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Abstract. We obtain local Holder continuity estimates up to the boundary for a kinetic
Fokker-Planck equation with rough coefficients, with the prescribed influx boundary con-
dition. Our result extends some recent developments that incorporate De Giorgi methods
to kinetic Fokker-Planck equations. We also obtain higher order asymptotic estimates near
the incoming part of the boundary. In particular, when the equation has a zero boundary
conditions and no source term, we prove that the solution vanishes at infinite order on the
incoming part of the boundary.
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1. INTRODUCTION

The purpose of this paper is to analyze the regularity near the spatial boundary for so-
lutions of kinetic Fokker-Planck equations of the form

(1.1 @i +v-Vy)f—0y(aij(t,x, U)d,,jf) =-b;0,,f +G, for (t,x,v) €[0,T] x Q2 x Rd,
(1.2) fyr-=8
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It is a variant of Kolmogorov equation with rough diffusion coefficients. Here, the function
f = f(t,x,v)isdefined in a domain of the form [T7, T»] x Q x R4, where Q c R? is some open
set with a C1"! boundary. We write y_ to denote the incoming part of the boundary.

We prescribe the values of the solution f on the incoming part of the boundaryas f = g
on y_, for some arbitrary given function g. This is a common boundary condition for ki-
netic equations usually called influx. It is one of the common physically relevant bound-
ary conditions for kinetic equations. Other common choices are specular reflection and
diffuse boundary conditions. The specular reflection boundary condition was essentially
analyzed in [6]. We discuss it briefly in Section 3.

We say that the coefficients a;; (¢, x, v) are uniformly elliptic, with ellipticity parameters
Aand A >0, if AL < a;;(¢, x, v) < Al for every (¢, x, v) in the domain of the equation.

Throughout this paper, we assume that the coefficients a;; are uniformly elliptic, and
the drift vector field b and the right-hand side G are in L*.

In recent years, there have been exciting new developments obtaining interior Hélder
estimates for kinetic Fokker-Planck equations like (1.1) (see [14, 13, 15, 16, 3, 4, 5, 2]). Our
objective is to extend the Holder continuity estimates of these results as estimates up to
the boundary, in the case of the influx boundary conditions. We provide clean local regu-
larity estimates that hold in sets that may contain parts of the boundary. When the domain
Q is convex, our estimates are stronger and essentially independent of the shape of Q.

Regularity results for Kinetic Fokker-Planck equations with variable coefficients have
applications to the study of the Landau equation. For example, they play a key role in [8]
to obtain conditional regularity estimates for the Landau equation with periodic bound-
ary conditions in space. We hope that the results in this paper may help obtain similar
regularity results for the Landau equation in bounded domains.

The interior Holder continuity estimate for kinetic integro-differential equations was
developed in [10]. It plays a key role in the program of conditional regularity for the Boltz-
mann equation (see [9, 12]). It would be conceivable that the interior estimates of [10] may
be extended up to the boundary for the influx condition, similarly as we do it in this paper
for the second order case. We have not pursued that direction yet.

1.1. Notation. We write o for the Galilean group operation.
(t1, X1, V1) 0 (f2, X2, V2) = (£1 + L2, X1 + X2 + L2V1, V1 + V2).
We use Q; to denote the kinetic cylinders.
Qy:=(=r?,0] x B3 x By,
Qr(2):=z0Q;.
We use the notation ./, (z) for the points in Q,(z) that are inside the domain Q.
S (2) :={(t, x,v) € Qr(2) : x € Q}.

Our definition for /7 (z) depends on Q, even though it is not shown explicitly by this
choice of notation. Observe that #,(z) is a convex subset of R'*24 when Q is a convex
set in R<.
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We write y for the points (t, x, v) € R'*?4 so that x € Q. We differentiate three parts of
this boundary depending on the direction of the flow: y =y_uyouUy.. Let n = n(x) be the
exterior unit normal vector to Q) at the point x. We write

Rl+2d

Y-=1{(t,x,v)€ :x€edQand v-n<0},

Y+ =1(t,x, v)eRl+2d:x€6§2 and v-n >0},

Yo={(t,x,v) eR*™?: xedQ and v-n =0}

1.2. Mainresults. The first main result is alocal L* estimate up to the boundary. Its proof
is rather short once we interpret the notion of subsolution correctly.

Theorem 1.1. Let z° = (¢°,x°,v°) € R'™*24 with x° € Q. Assume that f is a nonnegative
subsolution of (1.1) with f =0 ony_ (in the sense described in Definition 5.3 with g = 0).
Assume that G € L® (A, (z%)). Then

esssup 7,20 f < C(Ifll2e 20 + Gl o 20)) -

The constant C depends on dimension and the parameters of the equation, but it does not
depend on the domain Q or the point z°.

The notion of weak solution and subsolution will be made explicit in Definitions 5.1
and 5.3. While the definition of solution that we work with is arguably the most natural
(and weakest), one could claim that our definition of nonnegative weak solution is more
artificial. Theorem 1.1 will typically be applied to the positive or negative part of a solution.
We prove in Lemma 5.10 that the positive part of a solution that is negative on y_ is a
subsolution that vanishes on y_.

Our second main theorem is the Holder continuity up to the boundary. Note that the
estimate is better when Q is convex. In this result, the estimate holds uniformly along the
whole boundary y, y- and vy.

Theorem 1.2. There exists an a > 0 depending on the ellipticity parameters and dimension
only so that the following statement holds.

Let z2° = (¢°, x°, v°) € R'™24 with xy € Q. Assume that f is a solution of (1.1) (in the sense
described in Definition 5.1). Then

11l cacy 200 < C(”f”LZ(Jﬁ ) l18llcay_nqie) + 1Gllwowm (zo)) :

The constant C depends on dimension, the ellipticity parameters, | b| 1~, Q and Z%. How-
ever, when Q is convex, C and a depend on dimension and the parameters of the equation
only (they do not depend on z° or the domain Q).

The C% norm in Theorem 1.2 should be understood in terms of the kinetic distance
defined in Section 2.1. If we used the usual Euclidean distance instead, we would still
get some Holder continuity (with a smaller exponent «a), but the constant C would also
depend on the velocity v°.

When applying local regularity estimates to study the global regularity of solutions to
the kinetic equations (for example as in [8] or [12]), we need to have some control on
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how these estimates behave for large velocities. To that effect, it is optimal to have local
estimates like those for convex domains 2, where the constants involved are independent
of the point °.

When Q is not convex, the pure transport equation (0; + v-Vy) f = 0, with the influx
condition, generates discontinuities. Theorem 1.2 tells us that once we add diffusion in
v, these discontinuities disappear and the solutions are always C*. However, for large
velocities, the transport terms are stronger and it is natural to expect that the constant C —
oo as the tangential component of v° diverges in some direction where Q has a negative
curvature.

Our last main result concerns the incoming part of the boundary y_ only. It says that
when the equation has a zero source term, and a zero boundary condition, then the solu-
tion vanishes to infinite order on y_.

Theorem 1.3. Let z° € y_. Assume that f is a solution of (1.1) (in the sense described in
Definition 5.1) with g = 0 and G = 0. Then, for every exponent q € N, there exists an constant
C so that forallr >0,

esssup . .0 f < Cll fll 2076 20 77
The constant C depends on q, dimension, the parameters of the equation, Q and z°. How-
ever, when () is convex, it depends on q, dimension, the parameters of the equation, and

v n only.

When there is a nonzero boundary value g, or a nonzero source term G, a version of
Theorem 1.3 holds for a restricted range of exponents ¢g. If we have a boundary value g
that is only Holder continuous with exponent a, the exponent g cannot be taken larger
than a. If we have a bounded source term G € L*, the exponent g cannot be taken larger
than 2. We explore these and other variants of Theorem 1.3 by the end of section 9.

It is not common to have an infinite order of vanishing near the boundary of a par-
tial differential equation. Theorem 1.3 is quite unusual in this respect. If we consider for
example the Laplace equation in a smooth domain with a Dirichlet boundary condition,
having the boundary value equal to zero in some open set would not imply that the solu-
tion vanishes at infinite order there. A solution to the heat equation starting from an initial
data that equals zero in some open set will vanish at infinite order at its initial time. This is
also true for general parabolic equations with measurable (uniformly elliptic) coefficients
and follows from the well known Gaussian upper bounds for their fundamental solutions.!
Our setting in this paper is comparable to the latter since the diffusion in (1.1) is parallel
to the boundary while the drift is transversal. However, the proof we provide for Theorem
1.3 follows a completely independent path based on the geometry of kinetic cylinders.

