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Abstract

While multitask representation learning has become a popular approach in reinforce-
ment learning (RL) to boost the sample efficiency, the theoretical understanding of
why and how it works is still limited. Most previous analytical works could only
assume that the representation function is already known to the agent or from linear
function class, since analyzing general function class representation encounters
non-trivial technical obstacles such as generalization guarantee, formulation of
confidence bound in abstract function space, etc. However, linear-case analysis
heavily relies on the particularity of linear function class, while real-world practice
usually adopts general non-linear representation functions like neural networks.
This significantly reduces its applicability. In this work, we extend the analysis to
general function class representations. Specifically, we consider an agent playing
M contextual bandits (or MDPs) concurrently and extracting a shared representa-
tion function ¢ from a specific function class ® using our proposed Generalized
Functional Upper Confidence Bound algorithm (GFUCB). We theoretically vali-
date the benefit of multitask representation learning within general function class
for bandits and linear MDP for the first time. Lastly, we conduct experiments to
demonstrate the effectiveness of our algorithm with neural net representation.

1 Introduction

Recently, reinforcement learning (RL) has achieved many successful applications in games [6, 34],
robotics [23], and many other fields. However, due to the large cardinality of state space or action
space in real-world problems, the large sample complexity has been a major problem for employing
these RL algorithms in reality. A popular method called multitask representation learning tries to
tackle this problem by extracting a shared low-dimensional representation function among multiple
related tasks, then using a simple function (e.g., linear) on top of this common representation to solve
each task[4, 7, 24].

Despite the empirical success for multitask representation learning, particularly in reinforcement
learning because of its effectiveness in reducing sample complexity, the theoretical understanding
about it is still limited. A march of works[37, 36, 22, 33, 25, 31, 16, 3, 11, 9, 41, 30] give results
on function approximation in bandits and RL, which permits a representation. In these frameworks,
an agent is considered playing M related tasks concurrently. Each task is a distinct contextual
bandit or linear MDP problem !, and all these M tasks share a common representation ¢ € ® where
® = {¢:S x A RF} is representation function class extracting a k-dimensional representation

! Although the name of linear MDP contains term “linear”, it actually has infinite degrees of freedom because
the representation function ¢ could be general non-linear function.
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vector from state-action pair. Such representation function can reduce the complexity of problem from
a huge space S x A to a simple regression problem in k-dimensional space. The value approximation
function class is defined by F = L o ®, here o means composition and £ means linear function,
which means the value of any state-action pair (s, a) is linear in its representation ¢(s, a).

However, previous analyses either assume & is linear [40], or assume that the agent already knows the
concrete function ¢ [17, 21], which equivalently reduces to learning linear weight parameters. This
limits their applicability, since general non-linear value estimation is ubiquitous and is the essence
for the success of multitask representation learning. For instance, DQN[29] achieves great success by
employing a deep network to approximate Q-value function. Also, assuming the agent already knows
a good representation function is unrealistic in practice. Therefore, we aim to extend the analysis to
unknown general non-linear representation functions. This would not only reveal the more essential
benefit of multitask representation learning, but also inspire and facilitate future practice.

1.1 Our Contribution

The focus of previous works on linear analyses has its own reasons. The particularity of linear
function could circumvent many non-trivial obstacles in analysis, which hinders previous work from
from being applicable to real world scenarios. For instance, the formulation of confidence set in linear
parameter space is simply an ellipsoid, and its update is straightforward via covariance matrix. More
importantly, linear function class generically ensures generalization. The analysis [18, 43, 26, 21]
only requires the samples to span the whole input space to let the covariance matrix converge, then is
able to derive uniform prediction error guarantee for the whole input space. However, generalization
issue is much more complicated for general non-linear scenarios.

In summary, our work embraces following contributions, which solves the challenges for previous
works and extends the analysis for the role of representation function in more general setting.

Eliminate the Dependency on Linearity. Towards general function class analysis, we adopt the
idea of confidence set [32, 17]. The algorithm extends the idea of upper confidence bound and
maintains a confidence set for all the possible value estimation functions. The confidence set contains
all the functions whose total empirical error at step ¢ is less than a predetermined bound ;. As more
seen data reveals more information about the environment, the confidence set will gradually shrink
until converge. Therefore, our algorithm and analysis framework is applicable to general function
class.

Note that designing 3; to achieve low regret for general function class ® is non-trivial. We firstly
determine the concrete UCB form for general function class 5;(®) and propose a straightforward
algorithm called Generalized Functional Upper Confidence Bound (or GFUCB in abbreviation)
for general non-linear function class approximation. We use Eluder dimension[32] to measure the
complexity of the function class ® to give an efficient sample complexity that ensures generalization.

Multihead Function Class. To derive sharp regret bound for our algorithm and theoretically demon-
strate the benefit of multitask representation learning, we firstly introduce multihead function class
F®M which is the key technical contribution of our work. The efficacy of multitask representation
learning essentially originates from the shared knowledge and structure among tasks. Hence it is vital
and necessary to characterize such relation between multiples tasks that the agent simultaneously
learns. However, such structure is absent in previous single task work [39, 32], and it calls for special
techniques to analyze the efficiency for learning these correlated functions.

To this end, we introduce multihead function class, namely F ®M in section 4. This abstract
function space captures the relation between different task functions, which concatenate the val-
ues of (s, a) for all M tasks together as the output. Being more compact by sharing a common
backbone ¢, function in F®M requires much fewer samples to learn compared to M indepen-
dent tasks space F. All the tasks contribute to shape a good representation, then feedback to
each task for faster convergence. We formally prove that our algorithm enjoys regret bound as

0 (\/MT dimpg (F)(ME + log N(@))) , where 7" is the number of steps, M is the number of tasks

and AV (®) means the covering number of function space ®. We also extend the algorithm and analysis
to multitask episodic RL with general value approximation under low inherent Bellman error. By
simultaneously solving M different but correlated MDP tasks, our method is sample-efficient with




regret O (\/MTH dimpg (F)(ME + log N (®) + MTHI2)> where T is the number of episodes,
H is planning horizon and Z denotes the inherent Bellman error.

To the best of our knowledge, this is the first provably sample efficient algorithm for general
representation function bandits and linear MDP. It is comparable to the most optimal regret bound
when @ is specialized to linear representation, and is better than the bounds which solve each task
independently. This also theoretically explains how multitask representation learning reduces sample
complexity. Essentially, the joint training for the shared representation function helps accelerate the
convergence of the common backbone by having more samples from all the tasks.

Empirical Value. Finally, we conduct experiments to verify our theoretical result. We design a
neural network based bandit environment and implement the GFUCB algorithm. Experimental results
corroborate the effect of multitask representation learning in boosting sample efficiency in non-linear
bandits. For the first time, the efficacy of the general representation algorithm proposed in theoretical
analysis is validated in a proof-of-concept experiment.

2 Related Work

In the supervised learning setting, a line of works have been done on multitask learning and repre-
sentation learning with various assumptions [4, 15, 2, 5, 27, 8, 28, 14, 38]. These results assumed
that all tasks share a joint representation function. It is also worth mentioning that [38] gave the
method-of-moments estimator and built the confidence ball for the feature extractor, which inspired
our algorithm for the infinite-action setting.

The benefit of representation learning has been studied in sequential decision-making problems,
especially in RL domains. Arora et al. [3] proved that representation learning could reduce the sample
complexity of imitation learning. D’eramo et al. [11] showed that representation learning could
improve the convergence rate of the value iteration algorithm. Both require a probabilistic assumption
similar to that in [28], and the statistical rates are of similar forms as those in [28]. Following these
works, we study a special class of MDP called Linear MDP. Linear MDP [42, 21] is a popular model
in RL, which uses linear function approximation to generalize large state-action space. [44] extends
the definition to low inherent Bellman error (or IBE in short) MDPs. This model assumes that both
the transition and the reward are near-linear in given features.

