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AN IMMERSED CROUZEIX-RAVIART FINITE ELEMENT

METHOD FOR NAVIER-STOKES EQUATIONS WITH MOVING

INTERFACES

JIN WANG, XU ZHANG, AND QIAO ZHUANG*

Abstract. In this article, we develop a Cartesian-mesh finite element method for solving Navier-
Stokes interface problems with moving interfaces. The spatial discretization uses the immersed
Crouzeix-Raviart nonconforming finite element introduced in [29]. A backward Euler full-discrete

scheme is developed which embeds Newton’s iteration to treat the nonlinear convective term. The
proposed IFE method does not require any stabilization terms while maintaining its convergence
in optimal order. Numerical experiments with various interface shapes and jump coefficients
are provided to demonstrate the accuracy of the proposed method. The numerical results are

compared to the analytical solution as well as the standard finite element method with body-
fitting meshes. Numerical results indicate the optimal order of convergence of the IFE method.

Key words. Navier-Stokes, interface problems, nonconforming immersed finite element methods,
moving interface.

1. Introduction

Nvmuj.qi btf jn n jtdjcmf jodpn qsf ttjcmf ffipx t x jui f n c f ee f e jouf sgbdf t bsf x je f .
mz qsf tf ou jo n boz qi ztjdbmqi f opn f ob0 Ui f sfmbuf e tjn vmbujpot bqqfbs jo n boz
csbodi f t pg tdjf odf boe f ohjof f sjoh- tvdi bt ffivje ezobn jdt- c jpmphz- n f e jdbmtdj.
f odf t- boe hfpmphz ]: - 23- 24- 52- 5: a- up obn f kvtu b gfx 0 Ui f ezobn jdt pg ui f
ux p.qi btf )ps n vmuj.qi btf+ffipx t bsf hpwf sof e cz ui f x fmm.l opx o Obwjf s.Tupl f t
)OT+f rvbujpot- ps Tupl f t f r vbujpot gps dsf f qjoh ffipx t- bmpoh x jui ui f f ogpsdf .
n f ou pg kvn q dpoejujpot bu jouf sgbdf t0 Ri ztjdbmqbsbn fuf st pg ui f ffipx t- tvdi bt
ef otjuz boe wjtdptjuz dpf ¯ djf out- bsf vtvbmmz ejtdpoujovpvt bdsptt ui f ffivje jouf s.
gbdf ]2- : - 28- 3: - 5: a0
Jo ui jt bsujdmf - x f dpotje f s b ux p.e jn f otjpobmjouf sgbdf qspcmfn ui bu bsjtf t jo

b ux p.qi btf ffipx hpwf sof e cz ui f OT f rvbujpo0 Mfu ff ←R
2 c f bo pqf o cpvoef e

epn bjo tf qbsbuf e cz bo jouf sgbdf )t+joup ux p ejtkpjou tvc epn bjot ff−)t+boe
ff+)t+0 Dpotje f s ui f gpmmpx joh votufbez OT f rvbujpo )OTF+jo ui f wfmpdjuz.tusf tt.
qsf ttvsf gpsn ;

ut ×σ)u, p+, )u× +u A f jo ff−)t+∩ ff+)t+± ]1, Ta,)2b+

×u A 1 jo ff ± ]1, Ta,)2c+

u A 1 po ∂ff ± ]1, Ta,)2d+

u)x, 1+A u0, p)x, 1+A p0 jo ff ,)2e+

x i f sf u sf qsf tf out ui f wfmpdjuz flfme boe p sf qsf tf out ui f qsf ttvsf 0 Ui f tusf tt
uf otps σ)u, p+jt efflof e cz

σ)u, p+A 3με)u+ pI,
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x i f sf ε)u+A ) u , ) u+t+/3 jt ui f tusbjo uf otps boe I jt ui f je f oujuz uf otps0
Ui f wjtdptjuz dpf ¯ djf ouμ)x+jt ejtdpoujovpvt bdsptt ui f jouf sgbdf )t+- x i jdi jt b
qptjujwf qjf df x jtf .dpotubou gvodujpo efflof e cz

)3+ μ)x+A

{
μ− jgx � ff−)t+,
μ+ jgx � ff+)t+.

Bdsptt ui f jouf sgbdf - ui f gpmmpx joh i pn phfofpvt wfmpdjuz boe tusf tt kvn q dpoej.
ujpot bsf f ogpsdf e

]uaΓ A 0 po )t+,)4b+

]σ)u, p+naΓ A 0 po )t+,)4c+

x i f sf ui f kvn q ]×aΓ jt e f flof e cz ]vaΓ ;A v+‖Γ v−‖Γ- boe n jt ui f voju opsn bm
wfdups up ui f jouf sgbdf qpjoujoh gspn ff− up ff+0 X f bmtp opuf ui bux i f o μ)x+jt b
qjf df x jtf dpotubou- evf up ui f e jwf shf odf dpoejujpo )2c+- ui f n pn f ouvn f rvbujpo
)2b+dbo c f x sjuuf o bt

)5+ ut μΠu , )u× +u , p A f jo )ff−)t+∩ ff+)t++± ]1, Ta.

Woef s ui jt gsbn fx psl - ui f tusf tt kvn q dpoejujpo )4c+dbo c f n pejflf e bt gpmmpx t

)6+ ])μ u pI+naΓ A 0.

Figure 1. b epn bjo x jui bo jouf sgbdf )mfgu+- b opo.cpez.fluujoh
n f ti )n jeemf+boe b cpez.fluujoh n f ti )sjhi u+0

Ui f Obwjf s.Tupl f t f r vbujpot tbot bo jouf sgbdf bsf x je fmz tuvejf e jo ui f dpoufyu
pgflojuf fmfn f oun fui pet- jodmvejoh dmbttjdbmflojuf fmfn f oun fui pet ]27- 29a- e jtdpo.
ujovpvt Hbmf sl jo )EH+flojuf fmfn f ou n fui pet ]21- 26- 56- 58a- boe x fbl Hbmf sl jo
flojuf fmfn f oun fui pet ]38- 57- 62a0Ui ptf flojuf fmfn f oun fui pet dbo c f f yuf oef e up
tpmwf qf sujof ou jouf sgbdf qspcmfn t qspwjef e ui bucpez.fluujoh n f ti f t bsf f n qmpzf e0
I px fwf s- tvdi cpez.fluujoh sf tusjdujpo n bz i joef s ui f f ¯ djf odz jo tpmwjoh jouf sgbdf
qspcmfn t x jui fwpmwjoh jouf sgbdjbmhfpn fusjf t boe mpdbujpot c fdbvtf ui f n f ti i bt up
c f hf of sbuf e sf qfbuf emz bddpsejoh up fbdi jouf sgbdf dpoflhvsbujpo0 Nboz ovn f sjdbm
n fui pet cbtf e po jouf sgbdf .joe f qf oef ou n f ti f t i bwf c f f o efwfmpqf e- tvdi bt dvu
flojuf fmfn f ou n fui pe )DvuGFN+]6- 7- 8- 53a- jn n f stf e jouf sgbdf n fui pe )JJN+
]44a- f yuf oef e flojuf fmfn f oun fui pe )ZGFN+]25a- qbsujujpo pgvojuz flojuf fmfn f ou
n fui pe )RWGFN+]55a boe n budi f e jouf sgbdf boe cpvoebsz )N JC+]64a n fui pe0
Ui f tf vofluuf e .n f ti ovn f sjdbmn fui pet f n qmpz n pejflf e x fbl gpsn vmbujpot ps sf .
wjtf e flojuf fmfn f ou gvodujpot bspvoe ui f jouf sgbdf up dbquvsf ui f jouf sgbdjbmkvn q
c f i bwjpst0 X f sf gf s ui f sf bef st up ]22- 28- 37- 54a gps DvuGFN - ]45a gps JJN - ]59a
gps ZGFN - ]5agps RWGFN - boe ]63agps NJC bqqmjf e up OTn pwjoh jouf sgbdf qspc.
mfn t0 Bo jmmvtusbujpo pg b cpez.fluujoh n f ti boe b opo.cpez.fluujoh n f ti jt hjwfo
jo Gjhvsf 20
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Jn n f stf e flojuf fmfn f ou)JGF+n fui pet bsf bmtp b dmbtt pgn fui pet ui budbo tpmwf
ui f jouf sgbdf qspcmfn t po jouf sgbdf .joe f qf oef oun f ti f t0Womjl f vofluuf e ovn f sjdbm
n fui pet )tvdi bt DvuGFN t boe JJN+ui bu fn qmpz tvjubcmf gpsn vmbujpo bspvoe ui f
jouf sgbdf - JGF n fui pet mpdbmmz dpotusvdu tqfdjbmbqqspyjn bujpo gvodujpot po ui f
fmfn f out dvucz ui f jouf sgbdf up dbquvsf ui f kvn q c f i bwjps buui f jouf sgbdf 0 Jo ]43a-
ui f mjofbs JGF tqbdf boe jut bqqspyjn bujpo dbqbcjmjuz x f sf e jtdvttf e gps 3E fmmjqujd
jouf sgbdf qspcmfn t0 Bguf s ui bu- n boz jowf tujhbujpot sf hbsejoh JGF n fui pet gps fm.
mjqujd jouf sgbdf qspcmfn t bsf dpoevduf e- jodmvejoh qbsujbmmz.qf obmj f e JGF )RRJGF+
n fui pet ]47a- fmmjqujdpqf sbups x jui opoi pn phfofpvt kvn q ]35a- opodpogpsn joh JGF
n fui pet ]48a- i jhi f s e f hsf f JGF n fui pet ]3- 2: - 65a0 JGF n fui pet i bwf bmtp c f f o
f yuf oef e up ujn f .e f qf oef ou jouf sgbdf qspcmfn t hpwf sof e cz qbsbcpmjd f rvbujpot
]31- 49- 51- 61a boe i zqf scpmjd f rvbujpot ]4a0 JGF n fui pet bsf bmtp efwfmpqf e up
tpmwf jouf sgbdf qspcmfn t hpwf sof e cz tztufn t pg f rvbujpot- tvdi bt mjofbs fmbtujdjuz
]33- 34- 4: a0
Jo sfdf ouzfbst- JGF n fui pet i bwf c f f o f yuf oef e up tpmwf Tupl f t jouf sgbdf qspc.