When we were writing this paper, we learned about the very recent work [17]. In that pa-
per Yuzhe Zhu analyzes the well posedness and boundary regularity for a Fokker-Planck
equation like (1.1) with the three most common boundary conditions: prescribed influx,
specular reflection, and diffuse. While the estimates provided in the main theorem of [17]
are global, one can also find local estimates in the body of the paper (see Remark 1.2 and

1'We thank Chris Henderson and an anonymous referee for pointing this out.



Boundary regularity for kinetic equations 5

Proposition 3.7 in [17]) that are similar to our Theorem 1.2 in the non-convex case. In
[17], there is no attention to the convexity of the domain Q. The domain is initially flat-
tened with the same change of variables we describe in Section 3. All the local estimates
obtained in [17] depend on vY and the curvature of the boundary. There is no special anal-
ysis focusing near y_, like in our Theorem 1.3. The main theorems in [17] contain other
issues that are outside the scope of this paper, like the existence of solutions, and global
estimates for diffuse boundary conditions.

In the appendix of [17] there is an example showing that solutions to the equation (1.1)
are not in general differentiable on 7y, even when the diffusion coefficients a;; are con-
stant and the solution is stationary. This example shows that a naive higher order regular-
ity estimate (as in Schauder estimates) may not hold in this setting.

1.3. Additional notation. When we integrate a quantity over some portion of y, we write
dy to denote dv dS(x) dt. Here, dS(x) is the differential of surface for x € 0Q2.

For any open subset D c RY, we sometimes write L% H}or L5 H," to denote the Sobolev
spaces and their norms taking into account derivatives with respect to the velocity variable
only. That is,

1% 3oy = 1 Wy + 1V f ey
||g||§%‘xH;1(D) = sup{/Dg(p dvdxdt: ¢ € CL(D) with lolz2 110y < 1}.
Acknowledgment. Luis Silvestre is supported by NSF grants 2054888 and 1764285.

2. GALILEAN INVARIANCE AND CONVOLUTIONS

While the class of equations (1.1) is invariant by translations in time and space, we can-
not translate a solution f in velocity and expect it to solve an equation of the same kind.
Indeed, the transport term (0;+ v- Vy) f has a coefficient that depends on v. The correct
group of transformations to associate with this class of equations is the group of inertial
changes of variables. We define the following group operator in R'*2¢,

(s, ywo(t,x,v)=(s+tL,x+y+tw,v+w).

R1+24 gometimes called

The operator o defines a non-commutative Lie group structure in
Galilean group.

We may reconsider the differential operators (0; + v-Vy), V, and V, in terms of this
operation. They turn out to be the natural differential operators that arise from the right

action of the group.

f((tr X, U) © (hyoyo)) - f(ty X, U)
h )
f((t) X, U) o (0) 0) hel)) - f(t) X, U)
h ’
f((ty xr U) o (Oy hei; 0)) - f(t) x) U)
h .

0;+v-Vof(tx, v):}lin})

0y, f(t,x,v)=1i
v f (%, v) = lim

Oy f(t,x,v) =1
x, [ (£, %,0) lim
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We can immediately verify that these differential operators are left-invariant by the ac-
tion of the group: if zp € R!*24 and we define T4 f(2) = f(zp02), then T,,(0;+v-Vy)f =
0r+V-VI)Tzfr T2 Vaf =VxTsf,and 1, V, f =V, 74 f.

The differential operators arising from the left action of the group are right-invariant,
but not necessarily left-invariant. They are

f((h,0,0)0(t,x,v)) - f(t,x,v)

o:f(t,x,v)=1
tf (1, x,0) lim

h
@y, + t0x) f(t,x,V) = }lir% £((0,0,he;) o (t,;, ) - f(t,x, v)’
Oy, f(t,x,v) = }liné f(0, he;,0) 0 (t,:, v) - f(t,x, v).

The equation (1.1) involves the transport operator (0; + v - V) and derivatives in veloc-
ity d,,. The Galilean group, is the natural group of transformations in R'*24 that is used
throughout the paper.

We define the convolution of functions in terms of the Galilean group.

fxg(2):= fwgw oz dw.

R1+2s

This convolution is associative, but it is not commutative. If we make the change of vari-
ables v~z — w, we obtain the equivalent expression

f*8(2):= /1 ) fzow V) g(w) dw.
R1+2s

Throughout this paper, whenever we write a convolution, we mean this convolution with
respect to the Galilean group (we basically give up the usual group structure of R'*2¢ alto-
gether in favor of the Galilean group). The convolution with respect to the Galilean group
has very similar properties as the usual convolution, provided that we are careful as to
whether operations apply from the left or from the right in every case.

By a direct computation, we can easily verify that the left-invariant differential operators
can be thrown into the second factor:

(at+ V'vx)(g*f)(t,x, U) =g* (al'+ V'vx)f(t»x, U))
al/i(g*f)(t)xy U) :g*avif(t)xy U))
0x; (g * f)(t,x,v) = g0y, f(L,x,0).

Conversely, the right-invariant differential operators can be transferred into the first fac-
tor:

0:(g = f)(t,x,v) =[0:8] = f(¢t,x,0),
(avi + taxl)(g * f)(t; xr V) = [(avi + taxl)g] * f(t)xr U),
ax,’(g* f)(t)x’ V) = [ax,g] * f(tyxy U)-
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Note that f * g is C* provided that at least one of the two functions is C*°. Moreover

/(g*f)(Z)qD(Z) dz:/f(Z)(g‘*(p)(Z) dz,

where g(z) = g(z™1).

Convolving with an appropriately scaled family of mollifiers gives us a convenient smooth
approximation for rough functions f. We use it in Section 4, for technical manipulations
of functions in kinetic Sobolev spaces.

Note that while the family of kinetic Fokker-Planck equations (1.1) is invariant by Galilean
translations, the boundary condition (1.2) is not. The spatial domain {x € Q} would be-
come an oblique domain after a translation z — z%0 z if v% # 0. So, the assumptions in
Theorems 1.1, 1.2 and 1.3 cannot be easily reduced to z° = 0 by a translation. The param-
eters in the estimates may depend on v°, and in fact the constant C in Theorems 1.2 and
1.3 degenerates for large velocities when € is not convex.

2.1. Kinetic distance and Holder norms. The distance in R'*?¢ should be appropriately
adapted to be homogeneous with respect to the kinetic scaling S, and left invariant with
respect to the left action of the Galilean group. We provide an explicit formula for such a
distance following [11].

Definition 2.1. Given two points z) = (t1, X1, V1) and zy = (t, X2, V2) in R*24 we define the
following distance function

. 1 1
de(z1,20) := mﬁ@%{maX(ltl — 0|2, |x1—x2— (1 — L) w|3,|v1 —wl|, v — WI)}.
we

The subindex “¢” stands for “I”eft invariant. It is easy to check that this distance d;
satisfies the following two invariances.

de(Srz1,Srz2) =rde(21,22),
de(zozy,z02p) =dy(z1,22).

We define the Holder spaces and their norms using this distance. For a € (0,1), the
(kinetic) C* norm of a function f: D — R, for D c R'*2¢ is given by
|f(z1) = f(22)]

[flcaqpy= sup ————, I fllcemy = [flcemy + I fllzoD)-
Z1#£22€D d( (Zl) ZZ)a

This is the Holder norm in Theorem 1.2, with respect to the kinetic distance d,.

3. FLATTENING THE BOUNDARY

In this section, following [7] and [6], we explain the change of variables to transform the
equation (1.1) from an arbitrary domain to a flat boundary. We use it to prove Theorems
1.2 and 1.3 only when Q is not convex. We also use it for some technical lemmas about
kinetic Sobolev spaces in Section 4.

It is a local change of variables. Given a point x% € 0Q, we build a transformation @ :
(B, (x%) N Q) x R4 — RY x R?, and define flt,x,v) = f(t,CD(x, v)), so that this new function
f satisfies an equation of the form (1.1) in [0, T x (B, (0) N {x; < 0}) x R4. The change of
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variables (y, w) = ®(x, v) involves both variables together. This is important to keep the
transport part of the equation essentially unchanged.

We assume that the domain Q has a C'! boundary. Let ¢ : B (x%) — R? be a transforma-
tion that flattens the boundary (i.e. ¢(0Q2) c {0} x R4-1). Since 0Q is a Lipschitz boundary,
we can make D¢ and D¢p~! both bounded. Moreover, we assume that 0Q is C''! so that
D?¢ is bounded as well.

Let us define ®(x, v) = (¢p(x), Dp(x) v). Following the notation in [6], we write A = D¢ (x),
¥y = ¢(x), and w = Av. Note that the matrix A = A(x) depends on x (or y), but not on v (or
w, for y fixed).

We define f(t, yw) = f(t,CI)_1 (¥, w)). Equivalently, f(¢,x,v) = f(t,d)(x, v)). The domain
of the function f is the image of ®, which contains a neighborhood of 7 = ¢(x°) and all
values of w € R%.