Recently, Yang et al. [40] showed multitask representation learning reduces the regret in linear
bandits, using the framework developed by Du et al. [14]. Moreover, some works [17, 26, 21]
proved results on the benefit of multitask representation learning RL with generative model or linear
representation function. However, these works either restrict the representation function class to be
linear, or the representation function is known to agent. This is unrealistic in real world practice,
which limits these works’ meaning.

The most relevant works that need to be mentioned is general function class value approximation
for bandits and MDPs. Russo et al. [32] first proposed the concept of eluder dimension to measure
the complexity of a function class and gave a regret bound for general function bandits using this
dimension. Wang et al. [39] further proved that it can also be adopted in MDP problems. Dong et
al. [12] extended the analysis with sequential Rademacher complexity. Inspired by these works, we
adopt eluder dimension and develop our own analysis. But it should be pointed out that all those
works focus on single task setting, which give a provable bound for just one single MDP or bandit
problem. They lack the insight for why simultaneously dealing with multiple distinct but correlated
tasks is more sample efficient. Our work aim to establish a framework to explain this. By considering
locating the ground truth value function in multihead function space F® (see detailed definition in
section 4), we are able to theoretically explain the main reason for the boost of sample efficiency.
Informally speaking, the shared feature extraction backbone ¢ receives samples from all the tasks,
therefore accelerating the convergence for every single task compare with solving them separately.



3 Preliminaries

3.1 Notations

We use [n] to denote the set {1,2,...,n} and (-, -) to denote the inner product between two vectors.
We use f(z) = O(g(x)) to represent f(z) < C - g(x) holds for any z > x with some C' > 0 and

o > 0. Ignoring the logarithm term, we use f(z) = O(g(z)) .

3.2 Multitask Contextual Bandits

We first study multitask representation learning in contextual bandits. Each task ¢ € [M] is associated
with an unknown function f() € F from certain function class F. At each step ¢ € [T7], the agent is
given a context vector C' ; from certain context space C and a set of actions A; ; selected from certain
action space A for each task 7. The agent needs to choose one action A, ; € A; ;, and then receives
areward as R; ; = f(i)(Ct,i, Ay ;) + i, where 1, ; is the random noise sampled from some i.i.d.
distribution. The agent’s goal is to understand function f(*) and maximize the cumulative reward, or
equivalently, minimize the total regret from all M tasks in T steps defined as below.

Reg(T) € 73 (£O(Cuis A7) = T (Cris Avi))

where A} ; = argmaxaca, ,; f (®) (Cti, A) is the optimal action with respect to context Cy ; in task 4.

3.3 Multitask MDP

Going beyond contextual bandits, we also study how this shared low-dimensional representation could
benefit the sequential decision making problem like Markov Decision Process (MDP). In this work, we
study undiscounted episodic finite horizon MDP problem. Consider an MDP M = (S, A, P,r, H),
where S is the state space, A is the action space, P is the transition dynamics, (-, ) is the reward
function and H is the planning horizon. The agent starts from an initial state s; which can be
either fixed or sampled from a certain distribution, then interacts with environment for H rounds.
In the single task framework, at each round (also called level) h, the agent needs to perform an
action aj, according to a policy function a;, = m,(sp) . Then the agent will receive a reward
Ry, (sh,an) = r(sh, ap) + ni, where 7, again is the noise term. The environment then transits the
state from sy, to sp,41 according to distribution P(+|s, ar ). The estimation for action value function

given following action policy 7 is defined as Q7 (sn, an) = r(sp,arn) + E [Zihﬂ Ry (s¢, wt(st))} ,
and state value function is defined as V7 (sp) = Q% (sp, mr(sn)). Note that there always exists a

deterministic optimal policy 7* for which V™" (s) = max, V;"(s) and Q] (s,a) = max, Q7 (s,a),
we will denote them as V;*(s) and Qj (s, a) for simplicity.

In the multitask setting, the agent gets a batch of states {s h t} 2, simultaneously from M different
MDP tasks { M }M  at each round  in episode ¢, then performs a batch of actions {7} (s i )t) M
for each task ¢ € [M]. Every H rounds form an episode, and the agent will interact with the
environment for totally 7" episodes. The goal for the agent is minimizing the regret defined as

Res(r) = 32311 (62 7 (o).

=11i=1

()

where Vl(i)* is the optimal value of task 7 and s; ; is the initial state for task 7 at episode ¢.

To let representation function play a role, it is assumed that all tasks share the same state space S and
action space .A. Moreover, there exists a representation function ¢ : S x A +— R* such that action
and state value function of all tasks M(?) is always (approximately) linear in this representation.
For example, given a representation function ¢, the action value approximation function at level h
is parametrized by a vector ), € R¥ as Qp,[6, 01] o (¢(s,a),Bp,), similar for Vi[9, 04](s) &
max,(P(s,a), ). We denote all such action value functions as Qp, = {Qr[p,0,] : ¢ € D,0;, €
R*}, also value function approximation space as Vj, = {V;,[¢, 0] : ¢ € ®,0;, € RF}. Each task



M is a linear MDP, which means Qj, is always approximately close under Bellman operator
def
E(Qh-{-l)(& a) = Th(57 a) + ES’NPh(»\s,a) maxg/ Qh-‘rl(slv a/)~

Linear MDP Definition. A finite horizon MDP M = (S, A, P,r, H) is a linear MDP, if there exists
a representation function ¢ : S x A + R¥ and its induced value approximation function class
On, h € [H], such that the inherent Bellman error[44]

d .
In = sup inf  sup  |(Qn — T (Qn+1)) (s,0)],
Qni1€Qnt1 QnECR s€8,acA

is always smaller than some small constant L.

The definition essentially assumes that for any Q-value approximation function Qp+1 € Qn41 at
level h + 1, the Q-value function @, at level h induced by it can always be closely approximated in
class Qy, which assures the accuracy through sequential levels.

3.4 Eluder Dimension

To measure the complexity of a general function class f, we adopt the concept of eluder dimension
[32]. First, define e-dependence and independence.

Definition 1 (e-dependent). An input x is e-dependent on set X = {x1, o, ..., T, } with respect
to function class F, if any pair of functions f, f € F satisfying \/Zﬁzl(f(xl) — f(acz))2 < ealso
satisfies | f(x) — f(z)| < e. Otherwise, we call action x to be e-independent of data set X.

Intuitively, e-dependence captures the exhaustion of interpolation flexibility for function class F.
Given an unknown function f’s value on set X = {x1, x5, ..., x,}, we are able to pin down its value
on some particular input & with only e-scale prediction error.

Definition 2 (e-eluder dimension). The e-eluder dimension dimg (F, €) is the maximum length for
a sequence of inputs T1,Ta,...xq € X, such that for some € > ¢, every element is €' -independent of
its predecessors.

This definition is similar to the definition of the dimensionality of a linear space, which is the
maximum length of a sequence of vectors such that each one is linear independent to its predecessors.
For instance, if F = {f(z) : R? — R, f(z) = 0"z}, we have dimg(F,¢) = O(dlog1/e) since
any d linear independent input’s estimated value can fully describe a linear mapping function. We
also omit the € and use dim g (F) when it only has a logarithm dependent term on e.

4 Main Results for Contextual Bandits

In this section, we will present our theoretical analysis on the proposed GFUCB algorithm for
contextual bandits.

4.1 Assumptions

This section will list the assumptions that we make for our analysis. The main assumption is the
existence of a shared feature extraction function from class ® = {¢ : C x A ~+ RF} that any task’s
value function is linear in this ¢.

Assumption 1.1 (Shared Space and Representation) All the tasks share the same context space
C and action space A. Also, there exists a shared representation function ¢ € ® and a set of
k-dimensional parameters {0;}M | such that each f* has the form f(-,-) = (¢(-,), ;).
Following standard regularization assumptions for bandits [17, 40], we make assumptions on noise
distribution and function parameters.

