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Abstract—In millimeter wave (mmWave) networks, the com-
munication link performance is heavily dependent on the direc-
tional characteristics of the transceiver beams. Under practical
beam management considerations, the transmitter and receiver
beams may not be perfectly aligned. We consider such a situation
in the downlink of a mmWave cellular network. In this case,
the received powers from the base stations (BSs) at the user
equipment (UE) of interest will depend upon both the Euclidean
and the angular distances (of the BSs to that UE). We develop a
novel stochastic geometry framework to study maximum power-
based association in this setting. To the best of our knowledge,
this is the first work that rigorously explores the role of angular
distances in the association policy and analysis of cellular
networks. We derive exact expressions for the distributions of
signal-to-interference-plus-noise ratio (SINR) and the link rate,
as well as the average achievable rate. Among others, our analysis
reveals that as the receiver beam becomes more directional
(i) the instantaneous achievable rate improves at the expense
of a significantly higher variance, and (ii) both the desired
received power and the interference power decrease because of
the reduced misalignment error and the reduction of the number
of interfering BSs falling within in the 3 dB beamwidth of the
receiver antenna pattern, respectively, and (iii) the probability of
achieving a higher target rate than the average increases.

Index Terms—6G, SG NR, beam management, coverage prob-
ability, millimeter-wave communication, stochastic geometry.

I. INTRODUCTION

It is well accepted that higher frequency bands, especially
at the millimeter wave (mmWave) frequencies and in the near
future at the sub-terahertz frequencies, are essential for sup-
porting emerging data-hungry applications, such as extended
reality and 3D gaming [1]. In the context of commercial fifth
generation (5G) new radio (NR) cellular standard, mmWave
communication has attracted considerable attention from both
academia and industry over the past decade [2], [3]. To
overcome the challenging propagation characteristics which
come with the extremely high data rates, mmWave networks
are envisioned to be densely deployed to achieve acceptable
coverage [4]. However, increasing the density of BSs leads to
severe interference problems. The resulting interference may
cause a significant number of transmission failures, especially
for dense mmWave networks. Therefore, antenna arrays with
highly directional and steerable antenna beams are necessary
to achieve high power gain and improved coverage.

Owing to the large number of beams typically considered
for mmWave links, a series of beam management procedures
are needed to ensure efficient handling and network operation.

The selection of the best receiving beam is performed in
mmWave networks by measuring the average received signal
power in each beam through exhaustive scanning from a set
of candidate serving BSs. In this setting, the maximum power-
based association decisions are governed by the distance
dependent path loss and the transmitting and receiving antenna
gain patterns. By assuming simplistic antenna patterns, such
as the flat-top pattern [5], [6], or by making other idealistic
assumptions, such as perfect channel estimation and beam
training, prior works often assume perfect alignment in the
transmitting beam from the BS and the receiving beam at the
UE [7], [8]. In such cases, the cell association decision ends
up being a function of just the Euclidean distances between
the receiver and candidate serving BSs, which is a significant
simplification of reality.

In realistic mmWave networks, beam misalignment is in-
evitable, and the directions of the maximum gains at the BS
and UE are not fully aligned [9]. For realistic antenna patterns,
the misalignment error now naturally becomes a function of
the angular distance between the candidate serving BSs and the
UE. In this case, both the Euclidean and the angular distance
of the candidate serving BSs should be jointly considered in
the measurement of the received power during the association
phase. Recently, in [10], the notion of angular distances was
addressed and their relevance in the performance analysis of
mmWave networks was highlighted. Subsequently, in [11],
the angular distances were considered in the calculation of
the interference power by exploiting realistic antenna patterns.
However, perfect alignment between the direction of the UE’s
and the serving BS’s maximum gain was assumed. 7o the best
of the authors’ knowledge, this is the first work that rigorously
explores the role of angular distances in the association policy
and performance analysis of cellular networks.

