
U-statistics of growing order and sub-Gaussian

mean estimators with sharp constants

Stanislav Minsker ∗

Department of Mathematics, University of Southern California
email: minsker@usc.edu

Abstract: This paper addresses the following question: given a sample of i.i.d. random
variables with finite variance, can one construct an estimator of the unknown mean that
performs nearly as well as if the data were normally distributed? One of the most popular
examples achieving this goal is the median of means estimator. However, it is inefficient
in a sense that the constants in the resulting bounds are suboptimal. We show that a
permutation-invariant modification of the median of means estimator admits deviation
guarantees that are sharp up to 1 ` op1q factor if the underlying distribution possesses

more than 3`
?
5

2
« 2.62 moments and is absolutely continuous with respect to the Lebesgue

measure. This result yields potential improvements for a variety of algorithms that rely on
the median of means estimator as a building block. At the core of our argument is are the
new deviation inequalities for the U-statistics of order that is allowed to grow with the
sample size, a result that could be of independent interest.
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1. Introduction.

Let X1, . . . , XN be i.i.d. random variables with distribution P having mean µ and finite variance
σ2. At the core of this paper is the following question: given 1 ď t ď tmaxpNq, construct an
estimator rµN “ rµN pX1, . . . , XN q such that

P

˜

|rµN ´ µ| ě σ

c

t

N

¸

ď 2e´
t
L (1)

for some absolute positive constant L. Estimators that satisfy this deviation property are called
sub-Gaussian. For example, the sample mean X̄N “ 1

N

řN
j“1Xj is sub-Gaussian for tmax —

qpN,P q where qpN,P q Ñ 8 as N Ñ 8 and the constant L equals 2: this immediately fol-
lows from the fact that convergence of the distribution functions is uniform in the central limit
theorem. However, qpN,P q can grow arbitrarily slow in general, and it grows as log1{2

pNq if
E|X|2`ε ă 8 for some ε ą 0 in view of the Berry-Esseen theorem (for instance, see the book
by Petrov, 1975). At the same time, the so-called median of means (MOM) estimator, originally
introduced by Nemirovski and Yudin (1983); Alon et al. (1996); Jerrum et al. (1986) and studied
recently in relation to the problem at hand satisfies inequality (1) with tmax of order N and
L “ 24e (Lerasle and Oliveira, 2011), although the latter can be improved. A large body of
existing work used the MOM estimator as a core subroutine to relax underlying assumptions
for a variety of statistical problems, in particular the methods based on the empirical risk mini-
mization; we refer the reader to an excellent survey paper by Lugosi and Mendelson (2019) for
a detailed overview of the recent advances.

∗Author acknowledges support by the National Science Foundation grants CIF-1908905 and DMS CAREER-
2045068.
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The exact value of constant L in inequality (1) is less important in problems where only the
minimax rates are of interest, but it becomes crucial in terms of practical value and sample
efficiency of the algorithms. The benchmark here is the situation when observations are normally
distributed: Catoni (2012) showed that no estimator can outperform the sample mean in this
situation. The latter satisfies the relation

P
ˆ

ˇ

ˇX̄N ´ µ
ˇ

ˇ ě σ
Φ´1p1´ e´t{2q

?
N

˙

“ 2e´
t
2

where Φ´1p¨q denotes the quantile function of the standard normal law. As Φ´1p1 ´ e´t{2q “
p1` op1qq

?
t as tÑ8, the best guarantee of the form (1) one can hope for is attained for L “ 2.

It is therefore natural to ask whether there exist sharp sub-Gaussian estimators of the mean,
that is, estimators satisfying (1) with L “ 2p1 ` op1qq where op1q is a sequence that converges
to 0 as N Ñ 8, under minimal assumptions on the underlying distribution. This question has
previously been posed by Devroye et al. (2016) as an open problem, and several results appeared
since then that give partial answers. We proceed with a brief review of the state of the art.

1.1. Overview of the existing results.

Catoni (2012) presented the first known example of a sharp sub-Gaussian estimator with tmax “

opN{κq for distributions with finite fourth moment and a known upper bound on the kurto-
sis κ (or, alternatively, for distribution with finite but known variance). Devroye et al. (2016)
introduced an alternative estimator that also required finite fourth moment but did not ex-
plicitly depend on the value of the kurtosis as an input while satisfying required guarantees
for tmax “ o

`

pN{κq2{3
˘

. Minsker and Ndaoud (2021) designed an asymptotically efficient sub-

Gaussian estimator rµN that satisfies
?
N prµN ´ µq

d
ÝÑ Np0, σ2q assuming only the finite second

moment plus a mild, “small-ball” type condition. However, the constants in the non-asymptotic
version of their bounds were not sharp. Finally, Lee and Valiant (2020) constructed an estimator
with required properties assuming just the finite second moment, however, their guarantees hold
with optimal constants only for tmin ď t ď tmax where tmax “ opNq and tmin Ñ 8 as N Ñ 8.
In particular, this range excludes t in the neighborhood of 0 which is often the region of most
practical interest.

1.2. Summary of the main contributions.

The reasons for the popularity of MOM estimator are plenty: it is simple to define and to compute,
it admits strong theoretical guarantees, moreover it is scale-invariant and therefore essentially
tuning-free. Thus, we believe that any quantifiable improvements to its performance are worth
investigating.

We start by showing that the standard MOM estimator achieves bound (1) with L “ πp1`op1qq
where op1q Ñ 0 as N Ñ 8; this fact is formally stated in Theorem 2.1. We then define a
permutation-invariant version of MOM, denoted pµN , and show in Corollary 3.1 that, surprisingly,

it is asymptotically optimal in a sense that
?
N ppµN ´ µq

d
ÝÑ Np0, σ2q under minimal assumptions;

compare this to the the standard MOM estimator that has a limiting variance π
2σ

2. The main
result of the paper, Theorem 5.1, demonstrates that optimality of pµN holds in the stronger
sense, namely, that inequality (1) is valid for a wide range the confidence parameters assuming

the distribution of X1 possesses q moments for some possibly unknown q ą 3`
?
5

2 « 2.62 and
that its characteristic function satisfies a mild decay bound.

Analysis of the estimator pµN requires new inequalities for U-statistics of order that grows with
the sample size. Detailed discussion and comparison with existing bounds is given in section 4.
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In particular, we prove novel bounds for large deviations of the degenerate, higher order terms
of the Hoeffding decomposition (Theorem 4.1), and deduce sub-Gaussian deviation guarantees
for the non-degenerate U-statistics (Corollary 4.1) with the “correct” sub-Gaussian parameter.
These bounds could be of independent interest.

1.3. Notation.

Unspecified absolute constants will be denoted C, c, C1, c
1, etc., and may take different values

in different parts of the paper. Given a, b P R, we will write a ^ b for minpa, bq and a _ b for
maxpa, bq. For a positive integer M , rM s denotes the set t1, . . . ,Mu.

We will frequently use the standard big-O and small-o notation for asymptotic relations be-
tween functions and sequences. Moreover, given two sequences tanuně1 and tbnuně1 where bn ‰ 0
for all n, we will write that an ! bn if an

bn
“ op1q as nÑ8. Note that op1q may denote different

functions/sequences from line to line.
For a function f : R ÞÑ R, f pmq will denote its m-th derivative whenever it exists. Similarly,

given g : Rd ÞÑ R, Bxjgpx1, . . . , xdq will stand for the partial derivative of g with respect to the
j-th variable. Finally, the sup-norm of g is defined via }g}8 :“ ess supt|gpyq| : y P Rdu and the
convolution of f and g is denoted f ˚ g.

Given i.i.d. random variables X1, . . . , XN distributed according to P , PN :“ 1
N

řN
j“1 δXj will

stand for the associated empirical measure, where δXpfq :“ fpXq. For a real-valued function
f and a signed measure Q, we will write Qf for

ş

fdQ, assuming that the last integral is well-
defined. Additional notation and auxiliary results will be introduced on demand.

2. Optimal constants for the median of means estimator.

Recall that we are given an i.i.d. sample X1, . . . , XN from distribution P with mean µ and
variance σ2. The median of means estimator of µ is constructed as follows: let G1Y. . .YGk Ď rN s
be an arbitrary (possibly random but independent from the data) collection of k ď N{2 disjoint
subsets (“blocks”) of cardinality tN{ku each, X̄j :“ 1

|Gj |

ř

iPGj
Xi and

pµMOM “ med
`

X̄1, . . . , X̄k

˘

.

It is known (e.g. Lerasle and Oliveira, 2011; Devroye et al., 2016) that pµMOM satisfies inequality
(1) for t “ k and L “ 8e2. This value of L appears to be overly pessimistic however: it follows
from Theorem 5 in (Minsker, 2019) that if k Ñ 8 sufficiently slow so that the bias of pµMOM is
of order opN´1{2q, then

?
NppµMOM ´ µq

d
ÝÑ N

´

0,
π

2
σ2

¯

(2)

as k,N{k Ñ 8. In particular, if E|X|2`δ ă 8 for some 0 ă δ ď 1, then k “ o
`

N δ{p1`δq
˘

suffices for the asymptotic unbiasedness and asymptotic normality to hold. Asymptotic relation
(2) suggests that the best value of the constant L in the deviation inequality (1) for the estimator
pµMOM is π ` op1q. We will demonstrate that this is indeed the case. Denote

gpmq :“
1
?
m
E

«

ˆ

X1 ´ µ

σ

˙2

min

ˆ
ˇ

ˇ

ˇ

ˇ

X1 ´ µ

σ

ˇ

ˇ

ˇ

ˇ

,
?
m

˙

ff

, (3)

Clearly, gpmq Ñ 0 as m Ñ 8 for distributions with finite variance. Feller (1968) proved that

suptPR |Φmptq ´ Φptq| ď 6gpmq where Φm and Φ are the distribution functions of
řm
j“1Xj´µ

σ
?
m
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and the standard normal law respectively. It is well known that gpmq ď CE
ˇ

ˇ

ˇ

X1´µ
σ

ˇ

ˇ

ˇ

q

m´pq´2q{2

whenever E|X1´µ|
q ă 8 for some q P p2, 3s. The next result can be viewed as a non-asymptotic

analogue of relation (2).

Theorem 2.1. The following bound holds:

P
´
ˇ

ˇ

ˇ

?
NppµMOM ´ µq

ˇ

ˇ

ˇ
ě σ

?
t
¯

ď 2 exp

ˆ

´
t

π
p1` op1qq

˙

. (4)

Here, op1q is a function that goes to 0 as k,N{k Ñ 8, uniformly over t P rlk,N , uk,N s for any
sequences lk,N " k g2pN{kq and uk,N ! k.

Remark 1. 1. Note that the bound of the theorem holds in some range of the confidence
parameter (such estimators are often called “multiple-δ” in the literature, e.g., see Devroye
et al. (2016)), however, this range is distribution-dependent. In particular, if

?
k gpN{kq Ñ

0 as k,N Ñ 8, the previous bound holds in the range 1 ď t ! k, but the function gp¨q
depends on P and may converge to 0 arbitrarily slow. Under additional assumptions, more
concrete bounds can be deduced: for instance, if E|X{σ|2`ε ă 8 for some 0 ă ε ď 1, the

condition
?
k gpN{kq Ñ 0 is satisfied if k “ o

´

N
ε

1`ε

¯

as N Ñ 8. In general, by choosing

k appropriately, we can construct a version of the median of means estimator that satisfies
required guarantees for any 1 ď t ! N .

2. The exact expression for the function op1q appearing in the statement of Theorems 2.1 and
well as other results in the paper (e.g. Theorem 5.1) is not made explicit. We remark that
it depends on the distribution of X1 through the function gp¨q defined in (3), and on the

ratios kg2pN{kq
lk,N

and
uk,N
k .

Proof of Theorem 2.1. As pµMOM is scale-invariant, we can assume without loss of generality
that σ2 “ 1. Denote m “ tN{ku for brevity, let ρpxq “ |x|, and note that the equivalent
characterization of pµMOM is

pµMOM P argmin
zPR

k
ÿ

j“1

ρ
`?
m
`

X̄j ´ z
˘˘

.

The necessary conditions for the minimum of F pzq :“
řk
j“1 ρ

`?
m
`

X̄j ´ z
˘˘

imply that 0 P
BF ppµMOMq – the subgradient of F , hence the left derivative F 1´ppµMOMq ď 0. Therefore, if
?
N ppµMOM ´ µq ě

?
t for some t ą 0, then pµMOM ě µ `

a

t{N and, due to F 1´ being non-

decreasing, F 1´

´

µ`
a

t{N
¯

ď 0. It implies that

P
´?

