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Abstract

The k-cap (or k-winners-take-all) process on a graph works as follows: in each iteration,
a subset of k vertices of the graph are identified as winners; the next round winners are
the vertices that have the highest total degree from the current winners, with ties broken
randomly. This natural process is a simple model of firing activity and inhibition in the
brain and has been found to have desirable robustness properties as an activation function.
We study its convergence on directed geometric random graphs in any constant dimension,
revealing rather surprising behavior, with the support of the current active set converging
to lie in a small ball and the active set itself remaining essentially random within that.
Keywords: Neuroscience, Geometric Random Graphs, Recurrent Networks

1. Introduction

Despite the resounding empirical success of recurrent networks in many applications, their
underlying dynamics are still poorly understood. We analyze a simple recurrent process,
analogous to the classical Hopfield Network (Hopfield, 1982), which represents the propa-
gation of signals through a graph under inhibition. It has been proposed as a simple model
for neural firing behavior, and it forms the backbone of an emerging model for computation
in the brain, known as the assembly model.

The k-cap process repeatedly applies k-Winners-Take-All to the degrees of a random
graph: at each time step t > 0, the firing set Ay C V consists of the k vertices with
the highest degree in A;_; (with ties broken randomly). Given this process, some natural
questions arise: How does the firing set A; evolve with ¢?7 When the process does converge,
how quickly does it do so?

We make two key contributions to the study of this model. First, we study the k-
cap process on Geometric Random Graphs, and we show that the high local density of this
model leads to rapid convergence. Second, we illuminate a new notion of convergence which
more closely resembles the behavior of firing neurons in the brain.

Motivation from the Brain. The k-cap process forms the backbone of the assembly
model for computation, an emerging line of inquiry at the intersection between computer
science and theoretical neuroscience. An assembly of neurons is a subset of densely intercon-
nected nodes within a brain area which tend to fire together in response to the same input to
the brain area (Papadimitriou et al., 2020; Buzsdki, 2019). Assemblies are created through
projection, where an outside stimulus fires (repeatedly), activating a subset of neurons. Two
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ideas, rooted in experimental findings in neuroscience, lead to the convergence of assembly
projection in a random brain graph. The first is inhibition: at each step, the k£ neurons with
the highest total synaptic input are chosen to fire, while the rest are suppressed. The second
is plasticity: if a neuron fires immediately following one of its pre-synaptic neighbors, the
weight of the edge between them is increased. This causes neurons that ‘fire together’ to
‘wire together’, and strengthens internal connections each time an assembly is activated.

Rigorous analysis of the assem- ( m \ ( \

bly model has thus far been based

on a directed Erdés-Rényi random B ' - _
graphv where each pair of neurons E:;ne?ysgied at ' Eg;\:/ge:r?tks-cgfex
has an equal probability of being k vertices ' ‘ f:b;i"s of small
connected via a synapse. There ~ ’

are two important ways in which \ ) \ )

this model departs from observed
reality. First, the locations of neu-
rons in the brain and the physical
distance between them have a sig-
nificant impact on the probability
of connection. Long axons come
with a cost in both material and
energy, so neurons tend to prefer to create connections that are close in physical space.
The principle of conservation of axonal wiring costs was proposed by Ramon y Cajal in
the early 20th century (Ramoén y Cajal, 1911), and the relationship between distance and
connection probability has been confirmed empirically (Bullmore and Sporns, 2009; Cuntz
et al., 2010). Moreover, models that take locality into account are better able to explain
statistical deviations of the connectome from the standard random graph model, as ob-
served in experiments (Song et al., 2005). Second, in the standard random graph model,
assemblies are shown to correspond to the firing of k neurons, with most of them in a fixed
set of size (1 + o(1))k with at most o(k) outside this set. On the other hand, what has
been observed is that assemblies represent increased firing activity of a relatively small but
significantly larger than k subset of neurons for a period of time (Durstewitz et al., 2000;
Buzsdki, 2019). The difference between these two types is illustrated in Figure 1.

Figure 1: Two types of convergence. (a) convergence
in the high-plasticity regime, and (b) the
low-plasticity regime analyzed in this paper.

We address the first departure by studying the k-cap process on Geometric Random
Graphs, a graph model where the connection probability varies with distance. We addition-
ally find that the k-cap process on this graph model exhibits the second type of convergence
to a larger-than-k subset. An exciting aspect of our investigation is a rigorous explanation
of this phenomenon.

Geometric Random Graphs The behavior of the k-cap process depends heavily on the
graph structure. On the complete graph, every vertex has degree k from the firing set Ay;
so, assuming random tie-breaking, all vertices fire with probability k/n at each time step.
On the other hand, if G is a sparse graph with a planted k-clique H, we expect A, = H to
be a fixed point (for k sufficiently large). While directed Erdés—Rényi graphs are simple to
study, we do not expect to see meaningful convergence on this model. We take inspiration
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from the graph-theoretic structure of the brain and study this process on the Geometric
Random Graph model.

In geometric random graphs, each vertex is assigned a position in a hidden variable
space (for example, the cube [0, 1]d). The probability that an edge 1(,,) exists in the
graph is a function of the hidden variables of the endpoints. By using an edge probability
function which decreases with distance in the hidden variable space, this creates subgraphs
which are dense and concentrated within a small diameter subset of the space. The hidden
variables can correspond to spatial distance, or they can represent similarity in a wider
set of features. For example, the geometric random graph model has been used for social
networks, where the hidden variable represents a closeness in “social space” rather than
physical distance (Bogund et al., 2004). This model has also been studied in the context of
transportation networks, communication networks, and networks of neurons (Bullmore and
Sporns, 2009; Barthélemy, 2011).

Properties of geometric random graphs have been thoroughly explored; see Penrose
(2003) for comprehensive exposition. In the most common variant of the model, all vertices
are placed in a d-dimensional space according to some distribution. If the distance between
two vertices is less than r (where r is a parameter of the model), they are connected by an
edge; otherwise, they are not. We study a directed, soft geometric random graph where the
edge probability decays exponentially with squared distance, i.e., the Gaussian kernel. This
alternative model introduces asymmetry as well as long-range connections, both of which
are important for real-life networks.

1.1. Definition and Intuition

As a warm-up, we consider the infinite limit, i.e., the continuous interval [0,1] in one
dimension. Then we turn to the discrete setting of graphs, with vertices chosen uniformly
from the d-dimensional unit cube. While d = 2,3 apply to the coordinates of a neuron in
space, higher dimensions are also relevant and interesting, as vertex location could indicate
some set of relevant features (e.g., type of neuron).

A Continuous Process. A natural abstraction of the k-cap process on geometric random
graphs is to consider what happens when the number of vertices, n, goes to infinity. On
a finite graph, the input to a discrete vertex v is the sum of its edges from A; C V =
{1/n,2/n,...,1}. In the infinite limit, we assume that A; C [0,1] is a set of measure «,
leading to a corresponding a-cap process. The input to a given point v € [0, 1] is the integral
of the edge probability function over A; and the « fraction of points with the highest input
will form A;11. The formal definition of this process is stated below:

Definition 1 (a-cap Process in 1-D) Let Ay be a finite union of intervals on [0,1].
For an integrable function g : [-1,1] — R, let Fi(x) = fol A(y)g(y — x)dy. Then, Apy1 is
defined recursively:

A T) =
e+1(2) 0 otherwise

{1 if Fi(x) > C,

where Cy is the solution to fol Apyi1(x)dr = o = |Ag|.
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This continuous abstraction leads to a clean convergence phenomenon. We find that A; con-
verges to a single interval of length «. The speed of convergence depends on the derivative
of the edge probability function.

Theorem 2 Let Ay be a finite union of intervals in [0,1]. Let g : [-1,1] — Ry be a
differentiable, even, nonnegative and integrable function with ¢'(x) < 0 for all x > 0. For
any such g, the a-cap process converges to a single interval of width «. Moreover, the

number of steps to convergence is
0 maxjo,1] g’ ()]
minga 1) ¢/ (@)

Note that the above conditions capture any
distance function that decays smoothly with the a-cap Process: Fo(x)
distance between its endpoints, e.g., the Gaus- — A

. . . S 015 — Rl
sian kernel. This process is deterministic given

the initial choice of Ag. We are able to bound
the convergence using a simple potential func-
tion: The distance between the medians of the 005
leftmost and rightmost intervals of A; decreases.

— 0.10

Fo(X

In this way, the intervals are “squeezed” to- 0.00
gether until they collapse into one. In this 0 1
continuous version, any sub-interval in [0, 1] of a-cap Process over 5 Time Steps
length « is a fixed point; if A; = [a,b], then
A1 = A;. Moreover, a single interval is the 3
only possible fixed point.

This process is illustrated for an example * 2
starting set in Figure 2. While A has five initial
intervals, Fjy has only two local maxima, causing
the total number of intervals to reduce to 2 in 0
Aq. In subsequent steps, the intervals become 0 1
increasingly unbalanced. They shift closer to-
gether until, ultimately, the larger interval gains

all the mass. Figure 2: (Top) The influence function,
Fy(z), for an example starting
set Ag. The edge weight func-
tion (g) is the Gaussian kernel
with ¢ = 0.1. (Bottom) The
evolution of the same Ay over
time. This example converges
at t =4.

Formal Definition of the Discrete Process.
Now we turn to the main setting of this paper,
the k-cap process on a finite directed graph G.
The following symbols will be used for the rest of
the paper. Let n be the number of vertices in the
graph and k be the number of vertices activated
at each step. A; represents the set of k vertices
activated at step ¢ for ¢ = 0,1,2,.... Let 1,
be the indicator variable for the directed edge
between two vertices x and y.
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Definition 3 (k-cap Process) Assume A, C {1,2,...,n}, and |Ay| = k. Let F; :
{1,2,...,n} = {0,1,2,...,k} be the synaptic input function at time t, defined as follows:

Ft(a:) = Z 1(%1)
yGAt
Let Cy be the smallest integer such that [{z | Fi(x) > C¢}| < k, and let A1 = {z | Fi(z) >
Ci} U Af, |, where A}, is a set of points sampled at random from {z | Fy(x) = Ci} such
that ‘At+1| = k.

In the k-cap process, Ay41 is chosen as the k vertices with the highest degree from A;. If
there are ties, the remaining vertices are chosen uniformly at random from the set of vertices
with the next highest degree. Ay can be instantiated in any way, but we assume that it is
chosen uniformly at random from the set of vertices.

We analyze the convergence of the k-cap process on a d-dimensional Gaussian geometric
random graph; the probability of an edge between two vertices with hidden variables = and
y is a Gaussian kernel, parameterized by o. For simplicity, we use x to represent both the
vertex and its hidden variable in [0, 1]d. Throughout this paper, we will use the terms point
and verter interchangeably.

Definition 4 (d-dim Gaussian Geometric Random Graph) Let G = G, = (V, E).
Let V = {v1,va,...,v,} where each vertex is a point chosen uniformly at random in [0, 1]%.
Each directed edge (x,y) is present in the graph with probability

2
==y}

]P)(]l(%y)) = g(xvy) = € 202

All edges are independent conditioned on the locations of the vertices. Unless otherwise
stated, assume [z — y| = ||z — yl|2 is the Euclidean distance.