mfn t0 Gps jotubodf - ui f jn n f stf e EH n fui pe cbtf e po Q1.Q0 fmfn f ou )Q1; qjf df .
x jtf c jmjofbs qpmzopn jbmtqbdf=Q0; qjf df x jtf dpotuboutqbdf po rvbesjmbuf sbmn f ti .
f t+x bt efwfmpqf e jo ]2a0 B dmbtt pgopodpogpsn joh JGF n fui pet cbtf e po Dspv f jy.
S bwjbsu )DS+.P0 fmfn f ou )P0; qjf df x jtf qpmzopn jbmtqbdf po usjbohvmbs n f ti f t+
boe S boobdi f s.Uvsf l spubuf e Q1.Q0 fmfn f ou x f sf sf df oumz jouspevdf e jo ]3: a0 B
n jyf e dpogpsn joh.opodpogpsn joh P1 JGF tqbdf x bt jouspevdf e jo ]41- 42a0 Jo beej.
ujpo- b Ubzmps.I ppe P2.P1 jn n f stf e flojuf fmfn f ou boe ui f dpssf tqpoejoh RRJGF
n fui pe x f sf e fwfmpqf e jo ]9a0
Up tjn vmbuf n psf hf of sbmffivje ffipx jouf sgbdf qspcmfn t jotufbe pg kvtu dsf f qjoh

ffipx hpwf sof e cz Tupl f t f r vbujpot- ui f opomjofbs Obwjf s.Tupl f t f r vbujpot n vtu c f
dpotje f sf e bt ui f z bqqfbs jo bmn ptu bmmsfbmtjn vmbujpot0 Ui f opomjofbs dpowfdujwf
bddfmf sbujpo boe ui f fwpmwjoh ffivje jouf sgbdf n bl f ui f OTF n pwjoh jouf sgbdf qspc.
mfn t n psf di bmmfohjoh up tpmwf ui bo ui f Tupl f t jouf sgbdf qspcmfn t ]2- 9- 3: - 41- 42a0
Up ui f c f tupgpvs l opxmfehf - ui f sf jt op mjuf sbuvsf po ui f ovn f sjdbmtuvez pgOTF
n pwjoh qspcmfn t vtjoh JGF n fui pet0 X f opuf ui bu gps ui f OT jouf sgbdf qspcmfn t-
ui f wfmpdjuz boe tusf tt kvn q dpoejujpot jo )4b+boe )4c+bsf ui f tbn f bt jo ui f
Tupl f t jouf sgbdf qspcmfn t ]39a=ui f sf gpsf - ui f sf jt op of f e up dpotusvdu ofx JGF
tqbdf t gps OT jouf sgbdf qspcmfn t0 X f dbo fn qmpz ui f f yjtujoh JGF tqbdf t gps T.
upl f t jouf sgbdf qspcmfn t ]2- 3: - 41- 9aejsf dumz up tuvez OT jouf sgbdf qspcmfn t0 Up
i boemf ui f opomjofbs dpowfdujpo- x f bepquui f Ofx upo(t n fui pe jo pvs gvmm.ejtdsfuf
tdi f n f 0 Jo beejujpo- x f vtf ui f cbdl x bse Fvmf s tdi f n f gps ujn f n bsdi joh evf up
jut B.tubcjmjuz boe tjn qmjdjuz0 Bn poh ui ptf f yjtujoh JGF tqbdf t ]2- 3: - 41- 9a- x f
opuf ui buui f DS .P0 JGF tqbdf t jouspevdf e jo ]3: ai bwf ux p qspn jof ougfbuvsf t; )j+
ui f z jn qptf x fbl dpoujovjuz tvdi ui bu ui f bwf sbhf joufhsbmwbmvf bdsptt ui f f ehf t
jt dpoujovpvt=ui vt ui f sf jt op of f e up jodmvef tubcjmj f e uf sn t0 Bt b sf tvmu- ui f
ovn f sjdbmtdi f n f jt n vdi tjn qmf s dpn qbsjoh up ui f RRJGF n fui pe ]9a boe ui f
EH tdi f n f ]2a0 )jj+Po ui f tbn f Dbsuf tjbo n f ti - ui f sf bsf pguf o mf tt e fhsf f t pg
gsf f epn gps DS .P0 ui bo jo ui f jn n f stf e EH tqbdf ]2aboe Ubzmps.I ppe JGF tqbdf
]9a=ui vt- ju jt dpn qvubujpobmmz n psf f ¯ djf ou0 Ui f tf ux p gfbuvsf t n pujwbuf vt up
vtf ui f DS .P0 JGF tqbdf t up jowf tujhbuf ui f OTF x jui n pwjoh jouf sgbdf t qsf tf ouf e
jo )2+.)4+evf up jut tjn qmjdjuz boe f ¯ djf odz0
Ui f mbzpvu pg ui f sf tu pg ui f bsujdmf jt bt gpmmpx t; Tfdujpo 3 jouspevdf t ui f op.

ubujpot boe bttvn qujpot up c f vtf e jo ui jt bsujdmf0 Tfdujpo 4 jt e fwpuf e up jousp.
evdf ui f tf n j.e jtdsfuf boe gvmm.ejtdsfuf opodpogpsn joh JGF n fui pet x jui Ofx upo(t
n fui pe gps ui f OT jouf sgbdf qspcmfn )2+.)4+0 Ovn f sjdbmfybn qmf t x jui e jfif sf ou
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jouf sgbdf dpoflhvsbujpot boe wjtdptjuz dpf ¯ djf out bsf hjwfo jo Tfdujpo 5 up efn po.
tusbuf ui f bddvsbdz pgui f qspqptf e JGF n fui pe jo tpmwjoh OT jouf sgbdf qspcmfn t0
Gjobmmz- b csjf gdpodmvtjpo jt esbx o jo Tfdujpo 60

2. Notations and Preliminaries

Jo ui jt tf dujpo- x f jouspevdf ui f opubujpot boe bttvn qujpot up c f vtf e jo ui jt
bsujdmf - gpmmpx f e cz b csjf g sf dbmmpgui f DS .P0 JGF tqbdf jo ]3: a0
Up ui jt qpjou- x f bttvn f ui bu ff ← R

2 jt b qpmzhpobmepn bjo0 Mfu ∪h c f b
usjbohvmbs n f ti pg ff x i ptf tf u pg opef t boe tfu pg f ehf t bsf e f opuf e cz Oh boe
Ih- sf tqfdujwfmz0 Opuf ui bu ui f n f ti ∪h jt joe f qf oef ou pg ui f mpdbujpo pg ui f
jouf sgbdf )t+buboz ujn f t0 X f n bl f ui f gpmmpx joh bttvn qujpot po ui f n f ti ;

(H1) Buboz ujn f t- ui f jouf sgbdf )t+dbo pomz jouf stf dubo fmfn f oux jui opun psf
ui bo ux p qpjout0

(H2) Bu boz ujn f t- ui f jouf sgbdf )t+jt b qjf df x jtf C2 gvodujpo tvdi ui bu gps
fwf sz fmfn f ouT � ∪h- jg )t+{ T ∀A E- ui f o )t+{ T jt b C2 gvodujpo jo T0

(a) (b)

(c) (d)

Figure 2. bo jouf sgbdf jouf stf dut bo fmfn f ou bu )b+op qpjou=)c+
pof qpjou=)d+uxp qpjout po ui f tbn f f ehf=)e+uxp qpjout po
ejfif sf ou f ehf t0

Jg ui f jouf sgbdf )t+jouf stf dut bo fmfn f ou T x jui f sp ps pof qpjou- ui f o T jt
dpotje f sf e bt b opo.jouf sgbdf fmfn f ou0 Jo beejujpo- jg ui f jouf sgbdf )t+jouf stf dut
bo fmfn f ouT buux p ejtujoduqpjout cvupo ui f tbn f f ehf - ui f o T jt bmtp dpotje f sf e
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bt b opo.jouf sgbdf fmfn f ou0 Jg ui f jouf sgbdf )t+jouf stf dut bo fmfn f ou T bu ux p
ejtujoduqpjout po ux p ejfif sf ou f ehf t- ui f o T jt dpotje f sf e bt bo jouf sgbdf fmfn f ou0
Tf f Gjhvsf 3 gps bo jmmvtusbujpo0 X f opuf ui bu ui f sf btpo x f dbo usfbu ui f fmfn f ou
x i f sf ui f jouf sgbdf jouf stf dut ui f fmfn f oubuux p ejfif sf ou qpjout po ui f tbn f f ehf
)Gjhvsf 3 )d++bt b opo.jouf sgbdf fmfn f ou jt; Wujmj joh Mfn n b 403 pg ]32a- x f dbo
ti px ui bu ui f bsf b pg ui f sf hjpo cpvoef e cz ui f jouf sgbdf boe ui f f ehf jt T )h3

T+
)hT jt ui f e jbn fuf s pg ui f fmfn f ou+- ui vt ui jt sf hjpo dbo c f jhopsf e dpn qbsf e
up ui f fmfn f ou0 X f vtf ∪ i

h )t+boe ∪n
h )t+up ef opuf ui f tf u pg jouf sgbdf fmfn f out

boe opo.jouf sgbdf fmfn f out bu ujn f t- sf tqfdujwfmz0 I f sf - ui f cbdl hspvoe n f ti ∪h
jt ujn f joef qf oef ou- cvu ui f e jtusjcvujpo pg ∪ i

h )t+boe ∪n
h )t+di bohf t x jui ujn f 0

Ui f z tbujtgz ∪h A ∪ i
h )t+∩ ∪n

h )t+buboz ujn f t0 Tjn jmbsmz- x f mfuIih)t+boe Inh )t+c f
ui f tf u pg jouf sgbdf f ehf t boe ui f tf u pgopo.jouf sgbdf f ehf t bu ujn f t- sf tqfdujwfmz0
Jo beejujpo- x f vtf ’Ih boe Ibh gps ui f tf u pg jouf sjps f ehf t boe cpvoebsz f ehf t-
sf tqfdujwfmz0
Gps fbdi fmfn f ou T � ∪h- x f e f flof jut joef y tf u bt NT A }2, 3, 4| 0 Mfu Ai -

i � NT c f ui f wf sujdf t pg T x i jdi bsf mjtuf e dpvouf sdmpdl x jtf )gspn A1 up A3+-
boe ef opuf ui f f ehf t pg T up c f ei A AiAi+1 gps i A 2, 3- e3 A A3A10 Po b
opo.jouf sgbdf fmfn f ou T � ∪n

h - ui f tuboebse DS .P0 flojuf fmfn f ou gvodujpot bsf
f n qmpzf e up bqqspyjn buf ui f wfmpdjuz boe ui f qsf ttvsf 0 Up c f n psf tqfdjfld- mfu
ψj,T � P1- j � NT c f ui f tuboebse mjofbs Mbhsbohf ti bqf gvodujpot po T � ∪n

h tvdi
ui bu

)7+
2

‖ei‖

∫
ei

ψj,T )x, y+ds A δij , ∅i, j � NT ,

x i jdi jt vtf e up bqqspyjn buf ui f dpn qpof ou pgui f wfmpdjuz0 N fbox i jmf - ui f qsf t.
tvsf jt bqqspyjn buf e cz ui f qjf df x jtf dpotubou gvodujpo tqbdf P00 Gps ui f 3E
Obwjf s.Tupl f t qspcmfn - ui f dpn qpof out pgui f wfmpdjuz boe ui f qsf ttvsf dpotujuvuf
b wfdups.wbmvf e flojuf fmfn f outqbdf - e f opuf e cz Snon

h )T+A P1)T+±P1)T+±P0)T+0
Gps j A 2, 3, ..., 8- mfu

ψj,T A

⎡
⎣ψj,T

1
1

⎤
⎦ gps j � NT , ψj,T A

⎡
⎣ 1
ψj−3,T

1

⎤
⎦ gps j 4 � NT , ψj,T A

⎡
⎣11
2

⎤
⎦ gps j A 8.