NppµMOM ´ µq ě
?
t
¯

ď P

˜

k
ÿ

j“1

ρ1´

´?
m
´

X̄j ´ µ´
a

t{N
¯¯

ě 0

¸

“ P

˜

1
?
k

k
ÿ

j“1

´

ρ1´

´?
m
´

X̄j ´ µ´
a

t{N
¯¯

´ Eρ1´
¯

ě ´
?
kEρ1´

¸

(5)

where we used the shortcut Eρ1´ in place of Eρ1´
´?

m
´

X̄j ´ µ´
a

t{N
¯¯

. Note that

´
?
kEρ1´

´?
m
´

X̄j ´ µ´
a

t{N
¯¯

“ ´
?
k
´

1´ 2P
´?

m
´

X̄j ´ µ´
a

t{N
¯

ď 0
¯¯
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“ 2
?
k

ˆ

Φ

ˆ
?
t

?
k

˙

´ Φp0q

˙

´ 2
?
k

ˆ

Φ

ˆ
?
t

?
k

˙

´ P
ˆ

?
m
`

X̄j ´ µ
˘

ď

?
t

?
k

˙˙

ď 2
?
k ¨ gpmq ` 2

?
t

1
?
t{
a

N{m

˜

Φ

˜ ?
t

a

N{m

¸

´ Φp0q

¸

.

Since

2
?
t

1
?
t{
a

N{m

˜

Φ

˜ ?
t

a

N{m

¸

´ Φp0q

¸

“ 2
?
t
´

φp0q `Opt{
a

N{mq
¯

“
?
t

˜

c

2

π
`Opt{

a

N{mq

¸

where φptq “ Φ1ptq, we see that

´
?
kEρ1´

´?
m
´

X̄j ´ µ´
a

t{N
¯¯

ď 2
?
k ¨ gpmq `

?
t

˜

c

2

π
`Op

a

t{kq

¸

which is
?
t
b

2
π p1` op1qq whenever t ! k and t " k g2pmq. It remains to apply Bernstein’s

inequality to the right-hand side in (5). Observe that

Var
´

ρ1´

´?
m
´

X̄j ´ µ´
a

t{N
¯¯¯

“ 4Var
´

I
!?

m
`

X̄j ´ µ
˘

ď
a

t{k
)¯

“ 4P
´?

m
`

X̄j ´ µ
˘

ď
a

t{k
¯´

1´ P
´?

m
`

X̄j ´ µ
˘

ď
a

t{k
¯¯

ď 1,

therefore

P
´?

NppµMOM ´ µq ě
?
t
¯

ď exp

¨

˝´
t

πp1` op1qq ` 2
?
t
?
2π

3
1?
k
p1` op1qq

˛

‚

“ exp

ˆ

´
t

π
p1` op1qq

˙

whenever
?
k gpmq ! t !

?
k. Similar reasoning gives a matching bound for P

`
?
NppµMOM ´ µq ď ´

?
t
˘

,
and the result follows.

One may ask whether the median of means estimator admits a more sample-efficient modifica-
tion, one that would satisfy inequality (1) with a constant L smaller than π. A natural idea is to
require that the estimator is invariant with respect to permutations of the data or, equivalently,
is a function of order statistics only. Such an extension of the MOM estimator was proposed
by Minsker (2019), however no provable improvements for the performance over the standard
MOM estimator were established rigorously. The question of such improvements, especially the
guarantees expressed in the form (1), is addressed next. Let us recall the proposed construction.
Assume that 2 ď m ă N and, given J Ď rN s of cardinality |J | “ m, set X̄J :“ 1

m

ř

jPJ Xj .

Define ApmqN “ tJ Ă rN s : |J | “ mu and

pµN :“ med
´

X̄J , J P ApmqN

¯

, (6)
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where
!

X̄J , J P ApmqN

)

denotes the set of sample averages computed over all possible subsets

of rN s of cardinality m; in particular, unlike the standard median-of-means estimator, pµN is
uniquely defined. Note that for m “ 2, pµN coincides with the well known Hodges-Lehmann
estimator of location (Hodges and Lehmann, 1963). When m is a fixed integer greater than 2,
pµN is known as the generalized Hodges-Lehmann estimator. Its asymptotic properties are well-
understood and can be deduced from results by Serfling (1984), among other works. For example,
its breakdown point is 1 ´ p1{2q1{m and, in case of normally distributed data, the asymptotic

distribution of
?
NppµN ´ µq is centered normal with variance ∆2

m “ mσ2 arctan
´

1?
m2´1

¯

. In

particular, ∆2
m “ σ2p1 ` op1qq as m Ñ 8. When the underlying distribution is not symmetric

however, pµN is biased for the mean, and the properties of this estimator in the regime m Ñ 8

have not been investigated in the robust statistics literature (to the best of our knowledge). Only
very recently, DiCiccio and Romano (2022) proved that whenever mÑ8, m “ op

?
Nq and the

sample is normally distributed,
?
NppµN ´ µq Ñ Np0, σ2q. We will extend this result in several

directions: first, by allowing a much wider class of underlying distributions, second, by including
the case when

?
N ! m ! N which is interesting as bias ppµN q is o

`

N´1{2
˘

in this regime, and
finally by presenting sharp sub-Gaussian deviation inequalities for pµN that hold for heavy-tailed
data.

Let us remark that an argument behind Theorem 2.1 combined with a version of Bernstein’s
inequality for U-statistics due to Hoeffding (1963) immediately implies that pµN satisfies relation
(4). Similar reasoning applies to other deviation guarantees for the classical median of means
estimator that exist in the literature, so in this sense pµN always performs at least as good as
pµMOM.

Analysis of the estimator pµN is most naturally carried out using the language of U-statistics.
The following section introduces the necessary background, while additional useful facts are
summarized in section 7.1.

3. Asymptotic normality of U-statistics and the implications for pµN .

Let Y1, . . . , YN be i.i.d. random variables with distribution PY and assume that hm : Rm ÞÑ

R, m ě 1 are square-integrable with respect to PmY and permutation-symmetric functions,
meaning that that Eh2mpY1, . . . , Ymq ă 8 and hmpxπp1q, . . . , xπpmqq “ hmpx1, . . . , xmq for any
x1, . . . , xm P R and any permutation π : rms ÞÑ rms. Without loss of generality, we will also

assume that Ehm :“ EhmpY1, . . . , Ymq “ 0. Recall that ApmqN “ tJ Ď rN s : |J | “ mu. The U-
statistic with kernel hm is defined as

UN,m “
1

`

N
m

˘

ÿ

JPApmqN

hmpYi, i P Jq.

For i P rN s, let
hp1qm pYiq “ E rhmpY1, . . . , Ymq |Yis . (7)

We will assume that P
´

h
p1q
m pY1q ‰ 0

¯

ą 0 for all m, meaning that the kernels hm are non-

degenerate. The random variable

SN,m :“
N
ÿ

j“1

E rUN,m |Yjs “
m

N

N
ÿ

j“1

hp1qm pYjq,

known as the Hájek projection of UN,m, is essentially the best approximation of UN,m in terms of
the sum of i.i.d. random variables of the form fpY1q` . . .` fpYmq. We are interested in the suffi-
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cient conditions guaranteeing that
UN,m´SN,m?

VarpSN,mq
“ oP p1q as N,m Ñ 8. Such asymptotic relation

immediately implies that the limiting behavior of UN,m is defined by the Hájek projection SN,m.
Results of these type for U-statistics of fixed order m are standard and well-known (Hoeffding,
1948; Serfling, 2009; Lee, 2019). However, we are interested in the situation when m is allowed to
grow with N , possibly up to the order m “ opNq. U-statistics of growing order were studied for
example by Frees (1989), however existing results are not readily applicable in our framework.
Very recently, such U-statistics have been investigated in relation to performance of Breiman’s
random forests algorithm (e.g. see the papers by Song et al. (2019) and Peng et al. (2022)). The
following theorem is essentially due to Peng et al. (2022); we give a different proof of this fact in
Appendix 7.2 as we rely on parts of the argument elsewhere in the paper.

Theorem 3.1. Assume that VarphmpY1,...,Ymqq

Var
´

h
p1q
m pY1q

¯ “ opNq as N,mÑ8. 1 Then
UN,m´SN,m?

VarpSN,mq
“ oP p1q

as N,mÑ8.

It is easy to see that asymptotic normality of
UN,m?

VarpSN,mq
immediately follows from the previous

theorem whenever its assumptions are satisfied. Next, we will apply this result to establish
asymptotic normality of the estimator pµN defined via (6).

Corollary 3.1. Let X1, . . . , XN be i.i.d. with finite variance σ2. Moreover, assume that
b

N
m gpmq Ñ

0 as N{m and mÑ8. Then
?
N ppµN ´ µq

d
ÝÑ N p0, σ2q

as N{m and mÑ8.

Remark 2. Requirement
b

N
m gpmq Ñ 0 guarantees that biasppµN q “ opN´1{2q. Without this

requirement, asymptotic normality can be established for the debiased estimator pµN ´ EpµN .

Proof. Let ρpxq “ |x| and note that the equivalent characterization of pµN is

pµN P argmin
zPR

ÿ

JPApmqN

ρ
`?
m
`

X̄J ´ z
˘˘

.

The necessary conditions for the minimum of this problem imply that for any fixed t ě 0,

P

¨

˝

ÿ

JPApmqN

ρ1´

´?
m
´

X̄J ´ µ´ tN
´1{2

¯¯

ą 0

˛

‚ď P
´?

NppµN ´ µq ě t
¯

and

P
´?

NppµN ´ µq ě t
¯

ď P

¨

˝

ÿ

JPApmqN

ρ1´

´?
m
´

X̄J ´ µ´ tN
´1{2

¯¯

ě 0

˛

‚.

Therefore, it suffices to show that the upper and lower bounds for P
`
?
NppµN ´ µq ě t

˘

converge
to the same limit. To this end, we see that

P

¨

˝

ÿ

JPApmqN

ρ1´

´?
m
´

X̄J ´ µ´ tN
´1{2

¯¯

ě 0

˛

‚

1It is well known (Hoeffding, 1948) that Var
`

hp1qpY1q
˘

ď
Varphmq

m
, therefore the condition imposed on the

ratio of variances implies that m “ opNq.
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“ P

¨

˝

a

N{m
`

N
m

˘

ÿ

JPApmqN

´

ρ1´

´?
m
´

X̄J ´ µ´ tN
´1{2

¯¯

´ Eρ1´
¯

ě ´
a

N{mEρ1´

˛

‚, (8)

where Eρ1´ stands for Eρ1´
`?
m
`

X̄J ´ µ´ tN
´1{2

˘˘

. As it the proof of Theorem 2.1, we deduce

that ´
a

N{mEρ1´
`?
m
`

X̄J ´ µ´ tN
´1{2

˘˘

Ñ t
σ

b

2
π whenever

a

N{mgpmq Ñ 0 and N{mÑ

8. It remains to analyze the U-statistic

c

N

m
UN,m “

a

N{m
`

N
m

˘

ÿ

JPApmqN

´

ρ1´

´?
m
´

X̄J ´ µ´ tN
´1{2

¯¯

´ Eρ1´
¯

.

As the expression above is invariant with respect to the shift Xj ÞÑ Xj ´ µ, we can assume that
µ “ 0. To complete the proof, we will verify the conditions of Theorem 3.1 allowing one to reduce
the asymptotic behavior of UN,m to the analysis of sums of i.i.d. random variables. For i P rN s,
let

hp1qpXiq “

c

N

m
E

«

ρ1´

˜

1
?
m

m´1
ÿ

j“1

X̃j `
Xi
?
m
´ t{

a

N{m

¸

ˇ

ˇXi

ff

´

c

N

m
Eρ1´,

where pX̃1, . . . , X̃mq is an independent copy of pX1, . . . , Xmq. Our goal is to understand the size of

Varphp1qpX1qq: specifically, we will show that Var
´

m?
N
hp1qpX1q

¯

Ñ 2
π as both m and N{mÑ8.

