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Abstract

Chiral materials with strong linear anisotropies are difficult to accurately char-
acterize with circular dichroism (CD) because of artifactual contributions to
their spectra from linear dichroism (LD) and birefringence (LB). Historically,
researchers have used a second-order Taylor series expansion on the Mueller
matrix to model the LDLB interaction effects on the spectra in conventional
materials, but this approach may no longer be sufficient to account for the arti-
factual CD signals in emergent materials. In this work, we present an expres-
sion to model the measured CD using a third-order expansion, which
introduces “pairwise interference” terms that, unlike the LDLB terms, cannot
be averaged out of the signal. We find that the third-order pairwise interfer-
ence terms can make noticeable contributions to the simulated CD spectra.
Using numerical simulations of the measured CD across a broad range of
linear and chiral anisotropy parameters, the LDLB interactions are most prom-
inent in samples that have strong linear anisotropies (LD, LB) but negligible
chiral anisotropies, where the measured CD strays from the chirality-induced
CD by factors greater than 10°. Additionally, the pairwise interactions are most
significant in systems with moderate-to-strong chiral and linear anisotropies,
where the measured CD is inflated twofold, a figure that grows as linear
anisotropies approach their maximum. In summary, media with moderate-
to-strong linear anisotropy are in great danger of having their CD altered by
these effects in subtle manners. This work highlights the significance of con-
sidering distortions in CD measurements through higher-order pairwise inter-
ference effects in highly anisotropic nanomaterials.
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1 | INTRODUCTION

The determination of optical activity and the measure-
ment of circular dichroism (CD) in highly anisotropic
samples presents an experimental challenge." ' CD mea-
surements were originally used to study samples in the
solution state that were isotropic, meaning they had ran-
dom, homogeneous arrangements of chromophores.
Samples that contain optically active absorbing molecules
organized with a preferred spatial orientation, however,
cannot be accurately characterized by a typical CD mea-
surement because of the influence of artifacts introduced
by the anisotropy. The optical properties of oriented sys-
tems have been studied since the 1960s."'"*" As the field
has progressed to include more highly aligned solid-state
samples and structured liquid crystal-like solutions, the
assumption that samples are isotropic has been
challenged.”**™*” This issue is becoming more significant
with the emergence of highly oriented nanomaterials
and metamaterials. Studies of interference between mac-
roscopic anisotropies have grown in recent years and
have even been proposed as a route to realize chiral
polaritons for quantum transduction and information
schemes.” %2733

The observed CD signal, or “measured CD,” from a
typical CD spectrometer can be modeled using the
Stokes-Mueller formalism. As derived by the second-
order Taylor series expansion in the differential Stokes—
Mueller formalism, the measured CD signal contains
contributions from not only the intrinsic, chirality-
induced CD but also from linear dichroic (LD) and linear
birefringent (LB) interaction terms (the “LDLB” terms).
By flipping the sample along the light axis and averaging
the resulting CD spectra, it is possible to eliminate the
LDLB interference terms. This phenomenon was
observed by Shindo et al.> and has recently been rigor-
ously derived by our group’ to address linear contribu-
tions from our multiscale hierarchical nanomaterial
structures.>* (We note that flipping the sample does not
eliminate the LDLB interference terms in the recently
proposed case of helically stacked lamellae LDLB effects.
In this case of helically stacked transition dipoles, the
LDLB effects do not invert upon sample flipping because
the chiroptic response is independent of sample orienta-
tion.”) For the most part, modeling the measured CD
using expansions to the second-order is sufficient.*> But
as the chiral nanomaterials community engineers mate-
rials with strong linear anisotropy and g-factors
approaching the theoretical limit, this second-order
expansion is insufficient and may be relaying inaccurate
approximations of the true, underlying contributions to
the signal.”>*”**** In this work, we derive expressions
for the measured CD (I¢p) using the differential Stokes-

Mueller formalism with first-, second-, and third-order
Taylor series expansions and consider the differences in
the resultant expressions. After reinforcing the presence
of second-order LDLB artifacts in linearly anisotropic
samples, we find that the third-order expansion intro-
duces terms that can make noticeable contributions to
the simulated CD spectra in strongly linearly and circu-
larly dichroic media.

