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Abstract

In this paper, we study the problem of inference in high-order structured prediction tasks. In
the context of Markov random fields, the goal of a high-order inference task is to maximize a score
function on the space of labels, and the score function can be decomposed into sum of unary and
high-order potentials. We apply a generative model approach to study the problem of high-order
inference, and provide a two-stage convex optimization algorithm for exact label recovery. We
also provide a new class of hypergraph structural properties related to hyperedge expansion that
drives the success in general high-order inference problems. Finally, we connect the performance
of our algorithm and the hyperedge expansion property using a novel hypergraph Cheeger-type
inequality.

1 Introduction

Structured prediction has been widely used in various machine learning fields in the past 20 years,
including applications like social network analysis, computer vision, molecular biology, natural
language processing (NLP), among others. A common objective in these tasks is assigning /
recovering labels, that is, given some possibly noisy observation, the goal is to output a group label
for each entity in the task. In social network analysis, this could be detecting communities based on
user profiles and preferences [Kelley et al., 2012]. In computer vision, researchers want the Al to
decide whether a pixel is in the foreground or background [Nowozin et al., 2011]. In biology, it is
sometimes desirable to cluster molecules by structural similarity [Nugent and Meila, 2010]. In NLP,
part-of-speech tagging is probably one of the most well-known structured prediction task [Weiss
and Taskar, 2010].

From a methodological point of view, a standard approach in the structured prediction tasks
above, is to recover the global structure by exploiting many local structures. Take social networks as
an example. A widely used assumption in social network analysis is affinity — users with similar
profiles and preferences are more likely to become friends. Intuitively, a structured prediction
algorithm tends to assign two users the same label, if they have a higher affinity score. Similarly,
the same idea can be motivated in the context of Markov random fields (MRFs). Assume all entities
form an undirected graph G = (V, £), structured prediction can be viewed as the task of solving the
following inference problem [Bello and Honorio, 2019]:
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where £ is the space of labels, ¢,(l) is the score of assigning label [ to node v, and ¢y, v, (l1,l2) is
the score of assigning labels I; and [s to neighboring nodes v; and vs. In the MRF and inference



literature, the two terms in (1) are often referred to as unary and pairwise potentials, respectively.
The inference formulation above allows one to recover the global structure, by finding a configuration
that maximizes the summation of unary and pairwise local scores.

However, entities in many real-world problems could interact beyond the pairwise fashion. Take
the social network example again, but this time let us focus on the academia co-authorship network:
many published papers are written by more than two authors [Liu et al., 2005]. Such high-order
interactions cannot be captured by pairwise structures. Geometrically, the co-authorship network
can no longer be represented by a graph. As a result, the introduction of hypergraphs is necessary
to model high-order structured prediction problems.

In this paper, we study the problem of high-order structured prediction, in which instead of
using pairwise potentials, high-order potentials are considered. Using the MRF formulation, we are
interested in inference problems of the following form:
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where m is the order of the inference problem as well as the hypergraph (each hyperedge connects
m vertices), and ce(l1,...,l,) is the score of assigning labels I; through [, to neighboring nodes v;
through v,, connected by hyperedge ¢ € £.

1.1 Inference as a Recovery Task

Structured prediction and inference problems with unary and pairwise potentials in the form of
(1) have been studied in prior literature. Globerson et al. [2015] introduced the problem of label
recovery in the case of two-dimensional grid lattices, and analyzed the conditions for approximate
inference. Along the same line of work, Foster et al. [2018] generalized the model by allowing tree
decompositions. Another flavor is the problem of exact inference, for which Bello and Honorio
[2019] proposed a convex semidefinite programming (SDP) approach. In these works, the problem
of label recovery is motivated by a generative model, which assumes the existence of a ground
truth label vector y*, and generates (possibly noisy) unary and pairwise observations based on label
interactions.

Unfortunately, little is known for structured prediction with high-order potentials and hyper-
graphs. In recent years, there have been various attempts to generalize some graph properties
(including hypergraph Laplacian, Rayleigh quotient, hyperedge expansion, Cheeger constant, among
others) to hypergraphs [Li and Milenkovic, 2018, Mulas, 2021, Yoshida, 2019, Chan et al., 2018,
Chen et al., 2017, Chang et al., 2020]. However, it took a long time for us to find out that due to
the nature of structured prediction tasks, the hypergraph definitions must fulfill certain properties,
and none of the definitions in the aforementioned works fulfill those. This makes it challenging to
design hypergraph-based label recovery algorithms. Furthermore, none of the aforementioned works
provide guarantees of either approximate or exact inference.

In this work, we apply a generative model approach to study the problem of high-order inference.
We analyze the task of label recovery, and answer the following question:

Problem 1 (Label Recovery). Is there any algorithm that takes noisy unary and high-order local
observation as the input, and correctly recovers the underlying true labels?



1.2 Inference and Structural Properties

In the MRF inference literature, a central and longtime discussion focuses on inference solvability
versus certain structural properties of the problem.
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Figure 1: Graph expansion examples. Figure 1a shows a disconnected graph. With an ideal algorithm we
may be able to recover the user communities in the top subgraph and in the bottom subgraph, but since
there is no observed interaction between the two, we will not be able to infer the global structure. Figure 1b
connects the two components in Figure la using a single orange edge. In this case the orange edge is the
“bottleneck.” Removing the orange edge disconnects the graph. Figure 1c adds two more edges to Figure
1b. In this case every component is connected with no weak “bottleneck.” Edge expansion is a structural
property, which characterizes how connected the components in a graph are.

