the corollary statement. O
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B.5. Proof of Theorem 6
Observe first that every prediction by f € DL [G; H] is actually done by some h € H. Thus,
I, ((€ 0 DL7[G; H]wesn) < T (€0 H)aesn) " 1L (G)T

< (L) B (snd>T

< (2n)d(2T+l)

where the second line follows from the definition of pseudo-dimension and the Sauer-Shelah-Perles Lemma, and third line
follows from the inequality (%,) < (2a)”. Thus, with probability 1 — & we have

d(T + 1) log(2n) + log(8/4)
#n(9)

IL(f|9)— La(f | g)| < 18\/ 3)

forall f € DLy[G;H] and g € G. Let us condition on this occurring.
We will take €, (g) to be the function

enlg) = (2.362d10g(2n))1/3 (:)1/6 <#n1(g))l/2.

Then the number of rounds the rewrite algorithm takes is bounded as
Lo
mingeg,m P, (g)en (9)

T <

1
(2-362d10g(2n))* (n/7)"/6 mingeg, . Pu(g)(#n(g))~1/2

(2 362d10g(2n))71/3 (:) e <Z) i

~1/3 1/3
(2 : 362d10g(2n)> (”) .
0

Here, we have used the fact that the loss is bounded above by 1. Eq. (3) implies that, for the function f returned by
Algorithm 1, we have for all g € G, -,

IN

d(T + 1) log(2n) + log(8/0)
#n(9)

d(T + 1) log(2n) + log(8/9)
#n(9)

d(T + 1) log(2n) + log(8/6)
#n(9)

2Tdlog(2n) log(8/4)
£0(0) +36\/ Falg)

L(flg) < Lo(f9) +18\/

< min L, (h N 18
< min (h | g) +enlg) + \/

IN

min L(h | g) + en(g) + 36\/

< min L(h . 36
< min (h|g)+enlg) + \/

Now by our bound on 7', we have

2Tdlog(2n) 2dlog(2n) () .o -1/3 (n 1/3
N S 36\/ #n(9) (2 362dlog(2n) (7)

(s (2) " (52)
= en(9):
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Thus, we have

: log(8/9)
L(f|g) < }rlrélﬁl}n(h | 9) + 2¢,(g) + 36 )

Finally, observe that n/y < #4,(g)/~* forall g € G, . Thus, we have

nlo) = (2-30%0p2m) " (%) : (#:<g>)1/2
< (2-362d10g(2n)>1/3(#n(g))l/G( , )1/2

IN

B.6. Proof of Proposition 7

Let X = {xg,z1, 22} and g; = {xo, z;} for x; = 1, 2. Let the marginal distribution over X’ be uniform. We will consider
the 3 class classification setting, where hy(z) = 1 and ho(z) = 2 for all z € X'. We will consider two scenarios for the
conditional distribution of y given x.

In scenario 1, we have

1/4 ify=1,
P(y|zp) =10 ify =2,
3/4 ify=3,
3/4 ify=1,
Ply|lz1)=11/4 ify=2,
0 if y =3,
1 ify=2,
P =
W e2) {o ify e {1,3).
Abusing notation, we have under scenario 1:
L(hl |$0):3/4 L(hl \xl):1/4 L(hl |x2):1
L(hg | {E()) =1 L(hg ‘ 1‘1) = 3/4 L(h2 | $2) = 0
L(hy | g1) =1/2 L(hy | g2) =17/8
L(ha | g1) =7/8 L(ha | g2) = 1/2.

Observe that under scenario 1, for any decision list f € DL[G; #] that does not order (h1, g1) at the beginning there exists
g € G such that

L(flg) > hmeijr{lL(hlg)Jrl/&
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Algorithm 4 MLC-HEDGE in the multi-group setting

input Groups G, hypothesis class #, learning rates 7, 4 € [0, 1].

output Internal hypotheses p1(-;-),...pn(+ ) -
(0) 1
Initialize weights wy, = THIeT
fort=1,2,..., ndo

Define

— (t—1)
g@)(1 = e~ )uf
pt((h,g),l') = , —n Bag (t—1)"
Do 9 (@) (1 — e Yy, o

Receive point (z¢, y;) and incur loss
by = Zg z)l(h(xr), y)pe((h, g); 1)-

Update weight vectors

wﬁf?q = w;(fg )exp (nh,gg(xt) (gte_nh’g - g(h(wt)vyt)>> :

end for
output pi,...,pn.

