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ABSTRACT

Learning to Optimize (L2O) has drawn increasing attention as it often remark-
ably accelerates the optimization procedure of complex tasks by “overfitting"
specific task types, leading to enhanced performance compared to analytical op-
timizers. Generally, L2O develops a parameterized optimization method (i.e.,
“optimizer") by learning from solving sample problems. This data-driven procedure
yields L2O that can efficiently solve problems similar to those seen in training,
that is, drawn from the same “task distribution". However, such learned opti-
mizers often struggle when new test problems come with a substantial deviation
from the training task distribution. This paper investigates a potential solution
to this open challenge, by meta-training an L2O optimizer that can perform fast
test-time self-adaptation to an out-of-distribution task, in only a few steps. We
theoretically characterize the generalization of L2O, and further show that our
proposed framework (termed as M-L2O) provably facilitates rapid task adapta-
tion by locating well-adapted initial points for the optimizer weight. Empirical
observations on several classic tasks like LASSO, Quadratic and Rosenbrock
demonstrate that M-L2O converges significantly faster than vanilla L2O with
only 5 steps of adaptation, echoing our theoretical results. Codes are available in
https://github.com/VITA-Group/M-L2O.

1 INTRODUCTION

Deep neural networks are showing overwhelming performance on various tasks, and their tremen-
dous success partly lies in the development of analytical gradient-based optimizers. Such optimiz-
ers achieve satisfactory convergence on general tasks, with manually-crafted rules. For example,
SGD (Ruder, 2016) keeps updating towards the direction of gradients and Momentum (Qian, 1999)
follows the smoothed gradient directions. However, the reliance on such fixed rules can limit the
ability of analytical optimizers to leverage task-specific information and hinder their effectiveness.

Learning to Optimize (L2O), an alternative paradigm emerges recently, aims at learning optimization
algorithms (usually parameterized by deep neural networks) in a data-driven way, to achieve faster
convergence on specific optimization task or optimizee. Various fields have witnessed the superior
performance of these learned optimizers over analytical optimizers (Cao et al., 2019; Lv et al., 2017;
Wichrowska et al., 2017; Chen et al., 2021a; Zheng et al., 2022). Classic L2Os follow a two-stage
pipeline: at the meta-training stage, an L2O optimizer is trained to predict updates for the parameters
of optimizees, by learning from their performance on sample tasks; and at the meta-testing stage, the
L2O optimizer freezes its parameters and is used to solve new optimizees. In general, L2O optimizers
can efficiently solve optimizees that are similar to those seen during the meta-training stage, or are
drawn from the same “task distribution”.

However, new unseen optimizees may substantially deviate from the training task distribution. As
L2O optimizers predict updates to variables based on the dynamics of the optimization tasks, such as
gradients, different task distributions can lead to significant dissimilarity in task dynamics. Therefore,
L2O optimizers often incur inferior performance when faced with these distinct unseen optimizees.

Such challenges have been widely observed and studied in related fields. For example, in the domain
of meta-learning (Finn et al., 2017; Nichol & Schulman, 2018), we aim to enable neural networks to
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be fast adapted to new tasks with limited samples. Among these techniques, Model-Agnostic Meta
Learning (MAML) (Finn et al., 2017) is one of the most widely-adopted algorithms. Specifically, in
the meta-training stage, MAML makes inner updates for individual tasks and subsequently conducts
back-propagation to aggregate the gradients of individual task gradients, which are used to update the
meta parameters. This design enables the learned initialization (meta parameters) to be sensitive to
each task, and well-adapted after few fine-tuning steps.

Motivated by this, we propose a novel algorithm, named M-L2O, that incorporates the meta-adaption
design in the meta-training stage of L2O. In detail, rather than updating the L2O optimizer directly
based on optimizee gradients, M-L2O introduces a nested structure to calculate optimizer updates by
aggregating the gradients of meta-updated optimizees. By adopting such an approach, M-L2O is able
to identify a well-adapted region, where only a few adaptation steps are sufficient for the optimizer to
generalize well on unseen tasks. In summary, the contributions of this paper are outlined below:

• To address the unsatisfactory generalization of L2O on out-of-distribution tasks, we propose to
incorporate a meta adaptation design into L2O training. It enables the learned optimizer to locate in
well-adapted initial points, which can be fast adapted in only a few steps to new unseen optimizees.

• We theoretically demonstrate that our meta adaption design grants M-L2O optimizer faster adaption
ability in out-of-distribution tasks, shown by better generalization errors. Our analysis further
suggests that training-like adaptation tasks can yield better generalization performance, in contrast
to the common practice of using testing-like tasks. Such theoretical findings are further substantiated
by the experimental results.

• Extensive experiments consistently demonstrate that the proposed M-L2O outperforms various
baselines, including vanilla L2O and transfer learning, in terms of the testing performance within a
small number of steps, showing the ability of M-L2O to promptly adapt in practical applications.

2 RELATED WORKS

2.1 LEARNING TO OPTIMIZE

Learning to Optimize (L2O) captures optimization rules in a data-driven way, and the learned
optimizers have demonstrated success on various tasks, including but not limited to black-box (Chen
et al., 2017), Bayesian (Cao et al., 2019), minimax optimization problems (Shen et al., 2021),
domain adaptation (Chen et al., 2020b; Li et al., 2020), and adversarial training (Jiang et al., 2018;
Xiong & Hsieh, 2020). The success of L2O is based on the parameterized optimization rules,
which are usually modeled through a long short-term memory network (Andrychowicz et al., 2016),
and occasionally as multi-layer perceptrons (Vicol et al., 2021). Although the parameterization
is practically successful, it comes with the “curse” of generalization issues. Researchers have
established two major directions for improving L2O generalization ability: the first focuses on the
generalization to similar optimization tasks but longer training iterations. For example, Chen et al.
(2020a) customized training procedures with curriculum learning and imitation learning, and Lv et al.
(2017); Li et al. (2020) designed rich input features for better generalization. Another direction focuses
on the generalization to different optimization tasks: Chen et al. (2021b) studied the generalization
for LISTA network on unseen problems, and Chen et al. (2020c) provided theoretical understandings
to hybrid deep networks with learned reasoning layers. In comparison, our work theoretically studies
general L2O and our proposals generalization performance under task distribution shifts.

2.2 FAST ADAPTATION

Fast adaptation is one of the major goals in the meta-learning area Finn et al. (2017); Nichol &
Schulman (2018); Lee & Choi (2018) which often focuses on generalizing to new tasks with limited
samples. MAML Finn et al. (2017), a famous and effective meta-learning algorithm, utilizes the nested
loop for meta-adaption. Following this trend, numerous meta-learning algorithms chose to compute
meta updates more efficiently. For example, FOMAML (Finn et al., 2017) only updated networks
by first-order information; Reptile (Nichol & Schulman, 2018) introduced an extra intermediate
variable to avoid Hessian computation; HF-MAML (Fallah et al., 2020) approximated the one-step
meta update by Hessian-vector production; and Ji et al. (2022) adopted a multi-step approximation in
updates. Meanwhile, many researchers designed algorithms to compute meta updates more wisely.
For example, ANIL (Raghu et al., 2020) only updated the head of networks in the inner loop;
HSML (Yao et al., 2019) tailored the transferable knowledge to different tasks; and MT-net (Lee
& Choi, 2018) enabled meta-learner to learn on each layer’s activation space. In terms of theories,
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(F all a h et al. , 2 0 2 1 ) m e as ur e d t h e g e n er ali z ati o n err or of M A M L; F all a h et al. (2 0 2 0 ) c a pt ur e d t h e
si n gl e i n n er st e p M A M L c o n v er g e n c e r at e b y H essi a n v e ct or a p pr o xi m ati o n. F urt h er m or e, Ji et al.
(2 0 2 2 ) c h ar a ct eri z e d t h e m ulti pl e-st e p M A M L c o n v er g e n c e r at e. R e c e ntl y, L F T Z h a o et al. (2 0 2 2 )
c o m bi n es t h e m et a-l e ar ni n g d esi g n i n L e ar ni n g t o O pti mi z e a n d d e m o nstr at es its b ett er p erf or m a n c e
f or a d v ers ari al att a c k a p pli c ati o ns.

3 P R O B L E M F O R M U L A T I O N A N D A L G O R I T H M

I n t his s e cti o n, w e firstl y i ntr o d u c e t h e f or m ul ati o n of L 2 O, a n d s u bs e q u e ntl y pr o p os e M- L 2 O f or
g e n er ali z a bl e s elf- a d a pt ati o n.