To see this, we first revisit various classes of structural properties in pairwise inference problems
(i.e., in the form of (1)). Chandrasekaran et al. [2012] studied treewidth in graphs as a structural
property, and showed that graphs with low treewidths are solvable. Schraudolph and Kamenetsky
[2008] demonstrated that planar graphs can be solved. Boykov and Veksler [2006] analyzed graphs
with binary labels and sub-modular pairwise potentials. Bello and Honorio [2019] showed that
inference with graphs that are “good” expanders, or “bad” expanders plus an Erdos-Renyi random
graph, can be achieved. It is worth highlighting that the structural properties above are not directly
comparable or reducible. Instead, they characterize the difficulty of an inference problem from
different angles, or in other words, for different classes of graphs.

Similar discussions about inference versus structural properties exist in high-order MRF inference
literature. For example, Komodakis and Paragios [2009] investigated hypergraphs fulfilling the
property of one sub-hypergraph per clique, and proved that high-order MRF inference can be
achieved through solving linear programs (LPs). Fix et al. [2014] studied inference in hypergraphs
with the property of local completeness. Gallagher et al. [2011] analyzed the performance of
high-order MRF inference through order reduction versus the number of non-submodular edges.
However, these works do not provide theoretical guarantees of either approximate or exact inference.

In this paper, we provide a new class of hypergraph structural properties by analyzing hyperedge
expansion. In order to get some intuition, let us consider a social network with two disconnected
sub-networks. With an ideal algorithm, we may recover the user communities in subnet 1 and the
those in subnet 2, but since there is no interaction between the two subnets at all, we will not be able
to infer the global community structure (e.g., the relationship between the recovered communities
in subnet 1 and subnet 2). A less extreme case is networks with “bottlenecks,” i.e., removing these
bottleneck edges will disconnect the network. For similar reasons, one can imagine that inference
in networks with bottlenecks can be hard if noise is present. See Figure 1 for an illustration. In
pairwise graphs (2-graphs), such connectivity / bottleneck property can be characterized by the edge



expansion (i.e., the Cheeger constant) of the graph. Characterizing similar expansion properties in
high-order hypergraphs poses a challenge, especially if one wants to relate such topological properties
to the conditions of exact inference.

Problem 2 (Structural Property). Under what topological conditions will our label recovery algorithm
work correctly with high probability?

Summary of our contribution. Our work is highly theoretical. We provide a series of novel
definitions and results in this paper:

e We provide a new class of hypergraph structural properties for high-order inference problems.
We derive a novel Cheeger-type inequality, which relates the tensor spectral gap of a hypergraph
Laplacian to a Cheeger-type hypergraph expansion property. These hypergraph results are
not only limited to the scope of the model in this paper, but also can be helpful to researchers
working on high-order inference problems.

e We propose a two-stage approach to solve the problem of high-order structured prediction.
We formulate the label recovery problem as a high-order combinatorial optimization problem,
and further relax it to a novel convex conic form optimization problem.

o We carefully analyze the Karush-Kuhn—Tucker (KKT) conditions of the conic form optimiza-
tion problem, and derive the sufficient statistical and topological conditions for exact inference.
Our KKT analysis guarantees the solution to be optimal with a high probability, as long as
the conditions are fulfilled.

2 Preliminaries

In this section, we formally define the high-order exact inference problem and introduce the notations
that will be used throughout the paper.

We use lowercase font (e.g., a,b, u,v) to denote scalars and vectors, and uppercase font (e.g.,
A, B, C) to denote tensors. We denote the set of real numbers by R.

For any natural number n, we use [n] to denote the set {1,...,n}.

We use 1 to denote the all-ones vector.

For clarity we use superscripts (i) to denote the i-th object in a sequence of objects, and
subscripts j to denote the j-th entry. We use o to denote the Hadamard product, and ® to denote
the outer product. Let v, ... v(™ € R” be a sequence of m vectors of dimension n. Then
v @ ... ®v™ is a tensor of order m and dimension n (or equivalently, of shape n®™), such that

(v(l) ®R...0 U(m))z‘l,...,z’ — oM™,

m 11 T Tm

2.1 Tensor Definitions

Let A € R™" be an m-th order, n-dimensional real tensor. Throughout the paper, we limit our
discussion to m = 2,6, 10,14, ... for clarity of exposition. While other even orders (m =4,8,12...)
are possible and a similar analysis will follow, the hypergraph definitions will be involving many
more terms and the paper will be less readable. See Remark 3.17 for discussion.

A symmetric tensor is invariant under any permutation of the indices. In other words, A is
symmetric if for any permutation o : [m] — [m], we have Ay, .y = Aiy,.i

We define the inner product of two tensors A, B of the same shape as (A, B) :=>0" . 1 Ai) i Biy,. i
We define the tensor Frobenius norm as ||A||p := /(4, 4).

m*

m*



A symmetric tensor A is positive semidefinite (PSD), if for all v € R™, we have (A, v®™) > 0.
We use S_?_’m to denote the convex cone of all m-order, n-dimensional PSD tensors.
The dual cone of 87" is the Caratheodory tensor cone S7™™, which is defined as S7™"™ :=

i=

m+n—1
{Z( ;m ) @M | () ¢ ]R”}. In other words, every tensor in S;™"™ is the summation of at most
(mtzfl) rank-one tensors. S and 7™ are dual to each other [Ke and Honorio, 2022].

