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Abstract—We exploit the SO(3)-symmetry of the
Hamiltonian dynamics of N point vortices on the sphere
to derive a Hamiltonian system for the relative dynamics
of the vortices. The resulting system combined with the
energy—Casimir method helps us prove the stability of the
tetrahedron relative equilibria when all of their circulations
have the same sign—a generalization of some existing re-
sults on tetrahedron relative equilibria of identical vortices.

1. Introduction

1.1. Dynamics of Point Vortices on Sphere

Consider N point vortices on the two-sphere S3 C R’
with (fixed) radius R > 0 centered at the origin. Let
{x; € S%}fi , be the positions of the point vortices with
circulations {I';}¥ . Then the equations of motion of the
point vortices are

1 X; X X;
X = — r—L-" 1
1 2R 1<JZ;N J |Xi _ Xj‘z ( )
i

fori € {1,...,N}; see, e.g., Bogomolov [1], Kimura and
Okamoto [3], and Newton [7, Chapter 4].

This system of equations is Hamiltonian in the following
sense: Let Q; be the area form of the i-th copy of SIZe and
define the following two-form on (S W:

1
=X; - (V; X W;)

N
Qg = ZFiani with  Qi(x)(vi, i) 1=

i=1

where 7;: (S3)¥ — S3 is the projection to the i-th copy.
Define the Hamlltoman on (S W oas

HS%((Xl,...

7XN) ==
4nR? 1<i<j<N
Then we man write (1) as the following Hamiltonian sys-
tem on (S3)N:
ixQSI% = dHS%’

where X is a vector field on (S3)".

ORCID iDs Tomoki Ohsawa: (% 0000-0001-9406-132X

Z LT In(2(R* = x; - X))

1.2. Relative Motion and Shape Dynamics

The focus of this paper is the relative motion or the shape
dynamics of the point vortices, i.e., we are interested in the
set of equations that governs the evolution of the “shape” or
relative positions of the point vortices—regardless of where
the vortices are located on the sphere. For example, for
N = 3, itis the dynamics of the shape of the triangle formed
by the three point vortices, regardless of its position and
orientation on the sphere.

Defining the inter-vortex (Euclidean) distance ¢;; :=
Ix; — x;| fori,j € {1,...,N} with i # j and the (signed)
volume V;j := X; - (X; X X) of the parallelepiped formed
by vectors x;,X;, X, for i, jk € {1,...,N} withi # j # k,
we can derive the equations of relative motion

1
rsz]k( >~ —2]
l<kz;N € €ki
k#i£]

dr ”

from (1); see, e.g., Newton [7, Section 4.2].

There are a couple of issues with this formulation:
(i) The variables {{;;}1<i<j<n U{Vij}1<i<j<k<n are redun-
dant as those to describe the shapes; (ii) it is not easy to find
the invariants of the system. Our goal is to find a formula-
tion of the shape dynamics that addresses these issues.

1.3. SO(3)-Symmetry

In principle, one may obtain the relative/shape dynamics
of N point vortices by exploiting the invariance of (1) under
the following SO(3)-action:

SO@3) x (S — (SHY;
(R, (X1, ..., Xn)) — (RXy, ..., Rxp).

However, the reduction by SO(3)-symmetry is quite in-
tricate. Let I: (SIZQ)N — s0(3)* = R3 be the associated
momentum map. Then the difficulty is that the reduced
space or the Marsden—Weinstein quotient I=!(¢)/SO(3).
with ¢ € R3 is tricky to work with when describing the
reduced dynamics; see Kirwan [4].

1.4. Lifting to C? and Reduction by U(2)

We sidestep the difficulty of the SO(3)-reduction as de-
scribed in the figure below.
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Namely, instead of reducing the dynamics on (SIZQ)N by
SO(3) directly, first lift it to (C?) (which picks up TV-
symmetry) and then apply reduction by U(2) (which is fa-
cilitated by a dual pair); this results in a Lie—Poisson dy-
namics in a coadjoint orbit O C u(Dr)*. We may then
further reduce the system by TV ~!-symmetry to get rid of
the extra symmetry picked up in the lifting process; see [8]
for details.

This geometric treatment results in fewer variables for
the shape dynamics compared to those “internal” variables
of Borisov and Pavlov [2]. In fact, our shape dynamics is
described using (N — 1)? variables. On the other hand, the
number of the “internal” variables of [2] is N(N? — 1)/6.

Another advantage of our formulation is that we can find
a family of Casimirs exploiting the underlying algebraic
structure of the Lie—Poisson bracket on O. This is not easy
with the Poisson bracket of [2] because its algebraic struc-
ture is not clear.

