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AN IMMERSED CROUZEIX-RAVIART FINITE ELEMENT
METHOD FOR NAVIER-STOKES EQUATIONS WITH MOVING
INTERFACES

JIN WANG, XU ZHANG, AND QIAO ZHUANG"

Abstract. In this article, we develop a Cartesian-mesh finite element method for solving Navier-
Stokes interface problems with moving interfaces. The spatial discretization uses the immersed
Crouzeix-Raviart nonconforming finite element introduced in [29]. A backward Euler full-discrete
scheme is developed which embeds Newton’s iteration to treat the nonlinear convective term. The
proposed IFE method does not require any stabilization terms while maintaining its convergence
in optimal order. Numerical experiments with various interface shapes and jump coefficients
are provided to demonstrate the accuracy of the proposed method. The numerical results are
compared to the analytical solution as well as the standard finite element method with body-
fitting meshes. Numerical results indicate the optimal order of convergence of the IFE method.

Key words. Navier-Stokes, interface problems, nonconforming immersed finite element methods,
moving interface.

1. Introduction

Nvmg.qi btf jn n jtdjcth jodpn gsfttjeth fipx t x ju fn cfeefe joufsghdft bsf x jef.
m gsftfoujo n boz qiztjdbngi fopn fob0 Ui f sfibufe tjn vibuypot bqqfbs jo n boz
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fodft- boe hfpmphz |:- 23- 24- 52- 5: & wp obn f ktub gx0 Uif ezobn jdt pgu f
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&df 12-:-28-3:-5: )
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)2¢c+ xw Al joff £]1,Ta

)2d+ uA1l pooff £]1,T4

)2e+ u)x, 1+A ug, p)x, 1+A po  jo ff,
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xifsf €)u+A ) w, ) wt4/3 jt uf tisbjo ufotps boe I jt uf jefouyuw ufotpsO
Ui f witdptjw dpf~ djifou p)x+jt ejtdpoyovpvt bdsptt u f joufsgpdf )i+ xijdi jt b
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jgz /)i
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)4b+ Jlug- A0 po )i+
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FIGURE 1. b epn bjo xju bo joufsgpdf )rhgr+ b opo.cpez.flujoh
nfti )njeerfitboe b cpez.flujoh n fti )sjhi W

Ui f Obwjfs. Tipl ft frvbuypot thot bo joufsghdf bsf xjefm tuejfe jo u f dpoufyu
pgflojuf frfm foun fu pet- jodmejoh dibttjdbnflojuf frfn foun fu pet |27- 29a ejtdpo.
yovpvt Hbifsl jo )EH+Hlojuf fifm foun fu pet ]21- 26- 56- 58a boe xfbl Hbifsl jo
flojuf frfn foun fu pet |38-57-62:0 Ui ptf flojuf f1fm foun fu pet dbo cf fyufoefe up
tpmf qfsyofoujoufsghdf gsperfin t gspwjefe u bucpez.flujoh n fti ft bsf fn qipzfe
I pxfwfs-tvdi cpez.flugjoh sftwsjduypo n bz i joefs ui f = difodz jo tpmyjoh jouf sghdf
gsperfn t x ju fwpmjoh jouf sghbdjbnhf pn fsjft boe mdbujpot cfdbvtf u f n fti i bt up
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n fu pet cbtfe po joufsghdf.joefqfoefoun ftift i bwf cffo efwfmqfe- tvdi bt dvu
flojuf frfn foun fu pe )DvuGEN +]6- 7- 8- 53a jn n fstfe joufsghdf n fu pe )JIN +
|44a fyufoefe flojuf frfin foun fu pe )Z GFN 425a gbsyupo pgvojw flojuf frfin fou
n fu pe )RWGFN +|55aboe n budi fe joufsghdf boe cpvoebsz )N JC+]64an fu pe0
Ui ftf voflwfe.n fti ovn fsjdbim fu pet fn qmpz n pejfife xfbl gpsn vibujpot ps sf.
witfe flojuf fifm fou groduypot bspvoe u f joufsghdf up dbquvsf ui f jouf sgbdjbnkvn g
cfibwpst0 X sfefs u f sfbefst up ]22- 28- 37- 54agps DvuGEFN - |[45agps JIN - |59a
s ZGFN - ]5agps RWGFN - boe |63agps N JC baqujfe wp OT n pwjoh joufsghdf qspe.
fin t0 Bo jrmtwsbujpo pgb cpez.flujoh n fti boe b opo.cpez.flugoh n fti jt hjwfo
jo Gjhvst 20
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frfin fouw dvucz u f joufsghdf wp dbquvst i f kvn q cfi bwjps buu f joufsghdf0 Jo ]43a
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joufsghdf gspcrfin t0 Bgiffs v b n boz jowf tuyjhbuypot sfhbsejoh JGF n fu pet gps fm
guud jouf sgbdf gspcifm t bsf dpoevdufe- jodmejoh gbsuybmm.qfobj fe JGF )RRIGF+
n fu pet |47a fujgud pqfsbups x ju opoi pn phfofpvt kvn q ]35a& opodpogpsn joh JGF
n fu pet |48a i jhi fs efhsff JGF n fu pet ]3- 2:- 6580 JGF n fu pet i bwf bitip cffo
fyufoefe w un f.efqfoefou joufsghdf gspcrfin t hpwfsofe cz gbsbepgd frvbuypot
]31- 49- 51- 61laboe izqfscpygd frvbypot |46 JGF n fu pet bsf bitip efwipgfe wp
tpmf joufsghdf gsperfin t hpwisofe cz tztufn t pgfrvbuypot- tvdi bt fofbs fibtyjdjwe
133- 34- 4: &)

Jo sfdfouzfbst- JGF n fui pet i bwf cffo fyufoefe up tpmf Tupl ft jouf sghdf gspc.
tfm t0 Gps jotwodf- ui f jn n fstfe EH n fu pe cbtfe po Q1.Qo fifm fou)Qq; qjfdf.
x jtf cjgofbs qpmopn jbntqbdf =Qq; qjf dfx jtf dpotuboutqbdf po rvbesjrbuf shim fti .
ft+x bt efwipqfe jo |2d4) B dibtt pgopodpogpsn joh JGF n fu pet cbtfe po Dspv fjy.
S bwjbsu )DS + Py fifin fou )Py; qjfdfx jtf qpmopn jbrmtgbdf po wjbohvibs n fti ft+
boe Sbhoobdi fs.Uvsf]l spubufe @Q1.Qo frfm fouxfsf sfdfoun jowpevdfe jo |3: 0 B
n jyfe dpogpsn joh.opodpogpsn joh Py JGF tgbdf x bt jowspevdfe jo ]41- 424 Jo beej.
upo- b Ubzips.I ppe P».P; jnn fstfe flojuf fifin fouboe u f dpssftqpoejoh RRIGF
n fu pe xfsf efwfpgfe jo [94)

Up tjn vibif n psf hfofsbniffvje fipx joufsghdf gspeifn t jotufbe pgkvtu dsffqgjoh
fipx hpwfsofe cz Tupl ft frvbuypot- ui f opogofbs Obwjfs. Tupl ft frvbuypot n vtucf
dpotjefsfe bt u fz bqqfbs jo bm ptu bmsf bntjn vibuypot0 Ui f oporofbs dpowf dujwf
bddf iisbupo boe u f fwpmjoh ffirje joufsghdf n bl f u f OTF n pwjoh joufsghbdf gspc.
tfm t n psf di bfiohjoh wp tpmf u bo u { Tipl 't joulsghdf gspeifin t ]2- 9- 3: - 41- 424)
Up u f cftupgpvs 1l opx rhiehf- u fsf jt op guf sbuvsf po ui f ovn fsjdbntwez pg OTF
n pwjoh gspcrfn t vtjoh JGF n fu petO X f opuf u bugps u f OT joufsghdf gspcifn t-
u f wiipdjw boe twsftt kvn g dpoejuypot jo )4b+boe )4c+bsf u f tbn f bt jo u f
Twpl ft joufsgpdf gsperfn t [39a=u fsfgpst- u fsf jt op offe wp dpotwvdu ofx JGF
tabdft gps OT joufsghdf gspcrfn t0 X f dbo fn qmpz u f fyjtyoh JGF tqbdft gps T
wl ft jousghdf gsperfm t |2- 3: - 41- 9aejsfdun w twez OT joulsghdf gsperfm t0 Up
i boethu f opoyofbs dpowf dypo- xf bepquui f Ofx wpo(t n fui pe jo pvs gymejtdsfuf
tdi fn £0 Jo beejuypo- xf vtf u f cbd xbse Fvifs tdi fn f gos yn f n bsdi joh evf wp
jut B.tubejgiz boe tjn qdjw0 Bn poh u ptf fyjtuyoh JGF tqbdft ]2- 3:- 41- 9a xf
opd u buu f DS. Py JGF tqbdft jowspevdfe jo |3: ai buf w p gspn jofougbuvsft; )j+
u fz jn qptf xfbl dpoyovjw tvdi u buu f bwfsbhf jouf hsbnwbmf bdsptt ui f fehft
jt dpogovpvt=u vt u fsf jt op offe wp jodmef tubcjyjife ufsn t0 Bt b sftvmr ui f
ovn fsjdbmtdi fn f jt nvd tjn qifis dpn gbsjoh wp ui f RRIGF n fu pe [9aboe u f
EH tdi fnf |26 )jj+Po u f thn f Dbsuftjbo n fti- u fsf bst pgifo tfitt efhsfft pg
sffepn gs DS. Py uibo jo ui f jnn fstfe EH tqbdf [2aboe Ubzips.I ppe JGF tgbdf
]9a=ui vt- ju jt dpn qvubypobmm n psf £~ djifou) Ui ftf wp gbwsft n pywbu vt wp
vtf u f DS. Py JGF tqbdft up jowftuyhbuf u f OTF x ju n pwjoh joufsghdft gsftfoufe
jo )2+4)4+4evf w jut tjn qudjwz boe - djifodz0