Convergence of the Discrete Process. 0The discrete process on graphs turns out to
exhibit much more complex behavior than the continuous variant. With the randomness
induced by the choice of edges, the convergence behavior also becomes probabilistic rather
than ending in a fixed set or distribution. We will prove that for an interesting range of
o, the cap A; converges with high probability to lie within a small ball (an interval when
d=1). A; will not be a fixed set of points for all ¢ > ¢*, but will instead oscillate randomly
between vertices, with the firing probability dropping toward the edges of the ball. This
type of convergence is illustrated in Figure 1. It can also be seen in simulation, as shown
in Figure 3. This behavior is not only mathematically interesting, but it also matches the
observed behavior of assemblies (Durstewitz et al., 2000; Buzsaki, 2019).

Evolution of the k-cap. The evolution of the structure of A; also reveals interesting
properties of the k-cap process on random graphs. In the first step, Ag is uniformly dis-
tributed. However, due to the the Poisson clumping phenomenon (Aldous, 2013), there
will be a several regions of the ball with a higher concentration than average. As we will
show, for o sufficiently small, A; will be concentrated within &'/47°(1) balls which are small
compared to [0,1]¢ (This result is described formally in Theorem 5). As ¢ increases, all but
one of these balls will diminish and disappear. With high probability, each ball will shrink
by a fixed fraction at each step. After this, we will show that one ball will “win” over the
others. This is illustrated in 1 and 2-D in Figures 3 and 4.
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Figure 4: The k-cap at time steps 0, 3, 6, and 9, with parameters n = 20000 and k& = 200.
Dots represent the location of firing neurons in 2-D space at time ¢.

Parameter Range. In this paper, we F=0

focus on o = ©(1/k'/4). The justification WO 000 00 O commEmEecs e o4
for this parameter range lies in the concen- =1 . -

tration behavior of uniform random vari-

ables. The soft geometric random graph t=2 e

model can be thought of as an approxima-

tion of an interval graph with radius ©(o). t=3 -

Let U = {U1,Us,...U} be a set of k ran- 0.0 05 1.0
dom variables, each chosen uniformly at .

random in [0,1]?. For a given radius 7, Zoomed| ® © ¢ o= wmews cee @oo oo
we can compute the maximum number of 0.605 0610 0615  0.620 0625

points which are likely to fall into a ball of

radius 7 (this result is described in Lemma Figure 3: The k-cap at 4 time steps, with pa-
18). Note the expected number of points in rameters n = 90000 and k = 40.

a ball I is kVol(I), and Vol(I) = O(r?); as r

increases, the maximum degree approaches

the expected value. This phenomenon means that the concentration behavior starts to dis-
appear as ¢ increases past 1/ kY. On the other hand, as r decreases, the maximum degree
approaches 1. Therefore, we focus on an intermediate range of o where the concentration
of Ag leads to interesting behavior.

Additionally, we assume that n is a sufficiently large polynomial function of k; n = kP,
for a constant § > 2 4+ d. When n is large and t = polylog(n), the points in A; are likely
firing for the first time . This lets us make the simplifying assumption that, conditioned on
the positions of the vertices in [0,1], Fi(z) is a sum of independent indicators.

1.2. Main Results

For clarity, we state the parameter range analyzed in this paper as an assumption and
reference it when applicable.

Assumption 1 The graph G is parameterized by n, o, which have the following relation-
ships to k: n = kP, for some constant > 2+d, and o = G(k_l/d).

We also assume that Ay is chosen uniformly at random from the set of vertices V.



THE k-CAP PROCESS ON GEOMETRIC RANDOM GRAPHS

We have the following theorem describing points which have a significant probability of
exceeding the threshold at Step 0. By the assumption that o = ©(k~/?), the set A; is
contained in a small region relative to [0, 1]%.

Theorem 5 Suppose G fulfills Assumption 1, ancll Ag is chosen uniformly at random from
V. With high probability, A1 can be covered by k1o palls, each of radius O(ocvInlnk)
and pairwise separated by a distance of at least 20v/Inn.

Let pi(z) be the probability that z fires at step ¢, conditioned on the graph edges.
Figure 5 (a) shows an empirical demonstration of Theorem 5. Even at the first step, small
variation in the expected value lead to a significant imbalance in firing probability.

The next step of the analysis will show that A; will gradually become concentrated in
a single ball of radius O(o+/Ink/k). The key idea is that each individual ball shrinks with
high probability at each step, almost in place.

Theorem 6 Suppose G fulfills Assumption 1, and Ag is chosen uniformly at random from
V. There exists a t* < Ink, for a constant ¢, such that A can be covered by a single ball

of radius © (U\/th/k?).

This structure is, to within a log factor, the smallest subgraph we can expect A; to
converge to. Within a region of radius O(ck~'/?), the edge probability is greater than
e~k hence, within this ball, any vertex has a constant probability of having degree k
from A;. Note that this directly implies the qualitative convergence behavior illustrated in
Figure 1.

Finally, we show that A; remains concentrated in the infinite time horizon. Condi-
tioned on the structure of the graph, almost all of A; is contained within a ball of radius
O(ok=1/3+) for all t > t*. Note that the diameter bound in Theorem 7 is necessarily weaker,
since A; shifts randomly between k-vertex subsets of the small ball. Given exponential time,
there will likely be combinations which happen to activate outlier points. We argue that
these outliers cannot compound to split the firing set, and A; remains concentrated.

Theorem 7 Suppose G fulfills Assumption 1, and Ag is chosen uniformly at random from
V. For all t > t*, with high probability, there exists a ball Iy with radius r = k=13t for
a constant € > 0, such that |A; N Iy| > k — k2/3.

The proof of this theorem directly implies the following structural property of geometric
random graphs, which holds for all S C V of size k that are mostly contained in a small
ball in [0, 1]¢. With high probability over all such sets, the set of k vertices with the highest
degree from S are also mostly contained in a small ball.

Corollary 8 Let G = (V, E) be a geometric random graph such that for every vertez x € V,
its location hy is chosen uniformly at random from [0, 1]d and for every pair x,y € V,
P((xz,y) € E) = e ha=hy K% " phere ki = O(|V|H%). Let v = k=Y4=1/3%¢ for any € > 0.
Then, with high probability (over the edges of G), for every set S C V' of size k, if at least
k — k2/3 points of S are contained in a ball of radius r, then there exists a ball of radius r
which contains at least k — k2/3 points of S', the set of k points with the highest degree from
S.
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Figure 5: Expected input and ps(x) at t = 0 (Left) and ¢ = 2 (Right). Parameters used
are n = 20000 and k& = 200. The probability p;(z) was estimated by fixing the
firing set, and then repeatedly redrawing the graph edges. The probability of x
is defined as the percentage of times x was chosen by the top-k function.

2. Analysis of the discrete k-cap process

In Appendix A, we will introduce a few general results on probability which play key roles
in the proof. In Section 2.1, we describe the structure of A; given the random initial firing
set Ag. Lastly, in Section 2.2, we investigate the evolution of A; as t increases, and we prove
that the set of firing points at ¢ converge to lie in a single small ball.

2.1. Characterization of A;

Since the initial firing set Ay is chosen uniformly at random from V', A; is concentrated near
dense sections of Ayg. We argue that the probability that x € A; can be characterized by
conditioning on the number of points of Ag within O(U) of x. By analyzing the distribution
of dense subsets of a set of uniform random variables, we show that A; is contained within
a union of kY/4+°() small balls.

First, in Lemma 9, we give a lower bound on the first threshold, Cy, by examining the
maximum number of uniform random points within a ball of radius r. There are, with high
probability, at least k vertices of V' which connect to the every point in the intersection of
the ball with Ag.

Next, Lemma 10 shows that if [{y € Ay : ||z — y|| = O(evInlnk)}| is not large, = has
a very small probability of achieving an input of Cy. This implies that Ay must be solely
contained within high-density regions of Ajg.

Finally, we combine these two lemmas to prove Theorem 5 (stated above). Since the
number of high-density regions of Ay can be bounded using a combinatorial argument, Ay
must be contained within £'/4t°(1) small balls. We note that the constant 1/4 may not be
optimal; however, a tighter bound would only effect the convergence time up to log factors.
The proofs of Theorem 5 and Lemma 10 are technical and will be deferred to the appendix.

Lemma 9 With probability 1 — o(1), Cy > % (1 + iﬁfﬁ,’j) (where n® k =Inlnlnk).
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Proof Consider a graph constructed on Ag as follows. For any ai,as € Ag, add an edge
if ||a1 — a2 < 30vInlnk. This is a geometric graph, and tight bounds on the maximum
degrees for such graphs are known (Penrose (2003), Theorem 6.10). The precise result we
use is stated in Appendix A, Lemma 18. Let Ajp be the maximum degree of the graph.
With high probability,

Ink n® k
> 1 - M here 1 =
B2 e BT =Me  where =70

Ay + 1 is the maximum intersection of Ay with a ball of radius r = %(T\/ Inlnk. Call
this ball I. The above result tells us that [ N Ag| > M}, almost surely.

The maximum distance within the ball is ovInln k. For any = € I, the probability that
x connects to M}, points is at least g(z,z + v)M+ where v is a vector of size ov/InInk.
Substituting:

_(+n)
2

M, n
(ovInIn k)? § Inlnk\ &+ iaE
202 2

P(Fo(x) > My) > exp (—

With a union bound argument, we can lower bound the number of vertices of V' in I (stated
in Appendix A, Lemma 16).

ravi=o (YD nY o (Gdammpd2.
logn logn

By the assumption that o = @(kil/d) and n = kP, there are k°~17°() vertices of G in I.
(1+n)

The expected number of points with degree M}, from |AgNI| is at least ff=1-0(1) jp= 5" ,

which is much greater than k. Therefore, there are at least k points with input M} with

high probability. This implies that the threshold Cj is bounded from below by Mj. |

Lemma 10 For any z € [0,1]¢, define B,(z) = {y € [0,1]¢ : ||z —y|| < r}. Let
r = 04/24B81Inlnk). Suppose that the overlap between B,(x) and Agy is at most 4?1’111‘}&
Conditioned on this event, the probability that x € Ay is at most %

2.2. Convergence of A,

In this section, we will prove an induction step, Lemma 15, which will lead to the proof
of Theorem 6. In Theorem 5, we have proved that A; can be covered by kt/4+o(1) palls of
radius O(oVInlnk), and separated by at least 20v/Inn. There are three key properties of

this system which make the analysis tractable. First, the separation condition allows us to
__40%In n> —

202

n~2. Therefore, with high probability, the subgraphs defined by I, and I;, are independent;
this means that all x € A; will not receive input from outside its interval. Second, since the
graph is directed, the edge 1(, ) is independent of 1, ;) conditioned on the positions of the

analyze each interval as a separate system. If v € I, and y € I, g(z,y) < exp (

vertices x,y € [0,1]%. Thirdly, we prove in Lemma 12 that for any ¢ = polylog(k), all points
which fire at ¢ are ‘new’ (i.e., they have not fired at a previous step) with high probability.
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This lets us make the simplifying assumption that F;(z) is a sum of independent indicators.
Using these three key simplifications, we prove that, with high probability, each separated
interval shrinks to a size of O(o+/Ink/k).

We will suppose that the hypothesis of Theorem 5 holds for a step ¢ > 1; A; can be
covered by O(kl/ 4+0(1)) sufficiently separated balls. Then, we will prove that the separation
and coverage continue to hold by induction.

Define A; C I1UIoU- - -Ul;, where each I} is a ball of radius O(cvInln k), and all pairs I,
I, are separated by a gap of at least 20v/Inn. Also define E[z] = EF;(z) = > ea, 9(x,2),
and V[z]? = Var Fy(z) = >oeen, 9(x,2)(1 — g(x,2)). Note that E[z] and V[z] depend
implicitly on ¢. When the ball I is unambiguous, we will denote k = |A, N I| to be the
number of firing points lying in I.