)8+

Ui f o ui f mpdbmDS .P0 flojuf fmfn f ou tqbdf po ui f opo.jouf sgbdf fmfn f ou dbo c f
x sjuuf o bt

)9+ Snon
h )T+A Tqbo}ψj,T , j A 2, 3,×××, 8| , ∅T � ∪n

h .

Po ui f jouf sgbdf fmfn f out- x f opuf ui bu ui f OT jouf sgbdf qspcmfn t jo )2+ti bsf
ui f tbn f wfmpdjuz boe tusf tt kvn q dpoejujpot bt ui ptf jo ]3: a gps Tupl f t jouf sgbdf
qspcmfn t0 Ui f sf gpsf - x f pomz of f e up sfdbmmui f DS .P0 JGF ti bqf gvodujpot dpo.
tusvduf e jo ]3: a0 Up c f n psf tqfdjfld- b uzqjdbmjouf sgbdf fmfn f ou T � ∪ i

h - dbo c f
dmbttjflf e joup ui sf f uzqf t e f qf oejoh po ui f mpdbujpot pg ui f jouf stf dujpo qpjout pg
ui f jouf sgbdf boe ui f f ehf t pg T bt ju jt jmmvtusbuf e jo Gjhvsf 40 MfuD boe E
c f ui f jouf stf dujpo qpjout boe mfu l c f ui f mjof qbttjoh ui spvhi D- E x jui ui f
opsn bmwfdups n̊ A )o̊x, o̊y+- j0f 0- ju jt b mjofbs bqqspyjn bujpo pg ui f jouf sgbdf 0 Ui f
mjof l tqmjut T joup ux p tvc fmfn f out T±l 0 Ui vt- b wfdups.wbmvf e JGF ti bqf gvodujpo
φi,T )x, y+x i ptf dpn qpof ou jt b qjf df x jtf mjofbs ps qjf df x jtf dpotubou qpmzopn jbm
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Figure 3. bo jouf sgbdf fmfn f oupgUzqf J )mfgu+- Uzqf JJ )n jeemf+
boe Uzqf JJJ)sjhi u+0

po bo jouf sgbdf fmfn f ouT � ∪ i
h jt e f flof e bt gpmmpx t ]3: a;

): +

φi,T )x, y+A

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ−i,T )x, y+A

⎡
⎢⎣φ

−
1,i)x, y+

φ−2,i)x, y+

φ−3,i)x, y+

⎤
⎥⎦ A

⎡
⎢⎣a
−
1,ix , b−1,iy , c−1,i

a−2,ix , b−2,iy , c−2,i
d−i

⎤
⎥⎦ , jg )x, y+� T−l ,

φ+
i,T )x, y+A

⎡
⎢⎣φ

+
1,i)x, y+

φ+
2,i)x, y+

φ+
3,i)x, y+

⎤
⎥⎦ A

⎡
⎢⎣a

+
1,ix , b+1,iy , c+1,i

a+2,ix , b+2,iy , c+2,i
d+i

⎤
⎥⎦ , jg )x, y+� T+

l .

i A 2, 3, ...8. Ui f dpf ¯ djf out jo ): +dbo c f e f uf sn jof e cz ui f gpmmpx joh dpoejujpo.
t ]3: a- gps i A 2, 3, ..., 8;

≡ Tjy f ehf .wbmvf e dpoejujpot
)21+

2

‖ej‖

∫
ej

φi,T )x, y+ds A

⎡
⎣δij1
1

⎤
⎦ , j � NT ,

2

‖ej−3‖

∫
ej−3

φi,T )x, y+ds A

⎡
⎣ 1
δij
1

⎤
⎦ , j 4 � NT .

≡ Pof n fbo qsf ttvsf dpoejujpo

)22+
2

‖T‖

∫
T

φi,T )x, y+dX A

⎡
⎣ 1
1
δij

⎤
⎦ , j A 8.

≡Gpvs dpoujovpvt dpoejujpot ef sjwf e gspn )4b+

)23+ ]φk,i)D+aA ]φk,i)E+aA 1, k A 2, 3.

≡Uxp tusf tt dpoujovpvt dpoejujpot ef sjwf e gspn )4c+

]μ )3∂xφ1,iox , )∂yφ1,i , ∂xφ2,i+oy+ φ3,ioxaDE A1,

]μ ))3∂xφ2,i , ∂yφ1,i+ox , 3∂yφ2,ioy+ φ3,ioyaDE A1.
)24+

≡ Pof dpoujovjuz pgui f e jwf shf odf dpoejujpo

)25+ ]∂xφ1,i , ∂yφ2,iaDE A 1.

Bt bo jmmvtusbujpo- x f qmpu ui f ui sf f dpn qpof out pg b DS .P0 JGF ti bqf gvodujpo
φ3,T bt x fmmbt ui f tuboebse DS .P0 GF ti bqf gvodujpo ψ3,T jo Gjhvsf 50
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Figure 4. B dpn qbsjtpo pg b wfdups.wbmvf e JGF ti bqf gvodujpo
φ3,T )upq+boe ui f dpssf tqpoejohGF ti bqf gvodujpo ψ3,T )cpuupn +

x jui μ− A 21 boe μ+ A 2 po bo jouf sgbdf usjbohmf0

Ui f sf gpsf ui f mpdbmJGF tqbdf po ui f jouf sgbdf fmfn f ou jt e f flof e bt Sint
h )T+A

tqbo}φi,T , i A 2, 3, ..., 8| 0 Bt b sf tvmu- ui f mpdbmJGF tqbdf dbo c f tvn n bsj f e bt;

)26+ Sh)T+A

{
Snon

h )T+, jgT � ∪n
h ,

Sint
h )T+, jgT � ∪ i

h .

X f opuf ui buui f vojtpmwfodz pgui f mpdbmDS .P0 JGF tqbdf jt hvbsbouf f e jo Ui fpsfn
602 jo ]3: a0 Ui f o ui f hmpcbmDS .P0 JGF tqbdf jt e f flof e bt

Sh)ff , )t++A
{
v A ]v1, v2, v3a

t � ]L2)ff+a3 ; v‖T � Sh)T+, ∅T � ∪h,)27+

boe

∫
e

]viads A 1, ∅e � ’Ih, i A 2, 3

}
.

Ui f dpssf tqpoejoh tvctqbdf x i f sf ui f wfmpdjuz wbojti f t po ui f cpvoebsz ∂ff jt
e fflof e bt
)28+

S0
h)ff , )t++A

{
v A ]v1, v2, v3a

t � Sh)ff , )t++;

∫
e

vids A 1, ∅e � Ibh, i A 2, 3

}
.

3. Nonconforming IFE methods

Jo ui jt tf dujpo- x f e f sjwf ui f tf n j.e jtdsfuf boe gvmm.ejtdsfuf opodpogpsn joh JGF
n fui pe gps tpmwjoh ui f votufbez OT jouf sgbdf qspcmfn t jo )2+.)4+0

3.1. Weak formulation. X f flstuef sjwf ui f x fbl gpsn vmbujpo pgui f OTjouf sgbdf
qspcmfn t0 Jo ui f gpmmpx joh- x f vtf )×,×+ω up ef opuf ui f L2 joof s qspevdupo ω ←ff0
Gps tjn qmjdjuz- x f pguf o espq ui f tvctdsjqu jg ω A ff0 Gps tjn qmjdjuz- x f e f opuf
ff s)t+bt ff s- s A • - jo ui f e f sjwjbujpo0 Hjwfo boz ujn f t � ]1, Ta- n vmujqmzjoh )2b+
cz v � ]H1

0 )ff+a
2 boe vtjoh ui f Hsf f o(t gpsn vmb po ff−- ju gpmmpx t

)ut,v+Ω− , ))3με)u+ pI+, v+Ω− , ))u× +u,v+Ω−

))3με)u+ pI+n∂Ω− ,v+∂Ω− A )f ,v+Ω− .
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I f sf - ui f tf dpoe uf sn jt ui f joof s qspevdu pgux p ufotpst A A ]aijaboe B A ]bija-
x i jdi jt e f flof e bt )A,B+A

∑n
i=1

∑n
j=1)aij , bij+0 Opuf ui bu v‖∂Ω A 0 boe nΓ

qpjout gspn ff− up ff+- ui f o ui f bcpwf f rvbujpo c fdpn f t

)ut,v+Ω− , ))3με)u+ pI+, v+Ω− , ))u× +u,v+Ω−

))3με)u+ pI+nΓ,v+Γ A )f ,v+Ω− .)29+

Tjn jmbsmz- po ui f tvc epn bjo ff+ x f i bwf

)ut,v+Ω+ , ))3με)u+ pI+, v+Ω+ , ))u× +u,v+Ω+

))3με)u+ pI+nΓ,v+Γ A )f ,v+Ω+ .)2: +

Beejoh )29+up )2: +zjfmet

)ut,v+, )3με)u+ pI+, v+, ))u× +u,v+ ))3με)u+ pI+nΓ,v+Γ A )f ,v+.