The function f satisfies the equation (1.1). By a direct computation, we verify that the
function f satisfies the equation

@+ w-Vy) f =04, (@ij(t,y, w)dw, f) = —bidu, f +G,
for (¢, y, w) € [0, T] x (Bo(7) N {y1 < 0} x R,
where  G(t,y,w) = G(t, x, V),

i
axjaxk’

Bi(t,y, w) = A;jb;(t,x,v) + vV

dl’j(try) w) = AirAjsars(t,x, V).

The matrices A and A™! are bounded because 0Q is a Lipschitz boundary. We have
laijll < 1Al a; jll. Moreover, the smallest eigenvalue of d;; is larger than or equal to the
smallest eigenvalue of a;; times |A~1|72. Thus, the uniform ellipticity parameters of d;
depend on the uniform ellipticity parameters of a;; and the upper bounds for || Al| and
| A=1||. We conclude that the coefficients a; j are uniformly elliptic provided that the origi-
nal coefficients a;; are, and 02 is a Lipschitz boundary.

The L™ bound for G is the same as the L> norm of G. The drift b has an extra term
that involves second derivatives of ¢. We assume that dQ is a C1"! boundary only to have
a bound on this term.

We observe that this new function f satisfies an equation that retains the same assump-
tions as the original one for f. However, the spatial domain now has a flat boundary. With
this transformation, we reduce the study of local regularity estimates for the equation
(1.1), to the case of flat boundaries. In particular, proving any result like Theorems 1.1,
1.2 and 1.3 in the case of the flat boundary, would immediately imply the same result for
C"! boundaries. The only problem is that the drift term b depends on v and the curva-
tures of the boundary. Thus, we would obtain local estimates with constants depending
on the domain Q and the velocity nearby. For domains Q that are convex, we do not use
the change of variables and we get estimates that do not depend on the domain Q or the
velocity v° in Theorems 1.2 and 1.3. We use this change of variables to reduce the general
case of both theorems to the convex case.
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3.1. Specular reflection boundary condition. In [6], the authors explain how to use the
change of variables that flattens the boundary together with a mirror extension to study
kinetic equations with specular reflection boundary condition. A similar procedure is car-
ried out in [17]. We explain it briefly in this section. Let us recall the specular reflection
boundary condition. It consists in postulating that the function f satisfies the following
identity for all (¢, x,v) €y,

(3.1) f(t,x,v) = f(t,x,Rv), where Rv =v—-2(v-n)n.

Let us define our notion of weak solution.

Definition 3.1. Let D be a subset of Rx Q x R%. Assume that whenever (t, x,v) € yndD, then
also (t,x,Rv) € yndD. We say that a function f € L*(D) is a weak solution of (1.1) in D
with the specular reflection boundary condition (3.1) if
e V,fel?D)
o Forany test function g € C}(R'*2%) so thatsupp ¢ndD c y, and ¢(t, x, v) = @(t, x, Rv)
forany (t,x,v) €y, we have

/D—f(6[+ v-Vy)@+aij0y, f0y,¢+bi0y, feo— Gpdvdxdr =0.

The mirror extension consists of the following technique. Assume that Q = {x; < 0}. We
can always perform a change of variables as in Section 3 to reduce to this case. We have
Y = {x; = 0}. We extend the function f, and the equation, to {x; > 0} in the following way.
We write R(vy,v") = (—vy, V') for v/ € R%~!. We also apply the reflection operator to the
space variable R(x1,x") = (—x1, x'). We write D to be the domain D extended to the other
side of y by mirror reflection

D=Du ODny)ui(t,x,v):(t,Rx,Rv) € D}.
We extend the function f to the whole domain D:

- {f(t,x, V) if (t,x,v) € D,

f(2) = .
f(t,Rx,Rv) if(t,x,v)€{(t,x,v):(t,Rx,Rv) € D}

Note that y has measure zero, so it is ok not to specify the value of f there. A posteriori, f
will be extended on dD Ny by continuity. We also extend the coefficients a;;, the source
term G, and the drift b, to D:

a;ij(t,x,v) if (t,x,v) € D,

aij(t,x,v)=4 " ) _
a;j(t,Rx,Rv) if (¢, x,v) €{(¢t,x,v):(t,Rx,Rv) € D}

G(t,x,v) if (¢,x,v) € D,

G(t,x,v) =
{G(t,Rx,Rv) if (¢, x,v) €{(¢t,x,v):(t,Rx,Rv) € D}

b(t,x,v) if (¢, x,v) € D,

b(t,x,v) = ,
{Rb(t,Rx,Rv) if (t,x,v) €{(t,x,v):(t,Rx,Rv) € D}
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The following proposition is proved in [6].

Proposition 3.2. If f solves (1.1) with the specular reflection boundary condition (3.1) in
the domain D, then f solves the same equation, with the coefficients d;j, source term G,
and the drift b, in the domain D (acrossy).

Thanks to Proposition 3.2, the analysis of local regularity estimates for the equation (1.1)
with the specular reflection boundary condition 3.1 is reduced to local interior estimates
for the equation (1.1). In particular, the following result holds.

Theorem 3.3. Let z° = (1%, x°, v°) € R'™2% with xy € Q. Assume that f is a solution of (1.1)
with the specular reflection boundary condition (3.1). The following C® estimate holds.

1 a0 < C (1 20y 200 + 1Gll ooy 200 -

The constants a > 0 and C depend on dimension, the ellipticity parameters, || bl 1, Q and

20,

Note that the right-hand side of the inequality involves the norms of the extended func-
tions f and G in Q;(z°). The values of these functions depend on the values of f and G
at points (t, x, v) so that (¢, Rx, Rv) € Q;(z°). Depending on the value of z°, these points
may be outside of .77 (z°), and potentially quite far away from z° with respect to the ki-
netic distance. Also, since the mirror extension relies on flattening the boundary first, the
constant C may depend on the velocity v°. As we explained in Section 3, the change of
variables that flattens the boundary introduces an extra drift term that becomes large for
large values of |v|.

4. KINETIC SOBOLEV SPACES

Following [1], we define the kinetic Sobolev space as follows.

Definition 4.1. Given an open set D < R"*24, wesay f € H.. (D) if f € L*(D), V, f € L*(D),

and (0;+v-Vy) f € L2 [H,! in the sense that

in

/f(t, x, )0+ v- V) dvdxds < CIV,@ll2p),

for any function ¢ € CL(D). We further write
2 2 2 2
171y = 110 + 190 f W gy + 1@+ 0V fIy sy

The kinetic Sobolev spaces H iin are introduced in [1] with a Gaussian weight with re-
spect to the velocity variable. In the context of this paper, it is not convenient to consider
any weight. Many of the basic properties of the kinetic space proved in [1] work without a
weight, with even a slightly cleaner proof.

Using convolutions with respect to the Galilean group is a convenient way to approxi-
mate functions in H ]im with smooth ones. Let us consider a compactly-supported smooth

function 1 : R'*2¢ — R with integral one. Let us use kinetic scaling to produce a family of

mollifiers:

—-2-4d 3 1

Ne(t,x,v)=¢€ 17(8_21‘,5_ X, € V).
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IfV, f € L>([R'*249), we observe that V, (i, * f) =1, *V, f convergesto V, f in L? and almost
everywhere. Likewise, if (0;+ v-V,)f € L%yx(R”d,Hljl(Rd)), then (0;+ v V)1, x f) =
Ne * (0; + v+ Vy) f converges to (0, + v+ Vy) f in that same space. This last statement would
not be true if we were using the convolution with respect to the usual Euclidean structure
OfR1+2d.

The next lemma is less general than a similar result in [1]. Here, we approximate an ar-
bitrary function f € H im(%ﬂl (z°)) with smooth functions. Interestingly, we can construct
the smooth approximations f; — f up to the boundary with a simple mollification.

Lemma 4.2. Let f € H,il.n(ffl (z°)). For € > 0, there exists a family of smooth functions
fe: 70_¢(2%) — R, so that f. — f in H: (H1-¢,) as € — 0 (for any fixed 9 > 0).

kin
Proof. Using the change of variables described in Section 3, we assume without loss of
generality that the boundary 0Q is flat: Q = {x; < 0}. Moreover, by a simple translation
(using the Galilean group structure), we also assume that z9 = (0,0, (v?,O, ...,0)). We can-
not assume that U? = 0 because a Galilean change of variables that modifies the velocity
component that is normal to the boundary d{x; > 0} would also modify the boundary of
the equation. It is straight forward to verify that local norms of f in H im and fin H ,i are
comparable.

Since f € H,il.n(ffl), in particular (0;+v-Vy) f € L%, Hy 1 Thus, there exists some vector
field F: 7 — R? such that | Fll 27,y S I f g and

0:+v-Vy)f=0,F;.

in

Let us define f and F by extending f and F to all of Q (z°) making them equal to zero
when x; > 0.