The following lemmas will be used to bound C} at each time step. Using this, we can
get precise bounds on P(Fi(z) > Cy). First, we bound the gradient of E[z] in space.

Lemma 11 For any vector direction v and point x € [0,1]%, |V, E[z]| < £./d/e.

For this proof to be viable, we will need to show that F;(z) is the sum of independent
indicators. By definition of the graph structure, each edge 1(, ;) is drawn independently.
However, we will also need to show that, for each y € Ay, its edges 1, ;) have not been
used in previous computations. This follows from the next lemma.

Lemma 12 Suppose t = O((Ink)) for a constant c¢. Then, with probability at least 1 —
W; AgNAN---NA =0.

Lemma 12 implies that, conditioned on the set Ay, Fi(x) = > 4 1(.4) is a sum of
independent indicators (with no dependence on previous time steps). Therefore, Cy can be
bounded using standard concentration bounds as follows:

Lemma 13 At any step t = O((log k)€), assuming the conditions of Lemma 15, with high
probability, Cy > max, E|x]

Finally, we can use the above lemma to relate the probability that a point fires at time
t + 1 to its expected value at time t.

Lemma 14 Lety € I;, and k= |I; N Ay|. If there exists an x € I; such that EFy(x) >
EFy(y) +/68(k — EF(y)) Ink, then P(Fi(y) > C)) < &

Finally, we will prove Theorem 6. We will use an induction argument; the base case
was shown in Theorem 5, and the following Lemma will form the basis of the induction
hypothesis.

Lemma 15 Suppose that A; can be covered by i balls, Ay C Iy U---U I;, which obey the
following conditions:

e Count: i = O(k'/*+o)),

e Radius: for each j, I is a ball of radius rj, bounded by r(I;) = Q(o\/Ink/|I; N Asl)
and r(I;) < CovInlnk for some constant C.

10
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o Separation: the distance between any two balls is at least 2(1 — o(1))oVInn.

At the next step, with high probability, Ary1 C [{UIU- - -UI], where d(1}, I}) = max,e minger, ||l —
yll < 5(r(L;) —r(I})), and r(I}) < (1 - ﬁ)r(fj) for an absolute constant c.

This Lemma will show that the radius of each ball shrinks at each step; that is, A; is
contained within a union of balls of radius r;, where r; is a decreasing function of ¢. The
main idea of the proof is to show that, regardless of the actual positions of points in A; N1,
vertices toward the center of I have a small advantage over vertices toward the edge. Thus,
either (1) the position of points in A; N[ is particularly unbalanced, and A1 shifts toward
one side, or (2), the radius of I shrinks in all directions.

R1

Figure 6: The division of the ball I into two subregions. In case 1, there exists a division
of I into two sub regions Ry and Ry such that Ry N A; < k/(Ink)®. We bound
the gradient of F[z] for all z in the region enclosed by the dotted line. In case 2,
no such division exists. We prove that for y between the outer and inner circles,
P(y < 1/n3). In both cases, we prove that A1 falls in the orange circle with
high probability.

Proof [Abbreviated Proof of Lemma 15| Fix one ball I = B,(p). Let r = r(I) be the
radius of I, and let p be its center. Define Fy(x;S) = ZyeAth L(y,z), the input to = from
firing points in S. We will prove that with high probability, {x € V : Fy(z;I) > C;} can be
covered by I’ = B,/(p'), where ' = (1—1/(log k)¢)r and max,c dist(I,z) < 5(r(I)—r(I")).
Call this statement (*).

If statement (*) holds for each I = I;, the lemma is proven. This holds by the separation
assumption; for x near I, Fy(xz;I) is a good proxy for Fi(x). In particular, if dist(I,z) <
ov/Inn, then Fy(x;I) = Fy(x) — o(1) with high probability.

To prove this statement, we will consider two cases. In case 1, we suppose that the
distribution of A; NI is imbalanced. In particular, there exists a half space dividing I into
two spherical caps, with heights r/4 and 7r/4, such that the larger segment contains only
|A; N I]/(Ink)® points of A;11 (for an a > 1). See Figure 6. We will show that given this
imbalance, statement (*) holds.

11
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In case 2, no such division exists. We will show that for any point z near the boundary
of T is disadvantaged compared to a point near the center. Thus, I’ = B,/(p) for an
" = (1 —1/(logk)¢)r, which implies statement (*). See Figure 6.

For both cases, the argument will use a bound on the gradient of E[z]. With this,
we will construct a point w such that Ew] — E[z] is large, and use Lemma 14 to argue
that P(z € A1) < 1/n3. The argument for this is technical, so it will be deferred to the
appendix. |

This proves that at some ¢t = (Ink)¢, the firing points are contained within ft/A+o(1)
small, separated balls. Theorem 6 follows using a coupling argument which shows that one
small ball must ‘win’ all the points.

Proof [Proof of Theorem 6] By Theorem 5, the conditions of Lemma 15 hold at step 1.
Additionally, by the condition that each ball does not shift by more than 5(r(I) —r(I’)) at
each step, the separation condition holds inductively for any ¢t = polylog(k). The maximum

distance moved by a single ball by time ¢ is 5(T(I](-O)) — T(Ij(-t))) = O(ovInlnk), which
maintains the separation of 2(1 — 0(1))0\/@. Therefore, applying Lemma 15 inductively,
the radius of I is reduced to O(ck~'/2y/Ink) at t = polylog(k), where k = |4; N I|. Recall
that there are kY/4to(1) separated balls; a similar method will allow us to eliminate balls
that are ol%_l/Q\/m in size.

By the pigeonhole principle, at least one ball receives k3/47°(1) points. Given that the
size of the balls are small enough that most vertices within them are neighbors, C; >
k3/4=0(1) " Therefore, for each J, if I; is not eliminated, there exists an x € I; such that
EF;(x) > k3/4°() (as always, the expectation is over the assignment of edges from A; to
x, conditioned on the above instantiation of A).

If one ball contains a much larger proportion of firing points than any other, then it
‘wins’ all the mass at the next step with high probability. Suppose instead that there are
multiple balls at ¢t with similar counts of firing points. In this case, conditioned on A;_1,
the size of I1 N A; is a random variable over the edges from A; 1 to I;. By Lemma 12, we
can assume this is independent from previous time steps, and it can vary by /E|I; N A
with constant probability. Consider two alternative scenarios, which can each occur with
constant probability.

(1) maxger, EFy(2z) = X — O(VX)
(2) maxger, EFy(z) = X + 0(VX)

Let y = argmax, ¢, EFy(y). So, it is clear that in either scenario (1) or (2), the inputs to =
and y differ by the number of points added to I.

EF,(z) — maxEF,(y)| = k3/87°W)
maxEFy(z) max t(y)‘

The distributions of sums of non-identical indicators are well studied, so we can use
known tail bounds to bound the ratio between P(Fi(z) > C1) and P(Fi(z) > Cq) for two

thresholds C1, Cs. Precisely, % > exp (%) The result we use is stated and

proven in the Appendix A, Lemma 21. Since the two thresholds differ by ©(v/ X ), between
the two scenarios, either p;y;(z) increases by a constant factor for all z € I, or piq(w)

12
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decreases by a constant factor for all w € I5. So, this implies that [EF;41(z) — EFi41(y)|
varies by ©(1) min;egq 9y (|1; N A¢|) between the two scenarios.

This is a significant variation; as in Lemma 13, for any = € [n], Cy > EF;1(x). So, in
the case where = has more expected input, EF;11(y) < EFi11(x) — © (EF141(y)). By the
Chernoff bound (Lemma 19), the probability that Fy;1(y) will exceed Cyy; is exponentially
small.

Pr(Fiy1(y) > Cr1 = (1 + O(1))EFi41(y)) < exp (=O(1)EFi41(y)) < exp (_k3/4—0(1))

A similar argument applies if EF;1(y) > EFi(x). Therefore, since there is a constant
probability that the two balls will deviate from each other, either I7 or I will be eliminated
in a constant number of steps.

The same argument applies to any pair of balls (I;, ;). Therefore, the number of balls
reduces by a constant factor within a constant number of steps. This leads to convergence
to a single ball within O(In k) steps.

At this point, |[I N Ay = k, so applying Lemma 15 again, we can conclude that A;
converges to a single ball of size O(ck~'/2v/Ink) in O((log k)°) steps. [ ]

Note that our results also imply that A; does not converge to a fixed set; rather, it
shifts randomly, remaining inside a ball at each step (see Figure 1, with A; converging in
the sense of (b)).

Claim 15.1 For t = polylog(k), A; shifts between k—vertex subsets of a small ball.

This follows directly from Lemma 12, which states that AgNA;N---NA; = () with probability
at least 1 — k~1/2+o(1) Finally, we prove that A; remains concentrated for all ¢ > ¢*, where
t* is the convergence time described in Theorem 6.

Proof [Abbreviated Proof of Theorem 7] Let A C V with |A| = k, and let I be any ball
surrounding k — k?/3 points of A. Assume that r = r(I) = ok~ /3¢ and I = B,(p).

We consider 2 cases, with minor differences to the proof of Lemma 15 (whose cases are
illustrated in Figure 6):

Case 1: There exists a half space dividing I into two spherical caps, R; and Rs, with
heights r/4 and 7r/4, such that |[Re N A| < k/(Ink)2. In this case, the ball is “imbalanced”
in the sense that one portion of of the ball contains the vast majority of the points.

Case 2:No such imbalanced partition of I exists. For all z € 9I, denoting Ry = {z € I :
x—z- (ﬁ >7r/4), |[Re N A| > k/(Ink)?. We show that for any z within Ar = 7/(Ink)3.
of the boundary of I, P(F(z; A) > C) < 1/n3.

We carefully construct two points, z and 2z’ whose expected inputs from A, conditioned
on the graph edges, are guaranteed to differ by a constant multiplicative fraction. E.g, let
Z=k—F(z;A); EZ = kiij by the assumption that A is well spread within a ball of radius
r. By the Chernoff Bound (Lemma 19), we can argue: P(Z < EZ — O(1)EZ) < e ®(MEZ <
ei@(l)k1/3+2€ .

The probability that there exist k2/3 points which violate the condition is at most:

n _ 1/3+42¢, 1.2/3 2/3 _ 142¢
<k2/3> (e O(1)k )k <€k logne O(1)k

13
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Since there are at most (Z) = O(eFl°en) possible k-subsets of V, this is true by the

union bound for all subsets A with high probability.
|

3. Conclusion and further questions

Plasticity. Our proof shows that plasticity is not necessary for the convergence of the
k-cap mechanism. Previous analysis of this process on random graphs studied a variant of
the problem where edges were given a weight, initially set to 1. If two neighboring vertices
fired consecutively, the weight of their edge was boosted by a factor of 1+ 3. In Erdés—Rényi
random graphs, this weight proved to be vital for convergence; it allowed a set of vertices
to become associated over time, causing them to fire together (Papadimitriou et al., 2020;
Dabagia et al., 2021). We have shown that, given sufficiently local graph structure, it is
possible for the process without plasticity to converge to a subset which is small compared to
n. This possibly indicates two distinct mechanisms which drive the convergence of assembly
projection in the brain (see Figure 1).