Bqqmzjoh ui f kvn q dpoejujpo )4c+- ju gpmmpx t

)ut,v+, )3με)u+ pI+, v+, ))u× +u,v+A )f ,v+.

Wtjoh ui f je f oujuz ))3με)u+ pI+, v+A )3με)u+, ε)v++ )p, ) ×v++up sfx sjuf ui f
tf dpoe uf sn - x f i bwf

)ut,v+, )3με)u+, ε)v++ )p, ) ×v++, ))u× +u,v+A )f ,v+.

Gps ui f f r vbujpo pgjodpn qsf ttjc jmjuz dpoejujpo )2c+- x f n vmujqmz q � L2)ff+po cpui
tje f t boe joufhsbuf pwf s ui f epn bjo ff

)q, ) ×u++A 1.

Ui f x fbl gpsn vmbujpo pgui f OT jouf sgbdf qspcmfn jt tvn n bsj f e bt; floe )u, p+�
H1)]1, Ta=]H1

0 )ff+a
2 ± L2)ff++- tvdi ui bu gps bmmt � ]1, Ta

)31+
)ut,v+, c)u=u,v+, a)u,v+ b)v, p+ b)u, q+A Lf )v+, ∅v � ]H1

0 )ff+a
2, ∅q � L2)ff+,

x i f sf ui f usjmjofbs gpsn c)×=×,×+; ]H1
0 )ff+a

2± ]H1
0 )ff+a

2± ]H1
0 )ff+a

2 ∈ R jt e f flof e bt

c)u=v,w+A ))u× +v ×w+, ∅u,v,w � ]H1
0 )ff+a

2,

ui f c jmjofbs gpsn a)×,×+; ]H1
0 )ff+a

2 ± ]H1
0 )ff+a

2 ∈ R jt e f flof e bt

a)u,v+A )3με)u+, ε)v++, ∅u,v � ]H1
0 )ff+a

2,

ui f c jmjofbs gpsn b)×,×+; ]H1
0 )ff+a

2 ± L2)ff+∈ R jt e f flof e bt

b)u, q+A )q, ) ×u++, ∅u � ]H1
0 )ff+a

2, q � L2)ff+,

boe ui f mjofbs gpsn Lf )×+; ]H1
0 )ff+a

2 ∈ R jt e f flof e up c f

Lf )v+A )f ,v+, ∅v � ]H1
0 )ff+a

2.

3.2. Semi-discrete scheme. Gps tqbujbmejtdsfuj bujpo- x f vtf ui f DS .P0 JGF
tqbdf Sh)ff , )t++up sfqmbdf ui f Tpcpmfwtqbdf ]H1

0 )ff+a
2±L2)ff+buui f dpoujovpvt

mfwfm0Cbtf e po ui f x fbl gpsn vmbujpo )31+- x f i bwf ui f tf n j.e jtdsfuf opodpogpsn joh
DS .P0 JGF n fui pet gps OTjouf sgbdf qspcmfn ; floe )uh, ph+� H1 )]1, Ta=Sh)ff , )t+++
tvdi ui bu gps ∅t � ]1, Ta

)uh,t,vh+, c)uh=uh,vh+, a)uh,vh+ b)vh, ph+ b)uh, qh+A Lf )vh+,

∅)vh, qh+� S0
h)ff , )t++,

)32+

bmpoh x jui ui f jojujbmdpoejujpot

)33+ uh)×, 1+A u0,h, ph)×, 1+A p0,h,
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x i f sf u0,h boe p0,h bsf tpn f bqqspyjn bujpot- tvdi bt ui f jouf sqpmbujpot- pgu0 boe
p0- sf tqfdujwfmz- jo ui f JGF tqbdf Sh)ff , )t++0 X f dbo sf x sjuf ui f tf n j.e jtdsfuf
tdi f n f )32+.)33+joup ui f gpmmpx johmatrix form; floe U)t+tvdi ui bu

M)t+U ′)t+, N)U)t++, A)t+U)t+A F )t+,

U)1+A U0,
)34+

x i f sf M)t+boe A)t+bsf ui f JGF n btt boe tujfiof tt n busjdf t- sf tqfdujwfmz0 Ui f tf
n busjdf t bsf ujn f .e f qf oef ou ]41ajgui f jouf sgbdf jt n pwjoh )j0f 0 A )t++- c fdbvtf
ui f tf upgjouf sgbdf fmfn f out ∪ i

h boe opo.jouf sgbdf fmfn f out ∪n
h f n qmpzf e up gpsn v.

mbuf ui ptf ux p n busjdf t bsf ujn f .e f qf oef ou0N)U)t++dpssf tqpoet up ui f opomjofbs
dpowfdujwf uf sn c)uh=uh,vh+- boe F )t+dpssf tqpoet up ui f sjhi u.i boe tje f pg )32+0
Opuf ui bu )34+jt bo jojujbm.wbmvf qspcmfn pgb opomjofbs psejobsz ejfif sf oujbmf rvb.
ujpo tztufn gps U)t+ef sjwf e gspn ui f n fui pe pgmjof t0 X f n bz vtf e f tjsf e PEF
tpmwf st up tpmwf ui jt REF joevdf e PEF tztufn ]46a0

Remark 3.1. For the steady-state NS interface problem, i.e.,u)x, t+A u)x+, then
ut ≈ 1 in )2b+and the initial conditions )2e+disappear. The CR-P0 IFE method
in )32+can still be employed by omitting the first term involving uh,t. In this case,
appropriate techniques must be used to handle the nonlinear term, such as Newton’s
method. In the full-discrete scheme below, the Newton’s method will be presented
with more details.

3.3. Full-discrete scheme. Up jouspevdf ui f gvmm.ejtdsfuf tdi f n f - x f f n qmpz b
vojgpsn qbsujujpo jo ujn f tvdi ui bu

Ωτ A }1 A t0 < t1 < ×××< tM−1 < tM A T | ,
x i f sf τ A T/M boe tn A t0 , nτ - x jui n A 1, 2,×××,M0 Gps b gvodujpo φ)x, t+-
x f ef opuf φ)x, tn+A φn)x+- boe jouspevdf ui f cbdl x bse ejfif sf odf pqf sbups ∂t bt
gpmmpx t

∂tφ
n+1)x+A

φn+1)x+ φn)x+

τ
.

Ui f o b gvmm.ejtdsfuf DS .P0 JGF n fui pe )backward Euler tdi f n f+dbo c f e f .
tdsjc f e bt; gps fbdi n A 2, 3,×××,M - floe )un

h, p
n
h+←Sh)ff ,

n+- tvdi ui bu

)∂tu
n+1
h ,vn+1

h +, c)un+1
h =un+1

h ,vn+1
h +, a)un+1

h ,vn+1
h +

b)vn+1
h , pn+1

h + b)un+1
h , qn+1

h +A Lfn+1)vn+1
h +, ∅)vn+1

h , qn+1
h +� S0

h)ff ,
n+1+.

)35+

Ui bu jt

2

τ
)un+1

h ,vn+1
h +

2

τ
)un

h,v
n+1
h +, c)un+1

h =un+1
h ,vn+1

h +, a)un+1
h ,vn+1

h +

b)vn+1
h , pn+1

h + b)un+1
h , qn+1

h +A Lfn+1)vn+1
h +, ∅)vn+1

h , qn+1
h +� S0

h)ff ,
n+1+.

)36+

Opuf ui bu jo ui f tf dpoe uf sn pg )36+- un
h- boe vn+1

h bsf buux p ejfif sf ouujn f mfwfmt
x i jdi dpssf tqpoe ux p jouf sgbdf mpdbujpot n boe n+10 Up bwpje i boemjoh ux p
jouf sgbdf t- x f sf qmbdf vn+1

h x jui vn
h0 Ui jt ufdi ojrvf x bt vtf e jo ]36a0 Ui f o ju

gpmmpx t

2

τ
)un+1

h ,vn+1
h +

2

τ
)un

h,v
n
h+, c)un+1

h =un+1
h ,vn+1

h +, a)un+1
h ,vn+1

h +

b)vn+1
h , pn+1

h + b)un+1
h , qn+1

h +A Lfn+1)vn+1
h +, ∅)vn+1

h , qn+1
h +� S0

h)ff ,
n+1+,

)37+
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x jui ui f jojujbmdpoejujpot

)38+ u0
h A u0,h, p0h A p0,h,

x i f sf n A )tn+0Ui f gpmmpx joh Ofx upo(t juf sbujpo jt vtf e up i boemf ui f opomjofbs

dpowfdujwf uf sn c)un+1
h =un+1

h ,vh+; floe )u
n,(l)
h , p

n,(l)
h +←Sh)ff ,

n+- l � N
+- tvdi

ui bu

2

τ
)u

n+1,(l)
h ,vn+1

h +
2

τ
)u

n,(l)
h ,vn

h+, c)u
n+1,(l)
h =u

n+1,(l−1)
h ,vn+1

h +

, c)u
n+1,(l−1)
h =u

n+1,(l)
h ,vn+1

h +, a)u
n+1,(l)
h ,vn+1

h +

b)vn+1
h , p

n+1,(l)
h + b)u

n+1,(l)
h , qn+1

h +

ALfn+1)vn+1
h +, c)u

n+1,(l−1)
h =u

n+1,(l−1)
h ,vn+1

h +,

∅)vn+1
h , qn+1

h +� S0
h)ff ,

n+1+,

)39+

x jui ui f jojujbmdpoejujpot

)3: + u
0,(0)
h A u0,h, p

0,(0)
h A p0,h.

Bufbdi ujn f mfwfm- ui f jojujbmhvf tt jt di ptf o bt ui f tpmvujpo gspn ui f qsfwjpvt ujn f
mfwfm- j0f 0-

)41+ u
n+1,(0)
h A u

n,(l)
h , p

n+1,(0)
h A p

n,(l)
h .

Jo ui f bduvbmdpn qvubujpo- ui f tupqqjoh dsjuf sjb gps ui f Ofx upo(t n fui pe jo )39+
jt sf hvmbuf e cz

)42+
√
√un,(l)

h u
n,(l−1)
h √2L2(Ω) , √p

n,(l)
h p

n,(l−1)
h √2L2(Ω) < ε0,

gps tpn f qsf tdsjc f e ui sf ti pme ε0 > 10
Ofyu- x f e f sjwf ui f n busjy gpsn pgui f cbdl x bse Fvmf s tdi f n f 0 Mfu t A tn+1 jo

)34+- ui f o

)43+ M)tn+1+U
′)tn+1+, N)U)tn+1++, A)tn+1+U)tn+1+A F )tn+1+.

