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1. Introduction

The theory of F-modules, whose roots can be found in [15,5,7], is introduced in [10].
Since its introduction, it has been proven indispensable in the study of rings of prime
characteristic p (see, for instance, [4,1,11,16,12]). Replacing the Peskine-Szpiro functor
F(-) by its e-th iteration F°(—), one obtains the theory of F'¢(—)-modules (details can
be found in §2).

The motivations behind this article are two-fold:
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(1) It follows from [8, 7.4] that there exists an F-finite F-module which admits a simple
D-submodule that is not an F-submodule (¢f. Example 2.5). The structure of such
D-submodules warrants further investigations.

(1) Let R be the completion of Z[z1, ..., z¢] at the maximal ideal (2, z1,...,2¢) and let
I be the monomial ideal associated with the minimal triangulation of the projective
plane. Then it is proved in [3, 4.5] that the support of the Matlis dual of H#(R) is
Spec(R/(2)), a proper subset of Spec(R), which provides a counterexample to [13,
Conjecture 1]. It is natural to ask whether Spec(R/(m)) is always contained in the
support of the Matlis dual of Hj(R) whenever R = V([[z1,...,2,]] and V = (V,7V)
is a complete DVR of mixed characteristic (0, p).

One of our results regarding (f) is the following.

Theorem 1.1. Let R be a noetherian regular ring of characteristic p which is a finitely
generated RP-module. If N is a simple Dg-submodule of an F¢-finite F¢-module M,
then there exists a positive integer €' such that N is an Fee_submodule of M.

Since each F-module is naturally a Dg-module (Remark 2.7), it is feasible to consider
D-submodules of an F¢-module in the statement of Theorem 1.1. Example 2.5 shows
that, in general, it is necessary to have ¢/ > 1, even when e = 1. This provides one of
the justifications for the necessity of considering F¢-modules (with e > 1).

As a consequence of our Theorem 1.1, we have the following result concerning ().

Theorem 1.2. Let (R, m) be a noetherian regular local ring of finite type over a regular
local Ting A such that A is module-finite over AP. Let N be an arbitrary (not necessarily
simple) Dg-submodule of an Fe-finite F°-module. Assume that (0) is not an associated
prime of N'. Then

Suppr(NY) = Spec(R),
where NV denotes the Matlis dual of N.

Theorem 1.3. Let R = V([[z1,...,z4]] be a formal power series ring over a complete DVR
(V, 7V, k) of mized characteristic and I be an ideal of R. Assume that [k : kP] < oo. If

(1) either Coker(H{(R) 1> H}(R)) #0
(2) or Ker(H7(R) = Hy(R)) # 0,

then
Spec(R/mR) C Suppr(H}(R)Y),

where HJ(R)Y denotes the Matlis dual of H}(R).
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Theorem 1.2 is a natural extension of the main theorem in [13]. Without any further
assumptions on I, Theorem 1.3 is the best possible since “C” can be “=" in general; see
Remark 4.2 for details.

This article is organized as follows. In §2, we collect some necessary preliminaries on
F¢-modules and D-modules; in §3, we prove Theorem 1.1 and its corollary; in §4, we
apply results proved in §3 to the investigation of the support of Matlis dual of D-modules,
especially local cohomology modules.
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The author thanks the referee for carefully reading the article and for the comments
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2. Background and some results on D-modules and F'¢-modules

Let A be a commutative ring with identity. A (Z-linear) differential operator of order
0 is the multiplication by an element of A. A differential operator of order < /¢ is an
additive map ¢ : A — A such that the commutator [§,a] = d oa — @ o ¢ is a differential
operator of order < ¢ — 1, where @ : A — A is the multiplication by a € A, for every
a € A. These differential operators form a ring, denoted by D 4|z or simply D 4.

