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High intensity, laser solid interactions are capable of generating attosecond light bursts via high harmonic
generation, most work focuses on single beam interactions. In this study, we perform a numerical investigation
on the role of wavelength and polarization in relativistic, high harmonic generation from normal-incidence, two-
beam interactions off plasma mirrors. We find that the two-beam harmonic generation mechanism is a robust
process described by a set of well-defined selection rules. We demonstrate that the emitted harmonics from
normal incidence interactions exhibit an intensity optimization when the incident fields are of equal intensity
for two-color circularly-polarized fields.

I. INTRODUCTION

Relativistic high order harmonic generation (HHG) driven
by the reflection of light off an overdense plasma mirror offers
a promising means of producing high-brightness, attosecond-
duration light in the extreme ultraviolet (EUV) and soft x-ray
regions that has been shown to extend to hundreds of har-
monic orders[1–4]. Several mechanisms have been theoret-
ically proposed and experimentally identified for the HHG
mechanism including the relativistic oscillating mirror (ROM)
model [5–8], coherent synchrotron emission (CSE) [9–11],
and relativistic electronic spring (RES) model [12, 13].

As described in the ROM model, when an intense laser
is incident on a plasma surface, the electrons that are driven
into the plasma by the laser field experience a restoring force
from the nearly-immobile ions. The electron motion be-
comes relativistic when the laser normalized field strength
a0 = eE0/mecw0 & 1, where E0 is the laser electric field,
w0 the laser frequency, me the rest mass of electron, and e

the fundamental electric charge. This leads to an oscillation
of relativistic electrons near the relativistic critical surface,
ne = gnc where g is the relativistic factor of electrons and
nc = mee0w2

0/e
2 is the non-relativistic critical density. The

reflected laser field experiences a nonlinear phase shift due to
the oscillating critical surface electrons, capable of producing
higher energy photons. For multi-cycle lasers, this phase shift
becomes periodic and leads to the generation of harmonics
of the fundamental laser frequency. As the radiation is be-
ing emitted from one moving plasma surface, the process is
inherently phase-matched enabling high single-shot flux.

The harmonics produced by the ROM mechanism have
characteristic properties determined by the input laser and
plasma parameters [1]. For example, the allowed harmonic
orders and their individual polarization states are determined
by the interaction geometry and critical surface oscillation
modes[6]. A laser field reflecting off a surface at normal inci-
dence produces a single mirror oscillation mode at frequency
2w . The reflected field will contain the odd harmonics of the
laser wn = (2n+1)w . At oblique incidence, the symmetry of
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the interaction is broken and the surface can now oscillate at
frequency w . The reflected field will contain even harmonics
polarized along the electric field direction, and odd harmonics
polarized parallel or orthogonal to the electric field for p- and
s-polarized interactions, respectively.

Recently, there has been increased interest in investigating
the relativistic harmonic generation process through multi-
beam interactions with a primary focus on two-color collinear
studies. The introduction of the second harmonic to the driv-
ing field has been shown to provide benefits to relativistic
HHG including the enhancement of harmonic conversion ef-
ficiency and attosecond burst isolation[14–18]. The choice of
w + 2w collinear studies is one of practical convenience due
to the high conversion efficiencies of second harmonic gen-
eration crystals available for experiments. While most rela-
tivistic HHG studies have focused on the interaction of two
linearly-polarized (LP) fields, there has also been increased
interest in efficiently generating circularly-polarized (CP) har-
monics. A scheme involving the interaction of elliptically-
polarized light at an oblique incidence has been shown to pro-
duce circularly-polarized harmonics [19]. Furthermore, theo-
retical and computational work [20, 21] has shown that high-
brightness, circularly-polarized harmonics can be generated in
an analogous manner to circularly-polarized harmonics gen-
erated in the tunnel ionization regime from counter-rotating,
circular fields in collinear [22, 23] and non-collinear [24] ge-
ometries even though it is a physically distinct regime.

Studies on two-beams interactions with plasma mirrors
have up to this point been separated into either linear or
circular polarization driven by w + 2w fields. However,
new multiwavelength laser facilities are coming online that
use new laser technologies which allow arbitrary frequency
combinations[25, 26]. The capability to combine multiple,
non-commensurate frequencies, i.e. fields with frequency ra-
tio w2/w1 6= Z, where w2 and w1 are the central frequencies
of the fundamental fields, in a single interaction has not been
examined extensively in the field to date, and a multi-beam
framework for arbitrary frequencies does not currently exist.

In this Article, we show through the use of normal-
incidence, particle-in-cell simulations that a set of two-color
selection rules can be derived using the ROM model of
relativistic harmonic generation, enabling control over the
emission and polarization of the harmonics. Using non-
commensurate frequencies enables a robust examination of
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the laser-plasma coupling that results in unique and control-
lable harmonic spectra. We show that the harmonic properties
and intensity optimization are governed by the relativistic crit-
ical surface oscillations during the laser reflection. The gen-
erated two-color harmonic spectra and polarization states are
determined by the frequency ratio and polarization states of
the fundamental fields, respectively. Additionally, we show
that the intensity optimization of the two-color circularly-
polarized harmonic generation process occurs at equal intensi-
ties of the fundamental fields, independent of frequency ratio.