3. 1  L 2 O P R O B L E M D E FI N I T I O N

T O pti mi z e es s a m pl es

O pti mi z er O pti mi z er

I n p uts t o
O pti mi z e r

U p d at es t o
O pti mi z e es

T O pti mi z e es s a m pl es

Fi g ur e 1: T h e pi p eli n e of L 2 O pr o bl e ms.

M ost m a c hi n e l e ar ni n g al g orit h ms a d o pt a n al yt-
i c al o pti mi z er, e. g. S G D, t o c o m p ut e p ar a m et er
u p d at es f or g e n er al l oss f u n cti o ns ( w e c all it o p-
ti mi z e e or t as k). I nst e a d, L 2 O ai ms t o esti m at e
s u c h u p d at es b y a m o d el ( us u all y a n e ur al n et-
w or k), w hi c h w e c all o pti mi z e r . S p e ci fi c all y,
t h e L 2 O o pti mi z er t a k es t h e o pti mi z e e i nf or m a-
ti o n (s u c h as l oss v al u es a n d gr a di e nts) as i n p ut
a n d g e n er at es u p d at es t o t h e o pti mi z e e. I n t his
w or k, o ur o bj e cti v e is t o l e ar n t h e i niti ali z ati o n
of t h e L 2 O o pti mi z er o n tr ai ni n g o pti mi z e es
a n d s u bs e q u e ntl y fi n et u n e it o n a d a pt ati o n o p-
ti mi z e es. Fi n all y, w e a p pl y s u c h a n a d a pt e d
o pti mi z er t o o pti mi z e t h e t esti n g o pti mi z e es a n d e v al u at e t h eir p erf or m a n c e.

We d e fi n e as t h e l oss f u n cti o n w h er e is t h e o pti mi z e e ’s p ar a m et er, f
g d e n ot es t h e d at a s a m pl e, t h e n t h e o pti mi z e e e m piri c al a n d p o p ul ati o n ris ks ar e d e fi n e d

as b el o w:

P

I n L 2 O, t h e o pti mi z e e ’s p ar a m et er is u p d at e d b y t h e o pti mi z e r , a n u p d at e r ul e p ar a m et eri z e d b y
a n d w e f or m ul at e it as . S p e ci fi c all y, d e n ot es t h e o pti mi z er m o d el

i n p ut. It c a pt ur es t h e -t h it er ati o n’s o pti mi z e e i nf or m ati o n a n d p ar a m et eri z e d b y wit h t h e d at a
b at c h . T h e n, t h e u p d at e r ul e of i n -t h it er ati o n is s h o w n as b el o w:

( 1)

T h e a b o v e pi p eli n e is als o s u m m ari z e d i n Fi g ur e 1 w h er e d e n ot es t h e u p d at e e p o c h of t h e o pti mi z er.
N ot e t h at r ef ers t o t h e d at a b at c h of si z e us e d at -t h it er ati o n w hil e r ef ers t o t h e -t h si n gl e
s a m pl e i n d at a b at c h . F or t h e or eti c al a n al ysis, w e o nl y c o nsi d er t a ki n g t h e o pti mi z e e’s gr a di e nts as

i n p ut t o t h e o pti mi z er f or u p d at e, i. e., r . T h er ef or e, t h e o pti mi z e e’s gr a di e nt at
-t h it er ati o n o v er t h e o pti mi z er r t a k es a f or m of

r
P Q

r r r r r ( 2)

w h er e w e ass u m e t h at is i n d e p e n d e nt fr o m t h e o pti mi z e e’s i niti al p ar a m et er a n d all s a m pl es ar e
i n d e p e n d e nt. T h e d et ail e d d eri v ati o n is s h o w n i n L e m m a 1 i n t h e A p p e n di x.

N e xt, w e c o nsi d er a c o m m o n i niti al p ar a m et er f or all o pti mi z e es a n d d e fi n e t h e o pti mi z e r e m piri c al
a n d p o p ul ati o n ris ks w.r.t. as b el o w:

( 3)

w h er e u p d at es i n s u c h a f as hi o n: . T y pi c all y, t h e L 2 O
o pti mi z er is e v al u at e d a n d u p d at e d aft er u p d ati n g t h e o pti mi z e es f or -t h it er ati o ns. T h er ef or e, t h e
o pti m al p oi nts of t h e o pti mi z er ris ks i n E q u ati o n ( 3 ) ar e d e fi n e d as b el o w:

e ( 4)
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3. 2  M- L 2 O A L G O R I T H M

T o i m pr o v e t h e g e n er ali z ati o n a bilit y of L 2 O, w e ai m at l e ar ni n g a w ell- a d a pt e d o pti mi z er i niti ali z ati o n
b y i ntr o d u ci n g a n est e d m et a- u p d at e ar c hit e ct ur e. I nst e a d of dir e ctl y u p d ati n g , w e a d a pt it f or o n e
st e p ( n a m el y a n i n n er u p d at e) a n d d e fi n e a n e w e m piri c al ris k f or t h e o pti mi z er as f oll o ws:

r ( 5)

w h er e is t h e st e p si z e f or i n n er u p d at es. C o ns e q u e ntl y, t h e o pti m al p oi nt of t h e c orr es p o n di n g
u p d at e d o pti mi z er is:

e ( 6)

B as e d o n s u c h a n o pti mi z er l oss, w e i ntr o d u c e M- L 2 O i n Al g orit h m 1 . S u c h a n est e d u p d at e d esi g n
h as b e e n pr o v e d eff e cti v e i n t h e fi el d of m et a-l e ar ni n g, p arti c ul arl y M A M L ( Fi n n et al. , 2 0 1 7 ). N ot e
t h at Al g orit h m 1 o nl y r et ur ns t h e w ell- a d a pt e d o pti mi z er i niti al p oi nt, w hi c h w o ul d r e q uir e f urt h er
a d a pt ati o n i n pr a cti c e. We first d e n ot e t h e o pti mi z e es f or tr ai ni n g, a d a pt ati o n, a n d t esti n g b y ,

, a n d , r es p e cti v el y, t o disti n g uis h t as ks s e e n i n diff er e nt st a g es. N e xt, w e o bt ai n t h e

r es ults of m et a tr ai ni n g, d e n ot e d b y e , vi a Al g orit h m 1 , a n d w e f urt h er a d a pt it b as e d o n .
T h e t esti n g l oss of M- L 2 O c a n b e e x pr ess e d as f oll o ws:

e r e ( 7)

w h er e d e n ot es t h e m et a t esti n g l oss. N ot e t h at r ef ers t o e m piri c al ris k a n d r ef ers t o
p o p ul ati o n ris k.

Al g o rit h m 1 O ur Pr o p os e d M- L 2 O.

1: I n p ut: I n n er st e p si z e , O ut er l e ar ni n g st e psi z e , T ot al e p o c hs , E p o c h n u m b er p er t as k ,

O pti mi z er i niti al p oi nt e , Tr ai ni n g t as k , A d a pt ati o n t as k , Testi n g t as k
2: f o r d o

3: if m o d : e (r a n d o m i niti al) els e e e

4: f o r d o

5: e e r e N ot e: e e

6: e n d f o r
7: C o m p ut e e e r e

8: u p d at e: e e r e

9: e n d f o r
1 0: O ut p ut: e Testi n g L oss: e r e

4 G E N E R A L I Z A T I O N T H E O R E M O F M- L 2 O

I n t his s e cti o n, w e i ntr o d u c e s e v er al ass u m pti o ns a n d c h ar a ct eri z e M- L 2 O’s g e n er ali z ati o n a bilit y.

4. 1  T E C H N I C A L A S S U M P T I O N S A N D D E FI N I T I O N S

T o c h ar a ct eri z e t h e g e n er ali z ati o n of m et a a d a pt ati o n, it is n e c ess ar y t o m a k e str o n g c o n v e xit y
ass u m pti o ns w hi c h h a v e b e e n wi d el y o bs er v e d ( Li & Y u a n , 2 0 1 7 ; D u et al. , 2 0 1 9 ) u n d er o v er-
p ar a m et eri z ati o n c o n diti o n a n d a d o pt e d i n t h e g e o m etr y of f u n cti o ns ( F all a h et al. , 2 0 2 1 ; Fi n n et al. ,
2 0 1 9 ; Ji et al. , 2 0 2 1 ).

Ass u m pti o n 1. We ass u m e t h at t h e f u n cti o n is str o n gl y c o n v e x. T his ass u m pti o n als o h ol ds
f or st o c h asti c .

T o c a pt ur e t h e r el ati o ns hi p b et w e e n t h e L 2 O f u n cti o n a n d t h e M- L 2 O f u n cti o n , w e
m a k e t h e f oll o wi n g o pti m al p oi nt ass u m pti o ns.