Bqqmzjoh ui f cbdl x bse Fvmf s tdi f n f up ui f bcpwf f rvbujpo boe vujmj joh

M)tn+1+U
′)tn+1+⊂ )M)tn+1+U)tn+1+ M)tn+U)tn++/τ,

x i jdi mfbet up

)44+

(
2

τ
M)tn+1+, A)tn+1+

)
Un+1 , N)Un+1+A

2

τ
M)tn+U

n , F n+1.

I f sf boe ui f sf bguf s- x f vtf n psf dpn qbdu opubujpot An+1 A A)tn+1+- M
n+1 A

M)tn+1+- U
n+1 A U)tn+1+boe F n+1 A F )tn+1+bt bcpwf0

Bqqmzjoh ui f Ofx upo(t n fui pe jo )39+up )44+- x f i bwf ui f gpmmpx joh ma-
trix form pgui f cbdl x bse Fvmf s tdi f n f x jui Ofx upo(t n fui pe ; floe b tf rvf odf

}Un+1,(l)|Mn=0 tvdi ui bu(
2

τ
Mn+1 , An+1 , N1)U

n+1,(l−1)+, N2)U
n+1,(l−1)+

)
Un+1,(l)

A
2

τ
MnUn , F n+1 , F

n+1,(l−1)
N ,

)45+

x jui ui f jojujbmdpoejujpo

)46+ U0,(l) A U0.
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I f sf - hjwfo ui f gvodujpo u
n+1,(l−1)
h - ui f n busjy N1)U

n+1,(l−1)+dpssf tqpoet up

ui f c jmjofbs gpsn c)×=un+1,(l−1)
h ,×+- boe ui f n busjy N2)U

n+1,(l−1)+dpssf tqpoet up

ui f c jmjofbs gpsn c)u
n+1,(l−1)
h =×,×+0 Ui f wfdups F

n+1,(l−1)
N jt bttpdjbuf e x jui ui f

mjofbs gpsn c)u
n+1,(l−1)
h =u

n+1,(l−1)
h ,×+0 Tfuujoh ui f tupqqjoh dsjuf sjb up c f

)47+ √Un+1,(l) Un+1,(l−1)√< ε0,

x f dbo tvn n bsj f pvs gvmm.ejtdsfuf cbdl x bse Fvmf s JGF tdi f n f x jui Ofx upo(t
juf sbujpot jo ui f gpmmpx joh bmhpsjui n 0

Algorithm 1 Cbdl x bse Fvmf s JGF tdi f n f x jui Ofx upo(t juf sbujpo

Step 1; Dpn qvuf U0 gpsn jojujbmdpoejujpo- boe mfuU1,(0) → U00
Step 2; Gps n A 1, 2,×××, N 2- dpn qvuf ui f hmpcbmwfdups F n+10 Dpn qvuf

ui f hmpcbmJGF n busjdf t Mn+1- An+1 boe Mn0 Mfu l A 10

Step 3; X i jmf l AA 1 ps √Un+1,(l) Un+1,(l−1)√> ε0
Step 4; dpn qvuf N1)U

n+1,(l−1)+ boe N2)U
n+1,(l−1)+- boe

F
n+1,(l−1)
N

Step 5; tpmwf Un+1,(l) gspn )45+0
Step 6; l→ l , 2- sf uvso up Step 40

Step 7; Tfun→ n , 2- boe Un+1,(0) → Un,(l) A Un

End

Remark 3.2. In the case that the viscosity coefficient function μ is time-independent
as stated in )3+and the interface is stationary, we only need to compute the global
matrices M and A associated with linear terms once. The global vector for linear
terms F n+1 must be updated in each time iteration. The global matrices associat-

ed with the nonlinear terms N1)U
n+1,(l−1)+and N2)U

n+1,(l−1)+and the nonlinear

global vector F
n+1,(l−1)
N must be updated at each time step and each Newton’s iter-

ation.

Remark 3.3. If the viscosity coefficient function μ is time-dependent, i.e., μ A
μ)x, t+but the interface is stationary, then the stiffness matrix A also depends on
time, and it must be updated in each time iteration. However, the mass matrix
remains time independent. In this case, )45+becomes(

2

τ
M , An+1 , N1)U

n+1,(l−1)+, N2)U
n+1,(l−1)+

)
Un+1,(l)

A
2

τ
MUn , F n+1 , F

n+1,(l−1)
N .)48+

Remark 3.4. For moving interface problems, the assembly of global matrices An+1,
Mn+1 in )45+only requires updating local matrices on those elements where the
interface configuration changes during the two consecutive time steps. This feature
enables fast assembly of global matrices for moving interface problems due to the
isomorphism of our IFE spaces with standard FE spaces.

4. Numerical Examples

Jo ui jt tf dujpo- x f uf tuui f qf sgpsn bodf pgui f opodpogpsn johDS .P0 JGF n fui pe
gps ui f OT jouf sgbdf qspcmfn )2+.)4+ui spvhi b tf r vf odf pgovn f sjdbmfyqf sjn f out-
x jui e jfif sf ouwbmvf t pgkvn qt jo wjtdptjuz dpf ¯ djf out boe jouf sgbdf dpoflhvsbujpot0
Fsspst pg ui f opodpogpsn joh JGF tpmvujpot gps ui f wfmpdjuz boe ui f qsf ttvsf bsf



574 J. WANG, X. ZHANG AND Q. ZHUANG

n fbtvsf e cz ui f L2 opsn boe ui f cspl f o H1 tf n j.opsn t0 X f jouspevdf ui f gpm.
mpx joh opubujpot up n fbtvsf ui f f sspst pgJGF tpmvujpot boe ui f dpowf shf odf sbuf t;
mfuu A )u1, u2+

t boe p c f ui f f ybdutpmvujpo pg )2+boe mfuuh A )u1,h, u2,h+
t boe ph

c f ui f opodpogpsn joh JGF tpmvujpot pg )35+0 Ui f o ui f f sspst pgui f JGF tpmvujpot
bsf e f opuf e bt

e1,h A u1 u1,h, e2,h A u2 u2,h, e3,h A p ph.

Ui f sbuf pgdpowf shf odf r jt dpn qvuf e wjb ux p dpotfdvujwf n f ti f t ∪h1 boe ∪h2 x jui

r A
mph)√eh1√/√eh2√+

mph)h1/h2+
,

x i f sf √×√jt f jui f s L2 opsn ps ui f cspl f o H1 tf n j.opsn 0
Mfu ui f dpn qvubujpobmepn bjo c f ff A ] 2, 2a± ] 2, 2a0 B Dbsuf tjbo usjbohvmbs

n f ti ∪h pg ff jt hf of sbuf e cz qbsujujpojoh ff joup N ± N dpohsvf ou trvbsf t x jui
ui f tje f mfohui h A 3/N - boe ui f o qbsujujpojoh fbdi trvbsf joup ux p dpohsvf ou
usjbohmf t cz jut ejbhpobmmjof 0

Example 1. (Steady-state NSE with linear interface) In this example, we
consider the IFE method for a steady-state NS interface problem. The interface
is a straight line: A })x, y+; y A 1| , splitting the domain into two subdomains
ff− A })x, y+; y < 1| and ff+ A })x, y+; y > 1| . The exact solution u and p are
given by

)49+ u)x, y+A

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
u1)x, y+A

{
1
μ− tjo

2)πx+tjo)πy+dpt)πy+, if )x, y+� ff−,
1
μ+ tjo2)πx+tjo)πy+dpt)πy+, if )x, y+� ff+,

u2)x, y+A

{
1
μ− tjo

2)πy+tjo)πx+dpt)πx+, if )x, y+� ff−,
1
μ+ tjo2)πy+tjo)πx+dpt)πx+, if )x, y+� ff+,

)4: + p)x, y+A
2

5
tjo)πx+tjo)πy+)dpt)3πx+, dpt)3πy++,

which shares some similarities to a Taylor-Green vortex (although the arrangement
of the velocity pattern is different, as shown in Figure 6). The viscosity coefficient
is chosen to be (μ−, μ++A )2, 3.6).

Gps tufbez.tubuf OT jouf sgbdf qspcmfn t- bt tubuf e jo S fn bsl 402- ui f JGF tpmv.
ujpot bsf hf of sbuf e cz )32+)pn juujoh ui f uf sn jowpmwjoh uh,t+dpn cjof e x jui ui f
Ofx upo(t n fui pe jo Bmhpsjui n 20 X f opuf ui bu pomz Tufqt 4.8 bsf f n qmpzf e boe
bmmtvqf stdsjqut x jui sf tqfdu up ui f ujn f mfwfmt n ps n , 2 ti pvme c f pn juuf e- ui vt

ui f pvuqvu JGF tpmvujpo jt U (l)0
Jo Ubcmf 2- x f sf qpsu ui f f sspst boe ui f dpowf shf odf sbuf t pg ui f DS .P0 JGF

tpmvujpot0 Opuf ui buui f tf ovn f sjdbmsf tvmut bsf pcubjof e po b tf rvf odf pgjouf sgbdf .
vofluuf e n f ti f t x i f sf ui f jouf sgbdf jouf stf dut x jui ui f jouf sjps pg tpn f pg ui f fm.
fn f out )bo jmmvtusbujpo pg tvdi bo jouf sgbdf .vofluuf e n f ti jt tl f udi f e jo ui f mfgu
tvcflhvsf pgGjhvsf 6+0 Jo pvs dpn qvubujpo- Ju ubl f t op n psf ui bo gpvs juf sbujpot
gps ui f Ofx upo(t n fui pe up dpowf shf x jui jo ui f ui sf ti pme ε0 A 21−6 jo )42+0 Ju
dbo c f tf f o ui buui f dpowf shf odf sbuf t gps wfmpdjuz dpn qpof out u1 boe u2 bqqspbdi
up O)h2+jo ui f L2 opsn boe O)h+jo ui f H1 tf n j.opsn =dpowf shf odf sbuf t gps ui f
qsf ttvsf p bqqspbdi up O)h+jo ui f L2 opsn bt ui f n f ti c f dpn f t flof s0 Ui f tf
sf tvmut efn potusbuf ui f pqujn bmpsef st pg dpowf shf odf - x i jdi bsf dpotjtuf ou x jui
pvs f yqfdubujpo bddpsejoh up ui f e f hsf f t pg qpmzopn jbmt fn qmpzf e gps ui f bqqspy.
jn bujpo0 Jo Ubcmf 4- x f qsf tf ou ui f f sspst boe ui f dpowf shf odf sbuf t pg ui f flojuf
fmfn f ou n fui pet tpmvujpot pcubjof e po cpez.fluujoh n f ti f t )x i f sf ui f n f ti jt
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Table 1. Fsspst pgJGF tpmvujpot gps Fybn qmf 3- )μ−, μ++A )2, 3.6+.