2 | DERIVATION

In this section, we expand the derivation of the
approximation to the measured CD (I¢p) to include
higher-order terms. In our previous work, we derived
expressions for the Icp through differential Stokes—
Mueller formalism with a second-order expansion.” Here,
we review the key steps of the previous derivation and
extend it to present several new expressions for the
measured CD.

Incident light propagating in the z-direction is
described by the Stokes vector (S)*':

I [=I+1,
Q Li—1,
U Iyso —1 450
Vv Ir —1I;,

where [ is the total intensity of the light, Q is the differ-
ence in intensities between the x- and y-polarized light
(Ix,I)), U is the difference in intensities between the +45°
polarized light (I4s0,I_450), and V is the difference in
intensities between the right- and left-circularly polarized
light (Ig,Ir). Throughout this work, we consider the
Stokes vector to be normalized by holding the constraint
2> Qz L U4y

The Mueller matrix (M;) is a matrix that describes an
optical system with experimentally measurable quantities
and connects the intensities and values of the input and
output Stokes vectors (S;,, Sous, respectively) to describe
the light-matter interactions*>**:

Sout :MzSin (2)

The Mueller matrix of a sample can be treated with
the lamellar approximation, where the entire sample
is broken down into infinitesimally thin slabs, the
differential Mueller matrix (m), that are related to the
Mueller matrix as a spatial derivative.”*"** For a non-
depolarizing, uniform sample, the two matrix representa-
tions are related by M, = ¢”% where:’
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In these matrices and expressions, A represents the
absorption, LD and LB represent the linear dichroism
and linear birefringence, respectively, associated with the
x- and y-axes, LD’ and LB’ represent their counterparts
measured at +45° relative to the original coordinate sys-
tem, CD and CB represent circular dichroism and circular
birefringence, respectively, 1 is the 4 x 4 identity matrix,
and the lowercase notations are expressions in per unit
length notation (ldz%), following similar notation of
Tempelaar et al.° When the samples are considered
homogeneous throughout z, the matrices and resulting
expressions become z-independent.” The matrices f and
F are segregated versions of the differential Mueller
matrix (m), where the absorption (A) is removed such
that the dichroic and birefringent effects can be consid-
ered alone, an attractive feature of Mueller matrix for-
malism; f corresponds to the matrix of per unit length
effects; F corresponds to the matrix of total effects for a
sample.>”*

The exponential form of the Mueller matrix
(M, =e™) is convenient because it can be approximated
with a Taylor expansion, allowing one to solve

Equation (2) using matrix multiplication alone:*>*°

My =™ =" ="M = e"R[1+F+.]  (4)

1
My, =e™ = e IHE — ga12oF — palz {1] —|—F+5F2 + ]

(5)

1 1
Mz(3) — M — eal]z+F :eaﬂzeF :eaﬂz I:ﬂ +F+§F2 +§F3 +:|

(6)

where Equations (4)-(6) use expansions to the first-,
second-, and third-order, respectively. Because the sam-
ple can be rotated azimuthally about the light propaga-
tion direction throughout the measurement, a rotation
matrix is applied to M, which gives us the angular
dependent Mueller matrices M’'(9) with the first,
second-, and third-order Taylor expansion expressions.
These expressions are substituted into Equations (2) to
compute the Stokes vector for the output light (S,,;):

Sout = R(—0)MR(0)S;, = M'(6)Sin (7)

The first component of the S,y,; vector (Iges., the total
intensity of output light) is extracted to calculate the
experimentally measured CD signal (Icp).>> A lock-in
amplifier processes the Ige: into AC and DC compo-
nents, and the ratio between the AC and DC signals
yields the measured CD signal (Icp) (details in the Sup-
porting Information).