II. METHODS

Numerical simulations were performed using the fully-
relativistic, particle-in-cell code OSIRIS 4.0 [27]. For these
two-color simulations, the physical quantities were normal-
ized to the central wavelength, l1, and period, T1, of the
lower frequency laser. A series of 1D3V simulations were per-
formed in a simulation region that was X = 127 l1 units long
with 128 particles per cell, using a grid size of 40,000 points.
This results in a spatial resolution of Dx = 3.2⇥10�3 l1. The
simulations were run for a total time of T = 47.7 T1 with a
time step of Dt = 3.98⇥10�3

T1. The plasma was initialized
with bulk density ne = 100nc,1 and thickness 7.96 l1. An ex-
ponential density ramp of the form ne = 100nc exp(�x/Ls)
was placed before the front surface of the target to repre-
sent pre-plasma formed by a laser pre-pulse before the high
intensity interaction [28], where Ls = l1/2p was used for
the presented simulations, which is comparable to optimal
scale-lengths from previous one-beam experimental studies
[29–31]. Because we are investigating the short-pulse regime
of laser-plasma interactions, which requires suitably short
plasma-scale lengths, we consider the ions to act as an im-
mobile background.

Two laser fields were initialized, each with a flat-top tem-
poral profile of t = 9 T1. Flat-top temporal profiles were used
to simplify the plasma dynamics, but comparisons between
lasers with flat-top and Gaussian temporal profiles were per-
formed to ensure the simulations gave consistent results re-
gardless of pulse profile (see Supplemental Figure 7). The
choice to use a relatively long pulse length of nine optical
cycles was to easily discriminate between the individual har-
monic orders produced during the interaction (see Supple-
mental Figure 8). The laser fields were initialized with two
fundamental frequencies w1 and w2, normalized vector po-
tentials a0,1 = eE1/mecw1 and a0,2 = eE2/mecw1, and either
linear or circular polarization. Note, the second field does not
have an independent normalization.

After the interaction the light reflected back into free space
(x < 0). The electric field was then filtered to remove field
contributions due to the bulk plasma target, i.e. for E = 0
for x � 19.8l1 while the laser pulse is entirely in the re-
gion x < 19.8l1. The electric field was then analyzed using
fast Fourier-transforms (FFT). A small fraction of hot elec-
trons in the vacuum are not filtered out since they overlap
with the laser field, which will introduce a negligible amount
of DC noise in the FFT. During the reflection, the relativis-

tic critical surface, gnc(x, t), was also tracked by taking into
account the local Lorentz factor of the plasma electrons ev-
ery ten simulation time steps. The resulting motion was then
Fourier-transformed to extract the oscillation frequencies of
the plasma.

Unless otherwise specified, the presented frequency ratio
was w2/w1 = 1.65 and the total normalized vector potential
was held constant at a0 = 10. The choice of the presented fre-
quency ratio is from considerations of frequency ratios pro-
duced by Ti:Sapphire-driven optical parametric amplification
(OPA) sources, and eliminates the redundancy of certain beat
frequencies produced by commensurate two-color fields. For
a total vector potential of a0 = 10 and central frequencies of
w1 = 1 and w2 = 1.65, the individual normalized vector po-
tential values were a0,1 = 6.2 and a0,2 = 3.8.

III. RESULTS

A. Linearly-Polarized Two-Color HHG

FIG. 1. Harmonic spectra of two-color, linearly-polarized (LP)
fields. 1 a) Reflected spectrum of LP pulses at normal incidence.
The parallel (red) and orthogonal (blue) fields contain additional har-
monic orders beyond the odd harmonic orders expected from a single
frequency interaction (yellow). 1 b) Zoom in between w/w1 = 5 and
w/w1 = 11 with different harmonics denoted by vertical lines.

The reflected spectra of two LP laser fields with frequencies
w1 = 1.0 and w2 = 1.65 can be seen in Fig 1 a). The polar-
ization angle of the higher frequency field is rotated between
0o and 90o such that the field polarizations are parallel (red)
and orthogonal (blue). As a reference, the reflected spectrum
of a single color laser with central frequency w1 is plotted
in yellow. Because the peak field strength of the orthogonal
fields is reduced, the normalized vector potentials of the in-
dividual fields were increased by a factor of 1.37 in order to
produce the same peak field strength of the pulse envelope as
the parallel polarization case. To account for the difference in
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total energy between the two interactions, the reflected spec-
tra are normalized to the initial energy of the laser fields. Both
parallel and orthogonal cases contain multiple harmonic chan-
nels that are separate from the odd harmonics produced from
a single frequency at either w1 or w2. Four such channels,
(n� 1)wi + nw j and (n� 2)wi +(n+ 1)w j, where i, j = 1,2
are plotted as vertical lines in Figure 1b. In general, the ob-
served two-color HHG harmonics are

W = n1w1 +n2w2, (1)

where n1 +n2 = 2k�1, and n1, n2, and k 2 Z.
The harmonic emission of the two-color fields follows a

power-law decay of the form I(n) µ n
�p, which is a well-

known scaling for single-color relativistic high harmonic gen-
eration [4]. From previous single-color experiments, the de-
cay constant has ranged between 5 < p < 10 [30–33], with
the theoretical ultra-relativistic limit, i.e. a0 � 1, of the decay
from the ROM model given by p = 8/3 [34]. Other models
such as CSE have predicted decay constants less than p = 8/3
and can approach p = 4/3 in the ultra-relativistic limit [35].
The single-color and two-color with parallel polarization have
comparable decay constants of p = 3.5, while the orthogo-
nal polarization case has a stronger power law decay with
p = 4.25.