Given an integer l ě 1, let rΦlptq be the cumulative distribution function of
řl
j“1Xj . Then

m
?
N
hp1qpX1q “

?
m

ˆ

2rΦm´1

ˆ

tm
?
N
´X1

˙

´ 1

˙

´
?
mE ρ1´

“ 2
?
m

ˆ

rΦm´1

ˆ

tm
?
N
´X1

˙

´ ErΦm´1

ˆ

tm
?
N
´X1

˙˙

“ 2
?
m

ż

R

ˆ

rΦm´1

ˆ

tm
?
N
´X1

˙

´ rΦm´1

ˆ

tm
?
N
´ x

˙˙

dP pxq.

We will apply the dominated convergence theorem to analyze this expression. Consider first the
situation when the distribution of X1 is non-lattice 2. Then the local limit theorem for non-lattice
distributions (Shepp, 1964, Theorem 2) implies that

rΦm´1 pa` hq ´ rΦm´1 paq “
h

a

2πpm´ 1qσ
exp

ˆ

´
a2

2pm´ 1qσ2

˙

` opm´1{2q,

where
?
m ¨ opm´1{2q converges to 0 as mÑ8 for every h and uniformly in a. Therefore, we see

that conditionally on X1 and for every x,

rΦm´1

ˆ

tm
?
N
´ x` px´X1q

˙

´ rΦm´1

ˆ

tm
?
N
´ x

˙

“
x´X1

a

2πpm´ 1qσ
exp

´

´ptm{
?
N ´ xq2{2pm´ 1qσ2

¯

` opm´1{2q (9)

2We say that X1 has lattice distribution if PpX1 P α` kβ, k P Zq “ 1 and there is no arithmetic progression
A Ă Z such that PpX1 P α` kβ, k P Aq “ 1
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uniformly in m. Since m “ opNq by assumption, exp
`

´ptm{
?
N ´ xq2{2pm´ 1qσ2

˘

“ 1 ` op1q
as m,N Ñ8, hence

2
?
m

ˆ

rΦm´1

ˆ

tm
?
N
´ x` px´X1q

˙

´ rΦm´1

ˆ

tm
?
N
´ x

˙˙

“ 2
x´X1
?

2πσ
` op1q

P -almost everywhere. Next, we will show that qmpx,X1q :“
?
m
´

rΦm´1

´

tm?
N
´X1

¯

´ rΦm´1

´

tm?
N
´ x

¯¯

admits an integrable majorant that does not depend on m. Note that

|qmpx,X1q| ď sup
z

?
mP

˜

m´1
ÿ

j“1

Xj P
`

z, z ` |x´X1|
‰

¸

ď C|x´X1|,

where the last inequality follows from the well known bound for the concentration function
(Theorem 2.20 in the book by Petrov (1995)); here, C “ CpP q ą 0 is a constant that may
depend on the distribution of X1. We conclude that by the dominated convergence theorem,

m
?
N
hp1qpX1q Ñ

c

2

π

X1

σ

as m,N{mÑ8, P -almost everywhere. As

ˇ

ˇ

ˇ

ˇ

m
?
N
hp1qpX1q

ˇ

ˇ

ˇ

ˇ

ď 2

ˇ

ˇ

ˇ

ˇ

ż

R
qmpx,X1qdP pxq

ˇ

ˇ

ˇ

ˇ

ď C

ż

R
|x´X1|dP pxq

and E
`ş

R |x´X1|dP pxq
˘2
ă 8, the second application of the dominated convergence theorem

yields that Var
´

m?
N
hp1qpX1q

¯

Ñ Var
´
b

2
π
X1

σ

¯

“ 2
π as N{m and mÑ8.

It remains to consider the case when X1 has a lattice distribution. In this case, a version of
the local limit theorem (Petrov, 1995) states that

P

˜

m´1
ÿ

j“1

Xj “ pm´ 1qα` qβ

¸

“
β

a

2πpm´ 1qσ
e
´
ppm´1qα`qβq2

2σ2pm´1q ` opm´1{2q

where the opm´1{2q term is uniform in q P Z. For any y in the interval
`

tm?
N
´x, tm?

N
´x`px´X1q

‰

of the form y “ pm´1qα`qβ, we have that e
´

y2

2σ2pm´1q “ 1`op1q as m
N Ñ 0. Therefore, similarly

to (9), in this case

2
?
m

ˆ

rΦm´1

ˆ

tm
?
N
´ x` px´X1q

˙

´ rΦm´1

ˆ

tm
?
N
´ x

˙˙

“ 2
x´X1
?

2πσ
` op1q

P -almost everywhere, where we also used the fact that the number of points of the form pm´1qα`
qβ in the interval of interest equals x´X1

β . The rest of the proof proceeds exactly as in the case of

non-lattice distributions, and concludes the part of the argument related to Var
´

m?
N
hp1qpX1q

¯

.

To finish the proof, note that, since }ρ1´}8 “ 1, Var
´

a

N{mρ1´
`?
m
`

X̄J ´ µ´ tN
´1{2

˘˘

¯

ď

N
m , hence

Var
´

a

N{mρ1´
`?
m
`

X̄J ´ µ´ tN
´1{2

˘˘

¯

Var
`

hp1qpX1q
˘ ď

N{m
2
π p1` op1qqN{m

2
“

m
2
π p1` op1qq

“ opNq
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as mÑ8 and N{mÑ8. Therefore, Theorem 3.1 applies and yields that

b

N
mUN,m ´

m
N

řN
j“1 h

p1qpXjq

m2

N Var
`

hp1qpXjq
˘ “ oP p1q,

where m2

N Var
`

hp1qpXjq
˘

“ 2
π p1`op1qq. In view of the Central Limit Theorem, mN

řN
j“1 h

p1qpXjq
d
ÝÑ

N
`

0, 2
π

˘

, and we conclude that
b

N
mUN,m

d
ÝÑ N

`

0, 2
π

˘

. Recalling (8), we see that

P

˜

c

N

m
UN,m ď

c

N

m
Eρ1´

¸

Ñ 1´ rΦ

ˆ

t

σ

˙

,

or lim sup
m,N{mÑ8

P
`
?
N ppµN ´ µq ě t

˘

ď 1´ rΦ
`

t
σ

˘

. Repeating the preceding argument for the lower

bound for P
`
?
N ppµN ´ µq ě t

˘

, we get that lim inf
m,N{mÑ8

P
`
?
N ppµN ´ µq ě t

˘

ě 1´ rΦ
`

t
σ

˘

, whence

the claim of the theorem follows.

Corollary 3.1 implies that asymptotically, the estimator pµN improves upon pµMOM. The more
interesting, and difficult, question is whether non-asymptotic sub-Gaussian deviation bounds for
pµN with improved constant can be established, and to understand the range of the deviation
parameter in which such bounds are valid.

4. Deviation inequalities for U-statistics of growing order.

The ultimate goal of this section is to establish a non-asymptotic analogue of Corollary 3.1.
Recall that its proof relied on the classical strategy of showing that the higher-order terms in the
Hoeffding decomposition of certain U-statistics are asymptotically negligible. To prove the desired
non-asymptotic extension, one has be able to show that these higher-order terms are sufficiently
small with exponentially high probability. However, classical tools used to prove such bounds rely
on decoupling inequalities due to de la Pena and Montgomery-Smith (1995). Unfortunately, the
constants appearing in decoupling inequalities grow very fast with respect to the order m of U-
statistics, at least like mm. As m is allowed to grow with the sample size N in our examples, such
tools become insufficient to get the desired bounds in our framework. Arcones (1995) derived
an improved version of Bernstein’s inequality for non-degenerate U-statistics where the sub-

Gaussian deviations regime is controlled by mVarph
p1q
m pXqq defined in equation (7), rather than

the larger quantity Varphmq appearing in the inequality due to Hoeffding (1963); however, this
result is only useful when m is essentially fixed. Maurer (2019) used different techniques that yield
improvements over Arcones’ result, in particular with respect to the order m; bounds obtained
in this work are non-trivial for m up to the order of N1{3, however, this does not suffice for the
applications required in the present paper. Moreover, unlike Theorem 4.1 below, results in Maurer
(2019) do not capture the correct behavior of degenerate U-statistics. Recently, Song et al. (2019)
made significant progress in studying U-statistics of growing order and developed tools that avoid
using decoupling inequalities, however, their techniques apply when m “ o

`
?
N
˘

, while we only
require that m “ opNq.

We will be interested in U-statistics with kernels of special structure that assumes “weak”
dependence on each of the individual variables. Let the kernel be centered and written in the
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form hm

´

x1?
m
, . . . , xm?

m

¯

, whence the corresponding U-statistic is

UN,m “
1

`

N
m

˘

ÿ

JPApmqN

hm

ˆ

Xi
?
m
, i P J

˙

.

The Hoeffding decomposition of UN,m is defined as the sum

UN,m “
m

N

N
ÿ

j“1

hp1qm pXjq `

m
ÿ

j“2

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq, (10)

where h
pjq
m px1, . . . , xjq “ pδx1

´P qˆ . . .ˆpδxj ´P qˆP
m´jhm . We refer the reader to section 7.1

where the Hoeffding decomposition and related background material is reviewed in more detail.
We will assume that UN,m is non-degenerate, in particular, one can expect that the behav-

ior of UN,m is determined by the first term m
N

řN
j“1 h

p1q
m pXjq in the decomposition. In order to

make this intuition rigorous, we need to prove that the higher-order terms are of smaller or-
der with exponentially high probability. It is shown in the course of the proof of Theorem 3.1

that Var

ˆ

pmj q

pNj q

ř

JPApjqN
h
pjq
m pXi, i P Jq

˙

ď Varphmq
`

m
N

˘j
. However, to achieve our current goal,

bounds for the moments of higher order are required. More specifically, the key technical difficulty
lies in establishing the correct rate of decay of the higher moments with respect to the order m of

the U-statistic. We will show that under suitable assumptions, E1{q

ˇ

ˇ

ˇ

ˇ

pmj q

pNj q

ř

JPApjqN
h
pjq
m pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

q

“

O
´

jη1qη2
`

m
N

˘j{2
¯

for some η1 ą 0, η2 ą 0 and for all q ě 2, 2 ď j ď jmax for a sufficiently

large jmax. The crucial observation is that the upper bound for the higher-order Lq norms is

still proportional to
`

m
N

˘j{2
, same as the L2 norm. The following result, essentially implied by

the moment inequalities of this form, is a main technical novelty and a key ingredient needed to
control large deviations of the higher order terms in the Hoeffding decomposition.

Theorem 4.1. Let

VN,j “

`

m
j

˘1{2

`

N
j

˘1{2

ÿ

JPApjqN

hpjqm

ˆ

Xi
?
m
, i P J

˙

, fjpx1, . . . , xjq “ Ehm
ˆ

x1
?
m
, . . . ,

xj
?
m
,
Xj`1
?
m
, . . . ,

Xm
?
m

˙

and νk “ E1{k|X1 ´ EX1|
k. If the kernel hm is uniformly bounded, then there exists an absolute

constant c ą 0 such that

Pp|VN.j | ě tq ď exp

¨

˚

˝

´min

¨

˚

˝

1

c

ˆ

t2

Varphmq

˙

1
j

,

´

t
}hm}8

b

N
j

¯
2
j`1

c pm{jq
j
j`1

˛

‹

‚

˛

‹

‚

whenever min

˜

1
c

´

t2

Varphmq

¯
1
j

,

´

t
}hm}8

b

N
j

¯ 2
j`1

cpm{jq
j
j`1

¸

ě 2. Alternatively, suppose that

(i)
›

›Bx1 . . . Bxjfj
›

›

8
ď

´

C1pP q
m

¯j{2

jγ1j for some γ1 ě
1
2 ;

(ii) νk ď kγ2M for all integers k ě 2 and some γ2 ě 0, M ą 0.
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Then there exist constants c1pP q, c2pP q ą 0 that depend on γ1 and γ2 only such that

Pp|VN,j | ě tq ď exp

¨

˝´min

¨

˝

1

c1

ˆ

t2

Varphmq

˙

1
j

,

˜

t
a

N{j
`

c2Mjγ1´1{2
˘j

¸
2

1`jp2γ2`1q

˛

‚

˛

‚ (11)

whenever min

˜

1
c1

´

t2

Varphmq

¯
1
j

,

ˆ

t
?
N{j

pc2Mjγ1´1{2q
j

˙
2

1`jp2γ2`1q

¸

ě max
´

2, logpN{jqγ2j

¯

. 3

The proof of the theorem is given in section 7.3. Let us briefly discuss the imposed condi-
tions. The first inequality requires only boundedness of the kernel and follows from a standard
argument; it is mostly useful for the degenerate kernels of higher order j, for instance when
j ě Cm{ logpmq). The main result is the second inequality of the theorem that provides a much
better dependence of the tails on m for small and moderate values of j. Assumption (ii) is a
standard one: for instance, it holds with γ2 “ 0 for bounded random variables, γ2 “ 1{2 for sub-
Gaussian and with γ2 “ 1 for sub-exponential random variables. As for assumption (i), suppose
that the kernel hm is sufficiently smooth. In this case,

Bx1
. . . Bxjfjpx1, . . . , xjq “ m´j{2E

„

`

Bx1
. . . Bxjhm

˘

ˆ

x1
?
m
, . . . ,

xj
?
m
,
Xj`1
?
m
, . . . ,

Xm
?
m

˙

,

which is indeed of order m´j{2 with respect to m. However, the functions fj are often smooth even
if the kernel hm is not, as we will show later for the case of an indicator function (specifically,
we will prove that required inequalities hold with γ1 “

1
2 for all j ! m{ logpmq under mild

assumptions on the distribution of X1). Next, we state a corollary – a deviation inequality that
takes a particularly simple form and suffices for most of the applications discussed later. It can
be viewed as an extension of Arcones (1995) version of Bernstein’s inequality for the case of
U-statistics of growing order.