For any tensor A € R™" | we define its minimum tensor eigenvalue Amin(A) (or equivalently
A1(A)) using a variational characterization, such that Apin(A) := mingegn |ofj=1 (4, v®™). Similarly
we define its second minimum tensor eigenvalue Az(A) as A2(A4) := min,cpn 41,0100 (4, AUON
where v is the eigenvector corresponding to Apmin(A).

We denote o4 as the index set of m-tuples in the shape of o(iy, 11, 2,42, ... ,im/Q,im/Q), for
any permutation o : [m] — [m] and ¢; € [n]. Intuitively, in every tuple of 05", every index
repeats an even number of times. We use 4" to denote the set {(i1,...,im) | (i1, im) ¢
oy and at least one index repeats twice}. In other words, 65" is the complement of o3, sub-
tracting cases with all unique indices.

2.2 High-order Inference Task

We consider the task of predicting a set of n vertex labels y* = (y1,...,v), where y* € {+1, -1},
from a set of observations X and z. X and z are noisy observations generated from some underlying
m-uniform hypergraph G = (V, £). In particular, V is the set of vertices (nodes) with |V| = n, and
& is the set of hyperedges.

For every possible m-vertex tuple e = (i1, ...,in), if e € £, the hyperedge observation X;, ;.
(and all corresponding symmetric entries X(;, . ;,.)) is sampled to be yj ---y;, with probability
1 —p, and —yf - - -y}, with probability p independently. If e ¢ £, X;, ;.. is set to 0.

For every node v; € V, the node observation z; is sampled to be y; with probability 1 — ¢, and
—y; with probability ¢ independently.

We now summarize the generative model.

Definition 2.1 (High-order Structured Prediction with Partial Observation). Unknown: True
node labeling vector y* = (yj,...,y;). Observation: Partial and noisy hyperedge observation

tensor X € {—1,0,+1}"°". Noisy node label observation vector z € {—1,+1}". Task: Infer and
recover the correct node labeling vector y* from the observation X and z.

3 Hypergraph Structural Properties and Cheeger-type Inequality

In this section, we introduce a series of novel Cheeger-type analysis for hypergraphs. This allows us
to characterize the spectral gap of a hypergraph Laplacian, via the topological hyperedge expansion
of the graph itself. Hypergraph theorems in this section are general, and are not limited to the
specific model covered in our inference task. To the best of our knowledge, the following high-order
definitions and results are novel. All missing proofs of the lemmas and theorems can be found in
Appendix A.

3.1 Hypergraph Topology

We first introduce the necessary hypergraph topological definitions.
Definition 3.1 (Induced Hypervertices). Given an m-uniform hypergraph G = (V,£), we use

H = {{il,...,im/g} | 11y - - ,’im/g S [n]}



to denote the set of induced hypervertices. We denote its cardinality by N := |H| = (m%).

Definition 3.2 (Boundary of a Hypervertex Set). For any hypervertex set S C ‘H, we denote its
boundary set as
08 = {hthg | hi1 € S, ho §‘é S, h1 N hy :@}

Note that 95 is a set of m-th order hyperedges and non-edges.

Definition 3.3 (Hyperedge Expansion of a Hypervertex Set). For any hypervertex set S C H, we
denote the hyperedge expansion of the set .S as

_ 105]
o5 = S

Definition 3.4 (Hyperedge Expansion of a Hypergraph). Given an m-uniform hypergraph G =
(V, E) with induced hypervertices H, we denote the hyperedge expansion of the hypergraph G as

é . é |0S]|
= min = min —_— .
g SCH,0<S<N/2 s SCH,0<S<N/2 |S|

We also call ¢g the Cheeger constant of the hypergraph.

3.2 Hypergraph Laplacian
In this section, we introduce our hypergraph Laplacian related definitions.

Definition 3.5 ({-function). ¢ : R™ — R is a function defined as

C(vgy...y o) = Z (Zvi—ZUj)m.

ZIC[ml,|Z|=m/2 \i€T j¢T

Definition 3.6 (Hypergraph Laplacian). Given an m-uniform hypergraph G = (V,€), we use
L € R™™ to denote its Laplacian tensor, which fulfills

1m) Z C('Uil,...,vim).

L,v®™) =

Definition 3.7 (Rayleigh Quotient). For any hypergraph Laplacian L and non-zero vector v € R™,
the Rayleigh quotient Ry (v) is defined as

Definition 3.8 (Signed Laplacian Tensor). Given an m-uniform hypergraph G = (V, ) with a sign
vector y € {—1,+1}", we use L, € R™™ to denote its signed Laplacian tensor, which fulfills

m 1
<Ly, U® > — 7”7,) Z C(yilvi17 MR yimvinL) *
(

|
m'(m/2 i1,0nim)EE



Remark 3.9. The hypergraph Laplacian tensor L can be viewed as a signed Laplacian tensor L,, by
taking y = 1.

Here we provide some important properties of hypergraph Laplacians and Rayleigh quotients.