B. Circularly-Polarized Two-Color HHG

FIG. 2. Harmonic spectra of two-color, circularly-polarized (CP)
fields. 2 a) Reflected spectrum of CP pulses at normal incidence. The
two-color counter-rotating (red) and co-rotating (blue) fields. 2 b)
Zoom in between w/w1 = 5 and w/w1 = 14 with different harmonic
channels denoted by vertical lines.

The reflected spectra of two CP laser fields with frequen-
cies w1 and w2 can be seen in Fig 2a. The polarization of
the second field at frequency w2 is rotated such that the fields
are counter-rotating (red) and co-rotating (blue). Observation

of harmonics generated from two-color, CP fields is remark-
ably different from the single-color circular case, which does
not produce harmonic emission from a normal incidence re-
flection. Two harmonic channels in the form of doublets are
present in the counter-rotating case:

W+ = nw2 +(n�1)w1 (2)
W� = (n�1)w2 +nw1. (3)

Harmonics are also observed when the two fields are co-
rotating, which is in agreement with recent results by Q. Li,
et al [36]. These harmonics are circularly polarized and co-
rotating with the incident fields with selection rules:

W = nw2 � (n�1)w1 (4)

For a constant peak normalized vector potential of a0 = 10, the
co-rotating harmonics have a much faster decay when com-
pared to either the counter-rotating fields or linearly-polarized
fields.

C. Variation of Frequency Ratio

FIG. 3. Harmonic spectra of two-color LP (red) and CP (blue) fields
for different frequency ratios of 3 a) w2/w1 = 1.35, 3 b) w2/w1 =
1.5, 3 c) w2/w1 = 1.65, and 3 d) w2/w1 = 2. The a0 ratio for all
cases were varied such that the field intensities were equal.

A direct comparison of the harmonics generated from dif-
ferent frequency ratios is shown in Figure 3. Harmonic spec-
tra of two-color LP (red) and CP (blue) fields for different
frequency ratios of 3 a) w2/w1 = 1.35, 3 b) w2/w1 = 1.5, 3 c)
w2/w1 = 1.65, and 3 d) w2/w1 = 2. The a0 ratio for all cases
were varied such that the field intensities were equal, and the
spectra have been normalized by the total energy of the inci-
dent fields. The number of observed harmonic channels for
the LP case increases as the frequency ratio of the two fields
approaches unity. For the w2/w1 = 2 case the observed LP
harmonics constitute the even and odd order harmonics of w1.
Conversely, the CP harmonics produced by counter-rotating
fields are always observed as harmonic doublets, regardless
of frequency ratio. For the a0 ratio used the peak doublets for
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the CP fields correspond to the locally-brightest harmonics in
the LP case, and their comparable intensity implies that the
CP harmonics are generated with similar efficiency as the LP
harmonics.

D. 3D Reconstructed Electric Field Waveforms

We can further analyze the CP harmonics by considering
their individual polarization states. Figure 4 a) shows the
polarization states of the harmonics, which are produced as
counter-rotating doublets. Figure 4 b) shows the 3D electric
field temporal waveform E = Ex +Ey of the incident counter-
rotating fields. The total field (blue) traces out a trefoil-like
pattern that rotates as a function of time. We observe a train
of rotating attosecond pulses after applying a spectral filter be-
tween 10w1 and 20w1, as shown in Figure 4 c). The generated
harmonics are counter-rotating, and therefore produce a com-
plicated field structure that rotates as a function of time. The
harmonics within this frequency range reach a peak amplitude
of a0 = 2.1 with an assumed central frequency of w = 15w1.

FIG. 4. Reconstructed 3D electric field waveforms of harmon-
ics produced by counter-rotating fields with w2/w1 = 1.65 and
a0,1/a0 = 0.62. 4 a) Reflected harmonic spectrum composed of
counter-rotating doublets. 4 b) Waveform of the incident counter-
rotating fields (blue) with orthogonal Ex (orange) and Ey (green)
components. 4 c) Waveform of the harmonic pulse train (blue) af-
ter spectral filtering between 10w1 and 20w1 with orthogonal Ex (or-
ange) and Ey (green) components. 4 d) Waveform of the 6w1 +5w2
harmonic.