In this paper, a tractable stochastic geometry framework is
proposed to account for realistic 5G NR beam management-
based procedures by jointly considering both the Euclidean
and the angular distances of the candidate serving BSs in the
UE’s association policy. To this end, the UE, which is equipped
with a realistic 3GPP-based antenna pattern, exploits direc-
tional beamforming capabilities under imperfect alignment to
communicate with the serving BS. Subsequently, performance
analysis in terms of the distributions of the SINR and the
like rate, as well as the average achievable rate is conducted
under the proposed novel association scheme and exact-form



analytical expressions are derived. As key intermediate results,
the probability density function (pdf) of the maximum received
power and the Laplace transform of the aggregate interference
power distribution are also obtained in exact form.

II. SYSTEM MODEL AND PROPOSED FRAMEWORK
A. Network Model

Consider a mmWave downlink cellular network, where the
locations of the BSs are modeled as a homogeneous Poisson
point processes (HPPP) ®,, C R? with intensity )\js. Let
(rg, @) denote the polar coordinates of the location of a BS
placed at x € ®ps. The locations of UEs are independently
distributed according to some stationary point process ®,..
Also, all BSs are assumed to transmit at the same power p.
Let (rs,¢s) denote the polar coordinates of the location of
the serving BS zg € ¥, at a given time. Without loss of
generality, the receiving UE is assumed to be located at the
origin o = (0, 0) at that time. After averaging the performance
of this UE over ®;,, the receiving UE becomes the typical
receiver, which we will simply term the receiver.

Considering the pertinent properties of mmWave commu-
nications, a BS located at z € ®ps is assumed to exploit
proper directional beamforming techniques to communicate
with the receiver assuming perfect channel state information
(CSI). Therefore, the maximum gain of the BSs’ antennas can
be assumed to be always directed towards the receiver. The
receiver is assumed to be equipped with an antenna array able
to produce 2™ receiving beams. The maximum gain directions
of these beams, i.e., the centers of the corresponding 3 dB
beamwidths, are given by ¢, = 22,’,2 with m € N. Please
note that the maximums of the BS and UE beams will not
necessarily be aligned because of the discretization on the
UE side, which is the reason angular distances appear in
the analysis. In this work, a realistic 3GPP-based antenna
pattern recommended for 5G mmWave communications [12]
is adopted for the receiver and therefore, the actual antenna
gain within the 3dB beamwidth range is not constant. When
directed towards ¢j, this antenna has a radiation power pattern
(in dB) given by

G3gpp(¢ — ¢5) = Gmaz — min{lZ (‘b — %)2, SLA}, (1)
$3dB
where ¢sqp is the 3dB beamwidth of the receiver’s antenna
and SLA = 30dB is the front-to-back ratio. The multiplicative
antenna gain factor is denoted by g34pp (¢ — ¢p). The direction
of maximum gain ¢j is modeled as a discrete random variable
with probability mass function (pmf) given by
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Fig. 1: Illustration of the system model.

A representative example of ¢p is shown in Fig. 1, with
2™ = 4 beams enabled at the UE. Unfortunately, performance
analysis using the array pattern of (1) may lead to extremely
intractable analysis [7]. For this reason, the array pattern is
approximated by the two-branch expression given by [13],
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where g,,4. and g, are the multiplicative gain factors of G4,
and Gy, = Giae — SLA, correspondingly, whereas ¢, =
(¢3aB/2) \/(10/3) log10(9maz/9s)-

As seen from the receiver location, a BS can be either LOS
or non-LOS (NLOS). Since mmWave signals are susceptible
to blockages [14], proper modeling is essential to capture the
effect of blockages on network performance. Accordingly, a
LOS ball model is adopted since it provides a better fit with
real-world blockage scenarios [15]. Given a BS located at
x € P, the propagation between the BS and the receiver
is LOS if |z|| < Rr, where Ry, is the maximum distance for
LOS propagation and | - || denotes the Euclidean norm. In this
work, the performance analysis for the receiver is restricted to
b(o, Ry), where b(o, Ry,) denotes a LOS ball of radius Ry,
centered at the origin 0." Accordingly, the analysis is restricted
to a finite HPPP ¥}, = « € & N b(o, Ry).