Ass u m pti o n 2. We ass u m e t h er e e xists a n o n-tri vi al o pti miz er o pti m al p oi nt e w hi c h is d e fi n e d i n

E q u ati o n (6 ). N o n-tri vi al m e a ns t h at r e 6 a n d e 6 e . T h e n, b as e d o n t h e d e fi niti o n

of e a n d t h e e xist e n c e of tri vi al s ol uti o ns, f or a n y e , w e h a v e t h e f oll o wi n g e q u ati o n:

e e r e
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w h er e is t h e st e p siz e f or i n n er u p d at e of t h e o pti miz er. N ot e t h at w e h a v e d e fi n e d t h e str o n gl y- c o n v e x

of l a n ds c a p e i n Ass u m pti o n 1 w hi c h v ali d at es t h e u ni q u e n ess of e .

T h e af or e m e nti o n e d ass u m pti o n cl ai ms t h at t h er e e xist m et a o pti m al p oi nts w hi c h ar e diff er e nt
fr o m ori gi n al t as k o pti m al p oi nts. S u c h a n ass u m pti o n is n at ur al i n e x p eri m e nt al vi e w. I n M A M L
e x p eri m e nts w h er e a si n gl e tr ai ni n g t as k is c o nsi d er e d, it is r e as o n a bl e t o e x p e ct t h at t h e s ol uti o n
w o ul d c o n v er g e t o w ar ds a w ell- a d a pt e d p oi nt i nst e a d of t h e t as k o pti m al p oi nt. Ot h er wis e, M A M L
w o ul d b e e q ui v al e nt t o si m pl e tr a nsf er l e ar ni n g, w h er e t h e l e ar n e d p oi nt m a y n ot g e n er ali z e w ell t o
n e w t as ks.

Ass u m pti o n 3. We ass u m e t h at is - Li ps c hitz, r is - Li ps c hitz a n d r is - Li ps c hitz

f or e a c h l oss f u n cti o n . T his ass u m pti o n als o h ol ds f or st o c h asti c , r

a n d r . We f urt h er ass u m e t h at is - Li ps c hitz w.r.t. , - Li ps c hitz
w.r.t. a n d r is - Li ps c hitz.

T h e a b o v e Li ps c hit z ass u m pti o ns ar e wi d el y a d o pt e d i n pr e vi o us o pti mi z ati o n w or ks ( F all a h et al. ,
2 0 2 1 ; 2 0 2 0 ; Ji et al. , 2 0 2 2 ; Z h a o et al. , 2 0 2 2 ). T o c h ar a ct eri z e t h e diff er e n c e b et w e e n t as ks f or m et a

tr ai ni n g a n d m et a a d a pt ati o n, w e d e fi n e a n d e as f oll o ws:

Ass u m pti o n 4. We ass u m e t h er e e xist u ni o n b o u n ds a n d e t o c a pt ur e t h e gr a di e nt a n d
H essi a n diff er e n c es r es p e cti v el y b et w e e n m et a tr ai ni n g t as k a n d a d a pt ati o n t as k:

k r r k e k r r k

S u c h a n ass u m pti o n h as b e e n m a d e si mil arl y i n M A M L g e n er ali z ati o n w or ks ( F all a h et al. , 2 0 2 1 ).

4. 2  M A I N T H E O R E M

I n t his s e cti o n, w e t h e or eti c all y a n al y z e t h e g e n er ali z ati o n err or of M- L 2 O a n d c o m p ar e it wit h
t h e v a nill a L 2 O a p pr o a c h (C h e n et al. , 2 0 1 7 ). Firstl y, w e c h ar a ct eri z e t h e diff er e n c e of o pti mi z e e
gr a di e nts b et w e e n a n y t w o t as ks ( r a n d r ) i n t h e f oll o wi n g f or m:

P r o p ositi o n 1. B as e d o n E q u ati o n (2 ), Ass u m pti o ns 3 a n d 4 , w e o bt ai n

k r r k
P P

w h er e O , O e a n d . F urt h er m or e, w e
c h ar a ct eriz e t h e t as k diff er e n c e of o pti miz er gr a di e nt r as f oll o ws:

k r r k O e

w h er e , a n d e ar e d e fi n e d i n Ass u m pti o n 4 .

Pr o p ositi o n 1 s h o ws t h at t h e diff er e n c e i n o pti mi z er gr a di e nt l a n ds c a p e s c al es e x p o n e nti all y wit h t h e
o pti mi z e e it er ati o n n u m b er . S p e ci fi c all y, it i n v ol v es t h e t er m wit h gr a di e nt diff er e n c e

a n d t h e t er m wit h H essi a n diff er e n c e e . Cl e arl y, d o mi n at es w h e n i n cr e as es,
w hi c h i m pli es t h at t h e gr a di e nt g a p b et w e e n o pti mi z e es is t h e k e y c o m p o n e nt of t h e diff er e n c e i n
o pti mi z er gr a di e nt.

T h e o r e m 1. S u p p os e t h at Ass u m pti o ns 1 , 2 , 3 a n d 4 h ol d. C o nsi d eri n g Al g orit h m 1 a n d E q u ati o n (7 ),
if w e d e fi n e k k , s et f g , f or . T h e n,

wit h a pr o b a bilit y at l e ast , w e o bt ai n

e r e

O

s

p

p

p

O e

w h er e , O , O , O
, is t ot al e p o c h n u m b er f or m et a tr ai ni n g, is t h e b at c h siz e f or o pti miz er tr ai ni n g.

5



P u blis h e d as a c o nf er e n c e p a p er at I C L R 2 0 2 3

T o pr o vi d e f urt h er u n d erst a n di n g of g e n er ali z ati o n err ors, w e first m a k e t h e f oll o wi n g r e m ar k:

R e m a r k 1 ( T h e c h oi c e of ). I n T h e or e m 1 , w e s et O − − , t h us t h e

err or t er m O e v a nis h es wit h l ar g er . If w e fi x t h e it er ati o n n u m b er

, t h e n s u c h a n err or t er m is d et er mi n e d b y t h e gr a di e nt b o u n d a n d t h e H essi a n b o u n d e .

T h e k e y c o m p o n e nts t h at l e a d t o d e p e n d e n c y ar e t h e Li ps c hit z pr o p erti es t o c h ar a ct eri z e t h e L 2 O
l oss l a n ds c a p e, e. g. t h e Li ps c hit z t er m O d e fi n e d f or r . T h e

r e as o n is d u e t o o ur n est e d u p d at e pr o c e d ur e r . If w e t a k e t h e

gr a di e nt of t h e l ast u p d at e t er m o v er , t h e n it r e q uir es us t o c o m p ut e gr a di e nts
it er ati v el y f or all , w hi c h l e a ds t o t h e e x p o n e nti al t er m.

C o ns e q u e ntl y, it c a n b e o bs er v e d t h at t h e g e n er ali z ati o n err or of M- L 2 O c a n b e d e c o m p os e d i nt o

t hr e e c o m p o n e nts: (i) T h e first t er m d et er mi n e d b y
q

p is d o mi n at e d b y t h e

tr ai ni n g e p o c h . S u c h a n err or t er m c h ar a ct eri z es h o w m et a tr ai ni n g i n fl u e n c es t h e g e n er ali z ati o n;

(ii) T h e s e c o n d t er m k
p

p k r e fl e cts t h e e m piri c al err or i ntr o d u c e d b y li mit e d s a m pl es; h e n c e it is

c o ntr oll e d b y t h e s a m pl e si z e . (iii) T h e l ast t w o err or t er ms c a pt ur e t as k diff er e n c es. S p e ci fi c all y,

m e as ur es t h e g a p b et w e e n tr ai ni n g a n d t esti n g o pti m al p oi nts, w hil e a n d e , w hi c h d o mi n at e
t h e l ast err or t er m a n d r e pr es e nt t h e gr a di e nt a n d H essi a n u ni o n b o u n ds, r es p e cti v el y, r e fl e ct t h e
g e o m etr y diff er e n c e b et w e e n tr ai ni n g a n d a d a pt ati o n t as ks.

F or b ett er c o m p aris o n wit h L 2 O, w e m a k e t h e f oll o wi n g r e m ar k a b o ut g e n er ali z ati o n of M- L 2 O a n d
Tr a nsf er L e ar ni ni g.

R e m a r k 2 ( C o m p aris o n wit h Tr a nsf er L e ar ni n g). We c a n r e writ e t h e g e n er aliz ati o n err or of M- L 2 O
i n T h e or e m 1 i n t h e f oll o wi n g f or m:

e r e

k e e k k e k k r e r e k

F or L 2 O Tr a nsf er L e ar ni n g, t h e g e n er aliz ati o n err or is s h o w n as b el o w:

e r

k e e k k e k k r e r e k

w h er e k k a n d e r e pr es e nts tr a nsf er l e ar ni n g L 2 O l e ar n e d p oi nt aft er e p o c hs.