Reducing the band-pass spectral filter width to isolate a sin-
gle harmonic enables us to determine the harmonic eccentric-
ity. The field eccentricity can be measured through the po-
larization ellipticity e = min(Ex,Ey)/max(Ex,Ey) and phase
delay Df . An LP field has no phase delay Df = 0 between the
fields, and a CP field has an e = 1 and Df = ±p/2. When
Df = p/2 the field is right-circularly polarized, and when
Df = �p/2 the field is left-circularly polarized. A spectral

filter of width 0.5w1 between 14w1 and 14.5w1 is applied to
isolate the 6w1 +5w2 harmonic. The ellipticity and phase de-
lay at the optimized ratio of a0,1/a0 = 0.62 are e = 0.89 and
Df = 0.51p , respectively. Figure 4 d) shows a field map of
the 6w1 + 5w2 harmonic at a0,1/a0 = 0.62 showing the high
degree of circularity in the electric field.

E. Optimization of Circularly-Polarized Harmonics

FIG. 5. Optimization of CP harmonics of counter-rotating fields. 5
a) Integrated intensity of w2/w1 = 0.65 (magenta), 1.35 (red), 1.65
(blue), and 2.5 (black) obtained by applying a spectral filter between
10  w/w1  40. 5 b) Ellipticity and phase of harmonics 6w1 +5w2
(spectral filter between 14  w/w1  14.5) and 5w1 +6w2 (spectral
filter between 14.65  w/w1  15.15) with varying a0,1/a0 for the
case of w2/w1 = 1.65. The harmonics exhibit nearly-perfectly cir-
cular polarization near the optimal condition of a0,1/a0 = 0.62.

The optimization of CP harmonics depends strongly on
the ratio of two-color field strengths. Figure 5 a) shows the
integrated intensity of the generated harmonics for various
frequency ratios w2/w1 = 0.65 (magenta), 1.35 (red), 1.65
(blue), and 2.5 (black) as a function of a0,1/a0 after apply-
ing a bandpass spectral filter between 10  w/w1  40. The
peak of the harmonic emission in this spectral range shifts ac-
cording to the two-color frequency ratio. For example, for
the case of w2/w1 = 1.65 the optimization occurs at occurs at
a0,1//a0 = 0.62, or when the field intensities are equal. This
optimization of the CP harmonics is narrow, the integrated in-
tensity full width at half maximum is approximately equal to
a0,1/a0 ⇡ 0.22 for the case of w2/w1 = 1.65, which requires
careful control of the incident field intensities. Changes in the
frequency ratio causes a shift in the optimal value of a0,1//a0,
with individual optima occurring near the points of equal in-
tensities for the two fields. The actual harmonic efficiency de-
pends on many parameters like scale length and plasma den-
sity that were not adjusted.

For this case of w2/w1 = 1.65 . Figure 5 b) shows an anal-
ysis of the polarization states of the harmonics 6w1 + 5w2 =
14.25w1 and 5w1 + 6w2 = 14.9w1 as functions of a0,1/a0.
Spectral filters of widths 0.5w1 between 14  w/w1  14.5
and 14.65  w/w1  15.15 are applied to isolate the 6w1 +
5w2 and 5w1 + 6w2 harmonics, respectively. As stated pre-
viously, the ellipticity of the 6w1 + 5w2 harmonic at the op-
timized ratio of a0,1/a0 = 0.62 is e(a0,1/a0 = 0.62) = 0.89.
However, the ellipticity of the harmonic on either side of this
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optimization point is e(a0,1/a0 = 0.6) = 0.95 and e(a0,1/a0 =
0.65) = 0.96. Similarly, the phase delay between the field
components for all three cases is Df = 0.51p . Moving away
from the optimal ratio of a0,1/a0 the polarization states be-
come linearly-polarized as Df quickly approaches 0 as the
harmonic intensity decreases.

F. Relativistic Critical Surface Motion

FIG. 6. Relativistic critical surface motion. 6 a) Parallel (red) and
orthogoal (blue) LP fields drive the electron surface with different
magnitudes and frequencies. 6 b) The oscillations from LP fields are
dominated by beat frequencies, w2±w1, in the parallel case, and 2w2
and 2w1, in the orthogonal case. 6 c) CP counter-rotating (red) and
co-rotating (blue) fields produce oscillations in contrast with a single
color interaction. 6 d) The CP fields produce oscillations dominated
by the beat frequencies.

The displacement of the plasma relativistic critical surface
Dx(gnc, t) for the different polarization cases presented above
is plotted in Figure 6. Figure 6 a) shows the position of
the electron critical surface during the reflection of two-color
laser fields with parallel (red) and orthogonal (blue) polariza-
tions. Electron oscillations in the parallel polarization case
are much stronger compared to the orthogonal polarization.
Figure 6 b) Fourier transform of the LP-driven surface oscil-
lations. The parallel polarization is dominated by beat fre-
quency oscillations of the two fields w2 ±w1, and twice the
fundamental frequencies, 2w1 and 2w2; the orthogonal polar-
ization contains only the modes from twice the fundamental
frequencies. Figure 6 c) shows the oscillation of the critical
surface for the two-color co-rotating and counter-rotating CP
cases. Figure 6 d) shows that the critical surface oscillations
of counter-rotating and co-rotating fields are dominated by the
sum frequency, w2 +w1, and difference frequency, w2 �w1,
of the fields, respectively.