Let oy denote the path loss exponent for the LOS prop-
agation links. Similar to [5], typical values of oy are o €
[1.8,2.5]. Then, following the standard power-law path-loss
model for the path between the receiver and a BS located
at x € Uy, the path loss funct120n is denoted by I(||z]) =
K||x||~*£, where K = (ﬁ) with ¢ being the speed of
light and f. the carrier frequency.

The wireless channel between a BS located at x € ¥y, and
the receiver undergo Nakagami-m,, fading, which allows us to

IThe received signal power from the BSs outside the LOS ball is considered
negligible due to the severe path loss imposed by the blockages [4], [16].
Moreover, the authors in [17] have shown that NLOS links have negligible
effect on the system coverage performance in dense mmWave networks.



represent a wide range of fading environments. The parameter
m., 18 restricted to integer values for analytical tractability. The
channel fading gain h,, is the fading power for the channel in
the LOS condition. The shape and scale parameters of h,, are
m, and 1/m,,, respectively, i.e., h, ~ Gamma (mu, %)
Here, u € {s,x}, where s denotes the link between the
receiver and the serving BS, and x stands for the link between
the receiver and the interfering BSs at © € Wy \ {xo}. The
pdf of h, is given by

m m, —1
mu ™M

fh, (w) = W

exp (—my,w). (€]

Note that E[h,] = 1, where E[-] denotes expectation.

B. User Association and Beam Selection Policy

The association policy used in real networks is often based
on the maximum received power. The UE is agnostic to the
conditions that provide the maximum power to the receiver.
One of the main contributions of this paper is the adoption
of an association policy, namely 5G NR maximum power
association policy, that accurately captures realistic conditions.
Accordingly, in this scheme the UE is associated with the
BS providing the largest average received power by jointly
considering both the Euclidean and the angular distances of
the BSs when the best receiving beam is selected for reception.
According to the beam management procedure in 5G NR, this
task is the so-called beam selection procedure. In particular,
all BSs periodically transmit the beamformed reference signals
that may cover the entire set of available directions according
to the receivers’ needs. The mmWave-based measurements for
initial access are based on the synchronization signal blocks
(SSBs). The receiver in the proposed framework monitors
the reference signals and forms a list of candidate serving
BSs, defined as the ones with the largest SNR, if above a
predefined threshold, for each beam. Subsequently, the serving
BS, defined as the BS providing the largest SNR among
all candidate serving BSs, is chosen for transmission. The
corresponding receiver’s beam in which the serving BS was
identified, is selected as the receiving beam.

The BSs are assumed to have perfect CSI knowledge of
the uplink and thus, a perfect alignment of the BSs’ beam
maximum gain direction with the line toward the receiver is
achievable. On the other hand, the direction of the maximum
gain of the receiver’s antenna is not fully aligned with the
direction of maximum gain of each BS transmitting beam.
Let ¢ denote the angular distance between the direction of
the line connecting the receiver and a BS x € W, and the
direction, zj)f), of maximum directivity of a receiver’s beam :.
Therefore, for a BS = € Wy, ¢, denotes its polar coordinate,
and ¢? is given by ¢ = |¢} — ¢.|. By further considering
the Euclidean distances of the BSs from the origin, r,, the
location of the serving BS and the receiving beam are chosen
by the receiver as

(z9,1) = argmax{g(g)f)r;% } (5)

€Wy,
i=1:2™"

Having selected xo and ¢, the angle ¢} is denoted as ¢, in
Fig. 1. In this case, ¢, can be modeled as a uniform random
variable, i.e., ¢, ~ U|0, ¢”B} Clearly, the serving BS may
not necessarily be the nearest one to the receiver. Instead,
it may lie close to the direction of the maximum directivity
gain of a receiver’s beam and thus provide maximum received
power. Eq. (5) indicates that the receiver performs scanning for
each beam to identify the serving BS by jointly considering
both the angular distance of the BSs, from the direction of
each beam’s maxima, and the Euclidean distance of the BSs,
respectively to maximize the received power.