Consider a smooth function n7;, compactly supported and with unit integral. Let us take
a function 7, that is supported in the set {x; > 0} N {v; < 0} N {r > 0}. We scale it to turn it
into an approximation of the identity.

—2-4d 1

n.(t,x,v)=r nl(r_zt, r_3x,r_ V).

We define
fer=nexf.

Clearly, we have f; € C® and V, f, — V,, f in L?(#—¢,), for any &g > 0. The convergence of
0+ v-Vy)fein L%y H; ! results from the choice of the support of 17.. Typically, when we
extend a function f as zero, we may be creating a singular part for its derivatives across
the boundary. The choice of the support of 1 is so that f.(z) depends only on the values
of f in A, for any z € /A _,,. Let ¢ be a C! function whose support is inside 7, _,. We
compute

/(0t+ v-Vy) fep dvdxdt = —/fg(0t+ v-Vy)edvdxdt,

= —/(ng * f)0;+v-Vy)edvdxdt = —/—f(at +v-V)(f)e * @) dvdxdt.
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Noticing that 7). * ¢ is supported inside .# for € small enough, we find

/(6t+ v~Vx)f£(pdvdxdt:/ 0+ v-Vy) f(f)e * @) dvdxdt,
JO

= / 0y, Fi(fle * ) dvdxdt,
S0

:/ 0y,(Me * Fi)p dvdxdt.
SO

Thus, (0;+ v-Vy) fe = 0,y,(Me * F;) in A6 _¢,. But clearly n, * F; — F; in L?, from which we
deduce that (0;+v-Vy)fe = (0:+v-V,) fin L%lejl. O

The following proposition allows us to define some form of boundary values for a func-
tion fin H im. It is related to but not as strong as the conjectured Question 1.8 in [1].

Proposition 4.3. The restriction operator f — fi, is well defined from H,iin(iﬁ (z%) to
L%oc(y,w), for the weight w = min(|v- nl|, (v - n)?). More precisely, for any ¥ that is com-
pactly contained in y n .76, (z%), there is a constant C (independent of z°) so that for all

feH,, (#1(2"), then

2 2
< .
/?f © dy < Cl T, cne

Moreover, if f; — f strongly in L%,xHi and 0+ v-Vy) fj — (0:+v-Vy) f weaklyin L%'lejl,
then f; — f strongly in Lfoc()?, w).

Proof. We prove the inequality for f smooth. From Lemma 4.2, every f € H,il.n(.ifl (z°)
can be approximated with smooth ones. By density, this defines the trace operator in the
space H, . .
Let ¢+ and ¢_ be nonnegative functions defined initially on y as

4.1) @4+ (t,x,v) =min((v-n)4, 1),
4.2) @_(t,x,v) =min((v-n)_,1).

They are Lipschitz functions provided that the domain Q has a C!'! boundary. Our
choice of the functions ¢, is so that (¢4 —¢_) - (n- v) is nonnegative on y and = w.

Let us extend ¢ to all of #, (z°) as Lipschitz functions. We want to estimate the integral
of fo.(v-n)ony.

We start with y.. Let n be a smooth function that equals one on y and equals zero on
0Q;. We integrate (0; + v- V) (@1 f?) in 7, (z°) to obtain

/(P+77f2(n'v) dY:/ 0+ U'Vx)(n(p+f2) dvdxdt
Y 7 (29)

:/ 0+ V-V ) fP+2n0, f0,;+v-V,) f dvdxdt
H1(20)

<10+ -Vl FI2. + 12004 fll 2 il @+ -V fll 2y

<ClfI3,

kin

(71 (20)"
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Because of our choices of ¢, and 1, we have that ¢, n(n-v) = 0 and itequals w ony, Ny.
The computation above gives us our desired bound on the outgoing part of the boundary.
Similarly, we integrate — (0, + v+ V,)(¢_n f?) to obtain a bound on y_.

Observing that (0; + v- V) f is multiplied with 2n¢. f in the integral above, we deduce
the last assertion about the strong convergence of the trace on [2 (Y0, w), by a standard
weak-strong pairing argument. U

Remark 4.4. In [1, Question 1.8], the authors conjecture a stronger trace inequality than
the one provided by Proposition 4.3. Essentially, they claim that the inequality may still
hold with the simpler weight w = |v - n|. We have not been able to either prove or disprove
their conjecture. Consequently, we do not know if the weight w in Proposition 4.3 is sharp.

One possible way to make sense of the inflow boundary condition f = g on y_ would
be the following. Assume that (0; + v-V,) f € L7 .H;'. Then, for all ¢ € C}(Q,(z")) so that
¢ =0ony,; wehave

(4.3) /(6t+v-Vx)f(p+f(6t+ U-Vx)cpdvdxdt:/ gp(v-n)dy.

Lemma 4.5. Assume f € H,. (7#1(2°)) and (4.3) holds for any ¢ € C}(Q1(2")) so that ¢ =0
ony.. Let fi, be the function in L2(y,w) described in Proposition 4.3. Then fiy=gony_.

Proof. When f is a smooth function, the formula (4.3) is a standard integration by parts

with g = f,_.
Since ¢ =0 on Y4, then |p(v-n)| <min(|jv-n|,|v- n|?). Therefore, the boundary integral

g— [ gplv-nmdy,
)/_
is a bounded linear operator on the space L?(y_,w), where y_ = y_ nsupp .
Because of Proposition 4.3, we get that

f= | fyew-ndy,
Y-

is a continuous linear functional on Hliin(ifl (z9)). We deduce that every term in (4.3) is
continuous on H. ,il.n (#,(2") as a function of f. Since the identity holds when f is smooth
with g = fi,_, it must hold for every f € H]. (#(2") with g = fi,_ by density. O

At some point in this article, we will want to test a function f against a test function
¢ € C1(2°) that does not vanish on y,. Assuming that both functions are nonnegative, we
have an inequality resulting from the missing boundary term on y_. The following lemma
applies in particular when f € H ,il.n(ifl (z%)), but also in more general situations.

Lemma 4.6. Let f € L?(#,(z%) be a nonnegative function so that

(at+V'vx)f:—lJ+(,
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where p is a signed measure with finite total variation in /€ (2%, and( € L% xH,jl. Assume
that for any nonnegative test function ¢ € C}(Q;(2°), so that ¢ = 0 ony, we have

/ O +v-V)fe+fO;+v-Vy)epdvrdxdt=0.
1 (20)

Ify € CL(Q1(2%) is any nonnegative test function (that may not vanish on y.), then we
also have the same inequality.

In Lemma 4.6, when we write (0; + v- V) f, we mean the directional derivative of f in
the sense of distributions in the open set .7 (z%). Note that the main assumption of the
lemma would mean that f =0 on y_ if f was a smooth function.

Proof. Let 71 : [0,00) — R be a smooth function equal to zero in a neighborhood of zero,
and equal to one on [1,00). Let n.(z) = 71 (dist(z,y+)/¢€), where dist denotes the usual Eu-
clidean distance in R'*24 2 Consider ¢, = n.¢. Since ¢, = 0 on y,, we have

(4.4) /(6t+ V-V f@e+ [0+ v-Vy)p.dvdxds = 0.

Clearly, ¢, — ¢ in L2(Q;). We claim that also ¢, — ¢ weakly in L%y H.. Indeed, we have

Ve = (Vyp)ne + V1. The convergence of the first term in L? is trivial because Vo is
a fixed bounded function and n, — 1 in L2. The second term is slightly more delicate. The
derivative V1. is < e7!. It is also supported in a neighborhood of diameter & around Y.
Thus

lpVunell?, S e %z dist(z,70) < e} = 1.

2~
Thus, ¢V,n, is bounded in L2. We cannot say it converges to zero in L2, but since its
support is contained in {z : dist(z,yp) < €} that shrinks to measure zero, it converges to
zero weakly in L2
Recall that (0; + v- V,) f = { — p. Since ¢ — ¢ weakly in L?  H}, then

/Ctl)g dvdxdt—»/((pdvdxdt.

Since ¢ = 0, we have that ¢, converges monotonically to ¢ in .7 (z°). We assume that
u has finite total variation. By the dominated convergence theorem,

/u(pg dvdxdt—»/u(pdvdxdt.

Combining the last two limits, we get

/(6t+ V-V f dvdxdt—»/(6t+ v-Vy) fepdvdxdt.

Let us move to the next term in (4.4). We have (0;+ v- V)@ =1n:(0;+ V- V)@ + @0, +
v-V,)ne. The first term clearly converges in L?. For the second term, we see that 8,1, = 0.