Corollary 4.1. Suppose that

(i) assumptions of Theorem 4.1 hold for all 2 ď j ď jmax with γ1 “
1
2 ;

(ii) the kernel hm is uniformly bounded;

(iii) lim infmÑ8Var
´?

mh
p1q
m pX1q

¯

ą 0;

(iv) mM2 “ o
`

N1´δ
˘

for some δ ą 0.

Moreover, let qpN,mq be an increasing function such that

qpN,mq “ o

˜

min

˜

ˆ

N

mM2

˙
1

1`2γ2

, jmax logpN{mq

¸¸

as N{mÑ8.

Then for all 2 ď t ď qpN,mq,

P

˜

|UN,m| ě

c

tm

N

¸

ď 2 exp

¨

˝´
t

2p1` op1qqVar
´?

mh
p1q
m pX1q

¯

˛

‚,

where op1q Ñ 0 as N{mÑ8 uniformly over 2 ď t ď qpN,mq. If m “ o
´

N1{2

logpNq

¯

, we can instead

choose qpN,mq such that qpN,mq “ o
´

min
´

`

N
mM2

˘
1

1`2γ2 , Njmax

m2

¯¯

.

3In the course of the proof, we show that whenever γ2 “ 0, corresponding to the case of a.s. bounded X1,
inequality (11) is valid for all t ą 0.
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Remark 3. The key point of the inequality is that the sub-Gaussian deviations are controlled

by Var
´?

mh
p1q
m pX1q

¯

rather than the sub-optimal quantity Varphmq appearing in Hoeffding’s

version of Bernstein’s inequality for U-statistics. Moreover, the range in which UN,m admits sub-
Gaussian deviations is much wider compared to the implications of Arcones’ inequality when m
is allowed to grow with N . Several comments regarding the additional assumptions are in order:

1. Assumption of uniform boundedness of the kernel hm is needed to ensure that we can apply
Bernstein’s concentration inequality to the first term of the Hoeffding decomposition. This
suffices for our purposes but in general this condition can be relaxed.

2. Assumption on the asymptotic behavior of the variance is made to simplify the statement
and the proof; if it does not hold, the result is still valid once the definition of qpN,mq
is modified to reflect the different behavior of the this quantity. We include the following

heuristic argument which shows that limmÑ8Var
´?

mh
p1q
m pX1q

¯

often admits a simple

closed-form expression. Indeed, note that
?
m
´

h
p1q
m pX1q ´ h

p1q
m p0q

¯

“
şX1

0

?
m Buh

p1q
m puqdu.

If
›

›

›
B2uh

p1q
m

›

›

›

8
“ opm´1{2q, then

?
m
ˇ

ˇ

ˇ
Buh

p1q
m puq ´ Buh

p1q
m p0q

ˇ

ˇ

ˇ
ď
?
m
›

›

›
B2uh

p1q
m

›

›

›

8
uÑ 0

pointwise as m Ñ 8. If the limit
?
m Buh

p1q
m p0q exists, then

?
m
´

h
p1q
m pX1q ´ h

p1q
m p0q

¯

Ñ

limmÑ8

?
m Buh

p1q
m p0qX1, P-almost everywhere. Moreover, as

?
m}Buh

p1q
m }8 admits an up-

per bound independent of m by assumption (i) of Theorem 4.1 and X1 is sufficiently inte-

grable, Lebesgue’s dominated convergence theorem applies and yields that Var
´?

mh
p1q
m pX1q

¯

Ñ
´

limmÑ8 Buh
p1q
m p0q

¯2

VarpX1q. For instance, this heuristic argument can often be made

precise for kernels of the form h
´

řm
j“1

xj?
m

¯

.

3. Finally, condition requiring that mM2 “ o
`

N1´δ
˘

is used to ensure that
`

N
mM2

˘τ
" logpmq

for any fixed τ ą 0 which simplifies the statement and the proof.

Proof. The union bound together with Hoeffding’s decomposition entails that for any t ą 0 and
0 ă ε ă 1 (to be chosen later),

P

˜

|UN,m| ě

c

tm

N

¸

ď P

˜
ˇ

ˇ

ˇ

ˇ

ˇ

m

N

N
ÿ

j“1

hp1qm pXjq

ˇ

ˇ

ˇ

ˇ

ˇ

ě p1´ εq
?
t

c

m

N

¸

` P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

j“2

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě ε
?
t

c

m

N

˛

‚.

Bernstein’s inequality yields that

P

˜
ˇ

ˇ

ˇ

ˇ

ˇ

m

N

N
ÿ

j“1

hp1qm pXjq

ˇ

ˇ

ˇ

ˇ

ˇ

ě p1´ εq
?
t

c

m

N

¸

ď 2 exp

¨

˝´
p1´ εq2 t{2

Var
´?

mh
p1q
m pX1q

¯

` p1´ εq 13
a

m
N }hm}8t

1{2

˛

‚
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“ 2 exp

¨

˝´
p1´ εq2 t

2 Var
´?

mh
p1q
m pX1q

¯

p1` op1qq

˛

‚

where op1q Ñ 0 as N{m Ñ 8 uniformly over s ď qpN{mq. It remains to control the expression
involving higher order Hoeffding decomposition terms: specifically, we will show that under our

assumptions, it is bounded from above by exp

ˆ

´ t

2Var
´?

mh
p1q
m pX1q

¯

˙

¨ op1q where op1q Ñ 0 uni-

formly over the range of t. To this end, denote tε :“ ε2t and j˚ :“ min pjmax, tlogpN{mqu` 1q.
Observe that

P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

j“2

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě
?
tε

c

m

N

˛

‚

ď P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

j
ÿ̊

j“2

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě

?
tε
3

c

m

N

˛

‚

` P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

jmax
ÿ

j“j˚`1

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě

?
tε
3

c

m

N

˛

‚

` P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jąjmax

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě

?
tε
3

c

m

N

˛

‚, (12)

where the second sum may be empty depending on the value of j˚. First, we estimate the last term
using Chebyshev’s inequality: repeating the reasoning leading to equation (25) in the proof of

Theorem 3.1, we see that Var

ˆ

ř

jąjmax

pmj q

pNj q

ř

JPApjqN
h
pjq
m pXi, i P Jq

˙

ď Varphmq
`

m
N

˘jmax`1
p1´m{Nq

´1
,

hence

P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jąjmax

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě

?
tε
3

c

m

N

˛

‚ď
18Varphmq

tε

´m

N

¯jmax

“ 18Varphmq exp p´jmax logpN{mq ` logptεqq

whenever N{m ě 2. Alternatively, we can apply the first inequality of Theorem 4.1 instead of
Chebyshev’s inequality to each term corresponding to j ą jmax individually, with t “ tj,ε :“
?
tε

3j2

`

N
m

˘

j´1
2 . It implies that

P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jąjmax

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě

?
tε
3

c

m

N

˛

‚

ď
ÿ

jąjmax

P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě

?
tj,ε
3

c

m

N

˛

‚

ď m max
jąjmax

exp

˜

´cmin

˜

t1{jε

ˆ

N

m

˙

j´1
j

,

ˆ

tε
}h}28

˙
1
j`1

ˆ

Nj

m2

˙

j
j`1

¸¸

.
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This bound is useful when
´

Njmax

m2

¯

jmax
jmax`1

" jmax logpN{mq, which is true whenever m2 !

N
log2pNq

. If moreover ε " 1?
logpNq

, then the last probability is bounded from above by

max
jąjmax

exp

˜

´c1min

˜

t1{jε

ˆ

N

m

˙

j´1
j

,

ˆ

tε
}h}28

˙
1
j`1

ˆ

Nj

m2

˙

j
j`1

¸¸

.

To estimate the middle term (the probability involving the terms indexed by j˚`1 ď j ď jmax),

we apply Theorem 4.1 to each term individually for t “ tj,ε :“
?
tε

3j2

`

N
m

˘

j´1
2 , keeping in mind that

ř

jěj˚`1 tj,ε ď
π2

18

`

N
m

˘

j´1
2
?
tε. Note that for any 2 ď t ď N

m , ε ą m
N and j ě tlogpN{mqu` 1,

min

¨

˝

t
2
j

j,ε

c
,

˜

tj,ε
a

N{j
`

cMjγ1´1{2
˘j

¸
2

1`jp2γ2`1q

˛

‚ě
c1

M
2

1`2γ2

ˆ

N

m

˙
1

1`2γ2

,

whence

P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

jmax
ÿ

j“j˚`1

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě

?
tε
3

c

m

N

˛

‚

ď jmax exp

˜

´
c1

M
2

1`2γ2

ˆ

N

m

˙
1

1`2γ2

¸

ď exp

˜

´
c2

M
2

1`2γ2

ˆ

N

m

˙
1

1`2γ2

¸

.

Finally, to estimate the first term in the right side of inequality (12), we again apply Theorem
4.1. With tj,ε defined as above,

P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

j
ÿ̊

j“2

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě

?
tε
3

c

m

N

˛

‚

ď

j
ÿ̊

j“2

P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě
6

π2

?
tj,ε
3

c

m

N

˛

‚

ď

j
ÿ̊

j“2

exp

¨

˝´cmin

¨

˝t1{jε

ˆ

N

m

˙

j´1
j

,
t

1
1`jp1`2γ2q
ε

M
2j

1`jp1`2γ2q

ˆ

N

m

˙

j
1`jp1`2γ2q

˛

‚

˛

‚

ď j˚ max
2ďjďj˚

exp

¨

˝´cmin

¨

˝t1{jε

ˆ

N

m

˙

j´1
j

,
t

1
1`jp1`2γ2q
ε

M
2j

1`jp1`2γ2q

ˆ

N

m

˙

j
1`jp1`2γ2q

˛

‚

˛

‚.