Lemma 3.10 (Laplacian Eigenpair). For any hypergraph Laplacian L, 1 is an eigenvector of L with
a minimum eigenvalue of 0. Similarly, for any signed hypergraph Laplacian L, y is an eigenvector
of Ly with an eigenvalue of 0.

Proof of Lemma 8.10. This follows directly from the definition of (-function, and Definition 3.6,
3.8. O

Lemma 3.11 (Invariant under Scaling). For any non-zero a € R, we have

Rp(v) = Rp(av).

Proof of Lemma 3.11.

1 Claviy, ..., av;, )
Rp(av) = ——~ T
m'(m/Q) (il,.;)eg HavH
_ 1 Z amc(vh? ¥ '7U7zm)
m'(mW/LQ) (i17~ i )ES am HUHm

Lemma 3.12 (Invariant under Scaling). For any 6 € R and v € R, v L 1, we have

Rp(v) > Rp(v+61).

Proof of Lemma 3.12. Note that

R (U+51)_ 1 g(vil_i_&a"'av’im_'—é)
" M) o Foee  Tool]”
1 C(Uilv'-'vvim)

m

ml(m/Z) (i1 5y ) EE lv+ 1™

1 Z C(Uil,...,’ul'm)

m!(M/?) (i1,0enyim ) EE

= Rp(v),

where the inequality follows from the fact that

m/2
lo+ 1™ = (Z(U’ + 6)2>

)
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( m/2
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v

= [lll™
O

Lemma 3.13 (Signed Rayleigh Quotient Lower Bound). For any hypergraph with Laplacian L and
signed Laplacian Ly, and for any 6 € R and v € R", v L y, we have

Rp,(v) > Rp(voy+461).

Lemma 3.14 (Existance of Degree Tensor). For any hypergraph Laplacian L, let A denote the
corresponding symmetric adjacency tensor, such that A;, . ;.. = 1 if and only if (i1,...,im) € &.
Then, there exists a high-order degree tensor D fulfilling: 1) D;, . i, = 0 if i1,...,ip are all
different, and 2) (D — A,v®™) = (L,v®™) for every vector v € R".

3.3 High-order Cheeger-type Inequality

Here, we connect the previous two sections and provide our novel high-order Cheeger-type inequality.

Theorem 3.15 (High-order Cheeger-type Inequality). For any m-uniform hypergraph G = (V, &)
with Laplacian L, we have

Ao(L) > og' .

Remark 3.16. Here we would like to discuss our choice of hypergraph Laplacian as well as the related
high-order definitions. Despite the fact that there have been multiple works trying to generalize
some graph properties (including hypergraph Laplacian, Rayleigh quotient, hyperedge expansion,
Cheeger constant, among others) to hypergraphs [Li and Milenkovic, 2018, Mulas, 2021, Yoshida,
2019, Chan et al., 2018, Chen et al., 2017, Chang et al., 2020], we want to highlight that none above
fulfill the requirement of our high-order inference tasks.

To obtain a set of hypergraph definitions that are useful for our inference task, we need to fulfill
all the lemmas in this section. In particular, here are the necessary conditions:

o To fulfill Lemma 3.11, each term in the parenthesis in the {-function (Definition 3.5) must
have a coefficient of 1 or —1.

o To fulfill Lemma 3.12, the (-function (Definition 3.5) and the norm in the denominator of the
Rayleigh quotient (Definition 3.7) must have the same power. Additionally, the summation
of coefficients of the terms in the parenthesis in the (-function (Definition 3.5) must be 0.
Combining with the last condition, it requires the number of plus and minus terms to be
equal.



o To fulfill Lemma 3.14, the number of minus terms in the parenthesis in the (-function
(Definition 3.5) must be odd, so that (—A,v®™) can be canceled by (L,v®™) in those entries
without repeating indices.

e To fulfill Lemma 3.10, the Rayleigh quotient must achieve minimum with v = 1.

At this point it should be clear that we cannot simply use some arbitrary definition from the
prior literature. Our hypergraph definitions are carefully constructed and chosen, to fulfill all the
necessary conditions above.

Remark 3.17. Regarding the choice of order m, note that if m is odd, the task of label recovery
will not be feasible in the current formulation, since the Rayleigh quotient will be unbounded
below (instead of a minimum 0). From Remark 3.16 it can be noticed that if we keep the current
definition of {-functions, the only possible m’s are 2,6, 10,14, ... The definition of {-functions can
be generalized for other even orders, such that for every m-tuple Z, we take the average of many
m-power terms by iterating through the permutation of all possible signs. For clarity of exposition
we keep the current simpler definition, and focus on the case of m = 2,6,10, 14, ...

4 Exact Recovery of True Labels

In this section, we present an inference algorithm, which recovers the underlying true labels in our
model. To do so, we take a two stage approach. In the first stage we only utilize the hyperedge
information observed from X, and this allows us to narrow down our solution space to two possible
solutions. In the second stage, with the help of the node information observed from z, we are able
to infer the correct labeling of the nodes.