Uif thzpvupgu f sftupgu f bsydh jt bt gopnpx t; TFdypo 3 jowspevdft u f op.
ubypot boe bttvn qupot wp cf vtfe jo u jt bsydh0 Tfduypo 4 jt efwpufe wp jowsp.
evdf u f tfn j.ejtdsfuf boe gymejtdsfuf opodpogpsn joh JGF n fui pet x ju Ofx wpo(t
nfupe gs uf OT joufsgpdf gspcrfm )24)440 Ovn fsjdbmfybn qifit xju ejfifsfou
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joufsghdf dpoflhvsbupot boe wjtdptjwz dpf~ djfout bsf hjwfo jo Tfdupo 5 wp efn po.
twsbuf u f bddvsbdz pgu f gspqptfe JGE n fu pe jo tpmjoh OT joufsghdf gspcrfn t0
Gjobmm- b csjf g dpodmtjpo jt esbx o jo Tfduypo 60

2. Notations and Preliminaries

Jo i jt tfdypo- xf jowspevdf u f opubypot boe bttvn qupot wp cf vtfe jo u jt
bsuydifr gonpx fe cz b csjfgstdbmpgu £ DS . Py JGF tgbdf jo ]3: &

Up ui jt gpjow xf bttvn f u bu ff < R? jt b qpmhpobmepn bjo0 Mu U, cf b
wjbohvibs n fti pgff xiptf tfupgopeft boe tfupgfehft bsf efopue cz O boe
In- sttqfdywfm0 Opuf u buuf nfti U, jt joefqfoefou pgu f mdbypo pg u f
joufsgbdf  )t+buboz yn f t0 X f nblf u f gnpx joh bttvn qupot po u f n fti;
(H1) Buboz yn f ¢-u f jousgpdf )t+dbo pom joufstfdubo fifm fouxju opun psf

u bo 1 p gpjout0
(H2) Buboz un f t- u f joufsgpdf )t+jt b qjfdfxjtf C? gvodupo tvdi i bu gps
fwfsz frfm fouT / Uy,-jg t-H TR & ifo )tH{ T jt b C? grodupo jo T0

(c) (d)

FIGURE 2. bo joulsghdf joufstfdut bo frfin foubu )b+op gpjou=)c+
pof gpjou=)d+wp gpjout po uf thnf fehf=)e+wp gpjout po
ejfifsfoufehft0

Jou f joulspdf )t+joufstfdu bo fifm fouT xju fsp ps pof gpjow u fo T jt
dpotjefsfe bt b opo.joufsghdf fifm foud Jo beejuypo- jgu f joufsghdf )t+joufstfdut
bo fifin fouT buwux p ejtyoduqgpjout cvupo u f thn f fehf-u fo T jt brtip dpotjefsfe
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bt b opo.joulsghdf frfm foud Jgu f joulsgpdf )i+joufstfdut bo frfm fou T" bu wp
ejtyoduqpjout po w p ejfifsfoufehft- u fo 7" jt dpotjefsfe bt bo joufsghdf fifm foud
Tt Gjhvsf 3 gps bo jomtwsbuyjpo0 X f opuf u buu f sfbtpo xf dbo wfbuu f frfin fou
xifsf u f joufsghdf joufstfdut ui f frfm foubuw p ejfifsfouqpjout po u f thn f fehf
)Gjhvsf 3 )d+-bt b opo.joufsghdf fifin fou jt; Wi joh Mnn b 48 pg]32a xf dbo
tipx uibuu f bsfb pgu f sfhjpo cpvoefe cz u f joufsghdf boe i f fehf jt T)hi+
Yhy jt uf ejbn fufs pgu f frfin fout u vt u jt sfhjpo dbo cf jhopsfe dpn gbsfe
w i f fifin fo) Xf vtf Uf)t+boe UM)i+wp efopdf 1 f tfu pgjoufsghdf fifm fout
boe opo.joufsghdf frfm fout buun f ¢- sftqf duywfm0 I fsf- ui f cbd hspvoe n fti Uy
jt un f joefqfoefouw cvuu f ejtwjcvypo pgU)t+boe U)t+di bohft xju wn f0
Ui fz thytg U, A U9+ U )t4+buboz yn £ 10 Tjn jibsme x £ tiuZ} )i+boe Z;")t+cf
u f tfupgjoufsghdf fehft boe u f tfupgopo.joufsghdf fehft buun f ¢- sftqf dujwf 1m0
Jo beejupo- xf vtf T, boe TP gps u f tfupg joufsips fehft boe cpvoebsz fehft-
sttqf duywf m0

Gps fbdi frfim fouT / Uy~ xf efflof jub joefy tfubt A A }2,3,4|/0 Mu A4; -
i/ Mpocf uf wsydft pgT xijdi bsf gtufe dpvoulsdipd xjtf )spn A; wp Az+
boe efopuf u f fehft pgT w cf e; A A;A; 11 gps @ A 2,3- e3 A A34,0 Po b
opo.joufsgpdf frfm fouT / U - u f tuboebse DS.Fy flojuf fifm fou groduypot bsf
fn qmpzfe w bagspyjn buf u f wfrpdjw boe u f gsfttvsfO Up cf n psf tqfdifid rfu
Yir /P1-j / M cf uf tuboebse gofbs Mbhsbohf ti bqf gvodupot po T' / U™ tvdi
u bu

2 ..
17s T Vi), ys A iy, 0ij /M,

xijdi jt vtfe wp bqgspyjn buf u f dpn qpofoupgu f wfmpdjw0 N fbox i jifr ui f qsft.
tvsf jt bggspyjn bufe cz u f qjfdfxjtf dpotubou gvoduypo tqbdf Py0 Gps u f 3E
Obwjfs. Tupl ft gspcrfm - ui f dpn qpofout pgu f wimpdjw boe u f gsfttvst dpotyuvuf
b wf dups. wbmfe flojuf fifm foutgbdf- efopufe cz S;°")T+A P1)T+£P1)T+EPo)TH
Gps 7 A 2,3,.., 8 rfiu

)8+
Vi T 1 1
1/’j,T A 1 @sj /N, ’i/’j,T AlYjsr| osj 4 / M, Q/’j,T A 1| gsjAB.
1 1 2

Uifo u f mpdbmDS . Py flojuf frfin fou tqbdf po ui f opo.joufsgdf frfn fou dbo cf
x sjufo bt

)9+ S )T+A Tabo}ab; 7,5 A 2,3, %, 8], 0T / U,

Po u f joufsghdf frfm fout- xf opuf ui buu { OT jousghdf gsperfn t jo )2-+ti bsf
u f thn f wiipdjw boe twftt kvn q dpoejuypot bt u ptf jo |3: agps Tipl ft joul sghdf
gsperfin t0 Ui fsfgpsf- xf pom offe wp sfdbmui f DS. Py JGF ti bqf grodupot dpo.
twsvdufe jo ]3:40 Up cf npsf tqfdifld b wqjdbmjoufsgpdf frfm fouT / Ui~ dbo cf
dibttjfife joup ui sff wqft efqfoejoh po u f mdbuypot pgu f joufstfduypo gpjout pg
u f jousgpdf  boe uf fehft pgT bt jujt jrmtwbufe jo Ghvsf 40 Mu D boe E
cf uf joufstfdypo qpjout boe rhul cf u f gof gbttjoh uspvhi D- F xju uf
opsn bnwfdups i1 A )65, 0,+ jEG jujt b fofbs bagspyin buypo pgu f joufsgbdf0 Ui f
gof [ tqupt T joup w p tvefrin fout TliO Ui vt- b wfdups. wbmafe JGF ti bqf gvodupo
¢i7T)m, y+x1ptf dpn qpofoujt b qjfdfx jtf gofbs ps qjfdfx jtf dpotubou qpmopn jbm
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FIGURE 3. bo joufsghdf frfn foupgUzqf J)hge Uzqf JJ )n jeerhit
boe Uzqf JJJ)sjhi w0

po bo joufsghdf fifm fouT /U7 jt efflofe bt goupx t |3: &
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¢1,z)m y‘i: _aiim by, Cii_
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t]3:agsiA23,..,8;

= Tjy fehf.wbmfe dpoejuypot
)21+
(51‘]‘ 1

2
T d)i,T)x?y—ﬂds All|,5/M, qbi’T)m,y—lds Aoy ,5 4 / M.
FilJ., . \kf] e, :

=Pof n fbo gsfttvsf dpoejupo
9 1
)22+ —/ o, r)x,ydX A | 1], A8
Tl Jr ® N
ij
= (pvs dpogovpvt dpoejupot efsjwfe gpn )4b+
)23+ |¢k,i)D4eA | )E4aA 1, kA2, 3.
= Uxp twftt dpoygovpvt dpoejupot efsjwfe gpn )dc+
110)30261,i04 , )Oyd1,i, Ord2i®y+ ¢3:0.855 Al,
11))305b2i, Oyo1,i®z, 30y¢2:0,+ ¢3.04855 Al.
= Pof dpoyovjw pgu f ejwfshfodf dpoejupo

)25+ 10:01,i s Oydoiamy A 1.