2. Lifted Vortex Dynamics in C?

We would like to first lift the vortex dynamics from S%
to C2. This idea is inspired by Vankerschaver and Leok
[11], where they lift the dynamics from Sfe to §° VR via the

Hopf fibration S3 R — Szze- As we have shown in [8],

our approach naturally gives rise to the Hopf fibration by
identifying the reduced space Si =83 VR /S! as a Marsden—

Weinstein quotient.

2.1. Vortex Equations in C?

First define a Hamiltonian H: (C?)Y — R as

1
Hp) 1=~ Z I

1<i<j<N
2 2\2 *

in| (e + ) = dleiesl|. @

where we used the shorthand ¢ = (¢1,...,¢n) € (CHY,

and defined the norm ||¢|| := /¢*¢ induced by the natural
inner product on C2. We also write

i

gpi:[zl} with z,u; € C Vie {l,...,N}.

We define a symplectic form Q on (C?)V as follows:

2 + \
Q:= - ;Fi Im(dy; A dy;),

or Q = —dO with

N
0:=— Zr,» Im(erdy;). 3)
i=1

|

Then the Hamiltonian vector field X = (,bia%i +c.c. (“c.c”
stands for the complex conjugate of the preceding term)
defined by the Hamiltonian system ixQ2 = dH gives the
following Schrodinger-like lifted vortex equation on C? for
i=1,...,N:

i 0H

;= —=——. 4
@ 260" €]

3. U(2)-Reduction of N-vortex Dynamics in C?

The lifted dynamics (4) of N point vortices evolves in
(C*)N. We identify it with the space of 2 x N complex
matrices as follows:

@CHY 5 CN o= (g1, on) > @ = [ ...on].

Then we may rewrite the one-form (3) as
(D) = 71% Im(tr(Dr®*dd)), (5)
where we defined
Dr :=diag(Ty,...,I'y). (6)
3.1. U(2)-Reduction via a Dual Pair
Now consider the (left) U(2)-action on C2*¥ defined as
UQR) x CXN — ¢2*N. (Y, ®) — YO.

One can easily check that this is a symplectic action and
also that the Hamiltonian (2) is invariant under this action.
Therefore, the associated momentum map

. N
. M2XN *, — _i (nan¥
K: CN 5 y2)*;  K(®) = R;E%%

is an invariant of the system (4), where we identified
the dual u(2)* with u(2) via this inner product (£,7) :=

2t(&"n).
Let us also define

UDr) :={U € ¢V | UDrU* = D},
using Dr from (6), and its (right) action on C>*V:
UDr) x CN — ¢V (Z, @) —» oU.  (7)
The Lie algebra of U(Dr) is given by
u(Dr) := {Z € CV*N | ZDr + DrZ* = 0}.

Now let us now equip the unitary algebra u(N) with the
modified Lie bracket

(&7l == éDg'n — nDf €.
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to define a Lie algebra u(N)r. Then we have the Lie algebra
isomorphism u(Dr) — w(N)r; ¢+ {Dr =: {.

It is clear that the above action (7) leaves ® invariant as
well; see (5). The associated momentum map is then

L: CPY S uN)yh L(®) = _%q)*(p,

However, the Hamiltonian (2) is not invariant under this
action, and so L is not an invariant of the system (4).

It turns out that the above momentum maps K and L con-
stitute a dual pair (see Skerritt [9] and Skerritt and Vizman
[10]) defined on C2*V:

u2)* X N Ly vz,

This implies that the U(2)-reduced dynamics is given by a
(—)-Lie—Poisson equation on u(NV)f:

A=ady, ;4 or A={Ah}, 3)
where h: uW(N){ — R is defined so that ho L = H:
h() := —Lz Z T 111(132(l (2i+ AJ-)Z - |/1,-j|2)),
4nR 1<en 2
)

and the (—)-Lie—Poisson bracket on u(N);. is given by
. of Oh
(F} D = H o MD

for any smooth f, h: u(N)l — R.
Note that the Hamiltonian systems (4) and (8) are then
related via

\/5/11 /112: ............ /llN
bl 20 ;
=3 a2 - =L@
- . o AN-IN
/llN ......... ""/lel,N . \/E/].N
or more concretely, for i, j € {1,...,N},
V2 2 2,
i = R H‘pz” , Aij= Egpi @)

Furthermore, one can show the above Lie—Poisson
bracket has the following family of Casimirs [8]:

Ci() = u((Drd) je{l,...,N}.  (10)
4. Further Reduction by TV~ !-symmetry
4.1. TV~ !l-symmetry
Consider the action
TN X w(N)fE — u(N);
A

((eiel, e, /l) - Ad:—ié 1= P10

where
e = diag(ew‘, e 1) € U(Dr).