21t is usually a bad idea to use the usual Euclidean distance in the context of kinetic equations. For the
purpose of building the test function in this proof, either choice of distance works fine. We thought that the
Euclidean distance gives us an easier geometry to understand intuitively in this case.
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The key observation is that by construction v- V.1, < 0 except at most in a neighborhood
of yo of diameter £, where we have v-V,n, <& !. Therefore

/f(p(at +v-Vne dvdxdt < g—l/ f dvdxdt
Q1 n{dist(z,yp) <€}

1/2
<e’! / f2 dvdxdr [{Q1 n{dist(z,yo) < en|t/?
Q1 n{dist(z,yo) <€}

1/2
=c / fzdvdxdt —0ase—0.
Qi n{dist(z,yg)<e}

Using product rule in (4.4), we have

/(6;+ V-V f@pe+fn:0;+v-Vy)pdvdxdt = —/f(p(6t+ v-Vin. dvdxdt.

Taking lim-inf as € — 0, we finish the proof.
O

Here, we also recall some well known hypoelliptic estimates for the kinetic Sobolev
spaces. A proof of the following two propositions can be found, for example, in [1].

Proposition 4.7. Let D c R'*?4 be an open set and D, be compactly contained in D. There
exists an s > 0, depending on dimension only, so that we have
”fllW&Z(Dl) S C”f”Hliin(D)’

for some constant C depending on the domains D and D;.

;»LZ

As a corollary, we state the compactness of the embedding H é Toc*
oc

in
Proposition 4.8. Let D c R'*? be an open set and D, be compactly contained in D. The
embedding H., (D) — L*(D,) is compact.

5. THE NOTION OF SOLUTION

We start with the following rather weak notion of solution.

Definition 5.1. Let D be an open subset of R x Q x R?. We say that a function f € L>(D) is
a weak solution of (1.1) in D ifV,, f € L*(D) and for any test function ¢ € C}(R'*?%) so that
suppp NoD cy_Uvyy, we have

/ —f@c+v-V)@+aijdy fOy,¢+bi0y, fo— Gy dvdxdt
D
= —/ gp(v-n)dy.
Definition 5.1 applies in particular for test functions ¢ that are compactly supported

inside D. In that case, it literally says that (1.1) holds in the sense of distributions. Since
V,f € L2, we observe that every term other than transport in (1.1) belongs to L%, H



16 L. Silvestre

Thus, Definition 5.1 immediately implies that f € H ]il.n, even if it is not explicitly given as
arequirement.

The fact that we allow the support of the test function ¢ in Definition 5.1 to intersect
the physical boundary 0Q is used to encode the boundary condition. Indeed, if f was a
classical solution of (1.1), we integrate by parts and obtain

/—f(6t+ V-V +a;ij0y, f0y,¢+bi0y, fo—Gpdvdxdr =
:/{(6t+ v-Vy)f—0y(aij(t,x, v)ayjf)+b,-6yl.f<p—G}(pdvdxdt

—/ fon-v)dvdS(x) dt
{xeoQ}

For the boundary integral, we have ¢ =0 ony, and f = gony-_.
We remark that Definition 5.1 is equivalent to stating that f € H ,i
sense of distributions, and (4.3) holds.

(D), (1.1) holds in the

in
5.1. Extending subsolutions as zero. Another way to interpret the boundary condition

f =0 on y_ for weak solutions is by extending f as zero and observing that it will satisfy
the equation across y_. The next lemma shows how these definitions are equivalent.

Lemma 5.2. Let D be an open subset of Rx QxR? and f : D — R. Let D c D c R'*?4,
Assume that DN 0D < y_. Let us extend the function f to all of D as zero. We also extend
the vector field b and the coefficients a;; in any arbitrary way (maintaining the equation
parameters), and the source term G as zero. If f is a weak solution of (1.1) in the sense of
Definition 5.1 with f = 0 ony_, then the extended function satisfies the equation (1.1) in
the sense of distributions in all of D.

Moreover, when all of y_ 0 D is contained in D, the two statements are equivalent.

Proof. The proofis a straighforward verification that both definitions coincide.
Let ¢ € C}(D) be any test function. Since f and G are extended as zero, we verify that

/D—f(at +v-Vy)p+ a,-ja,,jfa,,i(p+ bid,, fo — Gy dvdxdt =

/D—f(aﬁ v-Vy)o+ aija,,jfd,,i(p+ bia,,l.fw— G dvdxdt.
O

Similarly as in Definition 5.1, we give a notion of weak subsolution. Since we only plan
to study nonnegative subsolutions with zero influx boundary conditions, we restrict the
definition to that class of functions. This is convenient because of Lemma 4.6.

Definition 5.3. Let D be an open subset of R x Q x R%. We say that a nonnegative function
f € L2(D) is a weak subsolution of (1.1) in D, with f =0 ony_, ifV, f € L*(D), and for any
nonnegative test function ¢ € CL(R'*24) so that supp ¢ NndD c y, we have

/—f(at + V-V +a;ij0y,f0y,¢+bi(0y, /)¢ -Gy dvdxdr <0.



Boundary regularity for kinetic equations 17

Note that the test function ¢ in Definition 5.3 is not required to vanish on y;. A non-
negative solution f, with g =0, is also a subsolution in the sense of Definition 5.3 thanks
to Lemma 4.6.

Lemma 5.4. Let D be an open subset of Rx Q xR? and f : D — R. Let D c D c R'*24,
Assume that DndD < y_. Let us extend the function f to all of D as zero (and call it f).
We also extend the vector field b and the coefficients in any arbitrary way (maintaining the
equation parameters), and the source term G as zero. If f is a nonnegative weak subsolution
of (1.1) in the sense of Definition 5.3, with f = 0 ony_, then the extended function satisfies
the inequality in the sense of distributions

0+ v-V) f =0y, (a;j(t,x,v)0,, f) + bidy, f < G inall D.
Moreover, when all of y_ 0 D is contained in D, the two statements are equivalent.

The proof of Lemma 5.4 is a straight forward verification like that of Lemma 5.2.

It is useful to observe that when y_ is empty, then the boundary condition is irrelevant
and the definitions given above reduce to the usual notion of solution in the sense of dis-
tributions.

Lemma 5.5. Assumey_nQ(z°) = @. Let f be a solution of (1.1) in #,(z°), in the sense of
distributions. Then f is also a solution in the sense of Definition 5.1.

Also, if f is a nonnegative function and a subsolution of (1.1) in the sense of distributions.
Then f is also a nonnegative subsolution in the sense of Definition 5.3.

Proof. In the case of solutions, the lemma is straightforward since the test function ¢ in
Definition 5.1 must vanish on y.. In this case, it means that ¢ must vanish in all 0D. The
notion of weak solution in D consists in testing with the same family of test functions.

In the case of subsolutions, Definition 5.3 involves test functions that do not necessarily
vanish on y,. Definition 5.3 trivially implies that f is a solution inside D in the sense of
distributions because it involves a larger family of test functions. The opposite implication
follows from Lemma 4.6. ]

5.2. Chain rule for weak solutions. It will be important to compute the equation satisfied
by functions of the form y(f), for certain choices of . The following lemma tells us that
we can apply the usual chain rule to solutions in the sense of Definition 5.1.

Lemma 5.6. Let f be a weak solution of (1.1) with boundary data (1.2) in the sense of Def-
inition 5.1. Assume G is bounded. Lety € C*(R) and w" bounded. Let ¢ € C:(R'*??) be a
test function so that supppnN0D cy_. Then

/—W(f)(aﬁ v-V)e+y"(f)a;jd,,f0,, fle dvdxds
(5.1) +/aijaij(f)ay,-(p+biayiw(f)(p—Gw'(f)(pdvdxdt

=— v(g)p(v-n)dy.
Y_
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Proof. For any open cover of D, we can decompose the test function ¢ into a sum of test
functions supported inside each open set of the cover. Using the technique of section 3,
we reduce the problem to verify the assertion locally around a flat boundary. We can then
assume without loss of generality that QO = {x; < 0} and D = /£ (Z). Moreover, the function
@ is supported in Q;(z) and ¢ =0 on Y.

The function f satisfies the equation (1.1) in the sense of distributions. Let us define the
mollifications f; =1, * f like in the proof of Lemma 4.2. Recall that by choosing a function
ne supported in {x; > 0,v; < 0,¢ > 0} we ensure that the values of f.(t, x,v), for x; <0,
depend only on values of f in {x; < 0}.

The equation (1.1) holds in the sense of distributions inside #,. Let us convolve the
whole expression with 7. Recalling that convolution commutes with 0, and (0; + v - V),
we obtain

(0t +v-Vy) fe— 0y, (776 * (aijavjf)) =1 *G.