Assumption 1.2 (Conditional Sub-Gaussian Noise) Denote H,; = o(C1,i, A1,i,...,Cri, Ars)
to be the o-field summarizing the history information available before reward Ry ; is observed
for every task i € [M]. We have n; is sampled from a 1-Sub-Gaussian distribution, namely

E [exp(Ane,i) | Hei] < exp (%) forvA e R



Assumption 1.3 (Bounded-Norm Feature and Parameter) We assume that the parameter 0; and
the feature vector for any context-action pair (C, A) € C x A is constant bounded for each task

i € [M), namely ||| < Vk forVi € [M] and ||p(C, A)||2 < 1forVC € C, A € A.

Apart from these assumptions, we add assumption to measure and constrain the complexity of value
approximation function class 7 = L o ®.

Assumption 1.4 (Bounded Eluder Dimension). We assume that function class F has bounded
Eluder dimension d, which means for any €, dimg(F, €) = O(d).

4.2 Algorithm Details

Algorithm 1 Generalized Functional UCB Algorithm

1: forstept:1 — T do
Compute F; according to (x)
Receive contexts C; ; and action sets A, ;, i € [M]

2
3
IVl
4 fi, A = argmaxpcr, Aj€A, D it FO(Criy Ay)
5
6:

Play A, ; for task i, and get reward R, ; for i € [M].
end for

The details of the algorithm is in Algorithm 1. Ateach step ¢, the algorithm first solves the optimization
problem below to get the empirically optimal solution f; that best predicts the rewards for context-
input pairs seen so far.

M t—1

f; + argmin Z Z (f(i)(Ck,i, Api) — le’)Q

feFeM iy k2

Here we abuse the notation of F&M as F&M = {f = (fMO, ... M) fO () = ¢()Tw; € F}
to denote the M-head prediction version of F, parametrized by a shared representation function ¢(-)
and a weight matrix W = [wy, ..., wy] € RF*M_ We use f to denote the iy, head of function f
which specially serves for task .

After obtaining ft, we maintain a functional confidence set 7; C F®M for possible value approxi-
mation functions

R {f e PN f— g} <puliO@l<LvmecxAie [M]} )

2

Here, for the sake of simplicity, we use ’

5 M i1 (3 . 2
=1, = T A (A @) - £ (@)
to denote the empirical 2-norm of function f, — f = (ft(l) —fO L FA f(M)). Basically,

(%) contains all the functions in F®M whose value estimation differencg on all collected context-
action pairs zy, ; = (C 4, Ak ;) compared with empirical loss minimizer f; does not exceed a preset
parameter 3;. We show that with high probability, the real value function fy is always contained
in F; when 3 is carefully chosen as O(Mk + log (N (®, a, || - ||oo)), Where N'(F, a, || - ||oo) is the
a-covering number of function class @ in the sup-norm ||¢||sc = maxzecsxa [|¢(x)]|2 and « is set
to be a small number as ﬁ (see detailed definition and proof in Lemma 1).

For the action choice, our algorithm follows OFUL, which estimates each action value with the
most optimistic function value in our confidence set F;, and chooses the action whose optimistic
value estimation is the highest. In the multitask setting, we choose one action from each task to
form an action tuple (A, As, ..., Apr) such that the summation of the optimistic value estimation

M FO(Cya, Ay) is maximized by some function f € F;.

Intractability. Some may have concerns on the intractability of building the confidence set (x) and

solving the optimization problem to get ft, ft, Az ;. The solution comes as two folds. From the
theoretical perspective, since the focus of problem is sample complexity rather than computational



complexity, a computational oracle can simply be assumed to give the solution of the optimization.
This is the common practice for theoretical works [20, 35, 1, 19] in order to focus on the sample
complexity analysis. From empirical perspective, there are great chances to optimize it with gradient
methods. For example, solving ft is a standard empirical risk minimization problem, and can be effec-
tively solved with gradient methods [13]. As for f; and A, ;, note that it is not necessary to explicitly
build the confidence set F; by listing all the candidates. The approximation algorithm just need to
search within the confidence set via gradient method to optimize objective Zf\il f@® (Cti,Ai). The

start point is f;, and the algorithm knows that it approaches the border of F; when || f; — f 3.,
approaches (3;. The details of implementation are in section 6.

Mechanism. GFUCB algorithm solves the exploration problem in an implicit way. For a context-
action pair & = (C, A) in task ¢ which has not been fully understood and explored yet, the possible
value estimation f(*)(z) will vary in large range with regard to constraint || f — f;||2 g, < B¢ This
is because within F; there are many possible function value on this 2 while agreeing on all past
context-action pairs’ value. Therefore, the optimistic value f(*) (x) will become high by getting
a significant implicit bonus, encouraging the agent to try such action A under context C', which
achieves natural exploration.

The reduction of sample complexity is achieved through joint training for function ¢. If we solve
these tasks independently, the confidence set width 3 is at scale M log (N (®, «, || - ||)) because it
needs to cover M representation function space respectively. By involving ¢ in the prediction for all
tasks, our algorithm reduces the size of confidence set by M times, since now the samples from all
the tasks can contribute to learn the representation ¢. Usually log (N (®, o, || - ||s)) is much greater
than k and M, hence our confidence set shrinks at a much faster speed. This explains how GFUCB
achieves lower regret, since the sub-optimality at each step ¢ is proportional to the confidence set
width ; when real value function fy € F;.

4.3 Regret Bound

Based on the assumptions above, we have the regret guarantee as below.

Theorem 1. Based on assumption 1.1 to 1.4, denote the cumulative regret in T steps as Reg(T),
with probability at least 1 — § we have Reg(T) = O (\/MdT(Mk +log N(®, ar, || - ||Oo))) .

Here, d := dimg (F, ar) is the Eluder dimension for value approximation function class F = L o ®,
and a is discretization scale which only appears in logarithm term thus omitted. The detailed proof
is left in appendix.

To the best of knowledge, this is the first regret bound for general function class representation
learning in contextual bandits. To get a sense of its sharpness, note that when ® is specialized as

linear function class as ® = {¢(z) = Bz, B € R¥*¢}, we have log N (®, ar, || - «) = O(dk) and
dimg(F) = d, then our bound is reduced to O(M v/ dTk + dv MTk), which is the same optimal as
the current best provable regret bound for linear representation class bandits in [17].

5 Main Results for MDP

5.1 Assumptions

For multitask Linear MDP setting, we adopt Assumption 3 from [17] which generalizes the inherent
Bellman error [44] to multitask setting.
Assumption 2.1 (Low IBE for multitask) Define multi-task IBE is defined as

! def sup inf sup ’(QS) — 7;l(i) (QS}FJ) (s, a)‘ )

@) M @\ M s€S,acAie[M
{Q’l7+1}i:1egh+l {Qh }izlegh (M}

We have T sup, I is small for all Qy, h € [H.

Assumption 2.1 generalize low IBE to multitask setting. It assumes that for every task i € [M], its
Q-value function space is always close under Bellman operator.



Assumption 2.2 (Parameter Regularization) We assume that
e [|[¢(s,a)]| <1, 0<Qf(s,a) <1forV(s,a) € S x A h € [H],Vr.
* There exists a constant D such that for any h € [H| and 053), it holds that ||0§f) Il < D.

@ M (i) def ()
» For any fixed {Qh+1} » € Qny1, the random noise z;° = R;’(s,a) +
max, Qg_l (s',a) — (Qh+1> (s, a) is bounded in [—1,1] and is always independent

to all other random varlablesfor Y(s,a) € S x A, h € [H],i € [M].

These assumptions are widely adopted in linear MDP analytical works [44, 17, 26], which regularizes
the parameter, feature, and noise scale. Again we add bounded Eluder dimension constraint for the
Q-value estimation class.

Assumption 2.3 (Bounded Eluder Dimension). We assume that function class Qy, has bounded
Eluder dimension d for any h € [H).