4.1 Stage One: Inference up to Permutation

We start by considering the following combinatorial problem

maximize (X, y®™)
y
subject to ye{-1,+1}". (3)

The issue with this optimization formulation is that the problem is not convex, which makes the
analysis hard and intractable. Instead, we consider the following relaxed version

max}i/mize (X,Y)

subject to Yy esy™m™
—1<Y5qqa <1,Vodd € 5™
Yeven = 1, Veven € 057" . (4)

Alternatively, we represent the last two constraints as —1 < Yag,m <1, and YU;,m = 1. Recall that
Si’n’m is the convex cone of rank-one tensors. The motivation is that we are using a rank-one tensor
Y instead of the outer product y®™, so that the problem becomes convex in the objective function
and the constraints. We have —1 < Y(;;z,m < 1 because the product of y’s is either —1 or +1, and we
have Ygg,m = 1 because if every y; repeats an even number of times, we know the product must be
+1.

It remains to prove correctness of program (4). We are interested in identifying the regime, in
which (4) returns the exact rank-one tensor solution Y* := y*®™ = (—y*)®™. We now present our
main theorem on inference. The proof can be found in Appendix B.



Theorem 4.1 (Inference from Hyperedge Observation). For an m-order structured prediction model
with underlying hypergraph G = (V, &) and hyperedge observation X, the rank-one tensor solution
Y* 1= O = (—y*)®™ can be recovered from the convex optimization program (4) with probability
at least 1 — e1(pg,n, p), where

(5)

_ 2 ..2m .
e1<¢g,n,p>=znmexp< (1 - 2p)°¢% ) 16(1 ) |€]

8™ - max(|E], 1) (1-2p)203"

Remark 4.2. A natural question to ask is, under what topological and statistical conditions can
we obtain a high probability guarantee from Theorem 4.1. An observation is that if the Cheeger
constant of the underlying hypergraph is large, or the noise level is small, recovery is more likely to
succeed. In Section 5, we analyze at some interesting classes of hypergraphs with good expansion
property (large Cheeger constant), so that high probability recovery can be guaranteed.

4.2 Stage Two: Exact Inference

In the previous section, we established the high probability inference guarantee for the rank-one
tensor solution Y* := y*®™ = (—¢*)®™, By taking a factorization step, we know either * or —y* is
the correct label vector. In this section, our goal is to decide the correct labeling using the node
observation z.

Theorem 4.3. Let y € {y*, —y*}. The correct label vector y* can be recovered from program

2ly* = max z2'y. (6)

ye{y*,—y*}
with probability at least 1 — ea(n, q), where

ea(n, q) = e (1720°n/2 (7)

Proof of Theorem 4.3. Applying Hoeffding’s inequality, we obtain that

P{ZTy* < 7ZTy*} :P{ZTy* < 0}

< o~ (1-29)°n/2
Ul

Corollary 4.4. Combining the results in Theorem 4.1 and 4.3, we obtain that exact inference of
the correct label vector y = y* can be achieved with probability at least

1 —e1(¢g,n,p) — e2(n,q). (8)

Proof of Corollary 4.4. Apply a union bound to Theorem 4.1 and 4.3. O

Remark 4.5. Given p,q < 0.5, we observe that as long as n — 0o, we know e3(n,q) — 0 (an
exponential decay). As a result, whether one can obtain a high probability guarantee in the shape
of 1 —O(n~') depends only on the order of ¢g, that is, the topological structure of the underlying
hypergraph. In Section 5, we investigate hypergraphs with good expansion properties, that allow us
to achieve a high probability guarantee of exact inference.
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5 Examples of Hypergraphs with Good Expansion Property

In this section, we consider some example classes of hypergraphs with good expansion property, and
demonstrate that they lead to high probability guarantees in our exact inference algorithm.
We first analyze complete hypergraphs.

Definition 5.1 (Complete Hypergraphs). An m-uniform hypergraph G = (V, ) is complete, if for
every m-vertex tuple e = (i1,...,%y), we have e € £.

Proposition 5.2 (Expansion Property of Complete Hypergraphs). For any complete hypergraph
G=W,E), we have
N

¢g:5-

Proof. Recall that H is the set of induced hypervertices. By definition 3.3, with any S C H with
0 < |S| < N/2, we have

BRLAY
bs = =|H\S|.
5]
Taking a minimum as in definition 3.4, we obtain ¢g = % O

Corollary 5.3 (Exact Inference in Complete Hypergraphs). Let G = (V,E) be a complete hypergraph.
Assume p,q < 0.5. Then exact inference can be achieved using the proposed two-stage approach with
probability tending to 1 with a sufficiently large n.

Proof. Note that for complete hypergraphs, we have

b= N _L(m >1<n>m/2_2’”/2‘1 mp>
979 T a\my2) = 2Unz) T w2z

Substituting ¢¢ into (8), as long as n is greater than some constant ¢y, we have

- 61(¢g,n,p) - 62(%, Q) >1- O(nil) :

Next, we focus on the case of regular expanders.

Definition 5.4 (d-regular Expander). An m-uniform hypergraph G = (V, £) is a d-regular expander
hypergraph with constant ¢ > 0, if for any induced hypervertex set S C ‘H with 0 < |S| < N/2, we
have

0S| > c-d-|9) .

Proposition 5.5 (Expander Hypergraphs). For any d-regular expander hypergraph G = (V, E) with
constant ¢ > 0, we have
¢g =cd.