C. Performance Metrics

Under the aforementioned 5G NR maximum power policy,
the received SINR is given by

P hs gmaz 9(pr) Ullzol])
I+o02

where [ refers to the aggregate interference power and is

given by I = erq,‘ P ha gmaz gagop (1) [[2])), W, =

{Wps \ {mo}}, o1 is dofined as o1 = |¢h — ¢z| and o? is

the additive white Gaussian noise power. Please note that, ¢

also determines the direction of the reference line.

The network performance will be characterized in terms of
the SINR-based coverage probability, which is defined as the
probability that the SINR at the receiver in b(o, Ry,) exceeds
a predefined threshold ~y, i.e., Pe(y:n) = P(SINR > ).
We will also consider the following achievable rate-related
metrics: i) the rate coverage which can be mathematically
expressed as R.(Ry) = P[Bylogy(l + SINR) > Ry,
where Ry is the target rate and B,, is the bandwidth avail-
able to the link of interest, and ii) the average achievable
rate of the UE, which can be mathematically expressed as
R £ E[B,, logy(1 + SINR)]).

SINR = : (6)

III. PERFORMANCE ANALYSIS

In this section we present the comprehensive analysis in
terms of the performance metrics defined above. The pdf of
the maximum received power must first be derived. Let S?
denote the received power from a BS located at z € Wy,
measured w.r.t to the i-th beam. Then, Si is given by

Se = 90106 = dal)llz 7 = g(l6 — dal)rz ™, (D
and the maximum received power S is obtained as
5= max {siy @ Joax {g(er)r I (T
zev N———— (8)
=127 s,

where (a) follows from the independence between ¢, and
r, of the BSs and maximization over {g(|¢} — q&x\)}z L2
Tps

and (b) follows from maximization over {r;“},cy,, w1th
rs = ||zo||. Due to exhaustive scanning of the receiver in
the whole b(o, Ry), the serving BS may lie anywhere in
b(o, Ry). Therefore, the distances {r,} are independent and
identically distributed (i.i.d.) in b(o Ry,) with pdf f,_(r) of
each element given by f. (r) = 2, r € [0, Rp]. The pdf of
S is now derived, as a key intermediate result in the analysis.



Lemma 1. The pdf of the maximum received power S is
given by

fs(s0) = XesTR fs, (s0) ekbsﬂR%(ﬁ‘s’?’”" T (w)d“)_l), )

S0 € [Wmin,o0) and fs, (w) is given by
P(w) 1 w
sz(w) :/ *fg(apr ( )f L (;)dxu (10)
93dB
12t
2 L
W € [Wmin,00) where f o, (z) = (;)LT foon(9) =
] = 93dB = 10Gm{lg 3) Wmin —

In(10)x Gmax—10log(z)’
12\/ mazx = og(x

g3ap R " and Y(w) = min{Rf’—(,L,gmm}.
Proof. See Appendix A. - |
Lemma 2. Conditioned on the maximum received power
S = Sy from the serving BS w.r.t. a given receiving beam, the
conditional Laplace transform L(s|Sin, ¢) of the aggregate
interference power distribution is given by (11), shown at the
bottom of the page, where

Q= {(ry, ) € U} 5" <1, < Rp, 0< ¢y < 27},
(12)

min 93gpp (|¢S

1
¢1)2 *L .Rp

Proof. The proof is delegate to the expanded journal

version of this paper (preprint available on arXiv [18]) because

of the lack of space. ]
Theorem 1. The coverage probability of a receiver in a

mmWave network inside b(o, Ry) under the 5G NR maximum

power association policy is given by

imf / R1okLy,., (s|Sem, dh)
sk . (13)

i=1 k=0 Y Wmin
X fS(Sth)p¢dSth>
Where s = ?}(&h and  Lr,, (s|Sm. d5) =

exp(—028)L1(s|Sin, ).
Proof. The conditional coverage probability is first given by

and """ = mln{(

phs Imax 9\ Pr I(]|z r
Pely) = p[Phegmaz 9 U0 )y g )
phs Imazx K S, r
= P[I—t——cﬂth > Sth»%}
_ AT+ g
B P[hs Z G K S | %}
0 mf (=)* [0 L1,,, (]S wm, 6)
k! Osk
k=0 s
2" ms—1 oo k[ ok i
®) (=s)* |0 ﬁltot(s\sth,%)
_Z 2 /w k! [ dsk
i=1 k=0 YWmin s
X f5(Stn)pedSin,