T h e g e n er ali z ati o n err or g a p b et w e e n M- L 2 O a n d Tr as nf er L e ar ni n g c a n b e c at e g ori z e d i nt o t w o p arts:

(i) Diff er e n c e b et w e e n k e e k a n d k e e k ; (ii) Diff er e n c e b et w e e n k r e

r e k a n d k r e r e k . If w e ass u m e k r k k r k , t h e n

b ot h diff er e n c es c a n b e c h ar a ct eri z e d b y t h e g a p b et w e e n k e e k a n d k e e k . Si n c e
e is tr ai n e d t o c o n v er g e t o e as i n cr e as es, it is n at ur al t o s e e t h at M- L 2 O (k e e k )

e nj o ys s m all er g e n er ali z ati o n err or c o m p ar e d t o Tr a nsf er L e ar ni n g ( k e e k ).

We f urt h er disti n g uis h o ur t h e or y fr o m pr e vi o us t h e or eti c al w or ks. I n t h e L 2 O ar e a, H e at o n et al.
(2 0 2 0 ) a n al y z e d t h e c o n v er g e n c e of pr o p os e d s af e- L 2 O b ut n ot g e n er ali z ati o n w hil e C h e n et al.
(2 0 2 0 c ) a n al y z e d t h e g e n er ali z ati o n of q u a dr ati c- b as e d L 2 O. I nst e a d, w e d e v el o p t h e g e n er ali z ati o n
o n a g e n er al cl ass of L 2 O pr o bl e ms. I n t h e m et a-l e ar ni n g ar e a, t h e pr e vi o us w or ks h a v e d e m o nstr at e d
t h e c o n v er g e n c e a n d g e n er ali z ati o n of M A M L (Ji et al. , 2 0 2 2 ; F all a h et al. , 2 0 2 1 ). I nst e a d, w e
l e v er a g e t h e M A M L r es ults i n L 2 O d o m ai n t o m e as ur e t h e l e ar n e d p oi nt a n d tr ai ni n g o pti m al p oi nt
dist a n c e. T h e n, o ur L 2 O t h e or y f urt h er c h ar a ct eri z es tr a nsf er a bilit y of l e ar n e d p oi nt o n m et a t esti n g
t as ks. O v er all, o ur d e v el o p e d t h e or e m is b as e d o n b ot h L 2 O a n d m et a l e ar ni n g r es ults. I n c o n cl usi o n,
o ur t h e or eti c al n o v elt y li es i n t hr e e as p e cts: ① Ri g or o usl y c h ar a ct eri zi n g a g e n eri c cl ass of L 2 O
g e n er ali z ati o n. ② I n c or p or ati n g t h e M A M L r es ults i n o ur m et a-l e ar ni n g a n al ysis. ③ T h e or eti c all y
pr o vi n g t h at b ot h tr ai ni n g-li k e a n d t esti n g-li k e a d a pt ati o n c o ntri b ut e t o b ett er g e n er ali z ati o n i n L 2 O.
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5 E X P E R I M E N T S

I n t his s e cti o n, w e pr o vi d e a c o m pr e h e nsi v e d es cri pti o n of t h e e x p eri m e nt al s etti n gs a n d pr es e nt t h e
r es ults w e o bt ai n e d. O ur fi n di n gs d e m o nstr at e a hi g h d e gr e e of c o nsist e n c y b et w e e n t h e e m piri c al
o bs er v ati o ns a n d t h e t h e or eti c al o ut c o m es.

5. 1  E X P E R I M E N T A L C O N FI G U R A T I O N S

B a c k b o n es a n d o bs e r v ati o ns. F or all o ur e x p eri m e nts, w e us e a si n gl e-l a y er L S T M n et w or k wit h
hi d d e n u nits as t h e b a c k b o n e. We a d o pt t h e m et h o d ol o g y pr o p os e d b y L v et al. (2 0 1 7 ) a n d C h e n

et al. (2 0 2 0 a ) t o utili z e t h e p ar a m et ers’ gr a di e nts a n d t h eir c orr es p o n di n g n or m ali z e d m o m e nt u m t o
c o nstr u ct t h e o bs er v ati o n v e ct ors.

O pti mi z e es. We c o n d u ct e x p eri m e nts o n t hr e e disti n ct o pti mi z e es, n a m el y L A S S O, Q u a dr ati c, a n d
R os e n br o c k ( R os e n br o c k , 1 9 6 0 ). T h e f or m ul ati o n of t h e Q u a dr ati c pr o bl e m is x k A b k

a n d t h e f or m ul ati o n of t h e L A S S O pr o bl e m is x k A b k k k , w h er e A 2 ,

b 2 . We s et . T h e pr e cis e f or m ul ati o n of t h e R os e n br o c k pr o bl e m is a v ail a bl e i n
S e cti o n A. 6 . D uri n g t h e m et a-tr ai ni n g a n d t esti n g st a g e, t h e o pti mi z e es tr ai n a n d t est ar e dr a w n
fr o m t h e pr e-s p e ci fi e d distri b uti o ns tr ai n a n d t est, r es p e cti v el y. Si mil arl y, t h e o pti mi z e es a d a pt us e d
d uri n g a d a pt ati o n ar e s a m pl e d fr o m t h e distri b uti o n a d a pt .

B as eli n es a n d Tr ai ni n g S etti n gs. We c o m p ar e M- L 2 O a g ai nst t hr e e b as eli n es: ( ) V a nill a L 2 O ,
w h er e w e tr ai n a r a n d o ml y i niti ali z e d L 2 O o pti mi z er o n a d a pt f or o nl y st e ps; ( ) Tr a nsf er L e ar ni n g
( T L), w h er e w e first m et a-tr ai n a r a n d o ml y i niti ali z e d L 2 O o pti mi z er o n tr ai n, a n d t h e n fi n e-t u n e o n

a d a pt f or st e ps; ( ) Dir e ct Tr a nsf er ( D T), w h er e w e m et a-tr ai n a r a n d o ml y i niti ali z e d L 2 O o pti mi z er
o n tr ai n o nl y. M- L 2 O a d o pts a f air e x p eri m e nt al s etti n g, w h er e b y w e m et a-tr ai n o n tr ai n a n d a d a pt o n
t h e s a m e a d a pt . We e v al u at e t h es e m et h o ds usi n g t h e s a m e s et of o pti mi z e es f or t esti n g (i. e., t est),
a n d r e p ort t h e mi ni m u m l o g arit h mi c v al u e of t h e o bj e cti v e f u n cti o ns a c hi e v e d f or t h es e o pti mi z e es.

F or all e x p eri m e nts, w e s et t h e n u m b er of o pti mi z e e it er ati o ns, d e n ot e d b y , t o w h e n m et a-tr ai ni n g
t h e L 2 O o pti mi z ers a n d a d a pti n g t o o pti mi z e es. N ot a bl y, i n l ar g e s c al e e x p eri m e nts i n v ol vi n g n e ur al
n et w or ks as t as ks, t h e c o m m o n c h oi c e f or is (Z h e n g et al. , 2 0 2 2 ; S h e n et al. , 2 0 2 1 ). H o w e v er, i n
o ur e x p eri m e nts, w e s et t o t o a c hi e v e b ett er e x p eri m e nt al p erf or m a n c e. T h e v al u e of t h e t ot al
e p o c hs, d e n ot e d b y , is s et t o , a n d w e a d o pt t h e c urri c ul u m l e ar ni n g t e c h ni q u e (C h e n et al. ,
2 0 2 0 a ) t o d y n a mi c all y a dj ust t h e n u m b er of e p o c hs p er t as k, d e n ot e d b y . T o u p d at e t h e w ei g hts of
t h e o pti mi z ers ( ), w e us e A d a m (Ki n g m a & B a , 2 0 1 4 ) wit h a fi x e d l e ar ni n g r at e of .

5. 2 F A S T A D A P T A T I O N R E S U L T S O F M- L 2 O

E x p e ri m e nts o n L A S S O o pti mi z e es. We b e gi n wit h e x p eri m e nts o n L A S S O o pti mi z e es. S p e ci fi c all y,
f or tr ai n, t h e c o ef fi ci e nt m atri x A is g e n er at e d b y s a m pli n g fr o m a mi xt ur e of u nif or m distri b uti o ns
c o m prisi n g f g . I n c o ntr ast, f or t est a n d a d a pt , t h e c o ef fi ci e nt m atri c es
A ar e o bt ai n e d b y s a m pli n g fr o m a n or m al distri b uti o n wit h a st a n d ar d d e vi ati o n of . We c o n d u ct
e x p eri m e nts wit h a n d , a n d r e p ort t h e r es ults i n Fi g ur es 2 a a n d 2 b . O ur fi n di n gs
d e m o nstr at e t h at:

① T h e Va nill a L 2 O a p pr o a c h, w hi c h r eli es o n o nl y fi v e st e ps of a d a pt ati o n fr o m i niti ali z ati o n o n
a d a pt , e x hi bits t h e w e a k est p erf or m a n c e, as e vi d e n c e d b y t h e l ar g est v al u es of t h e o bj e cti v e f u n cti o n.