The order to which the exponential e is expanded
(Equations 4-6) makes a significant change to the expres-
sion for the measured CD (see the Supporting Informa-
tion for full derivation details). If the exponential is
expanded only to the first-order, I¢p only contains the
chirality-induced CD (CDpiropic) term caused by chiral
structures and assemblies (differential absorption of left-
and right-circularly polarized light caused by structural
chirality), along with a term caused by residual static
birefringence of the photoelastic modulator (CD,) that is
present in all expressions”* (Equation 8; Table S1).
(Note: We choose the nomenclature CDpropsic OVer others
such as “true” CD because it gives the impression that
measured CD caused by LDLB is somehow “false” or
“artifactual” although it is not since this signal can accu-
rately be described as a difference in the absorbance
between left-circularly polarized and right-circularly
polarized light, or CD. Additionally, we find the term
“chiroptic” to be informative: It denotes optical activity
induced by chiral matter.) A second-order expansion is
the most standard expression, which yields three terms in
the expression for the measured CD: Icp = CDchiropric +
CD;pis+ CD, (Equation 9; Table S1)."”*° Finally, if the
exponential is expanded to the third-order, additional
macroscopic anisotropy terms are introduced to the
expression, coined “pairwise interference” terms by
Jensen and Schellman et al.*® (Equation 10; Table S1).
These first three expansions can be written using their
full expressions (Table S1) or with abbreviated names for
each term (Equations 8-10):

ICD(I) = CDchirop[ic + CDy (8)
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TABLE 1 Expressions for the measured CD. Each expression is derived using differential Stokes-Mueller formalism.

Order Expressions for measured CD

(€Y Icp = Go[CD] = CDchiropric

©) Icp=Go[CD+i(LB-LD' — LD-LB')| = CDehiropic + CD1pLB

©) Ten = Go [CD+%(LB~LD’ —LD-LB)+1 (CD <CD2 LD +LD'2) _LB(CD-LB+CB-LD)—LB(CD-LB + CB.LD’))]

= CDshiroptic +CDyprp+ CDpairwise

Icp(2) = CDehiroptic + CDLpLg + CDq 9)

ICD(3) = CDchiroptic +CDrprs + CDpairwise +CD, (10)

Beyond this point, we will not include the artifacts
introduced by the photoelastic modulator (PEM) (CD,,)
because these effects can be removed by averaging over
multiple azimuths,”® although only two measurements
separated by 90° are necessary.”*® Throughout this work,
we assume these terms have been removed through azi-
muthal averaging, a best practice for all chiroptical exper-
imentalists (Table 1).

Recently discussed by Tempelaar et al.* and demon-
strated by Lu et al.,’> the relative contribution of each
term to the CD spectrum is sample thickness-dependent:
CD.hiroptic 'has a linear scaling with (z), CDrprp has a
square scaling (z?), and CDpairwise has a cubic scaling @.
The full expressions are displayed in Table S2.

Using the simplified expressions for the measured
CD, we now consider the effects of the higher-order
terms on Icp and the difference between these terms rela-
tive to the contributions of CDepiropsic Using numerical
simulations. For simplicity, we consider each of the opti-
cal phenomenon to be normalized, where LD, LD, and
CD range from [—1,1] and LB, LB, and CB range from
[—7, x| (Supporting Information).*”*®

3 | RESULTS AND DISCUSSION

To demonstrate the impact of the different expansion
approximations of the CD signal for an anisotropic sam-
ple, we use simple Lorentzian lineshape functions to rep-
resent each optical phenomenon (LD, LB, LD', LB, CD,
and CB) (details in the Supporting Information) and plot
the output signal for each of the approximations. As an
example of errors induced by the second-order approxi-
mation, we consider a sample that has weak chiral
anisotropy (CD ~ 107%) characteristic of small molecules
but has strong linear anisotropy (LD,LD’ ~1071), charac-
teristic of oriented samples. We choose to set LB,LB' ~
—1072 and CB=0, reasonable values for an oriented,

chiral sample (full details for each parameter in the Sup-
porting Information).'* Inserting these values into the
second-order expansion, we find that, due to the LDLB
interactions, the measured CD signal (Icp) on a commer-
cial CD spectrometer would register a signal maximum
that is three orders of magnitude stronger than the
chirality-induced CD of the sample (CDepiropic)
(Figure 1A, black plot vs. red plot). Including third-order
terms from the pairwise interactions does not further dis-
tort or repair this error (Figure 1A, blue plot). The LDLB
artifact can clearly present exceedingly erroneous CD sig-
nals for anisotropic samples.

In the case of a sample with strong linear and circular
dichroism, the pairwise interference term influences the
measured spectra, distorting the spectra beyond its
intrinsic chiroptic CD signal.** For example, when there
is strong chiral anisotropy (CD ~ 10~2) in addition to the
linear anisotropy (LD~107!), along with other
reasonable parameters (LB,LB ~ —1072,LD’' ~107}, and
CB~1073), the second- and third-order contributions
can nearly double I-p (Figure 1B, black plot vs. blue
plot). The pairwise interference artifacts present subtle
yet significant changes to CD spectra for strongly linearly
and circularly dichroic samples.