5.2 Algorithm Details

Algorithm 2 multitask Linear MDP Algorithm
1: for episode ¢t : 1 — T do
2 QY. =0,ie M)

33 forh:H —1do
4: éh,t, é;,l)f < solving (1)
i ; A (i i
i Q) () = Fne() T8, V() = max, Q4 ()
6: end for
7. forh:1— Hdo
8: Compute Fj, ; according to Lemma 4
9: Receive states {sé)t} ot aé)t = argmax;cz, , a(neA ZZ L@ ( (i)t a(i))
_ =1
10: Play a;i)t and get reward Rhi for task i € [M].
11:  end for
12: end for

The algorithm for multitask linear MDP is similar to contextual bandits as above. The optimization
problem in line 4 of Algorithm 2 is finding the empirically best solution for Q-value estimation at
level h in episode t as below

Gni,Ony < argmin  L(¢,0) )
$e®,0=[01),....0(M)]
st. |69 < D,Vie [M]
0 < ¢(s,a) 0; <1,9(s,a) € S x A,i € [M],

where £(¢, ©) is the empirical loss function defined as

ZZ ( (sh],ahj)TH(i) - REZ)] - Vh(i)l ( gﬁ,—lg))z

=1 j=1

The framework of our work resembles LSVI [21] and [26] which learns the Q-value estimation in a
reverse order, at each level h, the algorithm uses just-learned value estimation function V}41 to build

the regression target value as RELL)] + V}EQ1 (553-1 ]> and find empirically best estimation f}(bli =

1 oAl C . . L. .
qbZtOEl’)t for each task ¢ € [M]. The optimistic value estimation of each action is again searched

within confidence set F, ; which centered at f}, ; and shrinks as the constraint || f — f5..||3 B, < Bt
becomes increasingly tighter. Note that the contextual bandit problem can be regarded as a 1-horizon
MDP problem without transition dynamics, and our framework at each level h is indeed a copy of
procedures in Algorithm 1.



5.3 Regret Bound

Based on assumptions 2.1 to 2.3, we prove that our algorithm enjoys a regret bound guaranteed by
the following theorem. Detailed proof is left in appendix.

Theorem 2. Based on assumption 2.1 to 2.3, denote the cumulative regret in T episodes as Reg(T),
we have the following regret bound for Reg(T) holds with probability at least 1 — 0 for Algorithm 2

O (MH\/Tdk + H\/MTdlog N (®,a) + MHTIx/&) :

where o is discretization scale smaller than kM%

Remark. Compared with naively executing single task general value function approximation al-
gorithm [39] for M tasks, whose regret bound is O(M Hd/T log N'(®)), to achieve same aver-
age regret, our algorithm outperforms this naive algorithm with a boost of sample efficiency by
O(Md). This benefit mainly attributes to learning in function space F&M = £M o & instead of
FM = (L o ®)M, the former is more compact and requires much less samples to learn.

6 Experiments

To validate our theoretical findings, we conduct experiments on a non-linear neural network bandits.
Note that it is a proof-of-concept experiment. Our main purpose is to realize the GFUCB algorithm
and check its efficacy but not to beat sophisticated real-world algorithms. The point to demonstrate is
that sample efficiency of GFUCB is scalable to the number of tasks and better than naive exploration.

6.1 Task Design

To test the efficacy of our algorithm, we use the MNIST dataset [10] to build a bandit problem that
involves non-linear value approximation. The reward function of the bandit environment maps the
same digit into the same base reward 73, which ranges from O to 1, plus a noise 7, sampled from a
zero-mean Gaussian with a standard deviation of 0.01. At every round, each task will present the
agent a context C consists of K different digit images and ask the agent to take action as an integer
j € [K] meaning which image to choose, then return the reward according to the agent’s choice.

For the multitask setting, we construct M different tasks using different digit-to-reward mappings
0; :{0,...,9} — [0,1],7 € [M], where o;(k) will give a unique reward for all images of digit & in
task 4. Different tasks have different reward mapping function o;(-). By designing the environment
this way, it requires to learn a common representation ¢ to recognize digits for different tasks.

6.2 Implementation Details

We use a simple CNN as our feature extraction function ¢, which takes a digit image as input and
outputs a 10-dimensional normalized vector as representation. It consists of two 3x3 convolution
layers and two fully-connected layers, followed by ReLU activation and a normalization procedure.

The biggest challenge for implementation is how to solve a complex optimization problem in general
functional space. In principle, finding parameters for a neural network to achieve the (near) minimal
empirical error is an NP-Hard problem. To solve this issue, we use a gradient-based method to
approximately find a local-optimal solution. For finding the empirically best ft, we use Adam with
lr = 1e — 3 to train for sufficiently long steps; in our setting, it is set to be 200 epochs at every step ¢,
to ensure that the training loss is sufficiently low.

The next major challenge is estimating the optimistic value for each action within the abstract function
set F;. To tackle this problem, we enumerate all possible action tuples {A;}}, and then solve the
equivalent optimization below to compute its optimistic estimated value

M

(@) AL _ 4
?é%_zii:1f (Ct,zaAz) s.1. Hf ft

2

< Br.

2,E,

Still, this is a complicated optimization problem within an abstract function set. Inspired by the
Lagrangian operator, we transform it into an unconstrained optimization problem minimizing loss



function 4(f) = — Zf\il FO(A;) + X - max(0, || f; — f1I3,5, — Bt), where X is a hyperparameter to
be determined, in our algorithm we set it to be A = 30 by empirical search. Also B; = alog(b-t+¢)
is an approximation for 3; since 3; includes N'(®, o) which is intractable to be exactly computed,
we found (a, b, c) = (0.4, 0.5, 2) to be a good parameter of UCB in single task. We use SGD with a

small learning rate (5e¢ — 4) to finetune the model f; for 200 iterations to optimize ¢( f).

The basic intuition is that, through optimizing £(f), the algorithm will try to maximize function
value Zf\il F(A;). And as long as f satisfies || f; — f||§Ef < By, such constraint will not appear
in the loss term, thus has no effect on optimization. When f comes to the border of F;, where
Ifi—f |13, , approaches By, the second term adds regularization term to the loss as punishment,

preserving || f; — f 3., at a near-constant level around B;. So we can approximately simulate the

optimistic value estimating procedure via searching in the neighborhood of ft.

6.3 Connection to Algorithm 1

The main difference between our practical version algorithm and the theoretical one is that we did not
list out all the functions in the whole confidence set F; explicitly, but just use gradient-based method
to implicitly search within a very small fraction of JF; with heuristics. Getting a candidate within the
confidence set is much easier and tractable than rigorously exhausting all functions in J; to optimize.

We can start from the parameter of ft and use gradient method to approximately find f; and A ;.

Another difference is we do not rigorous compute 3; which involves A/ (®), but directly determine a
parametrized function form. Rigorously speaking, our tuned value of /3; is much smaller than the the-
oretical guaranteed ones, so all the candidate functions that we search along the trajectory of gradient
method still satisfy the theoretical requirement (but it may omit many other potential candidates).
Therefore, our practical version algorithm should be regarded as an inaccurate approximation to the
theoretical algorithm. Moreover, it also plays a role as regularization to enable the convergence of F;

since we only consider regular ones in the neighborhood of ft.

6.4 Results

We test the performance of our algorithm against a naive 50/ —_ soeaied tnsion oreedy 1 task /
eps-greedy baseline that solves each task independently by I Sue s

training the same CNN value prediction module. We show | — GFUCB 10 tasks

our results with number of tasks M = 1,5, 10 in Figure

1. Firstly, we randomly generate 10 different digit-value
mapping functions o;(+),7 = 1, ..., 10. The total 10 tasks
are divided into 10/M groups; each group forms a M-task
problem and is solved by an individual copy of some al-
gorithm. At each step ¢, the cumulative regret from all 10
tasks is averaged to estimate the method’s performance. o}

Our result in Figure 1 verified that the multitask training 0 1o 2000 30, 00 00 oo
does accelerate learning, which empirically validates our  Figure 1: Cumulative regret over steps
theoretical analysis. The multitask training utilizes the for M = 1,5, 10.

samples from all M tasks to jointly learn a good represen-

tation ¢, which significantly accelerates the learning procedure of the CNN backbone. Also, the
improvement in GFUCB algorithm’s performance with M = 1 validates the effect of our finetune
procedure for getting a bonus. Detailed dissection and discussion are left in appendix.