It is easy to see that the Hamiltonian (9) is invariant under
this action. However, note that the action (11) is not free.
Thus we restrict the action to the open subset

WN)E={Aeu)f | 4; #0ifi#j}

so that it becomes free.
Now, let us define

Hij = AijAin Ay = AijdNidjn € ¢:= C\{0}
forany i,j € {1,...,N — 1} with i < j. Then we may

parametrize A € {i(N)}. as follows:

/1:(/113"-’/11\79111\7,'- sﬂN*Z,N*l)

€ RN x GN—1 y GV=DN=2)/2.

. ’ANfl,NaIJIZ’ e

Then the TV~ !-action (11) becomes trivial on the variables
{mij}1<i<j<n—1, and hence we have

ﬁ(N)F/TN—l - RN % (@N—l/TN—l)  GN=DN=2)2

— RN % Rﬁ”l « GIN=D(N=2)/2
={4,..

Then the Poisson bracket on ii(V);. drops to the quotient
by the standard Poisson reduction; see [8] for the resulting
reduced Poisson bracket.

Furthermore, we may disregard (4y,...,Ay) from the
variables because A; = %Hg&i||2 = V2fori=1,...,N.
Also, since we have |4;;|* = 4 — (£;;/R)*, we impose that
0 < ¢ <2R < 0 < || < 2 to avoid collisions and
having vortices at antipodal points. As a result, we have
the following parametrization for the shape dynamics of N
point vortices:

AN | s AN N s e N2 N—1) } -

SN = (0’ Z)Nfl X é(N*l)(N*Z)/Z

= {(in]s -y [AN=in]s 12, iN—aN—1) =2 LY

Note that the dimension of this manifold is (N —
1)2, whereas the number of the “internal” variables
{tii}i<icj<n U {Vijr}i<icj<k<n in Borisov and Pavlov [2]
is N(N? — 1)/6.

Rewriting the collective Hamiltonian (9) in terms of our
variables, we have the Hamiltonian H : Sy — R defined as

1 ||
= LT In|R*4 - ——1——
HO 4er2( 2 ( ( FEE

1<i<j<N—1
+Ty > Filn(R2(4—|/l,~N|2))). (12)
1<i<N—1

To summarize our main result (see [8] for details), we
have
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Theorem 1.

(i) The relative/shape dynamics of N point vortices on
the sphere is the Hamiltonian dynamics on

SN = (O, Z)N_l % @(N—l)(N—Z)/Z
={(|inls- s [Avmin]s pi2s s piv—an—1) =2 L}

with respect to the reduced Poisson bracket (see [8])
and the Hamiltonian (12).

(ii) The Casimirs {C;} jew from (10) are invariants of the
shape dynamics.
5. Application

5.1. Tetrahedron Relative Equilibria

Let us consider the special case with N = 4. The shape
variables in this case are

{£ = (|A1a], [A2a], | A5, 1 i3, p123)} € Sa = (0,2)% x €3,

We are particularly interested in the stability of the tetrahe-
dron relative equilibrium as shown in the figure below.

X4

Using our shape variables, let us set

8

2
Aia| = |doa| = [A3a| = —, pn=—pi=p3=—¢1
|A14] = 24| = |34] W

73
Notice that Im g3 is the negative of Im > and Im w53 be-
cause the orientation of the triangle formed by (X, X3,X4)
is the opposite of those by (X1, X2, X4) and (X7, X3, X4) as one
can see (from the origin) in the figure. It is easy to check
that we then have

2
Cip=Ci3 =0l =03 =0y =034 = 2\/;13-

5.2. Stability of Tetrahedron Relative Equilibria

We would like to find a sufficient condition for stability
of the tetrahedron relative equilibria. To our knowledge,
existing stability results for tetrahedron equilibria are lim-
ited to the case with identical vortices, i.e.,I'| =1, =13 =
I'y; see Kurakin [S] and Meleshko et al. [6]. We have gen-
eralized this result to the non-identical case with N = 4 as
follows:

Proposition 2. The tetrahedron configuration of four point
vortices on the sphere is a stable equilibrium of the shape
dynamics if all the circulations {I';}*| have the same sign.

Proof. By the energy—Casimir method. See [8]. O
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