② Alt h o u g h Dir e ct Tr a nsf er ( D T) is c a p a bl e of l e ar ni n g o pti mi z ati o n r ul es fr o m t h e tr ai ni n g o pti-
mi z e es, t h e l ar g er v ari a n c e i n c o ef fi ci e nts a m o n g t h e t esti n g o pti mi z e es r e n d ers t h e l e ar n e d r ul es
i n a d e q u at e f or g e n er ali z ati o n.

③ T h e s u p eri orit y of Tr a nsf er L e ar ni n g ( T L) o v er D T hi g hli g hts t h e v al u es of a d a pt ati o n w h e n t h e
t esti n g o pti mi z e es d e vi at es si g ni fi c a ntl y fr o m t h os e s e e n i n tr ai ni n g, as t h e o pti mi z er is pr es u m a bl y
a bl e t o a c q uir e n e w k n o wl e d g e d uri n g t h e a d a pt ati o n pr o c ess.

④ Fi n all y, M- L 2 O e x hi bits c o nsist e nt a n d n ot a bl y f ast er c o n v er g e n c e s p e e d c o m p ar e d t o ot h er
b as eli n e m et h o ds. M or e o v er, it d e m o nstr at es t h e b est p erf or m a n c e o v er all, r e d u ci n g t h e l o g arit h m
of t h e o bj e cti v e v al u es b y a p pr o xi m at el y a n d w h e n a n d , r es p e cti v el y. M-
L 2 O’s s u p eri or p erf or m a n c e c a n b e attri b ut e d t o its a bilit y t o l e ar n w ell- a d a pt e d i niti al w ei g hts f or
o pti mi z ers, w hi c h e n a bl es r a pi d s elf- a d a pt ati o n, t h us l e a di n g t o b ett er p erf or m a n c e i n c o m p aris o n t o
t h e b as eli n e m et h o ds.
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Ta bl e 1: Mi ni m u m l o g arit h m l oss of diff er e nt m et h o ds o n L A S S O at diff er e nt l e v els of σ . We r e p ort t h e 9 5 %
c o n fi d e n c e i nt er v al fr o m 1 0 r e p e at e d r u ns.

M et h o ds

Va nill a L 2 O M- L 2 O D T T L

1 0 0. 0 3 3 - 3. 7 1 2 - 4. 2 3 3 - 4. 0 7 7
2 5 1. 5 5 9 - 3. 4 3 3 - 4. 1 2 5 - 4. 0 1 9
5 0 0. 5 5 0 - 3. 2 8 5 - 3. 0 9 8 - 3. 1 8 1
1 0 0 2. 4 3 5 - 2. 4 0 8 - 1. 7 7 5 - 1. 9 6 1
2 0 0 4. 1 0 4 - 1. 3 9 6 - 0. 4 5 3 - 0. 9 8 2

E x p e ri m e nts o n Q u a d r ati c o pti mi z e es. We c o nti n u e t o ass ess t h e p erf or m a n c e of o ur a p pr o a c h o n
a diff er e nt o pti mi z e e, i. e., t h e Q u a dr ati c pr o bl e m. T h e c o ef fi ci e nt m atri c es A of t h e o pti mi z e es ar e
als o r a n d o ml y s a m pl e d fr o m a n or m al distri b uti o n. We c o n d u ct t w o e v al u ati o ns, wit h v al u es of
a n d , r es p e cti v el y, a n d pr es e nt t h e o ut c o m es i n Fi g ur e 3 . N ot a bl y, t h e r es ults s h o w a si mil ar tr e n d
t o t h os e w e o bt ai n e d i n t h e pr e vi o us e x p eri m e nts.
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( a) P erf or m a n c e o n N ( 0 , 5 0 2 )
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( b) P erf or m a n c e o n N ( 0 , 1 0 0 2 )

Fi g ur e 2: C o m p aris o n of c o n v er g e n c e s p e e ds o n t ar g et distri b uti o n of L A S S O o pti mi z e es. We r e p e at
t h e e x p eri m e nts f or ti m es a n d s h o w t h e 9 5 % c o n fi d e n c e i nt er v als i n t h e fi g ur es.

M o r e L A S S O e x p e ri m e nts. We pr o c e e d t o i n v esti g at e t h e i m p a ct of v ar yi n g t h e st a n d ar d d e vi ati o n
of t h e distri b uti o ns w e us e d t o s a m pl e t h e c o ef fi ci e nt m atri c es A f or a d a pt a n d t est. T h e mi ni m u m

l o g arit h m of t h e o bj e cti v e v al u e f or e a c h m et h o d is r e p ort e d i n Ta bl e 1 . O ur fi n di n gs r e v e al t h at:

① At l o w er l e v els of , it is n ot al w a ys n e c ess ar y, a n d m a y e v e n b e u ni nt e nti o n all y h ar mf ul, t o
us e a d a pt ati o n f or n or m all y tr ai n e d L 2 O. Alt h o u g h M- L 2 O pr o d u c es s atisf a ct or y r es ults, it e x hi bits
sli g htl y l o w er p erf or m a n c e t h a n T L, w hi c h c o ul d b e d u e t o t h e hi g h si mil arit y b et w e e n t h e tr ai ni n g
a n d t esti n g t as ks. Si n c e M- L 2 O’s o bj e cti v e is t o i d e ntif y o pti m al g e n er al i niti al p oi nts, L 2 O o pti mi z ers
tr ai n e d dir e ctl y o n r el at e d a n d si mil ar t as ks m a y eff e cti v el y g e n er ali z e. H o w e v er, aft er u n d er g oi n g
a d a pt ati o n o n a si n gl e t as k, L 2 O o pti mi z ers m a y dis c ar d c ert ai n k n o wl e d g e a c q uir e d d uri n g m et a-
tr ai ni n g t h at c o ul d b e us ef ul f or n o v el b ut si mil ar t as ks.

② N e v ert h el ess, as t h e d e gr e e of si mil arit y b et w e e n tr ai ni n g a n d t esti n g t as ks is d e cli n es, as c h ar a ct er-
i z e d b y a n i n cr e asi n g v al u e of , M- L 2 O b e gi ns t o d e m o nstr at e c o nsi d er a bl e a d v a nt a g e. F or v al u es
of gr e at er t h a n , M- L 2 O e x hi bits c o nsist e nt p erf or m a n c e a d v a nt a g es t h at e x c e e d i n t er ms of
l o g arit h mi c l oss. T his o bs er v ati o n e m piri c all y s u p p orts t h at t h e l e ar n e d i niti al w ei g hts f a cilit at e r a pi d
a d a pt ati o n t o n e w t as ks t h at ar e “ o ut- of- distri b uti o n ”, a n d t h at m a nif est l ar g e d e vi ati o ns.

5. 3  A D A P T A T I O N W I T H S A M P L E S F R O M D I F F E R E N T T A S K D I S T R I B U T I O N

I n S e cti o n 5. 2 , w e i m p os e a c o nstr ai nt o n t h e st a n d ar d d e vi ati o n of t h e distri b uti o n us e d t o s a m pl e
A , e ns uri n g t h at is i d e nti c al f or b ot h t h e o pti mi z e es f or a d a pt ati o n a n d t esti n g. H o w e v er, it is
n ot e w ort h y t h at t his c o nstr ai nt is n ot m a n d at or y, gi v e n t h at o ur t h e or y c a n a c c o m m o d at e a d a pt ati o n
a n d t esti n g o pti mi z e es wit h diff er e nt distri b uti o ns. C o ns e q u e ntl y, w e c o n d u ct a n e x p eri m e nt o n
L A S S O o pti mi z e es wit h v ar yi n g st a n d ar d d e vi ati o ns of t h e distri b uti o n, fr o m w hi c h t h e m atri c es A
f or o pti mi z e e a d a pt is dr a w n. S p e ci fi c all y, w e s a m pl e wit h s m all er v al u es t h at m or e r es e m bl e t h e
tr ai ni n g t as ks, as w ell as l ar g er v al u es t h at ar e m or e si mil ar t o t h e t esti n g t as k ( ).