IV. DISCUSSION

A. Harmonic Selection Rules

The harmonic frequencies generated during the reflection
can be determined by the oscillation frequencies of the elec-
tron critical surface [6]. As the plasma critical surface oscil-
lates along the laser axis, electrons located at the critical den-
sity surface are driven to relativistic velocities within an opti-
cal cycle. The resulting driving force from the laser coupled
with the plasma pressure from the ions leads to a nonlinear,
oscillating reflection surface of the plasma which changes as
a function of time [34]. Therefore, a nonlinear phase shift,
f(t), is imparted by the oscillating mirror onto the laser field.
This phase shift is determined by the oscillation modes, wm,
of the mirror surface:

f(t) = Âf0 sin(wmt). (5)

The reflected electric field, Er, of the laser field is then given
by

Er µ exp(�iwt)exp if(t)

= exp(�iwt)
n=•

Â
n=�•

Jn exp(�inwmt), (6)

where Jn are Bessel functions of the first kind [6]. When the
driving laser is a multi-cycle pulse the oscillation modes of the
plasma surface are at frequencies linked to the laser optical
cycle, and the re-radiated field in the spectral domain contains
the higher order harmonics of the incident laser. At normal
incidence, the only force capable of driving the mirror oscilla-
tions is the v⇥B component of the Lorentz force at frequency
2w producing the odd harmonics wn = (2n+1)w .

The two-color produce more complex surface oscillations
leading to emission which contains multiple harmonic chan-
nels that are separate from the odd harmonics produced from
a single frequency at either w1 or w2. A two-color laser pulse
can be represented as a superposition of two single-color laser
pulses defined by amplitudes a0,1 and a0,2 and central frequen-
cies w1 and w2. An electromagnetic field with arbitrary polar-
ization propagating in the ẑ-direction can be written in terms
of the vector potential:

Ai = dia0,i coswit x̂+(1�d 2
i
)1/2

a0,i sinwit ŷ, (7)

where di is a polarization parameter defined such that di =
±1,0 for an LP laser and ±1/

p
2 for a CP laser. The total

vector potential of a general two-color laser field is then sim-
ply the summation of the two fields

A = [d1a0,1 cosw1t +d2a0,2 cosw2t]x̂

+[(1�d 2
1 )

1/2
a0,1 sinw1t +(1�d 2

2 )
1/2

a0,2 sinw2t]ŷ. (8)

For LP fields with parallel polarizations along the x̂-
direction, the total vector potential corresponds to the case of
d1 = d2 = 1

A = [a0,1 cosw1t +a0,2 cosw2t]x̂. (9)
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For an electron initially at rest in a normal incidence geometry,
the canonical momentum in the transverse direction is a con-
served quantity, p? = A, where p? and A are the transverse
electron momentum and laser vector potential, respectively.
The longitudinal momentum, pz, of the electron can be shown
[37] to equal pz = (1�p2

?)/2.
According to the theory of relativistic harmonic generation

described by Baeva, et al. [34], the harmonic emission occurs
when the magnitude of the transverse momentum of the criti-
cal surface electrons p? reaches a minimum or vanishes. The
transverse electron momenta is px = a0,1 cosw1t+a0,2 cosw2t

with amplitude,

|px|= (a2
0,1 cos2 w1t +a

2
0,2 cos2 w2t+

2a0,1a0,2 cos(w2 +w1)t+

2a0,1a0,2 cos(w2 �w1)t)
1/2. (10)

The electron surface oscillations contain four individual
frequencies which are twice the fundamental frequencies 2w1
and 2w2 and the beat frequencies of w2 ±w1, which are also
seen in critical surface motion of Figure 6 b). The reflected
field will therefore contain harmonic frequencies of the form
W = w1,2 + 2n1w1 + 2n2w2 + n3(w1 +w2) + n4(w1 �w2) in
agreement with the theoretical model of [14]. The generated
harmonic frequencies can be rewritten in the form:

W =(2n1 +n3 +n4 +1)w1 +(2n2 +n3 �n4)w2 (11)
W =(2n1 +n3 +n4)w1 +(2n2 +n3 �n4 +1)w2. (12)

The individual terms of Equations 11 and 12 always have
opposite parity, and it is possible to recast these selection rules
for the parallel field polarization in the same form as Equation
1. For orthogonal fields, the electron surface oscillations are
dominated by twice the fundamental frequencies of the inci-
dent fields, 2w1 and 2w2. The reflected field in this case yields
harmonic frequencies of the form:

W = (2n1 +1)w1 +2n2w2 (13)
W =2n1w1 +(2n2 +1)w2, (14)

which similarly can be written in the form of Equation 1.
The general form of Equation 1 suggests that the ROM

harmonic generation process is consistent with the quantum
mechanical description of harmonic generation processes,
wherein individual photons are summed together to generate
one higher order photon. A restriction imposed by the sym-
metry of the normal-incidence interactions is that the oscilla-
tions modes limit the generated harmonics to those composed
of an odd number of photons. These selection rules also indi-
cate why the parallel polarization produces brighter harmon-
ics for similar field strengths. Equations 11 and 12 contains
two additional channels, n3 and n4, due to the presence of
beat frequency oscillations that are lacking in the orthogonal
HHG case, which increases the likelihood of their generation
and the apparent brightness when compared to orthogonally-
polarized fields.