(14)

where (a) follows from the complementary cumulative dis-
tribution function (cdf) of hg, the definition of incomplete
gamma function for integer values of mg and by using
Er,..[exp(—shiot)(sLiot)¥] = (—s)k%, and (b) fol-
lows from deconditioning over the maximum power S and
all possible receiving beam’s maxima ¢, with the pdf fs(so)
and the pmf pg, respectively. |

Remark 1. The coverage probability is a sum of 2™
conditional coverage probability terms, conditioned on all
possible receiving beams. Moreover, the conditional coverage
probability is first obtained conditioned on the maximum re-
ceived power. This is a consequence of both the Euclidean and
the angular distances which are considered while determining
the serving BS through exhaustive scanning.

Having derived the coverage probability, the rate coverage
can be obtained as

Re(Run) = P[By log,(1 + SINR) > Ry))

15
— PC(QRth/Bw _ 1)7 ( )

and the average achievable rate of the UE can be obtained as

R =E[By, 10g2(1 + SINR)])

B P (Vth)
2 )y T (16)

@ Bu t
" D _ 1
1n2/0 e(e dt

where (a) follows through the change of variable ~y;, +1 = €.

IV. RESULTS AND DISCUSSIONS

In this section, numerical results are presented to evaluate
and compare the performance achieved in a dense mmWave
cellular network. The accuracy of the analytical results is
verified by comparing them with the empirical results obtained
from Monte-Carlo simulations. For all numerical results, the
following parameters have been used unless stated otherwise:
Ry = 75 meters, o, = 2, f. = 26.5 GHz as in [5]. As
per the 3GPP specifications p = 45 dBm, 0 = —74 dBm,
Aps = 0.0008 BSs/m? and m,, = 2. The receiver is assumed
to be equipped with a directional antenna with 4 sectors, i.e.,
m = 2 and ¢34 = 7/2. In order to focus on spectral
efficiency, we will normalize the achievable rate by B,,, which
is equivalent to considering B,, = 1 in (15) and (16).

Fig. 2 presents the coverage probability versus -y, for
different numbers of beams/sectors produced by the receiver
antenna and for two values of aj. For completeness, the
coverage probability of an ideal baseline scenario where the
directions of the maximum gains at the serving BS and receiver
are fully aligned, is also depicted. It is observed that the
coverage performance of the network under the ideal baseline
scenario is clearly overestimated. Note that, under the 5G NR

L1(s1Sin. 65) = e~ Mo [

Q

(1 _ (1 + Sngma;E 939PP(|¢6 -

%I)G“)*mz)rwdﬂ)’ (11

My
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Fig. 2: Coverage probability versus <y, for different number
of beams/sectors and for two values of «y,. An ideal baseline
scenario, with perfect beam alignment is also depicted.
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Fig. 3: The rate coverage versus Ry for different values of
Aps- The red and black markers denote the analytical average
and instantaneous rate, respectively.

maximum power association policy, the receiver performs ex-
haustive scanning in each sector to select the BS that provides
the maximum power. The number of beams/sectors of the
receiver’s antenna affects both the desired received power and
the interference power falling within the 3dB beamwidth of
the receiver’s antenna pattern. Indeed, as the number of sectors
increases, the receiver minimizes the misalignment error. At
the same time, the receiver’s beams become highly-directional,
thus decreasing the aggregate interference power. Finally, it
can be observed that the coverage probability degrades with
a decrease in the path-loss exponent. While reducing af,
increases the received signal power, it also increases the
aggregate interference power due to the favorable path loss
conditions, thus degrading the coverage performance.
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Fig. 4: The rate coverage versus Ry, for different number of
beams/sectors. The red and black markers denote the analytical
average and instantaneous rate, respectively.