We multiply this expression times ¢/ (f;)¢ and integrate by parts. We get
0= / ~ Y (f) O+ v-VIQ+ " (f) Me * (@i 0y, ) O, f)p + ' (f) e * (@i 0y, )0y,
SO
+1e % (b0, Y (f)p — e * Gy’ (fe)p dvdxde

+/1l/(fg)(,0(v-n) dy.
Y

Now, we want to take € — 0 and pass to the limit every term in the integral expression.
We observe the following.

e f.— finL? . Consequently, alsow(f,) —w(f)inL! andvy’'(f,) — v'(f)in L?

loc’ loc loc’
o ¥ (fe) — v (f) almost everywhere. Moreover, v (f;) is uniformly bounded since

we assumed that " is bounded.
3y, fo — By, f in I2

loc’

Me * (@ij0y; f) — a;j0y; fin L7 .
MNe * (biavif) - biavif in L?oc'

Ne * G — G almost everywhere, and it is uniformly bounded.

Using these observations, we are able to pass to the limit every term in the first integral
using the dominated convergence theorem. Thus

/— V(O +v-VIo+y"(f)aijdy, f0y, fo+aijd,w(f)o,e¢

+b,—6,,iw(f)—Gw’(f)(pdvdxdt:lin(l)/t//(fg)(p(v-n) dy.
ey

We are left to analyze the boundary term. Since f € H ]iin, we observe by duality that (0;+ v-
V) fe = (0:+v-V,) f atleastweaklyin L7 H | . From Proposition 4.3, we have that f; — g

strongly in L?oc(y,w) (since fjy,_ = g). We assume that " is bounded, so ¥ (fe) — w(g) in
LY (w).
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Since ¢ =0 on Yy, we have | (v-n)| < w ony. We deduce the convergence of the bound-
ary term.

0

1im/1//(]°e)<P(V"’l) dY=/W(g)<P(V'") dy.
e=VJy Y

0
We extend Lemma 5.6 as an inequality for subsolutions.

Lemma 5.7. Let f be a nonnegative weak subsolution of (1.1) in 7, (z%), with f =0 ony_,
in the sense of Definition 5.3. Assume G is bounded. Letwy € C*(R), withw(0) =0, ¢(f) =0
and " bounded. Let ¢ € C}(Q1) be any test function. Then

/_W(f)(at + V‘vx)(P+1//”(f)(aijavifaujf)(l)+ aijaij(f)avi(P

+b;0,w (e —-Gy' (e <0.
Proof. The proof follows the same lines as the proof of Lemma 5.6. This case is simpler
because there is no boundary term and the test function ¢ is not required to vanish on
any part of y. 0

(5.2)

When there is no incoming boundary in . (z°), we do not need to assume (0) = 0.

Lemma5.8. Assumey_nQy (2% = @. Let f be a weak subsolution of (1.1) in /&, (29, in the
sense of distributions. Assume G is bounded. Lety € C2(R), with v" bounded andy (f) = 0.
Let @ € CL(Qy) be a test function compactly supported in Q,. Then

/ i ()@ +v-VIQ+y"(f)(aij0y, f0u, o+ aij0y,w(f)dy,¢
J61(2°)

+b;0,,w (e - Gy'(fe dvdxdt <O0.

Proof. If the test function ¢ is supported inside 7 (z°), the result follows the steps of the
proof of Lemma 5.7. Once we established the proof for functions supported inside 7 (z°),
by density it implies that the inequality holds for C! functions that vanish on y. Then we
extend it to any test function supported in Q; using that y n Q; = y+ N Q; and Lemma
4.6. 0]

(5.3)

Lemma 5.9. Let f be a weak solution of (1.1) in 7, (z°), with boundary condition (1.2), in
the sense of Definition 5.1. For any m € R so that g — m < 0 for every z € y_, the function
(f — m)+ is a nonnegative weak subsolution of (1.1) with G1 ¢, instead of G.

Proof. Lemma 5.6 applies only for 1 € C2. In this case, the function ¥(f) = (f — m) is
not C2. The trick of this proof is to use its convexity to drop the term that depends on ",
retaining an inequality.
For € > 0, let y.(f) be the following approximation of (f — m)..
(f-m—e¢) if f>m+2e,
Ye(f):=10 if f<sm,

something smooth and convex otherwise.
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We further construct 1, so that 0 < y.(f) < 1 for all values of f. Note that lim,_qw.(f) =
(f —m)y.

Applying Lemma 5.6, for any nonnegative test function ¢ that vanishes on y, we get
(5.4)

/— Ve(H)Or+v-VIQ+ 1y (f)(aij0y, f0u, )lo+ aij0y,we(f)0y,0 — Gy (flo dvdxdt =0,

The term v (f)(a; 0y, f0, ;f) is nonnegative because y; is convex. Therefore, we can drop
it and retain an inequality.

(5.5) /— Ye(f)Or+v-VI)Q+aij0ywe(f)0y,¢ - GyL(f)p dvdxdt <0.

The identity (5.4) means that the following equation holds in the sense of distributions in
76, (2°).

0+ v-VIye(f) +1//,g/(f)(aijav,~favjf) _av,- {aijaijg(f)} = G‘//:;(f)

In particular, we can apply Lemma 4.6 and deduce that (5.5) holds also for any ¢ = 0 that
may not necessarily vanish on y,.
We proceed to take the limit as € — 0 and finish the proof. U

When there is no incoming boundary in the domain, we do not need to assume anything
about ¥ (g). The following corollary states explicitly that particular case of Lemma 5.9.

Corollary 5.10. Let f be a weak solution of (1.1) in /6, (29, in the sense of Definition 5.1.
Assume thaty_n Ql(zo) = @. For any m € R, the function (f — m), is a nonnegative weak
subsolution of (1.1) with G1 ¢, instead of G.

6. ESTIMATES WITHOUT BOUNDARY.

We review the methods that lead to interior Holder estimates for kinetic Fokker-Planck
equations like (1.1). The results in this section are proved in [14, 13, 15, 16, 3, 5].

The first step in the De Giorgi method is an upper bound of the L* norm of a subso-
lution in terms of its L?> norm. It is the interior version of our Theorem 1.1. It was first
proved in [14, Theorem 1.2] using Moser’s iteration, for a general family of ultraparabolic
equations, but without a right-hand side. New proofs were given in [3, Theorem 12] and [5,
Proposition 12] for kinetic equations with a right-hand side in L*. Also, a version for more
general Kolmogorov equations is given in [2, Theorem 3.1]. We state the result without
proof in terms of our notation.

Proposition 6.1. Let [ : Q; — R be a weak subsolution of the equation (1.1). Then

€sssupg,,, fisC (||f+ 2200 + ||G||L°°(Q1)) )
for a constant C depending on the ellipticity parameters of the coefficients, ||b| =, and di-
mension only.

Beyond Proposition 6.1, the standard proof of the interior Holder continuity result fol-
lows after iterating a gain-of-oscillation lemma.
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Let us define
Q :=(-3/4,-1/2] x By ;33 % By2.
The important property of Q™ is that it is compactly contained in Q; and all its points are
earlier in time than Q,/2. The interior Holder continuity of the solution is deduced using
the following growth lemma.
The following lemma is essentially the same as [3, Lemma 18] or [5, Lemma 16].

Lemma 6.2. For every > 0, there is an g9 > 0 so that the following statement is true. Let
f: Q1 — R be a subsolution of the equation (1.1). Assume the following

e f<1in(Q
e {f<0INQ7I=p.
* [Gllzee @) < €o-
Then
esssupg, , f<1-06,

for some 6 > 0 depending on u, the ellipticity parameters of the coefficients, ||b| 1, and
dimension only.

7. THE UPPER BOUND FOR SUBSOLUTIONS

In this short section we give the proof of Theorem 1.1. As we will see, it is a relatively
quick consequence of Lemma 5.4 together with the interior upper bound of Proposition
6.1.

Proof of Theorem 1.1. We start by extending f to all of Q; (z°) as zero.
- (2) ifze (2%,
f(2):= {f !

0 if z€ Q1 (2% \ A (2Y).
According to Lemma 5.4, the function f is a subsolution of (1.1) in the weak sense in
Q1(z"). We can then apply Proposition 6.1 (translated by zyo) and get

eSSSUpQUZ(ZO) f < C(||f”L2(Q1(ZO)) + ||G||L°°(Q1(ZO))) .

Observing that esssume(zo)f = esssup , (.0 f and that ||f||L2(Q1(z0)) = 1 fll 27, (20)), We
conclude the proof.

8. HOLDER CONTINUITY

We move to the proof of Theorem 1.2. We set up an improvement of oscillation scheme
as is common for Holder continuity proofs. The way the improvement of oscillation works
differs depending on whether we analyze the solution away from the incoming boundary
Y-, or near it. We start by analyzing the solution away from y_.