Two-color, CP fields are capable of driving electron surface
oscillations due to having minima in the transverse electric
field [34]. For example, in the case of counter-rotating fields

the field vector traces out a trefoil-type pattern when the in-
tensities are equal whose number of lobes depend upon the
frequency ratio, and contains a zero in the transverse electric
field [20, 21, 38, 39]. Two circularly-polarized fields with op-
posite helicities corresponds to Equation 8 with d1 = 1/

p
2

and d2 =�1/
p

2

A = [
a0,1p

2
cosw1t � a0,2p

2
cosw2t]x̂

+[
a0,1p

2
sinw1t +

a0,2p
2

sinw2t]ŷ. (15)

The transverse electron momenta is then given by

px =
a0,1p

2
cosw1t � a0,2p

2
cosw2t (16)

py =
a0,1p

2
sinw1t +

a0,2p
2

sinw2t, (17)

and the amplitude of the transverse momenta is given by

|p?|=
q

a
2
0,1 +a

2
0,2 �2a0,1a0,2 cos(w2 +w1)t. (18)

The resulting mirror motion contains the single oscillation
frequency at w2 +w1, also seen in Figure 6 d). Therefore, the
generated harmonics orders of the form W+ = nw2+(n�1)w1
and W� = (n� 1)w2 + nw1 are expected, which is consistent
with the selection rules from Equations 2 and 3.

The observation of co-rotating harmonics from these simu-
lations indicates that the co-rotating fields are driving electron
oscillations at normal incidence. The field map of co-rotating
fields contains one lob in the field structure, and an associ-
ated zero point [38]. The amplitude of the transverse electron
motion in this case is given by

|p?|=
q

a
2
0,1 +a

2
0,2 +2a0,1a0,2 cos(w2 �w1)t. (19)

The co-rotating fields produce electron surface oscilla-
tions at frequency w2 � w1, which generates harmonic or-
ders of the form W = w1 + n(w2 �w1) = nw2 � (n� 1)w1,
in agreement with Equation 4. While other schemes have
shown circularly-polarized harmonics can be produced from
elliptically-polarized laser fields [19], these schemes require
oblique angles of incidence in order to drive electron surface
oscillations.

Furthermore, for interactions with intensity profiles much
longer than the carrier wavelength, carrier envelope phase
(CEP) stabilization is not a requirement for efficient CP har-
monic generation from normal incidence interactions as it
would be in two-beam LP interactions. For two-color CP in-
teractions varying the CEP is analogous to introducing a phase
delay, which simply rotates the field structure of two-color CP
pulses (see Supplemental Figure ??). However, for few-cycle
pulses with Gaussian or other temporally-varying profiles, a
change in CEP would change the locations of the electric field
extrema and therefore impact the efficiency of the HHG pro-
cess.

Incidentally, the presence of harmonic doublets in the
counter-rotating case is consistent with the quantum model of
the conservation of spin-angular momentum, where the final
photon generated from the interaction must have photon spin
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TABLE I. Normal incidence harmonic selection rules for linear and circularly polarized two-color fields.

Field Types w1 Pol. w2 Pol. Selection Rules Harmonic Polarization
LP Ex Ex W = n1w1 +n2w2 Ex

LP Ex Ey W = n1w1 +n2w2 45o between Ex and Ey

CP RHC LHC W+,� = nw2,1 +(n�1)w1,2 LHC, RHC
CP RHC RHC W = nw2 � (n�1)w1 RHC

s = ±1. In this model, the counter-rotating harmonic dou-
blets are being generated from the linear addition of photons
from each field such that each harmonic in the doublet has one
extra photon from either field in order to preserve s = ±1.
The presence of a single harmonic channel for the co-rotating
fields as opposed to two harmonic channels for the counter-
rotating case is also consistent with the spin-angular momen-
tum conservation, where the final harmonic must be generated
with the same spin as the incident fields. Furthermore, due to
the inherent phase matching of ROM, the co-rotating fields
can produce harmonics while in the tunnel ionization regime
they are forbidden.

The normal incidence selection rules for two-color, LP and
CP fields are summarized in Table I. The harmonic polariza-
tion of linearly-polarized, parallel fields are along the same
polarization axis as the fundamental fields. Orthogonally-
polarized fields with one color polarized along Ex and the
other polarized along Ey produced harmonics with polariza-
tion at 45o between the incidence fields. Counter-rotating, CP
fields produce harmonic doublets with counter-rotating polar-
ization and co-rotating, CP fields produce rapidly decaying
harmonics that are the same helicity as the incident fields.

B. Optimization of Two-Color Harmonic Generation

As discussed in Section III E there is an optimization of har-
monic emission in terms of a0,1/a0 that changes as a func-
tion frequency ratio w2/w1. This can be understood for the
CP cases by considering how the total electric field strength
varies for a two-color field. The electric field of two-color, CP
fields can be calculated by E = �∂A/∂ t. The magnitude of
the electric field is given by

|E|= 1p
2

q
a

2
0,1w2

1 +a
2
0,2w2

2 +2a0,1a0,2w1w2 cos(w2 ±w1)t,

(20)
where oscillatory frequency sign corresponds to + for
counter-rotating fields, and � for co-rotating fields.