Further motivation from Neuroscience. As discussed above, the geometric model
embeds the nodes of the graph as points in space, and it strongly prefers to connect nodes
which are close to each other. Many real-world graphs have a spatial component and a
cost associated with long-range connections, so the geometric graph model has theoretical
guarantees which match empirical properties of graphs in many domains. One such property
is the clustering coefficient, which measures the prevalence of cliques between the immediate
neighborhood of the vertex (Bogund and Pastor-Satorras, 2003). In the graph model we
have discussed thus far, the clustering coefficient is quite high; in fact, within a small
neighborhood of any vertex the probability that the vertices form a clique is exponentially
likely. In particular, high clustering between neurons has been observed in the brain (Song
et al., 2005).

While the simplicity of the model makes the analysis tractable, there may be interesting
algorithmic insights which can be gleaned by mimicking other empirically observed struc-
tures. One relevant property is the power-law degree distribution (Bullmore and Sporns,
2009). There are a small set of "hub’ neurons with very high degree (in the geometric ran-
dom graph, the degree distribution is fairly uniform). One concrete question is whether, in
a graph with a power-law degree distribution, the k-cap mechanism is likely to converge to
a set of vertices with high degree.
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Appendix A. Probability Preliminaries

The following lemma relates to the distribution of uniform random points in [0, 1]. It will
be referred to frequently throughout the proof.

1/d
Lemma 16 All balls of radius \/d/2 [610%} contain at least one vertex of G with

probability at least 1 — (3n?logn)~!.

Proof Consider dividing [0,1]% into n/(3logn) boxes with side length [(3logn)/n]'/<.

For any box, the probability that it receives no points of G is (1 — (3logn)/n)" <
e~3loen — n=3 There are n/(3logn) boxes, so by the union bound, the probability that
there exists a box with no points of G is at most (3n?logn)~*.

1/d
A ball of radius /d/2 [610%} contains a box of side length 610%. Any such box

contains at least one box of the partition of [0, 1]d. Thus, all balls of this radius contains a
vertex of G. u

Lemma 17 (Balls into Bins (Raab and Steger, 1998)) Suppose m balls are assigned
uniformly at random to n bins, where Wog(n) < m << nlogn. Then, with probability
1 —o(1), the mazimum load is at least:

1 n®
1“”[1+0.9n 7]

nvy

nlogn

where v = — =

Lemma 18 (Maximum Degree of Geometric Graph (Penrose, 2003), Theorem 6.10)
Let X = {x1,...,2,} be a set of n points chosen uniformly at random on [0,1]%. Define a
graph G(X;r) such that there exists an edge between x; and x; if ||x; — x| < 7.

Define a sequence of radii (ryp)n. Let A, be the maximum degree of G. Define k, =

logn
log(log n/(nrg)) *
If nrd/logn — 0 and log(1/(nrd))/log(n) — 0 as n — co. Then:

A,
lim P 1 in probability

n—0o0 n

and

A
liminf — > 1 Almost surely
n—oo n

Next, the following three lemmas contain different tail bounds for the sums of indepen-
dent indicators.

Lemma 19 (Chernoff Bound) Let X be a sum of independent random indicators with
mean . Then, for any § > 0:

2
P(X > (1+6)u) < exp <— Q’f 5)
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Mxv<u—6m>3am(—if)

Lemma 20 For any binomial random variable X with parameters k,p, we can bound the
probability that it exceeds M for any M > kp:

P(X > M) < exp <—kD <J‘: I p>>

l—a

where D (a || p) = alog £ + (1 — a)log 1=.

Lemma 21 Let X = Zle I; be the sum of k independent indicators with probabilities
P(1;) = p; € (0,1). Let p = EX, and let t1,t2 be integer values such that t; > [u] and
to > t1. Then,

P(X > t) (ta — [p])* = (t1 — [p])? (ta — t1)?
MXzé)>“p<2 2@1 >>wp<2t21>

Proof Duembgen et al (Diimbgen and Wellner, 2020) gives a bound on the ratio of two
consecutive probabilities. For any ¢ with P(X =¢—1) > 0,

P(X =c+1) c PX=¢

P(X=¢) ~ctlPX=c_1) (1)

The mode of X is either at |u|, [u], or is equally attained at both (Darroch, 1964).
The probablity increases monotonically from X = 0 up to the mode(s) and then decreases
montonically up to X = k.

So, we have for any integer m > pu:

P(X =m+1)
— <1 2

P(X =m) )
Using Equation 1 and 2, for any integer s > [u]

PX=s+1) s PB(X=s) ]+ 1B = [u] 41) _ [l 41
P(X = s) <s—|—1[P’(X:s—1) St T P(X = [u]) S et

We can rewrite the ratio of P(X = t3) and P(X = t;) as the product of ratios with a
difference of 1:

P(X =t) PX=t) P(X=t,—1) PX=t+1)

P(X=t) PX=to—1DP(X=t—2)  P(X=t)
Substituting the bound above:
to

P(X =t,) ([p] + =) _ s—[p]—1
P(X:tl)<t2(t2—1)(t2—2)...(t1+1)_ H <1_ S )

s=t1+1
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Using the approximation 1 — x < e™*, this is at most:

< exp (— i S_“:H> < exp <_Zt32:t1$t; Dﬂ—l)

s=t1+1

Expanding the sum in the numerator:

. p< S s - zi;z)f“Fls)
= X —_

to
= exp (_ (t2 - [M—| - 1)(t2 - “‘—| )2;2(751 - (,Lﬂ - 1)(751 - “L—D)
(t = [1])? = (11 — u))?
< exp <_ 2 o 1 )

This ratio decreases as t] increases and to — ¢; remains constant. This means that, for any
N2 (1 )2
i > ta, we have P(X = i) < exp (J752 ()~ i) ) P(X =i — (ts — t1))

k
< Z exp (—(tQ — (kD) = (0 = M)2> P(X =i— (ta —t1))
i=ptta /1
_ 2 o 2
< exp <_(t2 [1]) 2t2(t1 L))

Expanding (2 — [p1])? — (t1 — [n))?, we get 15 — ] —2[u](t2 — t1) = (t2 —t1) (t2 +t1 — 2[]).
Since t > t1 > [1] by assumption, this exceeds 2(ts — t1)2.
|

Appendix B. Deferred Proofs

B.1. Characterization of A;

Proof [Proof of Lemma 10]

Let r = aoVInln k. Suppose |B(z) N Ag| < 4?1?11151@

If € Aj, then Fy(x) > Cy by definition. The bound on Cj in Lemma 9 implies
Fy(z) > % Hence, by assumption, x € A; only if it achieves an input of M = %
from outside B, (x).

Conditioned on |B,(x)NAg| = Ak, the remaining (1—\)k points are distributed uniformly

on [0,1]4\ B,(z).
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By definition, P(1,y) | ¥ = y) = g(x,y) = exp (—[lz — y||*/20?). Let f, be the
conditional distribution function of ||y — z||, which has support on (r,v/d] (v/d being the
longest diagonal of the hypercube [0, 1]%). Define 0B, (z) = {y € [0,1]%: ||z —y|| = r} to be
the spherical shell of radius r around .

~ Vol(dB,(x) N [0,1]9)
frlp) = —— \p/Ol(BT(g;))

The boundaries of the hypercube make f,. somewhat difficult to calculate. Therefore, we

will ignore the boundaries and set f,.(p) < %m. Note that Vol(0B,(z)) = 13&7(722) pt1

\/a 2 2
Elliuy) | ¥ ¢ Br(x)) = / 1) 1 () dp

1

< -
~ 1—Vol(B,(z))

ord/2 R 2 /(0.2
<9 d—1,—p*/(20?%)
<2 | o i
_ 4n?af /Oo Ld=1,-2%/2 g

0(d/2) Jv)o

\/g 2 2
/ e P /20 )Vol(ﬁBp(x))dp

This integral can be estimated by observing that for r sufficiently large, 2A=1e=7*/2 g

decreasing on [r/o, co]. Therefore,

/T ;’o e gy < (2) / ¥ e o = ()2 gl .

r r/o g

Returning to the original equation, for any d > 1:

g o

4t rpNd=2 o) o rNd—2 o,
< — [ — —r¢/(20%) _ d ("l —r?/20
Ellwy v ¢ Br@)] < F575) ( ) e 0(1)o ( ) ¢

Substituting r = cayv/Inln k, this equals ©(1)o%(In k)~**/2(vInIn k)?~2. Again recalling
o =0(1/k),
E[Liy) |y ¢ Br(2)] < p= O(1/k)(Ink)~*"/*(av/inln k)"~
. We can bound the distribution of Fy(z) by a binomial with probability p. In particular,

P(Fy(z) > Cp) is bounded above by P (B > llnnillfm), where B ~ Bin(k,p). This quantity
can be tightly bounded using a well-known entropy bound for tail probabilities, Lemma 20.

Ink Ink
< _ T
P<B> 41n1nk) —eXp< D <4l~clnlnk Hp))
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Bounding the divergence term:

In k In k Ink In k 1— ok
g llp)= n + (1 - ) In
4kInlnk dkInlnk  4kplnlnk 4kInlnk 1—p
Ink Ink nk
— " usinglnz>1-1
= Tk M Tk TP Thmmg e e = 1= 1/zve >0
Ink In k1+o?/2 1 2 Ink
= 1 O(=)(Ink)™*/?(avVInln k)% - ——
ek 2 O() (mn p)ra—zyz T OG) k)7 Havinink) AkInInk
JInk [140a%/2 1+(d—-2)2m® %k  0()
-k 4 4 Inlnk Inlnk

a2/
Plugging this into the original bound, P (B > %) < L= (1)

Since n = k° by definition, we can choose a = /243. Then, P(Fy(z) > Cp)
P (B> giphg) <1/n°

N

Proof [Proof of Theorem 5]

We apply Lemma 10 and take the union bound over all x in the graph to conclude the
following: with probability, 1 —1/n% = € Ay only if the ball B,(z), where r = 01/243InInk,

contains more than 431’:11} fk points. Since 1/n? is summable, this is true almost surely.

Since the expected number of points of Ag in B,.(x) is k * Vol(B,(z)) = O((Inln k)%/?2),
the number of such high density regions will be relatively small.

To argue this, we consider d + 1 overlapping partitions of [0,1]¢ into boxes. Let L =
20+/24FInInk. First, tile [0, 1]¢ with boxes of width L. Then, shift each interval by half its
width in each dimension, leading to d alternate partitions of [0, 1]%.

For any z, the ball B, spmmz(z) must be fully contained in a box I; in at least one

3lnk
4Inlnk

partition for some index ¢. Consider the probability that a given box I; contains
points of Ag.

For each point in Ag, the probability that it lands in I; is Vol(I;) = (20/248InInk)? =
O(1)(Inln k)¥2/k. Therefore, the number of points in I; is |Ag N I;| ~ Bin(k, Vol(I;)).

Using a well-known entropy bound for the tail probabilities of the binomial distribution
(Lemma 20), the probability that |I; N Ag| exceeds 3Ink/4Inlnk is at most:

3lnk 3lnk
) < _ e )
P <|Iz N Ag| > 41n1nk:> <exp ( kD <4k1n1n/<: I Vol([z)>> (4)
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Bounding the divergence term (Using the inequality Inx > 1 —1/x):

3Ink 3Ink O(1)Ink 3lnk 1— Pk
Dl —— 117, = 1 1— 1 nln
<4klnlnk | Vol( )> dkInlnk  (Inlnk)i+d/2 +< 4klnlnk> .