N w B
o <} =)

Cumulative Regret

=
o

7 Conclusion

In this work, we extend the analysis of the benefit of multitask representation learning from linear
representation class to general function class. We propose a straightforward algorithm that can
utilize samples from all the tasks to jointly train a representation function, which is demonstrated
theoretically and empirically to accelerate the sample efficiency and outperform naively single-task
learning. Also, we extend the analysis to the MDP setting and show that the benefit of multitask
representation learning is similar. Furthermore, our experimental result reveals that our proposed
algorithm is also effective in practice even for highly non-linear neural network representations.
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A Bandit Regret Bound Analysis

A.1 Algorithm Procedure

At each round s € [t], after performing a list of actions {A; ; }2, with respect to corresponding
context vectors {Cs;}M |, the agent receives a list of rewards v ; associated with input x,; =
(Cs,i, Ag i) for i € [M]. Note that we will use f(Cy, A;) or f(x) where x, = (Cy, A;) in different
contexts. The algorithm first solves the following regression problem to obtain the empirical minimizer
function f;(-) = ét(-)Tﬁ\/t based on samples collected.

M
by W, = i (X ) Tw |
W WL g e e

st Jo(x)Tw| <1, Vie[M],zecCxA

Here, X1, = [®14, @2, .., T,—1,] is the selected context-action pair for task ¢ in the first ¢ — 1
rounds, and Y1, = [Rii,Royy. .-, Rt,l}i]T € R*~! stacks all the received reward into a vector

accordingly. We use ¢(X) to compactly represent feeding each column x; of X into ¢(-) and get
concatenated output as [p(x1), p(@2), ..., P(xi—1)].

After obtaining the best empirical estimator function ft(z)() = ¢y(-)Ta,,; at round ¢ € [T7] for
each ¢ € [M], we maintain a function confidence set ; C F @M for representation function and
parameters.

A 2 i
7 {f eFM | fi—gl|, <BulrV@)I<LvzecxAie [M1} )

Here we abuse the notation of F&M as FOM = {f = (fO . fOD): i) = ¢(-)Tw; € F}
to denote the M-head prediction version of F, parametrized by a shared representation function ¢(-)
and a weight matrix W = [wq, ..., wy]| € RF*M  We use f(i) to denote the 74, head of function
f. For the sake of simplicity, we use

2

M t—1
. e , 2
f=1], =3 (F @) - 9 @)
T =1 s=1
to denote the empirical 2-norm of function ft —f= ( At(l) —fO At(M) — fM )). Another

important hyperparameter for our algorithm is the confidence set width term 3;, which is a function
of representation function class @, probability § and discretization scale parameter c.

By(®, a, 8) = 12Mk + 121og (N (®, o, || - [|o0)/8) + S/ Mtk(Mt + log(2M#2/5))

here N (F,a, || - |loo) is the a-covering number of function class @ in the sup-norm ||@]lcc =
maxXgcsxA ||o(x)]|2 (see detailed definition in Lemma 1) and « can be set to be some small scale

number, like BT

A.2 Main Proof sketch

In this section we will give a theoretical guarantee for the performance of our algorithm. Before
diving into details, we first explain the overall idea and structure of our proof. First, we decompose
the regret into the summation of confidence set width at different rounds plus a small term which
accounts for the possibility that confidence function set F; fails to contain ground truth function fy.

Lemma 0. Fix any sequence of confidence set { F, t € N} which is measurable with respect to history
Hy, denote the induced policy by Algorithm I as ™ = {m;}M | where each m; : C — A,i € [M] is
for task i, then for any T € N we have

M T
Regret(T) = 3 > £ (af,) = £§)(@e) < D [wr, (Xe) +C - 1(fs & Fr)]
=1 t=1 t=1
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where x;; = (C.;,mi(Cy;)) is the context-action pair that actually happened. Ay, =
arg max fe(z)(Ct,i,A) is the optimal action for each task ¢ € [M] at round ¢t € [T], and
x;; = (Ct,i, A7 ;) is the corresponding optimal context-action pair, C' is a universal large enough con-
stant. We use X; = [ 1, ..., @ v to stack &, ; into a matrix, similar for X} = [®F 15X )
The confidence set width wz, (X ;) is defined by

M .
wr (X = sp Y[
fife€Ft i=1

(@) — [ (@)

Essentially, it measures the largest total difference of value estimation among all the functions in
f € F; for the fixed inputs @, ; where i € [M]. Apart from the constant term accounting for the
case that F; fails to contain fp, which we will prove happen with small probability, this regret is then
bounded by the sum of width over time step .

Next, we will show that our construction of confidence set F; makes all of them contain real value
function with high probability.
Lemma 1. For all § € (0,1) and o > 0, if F; is defined by F; = {f € FEM . ||f = fllo.s, <

VBie(®,6,)} forall t € N, where f is the solution to the empirical error minimization. Denote the
ground truth value function as fy(-), then we have

T
P(fgeﬂ]-}> >1— 2.

t=1
After that, we prove that

Lemma 2.

T
>t (X0 > < (7 41) ding(7,0

€
t=1

Then plug it into lemma 0, we get our main result for the regret bound as

1
Reg(m, T) < = + min {dimp(F, ar), T} + 4y/M dimp(F, ar)BrT (1)

Usually a7 is set to be a small number like kM%, or the minimizer for 87 (®, «, §). We know that

dimg (F, ar) is a poly-logarithmic function of 7', which means the final regret bound is dominant
by term \/ M dimg(F, ar)BrT when T' — oo. This further becomes
VMT (Mk +1log (N (@, (kMT) =1, || - lo0))) dimp (F, (kMT) 1) )

For example, if ® is specialized as linear function class parametrized by matrix @ € R%**  then
log (N(®, (kMT)~1, || - o)) = O(kdlog(kMT)) and dimp(F, (kMT)~") = O(dlog(kMT)),
hence the regret bound becomes

O(vV/MT(Mk + kd)dlog(kMT)) = O(M~%kdT + dvVMKET)

which reduces to result in [17] by a poly-logarithm factor.

A.3 Detailed Proof
Proof of Lemma 0. Define the upper and lower bounds U (X ;) = sup {Zf\il fO(xyy) : fe€ ]-"t}
and L;(X) = inf {Zi\il fO(zyy) : fe ft}.

If fo & F%, then the error will be bounded by a large constant C since all f(x) is constant bounded.
Otherwise fy € F;, we have

M
LX) <Y £ (@) < Ud(X)
i=1
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Z(l) xy;) < U(X7)

where X; and X7 is defined in lemma 0. Also, by the optimality of X ; with respect to F;, we know
U (X7) < U(X4), therefore

M

S [0 @) — 587 @] <C-Ufo & F)+ UAXT) - LX)

i=1

S

=C-1(fs & Fi) + Z [U(X7) = Up(Xy) + Uy (Xy) — Lyi(X,)]

=1

C-Ufo & Fy)+ Z [Us(X¢) — L (X )]
=C-1(fo & F1) + wr,(X+)

Take summation over ¢ € [T'] and complete the proof. O

Lemma 1. For all 6 € (0,1) and o« > 0O, if F is defined by F; =

{f € FOM |\ f = fllo.e, < /Bi(@, (5,&)} forall t € N, where f is the solution to the empir-
ical error minimization. Denote the ground truth value function as fy, then we have

T
P(fgeﬂ]-}> >1—26.

t=1

Proof of Lemma 1. Denote Lo +(f) = S0 S |fO (@) — s> and f; = f; — fo, we have

A Mot ) , )
LZ,t(f L2 t f0 = Z Z ft T z —Ys,i| — ‘f@ )(ms,i) — Ys,i 3)
i=1 s=1
Mot ' 9
=SON A @) = £ (@) = 1| — 12 @)
=1 s=1
. 2 Mot 00)
==, ,. - >3 2 i) 5)
By the optimality of f , we know (5) < 0, hence