If k C Ais a subring, then the ring of k-linear differential operators, denoted by D 4,
is the subring of D4 consisting of k-linear elements of D 4. Given any element f € A, Ay
carries a natural D 4;-module structure. Consequently, the local cohomology modules
Hj(A) carry a natural D 4;-module structure for each ideal a in A.

Assume now that A contains a field of characteristic p, and let A?" be the subring
of A consisting of all the p®-th powers of all elements in A for each positive integer
e. Then, every differential operator § € D4 of order < p® — 1 is Ape—linear; that is
d € Hom 4pc (A, A). Let k be a perfect subfield of A (e.g. k = Z/pZ). Assume that A is
a finite k[AP]-module, then

Da = Day, = | Hom e (4, A).

Hom 4, (A, A) is also denoted by D(®) in the literature.
When A = B[zy,...,2,] or A= Bl[x1,...,2,]] where B is a commutative ring with
identity, the ring D4 p can be described explicitly as follows. Set 81[“ = 1.9 that is

792t

0 s<t

t s

aﬂ(z»{ .
()i st

Then D 4|p is the ring extension of A generated by 8Zm for all i and all ¢ > 1. Furthermore,
if B is a perfect field of characteristic p, then D) is the ring extension of A generated
by Gz[t] for all 7 and all t < p° — 1.
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Remark 2.1. Given this explicit descriptions of the rings of differential operators, one
can check the following (cf. [2, 2.1] for details). Assume that R = V[z1,...,x,] or
R =V][[x1,...,2,]] where V = (V, 7V, k) is a DVR with a uniformizer 7. Set R = R/(r).
Given each Dpgjy-module M, the multiplication map M 5 M is Dpgjy-linear as m € V;
consequently, the submodule Annps(7) and the quotient module M /7w M are naturally
Dpgjv-modules and D ,-modules. The short exact sequence 0 — R S R—-R—0
induces a long exact of local cohomology modules

- = HI7Y(R) —» H}(R) = H}(R) — H}(R) —

which is an exact sequence in the category of Dpgjy-modules, for each ideal I of R.
In particular, the modules Coker(H7(R) = Hj(R)) and Ker(Hj(R) = HJ(R)) are
naturally Dpy-modules and D g ,-modules. Consequently, the natural maps

Coker(H}(R) =+ H}(R)) — HJ(R), H} '(R) — Ker(H}(R) = H}(R))

are morphisms in the category of Dgjy-modules and morphisms in the category of D BRIk
modules.

Let A be a commutative ring that contains a field of characteristic p. Then there is
a natural functor on the category of A-modules called the Peskine-Szpiro functor and
defined as follows. Let F¢A denote the A-module whose underlying abelian group is the

e
ars>aP

same as A and whose A-module structure is induced by the e-th Frobenius A ———— A.
The Psekine-Szpiro functor F'§(—) on the category of A-modules is defined by

FS(M)=F‘A®4 M.

Remark 2.2. Assume R is a noetherian regular ring of characteristic p. Then a classical
theorem due to Kunz ([9]) asserts that the Peskine-Szpiro functor FY, is an exact functor.

Moreover, assume that R is a finite generated RP-module. Then the category of R-
modules is equivalent to the category of D(®)-modules ([1, Proposition 2.1]). The functor
from the category of R-modules to the category of D(¢)-modules is precisely the Peskine-
Szpiro functor Ff. Since one can identify Homp,e (R, R) with Homg(FER, FER), the
D(®)-module structure on Fg(M) = FCR ®g M is induced by the action on FER. We
refer the reader to [1] for details.

The following result, [1, Proposition 2.3], will be useful in the sequel.
Theorem 2.3. Let R be a noetherian regular ring of characteristic p. Assume that R is

a finitely generated RP-module. Then the Peskine-Szpiro functor F§ is an equivalence of
the category of Dgr-modules with itself.
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Considerations on the Peskine-Szpiro functor have proven to be fruitful in the inves-
tigation of rings of prime characteristic p. When R is regular, the theory of F-modules is
introduced in [10]. Since this theory is readily adapted to the e-th Peskine-Szpiro functor
Fe¢(—), we opt to explain here the theory of F'¢-modules.