Proof. By definition 3.3, with any S C H with 0 < |S| < N/2, we have

c-d-|S]
s> g
5]
Taking a minimum as in definition 3.4, we obtain ¢g = cd. O
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Corollary 5.6 (Exact Inference in Expander Hypergraphs). Let G = (V, ) be a d-regular expander
hypergraph with constant ¢ > 0. Assume p,q < 0.5. Then ezxact inference can be achieved using the
proposed two-stage approach with probability tending to 1 with a sufficiently large n, if

d € Q(n - (logn)'/?™).

Proof. First note that the exponential term in (5) is the dominating factor. Substituting ¢g = cd
into the first term of (5), we want to ensure

(1= 2p)2(cd)*™ L
2n™ - <
neEp ( 8n™ - max(|E],n™~1) ) ~ con

for some constant ¢y > 0. Note that |E] € O(n™). As a result, a sufficient condition for d is
d € Q(n - (logn)'/?™). Substituting d into the other term also fulfills the O(n~!) bound. O

5.1 Simulation Results

We test the proposed method on a hypergraph with order m = 6; see Figure 2. We fix the number
of nodes n = 10. We focus on the Stage One, and check how many labels can be recovered up to
permutation of the signs. We implement a tensor projected gradient descent solver motivated by Ke
and Honorio [2022], Han [2013]. For each setting we run 20 iterations. Our results suggest that if
the noise level p is small and the hypergraph Cheeger constant ¢g is large, the proposed algorithm
performs well and recovers the underlying group structure. This matches our theoretic findings in
Theorem 4.1.

o
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S w ©
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Figure 2: Simulations with different noise levels p (top) and Cheeger constant ¢g (down). Our results
suggest that if the noise level p is small and the hypergraph Cheeger constant ¢¢ is large, the proposed
algorithm performs well and recovers the underlying group structure.
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A Proofs of Hypergraph Structural Properties and Cheeger-type
Inequality

For clarity of presentation, in the following proofs, we use

RNp(v) := Z C(Vigy - -+ Vi)

(%15e-im )EE
to denote the numerator part of the Rayleigh quotient of Laplacian L, and
RDL(v) := [|v[™
to denote the denominator part.

Proof of Lemma 3.13. Regarding the numerator, we have

RNp(voy+4d1) = Z |:(v7;lyi1 +d+ "'+Uim/2yim/2 +5—Uim/2+1yim/2+1 — 0= =V, Y, —0)" + }
(il,...,im)ég
= Z [(Uilyil T Vi o Yine T Vi Yimgasr T T Vi Yim)" + - }
(il,‘..,im)eé’
= RN, (v).

Regarding the denominator, we have

RDp(voy+01) = |lvoy+ 1™

m/2
= (Z(Uiyi + 5)2>

i

m/2
= (Z v2y? +nd? + 28 Zviyz)
7 2 %
= (Z v? =+ n(52>
Z m/2
(2

O]

Proof of Lemma 3.14. Our goal is to construct a tensor D fulfilling (D — A,v®™) = (L, v®™) for
any vector v € R™. In other words, we require

Z Dh,...,imvil e Vg, — Z Ai17---,imvi1 e U4, = Z Lil ..... im Uiy« Uiy -
(ST im (ST im 11 5enes im

A key observation is that on the left-hand side, D and A control different entries: D;,
to 0 in those entries without repeating indices, while A;,

i 15 equal
is equal to 0 in those entries with

----- im
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repeating indices. Recall that the union oy Uy contains all entry indices without repeating
indices. We can rewrite the equation above as

Z Dil,...,imvil e Vg, — Z Aily-uﬂ;mvil ce U, = Z Li1,...,imvi1 - Vi, -
(i1,yim) €0y UG, ™ (i1,rim) oy UG, U15eenm
Recall that

<L,U®m>:;m Z C(Uil,...,vim)

(o) (i1,0ensim) €E
1
:m Z {(Uil+Ui2+~..+’l)im/2—’Uim/2+1—..._vim)m+‘”}' (9)
' m/2 (ilv'--vim)eg

The next observation is that, by expanding the m-power terms in the bracket, for each summand
(i1, ...,%m) we will obtain a sequence of monomials consisting of v;, through v; . For example, this
includes Cy - vi, iy . . . Vi, 1, Vi, C1 - vi?lviQ ...V, _,, etc., where C’s are coefficients. Note that all
these monomials have an order of m.

We now analyze the monomial terms above by grouping the monomials with the same power
pattern. Formally, we group all terms in the shape of C - vflll vfj . vi ? together, where d; > dy >
o >dg>1,dy + -+ dyg = m. All permutation of subscripts are enumerated in the parenthesis.
We use @ to denote the number of terms inside this group. Here we provide some examples of
monomial groups:

e C- (v +v+---+v"), with pattern d; = m. In this case Q = m.
e« m=06,C-(v] v +vf‘1v}3 +-- “”7)1'56%15)7 with pattern dq = 5, d2 = 1. In this case Q = 6-5 = 30.

e m=6,C-(v3viv: +viviol +.- +vdviol), with pattern di = 3, dy = 2, d3 = 1. In this

11 712 713 11 712 T4 6 15 4

case @ =6-5-4 =120.

Next we discuss the power pattern in each group.