; 2 o (i)

I > (m0i0 F(X00)) ©)
here ft(i)(Xm) = [f (a:l i) ft (11,'2,2‘), ce ~t(i)(sct7l)] and 1, ; = 11,6, 72,6 - - -, Mei] | are both
in R*. We can represent each function f\"(-) in form f*( { } [ u:{;i ] =

— Wi
¢>*( )

¢*(-)Tw;, — é+(-) T, 4, which is exactly fo — f;. Denote ¢;(-) = [ } € &% and w;; =

oe(0)

* ~ ~
[ lfg’i ] € R?%, then ft(l)(') = ¢(-) "w; ;. Since the output of qﬁt(mm) € R?*, we can take
—Wy

following decomposition for each i € [M]

~ ~ t ~
G(Xii) = [dulwes)| . H(X)T =UQi, Uie 0", Q, e R,
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For regret bound, we only need to care about ¢ > 2k by a constant regret difference, hence this
decomposition is possible. Plug it into (6) and we get

M
1« 2 (i
|7 s, =X (ma B0 (X)) ™
=1
M )
:ZTIL : ¢)t(Xt,z‘)Tﬁ)t,z‘ (8)
i=1
M
:Zn; UiQwy )
i=1

Notice that, however, U; is obtained from optimization problem, which further depends on concrete
sampled noise 7, ;, hence the concentration bound based on i.i.d. assumption cannot be applied
directly. If we fix function f; = f;, which induces corresponding ¢;(-) and ¢,(X ;) = U:(¢)Q;,
U;(¢) means U; is a function determined by ¢. According to standard sub-exponential random
variable concentration bound, each U ;(¢) has 2k independent degrees of freedom, hence we know
that with probability at least 1 — &

M
ST mil1? < 20k + log(1/01) (10)
i=1

Denote 2 = {g(z) = [p1(x) ", po(x) "] : ¢1, P2 € @}, ®2 is an a-cover of ®? such that for any

¢ € ®?, there is a ¢, € P2 such that

max ||¢(x) — ¢a(@)|2 < a. (1D)

xzeCx A
For ¢~>, find a closest ¢ € ®2 from a-cover net to satisfy the requirement above, then denote
:t(z) () = o) "Wy By union bound, we know that with probability at least 1 — |®2 |61, for any
¢ € ®2, the induced U, (¢) satisfy inequality (10), therefore

M
Ls 2 7(0)
sl s, . <> (mesn £ (X0)) (12)
M M _ B
=> 0l UiQuvy; =Y n,- (Ui —U; +U;)Q,y,; (13)
=1 i=1
M M
=> "0l UQuiwr;i + Y ;- (Ui — U) Qi (14)
=1 i=1
Mo 9 M , M o
<\ S |oin] [ el + 3 (n - ) (15)
=1 =1 i=1
M T 2 M M
i o o
< Z U,nuil - Z |U:Q;twy i||” + Z <nt,i7 fi — ft> (16)
i=1 =1 =1
Mo 2 M o
= Z Uini| - HfH2E +Z<Tlt,iaft_ft> 17
i=1 =1

<V2Mk+log(1/3) - | 7]| , + fnm,in?'] (s)
o i=1

fo— 1
2,E

It

The first term of (18) comes from (10), and the second term is from Cauchy inequality. We assign
0y = ‘%2 failure probability for event
M
wit > |Imgl* > Mt + log(2Mt/5,).
i=1
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By union bound, we have

M T
P (Elt €M) lmell* > Mt + 1og(2Mt2/52)> <) 6 <6 (19)
t=1

i=1

Next we will give a bound for || f; — fi]|2.,.

2

fi—Fi (20)

2 M t ~ B
=3 D |bul@ea) s — Gl i) s
2B, -
i=1 s=1

Mot B 2

=30 |G(@es) = Gel@s)) o,
i=1 s=1
Mt

<22

i=1 s=1

21

¢’t (ms,i) - Q_bt ($s,i)

2 ~ 2
-l 22)

According to our assumption, we know ||, ;||* < 2||ws ;|2 + 2||s i ||* < 4k, from (11) we know

[EXCIEAC]

< «, hence
2

fi—fi <4AMtka? (23)

Plug (19) and (23) back into (18), we know with probability at least 1 — 6 — |®2 |5y, for any t € N

2
2,E,

2

fi fe

<\/2MF + log(1/5,) - ‘

op T VMt +10g(2M1t2/8,) - VaMtka?  (24)

1
2 2,F; ,
Some simple algebraic transform gives

2

- f . < 6(2ME 4 1og(1/681)) + 8o/ Mtk(Mt + log(2Mt2/65))  (25)

fo *feH

2,E,

Let 6; = 6/|®2|,62 = &, and notice log |®2| < 2log (N(®,, | - [l )), we conclude that with
probability at least 1 — 24, forevery t € N

ft — fOHZ.E < 12Mk + 121log (N (D, , || * [|s0)/9) +8a\/Mtk(Mt+log(2Mt2/6)) (26)

where the right handside is exactly our defined /3;(®, c, §), hence our conclusion holds. O]

Lemma 2. [If (Bt > 0 | t € N) is a nondecreasing sequence and F; :=
{f € FOM . \f = fES o, < \/E} Also, denote F = Lo ® : C x A [0,1], we have

T
> 1w (X0 > 9 < (24

t=1

+ 1> dlmE(f, 6)

Proof. The main structure of this proof is similar to proposition 3, section C in Eluder dimension’s
paper, and we will only point out the subtle details that makes the difference. We will show
that if wr, (X;) > €, then X is e-dependent on fewer than 4M 51/ €2 disjoint subsequences of

(X1,...,X;_1). Note that if wr,(X;) > e, there are f, f € F; such that Zf\il f(i)(mm) -

i(i) (@1,;) > e. By definition, if X, is e-dependent on a subsequence (X, Xy,,..., Xy, ) of
(X1,...,X:_1), then we know

k /M } 2
> (Z @0 - f<’><xtwi)> o
i=1

J=1
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It follows that, if X, is e-dependent on K disjoint subsequences of (X1, ..., X;_1), then

t M
7~ 1B =33 (F @) - 19 @) @
s=1i=1
RV E et @ i .
23 2 <;f (xss) — f (ac”)> (Cauchy Inequality)
Ke?
>=r (28)
By triangle inequality we have
<NF = FE5 s, + WFES = fllom < 2V/B0 < 24/ (29)

and it follows that K < 4M fr /€.

Notice that essentially we are analyzing scalar output function g(X;) = ZM f@(x;;) where

f € F®M_ Hence if we denote any f € FM as f(-) = ¢(-)T©, then g(-) = ¢(-) Tw € F,w =
© - 1. Hence from original eluder dimension paper we know in any action sequence (X1, ..., X ),
there must exist some element X ; that is e-dependent on at least 7/d — 1 disjoint subsequences
of (X1,...,X,), where d := dlmE(}" €). Finally we select X 1,..., X ; as those actions that
wz, > €, combine these two facts above and get 7/d — 1 < 4M 7 /€. Hence 7 < (4MpBr/e? +1)d,
which is our desired conclusion.

B Linear MDP Regret Analysis

Apart from the notations section 3, we add more symbols for the regret analysis. We use Q[f] or
Qo o 0] to denote the Q-value function parametrized by function f as Q[f](s,a) = f(s,a) or
Q[p 0 0](s,a) = ¢(s,a) " O (similar for V[f] as state’s value estimation function). Also, based on

N M .
assumption 2.1, for any {QS}FI} , there always exists f1, [Qn11] € F®M such that
i=1

AP QM) () = T (@) (s.0) = 47 (s0) (30)

where the approximation error HA;? ( N +1> H < I forV i € [M]. Here f,[Qn41] indicates that

function fh has dependence on Q-value function (5,1 on next level h + 1. In following analysis, we
will use different annotations for different function approximation as below

}(Li)* () =o*(, ~)T0§f )* is the “best” Q-value function approximation in Q, for task ¢ at
level h.