To examine the effect of the full parameter space of
linear and chiral anisotropy on the measured signal and
the calculated approximations, we vary the CD
(CD¢hiropiic) and LD while holding other parameters con-
stant and compute the first-, second-, and third-order
approximations of the measured CD peak signal (Icp)
(Table 1 and Figure 2). We consider the case of a highly
oriented and anisotropic sample with CB=z x CD,
LB=LD, LD’ =0.2, and LB’ = 0. These sample values are
carefully selected to represent state-of-the-art, highly
oriented materials.'* In these plots, the x- and y-axes are
the CD and LD terms, respectively, and the color
gradient indicates the Icp value, considering first-,
second-, or third-order approximations of the signal
(CD chiroptic» CDchiroptic + CDLDLB ’ and CDchiroptic + CDLDLB
+CDpgirwise, Tespectively). As a control, a contour plot of
CDpiropric against changes in LD and CD results, as
expected, in no influence of the CD and LD terms on the
measured value: There is and should be a direct match
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FIGURE 1 Errors between measured circular dichroism spectra and chirality-induced circular dichroism spectra for anisotropic
samples. The measured CD is computed with increasing accuracy using simulated spectra for LD, LB, LD/, LB/, CD, and CB (simulated as
Lorentzian functions, their Hilbert transforms, and Ricker functions [Figure S1]). The measured CD is first computed only from
contributions of the chirality-induced, or chiroptic, CD (black plots), then with additions of the LDLB second-order term (red plots), and
further with the addition of the third-order pairwise term (blue plots). (A) Simulated measured CD spectra for a representative sample with
weak chirality but strong linear anisotropy [LD ~ 0.9, LD’ ~ 0.43, LB, LB’ ~ -1004,CD ~107% CB = 0]. Due to LDLB interactions, the
measured CD, alarmingly, demonstrates a three orders of magnitude increase from the chiroptic CD. The inclusion of pairwise interactions
caused by the higher-order expansion does not further distort this artifact signal. (B) Simulated measured CD spectra for a representative
sample with strong chirality and strong linear anisotropy [LD ~ 0.9, LD’ ~ 0.43, LB, LB’ ~ -1072, CD ~ 10~%, CB ~ 10>]. The measured
CD computed using a more accurate, third-order approximation (blue plot) demonstrates up to a 40% difference compared to the chiroptic
CD (black plot). Simulated spectra used to represent the six optical phenomena (LD, LB, LD’, LB/, CD, and CB) can be found in Figure S1.

between the input CD (CDpirgpric) and the measured CD
(Icp) because no interference effects are being considered
(Figure 2A). When second-order effects are included
(Icp = CDepiropric + CDrprs), the contour intensities are no
longer the same as the input, demonstrating the inclusion
of LDLB interactions in the measured CD. Finally, a cur-
vature appears in the plots when third-order effects are
included as well (I CD = CDchiroptic +CDrprs +CDpairwise)y
indicating that the magnitude of the measured CD signal
experiences a nonlinear divergence from CDcpiropric due to
interactions between a sample's dichroic and birefringent
properties. To demonstrate the variability possible in
measured spectra, other representative samples are con-
sidered in Figures S2-S4.

The inaccuracy in the measured signal from the
chirality-induced CD can be computed as the
percent error  between  Icp and CDchiroptic

(%error — Loo—CDhiropric 100) (Figure 2D,E for the error in

CDch[roplic
the second-order (D) and third-order (E) expansions).
The largest error for the LDLB artifacts is about the

y-axis, where the chiroptic CD is near 0 (Figure 2D); this
high %error is caused by dividing a finite number by the

denominator approaching 0 in the expression. In the
regions outside of this CD~0 band, the error never
exceeds more than 20%. The error exposed by the third-
order approximation follows a more complicated
relationship with the CD and LD. For a constant, positive
CD value, the error increases as LD increases, going
beyond 100% error as the CD approaches 0. And this
behavior is mirrored inversely for constant, negative
values of CD: The error increases as LD decreases
beyond 100% error as CD approaches 0 (at which point
the error is undefined). This convoluted behavior is
because the pairwise equation introduces cubic terms,
which blow up in the strongly linearly and circularly
dichroic parameter space. Thus far, our analysis reveals
that the measured CD signal can stray far from the
chiroptical CD signal.