Whenever ε ě 1?
N{mq

, the last expression is upper bounded by

max
2ďjďj˚

exp

¨

˝´c3 min

¨

˝t1{jε

ˆ

N

m

˙

j´1
j

,
t

1
1`jp1`2γ2q
ε

M
2j

1`jp1`2γ2q

ˆ

N

m

˙

j
1`jp1`2γ2q

˛

‚

˛

‚

for c3 small enough. Combining all the estimates, we obtain the inequality
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P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

j“2

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě
?
tε

c

m

N

˛

‚ď

max
2ďjďj˚

exp

˜

´c3 min

˜

t1{jε

ˆ

N

m

˙

j´1
j

, t
1

1`jp1`2γ2q
ε

ˆ

N

mM2

˙

j
1`jp1`2γ2q

¸¸

` exp

˜

´c2

ˆ

N

mM2

˙
1

1`2γ2

¸

` c4Varphmq exp p´jmax logpN{mq ` logptεqq (13)

that holds if ε ě 1?
N{m

and 2 ď t ď N
m . If t ă

`

N
mM2

˘
1

1`2γ2 ε4, then the first two terms

on the right-hand side of the previous display are bounded by e´
ctε
ε3 “ e´

ct
ε each, and if t ă

εpjmax ´ 1q logpN{mq, the same is true for the last term. Therefore, if

t ă ε4 min

˜

ˆ

N

mM2

˙
1

1`2γ2

, pjmax ´ 1q logpN{mq

¸

,

then

P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

j“2

`

m
j

˘

`

N
j

˘

ÿ

JPApjqN

hpjqm pXi, i P Jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě
?
tε

c

m

N

˛

‚

ď 3 exp

ˆ

´
ct

ε

˙

“ exp

¨

˝´
t

2 Var
´?

mh
p1q
m pX1q

¯

˛

‚¨ op1q

where the last equality holds whenever we choose ε :“ εpN,mq such that εpN,mq Ñ 0 as N{mÑ

8. Specifically, take ε “

¨

˝

qpN,mq

min

ˆ

p N
mM2 q

1
1`2γ2 ,jmax logpN{mq

˙

˛

‚

1{4

where the function qpN,mq was

defined in the statement of the corollary, and conclusion follows immediately. If m2 ! N
log2pNq

,

we can replace the last term in equation (13) by

max
jąjmax

exp

˜

´c1min

˜

t1{jε

ˆ

N

m

˙

j´1
j

,

ˆ

tε
}h}28

˙
1
j`1

ˆ

Nj

m2

˙

j
j`1

¸¸

,

which is bounded by e´
ct
ε whenever t ă Njmax

m2 ε4. Final result in this case follows similarly.

5. Implications for the median of means estimator.

We are going to apply results of the previous section to deduce non-asymptotic bounds for the
permutation-invariant version of the median of means estimator. Recall that it was defined as

pµN :“ med
´

X̄J , J P ApmqN

¯

.

Theorem 5.1. Assume that X1, . . . , XN are i.i.d. copies of a random variable X with mean µ
and variance σ2. Moreover, suppose that
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(i) the distribution of X1 is absolutely continuous with respect to the Lebesgue measure on R
with density φ1;

(ii) the Fourier transform pφ1 of the density satisfies the inequality
ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ
ď C1

p1`|x|qδ
for some

positive constants C1 and δ;

(iii) E |pX1 ´ µq{σ|
q
ă 8 for some 3`

?
5

2 ă q ď 3;

Then the estimator pµN satisfies

P
´
ˇ

ˇ

ˇ

?
Nppµ´ µq

ˇ

ˇ

ˇ
ě σ

?
t
¯

ď 2 exp

ˆ

´
t

2p1` op1qq

˙

where op1q Ñ 0 as m, N{mÑ8 uniformly for all t P rlN,m, uN,ms for any sequences tlN,mu , tuN,mu
such that lN,m "

N
mq´1 and uN,m !

N

m
q
q´1_m log2pNq

.

Remark 4. 1. Let us recall the Riemann-Lebesgue lemma stating that |pφ1pxq| Ñ 0 as |x| Ñ 8

for any absolutely continuous distribution, so assumption (ii) is rather mild;

2. The inequality q ą 3`
?
5

2 assures that lN,m and uN,m can be chosen such that lN,m ! uN,m.

Proof. Throughout the course of the proof, we will assume without loss of generality that σ2 “ 1;
general case follows by rescaling. Let us also recall that all asymptotic relations are defined in
the limit as both m and N{m Ñ 8. Note that direct application of Corollary 4.1 requires
existence of all moments of X1, which is too prohibitive. Therefore, we will first show how to
reduce the problem to the case of bounded random variables. Specifically, we want to truncate
Xj´µ, j “ 1, . . . , N in a way that preserves the decay rate of the characteristic function. To this
end, let R be a large constant (that will later be specified as an increasing function of m), and

define the standard mollifier κpxq via κpxq “

#

C1 exp
´

´ 1
1´x2

¯

, |x| ă 1,

0, |x| ě 1
where C1 is chosen

so that
ş

R κpxq “ 1. Moreover, let χRpxq “ pI2R ˚ κRq pxq be the smooth approximation of the

indicator function of the interval r´2R, 2Rs, where I2Rpxq “ It|x| ď 2Ru and κRpxq “
1
Rκpx{Rq;

in particular, χRpxq “ 1 for |x| ď R and χRpxq “ 0 for |x| ě 3R. Set

ψpxq “ C2φ1px` µqχRpxq

where C2 ą 0 is such that
ş

R ψpxqdx “ 1. Suppose that Y pRq has distribution with density ψ and

note that by construction the laws of X1´µ and Y pRq, conditionally on the events t|X1´µ| ď Ru
and t|Y pRq| ď Ru respectively, coincide. Therefore, there exists a random variable Z independent
from X1 such that

Y
pRq
1 :“

#

X1 ´ µ, |X1 ´ µ| ď R,

Z, |X1 ´ µ| ą R
(14)

also has density ψ. Observe the following properties of Y
pRq
1 : (a) |Y

pRq
1 | ď 3R almost surely;

(b) Eh
´

Y
pRq
1

¯

ď C2Eh pX1 ´ µq for any nonnegative function h – indeed, this follows from the

inequality ψpxq ď C2φ1px` µq; (c)
ˇ

ˇ

ˇ
EY pRq1

ˇ

ˇ

ˇ
ď p1` C2q

E|X1´µ|
qIt|X1´µ|ąRu
Rq´1 . Indeed,

ˇ

ˇ

ˇ
EY pRq1

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
EY pRq1 It|X1 ´ µ| ď Ru ` EY pRq1 It|X1 ´ µ| ą Ru

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
Epµ´X1qIt|X1 ´ µ| ą Ru ` EY pRq1 It|Y

pRq
1 | ą Ru

ˇ

ˇ

ˇ

ď E |X1 ´ µ| It|X1 ´ µ| ą Ru ` C2E |X1 ´ µ| It|X1 ´ µ| ą Ru
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where the last bound follows from property (b) for hpxq “ |x|It|x| ą Ru. It remains to apply

Hölder’s and Markov’s inequalities. The final property of Y
pRq
1 is stated in a lemma below and

is proven in the appendix.

Lemma 1. The characteristic function pψpxq of Y
pRq
1 satisfies

ˇ

ˇ

ˇ

pψ1pxq
ˇ

ˇ

ˇ
ď

C

p1` |x|qδ

for all x P R and a sufficiently large constant C.

Define ρpxq “ |x|. Proceeding as in the proof of Theorem 2.1, we observe that

P
´?

Nppµ´ µq ě
?
t
¯

ď P

¨

˝

a

N{m
`

N
m

˘

ÿ

JPApmqN

ρ1´

´?
m
´

X̄J ´ µ´
a

t{N
¯¯

ě 0

˛

‚. (15)

Our next goal is to show that for sufficiently large R, the U-statistic with kernel ρ1´ appearing
in (15) and evaluated at X1, . . . , XN can be replaced by the U-statistic evaluated over an i.i.d.

sample Y
pRq
1 , . . . , Y

pRq
N where Y

pRq
j is related to Xj according to (14). To this end, recall that

E|X1 ´ µ|
q ă 8, and choose R as R “ cm

1
2pq´1q for some c ą 0. Next, observe that

ÿ

JPApmqN

ρ1´

´?
m
´

X̄J ´ µ´
a

t{N
¯¯

“
ÿ

JPApmqN

´

ρ1´

´?
m
´

Ȳ
pRq
J ´

a

t{N
¯¯

´ Eρ1´,R ` Eρ1´
¯

`
ÿ

JPApmqN

´

ρ1´

´?
m
´

X̄J ´ µ´
a

t{N
¯¯

´ ρ1´

´?
m
´

Ȳ
pRq
J ´

a

t{N
¯¯

´ Eρ1´ ` Eρ1´,R
¯

, (16)

where Eρ1´ “ ρ1´

´?
m
´

X̄J ´ µ´
a

t{N
¯¯

and Eρ1´,R “ Eρ1´
´?

m
´

Ȳ
pRq
J ´

a

t{N
¯¯

. It was

shown in the proof of Theorem 2.1 that

a

N{mEρ1´ ď C
?
k ¨ gpmq ´

?
t

˜

c

2

π
`O

˜

c

t

k

¸¸

“ ´
?
t

c

2

π
p1` op1qq

whenever t ! N{m and t " N
m g2pmq. Let us remark that in view of imposed moment as-

sumptions, gpmq “ O
`

m´pq´2q{2
˘

. Moreover, it follows from Hoeffding’s version of Bernstein’s
inequality for U-statistics (Hoeffding, 1963) that

b

N
m

`

N
m

˘

ÿ

JPApmqN

´

ρ1´

´?
m
´

X̄J ´ µ´
a

t{N
¯¯

´ ρ1´

´?
m
´

Ȳ
pRq
J ´

a

t{N
¯¯

´ Eρ1´ ` Eρ1´,R
¯

ď 2E1{2
´

ρ1´

´?
m
´

X̄rms ´ µ´
a

t{N
¯¯

´ ρ1´

´?
m
´

Ȳ
pRq
rms ´

a

t{N
¯¯¯2?

s
ł 16s

3

c

m

N

with probability at least 1 ´ e´s. We want to choose s ą 0 such that t “ opsq and
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αps,Rq :“ 2E1{2
´

ρ1´

´?
m
´

X̄rms ´ µ´
a

t{N
¯¯

´ ρ1´

´?
m
´

Ȳ
pRq
rms ´

a

t{N
¯¯¯2?

s
ł 16s

3

c

m

N

“ o
´?

t
¯

(17)

as m,N{mÑ8. To estimate

Σ2
m :“ E

´

ρ1´

´?
m
´

X̄rms ´ µ´
a

t{N
¯¯

´ ρ1´

´?
m
´

Ȳ
pRq
rms ´

a

t{N
¯¯¯2

,

note that for any a ą 0, ρ1´

´?
m
´

X̄rms ´ µ´
a

t{N
¯¯

“ ρ1´

´?
m
´

Ȳ
pRq
rms ´

a

t{N
¯¯

whenever
ˇ

ˇ

ˇ

?
m
´

Ȳ
pRq
rms ´

a

t{N
¯
ˇ

ˇ

ˇ
ą a{2,

ˇ

ˇ

ˇ

?
m
´

X̄rms ´ µ´
a

t{N
¯
ˇ

ˇ

ˇ
ą a{2 and

ˇ

ˇ

ˇ

?
m
´

X̄rms ´ µ´ Ȳ
pRq
rms

¯
ˇ

ˇ

ˇ
ď

a, hence

Σ2
m ď 4

´

P
´
ˇ

ˇ

ˇ

?
m
´

Ȳ
pRq
rms ´

a

t{N
¯
ˇ

ˇ

ˇ
ď a

¯

` P
´
ˇ

ˇ

ˇ

?
m
´

X̄rms ´ µ´
a

t{N
¯
ˇ

ˇ

ˇ
ď a

¯¯

` 4P
´
ˇ

ˇ

ˇ

?
m
´

X̄rms ´ µ´ Ȳ
pRq
rms

¯
ˇ

ˇ

ˇ
ą a

¯

.

Up to the additive error term Cgpmq “ O
`

m´pq´2q{2
˘

, the distributions of
?
mX̄rms and

?
mȲ

pRq
rms

can be approximated by the normal distribution, hence

P
´
ˇ

ˇ

ˇ

?
m
´

Ȳ
pRq
rms ´

a

t{N
¯
ˇ

ˇ

ˇ
ď a

¯

` P
´
ˇ

ˇ

ˇ

?
m
´

X̄rms ´ µ´
a

t{N
¯
ˇ

ˇ

ˇ
ď a

¯

ď Cpa` gpmqq.