Lemma 8.1. Let f : 7, (z%) — R be a bounded weak solution of the equation (1.1). Assume
there is no incoming boundary inside of Q1(z°), so f does not satisfy any boundary con-
dition. There exists 0 > 0 and €y > 0, depending on the ellipticity parameters, ||b| 1~ and
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dimension only, so that zfoscjfl(zo) f<land|Gl~ < ¢y, then

osc f<1-6.
1 (20)
Proof. Let m = (esssup g .0y f +essinf s ,0) f)/2.
Recall the set Q™ defined in section 6. Let us consider the following two sets.

Qp:={zeQ :z¢ 74(z") or f(z) < m},
Q, ={zeQ :zeEJfl(zo) or f(z) = mj}.

Since the union of these two sets equals Q~, one of them must have measure = |Q™|/2.
Let us suppose itis Q; . The case it is Q, is analyzed identically substituting f with — f.

Consider the function f = 2(f —m)4. Since osc f < 1, we must have 0 < f(z) < 1 for
all z € #,(z°). Since there is no incoming boundary inside Q; we apply Corollary 5.10 to
conclude that f is a nonnegative subsolution with G replaced by G1 f>m-

We extend f as zero in the full cylinder Q; (z°) applying Lemma 5.4. Note that f(z) = 0 at
any point so that either f(z) < m, or x ¢ Q. This set has measure at least [Q™|/2. We apply
Lemma 6.2 to get that f < 1—6 in Qy/2(z%) for some 0 > 0.

Going back to the original function f, we got that f < (1—-60)/2+ m in #,,2(z°), and
therefore 0sc , , .0y f < (1-60/2). 0J

By the standard iteration of rescalings of Lemma 8.1, we conclude that the solution f
must be Hélder continuous away from the incoming boundary y_.

Corollary 8.2. Let f : 7, (2°) — R be a bounded weak solution of the equation (1.1). As-
sume there is no incoming boundary inside of Q1(z°), so f does not satisfy any boundary
condition. Then

1l cage 20 < C (1f oy 200 + Gl ooy 200))»

for some constants a > 0 and C depending on the ellipticity parameters, ||b| 1~ and dimen-
sion only.

The kinetic cylinders Qr(zo) (defined in the introduction) are oblique with respect to
the spatial variable x. The way they intersect the domain {x € Q} is different when z° € y,
orzle y-. If Ve Yo, then roughly half of Qr(zo) will be inside the domain {x € Q} and the
other half outside. If z0 € Y+, then v9-n >0, so the cylinder Qr(zo) flows from inside Q.
Recall that ¢ is the final time of Qr(zo). A larger proportion of Qr(zo) will be inside the
domain when z° € Y+. Conversely, when e Y-, then Qr(zo) flows from the outside, and
therefore a larger proportion of Q, (z°) will not belong to Q. See Figure 1.

Let us now consider the case in which the origin is close to some point on y_. The
following lemma allows us to take advantage of the convexity assumption. It says that if
there is any point in y_ sufficiently close to z°, then a large portion of Q™ (z% must be
outside of the spatial domain Q.
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FIGURE 1. These drawings represent the intersection of Q; (z) with {x € Q}.
The horizontal variable is x (one-dimensional) and the vertical variable is
t. The variable v is not drawn. The points to the left of the vertical axis
represent {x € Q}. The picture on the left is for the case z" € y_, the center
picture is for z° € y(, and the picture on the right is for z° € y,..

x €

xefd
x¢Q

xefd

Lemma 8.3. Assume that Q) is convex and that there is some point iny_ N Q1,3(z"). Then,
there is a u > 0 depending on dimension only so that

Q™ () nixe Q> .
Proof. Let z! € y_nQy5(z%). Wewrite z! = (¢!, x!, v!). Since z! € y_, weknow that v!-n < 0,
where 7 is the unit normal vector to 8Q at x!. Since z! € Q/3(z%), we have in particular
that v°- n= " -vY) -n+v' n<1/8, where 2° = (1, 1%, °).
We are assuming that Q is convex. Therefore, we have
(Xo+yeRe:y-n>0cRI\Q.
Recall that
Q™ = (=3/4,-1/2] x By 3 x By2,

and thus
Q ) ={t,x,v):te(t®-3/4,-1/2],

x—x"—(t— 11" € Byys,
v—1v€ Byl
We know x ¢ Q when (x — x%) - n > 0. Therefore
Q ()nixeo{t,x v):t—t"e(-3/4,-1/2],
x—x°— (-t eBygand (x—x% -n>0,
v—v" € By}

Since v’ -n<1/8and t -t € (-3/4,-1/2], = (t — t°) " - n < 3/32. Therefore, the conditions
x—x"—(t—1% 1" € By and (x—x)-n > 0 will certainly hold when % = x—x"— (t— %) 1% € By3
and X-n > 3/32. Since 3/32 < 1/8, these values of X comprise a nonempty subset of the
ball B;,3. We conclude the proof of the lemma setting

p=03/4-1/2)x |BiU{X:X-n>3/32} x |B;|.
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Lemma 8.4. Let [ : /0, (z%) — R be a bounded weak solution of the equation (1.1) with the
boundary condition (1.2). Assume that Q) is convex and that there is some point in y_nN
Q1/8(2%). Let m = SUpy_nq,(:0 8- There exists 0 > 0 and € > 0, depending on the ellipticity
parameters, || bl 1~ and dimension only, so thatif f—m <1 in /8 (2% and |G|l ;= < €, then

f-m<1-0 il’lffl/g(zo).

Proof. Using Lemma 8.3, we know that the set Q‘(zo) =2z00 Q~ intersects {(t,x,v) : x ¢ Q}
in a set of measure at least y, for some p > 0 depending on dimension.

Consider the function f = (f — m),. Since f — m < 1, we must have 0 < f(z) < 1 for all
z € #,(z°). We apply Lemma 5.9 to conclude that f is a subsolution with G replaced by
G1 f>o.

We extend f as zero in the full cylinder Q; (z°) applying Lemma 5.4. Note that f(z) =0
at every point z(t, x, v) so that x ¢ Q. In particular, such points in Q™ (z%) have measure at
least u > 0 because of Lemma 8.3.

We apply Lemma 6.2 to get that f < 1—6 in Qy/2(z% for some 6 > 0, and finish the
proof. 0

We are now ready to write the proof of Theorem 1.2. It follows by iteration of Lemmas
8.1 and 8.4. We write the details below.

Proof of Theorem 1.2. Let us prove the Holder continuity at the point z°. There is no diffi-
culty to translate this proof to any other point in /2(2%). We assume x° € Q. Note that
z° may or may not belong to the boundary y.

We prove the convex case only. If Q is not convex, we flatten the boundary with the
procedure described in Section 3 and reduce it to the convex case.

By scaling if necessary, we can assume that ||bll;~ < 1. Dividing the function f by

1 22, 209 + 18l cagy_ngy 209/ €0 + IGll oo 7, (207) / €0, We can and do assume that

”f”LZ(Jﬁl(zO)) <1,
||g||ca(y_mQ1(ZO)) < €,
Gl oo (7, 20 < €0-

We pick a > 0 to be the number so that 27 = (1 — 0/2), where 8 > 0 is the minimum
between the two positive constants in Lemmas 8.1 and 8.4.

Under these assumptions, we want to prove that there is a constant C, depending on the
ellipticity parameters, || b|| . and dimension, so that for any r € (0, 1/2), we have osc z, (,0) f <
Cr?.

Applying Theorem 1.1 to (f —sup,_nq, ;0 8+ and (f —inf, ¢, (,0) 8)-, we deduce that

<
gscf<Co
for some constant Cy.

We now iterate either Lemma 8.4 or Corollary 8.2 to estimate the oscillation of f in A,—«
fork=1,2,3,....
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We claim that for aslong as y_ N Q,-«-3 (2% # @, we have

(8.1) osc f < Co(1-0/2)F1,
T,
We proceed to prove this inequality iterating Lemma 8.4.

Indeed, we already know this inequality holds for k = 1. We prove it by induction for
larger values of k. The inductive hypothesis tells us it holds for some given k = 1 and we
assume that y_ N Q,-x-3(2%) # @. Let mg = essinfyanz_k(zo) g and m; = ess SUPy_nQ, (" &
Since ||gllce < €9, we have 0 < m; —mgp < 802_’“".

Let M, = ess SUP 74, (20) (f —mp)+ and M; = esssupjfl(zg)(ml — f)+. We note that, using
our inductive hypothesis,

osc f =M + Mg+ (my —mg) < Co(1-60/2)%1.
z_k
We apply Lemma 8.4 to (f — myp)/ My and (m; — f)/ M; rescaled. We obtain that
esssup .y, | (f —mp) < (1-0)M,,
esssupzy | (m—f)<1-0)M,.