Although these errors introduced by the LDLB and
pairwise terms are outrageously high, we have shown in
our previous work that the LDLB error can be corrected
for, reducing the overall measurement error. To remove
LDLB interactions, the Icp signal is collected and
averaged over two scans before and after rotating the
sample against the beam axis.” The measured CD is then

QSULOIT suoWWo)) dANEa1) d[qearjdde oy £q pauIoA0S aIe SA[OIIE YO 9N JO Sa[nI 10§ AIeIqr] dUIUQ) AS[IAN UO (SUOHIPUOI-PUB-SULID}/ W0 K[ 1M AIeIqI[aul[uo//:sdny) SuonIpuo)) pue sua ], oYy 9§ “[£707/L0/81] U0 A1e1qry auruQ AdJiA ‘ANSIOAIUN) [[oUI0D) Aq £6SETIIYD/Z00 10 1/10p/w0d A Areiqiourjuoy/:sdiy woly papeojumod ‘0 X9£90ZS |



‘L wiLE Y- I

UGRAS ET AL.

—_ (A)l CDchiruptit (Bz CD(‘/xirU/)ticJ.-LDLB (C3 CDC]Iil'()ptiL'+LDLB-+})(liI'LL‘iS(‘
. - T 7 T
:f -0.8 -0.4 0.0 0.4 0.8 -0.8 -0.4 0.2 0.6 1.0 -0.4 0.2
S
—_
Q
Q
~
p—
8 Qo0 [0 8o
o]
(&)
=
o
n
5 \
= I - AN
-1 0 1 -1 0 l; -1 0
CD CD CD
(D) LDLB Error (E) LDLB + Pairwise Error
1 T 1 1= T
~~ ;3 S b~
X o a / ) de ~ 50 %
~ a > / N S
55 Parameters Used: /
/ ‘
= g
m LB =LD / 10 o
= A CB==wCD A i i 0
5 3 0f LD’ = 0 18 of 0% f 0% ™ i
= LB’ = 0.2
f
o /
IcD—CD hiroptic |
a Error = % x 100 l/
s /
= /
_1 1 _1 | =
-1 0 1 -1 0 1 1
CD CD
Measured CD Intensity (a.u.) % Error vs. CDcpiroptic
-1.75 0 1.75 -100% -50% 0% 50% 100%

FIGURE 2

Measured CD intensity as a function of chirality-induced CD and LD for first-, second-, and third-order approximation

expansion (top row) and corresponding error between the measured spectra and the chirality-induced CD spectra (bottom row) for
anisotropic samples. (A-C) Contour plots of numerically simulated CD that would be measured by a commercial instrument as a function of
chiroptic CD and LD considering only the first-order chiroptic CD term (A), both the first- and second-order (LDLB interactions) terms (B),
and the first-, second-, and third-order (pairwise interactions) terms (C). The x-axis is the sample's input chiroptic CD parameter, the y-axis
the sample's input LD, and the blue-white-red color gradient is the resulting measured CD intensity. Note: every point on these plots
corresponds to a different sample. (D,E) Plots of error in CD between the measured CD and the chiroptic CD, for the case of second-order
approximation expansion including LDLB interactions (D) and for the case of the third-order approximation expansion including both LDLB
and pairwise interactions (E). Due to the definition of error, the percent error approaches infinity as the chiroptic CD approaches 0 (a divide

by 0 error).

just a combination of the chirality-induced CD and the
pairwise artifact (Icp = CDchiropric + CDpairwise) (Figure 3).
The remaining error between the CDcniropric + CDpainwise
and the CDepiropiic is less severe compared with when the
LDLB contributions are included (compare Figure 2C to
Figure 3A), but the values are still substantially large for
highly anisotropic samples. In regions of high linear and
circular dichroism, there are large spurious contributions
from these pairwise interference terms. For example, con-
sidering a material with LD=0.8 and CD=0.8 (which
corresponds to g-factor = 1.6), the measured CD consider-
ing the pairwise term (CD.orrected = CDchiroptic + CDpairwise)
would be 1.16 units, a 45% error from the CDhiropsic Value,
0.8 units.