. f}(j) () = (ﬁ(7 -)Téi is the empirical least-square minimizer solution for task ¢ at level h.

(’)( ) = ¢( )TH is the value approximation function T(Z)Qgil induced by Q&_l for
task i at level h

. fhz (-,-) = ¢(-,-) " 8, is the optimism Q-value approximation function for task 7 at level h.
. ff(bz) (-,-) = ¢(-,-) T @; is the nearest neighbor in covering set for task i at level h.

B.1 Main Proof sketch

The overall structure is similar to bandits, the main difference here is that we need to take care of the
transition dynamics.
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Firstly, we decompose the total regret into following terms

T M ,
Reg(1) = >~ (V" - v) (o) GD)

P o
=33 (VO v [F0]) (s0) + o3 (v [AY] - vi) (51) 62
t=1 =1 t=1 i=1
< ii (v [A2] - v (s89) + mmT. (33)

W
Il
-
-
I
-

The inequality is because according to lemma 3, we have at each episode ¢ € [T]

i (Vf* v [”{QD (s(l“t) <MHT

i=1
T M
— vir v FON) (s8) <MHTT.
535 (ot 1) ()
Denote a}i)t = m (sﬁft) , QS)[N}(LQ] = Q;l)t and V,([fU ] = h(t) for short. We have for any
te[T),he[H]
Mo _ Mo
ST (70 i) (40) =35 (0 - @3t) (6% of2) o
i=1 i=1
M

(35)

Since the failure event Uthl UhH:1 E}¢ only happens with probability § according to lemma 6, and
the addition of regret when it happens is constant bounded, we will simply assume that it does not
happen. Then applying lemma 5, we have

M
S (A0 TG (10 afly) < MI+ 2wz, (@ha). (36)
i=1

(55% ), ag\f) )} denotes the stacked input for all state-action pair at

where x5, ; = [(sﬁl 2 aﬁL 2)
level h, episode ¢.
Next, we expand the second summation in (35) and have

f: (ﬁi)QEziil,t - ht) (52),5, a%) _iEswpfﬁ( 156, al?, ) {(fo-gu Vfﬁl) (3/)] 37
; —

(Vi) () s 306w
=1 =1

where ¢ }(f% is a martingale difference with respect to history #j, ; defined by

S

i) def (i ml ~ (i i
< Es’~73,<f)(- o, a7 [(‘/}f-&-)l,t - Vhil) (8')} - (Vh(+)1,f, - Vhll) (s") 39)

hot' Ot

According to assumption 2.2 we know that |¢ }(fi\ < 4, hence by Azuma-Hoeffding’s inequality, we
know that with probability at least 1 — 6/2, for any ¢ € [T'] and i € [M]

t
: 2T
3¢ < 4/2tlog = (40)

Jj=1
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We can then apply (38) recursively from A = 1 to H, which gives

T M
Reg(T) <3 (W) = v (s10) + MHTZ @)
t=1 i=1
T H M H ]
OMHTT+ DY 2wz, (@he) + > . > () (42)
t=1 h=1 i=1 h=1t=1

According to lemma 2 we know that

T

> wr, (@ns) < (LU\ZZFT + 1) dimg(F, @) (43)

t=1

where fj,; = O(Mk +1og N (®, , || - ||oo) + MTZ?). Summarizing all inequality above and we
have the final regret bound as

T H M H T
Reg(T) =2MHTT + 3> 2wz (@) + >3 > (4 (44)
t=1 h=1 i=1 h=1t=1
=0 (MHTI +O(VME +10g N (@, 0, - [[oc) + MTI?)H\/MT dimp(F,a) + MH\/T)

(45)

Set o = we have the regret bound as

_1
EMT®

9) (H\/dimE(}', (kMT)-1) (MJTTc + /MT1og N (@, (kMT)=L, || - [[oe) + MTI)) .

B.2 Detailed Lemma Proof

Lemma 3. Let V* be the value of optimal policy and V} [ (Z)} be the optimistic value estimation
defined in main proof. We have the accuracy guarantee as

3 (- [2]) (4) v

Proof. Recursively define the closest value approximator function f; = (¢,§)T®;‘L at level h within
function class F®M as

def .
01,05 = arg min sup
¢€¢,@:[91,..‘791\4]€ka]\/1 $,a,1

0s,0) 6 = TR 07410000 (5| @)
with Og)ﬂ =0 forany i € [M] and @ = {021)*7 e 0,(1M>*}. By lemma 6 in [44] we have

sup ‘Qm* gbfl(s,a)—r@;f)* <(H—-h+1)T. (48)

(s,a)eESXAi€[M]

where QE:)* is the optimal value function for task 7.

Next, we will show that f; is a feasible solution for the optimization of ]-'t. This is achieved via
inductive construction. For h = H + 1 we know it holds trivially because f }} 1= f a1 = 0. Now

(L)*

we suppose that 8y, ; for k = h +1,..., H satisfies that we can always find f, FO = . Then from

the definition of f, (D% we can always properly set ¢+ (to be specified later) to let it contam
(Z) [Vh(ji-l {fi(zz-&)-l}} = }(LZ)*' (49)
By lemma 4, we have

s Waer U] = G Wos ia]l|[, < Be (50)

2,E;
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Therefore, set 3}, ; as the function we set does let f,(f)* € Fnr.

Finally, we can finish the proof from showing that
ZVJ 7] (s2) (51)
= Zmax f1 (51 b ) (52)

> Z maxf (s&‘i, a) (because fl(i)* eF)

> Z e (sg?ﬂ i (8@)) (53)

> Z Q' (sglg, i (sgfz)) MHT (By (48))
> Z Vi (s)) - MHT. (54)
O

Lemma 4. For any episode t € [T, level h € [H] and any Q-value function at next level

{Qgrl}i]\il € Qp41, denote fh,t as the best fit Q-value estimation induced by ngrl minimizing
Bellman error, we have

Hfh’t [(Qhy1] — fh,t [Qh+1]Hz . < B o (Bh71 +VMTT + \/m)Z . (55)

=t

The By, 1 and By, o are from Lemma 6. Equivalently saying, this means that f-h7t is contained in set
Fh.t defined as

def

. 2
Fhit = {f e FOM. Hf— fht [Qh+1]H2E < ﬁh,t}-
Proof. By the empirical optimality of fh +, we know

ZHf (X h,t) ?J;:)t

M

>

i=1

2

’ Af(:i(Xh,t yh it

(56)

Here we abuse the notation and use f (X h,t) to denote function f, i )’s output on all the state-action

pair Xy, ; in the first ¢ — 1 episodes at level h for task i, also y( 0

label. This inequality implies that

is the corresponding target value

Mo 2
ZHf,Efi(Xh, X (57
of s M . N ol
<2Z<A217 M (Xne) = (X)) +2 3" (210 A0 (Xne) = F0 (X)) (59)
i=1
where
) def L 7 % 7 7
AL E [ AD@LDG alh) AL@QL G ah) o A QL) al )]

is the Bellman error for Q-value approximation, each A (Qgﬁrl)( h1 s agf)j )is defined in (30). And

i) def i i
zg;)t = { }(LZ)l(lezj-l)(SELZ)l7a’§L)2) Z}(:)t 1(Qh+1)(s£:)t 1’a§Lt 1)}
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[ def %
where (Qh+1) (sh)j,ag)j) = R (s&,aé) 4+ maxgcqa Qh+1 (szil J,a) -
T( 9 (Qh+1) (sg)], a%) is the finite sampling noise.