I n T h e or e m 1 , w e h a v e c h ar a ct eri z e d t h e g e n er ali z ati o n of M- L 2 O wit h fl e xi bl e distri b uti o n
a d a pt ati o n t as ks. T h e t h e or eti c al a n al ysis s u g g ests t h at a si mil ar g e o m etr y l a n ds c a p e (s m all er
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Fi g ur e 3: C o m p aris o n of c o n v er g e n c e s p e e ds o n t ar g et distri b uti o n of Q u a dr ati c o pti mi z e es. We r e p e at t h e
e x p eri m e nts f or 1 0 ti m es a n d s h o w t h e 9 5 % c o n fi d e n c e i nt er v als ar e s h o w n i n t h e fi g ur es.

∆ 1 2 , ∆ 1 2 ) b et w e e n t h e tr ai ni n g a n d a d a pt ati o n t as ks, c a n l e a d t o a r e d u cti o n i n g e n er ali z ati o n l oss
as d e fi n e d i n E q u ati o n ( 7 ). T his cl ai m h as b e e n c orr o b or at e d b y t h e r es ults of o ur e x p eri m e nts,
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Fi g ur e 4: P erf or m a n c e o n L A S S O o pti-
mi z e es. We v ar y t h e st a n d ar d d e vi ati o n
of t h e distri b uti o n us e d f or s a m pli n g t h e
w ei g ht m atri x A f or a d a pt ati o n o pti mi z e es.
We vis u ali z e b ot h t h e m e a n a n d t h e c o n fi-
d e n c e i nt er v al i n t h e fi g ur e.

as pr es e nt e d i n Fi g ur e 4 . W h e n t h e σ is si mil ar t o t h e

tr ai ni n g t as ks (e. g., 1 0), i m pl yi n g a s m all er ∆ 1 2 a n d ∆ 1 2 ,
M- L 2 O d e m o nstr at es s u p eri or t esti n g p erf or m a n c e. I n c o n-
cl usi o n, i n c or p or ati n g tr ai ni n g-li k e a d a pt ati o n t as ks c a n
l e a d t o b ett er g e n er ali z ati o n p erf or m a n c e.

M e a n w hil e, it is r e as o n a bl e t o s u g g est t h at t h e t as k
diff er e n c es b et w e e n a d a pt ati o n a n d t esti n g, d e n ot e d b y

( ∆ 2 3 , ∆ 2 3 ), m a y als o h a v e a n i m p a ct o n M- L 2 O’s g e n er-
ali z ati o n a bilit y. I nt uiti v el y, if t h e o pti mi z er is r e q uir e d t o
a d a pt t o t esti n g o pti mi z e es, t h e a d a pt e d o pti mi z e s h o ul d
d e m o nstr at e str o n g g e n er ali z ati o n a bilit y o n ot h er o pti-
mi z e es t h at ar e si mil ar. I n or d er t o h a v e a d e e p er u n d er-
st a n di n g of t h e r el ati o ns hi p b et w e e n t h e g e n er ali z ati o n a bil-
it y a n d t h e diff er e n c e b et w e e n a d a pt ati o n a n d t esti n g t as ks,
w e r e writ e M- L 2 O g e n er ali z ati o n err or i n T h e or e m 1 i n t h e

f oll o wi n g f or m wit h ϕ 3
∗ = ϕ 3

M ∗ − α ∇ ϕ ĝ 3
T (ϕ 3

M ∗ ) a n d δ M
1 3 = ∥ ϕ 1

M ∗ − ϕ 3
M ∗ ∥ :

g 3
T (ϕ 1

M K − α ∇ ϕ ĝ 2
T (ϕ 1

M K )) − g 3
T (ϕ 3

∗ )

≤ M g T
(∥ ϕ 1

M K − ϕ 1
M ∗ ∥ + ∥ ϕ 3

∗ − ϕ 3
∗ ∥ + α ∥ ∇ ϕ ĝ 2

T (ϕ 1
M K ) − ∇ ϕ ĝ 3

T (ϕ 3
M ∗ )∥ + δ M

1 3 ). ( 8)

I n E q u ati o n (8 ), M- L 2 O g e n er ali z ati o n err or is p artl y c a pt ur e d b y ∥ ∇ ϕ ĝ 2
T (ϕ 1

M K ) − ∇ ϕ ĝ 3
T (ϕ 3

M ∗ )∥
w hi c h is c o ntr oll e d b y diff er e n c e i n o pti mi z ers ( i. e., ∥ ∇ ϕ ĝ 2

T (ϕ ) − ∇ ϕ ĝ 3
T (ϕ )∥ ). Fr o m Pr o p ositi o n 1 , w e

k n o w t h at t his t er m is d et er mi n e d b y diff er e n c e i n o pti mi z e es, d e n ot e d b y ∆ 2 3 a n d ∆ 2 3 . Si mil ar t o t h e
r es ults est a blis h e d i n T h e or e m 1 , w e c a n d e d u c e t h at s u p eri or t esti n g p erf or m a n c e is c o n n e ct e d wit h
a s m all er diff er e n c e b et w e e n t esti n g a n d a d a pt ati o n o pti mi z e es. T his r es ult h as b e e n d e m o nstr at e d i n
Fi g ur e 4 w h er e T L g e n er ali z es w ell wit h l ar g er σ ( m or e t esti n g-li k e). M or e o v er, M- L 2 O als o b e n e fits
fr o m l ar g er σ v al u es ( e. g., σ = 1 0 0 ) i n c ert ai n s c e n ari os.

T o s u m m ari z e, b ot h tr ai ni n g-li k e a n d t esti n g-li k e a d a pt ati o n t as k c a n l e a d t o i m pr o v e d t esti n g
p erf or m a n c e. As s h o w n i n Fi g ur e 4 , tr ai ni n g-li k e a d a pt ati o n r es ults i n b ett er g e n er ali z ati o n i n L 2 O.
O n e p ossi bl e e x pl a n ati o n is t h at w h e n t h e t esti n g t as k si g ni fi c a ntl y d e vi at es fr o m t h e tr ai ni n g t as ks, it
b e c o m es hi g hl y c h all e n gi n g f or t h e o pti mi z er t o g e n er ali z e w ell wit hi n li mit e d a d a pt ati o n st e ps. I n
s u c h s c e n ari os, t h e tr ai ni n g-li k e a d a pt ati o n pr o vi d es a m or e pr a cti c al s ol uti o n.

6 C O N C L U S I O N A N D D I S C U S S I O N

I n t his p a p er, w e pr o p os e a s elf- a d a pt e d L 2 O al g orit h m ( M- L 2 O), w hi c h is i n c or p or at e d wit h m et a
a d a pt ati o n. S u c h a d esi g n e n a bl es t h e o pti mi z er t o r e a c h a w ell- a d a pt e d i niti al p oi nt, f a cilit ati n g
its a d a pt ati o n a bilit y wit h o nl y a f e w u p d at es. O ur s u p eri or g e n er ali z ati o n p erf or m a n c es i n o ut-
of- distri b uti o n t as ks h a v e b e e n t h e or eti c all y c h ar a ct eri z e d a n d e m piri c all y v ali d at e d a cr oss v ari o us
s c e n ari os. F urt h er m or e, t h e c o m pr e h e nsi v e e m piri c al r es ults d e m o nstr at e t h at tr ai ni n g-li k e a d a pt ati o n
t as ks c a n c o ntri b ut e t o b ett er t esti n g g e n er ali z ati o n, w hi c h is c o nsist e nt wit h o ur t h e or eti c al a n al ysis.
O n e p ot e nti al f ut ur e dir e cti o n is t o d e v el o p a c o n v er g e n c e a n al ysis f or L 2 O. It will b e m or e i nt er esti n g
t o c o nsi d er m et a a d a pt ati o n i n a n al y zi n g L 2 O c o n v er g e n c e fr o m a t h e or eti c al vi e w.
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P u blis h e d as a c o nf er e n c e p a p er at I C L R 2 0 2 3

A A P P E N D I X

A. 1  R E S T A T E M E N T O F A S S U M P T I O N 3

Ass u m pti o n 5 ( R est at e m e nt of Ass u m pti o n 3 ). We ass u m e Li ps c hitz pr o p erti es f or all f u n cti o ns
as f oll o ws:

a) is - Li ps c hitz, i. e., f or a n y a n d , k k k k ( ).

b) r is - Li ps c hitz, i. e., f or a n y a n d , k r r k k k ( ).

c) r is - Li ps c hitz, i. e., f or a n y a n d , k r r k k k ( ).

d) is - Li ps c hitz w.r.t. a n d - Li ps c hitz w.r.t. , i. e.,

k k k k f or a n y a n d ,
k k k k f or a n y a n d .

e) r is - Li ps c hitz, i. e., f or a n y a n d , k r r k k k .