For the rest of the section, R denotes a noetherian regular ring of prime characteristic
.

Definition 2.4. Let e be a positive integer.

(1) An R-module M is an F¢-module if there is an R-module isomorphism
: M— F(M)=FRr M

called the structure isomorphism.
When e = 1, we will write F instead of F' whenever the context is clear.
(2) If (M,0x0) and (N,6y) are Femodules, then an F°-module morphism from
(M, 1) to (N, 0xr) consists of the following commutative diagram:

M—" N
O am On

FeM) ) e

We will simply write this F'*-module morphism as ¢ : M — N whenever the context
is clear.

(3) A generating morphism of an F¢-module is an R-module homomorphism S : M —
F¢(M), where M is an R-module, such that M is the direct limit of the top row of
the following commutative diagram

F(B)
M —" peary =2 ey — -

B JFE(B) l

Fe 5 FZe ﬁ
Fe(M) —— ( F2¢(M) *(; F3¢(M) — ---

and the structure isomorphism 6 : M — F¢(M) is induced by the vertical morphism
in the diagram.

(4) An F°-module M is F°-finite if it admits a generating morphism 5 : M — F°¢(M)
where M is a finitely generated R-module.

We will denote the category of F¢-modules by .%#
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Results on F-modules in the literature, e.g. [10] and [1], can be readily extended
to F°-modules by simply replacing the functor F(—) with the functor F¢(—). Before
proceeding to properties of F'*~-modules, we would like to explain one of the motivations
behind introducing these modules and hopefully to answer the natural question: why not
just work with F-modules?

Example 2.5. Let R = Fy;[z,y, 2] and let f = 27 + 37 + 27. Denote H(lf)(R) by H. Then
[8, 7.4] shows that

E_@(H) > gﬁ(H)a

where £ (H) (or £4(H), respectively) denotes the length of H in the category of 2-
modules (or in %, respectively). Let H be a simple D-submodule of H. If H is an F-
submodule of H, then it follows from [10, Theorem 2.8] that H is an F-finite F-submodule
of H and consequently #/H is an F-finite F-module. Note {g(H/H) > Lez(H/H).
Continuing this process, after at most £ () steps, one can see that there is an F-finite
F-module H' (a quotient of H in the category of F-modules) such that H’' admits a
simple D-submodule that is not an F-submodule of H’. (Similarly, one can also deduce
that H admits a Z-submodule which is not an F-submodule.)

Example 2.5 shows that the theory of F'®~-modules may be applicable to Z-submodules
of an F-finite F-module which may not be F-submodules in general.

Remark 2.6. Assume that (M, 6) is an Fe-module for a positive integer e. Then, for
every positive integer ¢, the composition

FeO),

M 5 Fe(M) = F'*(M)
is also an R-module isomorphism. Hence M is an F**-module for every positive integer
t. In particular, an F-module is also an F¢-module for every positive integer e. Conse-
quently, all local cohomology modules H } (R) (and iterated local cohomology modules)
are F°-modules for every positive integer e.

Assume that (M, 6) is an F°-module for a positive integer e. Then so is F*(M) for
every positive integer ¢ since F*(M) = F'(F¢(M)) = F¢(FY(M)).

Let e, f be positive integers such that e|f. Then #¢ can be naturally viewed as a
subcategory of #7. Let M be an F°-module. By an Ff-submodule A’ of M we mean a
sub-object of M when M is viewed as an object in .Z7.

Remark 2.7. Every F¢-module admits a natural D-module structure. This follows from
Remark 2.2. Let § be a differential operator. Then there exists an positive integer ¢ such
that its order (as a differential operator) is less than te. Let a; denote the composition

N

ML Fem) = F'e(M)
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Given an arbitrary element m € M, write ay(m) = >, 7 ® m;. Then, for every
element m € M, set

§-m:= at_l(Z(&M) ® m;)

(3

Whenever we view an F¢-module as a Dgr-module, we always refer to the Dgz-module
structure specified in the previous paragraph. Under this Dgr-module structure, an F°-
module morphism between any two F°-modules is also a Dgr-module morphism.