Moreover,

P
´
ˇ

ˇ

ˇ

?
m
´

X̄rms ´ µ´ Ȳ
pRq
rms

¯
ˇ

ˇ

ˇ
ą a

¯

“ P

˜
ˇ

ˇ

ˇ

ˇ

ˇ

1
?
m

m
ÿ

j“1

Y
pRq
j It|Y

pRq
j | ą Ru

ˇ

ˇ

ˇ

ˇ

ˇ

ě a

¸

ď P

˜
ˇ

ˇ

ˇ

ˇ

ˇ

1
?
m

m
ÿ

j“1

Y
pRq
j It|Y

pRq
j | ą Ru ´ E

´

Y
pRq
j It|Y

pRq
j | ą Ru

¯

ˇ

ˇ

ˇ

ˇ

ˇ

ě a´
?
m
ˇ

ˇ

ˇ
EY pRqj It|Y

pRq
j | ą Ru

ˇ

ˇ

ˇ

¸

ď C2
E|X1 ´ µ|

2It|X1 ´ µ| ą Ru

pa´ C2

?
m |EpX1 ´ µqIt|X1 ´ µ| ą Ru|q

2

ď
E|X1 ´ µ|

qIt|X1 ´ µ| ą Ru

Rq´2 pa´ C2

?
m |EpX1 ´ µqIt|X1 ´ µ| ą Ru|q

2 (18)

where we used property (b) of Y
pRq
1 along with Hölder’s and Markov’s inequalities. It is also clear

that
?
m |EpX1 ´ µqIt|X1 ´ µ| ą Ru| ď

?
mE|X1 ´ µ|

qIt|X1 ´ µ| ą Ru

Rq´1
,

therefore, for R “ cm
1

2pq´1q specified before,
?
m |EpX1 ´ µqIt|X1 ´ µ| ą Ru| “ op1q. Setting

a “ 2C2

?
mE1{2

|X1´µ|
qIt|X1´µ|ąRu

Rq´1 , one easily checks that the right-hand side in (18) is at most

CR´pq´2q “ C 1m´
q´2

2pq´1q . whence Σ2
m “ op1q. Therefore, there exists a function op1q such that

setting s “ t{op1q yields the stated goal, namely, that t “ opsq and αps,Rq “ op
?
tq where αps,Rq

was defined in (17). Combined with (16), it implies that

P
´?

Nppµ´ µq ě
?
t
¯

ď op1q ¨ e´t
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` P

¨

˝

b

N
m

`

N
m

˘

ÿ

JPApmqN

´

ρ1´

´?
m
´

Ȳ
pRq
J ´

a

t{N
¯¯

´ Eρ1´,R
¯

ě
?
t

c

2

π
p1` op1qq

˛

‚. (19)

Note that the U-statistic in the display above is now a function of bounded random variables,
hence we can apply Corollary 4.1 with γ2 “ 0. As }ρ1´}8 “ 1, condition (ii) of the corollary

holds. Let
a

m
N

řN
j“1 h

p1qpY
pRq
j q be the first term in Hoeffding decomposition of the U-statistic

a

N{m
`

N
m

˘

ÿ

JPApmqN

´

ρ1´

´?
m
´

Ȳ
pRq
J ´ EY pRq1 ´

a

t{N ` EY pRq1

¯¯

´ Eρ1´,R
¯

.

Following the lines of the proof of Theorem 3.1 and recalling that
?
m
ˇ

ˇ

ˇ
EY pRq1

ˇ

ˇ

ˇ
“ op1q in view of

property (c) of Y
pRq
1 and the choice of R, we deduce that

Var
´?

mhp1qpY
pRq
1 q

¯

“
2

π
p1` op1qq

where op1q Ñ 0 as m,N{mÑ8, validating assumption (iii) of the corollary. It remains to verify
assumption (i) and specify the value of jmax. Recall that ρ1´pxq “ Itx ě 0u ´ Itx ă 0u and let
rY
pRq
j stand for Y

pRq
j ´EY pRqj . The function fjpu1, . . . , ujq appearing in the statement of Theorem

4.1 can therefore be expressed as

fjpu1, . . . , ujq “ Eρ1´

˜

1
?
m

j
ÿ

i“1

ui `

c

m´ j

m

řm
i“j`1

rY
pRq
i

?
m´ j

´

c

tm

N
`
?
mEY pRq1

¸

“ Eρ1´

˜

1
?
m

j
ÿ

i“1

ui `

c

m´ j

m

řm
i“j`1

rY
pRq
i

?
m´ j

´

c

tm

N
`
?
mEY pRq1

¸

“ 2Φm´j

˜

1
?
m´ j

j
ÿ

i“1

ui ´

c

m

m´ j

˜

c

tm

N
`
?
mEY pRq1

¸¸

´ 1

where for any integer k ě 1, Φk stands for the cumulative distribution function of 1?
k

řk
j“1

rY
pRq
j

and φk is the corresponding density function that exists by assumption. Consequently,

Buj . . . Bu1
f1pu1, . . . , ujq “

2

pm´ jqj{2
φ
pj´1q
m´j

˜

1
?
m´ j

j
ÿ

i“1

ui ´

c

m

m´ j

˜

c

tm

N
`
?
mEY pRq1

¸¸

.

The following lemma demonstrates that Theorem 4.1 applies with γ1 “ 1{2 and that jmax “
m

logpmq op1q in the statement of Corollary 4.1.

Lemma 2. Let assumptions of Theorem 5.1 hold. Then for m large enough and j “ opm{ logmq,

›

›

›
φ
pj´1q
m´j

›

›

›

8
ď C

ˆ

2j

e

˙j{2

for a sufficiently large constant C “ CpP q.



/Robust ERM 21

We postpone the proof of this lemma until section 7.6. As all the necessary conditions have
been verified, the bound of Corollary 4.1 applies. Recalling that t " N

m g2pmq and that gpmq ď

C E|X1´µ|
q

mpq´2q{2 , Corollary 4.1 yields that the probability in the right-hand side of inequality (19) can

be bounded from above by exp
´

´ t
2σ2p1`op1qq

¯

for all

N

mq´1
! t ď qpN,mq (20)

whenever

qpN,mq “ min

ˆ

N

mR2
,

N

m log2
pNq

˙

¨ o p1q as N{mÑ8.

To get the expression for the second term in the minimum above from the bound of the corollary,

it suffices to consider the cases when m ě
?
N

logpNqop1q and m ď
?
N

logpNqop1q separately; we omit

the simple algebra. Since R “ cm
1

2pq´1q , (20) in only possible when q ´ 2 ą 1
q´1 , implying the

requirement q ą 3`
?
5

2 . The final form of the bound stating that

P
´?

Nppµ´ µq ě σ
?
t
¯

ď exp

ˆ

´
t

2p1` op1qq

˙

uniformly for all N
mq´1 ! t ! N

m
q
q´1_m log2pNq

. The argument needed to estimate P
`
?
Nppµ´ µq ď ´σ

?
t
˘

is identical.

6. Open questions.

Several potentially interesting questions and directions have not been addressed in this paper.
We summarize few of them below.

(i) First is the question related to assumptions in Theorem 5.1: does it still hold for distri-
butions with only 2` ε moments? And can the assumptions requiring absolute continuity
and a bound on the rate of decay of the characteristic function be dropped? For example,
Corollary 3.1 holds for lattice distributions as well.

(ii) It is known that (Hanson and Wright, 1971) the sample mean based on i.i.d. observations
from the multivariate normal distribution Npµ,Σq satisfies the inequality

›

›X̄N ´ µ
›

›

2
ď

c

tracepΣq

N
`

c

2t}Σ}

N

with probability at least 1 ´ e´t. Does there exist an estimator of the mean that achieves
this bound (up to op1q factors) for the heavy-tailed distributions? Partial results in this
direction have been recently obtained by Lee and Valiant (2022).

(iii) Exact computation of the estimator pµN is infeasible, as it requires evaluation and sorting of
—

`

N
m

˘m
sample means. Therefore, it is interesting to understand whether it can be replaced

by med
`

X̄J , J P B
˘

where B is a (deterministic or random) subset of ApmqN of much smaller
cardinality, while preserving the deviation guarantees. For instance, it is easy to deduce
from results on incomplete U-statistics in section 4.3 of the book by Lee (2019) combined
with the proof of Corollary 3.1 that if B consists of M subsets selected at random with
replacement from Am

N , then the asymptotic distribution of
?
N

`

med
`

X̄J , J P B
˘

´ µ
˘

is
still Np0, σ2q as long as M " N . However, establishing results in spirit of Theorem 5.1 in
this framework appears to be more difficult.
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7. Remaining proofs.

The proofs omitted in the main text are presented in this section.

7.1. Technical tools.

Let us recall the definition of Hoeffding’s decomposition (Hoeffding, 1948) and closely related
concepts that are at the core of many arguments related to U-statistics. Assume that Y1, . . . , YN
are i.i.d. random variables with distribution PY . Recall that ApmqN “ tJ Ď rN s : |J | “ mu and
that the U-statistic with permutation-symmetric kernel hm is defined as

UN,m “
1

`

N
m

˘

ÿ

JPApmqN

hmpYi, i P Jq,

where we assume that Ehm “ 0. Moreover, for j “ 1, . . . ,m, define the projections

pπjhmqpy1, . . . , yjq :“ pδy1 ´ PY q ˆ . . .ˆ pδyj ´ PY q ˆ P
m´j
Y hm. (21)

For brevity and to ease notation, we will often write h
pjq
m in place of πjhm. The variances of these

projections will be denoted by

δ2j :“ Var
´

hpjqm pY1, . . . , Yjq
¯

.

In particular, δ2m “ Varphmq. It is well known (Lee, 2019) that h
pjq
m can be viewed geometri-

cally as orthogonal projections of hm onto a particular subspace of L2pP
m
Y q. The kernels h

pjq
m

have the property of complete degeneracy, meaning that Ehpjqm py1, . . . , yj´1, Yjq “ 0 for PY -

almost all y1, . . . , yj´1 while h
pjq
m pY1, . . . , Yjq is non-zero with positive probability. One can eas-

ily check that hpy1, . . . , ymq “
řm
j“1

ř

JĎrms:|J|“j h
pjq
m pyi, i P Jq, in particular, the partial sum

řk
j“1

ř

JĎrms:|J|“j h
pjq
m pyi, i P Jq is the best approximation of hm, in the mean-squared sense, in

terms of sums of functions of at most k variables. The Hoeffding decomposition states that (see
(Hoeffding, 1948) as well as the book by Lee (2019))

UN,m “
m
ÿ

j“1

ˆ

m

j

˙

U
pjq
N,m, (22)

where U
pjq
N,m are U-statistics with kernels h

pjq
m , namely U

pjq
N,m :“ 1

pNj q

ř

JPApjqN

h
pjq
m pYi, i P Jq. More-

over, all terms in representation (22) are uncorrelated.
Next, we recall some useful moment bounds, found for instance in the book by de la Pena and

Gine (1999), for the Rademacher chaos variables. Let ε1, . . . , εN be i.i.d. Rademacher random

variables (random signs), taJ , J P AplqN u Ă R, and Z “
ř

JPAplqN
aJ

ś

iPJ εi. Here,
ś

iPJ εi “

εi1 ¨ . . . ¨ εil for J “ ti1, . . . , ilu.

Fact 1 (Bonami inequality). Let σ2pZq “ VarpZq “
ř

JPAplqN
a2J . Then for any q ą 2,

E|Z|q ď pq ´ 1q
ql{2 `

σ2pZq
˘q{2

.
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Now we state a version of the symmetrization inequality for completely degenerate U-statistics
due to Sherman (1994), also see the paper by Song et al. (2019) for the modern exposition of the
proof. The main feature of this inequality, put forward by Song et al. (2019), is the fact that its
proof does not rely on decoupling, and yields constants that do not grow too fast with the order
of U-statistics.

Fact 2. Let h be a completely degenerate kernel of order l, and Φ – a convex, nonnegative, non-
decreasing function. Moreover, assume that ε1, . . . , εN are i.i.d. Rademacher random variables.
Then

EΦ

˜

ÿ

1ďj1ă...ăjlďN

hpYj1 , . . . , Yjlq

¸

ď EΦ

˜

2l
ÿ

1ďj1ă...ăjlďN

εj1 . . . εjlhpYj1 , . . . , Yjlq

¸

.

Next is the well-known identity, due to Hoeffding (1963), that allows to reduce many problems
for non-degenerate U-statistics to the corresponding problems for the sums of i.i.d. random
variables.

Fact 3. The following representation holds:

UN,m “
1

N !

ÿ

π

Wπ,

where the sum is over all permutations π : rN s ÞÑ rN s, and

Wπ “
1

k

`

hm
`

Yπp1q, Yπp2q, . . . , Yπpmq
˘

` . . .` hm
`

Yπppk´1qm`1q, Yπppk´1qm`2q, . . . , Yπpkmq
˘˘

for k “ tN{mu.

Finally, we state a version of Rosenthal’s inequality for the moments of sums of independent,
nonnegative random variables with explicit constants, see (Boucheron et al., 2013; Chen et al.,
2012).