In scenario 2, we have

ify=1,
Py | xo) = 1/4 ify =2,
3/4 ify=3,
| ify=1,
T
Plyl e ify e {23},
1/4 ify =1,
Py | x2) = 3/4 ify =2,
ify = 3.
Under scenario 2:

L(hl | xo) =1 (h1 | I1) = 0 L(hl ‘ 332) = 3/4
L(hg | .’L‘o) = 3/4 (h2 | $1) 1 L(hg ‘ :172) = 1/4
L(hi | g1) =1/2 L(h1 | g2) =7/8
L(hy | g1) =17/8 L(hy | g2) =1/2.

Conversely, we have that under scenario 2, for any decision list f € DL[G; H] that does not order (hq, g2) at the beginning

there exists g € G such that
L > min L(h +1/8.
(fl9) ey (hlg)+1/

C. Missing proofs from Section 4

C.1. MLC-HEDGE algorithm and guarantees

Algorithm 4 displays MLC-HEDGE, as presented by Gaillard et al. (2014), in the multi-group learning setting. Theorem 16

of Gaillard et al. (2014) translates as follows.



Algorithms for hidden stratification and multi-group learning

Theorem 16. Let ny, 4 € [0, 1] be the learning rate assigned to expert (h, g), and suppose that the initial probabilities are
uniform over the experts. For each expert (h, g), the cumulative loss of MLC-HEDGE satisfies

S glan) (b — L), ) < (e—1+1) log(IHIIG]) + (e — Viny 3 g (), 10)-

=1 "h,g =1

C.2. An online-to-batch guarantee

For a collection of internal hypotheses p1,...,p, and a distribution @ over such hypotheses, we use the notational
conventions

L0 19) = B Bt [£60)0)] 1]

L(@Q|g) = Ep~q [Llpt | 9)] -

The following lemma shows that the average population losses of these internal hypotheses can be bounded in terms of their
average empirical performance.

Lemma 17. Suppose the loss function is bounded in the range [0, 1]. Let p1, . .., p, be a sequence of hypotheses produced
by an online learning algorithm on an i.i.d. sequence (x1,y1), ..., (Tn, Yn) with associated losses {1, . . . , L. Then with
probability at least 1 — §, we have for all g € G simultaneously

IS Lg~glm), | 1 G| 2 4
— E L < = E Oy + log — + log —.
n (pelg) < n P(g) ¢ nP(g) 08 0 3nP(g) 08 1)

A key ingredient in the proof of Lemma 17 is Freedman’s inequality (Freedman, 1975).

Theorem 18 (Freedman’s inequality). Let Vi, ..., Vp be a martingale difference sequence with respect to filtration F; such
that there exist constants a,b > 0 satisfying

o V4| <aforallt =1,...,T with probability 1 and
* S BV | Foa] <0

Then with probability at least 1 — 6, we have

T

2 1 1
SV, < Zalog - +by/2In <.
27 = g oy e

Our proof of Lemma 17 is similar to the online-to-batch reduction of Cesa-Bianchi et al. (2004). Namely, fix g € G and
define the random variable

V= L |0) ~ o) = L] 6) = pesalw) 3o (womhg's ) (). )
h,g’

1
nP(g)

Notice that V1,...,V,, form a martingale difference sequence. Moreover, V; € {—#(q), #(q)} . Letting F; denote the
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sigma-field of all outcomes up to time ¢, we can calculate

E || 9(@) Y g (@pelh.g'sze)e(h(ze),ye) | | Fi
h,g’

2

= P(9)E |E Zgl(ft)pt(hagl;mt)g(h(mt),yt) lg| | Fimr
h,g’

E > g (@)pe(h,g'sz)l(hxe) y)* | g| | Fooa

h.,g’

A
3
oD

&

< P(Q)E[L(p: | 9) | Fier] = P(9)L(p: | 9)

where the first inequality is Jensen’s inequality and the second follows from the fact that the losses lie in [0, 1]. Thus,
BV | Firl <~ Lo 9) — 25 L] 9)° < o Loi | ).
' ~ n?P(g) n? ~ n?P(g)

Freedman’s inequality then implies that with probability at least 1 — /|G|,

IN

D SIS RN e P e
n nP(g) n ) = §  3nP(g) )