The optimal conditions for harmonic generation are when
the transverse electron momentum vanishes, i.e. when the
transverse electric field goes to zero according to Baeva, et al.
[34]. The optimization condition for the two-color counter-
rotating fields can be found by determining when the mini-
mum of Equation 20 equals zero,

a0,1w1 = a0,2w2. (21)

Written in terms of laser intensity, the minimization occurs
when the two fields are of equal intensity I1 = I2, regardless of

frequency ratio and for both counter-rotating and co-rotating
fields.

This optimization point for CP harmonic generation can be
understood through an analogous quantum mechanical picture
of conservation of spin-angular momentum in the circularly-
polarized case, which need on average an equal number of
photons from each field, i.e. equal field intensities, for
circularly-polarized harmonics to be generated efficiently.

C. Robustness of Two-Beam Harmonic Generation

The presented results were all from a select few parame-
ters of laser and plasma conditions that can be experimen-
tally achieved by current laser systems. In addition, param-
eter scans were conducted to determine the effects of phase
delay between 0 < Df < 2p , temporal delay between 0 <
t/T1 < 1, ratio of the normalized vector potentials between
0 < a0,1/(a0,1 + a0,2) < 1, total vector potential 0.1 < a0 =
a0,1+a0,2 < 100, laser pulse duration, laser pulse profile, pre-
plasma scale length 0.002 < Ls/l1 < 1, and bulk plasma den-
sity between 1 < ne/nc < 1000. We found that general trends
of these parameter scans were consistent with the presented
results. As described in sections III C, III E, and IV B the gen-
erated harmonic frequencies and their optimization point de-
pend upon the input frequency ratio of the two-beams. Fur-
thermore, we found that the two-color HHG mechanism and
derived selection rules are robust to changes in pulse shape, in-
tensity, pre-plasma scale length (see Supplemental Material).

V. CONCLUSION

In this paper, we have studied the interaction of
relativistically-intense, two-color laser fields with overdense
plasmas. By combining non-commensurate fields with fre-
quencies w1 and w2, we have shown that the relativistic har-
monic generation process is a robust mechanism to control the
polarization and frequency of emitted photons by tuning the
incident field properties such as polarization and frequency
ratio. The benefit of driving two-color harmonic generation
enables the possibility of generating frequency-tunable har-
monics with controllable polarization states. We have found
that the two-color harmonic generation optimization occurs
for a similar intensity ratio of the two driving fields, regard-
less of the incident polarization states.

While not discussed in this work, there are interesting phe-
nomena that are exclusive to multi-dimensional effects, e.g.
oblique angles of incidence that are already being explored
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from single-color interactions that may have significant effects
from two-color interactions. For example, the interaction of a
elliptically-polarized laser at an oblique incidence has been
shown to produce circularly-polarized harmonics with high
efficiency[19]. The influence of spectral phase, which has al-
ready been shown to produce isolated attosecond pulses from
gas target harmonic generation [40, 41], may impact spatial
and temporal varying frequency generation in the relativistic
regime [42].

Future, two-color experiments can be designed to exploit
optimizations discussed in this work. Experiments which have
polarization and intensity control of their incident fields can
optimize harmonic generation through varying the individual
field intensities during linearly-polarized interactions, before
rotating their individual polarizations to produce circularly-
polarized harmonics.

Advancing table-top laser technology has enabled high rep-
etition rate systems with smaller beam diameters to produce
intensities sufficient to study these relativistic interactions.
Combined with higher stability system, wavelength-tunable
relativistic harmonic generation experiments are now possi-
ble through the manipulation of the fundamental laser wave-
length through nonlinear optical processes such as frequency-
doubling [43] and OPA [44, 45]. High-power OPA systems
such as the L1 Allegra at ELI Beamlines and the proposed
EP OPAL system at the Laboratory for Laser Energetics [25]
are ideal systems to perform two-color, relativistic harmonic
generation through tunable, non-commensurate wavelengths.
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Appendix: Supplemental Information

1. Pulse Profile Comparison

The flattop temporal profile used in these simulations is
an idealized version of the temporal profile of a laser pulse,
and does not represent the real temporal profile of high-power
laser systems, particularly those with pulse durations on the
order of tens of femtoseconds. To ensure that the physics dis-
cussed in this study is applicable both in this idealized case
and with real Gaussian laser pulses we have performed com-
parison, two-beam simulations of both flattop and Gaussian
temporal profiles as presented in Figure 7. The selected fre-
quency ratio was w2/w1 = 1.65 and the total normalized vec-

tor potential was a0 = 10. Two polarization states are pre-
sented, linearly-polarized (LP) with parallel polarization and
counter-rotating circularly-polarized (CP). The incident elec-
tric fields for the LP and CP cases are shown in Figures 7 a)
and 7 b) for the flattop (red) and Gaussian (blue) pulse pro-
files. The reflected harmonic spectra are shown in Figures 7
c) and 7 d) for the LP and CP cases, respectively. The har-
monic spectra in both the LP and CP cases contain the same
harmonic orders regardless of pulse shape. The consistent har-
monic orders observed allows us to simplify the analysis of the
critical surface motion and provides a better representation of
the data to the reader.