We now collect some results on F°-modules which are natural analogues of corre-
sponding results on F-modules in the literature.

Remark 2.8. Let R be a noetherian regular ring of characteristic p that is module-finite
over RP. Let M be an F°-module for a positive integer e.

(1) The Fe-finite modules form a full abelian subcategory of the category of F¢-modules
which is closed under formation of submodules, quotient modules and extensions.
When e = 1, this is [10, Theorem 2.8]. When e is an arbitrary positive integer, the
same proof goes through (by replacing F(—) with F¢(—)).

(2) The structure isomorphism 6 : M — F¢(M) is Dg-linear, where the Dg-module
structure is as in Remark 2.7. When e = 1, this is [1, Lemma 2.4]. When e is an
arbitrary positive integer, the same proof goes through (by replacing F'(—) with
Fe(-)).

(3) Assume further that R is of finite type over a regular local ring A such that A is
module-finite over AP. Then every F¢-finite F'®-module has finite length in .%¢ and
in the category of Dg-modules, for each positive integer e. When e = 1, this is [10,
Theorem 3.2] and [1, Theorem 2.5], respectively. When e is an arbitrary positive
integer, the same proofs go through (by replacing F(—) with F¢(—)).

3. Interactions between F'¢-modules and D-modules

The main goal of this section is to prove Theorem 1.1. We begin with the following
observation.

Proposition 3.1. Let R be a noetherian reqular ring of finite type over a reqular local ring
A such that A is module-finite over AP and let M be an F°-finite F¢-module. Let N be
a Dg-submodule of M. Assume that* F¢(N') CN. Then N is an F¢-submodule of M.

Proof. Since F¢(N) is naturally a Dg-submodule of M (due to Theorem 2.3) and
Fe(N) C N, we have a descending chain of D g-submodules of M:

2 Here we identify F¢(N') with an R-submodule of M under the isomorphism F€(M) = M.
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NDF¢N)DF*(N)D---

Since M has finite length in the category of Dg-modules (Remark 2.8), this chain must
terminate in finitely many steps; that is Ft¢(N) = FUtHDe(N) = Fte(Fe(N)) for an
integer t. Hence N' = F¢(N') which completes the proof. O

We are now in position to prove Theorem 1.1, whose proof is inspired by the proof of
[10, Theorem 5.6].

Proof of Theorem 1.1. Since M is an F-module, F'*¢(N') C F*¢(M) = M for each pos-
itive integer t. We will view F'*¢(N') as a D-submodule of M. It follows from Theorem 2.3
that F*(N) is also a simple D-submodule of M for every positive integer ¢. Let ¢ be
the least positive integer such that

N+FN)+-- + FEN) =N FCWN) @ - o FEDYWN)
that is, ¢ is the least positive integer such that
N 4 FE(N) + -+ FEDN) N Fre(N) #£ 0.
Set
L=N+FWN) 4+ +FEVN) =N FN)@--- @ FE DN,

By the construction of £, one sees that £ is a semi-simple Dpg-module.
We claim that £ is an F¢-submodule of M and we reason as follows. Since F*¢(\) is
also a simple Dgz-module by Theorem 2.3 and F*(N) N L # (), we have

F'“(N) C L.

Consequently F¢(L) C L. It follows from Proposition 3.1 that £ is an F¢-submodule of
M and hence is also an F°-finite F-finite module by Remark 2.8.