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

11 3.41e-02 NA 3.32e-02 NA 3.98e-01 NA 8.99e-01 NA 8.94e-01 NA
21 9.85e-03 1.86 9.65e-03 1.85 2.06e-01 0.98 4.81e-01 0.94 4.80e-01 0.93
41 2.63e-03 1.94 2.58e-03 1.94 1.03e-01 1.01 2.48e-01 0.97 2.48e-01 0.97
81 6.78e-04 1.97 6.66e-04 1.97 5.18e-02 1.01 1.26e-01 0.99 1.26e-01 0.99
161 1.72e-04 1.99 1.69e-04 1.99 2.59e-02 1.00 6.33e-02 0.99 6.33e-02 0.99
321 4.32e-05 2.00 4.25e-05 2.00 1.30e-02 1.00 3.18e-02 1.00 3.18e-02 1.00

Table 2. Fsspst pg GF tpmvujpot po cpez.fluujoh n f ti f t gps Fy.
bn qmf 3- )μ−, μ++A )2, 3.6+.

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

10 4.06e-02 NA 4.07e-02 NA 4.06e-01 NA 9.84e-01 NA 9.84e-01 NA
20 1.08e-02 1.91 1.08e-02 1.91 2.09e-01 0.96 5.05e-01 0.96 5.05e-01 0.96
40 2.76e-03 1.97 2.75e-03 1.97 1.04e-01 1.01 2.54e-01 0.99 2.54e-01 0.99
80 6.93e-04 1.99 6.91e-04 1.99 5.19e-02 1.00 1.27e-01 1.00 1.27e-01 1.00
160 1.74e-04 2.00 1.73e-04 2.00 2.59e-02 1.00 6.37e-02 1.00 6.37e-02 1.00
320 4.34e-05 2.00 4.32e-05 2.00 1.30e-02 1.00 3.19e-02 1.00 3.19e-02 1.00

(a) interface-unfitted mesh (b) body-fitting mesh

Figure 5. jouf sgbdf .vofluuf e n f ti )N A 22+boe cpez.fluujoh
n f ti )N A 21+gps Fybn qmf 30

bmjhof e x jui ui f jouf sgbdf cz dpoflhvsbujpo- bo jmmvtusbujpo pg tvdi b cpez.fluujoh
n f ti jt tl f udi f e jo ui f sjhi u tvcflhvsf pg Gjhvsf 6+- ui f sbuf t pg dpowf shf odf bsf
pqujn bmbt fyqfduf e0 Dpn qbsjoh ebub jo Ubcmf 2 boe Ubcmf 4- bt x fmmbt ui f ux p
wfmpdjuz qmput jo Gjhvsf 7- judbo c f tf f o ui buui f bddvsbdz pgJGF bqqspyjn bujpo po
jouf sgbdf .vofluuf e n f ti f t boe GF bqqspyjn bujpo po cpez.fluujoh n f ti f t bsf n vdi
bmjl f 0

Example 2. In this example, we consider a NS interface problem described by )2+,

where the interface is a straight line: A })x, y+; y
∇
1.4 A 1| . Then the

interface splits the domain into two subdomains ff− A })x, y+; y
∇
1.4 < 1|

and ff+ A })x, y+; y
∇
1.4 > 1| . The function f in )2b+is generated with the

following exact solution u and p:

)51+ u)x, y+A

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
u1)x, y+A

{
1
μ− )y

∇
1.4+x2, if )x, y+� ff−,

1
μ+ )y

∇
1.4+x2, if )x, y+� ff+,

u2)x, y+A

{
1
μ−x)y

∇
1.4+2, if )x, y+� ff−,

1
μ+x)y

∇
1.4+2, if )x, y+� ff+,

)52+ p)x, y+A ex ey.
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(a) IFE solution (b) FE solution

(c) IFE solution (d) FE solution

Figure 6. ui,h )JGF+x jui N A 272 boe ui,h )GF+x jui N A 271
x i f o μ− A 2- μ+ A 3.60 )i A 2, 30 Upq qmput; u1,h=cpuupn ; u2,h+0

Jo Ubcmf 4 boe 5- x f qsf tf ou ui f f sspst boe ui f dpowf shf odf sbuf t pgui f DS .P0

JGF tpmvujpot x i f o ui f kvn q jo wjtdptjuz dpf ¯ djf ou jt n pef tu )μ−, μ++A )2, 21+
boe sfmbujwfmz mbshf )μ−, μ++A )2, 2111+- sf tqfdujwfmz0 Ju ubl f t bcpvu 4 Ofx upo(t
juf sbujpot gps ui f JGF n fui pet up dpowf shf 0 Ju dbo c f tf f o ui bu ui f dpowf shf odf
sbuf t gps wfmpdjuz dpn qpof out u1 boe u2 bqqspbdi up O)h2+jo ui f L2 opsn boe
O)h+jo ui f H1 tf n j.opsn =dpowf shf odf sbuf t gps ui f qsf ttvsf p bqqspbdi up O)h+
jo ui f L2 opsn bt ui f n f ti c f dpn f t flof s0 Ui f tf sf tvmut efn potusbuf ui f pqujn bm
psef st pg dpowf shf odf - x i jdi bsf dpotjtuf ou x jui pvs f yqfdubujpo bddpsejoh up ui f
e f hsf f t pgqpmzopn jbmt fn qmpzf e gps ui f bqqspyjn bujpo0

Table 3. Fsspst pgui f JGF tpmvujpot gps Fybn qmf t 3- )μ−, μ++A )2, 21+0

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

10 1.67e-02 NA 1.30e-02 NA 2.82e-01 NA 2.82e-01 NA 2.54e-01 NA
20 4.78e-03 1.81 3.55e-03 1.87 1.19e-01 1.24 1.44e-01 0.97 1.29e-01 0.98
40 1.07e-03 2.15 8.70e-04 2.03 5.04e-02 1.25 7.15e-02 1.00 6.46e-02 1.00
80 2.70e-04 1.99 2.19e-04 1.99 2.50e-02 1.01 3.58e-02 1.00 3.24e-02 1.00
160 6.83e-05 1.98 5.48e-05 1.99 1.25e-02 1.00 1.79e-02 1.00 1.62e-02 1.00
320 1.82e-05 1.90 1.41e-05 1.96 6.61e-03 0.92 8.99e-03 1.00 8.11e-03 1.00

Example 3. (Steady-state NSE with a circular interface) In this example,
we consider a steady-state NSE with a circular interface A })x, y+; x2 , y2 1.4 A
1| . The interface splits the domain ff into two subdomains: ff− A })x, y+;
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Table 4. Fsspst pgui f JGF tpmvujpot gps Fybn qmf t 3- )μ−, μ++A )2, 2111+0

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

10 2.53e-02 NA 1.76e-02 NA 4.31e+00 NA 3.38e-01 NA 2.58e-01 NA
20 5.13e-03 2.31 3.66e-03 2.26 6.49e-01 2.73 1.56e-01 1.11 1.29e-01 1.00
40 1.12e-03 2.20 8.81e-04 2.05 1.04e+00 -0.68 7.17e-02 1.12 6.46e-02 1.00
80 2.87e-04 1.96 2.25e-04 1.97 6.41e-01 0.70 3.59e-02 1.00 3.23e-02 1.00
160 7.45e-05 1.95 5.82e-05 1.95 3.35e-01 0.93 1.80e-02 1.00 1.62e-02 1.00
320 2.12e-05 1.81 1.57e-05 1.89 1.23e-01 1.44 9.39e-03 0.94 8.10e-03 1.00

x2 , y2 1.4 < 1| and ff+ A })x, y+; x2 , y2 1.4 > 1| . The right hand side
function f in )2b+is generated with the following exact solution u and p:

)53+ u)x, y+A

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
u1)x, y+A

{
1
μ− y)x

2 , y2 1.4+, if )x, y+� ff−,
1
μ+ y)x

2 , y2 1.4+, if )x, y+� ff+,

u2)x, y+A

{
1
μ−x)x

2 , y2 1.4+, if )x, y+� ff−,
1
μ+x)x

2 , y2 1.4+, if )x, y+� ff+,

)54+ p)x, y+A
2

21
)x3 y3+.

Table 5. Fsspst pgJGF tpmvujpot gps Fybn qmf 4 x jui )μ−, μ++A )2, 21+0

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

10 4.59e-03 NA 4.58e-03 NA 1.12e-01 NA 1.02e-01 NA 1.02e-01 NA
20 1.20e-03 1.93 1.20e-03 1.93 3.98e-02 1.50 5.32e-02 0.93 5.33e-02 0.93
40 3.09e-04 1.96 3.09e-04 1.96 1.94e-02 1.03 2.75e-02 0.95 2.75e-02 0.96
80 7.89e-05 1.97 7.88e-05 1.97 8.52e-03 1.19 1.41e-02 0.96 1.40e-02 0.97
160 1.98e-05 2.00 1.98e-05 2.00 3.96e-03 1.11 7.04e-03 1.01 6.98e-03 1.01
320 4.97e-06 1.99 4.96e-06 1.99 1.86e-03 1.09 3.50e-03 1.01 3.48e-03 1.00

Table 6. Fsspst pgJGF tpmvujpot gps Fybn qmf 4 x jui )μ−, μ++A )2, 2111+0

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

10 1.36e-02 NA 1.36e-02 NA 1.34e+00 NA 1.48e-01 NA 1.48e-01 NA
20 3.08e-03 2.14 3.08e-03 2.14 1.40e+00 -0.07 6.26e-02 1.24 6.28e-02 1.24
40 7.74e-04 1.99 7.74e-04 1.99 8.08e-01 0.79 2.80e-02 1.16 2.90e-02 1.17
80 1.43e-04 2.44 1.43e-04 2.44 3.04e-01 1.41 1.34e-02 1.06 1.33e-02 1.08
160 2.67e-05 2.42 2.67e-05 2.42 1.12e-01 1.45 6.57e-03 1.03 6.50e-03 1.03
320 5.32e-06 2.32 5.32e-06 2.32 3.99e-02 1.49 3.24e-03 1.02 3.22e-03 1.01