(3) _ d/2
_ 3k O()lnkln k+(1 3Ink ><1_1 O(1)(Inlnk) /k)

= 4k klnln k " 4kInlnk 1— Pk
3Ink  OM)Inkm®Ek 3k 42
Z kT kmimk kg T OW/k(nink)
(3)
_ 1 §lnk_0(1)lnkln k
k|4 Inlnk

Substituting back into equation 4:

Dinkn® k n(3)
P(|I; N Ag| > Ink/Inlnk) < exp (—i Ink + OUH“) R

Inlnk
Inln k

There are VglJE}i) =0 <W) such intervals. The size of |B; N Ag| for each partition
can be thought of as the loads in a ‘balls into bins’ problem; thus, the number of points in
non-overlapping boxes are negatively correlated.

With high probability, the number of such intervals with enough points is f1/A+o(1)

The loads of the bins I; are invariant to permutation; therefore, the probability that
two intervals within a distance of 20v/Inn have a large enough load is o(1).

The same can be said for each shifted partition. Therefore, the bins which achieve high

input are of size ©(L) = ©(oVInln k) and separated by a distance of 20vInn. [ |

B.2. Convergence of A;

The following lemmas will be used to bound C} at each time step. Using this, we can get
precise bounds on P(Fi(x) > Cy).

Lemma 22 For any vector direction v and point x € [0,1]%, |V, E[z]| < £./d/e.

Proof [Proof of Lemma 11]
For any ¢ € {0,1,...,d —1}:

0 B 0 B Ti — % —|lz — =|?
asz[‘r] - Z 879(:672) - Z - o2 G‘Xp< 252

ZEAL v ZEAL

Let £ = *2*. The maximum of ’aﬁ exp (‘sz)) occurs at e~ /2. Thus, we have

i — i —|lz = 2|1? Lk _ap
<D e g )< e =t

zEAL zEAL

0
ox;

Elx]

21
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For any unit vector v:
k k
IVoE[z]] < Ze V2.1 =Vde /22
o o

For this proof to be viable, we will need to show that Fi(x) is the sum of independent
indicators. By definition of the graph structure, each edge 1(, ;) is drawn independently.
However, we will also need to show that, for each y € Ay, its edges 1(, ;) have not been
used in previous computations. This follows from the next lemma.

Lemma 23 Suppose t = O((Ink)®) for a constant c. Then, with probability at least 1 —

1
w7200
AoﬂAlﬂ"'ﬁAtZQ

Proof Suppose at time s, {Ag, A; ... A} are pairwise disjoint. Therefore, at time s, the
edges {1(y4) : y € A,z € [n]} have not been examined by the k-cap function, and they are
conditionally independent.

Now, we will compute the probability that |As+1NA;| > 0 for some ¢ < s. By Lemma 16,
there are at least ©(1)o%k~%?n/logn = ©(kP~%4?~1/logn) points within ok~1/2 of z.
By Lemma 11, for all z € B, 1,2(x), the expected input to z is not too far from the
expected input to z; EF,(z) > EF,(z) — (ek)'/2. For such a z, P(F,(z) > Csy1) differs from
P(Fs(x) > Csy1) by at most a constant factor. Thus, the probability that any given x is
chosen is py(z) < k=A+d/2H1+0(1) < |=3/2+0(1) by the definition of 3. There are sk points in
AgUAU- - -UAg, so the probability that any given y € AgUA1U---UA; isin Agyq is at most
skxk=3/2+0(1) — O(k=1/2+(1)) Therefore, the probability that (AgUA;U- - -UA)NAgq = 0
is at least 1 — m

The probability that this holds for all s < ¢ is (1 — m)t ~1-— m Since t is
polylog(k), this is at least 1 — m [ |

Lemma 12 implies that, conditioned on the set A, Fi(z) = Y .4, L(z4) is a sum of
independent indicators (with no dependence on previous time steps). Therefore, C; can be
bounded using standard concentration bounds as follows:

Lemma 24 At any step t = O((log k)¢), assuming the conditions of Lemma 15, with high
probability, Cy > max, E|x]

Proof [Proof of Lemma 24]

By Lemma 16, for any point x, there are Q(n - (k™! logn)?) points of V in a radius of
ok~1logn of x. By the assumption that n > k29, this is Q(klogn).

For any y € B,j-1logn(z), Lemma 11 implies:

Ely] > E[z] — \/d/elogn
Therefore, if C; = E[z], then there are Q(k) points where E[y] > C; — O(logn). Here
we will use Lemma 12, which tells us that each Fi(y) is independent conditioned on A;.
Hence, Chernoff type bounds apply; if P (F(y) > Ely] + O(logn)) = ©(1), then with high
probability there are k points that exceed C}.
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Using the loose bound given in (Volkova, 1996), we can bound P(Fi(x) > C;) using the
CDF of the normal distribution. For any sum of independent indicators S with mean p and
variance o, the CDF can be approximated as follows:

sup‘P(SSm)—G( <=

m

m+1/2—u>|<0+3 1

o 403 o

—2?
1o (2% - 1)¢ 2 and v = E[(S — p)?] is the skewness. This holds

Where G(z) = ®(z) — 515 T

for any o > 10.

We can assume that the variance of y, V[y]?, exceeds (logk)?; otherwise, Ely] =
> yea, = k(1 —o(1/k)), so we can assume that C; = k.

Fix y € Byg-110gn(2). From the above equation, we find that for any ¢ > 0:

P(Fi(y) > Ely] + tV[y] —1/2) > 1 — [G(t) * V[Z]Q]

Substituting the value of G:

P (Fy(y) > E[y] +tV[y] —1/2) > 1 — ®(t) + me—ﬁ/z 1

627V [y]3 Viy]?

Here, we will make two approximations. First, the exact value of v is >, g(y,2)(1 —
g(y,2))(1 — 29(y, z)). Therefore, v > —V[y]?, so v(t* — 1) > —V[y)*t2. Second, we will

; ; . 1 -1 -3\ ,—t2/2 1 —t?/2
iubstltute the lower tail bound for 1 — ®(¢); 1 — ®(t) > Wor (tt—t3)et/2> e t2/
ort> 2.

This leaves us with:

1 2 t2 2 1
P(Fy(y)>Cy=E[y] +tV[y]| —1/2) > ——e V2 — /2 _—_
Setting t = O(1), this occurs with constant positive probability. |

Finally, we can use the above lemma to relate the probability that a point fires at time ¢+ 1
to its expected value at time t.

Lemma 25 Let y € I, and k= |I; N Ay|. If there exists an x € I such that EFy(x) >
EFy(y) +/68(k — EF(y)) Ink, then P(Fy(y) > C) < &

Proof
Let X = k — Fy(y). By Lemma 19, P(X < (1 — €)EX) < exp (—¢’EX/2).
Thus, setting € = C_EL;{(ZJ), we have
EEX
P(Fi(y) >C)=P(X <EX — (C—-EFi(y)) <P(X <EX(1—¢)) <exp|— 5

By Lemma 13, C; > EF;(z) for all . Hence, by the assumption, C — EF,(y) > EF(z) —
EF;(y) > v/6BEX In k. Substituting this value for eEX,
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B(Fy(y) > C) < oxp (—65 nk ) 8

Now, we are ready to prove Lemma 15. This lemma will show that the radius of each
ball shrinks at each step; that is A; is contained within a union of balls of radius r;, where
r¢ is a decreasing function of t. The main idea of the proof is to show that, regardless of the
actual positions of points in A; N I, vertices toward the center of I have a small advantage
over vertices toward the edge. Thus, either (1) the position of points in A;N[ is particularly
unbalanced, and Az shifts toward one side, or (2), the radius of I shrinks in all directions.
Proof [Proof of Lemma 15]

Fix one ball I = B,(p). Let r be the radius of I and p be its center.

To assist with the proof, we will define the following values. Let k = |4, N I|; we
can assume that k& > k3/ 4-0o(1) gince an interval with asymptotically fewer points will
be eliminated at the next step. Define dist(l,z) = minyer|ly — z||. Finally, for any set
S clo, 1]d7 let Fy(2;5) = ZyGAtF‘IS Liy,2)-

We will prove that with high probability, {z € [0,1]? : Fy(2;I) > C;} can be covered by
I' = B (p'), where v’ = (1 — 1/(log k)°)r and max,cp dist(I,z) < 5(r(I) —r(I")). Call this
statement (*).

If statement (*) holds for each I = I;, the lemma is proven. This holds by the separation
assumption; for x near I, Fy(xz;I) is a good proxy for Fi(x). In particular, if dist(I,z) <
ov/Inn, then Fy(x;I) = Fy(x) — o(1) with high probability.

To prove this statement, we will consider two cases. In case 1, we suppose that the
distribution of A; N I is imbalanced. In particular, there exists a half space dividing I
into two spherical caps, with heights /4 and 7r/4, such that the larger segment contains
only k/(Ink)® points of A;1 (for an o > 1). See Figure 6. We will show that given this
imbalance, statement (*) holds.

In case 2, no such division exists. We will show that for any point z near the boundary
of I is disadvantaged compared to a point near the center. Thus, I’ = B,.(p) for an
"= (1—-1/(logk)°)r. See Figure 6.

For both cases, the argument will use a bound on the gradient of E[z]. With this, we
will construct a point w such that E[w] — E[z] is large, and use Lemma 14 to argue that
]P(Z € At+1) < 1/n3

Consider two cases:

Case 1: there exists a half space dividing I into two spherical caps, R and Ry, with heights
r/4 and 7r/4, such that |Ry N Ay < k/(Ink)®, where o = 1 + max(2r?/(c2Inlnk),1). In
this case, the ball is “imbalanced” in the sense that one portion of of the ball contains the
vast majority of the points.

Without loss of generality, let p = [r,0,0,...,0], Ry = {y € I : y1 < r/4}, and Ry =
{y € I:y; >r/4} (as illustrated in Figure 6). Let z = [z1, 22, .. ., 2z,,] where z; > 3r/8 and
dist(I,z) = O(min{r,ck=1/}).

Then we can bound the derivative with respect to the first coordinate:
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9, o 0 B !
o ER D) = > 59w = > —9(y:2)

yeAnl 1 yeANI
21— Y1 21— Y
= Z - 0_2 g(y7 Z) + Z - 0_2 g(y72)
yERINAL yERaNA

The partial derivative 8%1 9(y, z) is minimized at z; —y; = o and maximized at z; —y; =

The lower bound on the derivative depends on r as follows:

o If 2r > o

. —_ 1.-1/2
minger, 2519y, z) > — e /2 and

: - —(2r+min{r,ck=1/5})2 —9r2 (02
MMy e Ry Zlgzylg(yvz) > 8% eXP( ( 2{02 L ) = #GXP (7( )>

0-2
o If 2r < o,
minge g, “=*9(y, 2) —% exp (—2r?/c?), and
. _ _ indr.oh—1/51)2 _ 2
mingep, Zlagylg(y,z) > S%GXP( (2r+0(m12r;[27“, k J9) > _ #exp( 025;12)r )
Returning to Equation 11,
0 21—y Y1 — 21
—EFi(z;1) < —|AiNR AiNR
9 iz 1) < —| Ay 1\;2% 5 9(y:2) + | A 2‘3&% —5 9(,2)
By assumption, |4; N Ry| < k/(Ink)®. Replacing this:
o If 2r > 0.
0 . r —2r2 |
—EF(z1) < —k(1-0(1))— —— —o(1 —e /2
0z1 t(z1) < —k(L - of ))802 exp( o? of )> + (Ink)* o

By the definition of a, (Ink)™® = e~@Inlnk < ﬁe_%g/"z. Hence

0 k r —2r2 1 —2r? 1
i < _Z _ _ _ 2 ) 12
821EM < (1 0(1))80 exp < 3 > g P < > > e ]

o If 2r < o,

()

(6)

—0.
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Let 2/ = [2],2},...,2.] where 2/ > r/2 and dist(I,z') < min{r/8,ck~/%}. Consider
the point w = 2/ — [min{r/S,al%_l/5},0,0,...,O]. By definition, the derivative bounds
above apply for all points on the line between w and 2’. This gives us a lower bound on
Elw] — E[Z']. While w ¢ V almost surely, by Lemma 16 there exists a point w’ € V' within
a radius of O((logn/n)Y/%) of w. Applying 11, E[w'] — E[¢'] > E[w] — E[#'] — o(1). Then,
we will apply Lemma 14 to show that P(2' € A;11) < 1/n3.