If the power pattern is dy = --- = d,;, = 1 (i.e., all 1-power components), we know the coefficient
C' is equal to —W by counting. Thus, these terms with all 1-power components are already
‘\m/2

balanced by —3 ¢, i gormusn™ Air,..oiim Viy - - - Vi, ON the left-hand side. This also shows the
necessity of introducing the factor m in the definition of hypergraph Laplacians: it ensures
that the term v, v;, ...v;,, in the expanded form of (L,v®™) has a coefficient of 1.

For groups with other power patterns (dy > ...d, > 1, ¢ < m), we balance them by setting D
entries with indices in the permutation of (i1,...,%1,42,...,42, - yigs -+, 1q), in which ¢; repeats
di times, 1o repeats ds times, etc. We set the value of these D entries to: C'Q - Ziqﬂ,...,im Aip i =
CQ i1, im L1, i) € €] In other words, for D entries containing index 4 through ig,
we set them to be equal to those A entries containing index {i1,...,4m} \ {i1,...,494}. This can be
illustrated using the same examples above:

o Set Dy, iy = CQY 4, iy, Ai i

o Set Diy iy i insinsis = CQ D4y iy is ig Ain...im» a0d the same for all symmetric entries in o(i1,41,101,11,%1,12).

After the procedure is done, we have (L, v®™) = (D — A, v®™), and Dj, iy, i, = 0if i1,02,...,im
are all different. ]
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Proof of Theorem 3.15. Suppose v is the eigenvector associated with the second smallest eigenvalue
A2(L). By Lemma 3.11, we assume |[v]| = 1 without loss of generality. We also sort the entries of v,
e, v < - <oy

Our first step is to set up a helper vector u based on the second smallest eigenvector v. Recall that
H is the set of induced hypervertices (see Definition 3.1). For any hypervertex h; = {i1,..., %, /2} €
H, based on the second eigenvector v, we define the v-value of h; by

v(hj) = /2 (Uzl ' + Uim/Q) :
This allows us to sort all the hypervertices by their v-value, such that the hypervertex indices fulfill

v(h1) <w(hg) < <w(hn),

and recall that N := |H|. We use M to denote the smallest integer fulfilling M > £ |#/, and we
introduce a shifting operation by defining u := v — v(hps) - 1. We further find a constant ¢, > 0, and
we scale u by multiplying v with ¢, so that it fulfills (u; +---+ um/2)2 + (Up—mjop1+ -+ up)? = 1.
Note that u fulfills the following properties:

o (Ut )+ (U2 + o un)? = 1
o up <o <y

e uy =0.

e Rp(v) > Rp(u), by Lemma 3.11 and 3.12.

The second step of our proof is to construct a random set of hypervertices S;. To do so, we define
t to be a random variable on the support [u; + -« + U2, Un—m/24+1 + + + up], with probability
density function f(t) = 2|t|. It can be verified that ¢ is a valid random variable, because

n m/2+1+ +un 2 2
/ 21t = (w1 + -+ ) + (o + o+ un)® = 1.
UL+ Uy, /2

Based on ¢, we can construct a random set of hypervertices S; as follows

S = Ahy | hj ={iv, ity uiy + -+ i, <t}

Here we consider the size of Sy in the average case. We have
Eq [|S¢] ZPt {uhj < t} ;

and

"H\St Z]P)t {uh >t}
Combining the two leads to

By [min(|Sy], M\ Si)] = SOPy {un, <t <0} + > P {un, >t >0}
J

J
=Y,
J
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We also consider the boundary set 9.5;. By Definition 3.2, a hyperedge e = h1 U ho belongs to 0.5,

if hy € S, ha € Sy, and hy N hy = ). Define the shorthand notation uy; := > ich Ui, and assume
up, < up,. Then

]P){e € 3St} = ]P{uhl <t< uhQ} < |uh1 - uhg’ (‘uh1| + |uh2‘) .

Finally, we analyze the expectation of |0.5|. It follows that

E¢ [|0S:]] = Z E;[L]e € 0S¢]]

e€€,e=h1Uha
= Z P, {6 S 8St}

ee€f,e=h1Uhg
< Z |uh1 _uh2’(‘uh1| + |uh2|)

ec€,e=h1Uh2

1 m—1
(a) . m o m
< Z (uhl - uhz) Z (|uh1‘ + ‘uhzbm_l
eef,e=h1Uhg eef,e=h1Uhg

m—1

m

=RNé'< 3 <wmwwmm45>

ee€,e=h1Uhg

= RL(U)% : ||u|| : ( Z (|uh1| + |uh2’)mm1>

e€€,e=h1Uho

< RL(U)% ’ ||’LL|| ’ ( Z (|uh1| + |uh2’)2)

e€€,e=h1Uho
< Ry (u)w - By [min(| Sy, [H\ Sil)]
< Ry (u)w - By [min(|S;|, [H\ Si|)] ,

where (a) follows from Holder’s inequality. Rearranging the terms above leads to
1 .
By [Rp(u) - min(|Si], [H\ Si]) = 0S| > 0.