Jo Ubcmf t 6 boe 7- x f qsf tf ouui f f sspst boe ui f dpowf shf odf sbuf t pgui f DS .P0

JGF tpmvujpot x i f o ui f kvn q jo wjtdptjuz dpf ¯ djf ou jt n pef tu )μ−, μ++A )2, 21+
boe sfmbujwfmz mbshf )μ−, μ++A )2, 2111+- sf tqfdujwfmz0 Ju ubl f t bcpvu ui sf f juf sb.
ujpot gps ui f Ofx upo(t n fui pet up dpowf shf c fmpx ui f ui sf ti pme ε0 A 21−60 Ju dbo
bmtp c f tf f o ui bu- fwfo gps ui f i jhi .dpousbtuwjtdptjuz dpf ¯ djf out- ui f dpowf shf odf
sbuf t gps ui f wfmpdjuz dpn qpof out u1 boe u2 bqqspbdi up O)h2+jo ui f L2 opsn boe
O)h+jo ui f H1 tf n j.opsn =dpowf shf odf sbuf t gps ui f qsf ttvsf p bqqspbdi up O)h+
jo ui f L2 opsn bt ui f n f ti c f dpn f t flof s- x i jdi e f n potusbuf t ui f pqujn bmsbuf t
pgdpowf shf odf pgui f JGF tpmvujpot0
X f qmpu ui f ovn f sjdbmtpmvujpot boe f ybdu tpmvujpot x i f o ui f dpousbtu pg ui f

wjtdptjuz dpf ¯ djf out jt )μ−, μ++A )2, 21+jo Gjhvsf 8 x jui ui f e jwjtjpo pg ui f
epn bjo N A 2710 Bddpsejoh up ui ptf hsbqi t- ui f ovn f sjdbmtpmvujpot tjn vmbuf ui f
f ybdu tpmvujpo x fmmboe ui f ovn f sjdbmtpmvujpot bsf sf tpmwfe bddvsbufmz bspvoe ui f
jouf sgbdf 0
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(a) IFE solution u1,h (b) exact solution u1

(c) IFE solution u2,h (d) exact solution u2

(e) IFE solution ph (f) exact solution p

Figure 7. DS .P0 JGF tpmvujpo boe f ybdutpmvujpo )upq up cpuupn ;
u1- u2- p+x i f o μ− A 2- μ+ A 21- N A 2710

Example 4. (Unsteady NSE with a circular interface) In this example, we
consider a time-dependent NS interface problem described by )2+, with T A 2. The
circular interface: A })x, y+; x2 , y2 1.4 A 1| splits the domain ff into two
subdomains: ff− A })x, y+; x2 , y2 1.4 < 1| and ff+ A })x, y+; x2 , y2 1.4 > 1| .
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(a) IFE solution at t = 0.5 (b) exact solution at t = 0.5

(c) IFE solution at t = 1 (d) exact solution at t = 1

Figure 8. DS .P0 JGF tpmvujpo u1,h boe fybdu tpmvujpo u1 bu t A
1.6 boe t A 2- x i f o μ− A 2- μ+ A 21- N A 2390

The function f in )2b+is generated with the following exact solution u and p:
)55+

u)x, y, t+A

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
u1)x, y, t+A

{
1
μ− y)x

2 , y2 1.4+dpt)t+, if )x, y+� ff−,
1
μ+ y)x

2 , y2 1.4+dpt)t+, if )x, y+� ff+,

u2)x, y, t+A

{
1
μ−x)x

2 , y2 1.4+dpt)t+, if )x, y+� ff−,
1
μ+x)x

2 , y2 1.4+dpt)t+, if )x, y+� ff+,

)56+ p)x, y+A
2

21
)x3 y3+.

Ui f JGF tpmvujpot bsf hf of sbuf e vtjoh ui f cbdl x bse Fvmf s tdi f n f e f tdsjc f e jo
)39+- x jui ui f e jwjtjpo pgui f ujn f jouf swbmM A N2/90

Table 7. Fsspst pg JGF tpmvujpot gps Fybn qmf 5 bu t A 2 x jui
μ− A 2- μ+ A 210

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

8 3.36e-03 NA 3.35e-03 NA 5.14e-02 NA 6.94e-02 NA 6.87e-02 NA
16 9.08e-04 1.89 9.08e-04 1.88 3.29e-02 0.65 3.57e-02 0.96 3.53e-02 0.96
32 2.40e-04 1.92 2.40e-04 1.92 1.50e-02 1.13 1.81e-02 0.98 1.81e-02 0.96
64 6.12e-05 1.97 6.12e-05 1.97 5.75e-03 1.38 9.23e-03 0.97 9.23e-03 0.97
128 1.52e-05 2.01 1.52e-05 2.01 2.66e-03 1.11 4.68e-03 0.98 4.67e-03 0.98
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Table 8. Fsspst pg JGF tpmvujpot gps Fybn qmf 5 bu t A 2 x jui
μ− A 2- μ+ A 21110

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

8 7.26e-03 NA 7.25e-03 NA 1.15e-00 NA 7.19e-02 NA 7.12e-02 NA
16 2.04e-03 1.83 2.04e-03 1.83 7.56e-01 0.61 3.87e-02 0.89 3.82e-02 0.89
32 8.02e-04 1.34 8.02e-04 1.34 4.90e-01 0.63 2.09e-02 0.89 2.09e-02 0.87
64 1.19e-04 2.75 1.19e-04 2.75 2.19e-01 1.16 8.74e-03 1.26 8.74e-03 1.26
128 2.07e-05 2.53 2.07e-05 2.53 8.49e-02 1.37 4.32e-03 1.02 4.31e-03 1.02

(a) IFE velocity field at t = 0.5 (b) exact velocity field at t = 0.5

(c) IFE velocity field at t = 1 (d) exact velocity field at t = 1

Figure 9. DS .P0 JGF wfmpdjuz flfme uh boe fybduwfmpdjuz flfme u
bu t A 1.6 boe t A 2- x i f o μ− A 2- μ+ A 2111- N A 270

Jo Ubcmf t 8 boe 9- x f qsf tf ou ui f f sspst boe ui f dpowf shf odf sbuf t pg ui f DS .
P0 JGF tpmvujpot bu t A 2 x i f o ui f dpousbtu jo wjtdptjuz dpf ¯ djf ou jt n pef tu
)μ−, μ++A )2, 21+boe sfmbujwfmz mbshf )μ−, μ++A )2, 2111+- sf tqfdujwfmz0 Bu fbdi
ujn f tuf q- ju ubl f t bcpvu ui sf f juf sbujpot gps ui f Ofx upo(t n fui pe up dpowf shf -
cz tfmfdujoh ε0 A 21−8 jo )42+0 Ui ptf ubcmf t efn potusbuf ui bu ui f dpowf shf odf
sbuf t bsf pqujn bm0 X f qmpu ui f ovn f sjdbmtpmvujpot boe f ybdu tpmvujpot gps ui f
flstu dpn qpof ou pg ui f wfmpdjuz bu t A 1.6 boe t A 2- x i f o ui f dpousbtu pg ui f
wjtdptjuz dpf ¯ djf out jt )μ−, μ++A )2, 21+jo Gjhvsf 9 x jui ui f e jwjtjpo pgui f epn bjo
N A 2390 Bddpsejoh up ui ptf hsbqi t- ui f ovn f sjdbmtpmvujpot buejfif sf ouujn f mfwfmt
tjn vmbuf ui f f ybdutpmvujpo x fmmboe bsf sf tpmwfe bddvsbufmz bspvoe ui f jouf sgbdf 0 Jo
beejujpo- gps ui f i jhi .dpousbtuwjtdptjuz dpf ¯ djf out x i f sf )μ−, μ++A )2, 2111+- x f
qmpuui f ovn f sjdbmwfmpdjuz flfme uh boe fybduwfmpdjuz flfme u jo Gjhvsf : bu t A 1.6
boe t A 2- sf tqfdujwfmz- x i f o ui f e jwjtjpo pgui f epn bjo jt N A 270 Boe ui f sf tvmut
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joe jdbuf ui bubuui f tf ux p ejfif sf ouujn f mfwfmt- ui f ovn f sjdbmwfmpdjuz flfme dbquvsf t
ui f gf buvsf t pg fybduwfmpdjuz flfme x fmmfwfo po ui f n f ti ui bu jt sfmbujwfmz dpbstf 0

Example 5. (Unsteady NSE with a moving circular interface: variant ra-
dius) In this example, we consider a time-dependent NS interface problem described
by )2+with a moving circular interface where the radius varies with respect to time

: )x, y, t+A })x, y, t+; x2 , y2 )r)t++2 A 1| , where r)t+A )1.4) 12 tjo)3πt+, 2++
1
2 ,

t � ]1, 2a. The interface splits the domain ff into two subdomains: ff−)t+A
})x, y, t+; x2 , y2 )r)t++2 < 1| and ff+)t+A })x, y, t+; x2 , y2 )r)t++2 > 1| .
The function f in )2b+is generated with the following exact solution u and p:

)57+ u)x, y, t+A

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
u1)x, y, t+A

{
1
μ− y )x, y, t+, if )x, y+� ff−)t+,
1
μ+ y )x, y, t+, if )x, y+� ff+)t+,

u2)x, y, t+A

{
1
μ−x )x, y, t+, if )x, y+� ff−)t+,
1
μ+x )x, y, t+, if )x, y+� ff+)t+,

)58+ p)x, y+A
2

21
)x3 y3+.