Therefore,
osc [ <(1-0)(My+ M)+ (my —my).

2—k—l
Using the inductive hypothesis and our bound for m; — my,
osc <(1-0)G( —0/2)F+ g2 " < (1-0)Co(1-0/2)F +£,(1 - 0/2)F.
2—k-1
The last inequality holds provided that 27% < (1 —8/2) and €, is some small number de-
pending on ). Prodided that ¢, (and therefore also ¢,) is sufficiently small, we conclude
osc < Co(1—-6/2)F,

']fz—k—l
Thus, we proved (8.1) for as long as y N Q,-«-3 is not empty. Eventually, there might be
some value of k = ko so that y N Q,-k -3 is empty. In that case, we trivially know that if we
set C; = (1-0)"*Cy, then the inequality
8.2) osc f<Ci(1-0/2)F 1,

T,
holds up to k = kp + 3. From this point on, we iterate Lemma 8.1 and conclude that (8.2)
holds for all values of k = 1,2,3,.... Itis a standard fact that the Hélder continuity estimate
follows from (8.2). 0J

9. VANISHING OF INFINITE ORDER ON THE INCOMING BOUNDARY

The key to understand why Theorem 1.3 holds is that when z° € y_, only a tiny propor-
tion of Qr(zo) intersects {x € Q} for small r > 0. Indeed, as pictured in Figure 1, kinetic
cylinders centered on the incoming part of the boundary consist mostly of points that are
outside of the domain Q. As a consequence of the kinetic scaling, this effect is enhanced
for small values of . One could even argue that every point z° € y_ is cusp-like in the
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sense that
. Q2% nixeQ}
limsup 0 =
r—0 1Qr(27)]
The next lemma takes advantage of the intuition above. Theorem 1.3 will follow as a
consequence.

Lemma 9.1. Let f : #,(2°) — R be a bounded weak solution of the equation (1.1) with the
boundary condition (1.2). Assume that Q) is convex and z° € y_. For any 5 > 0, there exist an
ro > 0, depending on 5 and 1v°- n only, and ey > 0, depending on § only, so that the following
statement is true. Ifg < m in Q,(2°) ny_ for somer < ry, then

2
I(f = M)+l ooz, (20)) S O — M) 4 |l oo, (209) + CT NG foo (72, (20)) -

Proof. The key of this lemma is to estimate the volume of the intersection of H,(2%). We
claim that for r < ry (with depending on vY-n and the distance between z° and Y+), the vol-
ume of #,(z°) is an arbitrarily small fraction of the volume of Qr(zo). Once we establish
that, the result follows by applying Theorem 1.1 to (f —m).. Indeed, (f — m). is anonneg-
ative subsolution in %, (z°) from Lemma 5.9. Applying Theorem 1.1 properly scaled, we
get
esSSUP y, ,z0) (f = M)+ < CIQA™ 2N (f = )4l 25,20y + CTN Gl oo, (29,
< CIQATV2176 (12N = M)l o, 20y + CTP NG oo (70, 200
< 6” (f - m)+ ”Loo(Jﬁr(ZO)) + Cr2 ” G”Loo((]gr(ZO)).

where 6 := C|Q;, I_l/zlifr(zo)lll2 is small provided that r < ry is small.

Therefore, we are left to prove that we can make |, (Z9/ |Q,| arbitrarily small by choos-
ing r < ro small.

Since Q is convex, we know that the set

{x°+y€Ide:y-n>0}~

does not intersect €.

The map (¢, x,v) — 200 (rt, r3x, rv) maps Q; to Qr(zo). Let 0, (z°) be the pre-image by
this map of #,(z°). We observe that Iﬂr(zo)I/Ier = I@r(zo)l/IQl |

The set G, (z%) can be expressed explicitly by the formula

{(t,x,v) € Qq x+rx+10°eQ<éb/C.
Since Q is convex, we know that
Qcx’+yeR?: y-n<o}.
We assume that z° € Y-, thus Y- n <0. Recall that also £ < 0 in Q:. Thus, if r < ry,
@’r(zo) c{(t,x,v)€EQr:19x-n< —tv° - n}.

For any given ¢ < 0, the quantity —¢v° - n is negative. The set on the right-hand side has
an arbitrarily small measure provided that we pick ry small (depending on vy - n only). We
pick rp > 0 so that its measure is sufficiently small and we finish the proof. 0J
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The proof of Theorem 1.3 follows by iterating Lemma 9.1 with m =0 and G = 0.

Proof of Theorem 1.3. We prove the convex case only. If Q is not convex, we flatten the
boundary with the procedure described in Section 3 and reduce it to the convex case.
For any g > 0, let us pick § < 1/29. Let ry > 0 be the positive radius of Lemma 9.1.
Applying Lemma 9.1 iteratively to f and —f with the radii ry, 79/2,79/4,19/8, ..., we ob-
tain
I £, 2o < 01 f ot a0

Therefore, for r < ry and C =671, we have

1 £l oo, 20n < CrN fll oo, 209 < Cr N fll oo 200 -
O

Itis possible to modify Theorem 1.3 to allow for nonzero boundary conditions and right-
hand side. However, the decay of the function f on the boundary will be limited by the
scaling of the boundary data and right-hand side. There are several variants that one may
get depending on the assumptions. In every case, we compute the regularity of f on y_ by
iterating Lemma 9.1.

Let us analyze the case G # 0 but g = 0. In this case, the direct iteration of Lemma 9.1
gives us

1f o, ., REUIR <o" 11 oo (2, (200 + (5k_1rg +6522 )2 e+ (2_kro)2) IGll oo,
<6 I ll ooy 2o + ((26)’6‘1 +2OF 24+ 20)+ 1) @ )21 Gl =,
<6 N fll ooy 2o + (1 =26) 71 27 1) I Gl .

Thus, for r < ry, we get

9.1) ”f”LOO(Jfr 20 S er”fIlLOO(Jfr (2%) +Cr? Gl Loo.

Observe that no matter how small we pick § > 0, we do not get better than a quadratic
exponent in the second term.>

If we also have a nonzero boundary condition g € C* (for any given « € (0, 1)), following
the same iteration of Lemma 9.1 we get

(9.2) J‘,?S(C f<Cr"||f||Loo(;g, 20 + Cr?1 Gl + Créliglice,

for all r < rg. In this case, the dominant term for r small will be the third one, that has
exponent r¢.

It is interesting to restate (9.2) in terms of the distance of any arbitrary point z to the
incoming boundary y_ n {v-n > vo}. One would naively guess that the right-hand side in
(9.2) corresponds to an estimate in terms of this distance to the power a. However, we
obtain a slightly smaller exponent for a reason that will be explained below.

3We would get a slightly better exponent if we replaced Proposition 6.1 with a sharper version that takes into
account the LP norm of G, instead of its L° norm. An interior estimate of that kind is considered in [2], in a
more general context.
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Let us analyze the case g = 0. Consider z to be any point in the domain of the equation.
In order to get the best possible upper bound for f(z) using (9.1), we should look for a
point e Y- so that z € H,(2°) and r > 0 is the smallest possible value. Note that, for
small values of r, there is only a small proportion of the cylinder Q; (2% inside A, (2%) (see
the proof of Lemma 9.1). The points of #,(2°) concentrate near t = f, for small r. We
should therefore take ° = t, and pick (x°, v on the incoming part of the boundary and
closest to (x, v). Thus, our optimal choice is to take (x°, v%) so that

1/3 1/3

max(lxo—xl ,Ivo—vl):min{max(ly—xl ,Iw—vl):yedQ,wele:n-w<O}.

Nota that the set on the right-hand side is not closed. The infimum may be achieved on the
boundary where n- w =0, so Ve Yo- Equation (9.1) does not apply and the best estimate
we have in this case is the Hélder modulus of continuity given by Theorem 1.2.

If we get Ve Yo for the value of z% defined above, we have z € #,(z°) for r = max(|x° —
x11/3,1v° = v|). We can then apply (9.1) and get

0 1/3 0 0 1/3 0 2
I fll oo, 209y < Cmax(Ix” — x|, [v° = v)™ || fll oo + Cmax(|x” — x|, [v° = v)“ |Gl poo.

The constant C depends on v° - n.

It is easy to verify that max(|x? — x|'/3,|v° — v|) < d(z,y_)?/? directly from Definition 2.1.
The exponent 2/3 cannot be improved in general, as we can see in the following one-
dimensional example: if Q = {x < 0} and we take (¢, x, v) = (r?,—r?,—1), we have d(z,y_) =
d(z,(0,0,1)) = r. However, the point (r2,—r2,1) does not belong to Q,(0,0,1) (we instead
have (0,0,1) € Q,(2)). In this example z° = (2,0, 1) and max(|x° — x|'/3,|v° — v|) = r?/3.
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