Bt bo jmatwsbuypo- xf qrpuu f u sff dpn qpofout pgb DS.Fy JGF ti bqf gvoduypo
@5 bt xfmbt u f tuboebse DS. Py GF ti baf gvodupo 5 7 jo Gjhvsf 50

)24+
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FIGURE 4. B dpn gbsjtpo pgb wfdups.wbmfe JGF ti bqf gvodupo
@3 1 Jupq-tboe i f dpssftqpoejoh GF ti bqf groduypo 3 1 )cpupn +
xju pu~ A 21 boe ut A 2 po bo joufsghdf wsjbohifi0

Ui fsfgpsf 1 f mpdbmIGF tqbdf po 1 f joufsgbdf frfm foujt efflofe bt 8§ )T+A
tqbo}ep, 1, i A 2,3,...,8/ 0Bt b sftvie ui f mpdbmIGE tqbdf dbo cf tvn n bsj fe bt;

ST+ jgT /Uy,
ST+ jgT /U

X f opuf u buu f vojtpmfodz pgui f mpdbnDS . Py JGE tqbdf jt hvbsbouffe jo Ui fpsfn
6@ jo ]3: ) Ui fo u f hipebnDS . Py JGF tqbdf jt efflofe bt

)27+ Sp)ff, JtHA {v A vy, vg,v3d /LA vl / Sp)TH0T / U,

)26+ Spn)T+A {

boe /]viedsAl,(Z)e /fh,iA2,3}.

Uif dpssftqpoejoh tvetgbdf xifsf u f wfmpdjw whojti ft po u f cpvoebsz Off jt
efflofe bt
)28+

SO, )tHA {v Aoy, v, vsd /Sy, )ty /vids Al,0e /Tb,i A 2,3}.

3. Nonconforming IFE methods

Jo u jt tfdypo- xf efsjwf u f tfn j.ejtdsfuf boe grmejtdsfuf opodpogpsn joh JGF
n fu pe gps tpmjoh u f votufbez OT joufsghdf qsperfn t jo )2+)49

3.1. Weak formulation. X f flstuefsjwf u f xfbl gpsn vibuypo pgu f OT jouf sghdf
gspeifin t0 Jo i f gompx joh- xf vtf )x >, wp efopuf u f L? joofs qspevdupo w «ff0
Gps tjn qudjw- xf pafo espq u f tvetdsjqujgw A ff0 Gps tjn qudju- xf efopuf
fi*)t+bt - s A e -jo u f efsjwjbuypo0 Hjwfo boz uyn f ¢ /|1, Ta n vigqmjoh )2b+
cz v / |HY)ff & boe vtjoh 1 f Hsffo(t gpsn vib po ff~- jugpmpx t

Jur, vi-, ))3pe)ut+ pl4 v, ))u X Ju, v
))3ue)u+ pIngog-,v4o- A)f, vi-.
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I fsf-u f tfdpoe ufsn jt u f joofs gspevdupgup ufotpst A A Ja;;aboe B A ] a
xijd jt efflofe bt )A,B+A Y0, >0 )aij, bij0 Opuf ubuvlpo A 0 boe np
qpjout gspn £~ wp fFT-ui fo u f bepwf frvbupo cfdpn ft

Jut, vin-, ))3pe)ut pI+ vin-, ))u X Hu, v
)29+ ))3pe)u+ pliar, v A )f, vin-.
Tjn jibsta- po i f tveepn bjo ff+ xf i bwf
Jur, vig+, ))3pe)u+ pl+ v+, ))u X Ju, v,
i+ D3uclut plng, v A)f, v
Beejoh )29+wp )2: +zjfrat
Jug, v+ )3ue)ut+ pI+ v+ ))u x 4w, v+ ))3ue)ut+ pliar, v A)Ff, v+
Bqqmyjoh u f kvn q dpoejupo )4c+ ju gpnpx t
Jug, v+ )3pe)u+ pl4 v+ ))u x Ju,v+A ) f, v+

Wjoh ui f jefoyw ))3ue)u+ pl4 v+A )3ue)ute)vH )p,) >xv-Hup stxsjuf u f
tfdpoe ufsn - xf i bwf

Jus, v+ )3pe)ute)vH )p,) wH, ))u X Hu,v+A ) f, v+

Gps 1 f frvbujpo pgjodpn qsfttjcjgiz dpoejuipo )2c+ xf n vmjqm ¢ / L?)ff +po cpui
tjeft boe joufhsbuf pwfs u f epn bjo ff

)q,) >xuHA 1.

Ui f xfbl gpsn vibypo pgu f OT joufsghdf gspcrfm jt tvn n bsj fe bt; floe )u, p+/
HY)|1, TadH} )4 + L)+ tvd v bugps bmdt /|1, Ta

)31+

Yug, v c)u=u, v+ a)u, v+ b)v,p+ b)u,q+A Lyi)vt Qv /Hy)ff &, Og / L*)ff+

xifsf u f wjgofbs gsn c) x4 |Hy )46 £ Hj )4 + | HJ)ff 4 € R jt efflofe bt
c)u=v, wHA )u x -+ fu,v,w /| HY)F 4,
u f cjgofbs gosn a)xx; |H )4 + |HE)ff 42 € R jt efflofe bt
a)u, v+A )3pe)ute)vts Qu,v / 1H )4,
U f cjgofbs gosn b)x x4 |HHff 4 + L?)ff+€ R jt efflofe bt
Du,q+A )g,) Suth Gu /1HY)E,q / L*)ff +
boe 1 f fjofbs gsn L) |H)ff 4 € R jt efflofe wp cf
Li)v+A ) f v+ Ov /1 Hg)ff 4.

3.2. Semi-discrete scheme. Gps tqbuybmejtdsfuy buypo- xf vtf u f DS.F, JGF
tabdf Sp)ff, )t+wp sfqrbdf u f Tpe prfw tqbdf |Hg)ff 4 + L?)ff +buti f dpogjovpvt
tfwf 1l Cbtfe po ui f xfbl gpsn vibupo )31+ xf i bwf u f tfn j.ejtdsfuf opodpogpsn joh
DS . Py JGF n fu pet gos OTjoufsghdf qsperfn ; floe )up, pr+/ HY)|1, TasSp)ff, )t++
tvdi v bugps 0t /]1,Ta

2)”h,t»”h+7 C)UR=UR, Vh+ @)Uk, Vp+ b)Un, Dt D)un, gn+A Ly)vst

+
O)on, an+/ SHE, )i+

bmoh xju u f jojuybndpoejupot
)33+ up) ¥ 1+A uo py  Pr)X1+A pon,
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xifsf ug p boe pop, bsf tpn f bqgspyjn bupot- tvdi bt u f joufsqprbuypot- pgug boe
po- sftaf dywf jo u f JGF tgbdf Sp)ff, )t-H0 Xf dbo sfxsjuf u f tfn j.ejtdsfuf
tdi fn f )32+4)33+jowp 1 f gonpx joh matrix form; floe U)t-+tvdi 1 bu

M)tU")t+ N)U)t+, AHU)t+A F)t+
U)1+A U°,

xifsf M)t+boe A)t+bst u f JGF n btt boe tufioftt n busjdft- sttqf dyw m0 Ui {tf
n bwjdft bsf yn f.efqfoefouldlajgu f jousgpdf jt n pwjoh )jEO A )i+ cfdbvtf
u f tfupgjoufsghdf frfm fout U boe opo.joufsghdf fifin fout U fn qipzfe up gpsn v.
thuf u ptf uwp n bsjdft bsf yn f.efqfoefoud N)U)t-+Hdpssftqpoet up u f oporjofbs
dpowf dgwf 'sn c)up=up,v,+ boe F)t+dpssftqpoet wp u f sjhi ui boe tjef pg)32-0
Opuf u bu)34-+jt bo jojuibmwbmaf gspcrfin pgb oporjofbs psejobsz ejfif sfoybufrvb.
upo tztun gps U)t+efsjwfe gpn u f n fu pe pgyoftd X n bz vtf eftjsfe PEF
tpmfst wp tpmf u jt REF joevdfe PEF tztuln ]46)

)34+

Remark 3.1. For the steady-state NS interface problem, i.e.,u)x,t+A w)x+ then
uy & 1 in )2b+and the initial conditions )2e+disappear. The CR-Py IFE method
in )32+can still be employed by omitting the first term involving wy, . In this case,
appropriate techniques must be used to handle the nonlinear term, such as Newton’s
method. In the full-discrete scheme below, the Newton’s method will be presented
with more details.