The condition of Lemma 14 holds if

Elw] - B[] > \/68(k — E[2]) nk (8)

o If 2r > o

A kr —2r?
Elw] > E[Z] + ok~ 352 P < = ) (1-0(1))

Since r = O(cvInlnk), exp (2r?/o?) = O(1). Thus, E[w] — E[z] = Q(k*/?). Clearly

this exceeds \/63kInk, so by Lemma 14, P(2' € Ayyq) < 1/nd.

o If 200k~1/% < 2r < o

For the same reasons as above, we can obtain a similar bound:

> ' r-1/5 7. T —2r2/02 4 _ 74/5—0(1) T
E[w] > E[Z| 4+ ok k602€ (1—-0(1)) =E[z]+k .

Since r = Q(ck~1/5), this exceeds \/68kInk, so by Lemma 14, P(z' € A;1) < 1/n3.

o If 21 < 200k~1/5:

Elw] > B[] + = - fi—s

£ ke 7 (1— o(1) = Els] + 01k

In this case, we can bound k — E[z];

Therefore, the condition can be bounded: \/65(1% — Elz])Ink < 24/ 128k In k.

There exists a constant C' such that for 100k™/®> > r > Coy/Ink/k, E[w] — E[z] =
@(1)]2:;—2 > 74/ 128kInk. By Lemma 14, P(z' € Ay 1) < 1/n3.
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Finally, we will argue that for any z with dist(I,2) > r/20, P(z € A;11) < 1/n3. Let u
be the unit vector parallel to z — p:

VuE[z] = Y Vugly,2) = > <u y;j) 9(y, )

yEAL YEA:
dist(1, z)
> T2 Z 9(y, 2)
YyEA:
dist(I,z)
= TE[,Z]

Let w be a point along the line z — p, with dist(I,w) = dist(I,z)/2. Again, while w ¢ V

almost surely, by Lemma 16 there exists a point w’ € V within a radius of O((logn/n)"/?)

of w. Applying 11, E[w'] — E[z'] > E[w] — E[z'] — o(1). Dividing this again into two cases:
o If r > 20:

There exists a point y in I with E[y] = Q(k/(InIn k)%?). This is due to the pigeonhole
principle; the volume of I is ©(r%) = O((Inlnk)%2/k). Therefore, there exists a
smaller ball of radius o in I with k/(Inlnk)%?2 points. For y in this smaller ball,
Ely] = Q(k/(Inln k)%/2).

If E[z] = Q(k), then E[w] — E[z] > dist(I, z)?/(20)2E[z] = Q(k), and by Lemma
14, P(z € Ai11) < 1/n®. Otherwise, E[y] — E[z] = Q(k), and again by Lemma 14,
P(z € Apy1) < 1/n3.

o If r < 20:
There exists a point y in R, with E[y] > e /3" k > k(1 — r2/802).
If E[z] = k(1 — yr2/0?), the bound for Lemma 14 is:

\/65(1% — E[e])Ink = ~\/66yInk

g

For any r = Q(o\/Ink/k), E[w] — E[z] > ©(r?/o%k) = Q(Ink). There exists a

constant C' such that for any r > Coy/Ink/ l;:, this exceeds the bound of Lemma 14,
and P(z € A;41) < 1/n3.

In conclusion, we have determined that the set of points z € I such that P(z € Ay11) >
1/n? are contained within a region R = {z : 21 < r/2,dist(I,z) < r/20}. The radius of
R is r/20 plus the width of {z € I : z; < r/2}. Using a geometric argument, this set has
width \/R? — (R/2)%2 = Rv/3/2. This region can be enclosed by a ball I’ defined as follows
(illustrated as an orange circle in Figure 6):

Let I' = Byg,/90(p') for p’ = [3r/4,0,0,...,0] and r(I') = r(I). It is simple to check
that B, 20(p’) contains R;

max]|p — 2| = r\/(\/§/2 +1/20)2 +1/42 < 19r/20
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Additionally, max,ep () dist(z, I) < max.ep, () dist(z,1) < r/4. Therefore, d(I,1") <
r/4 < 5(r(I)—r(I")).
Case 2: In this section, we assume that no such imbalanced partition of I exists. For
all z € I, denoting R = {z € I : (v — z2) - ”x p” > r/4}, |Ry N Ay > k/(Ink)®, where
a =1+ max{2r?/(¢?Inlnk),1}. We will show that for any z within Ar of the boundary
of I, P(z € Ayyq < 1/n3).

Fix z, and assume without loss of generality that p = [r,0,0,...,0] and = [0,0,...,0]

Let z = [21,0,0,...,0] where —clogn < 21 < Ar = O(r/Ink). Then, max,ecr, “5"9(y, 2) =

2
=5 exp (202> < §§ exp ( (ﬁ )2> (Note that by construction Ar < o). Also, separately tak-

ing the minima of y; — 21 and g(y, 2), minyeg, “5"g(y, 2) > T/4 L exp ( ) Returning
to Equation 11:
0 Ar —(Ar)? r/4— 2z —2r2
821E[ z] > —|AN R1| 5 €Xp < 52 +|A: N Ry 5P| —3 (9)
By assumption, |A; N Ry| > k/(Ink)®. Replacing this:
0 ~ 1 Ar —(Ar)? ko r/a—Ar —2r?
—F|z]| > -k
021 2] 2 [ (In k)« } P < 202 + (Ink)x o2 P 52

]geﬁ2ne Ar = r/(Ink)?>*. Again, note that (Ink)™® = e~@Inlnk < ﬁe—%?/az, So,
e—2r?/o > (ln k)l—a

0 « 1 T —(Ar)? k r
021 pRl [1 ~ (In k)a] o?(In k)2« exp( 202 > + (Ink)20=1 502
0 kr

Suppose z = [z1,0,0,...,0] where z; < Ar/2. Let w = 2z + [Ar/2,0,0,...,0]. Using
the lower bound on the derivative,

k 1
A M )+ > Bl ]+J‘l1nk

Elw] > E[z] + 5 2

- 2 o2(lnk)2e

For r = Q(ck~1/), this exceeds \/68kInk, so by Lemma 14, P(z € A;1) < 1/n.
For r = 0(01%_1/4), we can bound k — E[z];

Therefore, the condition can be bounded: \/ 68(k — E[2]) Ink < Zy/12BkIn k.

Then, for ck="/4*Ink > r > o\/Ink/k, Elw] — E[z] = %k—lnk > gwll@lg:lnk. By

Lemma 14, P(2' € A;1) < 1/n3.
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In summary, there are two cases: in case 1, there exists a partition of I such that the
vast majority of A; is located in R;. In this case, we have shown that {z : P(z € A1) >
1/n3} C {z : 21 < r/2}. A symmetric argument showed that for any z such that the
distance from z to I is at most /20, P(z € A;11) < 1/n3 Therefore, A;;; is contained
within a ball I' = By, j90(p'), where d(I,I') < r/4

In case 2, for all z € 9I, |A; N Ry| is sufficiently large. In this case, We have shown
that for all z = x + Aﬁ where A < r/polylog(k), P(z € A;11) < 1/n3. This applies for
all x € §I. Therefore, I' C Br(lfl/(lnk)c)(p)'

By the assumption that each ball is sufficiently separated, we can conclude that, with
high probability, A;41 C I1 U Iy U--- U I, where the radius of I} is smaller than the radius
of I; by at least a factor of 1/polylog(k).

|

Now, we are ready to prove Theorem 6.

Proof [Proof of Theorem 6] By Theorem 5, the conditions of Lemma 15 hold at step 1.
Additionally, by the condition that each ball does not shift by more than 5(r(I) — r(I’)) at
each step, the separation condition holds inductively for any ¢ = polylog(k). The maximum

distance moved by a single ball by time ¢ is 5(7’(IJ(-0)) — T(I](t))) = O(oVInlnk), which
maintains the separation of 2(1 —o(1))ovInn). Thus, we can apply the Lemma inductively.

By Lemma 15, the radius of I is reduced by a factor of 1 — m in a single step;

thus, to reach O(ck~"/2v/Ink), the number of steps required is polylog(k).

This shows that in polylog(k) time, the radius of each sufficiently separated ball will be
reduced to at most £~/2y/Ink. Recall that there are k!/4+o(1) separated balls; a similar
method will allow us to eliminate balls that are ok~1/2y/Ink in size.

If the number of balls is greater than 1, |I; N Ay| can fall anywhere in the range M 4+/M
with constant probability, where M = E|I; N A;|. By the pigeonhole principle, at least
one ball receives k3/47°(1) points. Since the size of the balls are at most ok™1/2y/Ink <
ok=3/3v/Ink, C, > (k3/4_0(1)). Therefore, for each j, if I; is not eliminated, there exists an
x € I such that EF,(z) > k3/4=o(1)  Consider two alternative scenarios, which can each
occur with constant probability.

(1) maxzer, EFy(z) = X — O(VX)
(2) maxger, EF(2) = X + O(VX)

Let y = argmax, ¢, EFy(y). So, it is clear that in either scenario (1) or (2), the inputs to =
and y differ by the number of points added to I;.

EF,(z) — maxEF,(y)| = k3/87°W)
max BF(z) — max t(y)‘

In scenario 2, x receives an extra input of © (\/ X ) The increased input in this scenario

could affect Cy; however, either EF;(x) becomes closer to C; by k3/8—0() or EF,(y) becomes
further from C; by the same amount.

The distributions of sums of non-identical indicators are well studied, so we can use
known tail bounds to bound the ratio between P(Fi(z) > C1) and P(Fy(z) > C3) for two
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thresholds C1, Cs. Precisely, % > exp (%) The result we use is stated and

proven in the Appendix A, Lemma 21. Since the two thresholds differ by ©(v/X), between
the two scenarios, either py11(z) increases by a constant factor for all z € Iy, or ppy1(w)
decreases by a constant factor for all w € I5. So, this implies that [EF;yq(z) — EFiy1(y)|
varies by ©(1) min;c 21(|Z; N A¢|) between the two scenarios.

This is a significant variation; as in Lemma 13, for any = € [n], Cy > EFi1(x). So, in
the case where = has more expected input, EF;11(y) < EFiqi(x) — O (EFi41(y)). By the
Chernoff bound (Lemma 19), the probability that Fy1(y) will exceed Cyy1 is exponentially
small.

Pr(Fi1(y) > Ciy1 = (1 4+ O(1))EFi11(y)) < exp (—O(1)EFi41(y)) < exp (_k3/4—0(1))

By the Chernoff bound, the probability that Fy1(y) will exceed Ciy; is exponentially
small. A similar argument applies if EFy11(y) > EF;;1(x). Therefore, since there is a
constant probability that the two balls will deviate from each other, either I1 or I will be
eliminated in a constant number of steps.