This shows that N is a simple Dg-submodule of an F°-finite F'®-module £ such that
L=N@- @ F'YeN), where N,..., F¢~D¢(N) are simple D-submodules of L.
Since L is a semi-simple Dg-module stable under F¢(—) and F¢(—) is an equivalence on
the category of D-modules (Theorem 2.3), the functor F¢(—) cycles through its direct
summands N, ... ,F(t_l)e(/\/). Therefore, there exists a positive integer ¢ such that
N = F¢¢(N). This finishes the proof. O

Corollary 3.2. Let R be as in Theorem 1.1. Assume that N is a Dr-module quotient of
an F°-finite F¢-module M. Then there exists a positive integer €' such that N is an
Fe -finite F¢ -module.
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Proof. We will use induction on the length of M as a Dgr-module; note that M has
finite length in the category of Dg-modules according to Remark 2.8.

When M is a simple Dgr-module, then either ' = 0 or A’ = M. The conclusion is
clear.

Let {5 (M) denote the Dg-module length of M. Assume now ¢4 (M) > 2 and the
theorem has been proved for all F-finite F-modules with D g-module length < ¢4 (M)—1.
Since NV is a D g-module quotient, there is a Dg-submodule £ of M such that N' = M /L.
Since ¢4 (L) < oo, there is a simple Dg-submodule £’ of L. Since £’ is a simple Dg-
submodule of M, by Theorem 1.1 £ is an F'**-submodule of M for a positive integer t.
Consequently, M /L’ is an F**-finite F**~finite module. Set M := M /L' and L := L/L’.
Since £5(M) < £y(M), by induction M/L is an F¢-finite F*-module for a positive
integer €. Since N' = M /L = M/L, this completes the proof. O

Remark 3.3. When R = k[x1,...,2,] where k is a field of characteristic p, one can
also develop the notions of graded F*-modules and graded F°-finite F'*-modules and to
extend results on graded F-modules to graded F¢-modules. For instance, one can show
that a graded F¢-finite F’*-module is also an Eularian graded D g-module; the interested
reader is referred to [14] for the notion of Eulerian graded D-modules. We opt not to
pursue this in the current article.

4. Applications to Matlis dual

Prompted by the work of Hellus in [6], Lyubeznik and Yildirim conjectured (in [13,
Conjecture 1]) that, if R is a noetherian regular local ring and H }(R) # 0 where [ is an
ideal of R, then Suppg(H3(R)Y) = Spec(R). Here Hi(R)Y denotes the Matlis dual of
HJ(R). This conjecture is proved in [13] in characteristic p. In mixed characteristic, this
conjecture is shown to be false as stated ([3, 4.5]). One may notice that the example in
[3, 4.5] (¢f. Remark 4.2) is the kernel of multiplication by the uniformizer 7 on a local
cohomology module H } (R); where (R, V) is a formal power series ring over a complete
discrete valuation ring V' with a uniformizer 7. The main purpose of this section is to
prove Theorem 1.3 which generalizes [3, 4.5].

We begin with the following extension of [13, Theorem 1.1].

Theorem 4.1. Let (R, m) be a complete regular local ring of characteristic p and let M
be an Fe-finite F¢-module for a positive integer e. Assume that (0) ¢ Assg(M). Then

Supp(HomR(Ma ER(R/m))) - SpeC(R)a
where Er(R/m) denotes the injective hull of R/m.

Proof. Once one replaces the functor F'(—) by F¢(—), the proof is the same as the one
of [13, Theorem 1.1]. To avoid duplication, we opt not to repeat the details here. O
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For each R-module M, we will denote its Matlis dual, Hompg (M, Egr(R/m)), by MV.
We now can prove our Theorem 1.2 which is a natural extension of Theorem 4.1 to
Dg-submodules of Fe¢-finite F*~-modules.

Proof of Theorem 1.2. Let £ be a simple Dg-submodule of N. Since Assg(L) C
Assgp(N) and (0) ¢ Assr(N), we have (0) ¢ Assg(L). The short exact sequence
0— L —N — N/L— 0 induces a short exact sequence

0— N/L)Y = NY =LY —0.