T h e a b o v e Ass u m pti o ns ( a)( b)( c) als o h ol d f or st o c h asti c , r a n d r .

A. 2 P R O O F O F S U P P O R T I N G L E M M A S ( L E M M A 1 2 C O R R E S P O N D S T O P R O P O S I T I O N 1 )

L e m m a 1. B as e d o n u p d at e pr o c e d ur e of , w e o bt ai n

r
X

0

@
Y

r r r r r

1

A

Pr o of. T h e u p d at e pr o c ess is s h o w n b el o w:

If w e o nl y c o nsi d er r r , t h e n w e o bt ai n

r r r r

r r r r r r r

r r r r r r

If w e it er at e t h e a b o v e e q u ati o n fr o m t o , t h e n w e o bt ai n

r
X

0

@
Y

r r r r r

1

A

Y
r r r r

We ass u m e is r a n d o ml y s a m pl e d a n d i n d e p e n d e nt fr o m , t h e n w e o bt ai n

r
X

0

@
Y

r r r r r

1

A

L e m m a 2. If w e ass u m e t h at , b as e d o n Ass u m pti o n 3 , t h e n w e o bt ai n

k k k k k k ( 9)
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Pr o of. B as e d o n t h e it er at e pr o c e d ur e of , w e o bt ai n

k k

X
r r

X
r r r

r

X
r r

X
r r

X
k k

X
k r r k

k k
X

k r r k

k k
X

k k

w h er e f oll o ws fr o m E q u ati o n (1 ), a n d fr o m Ass u m pti o n 3 . If w e f urt h er it er at e it fr o m
t o , w e o bt ai n

k k k k k k

L e m m a 3. If w e d e fi n e r r , b as e d o n Ass u m pti o n 3 a n d L e m m a 2 , w e
o bt ai n

k k k k

w h er e .

Pr o of. B as e d o n t h e d e fi niti o n of , w e h a v e

k k

k r r r r k

k r r r r

r r r r k

k k k r r k

k k k k

k k k k

w h er e f oll o ws fr o m Ass u m pti o n 3 , f oll o ws fr o m L e m m a 2 .

L e m m a 4. We first d e fi n e r r r . B as e d o n t h e L e m m a 2 a n d
Ass u m pti o n 3 , w e o bt ai n

k k k k

w h er e .
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Pr o of. B as e d o n t h e d e fi niti o n of , w e h a v e

k k

k r r r r r r k

k r r r r r r

r r r r r r k

k r r k k r r r r k

k k k r r r r

r r r r k

k k k k k r r k

k k k k

w h er e a n d f oll o ws fr o m Ass u m pti o n 3 , f oll o ws fr o m L e m m a 2 .

L e m m a 5. B as e d o n Ass u m pti o n 3 a n d L e m m as 1 , 3 a n d 4 , t h e n w e o bt ai n

k r r k k k ( 1 0)

w h er e
P P P

.

Pr o of. B as e d o n t h e d e fi niti o n of r i n L e m m a 1 , w e o bt ai n

k r r k

X Y
r r r r r

Y
r r r r r

X Y Y

X Y Y

Y Y
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X
k k

X X X
k k

k k

w h er e is b as e d o n L e m m a 1 , is b as e d o n t h e f a ct t h at r r ,

r r r , f oll o ws fr o m Ass u m pti o n 3
a n d f oll o ws fr o m L e m m a 3 a n d 4 .

L e m m a 6. B as e d o n L e m m as 2 , 5 a n d Ass u m pti o n 3 , w e o bt ai n

k r r k k k

w h er e , is d e fi n e d i n L e m m a 5 , is d e fi n e d i n L e m m a 2 .

Pr o of. We ass u m e all f u n cti o ns s h ar e t h e s a m e st arti n g p oi nt , t h e n w e h a v e

k r r k

k r r k

k r r r r k

k r k k r r k

k r r k k r k

k r r k k k k r k

k k k k k k k k

w h er e fr o m Ass u m pti o n 3 , fr o m L e m m a 2 a n d 5 .

L e m m a 7. B as e d o n t h e L e m m a 2 , 5 a n d Ass u m pti o n 3 , w e o bt ai n

k r r k k k ( 1 1)

w h er e .

Pr o of. We first c o m p ut e t h e Li ps c hit z c o n diti o n of r r as f oll o ws

k r r r r k

k r r r r k

k r k k r r k

k r r k k r k

k k k k

k k

w h er e f oll o ws fr o m L e m m a 2 , 5 a n d Ass u m pti o n 3 . T h e n, b as e d o n t h e d e fi niti o n of r ,
w e h a v e

k r r k

k r r k

k r r r r r r r

r r r k

k r r r r k
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k r r r r r r k

k r k k r r k

k r r k k r k

k r k k r r r r k

k r r k k r r k

k k k r r k

k r r r r k k k

k k k k

k k k k

k k k k

w h er e f oll o ws fr o m L e m m a 2 a n d 5 .

L e m m a 8. If w e ass u m e , b as e d o n Ass u m pti o n 3 a n d 4 , w e o bt ai n

k k

w h er e is t h e it er ati o n n u m b er a n d .

Pr o of. B as e d o n t h e it er ati v e pr o c ess of , w e o bt ai n

k k

k r r k

k k k r r k

k k k r r k

k r r k

k k

w h er e f oll o ws fr o m E q u ati o n (1 ), f oll o ws fr o m Ass u m pti o n 3 , f oll o ws fr o m Ass u m p-
ti o n 4 . If w e it er at e a b o v e i n e q u aliti es fr o m t o , t h e n w e o bt ai n:

k k

L e m m a 9. B as e d o n Ass u m pti o ns 3 a n d 4 , L e m m a 8 , w e h a v e f oll o wi n g i n e q u alit y:

k k

w h er e r r 2 f g a n d .

Pr o of. B as e d o n t h e d e fi niti o n of , w e o bt ai n

k k k r r r r k

k r r r r k

k k

w h er e f oll o ws fr o m Ass u m pti o n 3 a n d 4 , f oll o ws fr o m L e m m a 8 .
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L e m m a 1 0. T h e n b as e d o n Ass u m pti o ns 3 a n d 4 , L e m m a 8 , w e h a v e f oll o wi n g i n e q u alit y:

k k

w h er e r r r 2 , e

a n d is d e fi n e d i n L e m m a 8 .

Pr o of. B as e d o n t h e d e fi niti o n of , w e o bt ai n

k k k r r r r r r k

k r r r r r r

r r r r r r k

k r r k k r r k

k r r r r k k r k

k r r r r k

k r r r r k

k k e

e

w h er e f oll o w fr o m L e m m a 8 .

L e m m a 1 1. B as e d o n Ass u m pti o ns 3 , 4 a n d L e m m a 1 , w e o bt ai n

k r r k
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w h er e a n d h a v e b e e n d e fi n e d i n L e m m as 9 a n d 1 0 .

Pr o of. B as e d o n t h e L e m m a 1 , w e o bt ai n
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w h er e f oll o ws fr o m t h e d e fi niti o ns t h at r r r ,

r r , f oll o ws fr o m Ass u m pti o n 3 a n d f oll o ws fr o m L e m m a 9 a n d 1 0 .

L e m m a 1 2. ( C orr es p o n d t o Pr o p ositi o n 1 ) B as e d o n Ass u m pti o ns 3 a n d 4 , L e m m as 8 a n d 1 1 , w e
o bt ai n

k r r k O e
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Pr o of. We first c o nsi d er a n d , w e o bt ai n
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w h er e f oll o ws fr o m L e m m a 1 1 , f oll o ws fr o m E q u ati o n (1 2 ) a n d E q u ati o n (1 3 ), f oll o ws
b e c a us e . B as e d o n t h e f or m ul ati o n of r i n L e m m a 6 , w e h a v e

k r r k k r r k

O e

w h er e f oll o ws b e c a us e d e fi n e d i n L e m m a 2 s atis fi es t h at O .

L e m m a 1 3. B as e d o n t h e Ass u m pti o n 3 a n d L e m m a 2 , w e o bt ai n

k k k k

w h er e a n d is d e fi n e d i n L e m m a 2 .

Pr o of. B as e d o n t h e d e fi niti o n of , w e h a v e

k k k k

k k
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k k

k k

w h er e is b as e d o n Ass u m pti o n 3 , is b as e d o n L e m m a 2 .