The same argument applies to any pair of balls (1;, ;). Therefore, the number of balls
reduces by a constant factor within a constant number of steps. This leads to convergence
to a single ball within O(In k) steps.

At this point, k = k, so applying Lemma 15 again, we can conclude that A; converges
to a single ball of size O(ck~/2y/Ink) in O((log k)¢) steps. [ |

Finally, we prove that the set A;, with high probability, remains within a small subset for
all t > t*.
Proof [Proof of Theorem 7] Let A C V with |A| = k, and let I be a ball surrounding
k — k?/3 points of A. Assume that r = r(I) = ok~ /3¢ and I = B,(p).
We consider 2 cases, identically to the proof of Lemma 15:
Case 1: There exists a half space dividing I into two spherical caps, R; and Rs, with
heights /4 and 7r/4, such that |[Ry N A| < k/(Ink)?. In this case, the ball is “imbalanced”
in the sense that one portion of of the ball contains the vast majority of the points.
Without loss of generality, let p = [r,0,0,...,0], Ry = {y € I : y1 < r/4}, and Ry =
{y € I :y1 > r/4} (as illustrated in Figure 6). We define Efz] = Fi(z;4) =3 4 9(y, 2).
Then we can bound the derivative with respect to the first coordinate:

0 0 21— Y1 21— Y1
E[Z] = E g(y’ Z) = E - 2 g(y7 Z) + E - 2 g(ya Z) (10)
071 071 o o
yeANI yeAnI yeA\I
21— 21—y 21—y
= E - 2 g(yaz)+ E - 2 g(y7 Z)+ E - 2 g(y? Z) (11)
o o o
yERINA yER2NA yeA\I

Let z = [2z1, 22, ..., 2,) Where z; > 3r/8 and dist(I, z) = O(r). This implies:

minyer, 272 g(y, z) > — 2 exp (—2r?/0?)

. — —O(1)r?
minger, "9y, 2) > 8g—zexp( QgQ)T ), and
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minye[(),l]d\[ Zl;ylg(ya Z) > —g€

Returning to Equation 11:

9 .2 .2 . AW
—E[z] < —|A —|A —|A\I
9o [2] < —|AiNRy| min — 9(y, 2)—|A:NRs| min = 9(y, 2)—| A\ Iyér[g’rll]d 5 9, 2)
(12)
By assumption, |A; N Re| < k/(Ink)? and |A; \ I| = k*/3. Replacing this:
0 T _O(1)r2 /o2 2r k O(1)k*/3 kr
——E[z] < ———e OWr/e"p 4 = = -0(1)—
021 [l = 802 + 02 1nk? o ( )02

Let 2/ = [21,25,...,2]] where 2§ > r/2 and dist(I,z") < r/8. Consider the point
w = 2/ —r/8. By definition, the derivative bounds above apply for all points on the line
between w and z’. This gives us a lower bound on E[w]— E[2']. While w ¢ V almost surely,
by Lemma 16 there exists a point w’ € V within a radius of O((logn/n)"/%) of w. Applying
11, E[w'] — E[¢'] > E|w] — E[Z'] — o(1).

We will prove an analogous result to Lemma 13 for sets A contained mostly within a
ball of radius r.

Lemma 26 Let I be a ball of radius r = ok~1/3t¢, for some constant € > 0, surrounding
k — k2/3 points of A. Let C be the threshold when the k-cap function is applied to A. With
high probability, for all such sets A CV with |A| =k, C > max, E[z].

Proof [Proof of Lemma 13]
The derivative of E[z] is, for any dimension i:

s, B 0 _ Ti — Zi — |z — 2|?
81’1E[$] - Z 871'19(1‘72) - Z - o2 eXp< 252

z€EAL ZEAL

Let # = #2%. The maximum of ’a% exp (‘szﬂ occurs at e /2. For y € I, this is maximized

at T = %’" Thus, we have

T — 2 —||lz — 2| e~ 1/212/3 or  2k2/3te
<y g 'exp( ” ”)< L)

202 o o2

Therefore, the directional derivative, as in Lemma 11, is at most this value, times a factor
of V/d. For any y € Byy-1+¢(x), the difference between E[y] and E[z] can be bounded:

Ely] = Elz] — o(1)

By Lemma 16, for any point z, there are Q((n/logn) - ¢?k~%+9) points in a radius of
ok~'t€ of 2. By the assumption that n > k29, this is Q(k!1d).

Therefore, if C' = E[z], then there are Q(k'19) points where E[y] > C; — O(1). Since
each edge is chosen independently, Chernoff type bounds apply; if P (Fi(y) > E[y] + O(1)) =
©(1), then with high probability there are k points that exceed Cj.

Using the loose bound given in (Volkova, 1996), we can bound P(Fi(x) > C;) using the
CDF of the normal distribution. For any sum of independent indicators S with mean p and
variance o, the CDF can be approximated as follows:

31



REID VEMPALA

< -
o 403 o2

sup‘IP’(S <m) —G<

m+1/2—u>‘<0+3 1

—2?
Where G(z) = ®(x) — g5 (2 — 1)6\/27:27 and v = E[(S — u)3] is the skewness. This holds

for any o > 10.

We can assume that V[y] > 10; otherwise, E[y] = > 4, = k(1 — o(1/k)), so we can
assume that C' = k.

Fix z € [n]. From the above equation, we find that for any ¢ > 0:

P (Fy(x) > Elz] +tV[z] —1/2) > 1 — [G(t) N V[lx]J

Substituting the value of G:

2 — 2
P(Fy(z) > Elz] + tV[z] — 1/2) > 1 — &(¢) + We_t 2 V[le

Here, we will make two approximations. First, the exact value of vis } _, g(z,2)(1 -
g(z,2))(1 — 2g(x, 2)). Therefore, v > —V[z]?, so y(t? — 1) > —V[x]*t?
Second, we will substitute the lower tail bound for 1 — ®(t) > - (t7! — ¢73) e /2 >

2 Vir
1 —t2/2
e for ¢t > 2.
This leaves us with:

2) > Elel 4 tV]z] — Lo U pp
P(Fi(a) > Ble] + tVle] =1/2) > ——= v VP

Setting t = ©(1)/V[z], this occurs with constant positive probability p.
]C1+d6

The probability that there are not k points which exceed C' = El[x] is at least (¥, )(1—
p)kl‘*‘d/ka =(1- p)k1+d€(170(1))_

The number of possible subsets A is at most (Z) < nk = eklogn,
By the union bound, this holds for all subsets A with high probability. |

Returning to the proof of the original theorem, we recall that there exists a point w
such that:
2

Elw] > B[] + = - k——se 2"/ (1 — (1)) = E[2] + ©(1)k—

_ — 1/3+2¢
> Ble)+ % ko 55 = Bl + 0(kH)

Comparing this to k — E[2/]

2
k— E[Z/] < k(]. — 6*27“2/02) < k2% — 2k1/3+26
g

We can apply Lemma 19 to k — E[2']; let Z = k— F(z'; A). Then, P(Z < (1-9)EZ]) <
e—0°EZ/2 g,

P(Z<EZ-O(1)EZ) < 679(1)161/34—25
The probability that there exist 12/3 points which violate the condition is at most:
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< ;7‘/3 (6—9(1)k1/3+26)k2/3 < ek2/3logn€—®(1)k1+2610gn
k

Since there are at most (Z) = O(eFl°en) possible k-subsets of V/, this is true by the

union bound for all subsets A with high probability.
Case 2: In this section, we assume that no such imbalanced partition of I exists. For all
x € I, denoting Re = {z €[ :x — (Hx o > r/4), |[Re N A| > k/(Ink)?. We will show
that for any z within Ar of the boundary of I, P(F(z; A) > C) < 1/n3.
Fix z, and assume without loss of generality that p = [r,0,0,...,0] and z = [0,0,...,0]
Let 2z = [21,0,0,...,0] where —clogn < 21 < Ar =r/(Ink)?. Then, maxycp, IUleg(y, z) =

Z5 exp ( Zf) < A’" 3 €XD ( (AT) ) = M(1—0(1)) Also, separately taking the minima of y; —2;

and g(y, ), mingep, -5+ g(y, z) = 402(1 — o(1)). Bounding the derivative again:

BBl 2 —1AN B SE 0= o1) + 140 Rl (0 - o) - 1AV 12 13)

By the assumption of the case, |ANRz| > k/(Ink)2. Also, by the assumption of the theorem
|A\ I| = O(k*/3). Replacing this:

9 Ar kr O(K2/3
5Bl 2~k (1 = of1)) + s (1~ of1)) - 20 )
Substituting Ar
0 Bl > k(1 - o(1) s + O(k)r__ O(k*7%) __ ko —o(1) + O(Ink)]

0z o?(lnk)? = o?(Ink)? o o?(Ink)3 [

Suppose z = [z1,0,0,...,0] where z; < Ar/2. Let w = z; + [Ar/2,0,0,...,0]. Using
the lower bound on the derivative,

Ar kr 1 kr2
E[w] 2 E[Z] + 7 : m [1 - 0(1) —i—lnk] > E[Z] + Zﬁlnk
Using the same bound as above for k — E[z]:
2 2
k= B2 < k(1 -2/ < k7
o

We can apply Lemma 19 to k — E[z]; let Z = k — F(z;A). Then, P(Z < (1 - §)EZ]) <
e—0°EZ/2 So,

P(Z < EZ — O(1)EZ) < ¢~ OMK/#F
The probability that there exist k2/3 points which violate the condition is at most:

n _ 1/3+42¢, 1.2/3 2/3 _ 142¢
<k2/3> (e O(1)k )k <€k logne O(1)k

Since there are at most (Z) = O(eF1°8m) possible k-subsets of V, this is true by the
union bound for all subsets A with high probability.

33



REID VEMPALA

B.3. Continuous a-cap process

First, we will prove that single intervals of width « are the only possible fixed points.
Theorem 27 (Fixed Points) For any even, differentiable, nonnegative, and integrable
function g : [—1,1] — R4 with ¢'(x) <0 for all x > 0, the only fized points (Aiy1 = A¢) of

the a-cap Process are single intervals of width o

The next lemma follows from the properties of g.

Lemma 28 The following holds for all b > a:

b b
/ g(y—a)dy—/ g(y —b)dy
a a
We proceed to the proof of the fixed point characterization.

Proof [Proof of Theorem 27] First, we show that if A; = [a, ] is a single interval, then it is
a fixed point. Since A; is 1 on the interval and 0 elsewhere, we can rewrite F}(x) as follows:

b
Fy(z) = / oy — ) dy (14)

Define the threshold Cy = Fy(a) f;g(y —a)dy. If x € [a, b],

b b
Ft<x>=/ g(y—x)dyz/ oy —a)dy = Cy

It’s easiest to see this by breaking Fi(x) into two integrals, f;g(y —x)dy = ff g(y —
x)dy + f;g(y — x)dy. By Lemma 28, [ g(y —2)dy = [ g(y — a) dy. Then, since a < z,
gy —x) > g(y — a) for all y € [z,b]. This implies f;g(y —x)dy > ffg(y —a)dy
Therefore, Fi(x) > Fi(a) = C; for all x € [a, b].