If Supp(L£Y) = Spec(R), then it follows from the short exact sequence above that
Supp(NY) = Spec(R). We are now reduced to proving that Supp(LY) = Spec(R).

Since L is a simple Dg-submodule of an F°-finite F*-module, it follows from The-
orem 1.1 that £ is an F¢¢-submodule of M. Since M is F-finite (hence F¢°-finite)
and L is an Fe/e—submodule, £ must be F¢°finite as well because of Remark 2.8. Now
Theorem 4.1 finishes the proof. O

We now apply Theorem 1.2 to prove Theorem 1.3.

Proof of Theorem 1.3. The short exact sequence 0 — R =+ R — R/mR — 0 induces a
long exact sequence

---— HJ"Y(R) —» Hi(R) & HI(R) — H}(R) —

which implies

(2) a surjection HI ™ (R) — Ker (H}(R) T HI(R)).

Note that Coker(H}(R) =+ H}(R)),Ker(HI(R) = Hi(R)), H}(R), H) '(R) carry
a natural D Rl r-module structure, and that both the injection and the surjection are
Dpyy-linear (cf. Remark 2.1). This makes

(1) Coker(H}(R) & H{(R)) a Dgy,-submodule of H{(R) which is an Fp-finite Fp-
module, and

(2) Ker(H}(R) & HJ(R)) a D -module quotient of H}7'(R) which is an Fp-finite
Fz-module.

Assume Coker(H{(R) 5 H}(R)) = H} (R)/ﬂHf (R) # 0. Then it follows that
H}(R) # 0. Hence H}(R)/mHj(R) satisfies the assumptions in Theorem 1.2; our as-
sumption on k ensures that R satisfies the hypothesis in Theorem 1.2. Consequently



350 W. Zhang / Journal of Algebra 617 (2023) 340-351

Spec(R) = Supp z Hom s ( ;(R)/WH}(R),E),
where E denotes the injective hull of k as an R-module.

Since F = Hompg(R, E) where E = Ex(k), by the adjunction between ® and Hom,
we have

Hom (] (R)/mH] (R), E) = Homp(H{(R) /r H] (R), E).
It follows that
Spec(R) = Suppy Homp(HJ(R)/nHi(R), E)
where Spec(R) is considered a closed subset of Spec(R).

The surjection Hj(R) — H}(R)/7mH}(R) induces an injection (Hj (R)/mH}(R))Y <
H7(R)Y. Therefore,

Spec(R) C Suppp(H}(R)Y).

Assume Ker(H}(R) = H]( )) # 0 and set K := Ker(HJ(R) = HJ(R)). Then K is a
D g-module quotient of H77Y(R) and H] '(R) is an Fp-finite Fp-module. According

to Corollary 3.2, K is an F' _finite F¢"-module and consequently

Suppr(KY) = Spec(R)

by Theorem 4.1. The injection K — H7(R) induces a surjection H}(R)Y — K which
proves that Suppr(KY) C Suppp(H7(R)Y). This completes the proof. O

Remark 4.2. Let R be the completion of Z[x1,...,z¢] at the maximal ideal m =

(2,21,...,26). Let I the monomial ideal associated with the minimal triangulation of
the real projective plane. It is proved in [3, 4.5] that

Hi(R) = Homg(R/(2), Hy(R))
and consequently Suppg(H7(R)Y) = Spec(R/(2)).
Therefore, without any further assumptions, the conclusion in Theorem 1.3 is the best
possible.

In light of Theorem 1.3, we would like to ask the following.

Question 4.3. Let R be a complete unramified regular local ring of mixed characteristic
and (V,7V) be its coefficient ring.
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(1) Is it always true that
Spec(R/wR) C Suppg(H](R))

for each ideal I and each integer j7
(2) Can one characterize the local cohomology modules H7(R) such that

Suppp(Hj (R)") = Spec(R)?
Data availability
No data was used for the research described in the article.
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