3.3. Full-discrete scheme. Up jowspevdf u f grmejtdsfuf tdi fnf- xf fnqmpz b
vojgpsn gbsyupo jo yn f tvdi u bu

QAN A Gy <ty < xox<tpy_1 <ty AT,
xifsf 7 A T/M boe t, Aty, nT-xju n A 1,2, M0 Gps b grodupo ¢)x,t+
xf efopu ¢)x,t"+A ¢")x+ boe jowspevdf u f chd xbse ejfifsfodf pqfsbups 9; bt
gpipx t

R Nt o iy

-
Uifo b grmejtdsful DS.Py JGF n fu pe )backward Euler tdi fnf+dbo cf ef.
tdsjcfe bt; gps fbdi n A 2,3, 3, M- floe )u}, pp+—Sp)ff, "+tvd u bu
)35+
)gtuzﬂ,vzﬂ—h c)uﬁ“:uﬁ“,vﬁ“—{—, a)uZ“,vZ“—{—

Dot Dt A Lo D) g/ S, T
Ui bu jt
)36+
2 2
Dot D ent duptiagt en e et ot

b),vz+1’pz+1+ b)uz+1,qﬁ+1+A Lfn+1)'vﬁ+1+, @)UZ+1,(]Z+1+/ S?L)ff, n+1JF
Opu u bujo u f tfdpoe ufsn pg )36+ uj- boe UZH bsf buw p ejfifsfouun f rhiwf
xijdi dpssftqpoe uxp joufsgbdf mdbujpot ™ boe "0 Up bwpje iboerph wp
joufsghdft- xf sfqrbhdf 'vZH xju o0 Uijt udiojrvf xbt vtfe jo ]36:0 Uifo ju
2oupx t
)37+

n+1

2. 2
+1 n+1 n n n+1 n+1 n+1 n+1
;)uh NOMARES ;)uh,vhﬁ cuy =y T v T a)uy T v+

Dot B g A Lot Dot g/ SO, T
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xju u f jojuybndpoejupot

)38+ up A uon, Py A pon,

xifst ™A )t,40Uif gupxjoh Ofx upo(t julsbuypo jt vtfe upiboerhu f oporjofbs

dpowfduwf usn c)u? =t v+ floe u"’(l) " (l + Sp)ff, "+ 1 / NT- tvd

h h h

u bu
2 n e 2 n n n n — e
;)uh+17(l) 'U}i+1+ T)uhﬂ) vl C)’u,h+1’(l):uh+1’(l 1)7,0}14-1_'_

c)uZH’(l*l):uZH’(l),'UZH—&-, a)uzﬂ’(l),vzﬂ—i—

’qZ+1+

ALan),Uthl_h C)UZH’(FI):’UZH’(FI)’UZH—L—
Dyopt gt/ SHE, "ty

xju uf jojuybmdpoejupot

)39+ b),vn+1 pn+1’(l)_~_ b)u2+1’(l)

)32 + ’UI%(O) A uo,h, pg’(o) A Po,h-

Bufbdi un f fiwfmu f jojubnhvftt jt di ptfo bt u f tpmagpo gpn u f gqsfwjpvt un f
rfwf mjf G

Jo ui f bdwbmdpn gqvubuypo- u f tupgqgjoh dsjufsjb gps u f Ofx wo(t n fui pe jo )39+
jt sthvibufe cz

n,(l -1 -1
)42+ \/\}”h Oy )\; OF \?h Py )\;2(9) < €0,
gps tpn f gsftdsjefe u sfti pma ¢g > 10
: Ofyw xf efsjwf u f n bwsjy gosn pgui f cbd xbse Fvifis tdi fn fO Mut A ¢,,41 jo
34+ fo

)43+ M)tn+lw/)tn+l+» N)U)thrl'H'u A)tn+1w)tn+1+A F)tn+1+
Bqqmjoh u f cbd xbse Fvifs tdi fn f wp u f bepwf frvbuypo boe vij joh
M>tn+lwl)tn+1+c )M)tn+1_|U)tn+1+ M>tnw)tn+VT7
xijdi rhbet up
2 2
)44+ <M)tn+1+, A)tn+1+> Uttt MU A M), U, P
T T

I fsf boe u fsfbgfs- xf vtf n psf dpn gbdu opubyjpot A"+ A A)t, 1+ M"TL A
M)ty + U™ AUty +boe F™T A F)t,1+bt bepwf0

Bqqmjoh u f Ofxwo(t nfu pe jo )39+w )44+ xf ibwf uf gupxjoh ma-
trix form pgu f cbd xbse Fvifis tdi fn f xju Ofxwo(t n fu pe; floe b tfrvfodf
YUt O M v d i bu

(2M7z+1 , An+1 , Nl)Un+1’(l_1)+, Nz)Un+1,(l—1)_i> Un+1,(l)
)45+ g
A gMnUn 7 Fn+1 , 1;1717\4[Jr1,(l*1)7

-

xju u f jojubmdpoejupo
)46+ U A U°.
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I fsf- hjwfo u f gvodupo UZH’(Z_D— i f nbwsjy N U™ 0Y Ldpssftqpoet wp

u f cjgofbs gpsn ¢) mzﬂ’(l_l), - boe u f n bwjy Ng)U"+1’(l_l)+dpssftqpoet wp
u f cjgofbs gpsn c)uZ+1’(l_1):>,<><|9 Ui f wfdups FK,‘H’(I_D jt bttpdibufe xju i f

ofbs gpsn c)uZH’(l_l):uZH’(l_l), 0 TFugoh ui f tupqqgjoh dsjufsjb wp cf
)47+ n+1,(1) Un+1,(l—1) < €0,

xf dbo tvnnbsj f pvs grmejtdsful cbd xbse Fvifis JGF tdi fnf xju Ofxwo(t
jufsbujpot jo u f goipx joh brhpsju n 0

Algorithm 1 Cbd xbse Fvifis JGF tdi fn f xju Ofx upo(t juf sbypo

Step 1; Dpn qvu Uy gpsn jojuibndpoe juipo- boe rhu ut© - U
Step 2; (ps n A 1,2, %, N 2- dpn qvuf u f hipebowf dups F 10 Dpn qvuf
u f hipebmIGF n bisjdft M7 1= A"+ boe M™0Mul A 10
Step 3; Xijiil AA 1 ps ntLO ALl S
Step 4; dpn qvuf W)U L4 uxaVAgﬂﬂﬂﬂﬂ*U+ boe
Fn+1,(l—1)
N
Step 5; tpmf U"TH0) spn )45
Step 6; | — 1, 2-sfuso wp Step 40
Step 7; Tfun —n, 2-boe U0 o B A
End

Remark 3.2. In the case that the viscosity coefficient function i is time-independent
as stated in )3+and the interface is stationary, we only need to compute the global
matrices M and A associated with linear terms once. The global vector for linear
terms F™ ! must be updated in each time iteration. The global matrices associat-
ed with the nonlinear terms Nl)U"H’(l*l)—l—and NQ)U”H‘(FI)—!—and the nonlinear

n+1,(1—1)
N

global vector F must be updated at each time step and each Newton’s iter-

ation.

Remark 3.3. If the viscosity coefficient function u is time-dependent, i.e., p A
w)x, t+but the interface is stationary, then the stiffness matriz A also depends on
time, and it must be updated in each time iteration. However, the mass matrix
remains time independent. In this case, )45+becomes

(2]\47 An-’rl , ]\]1)ljn-‘rl,(l—l)_’_7 Nz)Un—i-l,(l—l)_i) UTL-‘rl,(l)
T

2 _
y8+  AZMmU™, P FLTROTD
T

Remark 3.4. For moving interface problems, the assembly of global matrices A",
M"Y in )45+ only requires updating local matrices on those elements where the
interface configuration changes during the two consecutive time steps. This feature
enables fast assembly of global matrices for moving interface problems due to the
isomorphism of our IFE spaces with standard FE spaces.

4. Numerical Examples
Jo ul jt tfdupo- xf uftuu f qfsgpsn bodf pgu f opodpogpsn joh DS . Py JGF n fu pe
gps u f OT jousghdf gsperfm )24)4+u spvhi b tfrvfodf pgovn fsjdbnfyqfsjn fout-

xju ejfifsfouwbmft pgkvn qt jo witdptjwz dpf~ djfout boe joufsghdf dpoflhvsbuypot0
Fsspst pgui f opodpogpsn joh JGF tpmypot gps u f wmpdjwz boe u f gsfttvsf bsf
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n fbtvsfe cz uwf L? opsn boe u f csplfo H! tfnj.opsnt0 X f jowpevdf uf gom
1px joh opubujpot wp n fbtvsf u f fsspst pg JGF tpmygpot boe u f dpowfshfodf sbuft;
fuw A up, us+ boe p cf u f fybdutpmupo pg)2+boe fuwuy, A )ug p, us 4 boe py,
cf u f opodpogpsn joh JGF tpmpot pg )3540 Ui fo u f fsspst pgu f JGF tpmagpot
bsf efopufe bt

eth Aur  uip, e2n Aus Usp, €3 AP P
Ui f sbuf pgdpowfshfodf r jt dpn qviufe wjb w p dpotfdvywf n fti ft Uy, boe Uy, x ju