IN

T
1 A 1 gl 2 9l
nP(g) ;g(xt)ﬁt + nP(g) log K * 3nP(g) log E

where we have again used the fact that the losses lie in [0, 1]. Taking a union bound over G finishes the proof. O

C.3. Proof of Theorem 8
We will show that with probability at least 1 — J, the predictor () returned by Algorithm 2 satisfies
D 16D

#n0) | Enlo

L < min L
(Q|g)—hmé£ (h | g)+ 60 Vg € g,

~

where D = 2log(|#||G|) + log &

Letm = [n/2], and let (x1,v1), -, (Tm, Ym), (@1, 91), - - -, (2}, y,,) be the data split utilized by Algorithm 2. For these
two splits of our data, we will use the notation

i=1
La(h|6) = 55 D ale)(hiz). w)
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From Theorem | and Lemma 15, we have that with probability at least 1 — §/2,

Lu(h | 6) < Ll |9)+ 9y 5
=2/ 8m(9)D < mP(9) — Sm(g) < 2/ Sm(g)D +4D
—24/85,(9)D < mP(g) — S;,,(9) < 2¢/5,(9)D +4D

#n(9)D < nP(g) — #n(9) < 2\/#a(9)D +4D

forall h € H and g € G. Moreover, combining Theorem 16 and Lemma 17, we have that with probability at least 1 — §/2,

1 m
L@Q|g) = EZ (pe | 9)
Lyl 29| 2 2|9
= m ; P(g) b+t mP(g) log =5~ 5 " 3mP(g) log 0
1 “ 1 -
S P(g) ;g(xt)ﬁ(h‘(’(xt)’yt) " <e o nh_q,g> log([M[|G]) + (e = 1)1ty 9 ;g(wt)f(h(wt), Yt)
206, 2, 2l
* mP(g) %85 T 3 p(g) 8
" 1
> g(@)l(h(w), u) + (2 + ) log(|H||G|) + 2nh,Sm ()
t=1 Mg

mP(g) &5 3mP(g) 875

forall g € G, where h, := argmin, <4, L(hg | ¢) and the last line has used the fact that the losses are restricted to [0, 1]. By
a union bound, with probability at least 1 — ¢ all of the above occurs. Let us condition on this happening.

Pick some g € G. Observe that the theorem trivially holds if #,,(g) < 352D + 4. Thus, we may assume #,(g) > 352D +4.
In this setting, we can then see that

Sm(g) = mP(g) = 2v/S,(9)D + 4D
2—1> P(g) — 21/Sn(9)D — 4D
— 3\/#n(9)D — 4D — 1

>

vV
RN =N =
Ik 3

>
>

#n(9)-

Here the second-to-last line follows from the fact that S,,,(g) < #,(g) and the last line follows from our lower bound on
#n(g). By a similar chain of reasoning, we also have S/, (g) > #4,(g). Given this, we can bound

Sm(g) D
we) < mP(g) L[ g)+9 Sm(g)
P(g) +2+/Sm Lh|g) + 9y/DSp.(9)
B mP(g ) mP(g)
< L(h|g) DSwnl9) (h|g)+22

Sm(g)_2 DSm(g) - Sm(g)
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where the last inequality follows from the fact that S,,, (g) > i#n(g) > 16D. Similarly, we also have

Sa(9) 1
mP(g) Sm(9)
and
Sm(9)
mP(g) =2
Putting it all together, we have
D 2 1. 2[G|
L@19) < L] 9)+22) g + 2 (loa(01) + 105 20 )
V() loa(GTH]) |, 250(9) \/logugm) \/ op 291
mP(g) mP(g) Si(9) (g) 6
| D D
< L(h|g)+22 Sm(g) Sm +2\/S o) +4\/S,’n(g +2 5. (0)
< L(h|g)+60, -2+ 18P

D. Missing proofs from Section 5
D.1. Proof of Theorem 10

Let F denote the set of possible predictors produced by Algorithm 3. Since the only degrees of freedom enjoyed by
Algorithm 3 are which classifier to assign to which group, we see that |F| < |G||H|. Moreover, since each of the classifiers
izg are consistent with the data in their respective groups, we can conclude that f is consistent with all of the data. In
particular, L,,(f | g) = 0 forall g € G. Theorem 12 then implies that with probability at least 1 — 4,

16 16
< 2log (| F[|#]) + log(8/8 §<210 GI* M +108§>
L(f19) < o5 (2108 (1FIIHI) +log(8/8)) < s ( 2log (IGFIH]) +log(s/9)
forall g € G.
D.2. Proof of Proposition 11
Let X = {xq, z1, z2, x3} with the following probabilities
P((z0,+1)) = 3/24,
P((x1,-1)) = 7/24,
P((z2,—1)) = 7/24,
P((xz3,+1)) = 7/24.