These significant errors highlight an alarming issue
concerning these third-order, pairwise interference con-
tributions: the inability to remove their presence from
the spectra. Typically, antisymmetric LDLB interactions
can be removed, considered, and interpreted by measur-
ing samples through their front and back faces.’ The pair-
wise interference terms, however, cannot be removed
and they may cause an artificial increase or decrease in
the measured CD of strongly linearly and circularly
dichroic materials (see the Supporting Information). In
light of the persistent influence of higher-order pairwise
interactions on the measurement of CD, which impacts
the magnitude (and lineshape) (Figures S3 and S4) of the
CD spectra compared to the chiroptic CD, our objective
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FIGURE 3 Measured CD intensity as a function of chirality-induced CD and LD for the corrected measured CD and the error between
them. (A) Measured CD intensity as a function of chiroptic CD and LD considering terms up to the third-order approximation but correcting
for the second-order LDLB interactions. (B) The percent error between chiroptic CD (Figure 2A) and corrected CD (A), plotted in terms of
the dissymmetry factor (g-factor = 23‘;122 = %D, where Ag, Ay, are the absorption of right- and left-circularly polarized light, respectively.) (B),
demarcated into regions in which errors are reasonable or not reasonable. Regions colored green indicate a <10% error, regions colored
orange indicate an error between 10% and 30%, and regions in red indicate a >30% error between the measured peak value and the chiroptic
CD value. To represent highly oriented and anisotropic samples, we choose to set CB equal to CD x «, LB=LD, and LB’ =LD’' = 0."*

is to encourage readers to consider the material systems We note that this is also the case for samples that are
that may be affected by this phenomenon. To present this thick and strongly depolarizing: These samples too
information in a more accessible form, we will show how should be measured on an MMP. In general, depolariza-

this uncorrectable error also distorts the g-factor (dissym- tion is a phenomenon to be wary of when measuring cir-
metry factor,” g-factor = 24894 =) (Figure 3B). For  cular dichroism with a CD spectrometer. Imagining a

example, the biomimetic photonic films produced by  circular dichroism measurement as a one-shot interac-
Tang et al.,”>*” which demonstrate a g-factor between  tion is not an accurate picture for most media: There are
1 and 1.6 and LD>0.2 would present errors at least linear and circular diattenuation and retardation effects
greater than 15% based on our assessment. By plotting as well as depolarization effects. In the absence of inco-
the g-factor along the x-axis instead of the CD, one can  herent scattering phenomena, the polarization state of

identify the regions in the parameter space where signifi-  light remains preserved along the entire path length
cant errors are likely to occur. This serves as a useful ref- solely within optically active media that is homogeneous.
erence for determining potentially problematic areas. Conversely, in the case of inhomogeneous media, the ini-
Regions with low error (<10%) are colored in green. Mea- tially circularly polarized incident light beam undergoes

surements from samples that fall in this space are safe to alterations in its polarization state along the path length
trust. The parameter space that produces errors between due to the complex effects arising from the media’s nonu-
10% and 30% is colored in orange. Measurements of sam- niformity. Unfortunately, depolarization cannot be easily
ples that fall in this moderately anisotropic region should measured without a polarimetric technique (e.g., MMP),
be taken with caution. Finally, linearly anisotropic and but experimenters can develop a feel for a sample's
circularly dichroic regions that produce >30% difference  depolarization by measuring CD of samples at varying
are colored in red. Measurements from samples that land  thicknesses.****° Because CD follows Beer's law, CD
in this region should not be trusted; instead, the experi-  scales linearly with pathlength or film thickness.>*>"*?
mentalist should collect spectra from these samples using  Significant deviations from this linear curve should raise
Mueller matrix polarimeters (MMPs), which yield spectra concerns of significant depolarization effects; the depolar-
for the entire Mueller matrix, uncompromised by higher- ization origins can vary in inhomogeneous media.*>
order effects.** The CD properties of significantly depolarizing samples
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are unable to be measured through typical benchtop
instruments and must be studied with an MMP.