TAIph) Ghy /§h2 +
rﬁh)hY/l‘{ngV ’
xifsf x jt fjufs L? opsn psuf csplfo H' tfn j.opsn 0
l\/fuﬁ{ dpn qvibypobnepn bjo ¢f ff A ] 2,2a+] 2,24 B Dbsuftjbo wjbohvihs
nfti U, pgff jt hfofsbufe cz gbsyupojoh ff' joup N + N dpohsvfou trvbsft x ju
u f tjef hohi h A 3/N- boe u fo gbsyupojoh fbdi trvbsf joup up dpohsvfou
wjbohifit ¢z jut ejbhpobnmgof0

Example 1. (Steady-state NSE with linear interface) In this example, we
consider the IFE method for a steady-state NS interface problem. The interface
is a straight line: A })x,y+; y A 1|, splitting the domain into two subdomains
= A Va,y+;y < 1| and 7 A Va,y+; y > 1| . The exact solution w and p are
given by
o= tjo?)matjo) my+dpt)ry & if )ar,y+/
Ul)xay+A Hl .2 . . +
7 tjo®)matjo)mydpt)my+ if Jo,y+/ T,
M% tjo?)my+tjo ) ra+dpt) T if ), y+/ -,
L tjo?)my-jo)ma-dpt)ma-t if ), y-+/ 1,

)49+ w)z, y+A
U,g)l’, y+A

2
)4: + p)x, y+A 5tjo)7rx+tjo)7ry+)dpt)37ras+, dpt)3my+

which shares some similarities to a Taylor-Green vortex (although the arrangement
of the velocity pattern is different, as shown in Figure 6). The viscosity coefficient
is chosen to be (u=,ut+A)2,3.6).

Gps tufbez.tubuf OT joufsghdf qsperfin t- bt tubufe jo Sfn bsl 4®- u f JGF tpm.
upot bsf hfofsbufe cz )32+)pn jugoh u f usn jowpmjoh wup ¢+dpn cjofe xju u f
Ofxuwpo(t n fu pe jo Brhpsju n 20 X { opuf u bupom Tufqt 4.8 bsf fn qpzfe boe
bmtvqfstdsjqut xju sftqfduup ui f yn f thwfthn ps n, 2 ti pvia cf pn jufe- u vt
u f pvugvu JGE tpmugjpo jt uo

Jo Ubcrh 2- xf sfqpsuu f fsspst boe u f dpowfshfodf sbuft pgu f DS.Py JGF
tpmypot0 Opuf u buu ftf ovn fsjdbnsf tvit bsf pcubjofe po b tfrvfodf pgjoufsghdf.
voflufe n ftift xifsf u f joufsghdf joufstfdut xju uf joufsjps pgtpnf pgu f fm
fn fout )bo jrmtwbupo pgtvdi bo joulsghdf.voflufe n fti jt tlfudife jo uf fign
tveflhvst pg Gjhvsf 640 Jo pvs dpn qvubuypo- Juwbl ft op n psf u bo govs juf sbupot
gs i f Ofxwpo(t n fu pe up dpowfshf xjuijo i f u sftipm g A 2176 jo 420 Ju
dbo cf tffo ui buu f dpowfshfodf sbuft gps wfimpdjw dpn qpofout u; boe us bqgspbdi
wp O)h%+o 1 f L? opsn boe O)h+jo i f H! tfn j.opsn =dpowfshfodf sbuft gps 1 f
asfttvsf p bqqspbdi wp O)h+jo wf L? opsn bt uf nfti cfdpn ft flofsO Ui ftf
sftvit efn potwsbuf u f pqun bmpsefst pg dpowfshfodf- xijdi bsf dpotjtufou x ju
pvs fyqfdubuypo bddpsejoh up ui f efhsfft pgqpmopn jbrh fn qrpzfe gps u f bgqgspy.
jn bupo0 Jo Ubcth 4- xf gsftfouu f fsspst boe u f dpowfshfodf sbuft pgu f flojuf
frfin fou n fu pet tpmgpot pcubjofe po cpez.flujoh n fti ft )xifsf wf nfti jt
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TABLE 1. Fsspst pgJGF tpmupot gps Fybn qrfi 3- )u™, uT+A )2, 3.6+

N lleinllo,e T lle2.nllo,0 r lles.nllo.0 T lei]1,0 r le2]1,.0 r

11 3.41e-02  NA  3.32e-02 NA _ 3.98e-01 NA  8.99e-01 NA 8.94e-0l NA
21 9.85e-03  1.86  9.65e-03  1.85  2.06e-01  0.98 4.81e-01 0.94 4.80e-01  0.93
41 2.63e-03  1.94  2.58¢-03  1.94  1.03e-01  1.01 2.48¢-01 0.97 2.48¢-01  0.97
81 6.78¢-04  1.97  6.66e-04  1.97  5.18e-02 1.0l  1.26e-01 0.99 1.26e-01  0.99
161 1.72e-04  1.99  1.69e-04  1.99  2.59¢-02  1.00 6.33e-02 0.99 6.33e-02  0.99
321 4.32e-05  2.00  4.25e-05  2.00  1.30e-02  1.00 3.18e-02 1.00 3.18e-02  1.00

TABLE 2. Fsspst pg GF tpmupot po cpez.flujoh n fti ft gps Fy.
bn qrfi 3- Y™, pT+A )2, 3.6+

N lle1,nllo.0 r lle2.nllo,0 T lles,nllo.0 r lei]1,0 r leal1,0 T

10 1.06e-02 NA 1.07e-02 NA  4.06e-01 NA  9.84e-01 NA  9.84e-01 NA
20 1.08¢-02  1.91  1.08¢-02  1.91  2.09¢-01  0.96 5.05¢-01 0.96 5.05¢-01  0.96
40 2.76e-03  1.97  2.75¢-03  1.97  1.04e-01  1.01 2.54e-01 0.99 2.54e-01  0.99
80 6.93¢-04  1.99  6.91e-04  1.99  5.19¢-02  1.00 1.27e-01 1.00 1.27e-01  1.00
160  1.74e-04  2.00  1.73e-04  2.00  2.59¢-02  1.00 6.37¢-02 1.00 6.37¢-02  1.00
320  4.34e-05  2.00  4.32¢-05  2.00  1.30e-02  1.00 3.19¢-02 1.00 3.19e-02  1.00

. ~ . T A A

/

(a) interface-unfitted mesh (b) body-fitting mesh

FIGURE 5. jousghdf.voflufe nfti )N A 22+boe cpez.flujoh
nfti )N A 21+gps Fybn qrfi 30

bghofe xju u f joufsghdf cz dpoflhvsbuypo- bo jrmtwbupo pgtvdi b cpez.flujoh
nfti jt tlfudi fe jo u f sjhi utveflhvst pg Ghvsf 6+ u f sbuft pg dpowfshfodf bsf
pqun bmbt fyqfdufe0 Dpn gbsjoh ebwb jo Ubcth 2 boe Ubcth 4- bt x fombt v f wp
wipdjwe qmput jo Gjhvsf 7- judbo c¢f tffo u buu f bddvsbdz pgJGF bqqspyjn bujpo po
joufsghdf .voflufe n fti ft boe GF bqqspyjn bupo po cpez.flujoh n fti ft bsf n vdi
bijl 0

Example 2. In this example, we consider a NS interface prc@lem described by )2+
where the interface s a straight line: A }a,y+; y 1.4 A 1] .gThen the
interface  splits the dowain into two subdomains £~ A }a,y+; y 14 < 1|

and T A Dz, y+; vy 1.4 > 1|. The function f in )2b+is generated with the
following exact solution w and p:

1 V— 2 —
)Y V14—l$ ) Zf).’L',y-i—/ff )

ul)xvy—’_A " - .
. A pr)y g i Jry+/
) + u)xvy"_ 1 ﬁ o . -
Uz).’II y-I—A Fx)y V7+’ Zf )I,y+/ )
’ o)y LA, if Joy+/ T,

)52+ p)r, y+A e*  ev.
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CR-CR-PO solution u1: #Cell = 51842, DOF = 208012 FE solution ut: #Cell = 51200, DOF = 205440

05 05
4 04
03 03
02 02
01 01
3

0 01
02 02
03 03
04 04
05 05

(a) IFE solution (b) FE solution

CR-CR-PO solution u2: #Cell = 51842, DOF = 208012 FE solution u2: #Cell = 51200, DOF = 205440

05 05
04 04
03 03
02 02
01 01

0
01 01
02 02
03 03
04 04
05 05

(c) IFE solution (d) FE solution

FIGURE 6. u;; )JGF+xju N A 272 boe w;p, )GF+xju N A 271
xifo u™ A2-pt A3.60)i A 2,30 Upq qupt; uy p=cpupn ; ug,,40

Jo Ubcrth 4 boe 5- xf gsftfouu f fsspst boe ui f dpowfshfodf shuft pgu f DS.F
JGF tpmyjpot xifo u f kvn q jo witdptjw dpf~ difoujt n peftu)u=, u*+A )2,21+
boe sfibywfm thshf )u—, pt+A )2,2111+ sftqf dywim0 Juwbl £t bepvu 4 Ofx wpo (b
jufsbupot gps ui f JGF n fu pet wp dpowfshf0 Judbo cf tffo ui buu f dpowfshfodf
shuft gps wipdjw dpn qpofout u; boe us bqqspbdi up O)h%+jo i f Lo opsn boe
O)h+jo u f H' tfn j.opsn =dpowfshfodf sbuft gps i f qsfttvst p bqqspbd wp O)h+
jou f Lo opsn bt uif nfti cfdpn ft flofsO Ui ftf sftvmt efn potwsbuf u f pqun bm
psefst pgdpowfshfodf- xijdi bsf dpotjtufouxju pvs fyqfdubuypo bddpsejoh wp u f
efhsfft pgqpmopn jbih fn qmzfe gps u f bggspyjn bupo0