Figure 10. DS .P0 JGF tpmvujpot jo Fybn qmf 6 x jui μ− A 2, μ+ A
2111 bu t A 1.36, 1.86 boe 2- po b 75± 75 n f ti 0 )Upq qmput; jouf s.
gbdf mpdbujpot=n jeemf ; JGF tpmvujpot u1,h=cpuupn ; JGF tpmvujpot
u2,h0+

Tfmfdujoh ui f e jwjtjpo pgui f ujn f jouf swbmM A N/3, Ubcmf : sf qpsut ui f f sspst
pgcbdl x bse .Fvmf s JGF tpmvujpot pcubjof e cz )45+buui f flobmujn f mfwfm)t A 2+gps
n pef sbuf dpousbtu pgwjtdptjuz dpf ¯ djf out )μ−, μ++A )2, 21+=Ubcmf 21 sf qpsut ui f
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Table 9. Fsspst pg JGF tpmvujpot gps Fybn qmf 6 bu t A 2 x jui
)μ−, μ++A )2, 21+-M A N/30

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

8 6.44e-03 NA 6.43e-03 NA 8.54e-02 NA 1.36e-01 NA 1.41e-01 NA
16 1.88e-03 1.78 1.88e-03 1.78 4.60e-02 0.89 6.78e-02 1.01 6.68e-02 1.09
32 5.78e-04 1.70 5.78e-04 1.70 2.19e-02 1.07 3.37e-02 1.01 3.37e-02 0.99
64 2.15e-04 1.43 2.15e-04 1.43 9.65e-03 1.18 1.72e-02 0.97 1.72e-02 0.97
128 9.48e-05 1.18 9.48e-05 1.18 4.66e-03 1.05 8.68e-03 0.98 8.66e-03 0.99

Table 10. Fsspst pg JGF tpmvujpot gps Fybn qmf 6 bu t A 2 x jui
)μ−, μ++A )2, 2111+-M A N/30

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

8 1.11e-02 NA 1.12e-02 NA 1.69e+00 NA 1.36e-01 NA 1.36e-01 NA
16 2.78e-03 2.00 2.78e-03 2.00 8.80e-01 0.95 6.52e-02 0.96 6.52e-02 1.06
32 8.92e-04 1.64 8.92e-04 1.64 4.10e-01 1.10 3.38e-02 0.97 3.38e-02 0.95
64 1.31e-04 2.77 1.31e-04 2.77 1.64e-01 1.32 1.58e-02 1.09 1.58e-02 1.09
128 3.17e-05 2.05 3.17e-05 2.05 6.23e-02 1.40 7.98e-03 0.99 7.96e-03 0.99

Table 11. Fsspst pg JGF tpmvujpot gps Fybn qmf 6 bu t A 2 x jui
)μ−, μ++A )2, 21+-M A N2/90

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

8 6.39e-03 NA 6.39e-03 NA 8.17e-02 NA 1.34e-01 NA 1.39e-01 NA
16 1.73e-03 1.89 1.73e-03 1.88 4.45e-02 0.88 6.68e-02 1.01 6.59e-02 1.08
32 4.52e-04 1.94 4.52e-04 1.94 2.13e-02 1.06 3.34e-02 1.00 3.34e-02 0.98
64 1.16e-04 1.96 1.16e-04 1.96 9.45e-03 1.17 1.71e-02 0.97 1.71e-02 0.97
128 2.95e-05 1.98 2.95e-05 1.98 4.58e-03 1.04 8.65e-03 0.98 8.64e-03 0.98

Table 12. Fsspst pg JGF tpmvujpot gps Fybn qmf 6 bu t A 2 x jui
)μ−, μ++A )2, 2111+-M A N2/90

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

8 1.17e-02 NA 1.17e-02 NA 1.64e+00 NA 1.30e-01 NA 1.36e-01 NA
16 3.36e-03 1.81 3.36e-03 1.81 8.48e-01 0.95 6.72e-02 0.95 6.60e-02 1.05
32 9.79e-04 1.78 9.79e-04 1.78 4.05e-01 1.07 3.42e-02 0.97 3.42e-02 0.95
64 1.63e-04 2.59 1.63e-04 2.59 1.63e-01 1.32 1.59e-02 1.11 1.59e-02 1.11
128 3.43e-05 2.25 3.43e-05 2.25 6.20e-02 1.39 7.98e-03 0.99 7.96e-03 1.00

f sspst gps ui f tjuvbujpo pg i jhi dpousbtu dpf¯ djf out )μ−, μ++A )2, 2111+0 Ubcmf t
22 boe 23 sf qpsu ui f f sspst x i f o tfmfdujoh M A N2/90 Ui f ovn f sjdbmsf tvmut bsf
dpotjtuf oux jui ui f ui f psf ujdbmpqujn bmdpowf shf odf sbuf t; T )h2 , τ+gps f sspst jo L2

opsn boe T )h , τ+jo H1 tf n j.opsn pgui f wfmpdjujf t=boe T )h , τ+gps f sspst jo L2

opsn pgui f qsf ttvsf 0 Gjhvsf 21 ti px t ui f JGF tpmvujpot u1 boe u2 bu t A 1.36, 1.86
boe t A 2 sf tqfdujwfmz- po b 75± 75 n f ti - x i f o )μ−, μ++A)2, 2111+0

Example 6. (Unsteady NSE with a moving circular interface: mov-
ing center) In this example, we consider a time-dependent NS interface prob-
lem described by )2+with a moving circular interface where its center is moving
from the centroid of the domain to the upper right corner: )x, y, t+A })x, y, t+;
)x 1.3t+2 , )y 1.3t+2 1.4 A 1| , t � ]1, 2a. The interface splits the domain ff
into two subdomains: ff−)t+A })x, y, t+; )x 1.3t+2 , )y 1.3t+2 1.4 < 1| and
ff+)t+A })x, y, t+; )x 1.3t+2 , )y 1.3t+2 1.4 > 1| . The function f in )2b+is
generated with the following exact solution u and p:

)59+ u)x, y, t+A

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
u1)x, y, t+A

{
1
μ− )y 1.3t+ )x, y, t+, if )x, y+� ff−)t+,
1
μ+ )y 1.3t+ )x, y, t+, if )x, y+� ff+)t+,

u2)x, y, t+A

{
1
μ− )x 1.3t+ )x, y, t+, if )x, y+� ff−)t+,
1
μ+ )x 1.3t+ )x, y, t+, if )x, y+� ff+)t+,
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Table 13. Fsspst pg JGF tpmvujpot gps Fybn qmf 7 bu t A 2 x jui
)μ−, μ++A )2, 21+-M A N2/90

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

8 6.58e-03 NA 6.57e-03 NA 1.06e-01 NA 1.31e-01 NA 1.31e-01 NA
16 1.80e-03 1.87 1.80e-03 1.87 4.73e-02 1.17 6.96e-02 0.91 6.93e-02 0.92
32 4.63e-04 1.96 4.63e-04 1.96 2.21e-02 1.10 3.45e-02 1.01 3.43e-02 1.01
64 1.18e-04 1.97 1.18e-04 1.97 1.05e-02 1.08 1.74e-02 0.99 1.74e-02 0.98
128 2.99e-05 1.98 2.99e-05 1.98 5.04e-03 1.05 8.72e-03 1.00 8.71e-03 0.99

Figure 11. DS .P0 JGF tpmvujpot jo Fybn qmf 7 x jui μ− A 2, μ+ A
21 but A 1.36, 1.86 boe 2- po b 75±75 n f ti 0 )Upq qmput; jouf sgbdf
mpdbujpot=n jeemf ; JGF tpmvujpot u1,h=cpuupn ; JGF tpmvujpot u2,h0+

Table 14. Fsspst pg JGF tpmvujpot gps Fybn qmf 7 bu t A 2 x jui
)μ−, μ++A )2, 2111+-M A N2/90

N ‖e1,h‖0,Ω r ‖e2,h‖0,Ω r ‖e3,h‖0,Ω r |e1|1,Ω r |e2|1,Ω r

8 1.32e-02 NA 1.32e-02 NA 1.25e+00 NA 1.40e-01 NA 1.40e-01 NA
16 4.93e-03 1.42 4.93e-03 1.42 8.78e-01 0.51 7.98e-02 0.81 7.95e-02 0.82
32 9.48e-04 2.38 9.48e-04 2.38 4.18e-01 1.07 3.36e-02 1.25 3.34e-02 1.25
64 1.73e-04 2.45 1.73e-04 2.45 1.77e-01 1.24 1.60e-02 1.07 1.60e-02 1.06
128 3.43e-05 2.33 3.43e-05 2.33 6.53e-02 1.44 7.97e-03 1.01 7.95e-03 1.01

)5: + p)x, y+A
2

21
)x3 y3+.

Mfuujoh M A N2/9, Ubcmf 24 boe Ubcmf 25 sf qpsu ui f f sspst pg cbdl x bse .Fvmf s
JGF tpmvujpot buui f flobmujn f mfwfm)t A 2+gps n pef sbuf dpousbtu)μ−, μ++A )2, 21+
boe i jhi dpousbtu )μ−, μ++A )2, 2111+pgwjtdptjuz dpf ¯ djf out0 Ui f pqujn bmpsef st
pg dpowf shf odf bsf pctf swf e0 Gjhvsf 22 ti px t ui f JGF tpmvujpot u1 boe u2 bu
t A 1.36, 1.86 boe t A 2 sf tqfdujwfmz- po b 75± 75 n f ti - x i f o )μ−, μ++A)2, 21+0
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5. Conclusion

Jo ui jt qbqf s- x f e fwfmpqf e b opodpogpsn joh jn n f stf e flojuf fmfn f ou n fui pe
gps Obwjf s.Tupl f t f r vbujpot x jui flyf e boe n pwjoh jouf sgbdf t cbtf e po DS .P0 JGF
tqbdf t0 B tfn j.e jtdsfuf tdi f n f boe cbdl x bse Fvmf s tdi f n f jn qmfn f ouf e x jui
Ofx upo(t n fui pe bsf e f tjhof e gps ui f jouf sgbdf qspcmfn t0 Ovn f sjdbmfybn qmf t bsf
qspwjef e up efn potusbuf ui f bddvsbdz pgui f qspqptf e JGF n fui pet x jui e jfif sf ou
dpoflhvsbujpot pg jouf sgbdf t boe ejtdpoujovpvt wjtdptjuz dpf ¯ djf out0 Ui f pqujn bm
psef st pg dpowf shf odf pg ui f JGF tpmvujpot bsf pctf swf e0 Ui f JGF tpmvujpot po
jouf sgbdf .vofluuf e n f ti f t bsf dpn qbsf e x jui dmbttjdbmDS flojuf fmfn f ou tpmvujpot
po cpez.fluujoh n f ti f t- boe ui f bddvsbdjf t pgcpui n fui pet bsf tjn jmbs0 Ui f sf gpsf
ui f qspqptf e JGF n fui pet dbo tpmwf Obwjf s.Tupl f t jouf sgbdf qspcmfn t bddvsbufmz
po jouf sgbdf .joe f qf oef ou n f ti f t0
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