Fig. 3 presents both the empirical, via simulation, and the
analytical, evaluated through (15), rate coverage versus Ry
for different values of \;s. The average achievable rate, which
is evaluated analytically using (16), for each curve is also
illustrated. Accordingly, the probability that the instantaneous
link rate is above the average achievable rate is also demon-
strated. The first observation is that with the increase of the
BSs’ deployment density, the probability that the instantaneous
achievable rate is above a target rate, decreases. However,
the degradation in the performance of the achievable rate
becomes less severe with the increase of A\,s. Moreover, it
is observed that the probability of achieving the average rate
is approximately 38% for all values of Aps.

Fig. 4 presents both the empirical, via simulation, and the
analytical, evaluated through (15), rate coverage versus Ry,
for different number of sectors/beams. The average achievable
rate, which is evaluated analytically using (16), for each
curve is also illustrated. Accordingly, the probability that the
instantaneous link rate is above the average achievable rate is
also demonstrated. As expected, the probability of achieving
a target value increases with the increase in the number of
sectors/beams. An interesting observation is that the right
most curves preserve larger achievable rate but at the expense
of a significantly increased variance. Moreover, as the UE’s
beams become more directional, the probability of achieving
the average value is increasing.

V. CONCLUSIONS

In this work, a novel stochastic geometry framework was
proposed for mmWave cellular networks to address the role of
the angular distances in a maximum power based association
policy under a realistic beam management procedure. To this
end, both the Euclidean and the angular distances were consid-
ered in the analysis of cell association, which is a key novelty
of this paper. Moreover, the impact of angular distances in the



misalignment error was captured. As key system-level insights,
it was shown that: i) as the BSs’ deployment density increases,
the performance in terms of the instantaneous achievable rate
degrades. However, the rate of degradation gets smaller with
the increase of BS densities, and ii) As the UE’s beams
become more directional, the instantaneous achievable rate
gets larger but at the expense of a significantly higher variance.
Furthermore, the probability of achieving the higher rate than
the average increases with the BS density.

APPENDIX A
PROOF OF LEMMA 2

The pdf of S, is first dgrived. Since ¢, ~ U0, 4’5”%],

Gmuz*12( er
g(pr) = 10— o B Clearly, g(¢,) is a function
of the random variable ¢,. Building on ¢, and applying

successive change of variables, the pdf f;(, )(g) is given by
1 10

= b E b) max |-
foten(9) (0 1, \/m T € (9348, Gmaz)
12

a7
Subsequently, the pdf of r;“* is expressed in terms of the
corresponding cdf as
1 1\ag
Pyt <a] =P[rgt > | =1-P[r, < (2)™]

* ) o (18)

—1-r (1)) P = g

Now, f o, (z) is obtained after differentiating (18) w.r.t the
appropriate range of z, that is,

ap+2
2(3) s
fr;“‘L (v) = Wv T € [R ™", 00). (19)
The pdf and the cdf of S, can now be written as
P(w) q w
fow) = [ @ ($)de @0
93dB

wo P(w) 1 w
FSI(WO):/ / — ooy (@) f ~ar | — |dzdw.
goan R, Jogan T g(er) - L(I)
(21)

The pdf of S = max {S;} can now be obtained by exploiting
e

the theory of OrderbSStatistics [19]. Let T} define the event
Ty, = {k BSs exist in b(o, Rr)}. Then, from the definition of
Uy, P[T}] = e AesRE (AbsmR2)* /K. Given T} and since the
elements of S, are i.i.d., the probability that S < s¢ is given
by P[S < s0|Tx] = Fs(s0|Tx) = (Fs, (w))*. Now, Fs(so)
can be obtained by deconditioning over 7}, that is
Fs(s0) = Fs(so|Ti)P[Tk]
o 2\k
(B ()t Qe
k=0
®) e—AbsﬂRzL (1—Fsz (So)) ,

~

S0 € [wmiruoo)v
where (a) follows after averaging over k and (b) follows from

o a;’fk 2 ¢o, Finally, the pdf fs(so) is obtained as

fS(SO) = ngs(;U) = Absﬂ-R% fPTa; (SO) e)\bSﬂ'RQL (Fsm (SO)_l)'
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