TABLE 3. Fsspst pgu { JGF tpmpot gps Fybn qrfit 3- )u™, p+A )2,2140

N Teinllon r ez, nllo.0 r lTes.nllo. r leil1,0 r leal1.0 r

10 1.67e-02  NA 1.30e-02  NA  2.82e-01  NA  2.82e-01 NA  2.54e-01 NA
20 4.78e-03 1.81 3.55e-03 1.87 1.19e-01 1.24 1.44e-01 0.97 1.29e-01 0.98
40 1.07e-03 2.15 8.70e-04 2.03 5.04e-02 1.25 7.15e-02 1.00 6.46e-02 1.00
80 2.70e-04  1.99  2.19e-04  1.99  2.50e-02 1.0l  3.58¢-02 1.00 3.24e-02  1.00
160  6.83e-05  1.98  5.48¢-05  1.99  1.25e-02  1.00 1.79e-02 1.00 1.62e-02  1.00
320  1.82e-05 1.90 1.41e-05 1.96  6.61e-03  0.92 8.99¢-03 1.00 8.11e-03  1.00

Example 3. (Steady-state NSE with a circular interface) In this example,
we consider a steady-state NSE with a circular interface A })x,y+ 2%, y> 1.4 A
1|. The interface  splits the domain ff into two subdomains: £~ A })a,y+;
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TABLE 4. Fsspst pgu f JGF tpmupot gps Fybn qrfit 3- )™, u™+A )2,21119

N lleinllo,0 r lle2.nllo,e r lles, nllo.o T leil1.0 r le2]1,0 r

10 2.53e-02  NA 1.76e-02  NA  4.31e+00  NA  3.38¢-01 NA  2.58-01 NA
20 5.13e-03  2.31  3.66e-03  2.26  6.49e-01 2.73  1.56e-01 1.11 1.29e-01  1.00
40 1.12e-03  2.20  8.8le-04  2.05  1.04e400 -0.68 7.17e-02 1.12 6.46e-02 1.00
80 2.87e-04  1.96  2.25e-04  1.97  6.41e-01 0.70  3.59e-02 1.00 3.23e-02  1.00
160  7.45e-05  1.95  5.82e-05  1.95  3.35e-01 0.93  1.80e-02 1.00 1.62e-02  1.00
320  2.12-05 1.81  1.57e-05  1.89  1.23e-01 1.44  9.39e-03 0.94 8.10e-03  1.00

2?2, y? 14 < 1] and £ A P)a,y+; 22, y?> 1.4 > 1. The right hand side
function f in )2b+is generated with the following exact solution w and p:

1
u1)$7y+A H{
g
1 2 2 . —
—x)x°, 144 if Yo, y+/ ff—,

s yrA | y [z, y+/

)
+.’E)£K2, y2 ]-4+7 Zf )xay+/ ﬂ‘Jr’

yx?, y* LA+ if )z,y+/ 7,
2 yr L4+ df o, y+/ BT
1534 W), gt A y)rt, y if ), y+/

T

=

2
)bd+ p)x, y+A ﬁ)x?’ v+

TABLE 5. Fsspst pg JGF tpmgpot gos Fybn qrfi 4 xju u™, p+A )2,2140

N lleinllo,e r lle2.nllo,0 r lles nllo,e T lei]1.0 r le2]1.0 r

10 1.59e-03  NA  4.58¢-03  NA T.12e-01 NA  1.02e-01 NA  1.02e-01 NA
20 1.20e-03  1.93  1.20e-03  1.93  3.98e-02  1.50 5.32e-02 0.93 5.33¢-02  0.93
40 3.09e-04  1.96  3.09e-04  1.96  1.94e-02  1.03 2.75¢-02 0.95 2.75¢-02  0.96
80 7.89e-05  1.97  7.88e-05  1.97  8.52e-03  1.19 1.41e-02 0.96 1.40e-02  0.97
160 1.98e-05 2.00 1.98e-05 2.00 3.96e-03 1.11 7.04e-03 1.01 6.98e-03 1.01
320 4.97e-06 1.99 4.96e-06 1.99 1.86e-03 1.09 3.50e-03 1.01 3.48e-03 1.00

TABLE 6. Fsspst pgJGF tpmupot gos Fybn qriid xju )™, p™+A )2,21119

N llei.nllo0 r lle2.nllo,0 r lles.nllo,0 r leil1,0 r leal1,0 r

10 1.36e-02  NA 1.36e-02  NA  1.34e+00  NA  1.48¢-01 NA  1.48¢0l NA
20 3.08e-03  2.14  3.08e-03  2.14  1.40e+00 -0.07 6.26e-02 1.24 6.28¢-02 1.24
40 7.74e-04  1.99  7.74e-04  1.99  8.08e-01 0.79  2.80e-02 1.16 2.90e-02 1.17
80 1.43e-04 244  1.43e-04 244  3.04e-01 1.41  1.34e-02 1.06 1.33e-02 1.08
160  2.67e-05  2.42  2.67e-05  2.42  1.12e-01 1.45  6.57e-03 1.03 6.50e-03 1.03
320  5.32e-06  2.32  5.32e-06  2.32  3.99¢-02 1.49  3.24e-03 1.02 3.22e-03 1.01

Jo Ubctfit 6 boe 7- xf gsftfouu f fsspst boe u f dpowfshfodf sbuft pgu f DS. P
JGF tpmupot xifo u f kvn q jo witdptjuw dpf~ difoujt n peftu)p™, pT+A )2,21+
boe sfrhuywfm thshf )u—, pT+A )2,2111+ sftqf dywim0 Juwbl ft bepvu i sff jufsb.
upot gos i f Ofxwpo(t n fu pet wp dpowfshf cfrpx i f i sfti pm eg A 2170 Judbo
bitp cf tffo u bu fwfo gos u f i jhi .dpowsbtu witdptjw dpf~ djfout- ui f dpowfshfodf
sbuft gps i f wimpdjiz dpn qpofout 1y boe us bqgspbdi wp O)h?+jo 1i f L? opsn boe
O)h-+jo u f H' tfn j.opsn =dpowfshfodf sbuft gps i f qsfttvst p bqqspbd wp O)h+
jouf L? opsn bt uif nfti cfdpn ft flofs- xijdi efn potwsbuft u f pqun bnsbuft
pgdpowfshfodf pgu f JGF tpmuypot0

Xf qmuu f ovn fsjdbmtpmaypot boe fybdu tpmypot xifo u f dpowbtu pgu f
witdptjz dpf~ djfout jt )u~, uT+ A )2,21+jo Gjhvsf 8 xju u f ejwjtjpo pgu f
epn bjo N A 2710 Bddpsejoh wp u ptf hsbhqi t- u f ovn fsjdbntprmaypot tjn vibuf i f
fybdu tpmyjpo x fmboe ui f ovn fsjdbntpmaupot bsf sftpmfe bddvsbufma bspvoe u f
jouf'sghdf 0
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CR-CR-PO solution u1: #Cell = 51200, DOF = 205440

exact solution ut: #Cell = 51200, DOF = 205440

015
01
005
0
005
01
0

(a) IFE solution uq p, (b) exact solution uj

CR-CR-PO solution u2: #Cell = 51200, DOF = 205440 exact solution u2: #Cell = 51200, DOF = 205440

; 015
o
e
.
o

(c) IFE solution ug , (d) exact solution ug

CR-CR-PO p: #Cell = 51200, DOF = 205440

exact solution p: #Cell = 51200, DOF = 205440

.
.

(e) IFE solution py, (f) exact solution p

FIGURE 7. DS.Py JGF tpmupo boe fybdutpmgpo )upq wp ¢ pupn ;
ui- Ug- pxifo p= A 2-ut A 21- N A 2710

Example 4. (Unsteady NSE with a circular interface) In this example, we
consider a time-dependent NS interface problem described by )2+ with T A 2. The
circular interface: A Vax,y+; 2, y*> 1.4 A 1| splits the domain ff into two
subdomains: £~ A P)a,y+ 2%, y* 14 <1| and ffT A P)a,y+ 2%, y* 14> 1].
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CR-CR-PO solution u1: #Cell = 32768, DOF = 131584

o1
005
o
005
01

exact solution ut: #Cell = 32768, DOF = 131584

o1
005
o
005
01

(a) IFE solution at t = 0.5 (b) exact solution at ¢t = 0.5
GR.GRLPO solutionut: #Goll 52768, DOF = 13154 oxatsakonu: #Got = 2768, DOF = 131688

o om
o om
oot om
o om
o 0

o o
o o
o oo
o o

(c) IFE solution at t =1 (d) exact solution at t = 1

FIiGure 8. DS.F, JGF tpmupo u;; boe fybdutpmuypo u; but A
1.6 boe t A 2-xifo u= A 2-ut A 21- N A 2390

The function f in )2b+is generated with the following exact solution w and p:
)55+