Thus there exists some ¢ fulfilling

3=

RL(U) -min(]St\,]H\St])— ‘8575‘ ZO,

or equivalently,

|0.S¢] m
R“WZ(mM&uW\MQ |

Plugging in Ry (v) > Rr(u) on the left-hand side, and Definition 3.4 on the right-hand side, we
obtain
05|

mM&uwwa =% -

Ma(L) = Ri(v) 2 Rufu) =
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B Proof of Exact Recovery of True Labels

Proof of Theorem 4.1. Our goal is to recover the true labels Y* := (£4*)®™ (up to flipping signs)

using (4). For readers’ convenience, here we restate the formulation:
max}i/mize (X,Y)

subject to Yy e sym™

Yo.gim = 1 .
The Lagrangian dual problem of (4) is
minimize Z Vit im T Z (sz im T Vit oosim)
V7v+7V77A . . n,m . . —n,m o o
(11,00yim ) €05 (11,5000 yim ) €T
subject to Viv,oim =0, if 41,..., 4y, are all different
Va.nam == Vj;,,m - V—;,m
2 Ty Tq
Vim >0
0'2 -
Vm >0
)
+ —
- X-A+ > Vitrovsim * B oovjim + > Vi = Vi i) Ei i
(il,...,im)eo;’m (il,‘..,im)EC_T;L’m
n,m
Ae S,
where E;, ;. is a tensor with 1 in entry (i1,...,%y), and 0 everywhere else. From the primal and

dual problems, we obtain the following KKT conditions:
V—-X-A4=0
Ya;“m =1
Y €Sy
‘/;;lvnwim = 0
Va.”vm — er_z,m - V—j’b,m
2 Ty [
Vim >0
2
VE;L,"L Z O
2
Aesy™
+ _
V&_;,m (Ygg,m +1)=0
(A,Y)=0.

(Stationarity)

(Primal Feasibility)

(Dual Feasibility)

(Complementary Slackness)

Here we construct primal and dual variables to fulfill all KKT conditions above. For the primal
variable we set Y = Y. For the dual variable we define V' = D,~, where Dy« is the high-order
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degree tensor constructed from the signed Laplacian L,«, with the procedure defined in Lemma 3.14.
We then define Vinm = (Dy« ) nm, V;;l,m = max((Dy+)spm,0), V(_f_;,m = min((Dy+)5nm,0). From
the stationarity condition, we set A = Ly« = Dy — X.

At this point, our construction of primal and dual variables have fulfilled every KKT conditions
above except the positive semidefinite condition A = L« € Sz’m. From Lemma 3.10, we know y* is
an eigenvector of L, with an eigenvalue of 0, or equivalently, (Ly-,Y™*) = 0. It remains to ensure
for all orthogonal vectors, we have min, - R, . (u) > 0. On top of that, we want to ensure the
solution Y = Y™ is unique. This further requires that

<D y* X, U®m>

ﬁiﬁ Rp,.(u) = g}yri Tl >0.

Without loss of generality, we fix ||u|| = 1 in the following discussion. We split the terms above
into

min ~ (Dy» — X,u®") >  min  (Dys — E [Dy],u®™) (10)
uly* [Jull=1 uly*[Jull=1
min  (E [X] — X,u®™) (11)
uly*,[lull=1
min ~ (E [Dy« — X],u®™) . (12)
uly* [Jull=1

First we bound the expectation term (12). Note that

min E[D, — X],u®™) = min E [L,+], u®™
“J-y*’HUH:1< [ Y ] > UJ—y*,HUH=1< [ Y ] >
=(1-2p) min_ > Clunyh,.viny,)
(815-eerim )EE

(1 2) Ru. ()
(1—-2p)-Rp(uoy®+01)

>
> (1-2p)- g,

where the first inequality follows from Lemma 3.13, and the second inequality follows from Theorem
3.15.
Next we bound (11) using concentration inequalities. We have

P {— Amax (B [X] - X) < =1} <P{-|E[X] - X[} < -2}
< & E[IEX] - X)2]
= (1 -p) €]

Setting t = %qﬁg’ leads to

1—2p .. 16p(1 —p) |€]
P{—Amax(E[X]_X)S_ 2 ¢g}§(1_2p)2¢ém

Finally we bound (10). Using Cauchy-Schwarz inequality, we obtain

— [(E[Dy+] = Dy, u®™)| > — ||vec (E [Dy+] — Dy )|| - |vec (u®™) |
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= —||vec (E [Dy+] — Dy)|| - Jul|™
= — |lvec (E [Dy+] — Dy ) ||
> —n"2 - |[vec (E [Dy+] — Dye)

‘oo’

where vec (+) is the vectorization operator. We then use Hoeffding’s inequality for every entry. By
the construction procedure defined in the proof of Lemma 3.14, every entry of D« is the summation
of at most max(|€],n™~!) Rademacher random variables. We obtain

22 max(|€|,nm~1)

t2
<2 — .
= 2exp ( 2max(|€] ,nm1)>

2t2
P {vec (B [Dy«iy,...im] = Dy*ir,iim) = t} < 2exp (- )

By a union bound, we obtain

P {HVGC (E [Dy+] — Dy~)

>t <o 2t
X —_
oo = 1= 2O | T max(|E|,nm1)

2
<2n™ — .
= exp( 2 max(|€| ,nm_1)>

A=2p)ég leads to

Setting ¢ = — -7

- 2 12m
P {_ |<E [Dy*] - Dy*aU®m>| < —1 2p¢3} < 2n™ exp <— (1~ 2p) ¢g ) . (14)

8n™ max(|E|,nm~1)

Combining the results of (13) and (14) with a union bound completes the proof. O
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