We note also that in a recent theoretical study by Gao
has revealed that even in deterministic media, the inter-
ference between dichroism and birefringence leads to the
loss of the symmetry properties of the Mueller matrix in
anisotropic systems.>*>> The loss of the symmetry in the
Mueller matrix prohibits certain uses of the differential
Mueller matrix and increases the difficulty of interpreting
the Mueller matrices and circular dichroism spectra of
anisotropic media.

4 | CONCLUSION

In summary, we have derived a more accurate expression
for the measured CD using a third-order Taylor series
expansion on the exponential form of the Mueller matrix,
rather than the standard second-order expansion. This
more accurate expansion introduces a new term to the
expression for measured CD, coined the “pairwise inter-
ference” term. Unlike the LDLB interference term, we
find that the pairwise interference term cannot be aver-
aged out from measured spectra even with clever averag-
ing schemes. Using numerical simulations, we first show
that the LDLB interference can manifest as CD signals
three orders of magnitude stronger than the chiral anisot-
ropy characteristic of the sample, reaffirming the growing
literature precedent of the importance of LDLB interac-
tion. Then, we demonstrate that the pairwise interference
terms lead to spurious contributions to the measured CD
spectra for samples with moderate-to-high anisotropy,
capable of changing CD peak intensities by a factor of
more than two and altering spectra lineshapes, in partic-
ular for thick samples (Figures S3-S5). These complex
effects are due to the cubic, pairwise interference
between the six dichroic and birefringent properties (LD,
LB, LD/, LB, CD, and CB) in ordered samples. By com-
puting the percent error between the more accurate,
third-order expression derived in this work and the
chirality-induced CD over a wide parameter space, we
leave readers with guidance for studying the circular
dichroism in anisotropic media; media with little linear
anisotropy are free from these pairwise interference
effects, whereas media with moderate-to-strong linear
anisotropy are at extreme danger of being affected. By
extension, these moderately to strongly anisotropic sam-
ples are at risk of fourth- and higher-order contributions,
although not explicitly evaluated in this work. Measure-
ments of state-of-the-art, strongly linearly and circularly
dichroic samples will be impacted by these effects in a
manner that is significant yet difficult to detect without
measurement of the entire Mueller matrix. The derived

expression and numerical simulations presented in this
work emphasize the importance of revisiting the growing
literary precedent for LDLB interactions, as well as the
awareness of higher-order pairwise interference effects in
highly ordered media.

5 | DERIVATION NOTE

In our previous work,” we used uppercase letters (LD,
LB, LD, LB, CD, and CB) in the Mueller matrix to repre-
sent the per unit length notation. This notation yields
expressions including a thickness scaling, a factor of z in
front of CDpirgpric and a factor of 7% in front of CDipig
(discussed in derivation; Table S2). In this work, we
choose to use the notation of Tempelaar et al.,” where
lowercase letters (Id, Ib, Id', Ib', cd, and cb) correspond to
the per unit length notation. The uppercase letters
instead correspond to the total dichroic and birefringent
effects of the sample being considered.

This notation follows through into the notation for
our segregated differential Mueller matrices (f :g). The
matrix F in our previous work corresponds to the matrix
f in this work.

The expressions (1), (2), and (3) correspond to the
derived expressions using first-, second-, and third-order
Taylor expansions (see Equations (4)-(6) and (8)—(10)).
As the expansion is taken to higher-orders (and thus,
higher accuracies), additional terms are introduced with
spurious contributions to the measured CD. The chiroptic
term corresponds to the chirality-induced CD, the first-
order term Taylor expansion of ¢™ (Equation 6). The
LDLB term corresponds to the LDLB interaction term,
caused by the misalignment of the LD and LB principal
axes, the second-order term in the Taylor expansion of
€™ (Equation 8). The pairwise term corresponds to the
new term derived in this work, the third-order term in
the Taylor expansion of €™ (Equation 9). The Gy term is
a constant determined by the operating parameters of the
circular  dichroism  spectrometer  (Go=1J;(A)cos

@signal — Plock—in ) Viock—in), Where J1(A) denotes a Bessel
function of the first-order and was introduced during
lock-in processing (from the expansion of sine and cosine
functions), visck—in is the operating frequency of the lock-
in amplifier, A is the general amplitude, and ¢ is the gen-
eral phase.””>>® Throughout this work, we set Gy =1 for
simplicity.
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