)y EAA vzt y? Ldddpt)th of o, y+/ 7,
) ) ) y2

u)z,y, t+A ,%y 2, 1.4+4dpt)t+ if )z, y+/ £,
IR u2)x ) t+A %LIZ):}?Q’ y2 14+dpt)t-|; Zf )x’y_l,_/ ﬂ'*’
'Y %m);ﬁ, y?  LA4dpt)t if Yo, y+/
2
)56+ p)z, y+A —)x3 y3-|,-

Ui f JGF tpmypot bsf hfofsbufe vtjoh ui f cbdl xbse Fvifis tdi fn f eftdsjcfe jo
)39+ xjui 1 f ejwjtjpo pgu f yn f jouf swbmM A N?2/90

TABLE 7. Fsspst pg JGF tpmupot gps Fybn qrii 5 but A 2 xju
po A 2-put A 210

N llei,nllo,e r lle2.nllo,0 r lles,nllo, o r lei]1,0 r le2]1,0 r
8 3.36e-03  NA  3.35e-03  NA  5.14e-02  NA  6.94e-02 NA  6.87e-02 NA
16 9.08¢-04  1.89  9.08e-04  1.88  3.20e-02  0.65 3.57e-02 0.96 3.53¢-02 0.96
32 2.40e-04  1.92  2.40e-04  1.92  1.50e-02  1.13 1.81e-02 0.98 1.81e-02 0.96
64 6.12e-05  1.97  6.12e-05  1.97  5.75e-03  1.38 9.23e-03 0.97 9.23e-03  0.97
128 1.52e-05  2.01  1.52e-05  2.01  2.66e-03  1.11 4.68e-03 0.98 4.67e-03 0.98
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TABLE 8. Fsspst pg JGF tpmugpot gps Fybn qri 5 but A 2 xju
- A2 pt A 21110

N lernllo.e r llea.nllo,0 T lles,nllo,0 r lei]1,0 T lea]1,0 T
7.26e-03  NA  7.26e-03  NA  1.15e-00  NA  7.19e-02 NA  7.12e-02 NA
16 2.04e-03  1.83  2.04e-03  1.83  7.56e-01  0.61 3.87e-02 0.89 3.82¢-02 0.89
32 8.02e-04  1.34  8.02e-04  1.34  4.90e-01  0.63 2.09e-02 0.89 2.09¢-02 0.87
64 1.19e-04  2.75  1.19e-04  2.75  2.19e-01  1.16 8.74e-03 1.26 8.74e-03 1.26
128  2.07e-05  2.53  2.07e-05  2.53  8.49e-02  1.37 4.32¢-03 1.02 4.31e-03 1.02

CR-CR-PO Velocity Field: #Cell = 512, DOF = 2112 Exact Velocity Field: #Cell =512, DOF = 2112

/

s
=

N

N
VNN

AN

4 08 06 04 02 0 02 04 06 08 1 41 08 06 04 02 0 02 04 06 08 1

(a) IFE velocity field at t = 0.5 (b) exact velocity field at ¢t = 0.5

CR-CR-PO Velocity Field: #Cell = 512, DOF = 2112 Exact Velocity Field: #Cell = 512, DOF =2112

4 08 06 04 02 0 02 04 06 08 1 4 08 06 04 02 0 02 04 06 08 1

(¢) IFE velocity field at t =1 (d) exact velocity field at t = 1

FI1GUure 9. DS. Py JGF wfimpdjw fifmm uy boe fybduwfipdjw fifra w
but A 1.6 boe t A 2-xifo u~ A2-put A2111- N A 270

Jo Ubcifit 8 boe 9- xf qsftfouu f fsspst boe u f dpowfshfodf sbuft pgu f DS.
Py JGF tpmypot but A 2 xifo uf dpowbtu jo witdptjz dpf~ djfou jt n peftu
Y, wt+A )2, 21+boe sfibywim thshf )u—, u™+A )2, 2111+ sftqf dywfm0 Bu fbdi
un { tufg- ju wblft bepvu u sff jufsbupot gos u f Ofxuwpo(t n fui pe wp dpowfshf-
cz tfifidyoh g A 2178 jo )4240 Ui ptf wbcrft efn potwsbuf i bu i f dpowfshfodf
sbuft bsf pqun bt Xf qpu u f ovn fsjdbmtpmypot boe fybdu tpmupot gps u f
flstu dpn qpofou pgu f wfipdjw but A 1.6 boe t A 2- xifo u f dpowsbtu pgu f
witdptjw dpf~ djfout jt )™, uT+A )2,21-+Ho Gjhvsf 9 xju u f ejwjtjpo pgu f epn bjo
N A 2390 Bddpsejoh wp u ptf hsbqi t- i f ovn fsjdbntprayjpot buejfif sfouyn f rfwf
tjn vibuf u f fybdutpmaypo x fmboe bsf sftpmfe bddvsbuf m bspvoe u f joufsghdf 0 Jo
beejuipo- gps ui f i jhi .dpowsbtuwjtdptjwz dpf ~ djfout xi fsf )™, pT+A )2, 2111+ x
qrpuu f ovn fsjdbmwf mpdjwz fifm uy, boe fybduw mdjw fifra w jo Gjhvst : but A 1.6
boe t A 2- sftqf dywim- xi fo u f ejwjtjpo pgu f epn bjo jt N A 270 Boe u f sftvmt
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joejdbuf u bubuu ftf wp ejfifsfouyn f fwfrir v f ovn fsjdbnwf ipdjwe fifra dbquvsft
u f gbusft pgfybduwfipdjw fifm xfmfwfo po ui f nfti u bujt sfrbhuywfm dpbstf0

Example 5. (Unsteady NSE with a moving circular interface: variant ra-

dius) In this example, we consider a time-dependent NS interface problem described

by )2+with a moving circular interface where the radius varies with respect to time
)z, y, t+A N,y t+ 2?2, y? )r)t+E A 1], where r)t+A )1.4)1 tjo)3mt+, 242,

t / |1,2a The interface splits the domain ff into two subdomains: ff~)t+ A

N,y b+ a2, g2 )t < 1 and BHFA Pyt a?, y? )R > 1.

The function f in )2b+is generated with the following exact solution w and p:

=y a oyt if o,y )t

ary st if Jr g/ )

Lo oyt if )o,y+/ )t

ug)x,y, t+A K )
B e )z, yst if ), y+/ )t

ul)xv Y, t+A
)57+ w)z, y, t+A

2
)58+ p)z, y+A ﬁ)x?’ e

radius=0.67082, t =0.25 | radius=0.3873, t =0.75 . radius=0.54772, t =1

05 o 05 1 Bl 05 o 05 1 Bl 05 o 05

CR-CR-P0 Solution ut: #Cell = 8192, t=0.25 CR-CR-PO Solution ut: #Cell = 8192, t=0.75 CR-CR-PO Solution ut: #Cell = 8192, t=1

CR-CR-P0 Solution u2: #Cell = 8192, t=0.25 CR-CR-PO Solution u2: #Cell = 8192, t=0.75 CR-CR-PO Solution u2: #Cell =8192, t=1

FIGURE 10. DS.Py JGF tpmjpot jo Fybn qrii6 xju p~ A 2, 4™ A
2111 but A 1.36,1.86 boe 2-po b 75+ 75 n fti 0)Upq qiput; joufs.
ghdf mdbuypot=n jeetfi; JGF tpmpot u; p=cpupn ; JGF tpmuypot
ug, 0+

Tirhdyoh u f ejwjtjpo pgu f yn f jouswbmM A N/3, Ubcth: sfqpsut u f fsspst
pgebd x bse. Fvifis JGF tpmgpot pewbjofe cz )45+but f flobmyn f wfm)t A 2+gps
n pefsbuf dpowsbtu pgwjtdptjz dpf~ djifout )u™, u™+A )2, 214=Ubcrh 21 sfqpsut 1 f
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TABLE 9. Fsspst pg JGF tpmiugpot gps Fybn qri 6 but A 2 xju
Y, wt+A 2,214+ M A N/30

N lle1,nllo.0 r lle2.nllo,0 T lles,nllo.0 r lei]1,0 r lea]1,0 T
8 6.44e-03 NA 6.43¢-03 NA 8.54e-02 NA  1.36e-01 NA 1.41e-01 NA
16 1.88¢-03  1.78  1.88¢-03  1.78  4.60e-02  0.89 6.78¢-02 1.01  6.68¢-02  1.09
32 5.78¢-04  1.70  5.78¢-04  1.70  2.19¢-02  1.07 3.37¢-02 1.01  3.37e-02  0.99
64 2.15¢-04  1.43  2.15e¢-04  1.43  9.65¢-03  1.18 1.72¢-02 0.97 1.72e-02 0.97
128  9.48¢-05  1.18  9.48¢-05  1.18  4.66e-03  1.05 8.68¢-03 0.98 8.66e-03  0.99

TABLE 10. Fsspst pg JGF tpmpot gps Fybn qifi 6 but A 2 xju
Y, A )2, 2111+ M A N/30