We also take g; = {zg,z;} fori =1,2,3, and let H = {h, '} where h(x) = +1 and h'(z) = —1 forallx € X.

Now any function f € F corresponds to an assignment o : G — H of groups to hypotheses. There are two cases to consider
here.

Case 1: 0(g1) = o(g2) = h’. In this case, we have that f(z¢) = —1. Thus,

3

L(f 195) > Plao | gs) = o5 = L(h| )+ 5.

10
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Case2: h € {0(g1),0(g2)}. Suppose without loss of generality that o(g1) = h. Then we have f(x1) = +1. Thus,

L(f|lg1) > Plz1|n) = % = L(h’|g)+%,

E. Insufficiency of multiaccuracy

In the binary prediction setting where ) = {0, 1}, Kim et al. (2019) use the definition that a function f : X — [0,1] is
a-multiaccurate with respect to C C [—1, +1]7 if

Eaoy [e(2)(f(2) —y)] < o

for all ¢ € C. To simplify the discussion, let us assume that the label y is a deterministic function of the corresponding z, i.e.
there exists n € {0, 1} such that E[y | z] = n(z). In this setting, Kim et al. showed that multiaccuracy can be translated
into a notion of multi-group learning as follows.

Proposition 19 (Proposition 1 from Kim et al. (2019)). Ler C and S C X be given, and suppose that f : X — [0,1] is
a-multiaccurate with respect to C. Further define 7j(x) = 1 — 2n(x). If there exists a ¢ € C such that
Eoylle(z) —A(z) Lz € S]] <7,

then
2

Pr,, (sign(f(z) — 1/2) #sign(y —1/2) |z € S) < P (a+7).

In the multi-group learning setup where H C [—1,+1]* and G C {0, 1}, we can take C = {z — h(z)g(z) | h € H,g €
G}. Proposition 19 tells us that e-multiaccuracy with respect to C implies

2
Pr,,, (sign(f(@) — 1/2) # sign(y — 1/2) |z € ) < 4 inf L(h|g)+ TO;) forall g € G, @)

where the loss in L(- | -) is zero-one loss.

When each group has a corresponding low error classifier in H, Eq. (4) tells us that multiaccuracy leads to reasonably
good predictions across all groups. However, the bound in Eq. (4) devolves to no better than random guessing whenever
infren L(h | g) > 1/8. One may ask if this is due to some slack in the proof of Proposition 19 or if it is some intrinsic
looseness associated with multiaccuracy. The following result shows that multiaccuracy reduction must result in at least
some constant in front of infrey L(R | g).

Proposition 20. Suppose |X'| > 3 and let € > 0. There existn, f,g € {0,1}*, h € {1, +1}*, and a marginal distribution
over X such that

o f is O-multiaccurate with respect to C = {h - g},
e Pr, (h(x) #£n(zx)|x € g) =€ but
* Pr, (f() #n(z) |2 € g) = 2
Proof. Suppose X = {zg,x1,x2} with P(z¢) =1 — 2e and P(x1) = P(z2) = €. Let p(z) = g(x) = 1 forall z € X and

define

1 ifx=ux -1 ifx=u2as

0 ifze{x 1 if v €
fla) = { ifx € {1,220} and hz) = { if z {xo,xl}'
Then we can establish the following facts.

L. Pr, (h(z) #n(z) |z € g) = P(x) =

2. Pry (f(z) #n(z) |z € g) =1— P(x0) = 2e.
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3. Forc = h - g, we have
Ele(z)(f(2) = n(x))] = E[h(2)f(2)] - E[h(z)] = 1—2¢—(1-2¢) = 0.
Thus, f is O-multiaccurate with respect to C = {c}.

Combining all of the above gives the proposition. O

Thus, to get multi-group learning bounds of the form in Eq. (1) or Eq. (2), we must go beyond this type of simple application
of multiaccuracy.