FIG. 7. Comparison of two-beam HHG driven by flattop (red) and
Gaussian (blue) pulse profiles. Incident fields, 7 a), and reflected
harmonic spectra, 7 c), for linearly-polarized fields with parallel po-
larization. Incident fields, 7 b), and reflected harmonic spectra, 7 d),
for circularly-polarized fields with counter-rotating polarization.

2. Pulse Duration Comparison

As a laser pulse shortens in time, and approaches the few
cycle limit, the generated harmonics from high harmonic gen-
eration interactions necessarily broaden in the frequency do-
main. The choice to use a relatively long pulse length of nine
optical cycles was to easily discriminate between the individ-
ual harmonic orders produced during the interaction. To high-
light this point, we investigated the few-cycle regime of the
interaction between two-color laser pulses with frequency ra-
tio w2/w1 = 1.3 with counter-rotating circular polarizations.
These simulations were performed using a Gaussian pulse
shape of varying full-width at half-maximum of 1.9, 3.7, and
11.2 optical cycles (5 fs, 10 fs, and 30 fs for an 800 nm laser).
For these interactions, the normalized vector potential was not
varied to account for a difference in pulse duration, and there-
fore the total energy of the interactions are not constant. The
resulting CP harmonics can be seen in the plot below. For the
long pulse duration case (11.2 cycles) a counter-rotating har-
monic doublet can be clearly resolved. However, as the laser
pulse duration shortens, this doublet merges into what appears
as a single broader harmonic.
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FIG. 8. Comparison of two-beam HHG driven by different full-
width at half-maximum pulse durations of 11.2 (red), 3.7 (blue), and
11.2 (black) optical cycles.

3. Carrier Envelope Phase and Temporal Delay

FIG. 9. Integrated harmonic intensity of two-beam interactions with
varying carrier envelope phase delay.

We investigated the role of a shift in the CEP and tempo-
ral delay between the two color pulses during the interaction.
The simulations were initialized with the same conditions as
discussed in the Methods, but with a variable CEP or tempo-
ral delay of one of the pulses. We investigated three cases:
two LP fields with the same frequency, w1, which was used as
a reference, two LP fields with frequency ratio w2/w1 = 1.5,
and two CP fields with frequency ratio w2/w1 = 1.5. For all
three cases the two field intensities were set to be equal. The
integrated harmonic intensity between 10  w/w1  40 were

then normalized to the intensity of the zero delay cases.
Figure 9(a) shows the impact of CEP on the harmonic ef-

ficiency, and is most apparent in the single frequency case,
where a phase delay of 180� leads to a perfect destructive in-
terference and no harmonic emission. The LP two-color case
produces a small enhancement (< 20%) of the integrated har-
monic intensity. The CP two-color case does not significantly
change the efficiency of the harmonic emission, which is con-
sistent with the discussion above. Therefore, in experiments
that have CEP control, introducing slight shifts in the CEP of
one with respect to the other may lead to an enhancement of
the harmonic emission.

Figure 9(b) shows impact of the time delay on the harmonic
efficiency, and again is most apparent in the single frequency
case, where a phase delay of half an optical cycle leads to al-
most perfect destructive interference and very little harmonic
emission. The linearly-polarized two-color case produces a
small enhancement (⇠ 20%) of the integrated harmonic inten-
sity, which is similar to the CEP case above. The circularly-
polarized two-color case does not significantly change the ef-
ficiency of the harmonic emission. Therefore, in experiments
that have temporal control on the order of the optical period,
introducing slight shifts of one with respect to the other may
lead to an enhancement of the harmonic emission.

4. Normalized Vector Potential

Figure 10 shows that two-color HHG occurs occurs for a0
values of 1, 10, and 100 with varying efficiencies for the fre-
quency ratio of w2/w1 = 1.65. In both parallel LP 10 a) and
counter-rotating CP 10 b) the efficiency of the interaction in-
creases with a0. The results presented in the main body are
at a total normalized vector potential a0 = 10. This intensity
was chosen as it can consistently be achieved in many cur-
rent or upcoming petawatt-class facilities worldwide. In order
to drive relativistic harmonic generations, the vector potential
requirement of the lasers needs to be a0 & 1, which is well-
known from single-beam studies.

5. Pre-plasma Scale Length

Figure 11 shows the impact of pre-plasma scale length on
the generation of two-color harmonics. The presented har-
monics are from the interaction of two-beams with frequency
ratio w2/w1 = 1.65 and a0 = 10, and are circularly-polarized
in counter-rotating directions. The efficiency of harmonic
generation in this case strongly depends upon the pre-plasma
scale length, which has an optimal value near Ls = 0.318l1.
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FIG. 10. Reflected harmonic spectra for frequency ratio w2/w1 =
1.65 and a0 = 1 (red), 10 (blue), and 100 (black). 10 a) Linearly-
polarized, parellel fields. 10 b) Circularly-polarized, counter-rotating
fields.

FIG. 11. Reflected harmonic spectra from two-beams with fre-
quency ratio w2/w1 = 1.65 and a0 = 10 for various pre-plasma scale
lengths Ls.
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