N llei,nllo,0 r lle2.nllo,0 r lles,nllo,0 r lei]1,0 r le2]1,0 T
8 T.11e-02  NA T.12e-02  NA  1.69e+00 NA  1.36e-01 NA  1.36e-01 NA
16 2.78¢-03  2.00  2.78e-03  2.00  8.80e-01  0.95 6.52e-02 0.96 6.52¢-02 1.06
32 8.92e-04  1.64  8.92e-04  1.64  4.10e-01  1.10 3.38¢-02 0.97 3.38¢-02 0.95
64 1.31e-04 277  1.31e-04  2.77  1.64e-01  1.32 1.58e-02 1.09 1.58e-02 1.09
128 3.17e-05  2.05  3.17e-05  2.05  6.23e-02  1.40 7.98e-03 0.99  7.96e-03  0.99

TABLE 11. Fsspst pg JGF tpmiuypot gps Fybn qrfi 6 but A 2 x ju
), wt4A )2, 214+ M A N2/90

N lernllo.e r llea.nllo,0 T lles,nllo,0 T lei]1,0 T lea]1,0 T
3 6.39e-03  NA  6.39¢-03  NA  8.17e-02  NA  1.34e-0l NA  1.39¢-0l NA
16 1.73e-03  1.89  1.73e-03  1.88  4.45¢-02  0.88 6.68e-02 1.01 6.59¢-02 1.08
32 4.52¢-04  1.94  4.52¢-04  1.94  2.13e-02  1.06 3.34e-02 1.00 3.34e-02 0.98
64 1.16e-04  1.96  1.16e-04  1.96  9.45e-03  1.17 1.71e-02 0.97 1.71e-02  0.97
128 2.95e-05 1.98 2.95e-05 1.98 4.58e-03 1.04 8.65e-03 0.98 8.64e-03 0.98

TABLE 12. Fsspst pg JGF tpmigpot gps Fybn qifi 6 but A 2 xju
Y, wt+A )2,2111+ M A N2/90

N lernllo.o r lle2. nllo.0 r lles.nllo.0 r leil1.0 r le2]1.0 r

8 1.17e-02 NA 1.17e-02 NA  1.64e+00 NA  1.30e-01 NA  1.36e-01 NA
16 3.36e-03  1.81  3.36e-03  1.81  8.48e-01  0.95 6.72¢-02 0.95 6.60e-02 1.05
32 9.79¢-04  1.78  9.79¢-04  1.78  4.05e-01  1.07 3.42¢-02 0.97 3.42¢-02 0.95
64 1.63e-04 259  1.63e-04 259  1.63e-01  1.32 1.59e-02 1.11 1.59e-02 1.11
128  3.43e-05  2.25  3.43e-05  2.25  6.20e-02  1.39 7.98¢-03 0.99 7.96e-03  1.00

fsspst gps i f tjuvbuyipo pgijhi dpowsbtu dpf~ djfout )=, pT+A )2,21114 Ubcrht
22 boe 23 sfqpsuti f fsspst xi fo tfrfidyjoh M A N2/90 Ui f ovn fsjdbnsftvit bsf
dpotjtufouxju i f u fpsfujdbnpquin bndpowfshfodf sbuft; 7)h?, 7+eps fsspst jo L2
opsn boe T)h, 7+o H! tfnj.opsn pgu f wipdjyft=boe T)h, T+gps fsspst jo L?
opsn pgu f gsfttvsfO Gjhvsf 21 ti pxt u f JGF tpmaupot u; boe us but A 1.36, 1.86
boe t A 2 sftqfdywfm- po b 75 £ 75 n fti- xifo )u=, ut4A)2,2111-90

Example 6. (Unsteady NSE with a moving circular interface: mov-
ing center) In this example, we consider a time-dependent NS interface prob-
lem described by )2+with a moving circular interface where its center is moving
from the centroid of the domain to the upper right corner: )x,y,t+A })x,y,t+;
Yo 1.3t#, )y 1.3t# 1.4 A1],t /]1,2a The interface splits the domain ff
into two subdomains: ff7)t+A P,y t+; )z 1.3t€, )y 13t# 14 < 1| and
EH)t+A Do,y t+ )z 1.3t#, )y  1.3t# 1.4 > 1]. The function f in )2b+is
generated with the following eract solution u and p:

L)y 13t+ )z, y, t+ if )z, y+/ )t

u)x, y, t+A < .
v )y L3t )zt if Ja,y+/ )

=)z L3t ),y th if oyt )t

e L3t )z, y s if )xyt/ )t

)59+ w)x, y, t+A
UQ)Ia Y, t+A
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TABLE 13. Fsspst pg JGF tpmugpot gps Fybn qifi 7 but A 2 xju
Y, ut+A 2,214+ M A N2/90

N le1,nllo,@ r lle2, nllo,0 r lles,nllo,0 r leil1,0 r le2]1,0 r
8 6.58e-03 NA 6.57e-03 NA 1.06e-01 NA 1.31e-01 NA 1.31e-01 NA
16 1.80e-03  1.87  1.80e-03  1.87  4.73e-02  1.17 6.96e-02 0.91 6.93e-02  0.92
32 4.63e-04  1.96  4.63e-04  1.96  2.21e-02  1.10 3.45e-02 1.0l  3.43e-02 1.01
64 1.18¢-04  1.97  1.18e-04  1.97  1.05e-02  1.08 1.74e-02 0.99 1.74e-02  0.98
128  2.99e-05  1.98  2.99e-05 1.98  5.04e-03  1.05 8.72e-03 1.00 8.71e-03  0.99

center=(0.05,0.05), t =0.25 center=(0.15,0.15), t =0.75 center=(0.2,0.2), t =1

CR-CR-PO Solution u: #Cell = 8192, t=025 CR-CR-PO Solution ut: #Cell =8192, t=075 CR-CR-PO Solution ut: #Cell = 8192, t=1

CR-CR-P0 Solution u2: #Cell = 8192, t=0.25 CR-CR-P0 Solution u2: #Cell = 8192, t=0.75 CR-CR-PO Solution u2: #Cell = 8192, t=1

FIGURE 11. DS.P, JGF tpmupot jo Fybn qth7 xju u~ A 2,u™ A
21 but A 1.36,1.86 boe 2-po b 7575 n fti 0)Upq qrput; jouf sghdf
mpdbypot=n jeeif; JGF tpmypot u; p=cpupn ; JGF tpmupot us p0+

TABLE 14. Fsspst pg JGE tpmuypot gps Fybn qifi 7 but A 2 xju
), A )2, 2111+ M A N2/90

N llei,nllo,0 r lle2.nllo,0 r lles,nllo,0 r lei]1,0 r le2]1,0 T
8 1.32e-02  NA 1.32e-02  NA  1.256+00 NA  1.40e-01 NA  1.40e-01 NA
16 4.93¢-03  1.42  4.93e-03  1.42  8.78e-01  0.51 7.98¢-02 0.81 7.95¢-02  0.82
32 9.48¢-04  2.38  9.48e-04  2.38  4.18¢-01  1.07 3.36e-02 1.25 3.34e-02 1.25
64 1.73¢-04  2.45  1.73e-04  2.45  1.77e-01  1.24 1.60e-02 1.07 1.60e-02  1.06
128 3.43e-05  2.33  3.43¢-05  2.33  6.53e-02  1.44 7.97e-03 1.01 7.95e-03 1.01

2
)5: + p)z, y+A ﬁ)x?’ v+

Mugjoh M A N?2/9, Ubcth 24 boe Ubcrh 25 sfqpsut f fsspst pgebd x bse.Fvifis
JGF tprngpot buti f flobmin f tiwf )¢ A 2+gps n pefsbuf dpowsbtu)u™, u™+A )2, 21+
boe ijhi dpowsbtu )u™, pT+A )2, 2111+pgwitdptjue dpf~ djf out0 Ui f pquin bopsefst
pg dpowfshfodf bsf pctfswfeO Gihvsf 22 tipxt uf JGF tpmgpot uw; boe wug bu
t A 1.36,1.86 boe t A 2 sftqfdywfm- po b 75+ 75 n fti- xifo )u—, ut4A)2,210
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5. Conclusion

Jo u jt qbqfs- xf efwiipgfe b opodpogpsn joh jn n fstfe flojuf frfin foun fu pe
gps Obwjfs. Tupl 't frvbypot xju flyfe boe n pwjoh joufsghdft cbtfe po DS .F, JGF
tqbdft0 B tfn j.ejtdsfuf tdi fnf boe chd xbse Fvifis tdi fnf jn qifin foufe xju
Ofx uwpo(t n fu pe bsf eftjhofe gps ui f joulsghdf gsperfn t0 Ovn fsjdbnf ybn qrfit bsf
gspwiefe wp efn potwsbuf u f bddvsbdz pgu f gspqptfe JGF n fu pet xju ejfifsfou
dpoflhvsbupot pg joufsghdft boe ejtdpoyovpvt witdptjiz dpf~ difout0 Ui f pqun bm
psefst pg dpowfshfodf pgu f JGF tpmaupot bsf pctfswfe0 Uif JGF tpmaupot po
joufsghdf .voflufe n fti ft bsf dpn gbsfe xju dibttjdbmDS flojuf frfin fou tpmaujpot
po cpez.flujoh n fti ft- boe u f bddvsbdjft pgcpu n fu pet bsf tjn jihsO Ui fsfgpsf
u f gspgptfe JGF n fu pet dbo tpmf Obwjfs. Tipl ft joufsghdf gspcrfin t bddvsbuf m
po joufsghdf .joefqfoefoun fti ft0
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