L e m m a 1 4. B as e d o n t h e pr o p ositi o n 1 i n F all a h et al. (2 0 2 1 ), Ass u m pti o ns 1 a n d 3 , if w e s et
f g , f or i n Al g orit h m 1 , t h e n w e h a v e

k e e k O p

w h er e is d e fi n e d i n L e m m a 1 3 , is d e fi n e d i n L e m m a 6 , is d e fi e n d i n L e m m a 7 .

Pr o of. B as e d o n t h e Pr o p ositi o n 1 i n F all a h et al. (2 0 2 1 ), w e o bt ai n

e e O p

w h er e is d e fi n e d i n E q u ati o n (5 ). B as e d o n t h e Ass u m pti o n 1 a n d t h e f a ct t h at e

, w e h a v e

k e e k e e

O p

L e m m a 1 5. B as e d o n Ass u m pti o n 1 a n d L e m m a 1 3 , w e h a v e

k e k

p

p

w h er e is t h e s a m pl e siz e.

Pr o of. B as e d o n Ass u m pti o n 1 a n d L e m m a 1 3 , fr o m T h e or e m 2 i n S h al e v- S h w art z et al. (2 0 1 0 ),
wit h pr o b a bilit y at l e ast , w e h a v e

e

F urt h er m or e, b as e d o n Ass u m pti o n 1 a n d t h e f a ct t h at , w e o bt ai n

k e k e

We t a k e t h e s q u ar e r o ot fr o m b ot h si d e a n d o bt ai n:

k e k

p

p

wit h pr o b a bilit y at l e ast .

A. 3 P R O O F O F T H E O R E M 1

B as e d o n o ur d e fi niti o n of g e n er ali z ati o n err or f or t h e al g orit h m,

e r e

e e e r e r e
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k e e e r e r e k ( 1 4)

k e e k k e k k k

k r e r e k k r e r e k

k e e k k e k k k

k r e r e k

w h er e f oll o ws fr o m Ass u m pti o n 2 , f oll o ws fr o m L e m m a 1 3 .

F urt h er m or e, c o nsi d eri n g Al g orit h m 1 , if w e s et f g , f or

, b as e d o n L e m m a 1 2 , 1 4 , 1 5 , wit h pr o b a bilit y at l e ast , w e o bt ai n

e r e

O

s

p

p

p

O e

w h er e k k , , is t h e st e p n u m b er f or u p d at e, is t h e s a m pl e si z e
f or tr ai ni n g.

T h e n f or Li ps c hit z t er m d e fi n e d i n L e m m a 1 3 ,

O

w h er e d e fi n e d i n L e m m a 2 s atis fi es O .

F or Li ps c hit z t er m d e fi n e d i n L e m m a 6 , w e first c o m p ut e t h e or d er f or w hi c h is d e fi n e d i n
L e m m a 5 , t h e n w e o bt ai n

O

0

@
X X X

1

A

O

0

@
X X X

1

A

O

 
X X

!

O

w h er e f oll o ws fr o m L e m m as 3 a n d 4 . T h e n, w e o bt ai n

O O

F or Li ps c hit z t er m d e fi n e d i n L e m m a 7 , w e h a v e

O

T h e n, t h e pr o of is c o m pl et e.

A. 4 P R O O F O F R E M A R K 2

I n t er ms of M- L 2 O g e n er ali z ati o n err or, b as e d o n t h e E q u ati o n (1 4 ) i n A p p e n di x A. 3 , w e h a v e

e r e

k e e e r e r e k

k e e k k e k k r e e r e e k
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w h er e k k .

I n t er ms of Tr a nsf er L e ar ni n g L 2 O g e n er ali z ati o n err or wit h l e ar n e d i niti al p oi nt e , w e h a v e

e r e

k e r e k

k e r e e r e e k

k e e k k e k k r e e r e e k

w h er e f oll o ws fr o m e e r e , k k . T h e n, t h e pr o of is c o m pl et e.

A. 5 P R O O F O F E Q . 8 I N S U B S E C T I O N 5. 3

We ass u m e t h at e e r e , t h e n w e h a v e

e r e

k e r e k

k e r e e r e e k

k e e k k e k k r e r e k

k e e k

T h e n, t h e pr o of is c o m pl et e.

A. 6  A D D I T I O N A L E X P E R I M E N T S

N e w O pti mi z e es: R os e n b r o c k We c o n d u ct a d diti o n al e x p eri m e nts wit h s u bst a nti all y diff er e nt
o pti mi z e es, i. e. R os e n br o c k ( R os e n br o c k , 1 9 6 0 ). I n t his c as e, t h e o pti mi z es ar e r e q uir e d t o mi ni mi z e
a t w o- di m e nsi o n al n o n- c o n v e x f u n cti o n t a ki n g t h e f oll o wi n g f or m ul ati o n:

( 1 5)

w hi c h is c h all e n gi n g f or al g orit h ms t o c o n v er g e t o t h e gl o b al mi ni m u m ( Ta ni et al. , 2 0 2 1 ).

We s p e cif y a d a pt a n d t est t o b e t h e f a mil y of R os e n br o c k o pti mi z e es wit h r a n d o ml y s a m pl e d i niti al
p oi nts fr o m st a n d ar d n or m al distri b uti o n. I n c o ntr ast, t h e tr ai ni n g o pti mi z e es ar e still L A S S O wit h a
mi xt ur e of u nif or m distri b uti o n fr o m w hi c h t h e c o ef fi ci e nt m atri c es ar e s a m pl e d. T h e e x p eri m e nts
ar e r e p e at e d f or ti m es, wit h all t h e al g orit h ms r e c ei vi n g i d e nti c al a d a pt ati o n a n d t esti n g s a m pl es
i n e a c h r u n. Fi g ur e A 5 a s h o ws t h e c ur v es of t h e l o g arit h m of t h e o bj e cti v e v al u es g e n er at e d b y
diff er e nt m et h o ds, w h er e o ur pr o p os e d M- L 2 O o ut p erf or ms ot h er b as eli n es si g ni fi c a ntl y. At 5 0 0-t h
st e p, t h e ( m e a n, st a n d ar d d e vi ati o n) of t h e l o g arit h mi c o bj e cti v e v al u es f or { Va nill a L 2 O, T L, D T,
M- L 2 O } ar e f g , w hi c h pr o vi d es
n u m eri c al s u p p orts of t h e a d v a nt a g e of o ur m et h o ds.

N e w E v al u ati o n: I nt e r p ol ati o n

T o o bt ai n n e w o pti mi z e w ei g hts, w e e m pl o y a li n e ar i nt er p ol ati o n str at e g y b et w e e n t w o a d a pt e d
o pti mi z ers. T h e first o n e is o pti mi z e d o n t h e o pti mi z e es t h at ar e si mil ar t o t h os e us e d i n tr ai ni n g, a n d
t h e s e c o n d is o pti mi z e d o n t h e o pti mi z e es t h at ar e si mil ar t o t h os e us e d i n t esti n g. We i ntr o d u c e a
f a ct or t o c o ntr ol t h e i nt er p ol ati o n b et w e e n t h e t w o w ei g hts, d e n ot e d b y a n d , r es p e cti v el y,
a n d c al u cl at e t h e n e w w ei g hts as f oll o ws:

I n Fi g ur e A 5 b , w e pr es e nt t h e m e a n v al u es of t h e l o g arit h mi c l oss, as w ell as t h e 9 5 % c o n fi d e n c e
i nt er v al. T h e r es ults of T L a n d M- L 2 O v ali d at e o ur cl ai m t h at a d a pti n g t o tr ai ni n g-li k e o pti mi z e es t e n d
t o yi el d b ett er p erf or m a n c e t h a n a d a pti n g t o o pti mi z e es t h at m or e r es e m bl e t h e t esti n g o pti mi z e es.
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St e ps
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ct
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M − L 2 O

D T

T L

Va nill a L 2 O

( a) C o n v er g e n c e s p e e ds o n R os e n br o c k o pti mi z e es. We
r e p e at t h e e x p eri m e nts f or 1 0 ti m es, a n d pr es e nt t h e
9 5 % c o n fi d e n c e i nt er v als ar e s h o w n i n t h e fi g ur e.

− 2. 4

− 2. 1

− 1. 8

0. 0 0 0. 2 5 0. 5 0 0. 7 5 1. 0 0
α

Lo
g(

Ob
je

ct
iv

e)

M − L 2 O

T L

( b) C o n v er g e n c e s p e e ds o n L A S S O o pti mi z e es, wit h
diff er e nt i nt er p ol ati o n w ei g hts α . B ot h t h e m e a n a n d
t h e 9 5 % c o n fi d e n c e i nt er v als ar e s h o w n i n t h e fi g ur e.

Fi g ur e A 5: Vis u ali z ati o n of a d diti o n al e x p eri m e nt r es ults.
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