Fact 4. Let Y1, . . . , YN be independent random variables such that Yj ě 0 with probability 1 for
all j P rN s. Then for any q ě 1,

˜

E

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

Yj

ˇ

ˇ

ˇ

ˇ

ˇ

q¸1{q

ď

¨

˝

˜

N
ÿ

j“1

EYj

¸1{2

` 2
?
eq

ˆ

E max
j“1,...,N

Y qj

˙1{2q
˛

‚

2

.

7.2. Proof of Theorem 3.1.

Recall that

hpjqm py1, . . . , yjq :“ pδy1 ´ PY q ˆ . . .ˆ pδyj ´ PY q ˆ P
m´j
Y hm,

δ2j :“ Var
´

hpjqm pY1, . . . , Yjq
¯

.

It is easy to verify that

hmpY1, . . . , Ymq “ pδY1
´PY `PY qˆ . . .ˆpδYm´PY `PY qhm “

m
ÿ

j“1

ÿ

JĎrms:|J|“j

hpjqm pYi, i P Jq
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and that the terms in the sum above are mutually orthogonal, yielding that

Var phmpY1, . . . , Ymqq “
m
ÿ

j“1

ˆ

m

j

˙

δ2j . (23)

Moreover, as a corollary of Hoeffding’s decomposition, one can get the well known identities

VarpUN,mq “
m
ÿ

j“1

`

m
j

˘2

`

N
j

˘ δ2j , VarpSN,mq “
m2

N
δ21 ,

VarpUN,m ´ SN,mq “ VarpUN,mq ´VarpSN,mq “
m
ÿ

j“2

`

m
j

˘2

`

N
j

˘ δ2j .

See Chapters 1.6 and 1.7 in the book by Lee (2019) for detailed derivations of these facts. The
simple but key observation following from equation (23) is that for any j P rms, Varphmq ě

`

m
j

˘

δ2j ,
or

δ2j ď
Varphmq
`

m
j

˘ . (24)

Therefore,

VarpUN,m ´ SN,mq “
m
ÿ

j“2

`

m
j

˘2

`

N
j

˘ δ2j ď Varphq
m
ÿ

j“2

`

m
j

˘

`

N
j

˘ ď Varphq
ÿ

jě2

´m

N

¯j

“ Varphq
´m

N

¯2

p1´m{Nq
´1
, (25)

where we used the fact that
pmj q

pNj q
ď

`

m
N

˘j
for m ď N : indeed, the latter easily follows from

the identity
pmj q

pNj q
“

mpm´1q...pm´j`1q
NpN´1q...pN´j`1q . It is well known (Hoeffding, 1948) that Var

`

hp1qpY1q
˘

ď

Varphmq
m , therefore the condition VarphmpY1,...,Ymqq

Var
´

h
p1q
m pY1q

¯ “ opNq imposed on the ratio of variances implies

that m “ opNq. Therefore, for m,N large enough (so that m{N ď 1{2),

VarpUN,m ´ SN,mq

VarpSN,mq
ď 2

Varphmq
`

m
N

˘2

δ21m
2{N

“ 2
Varphmq

Nδ21
“ op1q

by assumption, yielding that
UN,m´SN
Var1{2pSN q

“ oP p1q as N,mÑ8.

7.3. Proof of Theorem 4.1.

We are going to estimate E|VN,j |q for an arbitrary q ą 2. It follows from the symmetrization
inequality (Fact 2) followed by the moment bound stated in Fact 1 that

E|VN,j |q ď 2jq EXEε

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

m
j

˘1{2

`

N
j

˘1{2

ÿ

pi1,...,ijqPApjqN

εi1 . . . εijh
pjq
m pXi1 , . . . , Xij q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

q

ď 2jqpq ´ 1qjq{2E

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

m
j

˘

`

N
j

˘

ÿ

pi1,...,ijqPApjqN

´

hpjqm pXi1 , . . . , Xij q

¯2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

q{2

.
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Next, Hoeffding’s representation of the U-statistic (Fact 3) together with Jensen’s inequality
yields that

E

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

m
j

˘

`

N
j

˘

ÿ

pi1,...,ijqPApjqN

´

hpjqm pXi1 , . . . , Xij q

¯2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

q{2

ď E

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

m
j

˘

tN{ju

tN{ju
ÿ

i“1

Wi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

q{2

,

where Wi :“
´

h
pjq
m pXpi´1qj`1, . . . , Xijq

¯2

. We are going to estimate Emaxj“1,...,tN{ju W
p
j in two

different ways. First, recall that

hpjqm px1, . . . , xjq :“ pπjhmqpx1, . . . , xjq “ pδx1 ´ PXq ˆ . . .ˆ pδxj ´ PXq ˆ P
m´j
X hm.

Therefore, pπjhqpx1, . . . , xjq is a linear combination of 2j terms of the form
ś

iPI δxi P
m´|I|
X hm,

for all choices of I Ď rjs. Consequently, |pπjhmqpx1, . . . , xjq|
2
ď 22j}hm}

2
8, and the same

bound also holds (almost surely) for the maximum of Wj ’s. Therefore, Emaxj“1,...,tN{ju W
p
j ď

22jp}hm}
2p
8 and E

´

`

m
j

˘

W1

¯p

ď p2eq2jp
´

m
j

¯jp

}hm}
2p
8 . Moreover, equation (24) in the proof of

Theorem 3.1 implies that EW1 ď
Varphmq

pmj q
. Therefore, Rosenthal’s inequality for nonnegative

random variables (Fact 4) entails that for q ě 2,

E

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

m
j

˘

tN{ju

tN{ju
ÿ

i“1

Wi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

q{2

ď Cq{2

˜

Varq{2phm `
´q

2

¯q{2
ˆ

j

N

˙q{2

E
ˆˆ

m

j

˙

max
j“1,...,tN{ju

W1

˙q{2
¸

ď Cq{2

˜

Varq{2phmq `
´q

2

¯q{2
ˆ

j

N

˙q{2

p2eqjq
ˆ

m

j

˙jq{2

}hm}
q
8

¸

and

E|VN,j |q ď pCq1{2qqj
˜

Varq{2phmq _

˜

ˆ

qj

N

˙1{2ˆ
m

j

˙j{2

}hm}8

¸q¸

.

Markov’s inequality therefore yields that

P

˜

|VN,j | ě pC1qq
j{2

˜

Var1{2phmq _

ˆ

qj

N

˙1{2ˆ
m

j

˙j{2

}hm}8

¸¸

ď e´q.

Let Apqq “ pC1qq
j{2Var1{2phmq and Bpqq “ }hm}8

`

qj
N

˘1{2
ˆ

C1q
1{2

´

m
j

¯1{2
˙j

. If t “ Apqq_Bpqq,

then q “ A´1ptq ^ B´1ptq. We can solve the inequalities explicitly to get, after some algebra,
that

Pp|VN.j | ě tq ď exp

¨

˚

˚

˝

min

¨

˚

˚

˝

1

c

ˆ

t2

Varphmq

˙

1
j

,

´

t
}hm}8

b

N
j

¯
2
j`1

´

cm
j

¯

j
j`1

˛

‹

‹

‚

˛

‹

‹

‚

. (26)

Remark 5. Whenever |X1 ´ EX1| ď M almost surely, the inequality |pπjhmqpx1, . . . , xjq| ď
2j}hm}8 can be replaced by the bound |pπjhmqpx1, . . . , xjq| ď C

›

›Buj . . . Bu1
fj
›

›

8
p2Mqj which
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follows from Lemma 3 below. Combined with the assumption stating that
›

›Buj . . . Bu1fj
›

›

8
ď

´

C1pP q
m

¯j{2

jγ1j, one easily finds that the resulting concentration inequality reads as follows:

Pp|VN.j | ě tq ď exp

¨

˝min

¨

˝

1

c

ˆ

t2

Varphmq

˙

1
j

,

˜

t
a

N{j
`

cMjγ1´1{2
˘j

¸
2
j`1

˛

‚

˛

‚.

This bound holds for all t ą 0 and is usually sharper than (26).

The bound (26) is mostly useful only when m
j is not too large. Now we will present a second

way to estimate Emaxj“1,...,tN{ju W
p
j that will yield much better inequalities for small values of

j and is valid when X1 is not necessarily supported on a bounded interval. The key technical
element that we rely on is the following lemma that allows one to control the growth of moments
of W1 with respect to m. Define

fjpx1, . . . , xjq :“ Ehmpx1, . . . , xj , Xj`1, . . . , Xmq.

Lemma 3. Let conditions of the theorem hold and let σ2 “ VarpX1q. Then there exists C “

CpP q ą 0 such that

|pπjhmqpX1, . . . , Xjq| ď C
›

›Buj . . . Bu1
fj
›

›

8

j
ź

i“1

p|Xi ´ EXi| ` σq

with probability 1. Moreover, for any p ą 2,

E |pπjhmqpX1, . . . , Xjq|
p
ď Cpj

›

›Buj . . . Bu1fj
›

›

p

8
pE |X1 ´ EX1|

p
q
j
.

The proof of the lemma is outlined in section 7.4. As
›

›Buj . . . Bu1fj
›

›

8
ď

´

C1pP q
m

¯j{2

jγ1j by

assumption, the second bound of the lemma can be written as

E |pπjhmqpX1, . . . , Xjq|
p
ď Cpj2 m´jp{2jγ1pj pE |X1 ´ EX1|

p
q
j
.

Recall that νk “ E1{k|X1 ´ EX1|
k and that under the stated assumptions, νk ď kγ2M for all

integers k ě 2 and some γ2,M ą 0. Therefore,

EW p
1 ď C2pjj2γ1p jm´pjν2pj2p ď

´

C 1Mjγ1m´1{2pγ2
¯2pj

,

and consequently E
´

`

m
j

˘

W1

¯p

ď
`

C 1Mjγ1´1{2pγ2
˘2pj

. The rest of the argument proceeds in a

similar way as before. Recall again that EW1 ď
Varphmq

pmj q
. Rosenthal’s inequality for nonnegative

random variables (Fact 4) implies that for q ě 2,

E

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

m
j

˘

tN{ju

tN{ju
ÿ

i“1

Wi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

q{2

ď Cq{2

˜

Varq{2phmq `
´q

2

¯q{2
ˆ

j

N

˙q{2

E
ˆˆ

m

j

˙

max
j“1,...,tN{ju

W1

˙q{2
¸

.

With the inequality for EW p
1 in hand, the expectation E

´

`

m
j

˘

maxj“1,...,tN{ju W1

¯q{2

can be

upper bounded in two ways: first, trivially,

E
ˆˆ

m

j

˙

max
j“1,...,tN{ju

W1

˙q{2

ď tN{juE
ˆˆ

m

j

˙

W1

˙q{2

ď tN{ju
´

C1Mjγ1´1{2qγ2
¯qj

.
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On the other hand, for any identically distributed ξ1, . . . , ξk and any p ą 1, Emaxj“1,...,k |ξj | ď
k1{p maxj“1,...,k E1{p|ξj |

p. Choosing ξj “
`

m
j

˘

Wj and p “ tlogpN{jqu`1, we obtain the inequality

E
ˆˆ

m

j

˙

max
j“1,...,tN{ju

W1

˙q{2

ď plogpN{jqq
γ2qj

´

C1Mjγ1´1{2qγ2
¯qj

.

The second bound is better for q ď logpN{jq
γ2j log logpN{jq , therefore we get an estimate

E

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

m
j

˘

tN{ju

tN{ju
ÿ

i“1

Wi

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

q{2

ď Cq{2

˜

Varq{2phmq `

˜

Cj3

ˆ

qj

N

˙1{2
´

logγ2pN{jqMjγ1´1{2qγ2
¯j
¸q¸

and

E|VN,j |q ď pCq1{2qqj
˜

Varq{2phmq _

˜

ˆ

qj

N

˙1{2
´

logγ2pN{jqMjγ1´1{2qγ2
¯j
¸q¸

that we will use for 2 ď q ď logpN{jq
γ2j

, while for larger values of q, pN{jq1{q ď eγ2j and

E|VN,j |q ď pCq1{2qqj
˜

Varq{2phmq _

˜

ˆ

qj

N

˙1{2
´

Mjγ1´1{2qγ2
¯j
¸q¸

.

Markov’s inequality therefore yields that for small values of q (that is, whenever 2 ď q ď logpN{jq
γ2j

),

P

˜

|VN,j | ě pCqq
j{2

˜

Var1{2phmq _

ˆ

qj

N

˙1{2
´

logγ2pN{jqMjγ1´1{2qγ2
¯j
¸¸

ď e´q.