Similarly, if ¢ < a or x > b,

b b
Fy(z) :/ gy —z)dy </ gy —a)dy = Cy
a a
This implies that if C; is chosen in this way, then A;41 = [a,b] = A;.
Next, let A; be the union of finite intervals. Let A; = (J7_,[a;, bj] where for all j < n,

a; < bj <ajy1 <bjy1, and n > 1. We will show that this is not fixed.
Fi(x) can be expressed as the following:

Consider Fi(a,) and Fi(by).

bn
Fy(an) = / 9(y —an)dy+ Y
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b n-1 .p,;
Fy(bn) = / 9(y —bn) dy + Z/ 9(y — bn) dy
a =174

n

By Lemma 28, ff: gy —an)dy = fab: g(y — by) dy. Also, since a,, < by, ffj’ gy —an)dy >
fabj g(y — by) dy for all j < n. Therefore, Fy(a,) > Fi(by).

Notice that by definition, if A;y1 = Ay, then C; < Fi(x) for all © € Ay4q. In particular,
Cy < Fy(by,) < Fi(an). However, since Fy(z) is a continuous function, C; < Fi(x) in some

small window [a,, — €, a,]. By definition, a,, — € € A1, but a, — € ¢ A; for small enough e.
This implies A; # Agy1. [ ]

Now, we will prove the main convergence theorem.

Theorem 2 Let Ay be a finite union of intervals in [0,1]. Let g : [-1,1] — Ry be a
differentiable, even, nonnegative and integrable function with ¢'(x) < 0 for all x > 0. For
any such g, the a-cap process converges to a single interval of width a. Moreover, the
number of steps to convergence is

0 maxXig 1] ' ()]
mine 17 |g'(z)| )

Proof [Proof of Theorem 2| At a given step ¢t > 0, A; is a union of finite intervals on [0,1].
We will show that if the number of intervals is greater than 1, the distance between the
midpoints of the first and last intervals decreases at each step, and this decrease is not
diminishing.
Let Ay = (Uj_,[a;,b;] where the intervals are disjoint and increasing; for all j < n, 0 <
a; < bj < ajy1 <bjp1 < 1. Define the midpoint of the kth interval m; = w. By 27, if
n = 1, then the process has converged (i.e. Aiy1 = Ay). If n > 1, [a1,b1] and [ay, b,] are
the first and last intervals in A, respectively. We will show that the distance between the
midpoints, m,, — m1, decreases by at least a constant.

Suppose the first local maximum of F; occurs at a value mq + 8. This proof will show
that the shift in the midpoint my is bounded from below by a constant depending on §.

Recall the definition of F; and write its derivative:

n bi
Fi(x) = (y—x)d
;/ﬂkgy y

dF, «—
dr = ;g(ak - 95) _g(bk —35)

Since g is assumed to be decreasing on [0, 1], if z < my, then g(ar — z) > g(by — ). This
implies F} is increasing on [0,m1), so the first local maximum must occur at mi + § > m;.
For ease of notation, we will define the following points; let mi + 0 be the smallest local
maximum of F;. Let z = m; — € be the minimum value where Fi(x) > C;. Finally, let
z' = my + e+ € be the smallest value such that 2’ > z, Fy(2') = Fi(z) = Ct, and Fy(z) > Cy
for all z € (z,7).
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Claim 28.1 If z > my (that is, € < 0), then [z,m1 + §] C Aip1. Hence, the midpoint of
the first interval of Aiy1 is greater than mi + %

If z < my, the proof is more involved.

For the rest of this section, note that ¢ > 0. Note that it is possible that z = m1 —¢ < aq,
such that the left end of the interval decreases. However, the midpoint of the interval will
always increase. The influence on F; from the first interval is the same for m; — € and
mi + €.

[ oo m-ay= [ gy

1 —mj+e

For any [a, bg] where m1 < ag < by,

/abk 9(y — (m1+¢))dy = /abkmleg(z) dz

k k—mi1—¢€

bp—mi+e
> / g(z)dz

k—mi+e

by
:/ o(y — (m1 — ) dy

k

This implies that Fi(m; + €) > Fi(m; — €) for any € > 0. Since F; is continuous, there is a
small value € > 0 such that Fy(m; +e+¢€') = Ct, and Fi(z) > Cy in between. At A1, the
first interval becomes [my — €, my + € + €|, which has the midpoint m; + %/

Therefore, the midpoint of the first interval increases. A symmetric argument shows
that the midpoint of the last interval must decrease. Next, we will show that € is bounded
below by a constant factor of 4.

Claim 28.2 Let €,¢' be the values defined above. Assume without loss of generality that
by — a1 < § (If [ay, b1] is large, a symmetric argument applies to [an, by]).

« a minye[%,l] |9/(l/)|

2 gm0 e
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Figure 7: An illustration of the terms defined in this proof. The grey box represents the
first interval, [a1,b1]. The curve is Fj.

Proof Let m be the median of A;; by the assumption, m ¢ [a1,b1], so m > as.

F,(mi+¢€) — Fy(mp —¢) = Z/ —(m1+¢€))dy — Z/ — (m1—€))dy
—Z/ 9y — (m1 + ) — gy — (m1 — €)) dy

= / [g(y — (m1+€)) — gy — (m1 — €))]A(y) dy

n

[9(y — (m1 +€)) — gy — (m1 —€))]As(y) dy

v
T

AV

5 yer[rggn} 9y — (m1+€)) — gy — (m1 — ¢€))]

By the assumption that by —a; < §, for any y > m, y —mq1 > m —my > §. If € is small
enough that m; + € < m,

gy — (m1+e€)) —gly — (m1—€)) >gly —mi1) — gy — (m1 —¢€)) > 6;611[%;16] lg'(y —ma + 2)|

If € > m — my, then for any y such that m <y < mj + ¢,

9y — (m1+€)) =gy — (m1 —€)) = g(€) — g(y — (m1 — €)) = [y —m] Lohin |9 (e + 2)]

In both cases, Fy(mi1 + €) — Fy(m1 — €) can be bounded by restricting ¢’. Let ¢; =
minge|a 1) |9'(y)|. Since g’ is strictly decreasing, ¢ < mingepn—m, bp+e—mi] 19'(y)]. For e
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small (e < m —my):

« .
Fy(my +€) = Fy(my —€) 2 5[ min gy — (m1+€)) — gy — (m1 — ¢))]
y€[m,bn]

> % min min "(y —my + 2)

T 2 ye[m,ba] zG[O,e]g Y !

> 2 in "(y —my)
-2 yE[m7bn+e]g y !
!
—€C1

2

Y

For € large (e > m —mq):

Fy(mi+e€) — Fi(mi —€) > o[ min g(y— (m1+¢€)) — gy — (m1 —¢))]

ye[mzbn}

[ | O

Y

min —-m min "(e+ 2
2 ye[m,bn)] v 1 z€[0,y—m] 9 )

XY in I’ (e + 2)|
24 z€[0,bp,—mi1] g

v

AV

247

Combining both cases,
a
F,(mi+¢€) — Fy(mp —e€) > 5 mln{z, e}er
Let ¢ = ¢g(0) — g(1). Since g is continuous and decreasing, c2 > 0 and

ar;
dx

> glar —2) — glbe —2)| < 2
k=1

To recall, we define € and € such that Fy(mi —€) = Fy(m; + e+ €) = C;. By 15,
N .
Fy(mi+¢€) — F(m +e+¢€)> 5 mln{z, e}ey
and by 16,
Fy(mi+¢€) — Fy(my +e+¢€) < cae

Combining these two equations implies,

,_a . a
> — — —
€ > 2111111{4,6}02

(15)

(16)

The only unbounded value in this equation is €. Recall that m; + ¢ is defined to be the
earliest local maximum of Fy; in the case of small €, [m; — €,my + 0] is a subset of the first

interval of A;yq. If € < g, then the midpoint is at least mq + g.

Combining this fact with Claim 28.1, the shift of the midpoint of the first interval is a
constant multiple of §. We will show that ¢ is also bounded from below by a constant value.
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Claim 28.3 Under the assumption that by — a1 < %,

minye(e ) [9'W) o
T max.c)q g'(2)] 8
Proof By assumption, at mi + 4, % =0.
> glaj — (m1+6)) — g(bj — (m1 +6)) =0
j=1

Since g is decreasing and symmetric, the sign of g(a; —(m1+6))—g(b; —(m1+6)) depends on
whether m; +4 is closer to a; or bj. Suppose this term is negative for j = 1, ..., k and positive
for j = k+1,...,n. Additionally, assume that § < §; since by —a; < §, mi+6 < a1+ 5+ §
(Recall that m is defined as the median of A, so by definition m > a; + «/2). Using this,
we can assume that agpy; < m.

Again, since g is decreasing, g(a; — x) — g(bj — ) > (bj — a;) minye(q, 5,1 19'(y — ).

> gla; = (m1+0)) —glby — (m1+08)) = Y (b —ay) min l9'(y — (m1 + )]
j=k+1 j=k+1 y€[ay,bs]

O e —
ng[lgl]!g(y (my + )|

[0
> — min |¢'(y
2%[%7”! ()]

For j =1...k, g(a; — (m1 +6)) — g(b; — (m1 +6)) <O0.

k
> g(bj — (m1+6)) — glaj — (m1+8)) < g(by — (ma + 6)) — glar — (m1 +9))
j=1

< (Jax = (ma +8)| = o — (my + ) ma. 1o (2)

< (2(m1 + 0) — b, — a1)) max |g'(2)|
z€[0,1]

Recall that since % = 0, we have:

n

k
> _9lbj = (m1+0)) = glaj = (m1+6)) = Y glaj — (m1 +3)) = g(bj — (m1 + )
J=1 j=k+1

Combining the two equations above:
. e
(2(m1 +6) — by — a1)) max |g'(z)| > min |g'(y)|
2€[0,1] e[, 1] 2
Therefore, ¢ is bounded:

mingers 1) [9' W) o a1+ b
T max,ciq) |9'(2)] 4 2

—m
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Since by > by, the midpoint of a; and by is greater than m;. Combining this fact with
the earlier assumption that § < g, we have

minye(s 1) [9'(y)]|

T max,eo1 |9'(2)]

™| R

This implies that in the case where b; — a; < %, the change in m,, — my is bounded
below by a constant value. A symmetric argument applies if b, — a, < §. Since m, —my
decreases at each step, the process must converge to a single interval in finite steps.

|

This theorem indicates that the speed of convergence depends on the function g and the
size of Ag (a). This process converges to a fixed point in at most

0 maxjo 1] g’ ()]
mina 1) [¢'(2)]
steps. For example, consider the Gaussian function g(z) = exp(;?x;). We have ¢'(z) =

2 . :
— 25 exp(5az ). The maximum is:

maxlg/ (@) =19/ (7)] = - exp(~1/2

The minimum can occur at either endpoint depending on « and o:

()l ]) = i (2 1o (-1
g (8 ,]¢'(1)]) ~ min (802, 5P (5
Ifa<8 (%), the lower bound on the number of convergence steps is

0 (%ex"(_l/f)) ~ (o)

-2 €Xp (P)

min |¢'(z)| = min
i |9/ (2) (

Otherwise, the bound is
Lexp(—1/2
’ (anpi 2 % 0%)
302 (6

Another example is the inverse square distance g(z) = ﬁ for a value ¢ > 0. We have

g (z) = (6125)2. The maximum occurs at maxqg 1y [¢'(z)| = %\/50*3/2. The minimum occurs

at one of the endpoints:

2
. / — . / /1 ~ : o
%}ﬁ\g ()| = min{|g'(a/8)],]¢'(1)[} ~ min <402+caa (C+1)2)
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Therefore, the lower bound on the number of convergence steps when ¢ is not small is

approximately:
—3/2( .2 1/2
0 (c (e —i—ca)) _0 (c/ —|—c_1/2>
e e

For sufficiently small ¢, this gives:

@) <073/2(c + 1)2> = 0(c73/?)
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