Let Apqq “ pCqqj{2Var1{2phmq and Bpqq “
`

qj
N

˘1{2 `
Cq1{2 logγ2pN{jqMjγ1´1{2qγ2

˘j
. If t “ Apqq_

Bpqq, then q “ A´1ptq ^ B´1ptq. Solving these inequalities explicitly to get, after some algebra,
that

Pp|VN,j | ě tq ď exp

¨

˝min

˜

1

c

ˆ

t2

Varphmq

˙

1
j

,

˜

t
a

N{j
`

c logγ2pN{jqMjγ1´1{2
˘j

¸¸

2
1`jp2γ2`1q

˛

‚

for values of t satisfying 2 ď min

˜

1
c

´

t2

Varphmq

¯
1
j

,

ˆ

t
?
N{j

pc logγ2 pN{jqMjγ1´1{2q
j

˙
2

1`jp2γ2`1q

¸

ď
logpN{jq
γ2j

.

Similarly, for q ě max
´

2, logpN{jqγ2j

¯

, the previously established bounds yield that

P

˜

|VN,j | ě pCqq
j{2

˜

Var1{qphmq _

ˆ

qj

N

˙1{2
´

Mjγ1´1{2qγ2
¯j
¸¸

ď e´q,

or equivalently

Pp|VN,j | ě tq ď exp

¨

˝min

˜

1

c

ˆ

t2

Varphmq

˙

1
j

,

˜

t
a

N{j
`

cMjγ1´1{2
˘j

¸¸

2
1`jp2γ2`1q

˛

‚ (27)

whenever min

ˆ

1
c

´

t2

Varphmq

¯
1
j

,

ˆ

t
?
N{j

pcMjγ1´1{2q
j

˙˙

2
1`jp2γ2`1q

ě max
´

2, logpN{jqγ2j

¯

. Combination of

inequalities (26) and (27) yields the final result.
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7.4. Proof of Lemma 3.

Recall that fjpx1, . . . , xjq “ Ehm
´

x1?
m
, . . . ,

xj?
m
,
Xj`1?
m
, . . . , Xm?

m

¯

where j ă m. It is easy to see

from the definition of πj that pπjhqpx1, . . . , xjq “ pπjfjqpx1, . . . , xjq. Next, observe that for any
function g : Rj´1 ÞÑ R of j ´ 1 variables such that Eg2pX1, . . . , Xj´1q ă 8, πjg “ 0 P j´1-
almost everywhere. Indeed, this follows immediately from the definition (21) of the operator
πj since g is a constant when viewed as a function of yj . Based on this fact, it is easy to
see that for any constant a P R, fjpx1, . . . , xjq and fjpx1, . . . , xjq ´ fj |x1“apx2, . . . , xjq, where
fj |x1“apx2, . . . , xjq :“ fjpa, x2, . . . , xjq, are mapped to the same function by πj . In particular,
pπjhqpx1, . . . , xjq “ pπjpfj ´ fj |x1“aqq px1, . . . , xjq. Moreover,

fjpx1, . . . , xjq ´ fj |x1“apx2, . . . , xjq “

ż x1

a

Bu1fjpu1, x2, . . . , xjqdu1

Next, we repeat the same argument with fj replaced by

fj,2px2, . . . , xj ;u1q :“ Bu1
fjpu1, x2, . . . , xjq

and noting that

fj,2px2, . . . , xj ;u1q ´ f2,j |x2“apx3, . . . , xj ;u1q “

ż x2

a

Bu2
fj,2pu2, x3, . . . , xj ;u1qdu2.

The expression
şx1

a
fj,2|x2“apx3, . . . , xj ;u1qdu1 is a function of j ´ 1 variables, hence πj maps it

to 0 so that

pπjhmqpx1, . . . , xjq “ πj

ˆ
ż x1

a

ż x2

a

Bu2fj,2pu2, x3, . . . , xj ;u1qdu2du1

˙

.

Iterating this process, we arrive at the expression

pπjhmqpx1, . . . , xjq “ πj

ˆ
ż x1

a

. . .

ż xj

a

Buj . . . Bu1
fjpu1, . . . , ujqduj . . . du1

˙

.

Next, observe that for any function g of j variables,

pπjgqpx1, . . . , xjq “ pδx1 ´ PXq ˆ . . .ˆ pδxj ´ PXqg “ EX̃
”

pδx1 ´ δX̃1
q ˆ . . .ˆ pδxj ´ δX̃j qg

ı

,

where X̃1, . . . , X̃j are i.i.d. with the same law as X, and independent from X1, . . . , XN . Therefore,

pπjhmqpx1, . . . , xjq is a linear combination of 2j terms of the form EX̃
´

ś

iPI δxi
ś

jPIc δX̃j g
¯

,

for all choices of I Ď rjs and

gpx1, . . . , xjq “

ż x1

a

. . .

ż xj

a

Buj . . . Bu1
fjpu1, . . . , ujqduj . . . du1.

Take a :“ EX1, and note that

|pπjhmqpx1, . . . , xjq| ď
›

›Buj . . . Bu1fj
›

›

8

ÿ

IĎrjs

ź

iPI

|xi ´ a|
ź

jPIc

E|X̃i ´ a|

ď
›

›Buj . . . Bu1fj
›

›

8

ÿ

IĎrjs

ź

iPI

|xi ´ a| ¨ σ
|Ic| “

›

›Buj . . . Bu1fj
›

›

8

j
ź

i“1

p|xi ´ EX1| ` σq .
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The first claim of the lemma follows. To deduce the moment bound, observe that since X1, . . . , Xj , X̃1, . . . , X̃j

are i.i.d. and in view of convexity of the function x ÞÑ |x|p for p ě 1,

E |pπjhmqpX1, . . . , Xjq|
p
ď 2pp´1qjE

ˇ

ˇ

ˇ

ˇ

ˇ

ż X1

a

. . .

ż Xj

a

Buj . . . Bu1
fjpu1, . . . , ujq duj . . . du1

ˇ

ˇ

ˇ

ˇ

ˇ

p

ď 2pp´1qj
›

›Buj . . . Bu1
fj
›

›

p

8
E |pX1 ´ EX1q . . . pXj ´ EXjq|

p
.

for a “ EX1.

7.5. Proof of Lemma 1.

As ψpxq is integrable, its Fourier transform equals C2
pφ1 ˚ pχR, while pχR “ pκR ¨ pI2R. It is well

known (e.g. Johnson, 2015) that pκpxq ď C3e
´
?
|x|, hence pκRpxq “ pκpRxq ď C3e

´
?
R|x|. Moreover,

pI2Rpxq “
sinp2Rxq

x . Therefore, for |x| large enough,

ˇ

ˇ

ˇ

pψpxq
ˇ

ˇ

ˇ
“ C2

ˇ

ˇ

ˇ

ˇ

ż

R
pφ1px´ yqpχRpyqdy

ˇ

ˇ

ˇ

ˇ

“ C2

¨

˚

˝

ż

y:|y´x|ě|x|{2

pφ1px´ yqpχRpyqdy `

ż

y:|y´x|ă|x|{2

pφ1px´ yqpχRpyqdy

˛

‹

‚

.

To estimate the first integral, note that pφ1px´ yq ď
C1

p1`|x|{2qδ
ď C12

δ

p1`|x|qδ
whenever |y´x| ě |x|{2

and that pI2Rpxq ď 2R, implying that

ˇ

ˇ

ˇ

ˇ

ˇ

ż

y:|y´x|ě|x|{2

pφ1px´ yqpχRpyqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ď
C4

p1` |x|qδ

ż

R
e´
?
R|x|dpRxq “

C5

p1` |x|qδ
.

On the other hand,

ˇ

ˇ

ˇ

ˇ

ˇ

ż

y:|y´x|ă|x|{2

pφ1px´ yqpχRpyqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ď C6

ˇ

ˇ

ˇ

ˇ

ˇ

ż x`|x|{2

x´|x|{2

e´
?
R|x| sinp2Rxq

x
dx

ˇ

ˇ

ˇ

ˇ

ˇ

ď C7

ż 3R|x|{2

R|x|{2

e´
?
zdz ď C8e

´
?
R|x|{2

a

R|x|.

Clearly, the last expression is smaller than C9

p1`|x|qδ
, implying the desired result.

7.6. Proof of Lemma 2.

The proof proceeds using the standard Fourier-analytic tools. Let pφ1 :“ Frφ1s be the Fourier

transform of φ1, whence F rφm´js ptq “
´

pφ1

´

t?
m´j

¯¯m´j

. Therefore,

φ
pj´1q
m´j ptq “

1

2π

ż

R
exp p´itxq pixqj´1

ˆ

pφ1

ˆ

x
?
m´ j

˙˙m´j

dx
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and
›

›

›
φ
pj´1q
m´j

›

›

›

8
ď 1

2π

ş

R |x|
j´1

ˇ

ˇ

ˇ

pφ1

´

x?
m´j

¯
ˇ

ˇ

ˇ

m´j

dx “ pm´jqj{2

2π

ş

R |x|
j´1

ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ

m´j

dx. As
ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ
ď

C1

p1`|x|qδ
by assumption, the integral is finite when δpm ´ jq ą j (in particular, this inequality

holds when m is large enough and j “ opmq as m Ñ 8). To get an explicit bound, we will
estimate the integral over r´η, ηs and Rzr´η, ηs separately, for a specific choice of η ą 0. To

this end, observe that pφ1pxq “ ψσpxq ` opx2q where ψσpxq “ exp
´

´σ2x2

2

¯

is the characteristic

function of the normal law Np0, σ2q. Therefore, there exists η ą 0 such that for all |x| ď η,
ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ
ď exp

´

´σ2x2

4

¯

, and

pm´ jqj{2
ż η

´η

|x|j´1
ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ

m´j

dx ď pm´ jqj{2
ż

R
|x|j´1 exp

ˆ

´
σ2x2pm´ jq

4

˙

dx

“

ż

R
|y|j´1 exp

ˆ

´
σ2y2

4

˙

dy “
2j

σj
Γ

ˆ

j

2

˙

where we used the exact expression for the absolute moments of the normal distribution. As

Γpx ` 1q ď C2

?
2πx

`

x
e

˘x
for all x ě 1 and an absolute constant C2 large enough, 2j

σj Γ
`

j
2

˘

ď

C2

σj

`

2j
e

˘j{2
. At the same time,

pm´ jqj{2
ż

Rzr´η,ηs
|x|j´1

ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ

m´j

dx “ pm´ jqj{2
ż

Rzr´p2C1q2{δ,p2C1q2{δs

|x|j´1
ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ

m´j

dx

` pm´ jqj{2
ż

r´p2C1q2{δ,p2C1q2{δszr´η,ηs

|x|j´1
ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ

m´j

dx

where C1 ě 1 is a constant such that
ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ
ď C1

p1`|x|qδ
. The first term can be estimated via

pm´ jqj{2
ż

Rzr´p2C1q2{δ,p2C1q2{δs

|x|j´1
ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ

m´j

dx

ď Cm´j1 pm´ jqj{2
ż

Rzr´p2C1q2{δ,p2C1q2{δs

|x|j´1

p1` |x|qδpm´jq
dx

ď
2Cm´j1 pm´ jqj{2

δpm´ jq ´ j

1

p2C1q
2pm´jq´2j{δ

.

Whenever m ą 2j ` 2j{δ, we can bound the last expression from above by C3m
j{22´m. Finally,

as sup|x|ąη |
pφ1pxq| ď 1´ γ for some 0 ă γ ă 1,

pm´ jqj{2
ż

r´p2C1q2{δ,p2C1q2{δszr´η,ηs

|x|j´1
ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ

m´j

dx ď 2pm´ jqj{2p1´ γqm´j
p2C1q

2j{δ

j
.

Putting the estimates together, we deduce that

›

›

›
φ
pj´1q
m´j

›

›

›

8
ď
pm´ jqj{2

2π

ż

R
|x|j´1

ˇ

ˇ

ˇ

pφ1pxq
ˇ

ˇ

ˇ

m´j

dx

ď
C2

σj

ˆ

2j

e

˙j{2

` C3m
j{22´m ` C4

´

p2C1q
4{δm

¯j{2

p1´ γqm´j .
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Whenever j “ opm{ logmq, the last two terms in the sum above are negligible so that for m large
enough,

›

›

›
φ
pj´1q
m´j

›

›

›

8
ď
C5

σj

ˆ

2j

e

˙j{2

,

as claimed.
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