Next, we are going to bound the two terms in (58). For the first term, we have

M
S (AL AN X0 — F0(Xn0) (59)
i=1
<ZHA“ Hf FO(X ) (60)
W Xne) = £ )| (61)
<VMTZ- Hfht e, (©2)
By lemma 6, when the failure case does not happen, we have
M
S (280 I (Xne) = B (X0) ) < Bua - [ Fue = ]|, + Bua (63)
i=1 2,E,
where
Bj,1 =v/2Mk + log(N (@, (kMT) =1, | - [|c) /0) + 1 (64)
B =2y/MT + log(2M T2 /) (65)
Adding the bound for two terms and we get
~ . 2 ~ .
Hfh,t—fh,tHQE < (Bp1+VMTI)- Hfh,t—fh,tH + Bp 2 (66)
1t 7 t
. .2 .
Hfh,t — [nt . < (Bh,l +VMTT + \/Bh,Q) o Bht (67)
which completes the proof. O

Lemma 5. If the failure event in lemma 6 does not happen, for any feasible solution ng) [f,(f)] in
the definition of Fy, ., and any h € [H], t € [T, we have

5o a) ()

where xp, 1 = {(82137 aglz) (35%), aElAf))] denotes the stacked input for all state-action pair at

<MI+2U)]:ht($ht> (68)

level h, episode t.

proct
I [CHRER I TCERT ®)
=3[0 A7 Q] (k) - 81 (B12,) (1) o)
<arz e 30| (k) ~ 0 [O1] (4k2) o
AT 30 () — 2 (sl 72 (sok2) A7 1] ()

(72)
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According to our construction, we know that both f,(fi and f,(f) are contained in
Fh,, therefore we have ‘f (sht,ag)t) f,g)(sfl)t,agl)t)

and E ‘fht {Qhﬂ] ( h‘)t; ht) fhz) ( ht7af§:)t)

1 1 (M M
[CRRTANRNE VAN

episode ¢.

< WFy, 4 (wh,t)

< w]:h,t (wh,t); where Th,t =

)} denotes the stacked input for all state-action pair at level h,

Summarizing all the inequalities and we know the whole lemma holds. O

Lemma 6. (Probability bound for failure event) In this lemma we denote f{ Q)| as f{ for the

sake of simplicity (similar for f,(:)). Define event Ey, ; as

M
def D A (i 2(i
En; <1 lH{Qh+1}z=1 Z <ZEL,)t7f}(L)(Xh,t) - f}(L)(Xh,t)> > Bp1- Hfh) —Jn

i=1

st

+Bh72]
(73)

where By, 1 and By, » will be specified later. We have

T H
P (U U Eh,t) <. (74)
t=1h=1

Proof. Similar to lemma 1, we can find a a-cover ¢, for ® such that for any Q-value function
(Q&Zl[ﬂs 061], Qh+1[¢ 00],..., Q;f‘ﬁ[cﬁ o GM]>, we can find ¢ € ®,, and 0; for i € [M] such
that for any (s,a) € S x Aand any i € [M]

Q1 (s.0) — d(s,0) T (75)
Define Qh+1 Qh+1 [¢ o 6;] and further let
(i) def [_(5) (A DG i A (i i i —
0 40 (@) () A (AL) (i) e B
then we have
M ‘ B
> <z§f)t, W (X ) — fff)(Xh,t)> (76)
=1
M B
=3 (20 10X — £ (X00) (7
i=1
M . . s L.
> (24 = 20 A0 X0 = F (X)) (78)
=1
(79)

Notice that for fixed f}(f)(~, S =0a(,") HSJ)rl, each zh 1 (Qh+1) (Sg)l, G’EL)Q) is a zero-mean 1-sub-
Gaussian random variable conditioned on past history. Therefore we can treat it as 7, ; = z,(fi in
Lemma 1 and get

M
> (E0 A (Xne) — 17 (X)) (80)
i=1

S\/QMk + log(1/61) Hfh,t - fh,tH2 5 + 2a\/Mtk:(Mt + log(2Mt2 /62)). (81)
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Setting 61 = = ¢/2 and get
M . e ol
S (20 A0 (X = 7 (X)) (82)
i=1

+2ay/MTk(MT +log(2MT?2/5)).
(83)

<V2MEF1ogN (@, . ) /) - | e = e,

st

By union bound, we know it holds for any f;, with probability at least 1 — |®®|§; = 1 — . Also,
from ‘Qh+1 a) — ¢_>(s7a)

‘Zhj (Qh+1) (sh)j’a’gl)j) Zhg (Qh+1) (Sh)J’aS)J)‘ (84)
( Shi1 ]’a> (Qthl) ( hlj7a§:?]) {,{g}QhH (3221,]7 ) +7;Ll) (Qh+1) (

(35)

<maX‘Qh+1 ( 51—)}-1737 ) Qh+1 ( Sha1,5 )‘ ’ ( h+1 Qh+1) (5572)]»“21)])‘ (86)
<2Vka' (87)

hence we have

Z< L= 20 S (X) = f0 (X)) (88)
< Z Hzﬁf)t - ng)t : Hf;(f)(Xh,t) - f,(f)(Xm)H (89)
<20/VMTE - | fos = foa, 90)
holds for arbitrary {QEZ}FI} atany level h € [H],t € [T].
Adding (83) and (90), we finally finish the proof by setting & = o/ = ﬁ
By =v/2Mk +log(N (@, (kMT) 71, || - [[o0)/0) + 1 1)
B =2y/MT +log(2MT2/5) (92)
O

C Experiment Dissection and Discussion

In this section, we will take a closer view of the learning procedure and analyze the functionality of
the UCB term in our algorithm. Usually, a reasonable UCB term should embrace several properties.
(i) It should let confidence set JF; contain the real parameter with high probability. (ii) It should shrink
at a reasonable speed to achieve low regret.

To check (i), we choose the model ft at step ¢ = 200 which is trained on insufficient data w1th only
2000 samples. We then sample 100 images from test set as unknown inputs D = {(zx;, y;) }}29, where
x; is the digit image and y; is the corresponding target value. We inspect the relationship between the
original prediction error | f;(a;) —y;| and the added bonus b; = f;(;)— f;(;) via finetuning on each
input ; € D. The result is presented as scatter dots in Figure 2(a). We can clearly see that almost all
the points lie above the line y = , meaning that b; = fi(@;) — fy () > | fi(@:) — i > vi — fi(e:)
for any ¢ € [100], which further indicates that f;(x;) > y;. This validates that we can always find
some f € F; to give an optimistic estimation of the value for almost every . Moreover, we can
observe an apparent correlated pattern between the test error and bonus, which implies that our
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Figure 2: (a) The relationship between unknown data’s prediction error and the bonus it gets from
finetuning. The grey line is y = . (b) The average bonus level of 100 test images with respect to the
number of samples in training set, the shaded area is the interval for £1 standard deviation.

algorithm will give larger bonus for the data point whose prediction is not reliable, and only give
relatively small bonus for the data that it is confident with.

We also check (ii) by plotting the average bonus level (closely related to the width of confidence set)
against the number of samples the algorithm has been trained on. We gradually increase the number
of samples from 10 to 20000 and fix a set of test images D as before to see how the average bonus
level changes when the training set size increases. The result is shown in Figure 2(b). Previous work
[12] proves that the eluder dimension of neural networks can be exponentially large in the worst
case, which means that it can give almost arbitrary output value even when it is constrained to give
a precisely accurate prediction for a large number of samples in the training set. In that case, the
average bonus level should have remained constant regardless of the size of the training set. However,
our experiment shows that the average bonus drops when the number of training samples increases.
We conjecture that it is because in reality, when the input data are restricted to regular images with
clear semantics, and the optimization procedure of the model is conducted via gradient-based methods
in a very close neighborhood, the arbitrariness of the neural network’s output is substantially reduced.

Restricting the model’s training loss in the training set effectively limits the bonus obtained from the
finetune procedure, which realizes the desired fast-shrinking property from our functional confidence
set. Such a phenomenon sheds light on the unknown property of neural network’s generalization
capability and interpolation plasticity. We leave explaining the underlying mechanism as future work.

C.1 Visualize the Learned Representation

A natural and interesting question is what representation does our CNN backbone actually learn. To
investigate this problem and visualize the learned representation, we measure the information of
different digits within the learned representation. Interestingly, we find that our model indeed learns
an indicative representation for classification problem via multitask value regression training.

The basic measurement for the quality of representation is evaluated with the kernel function
k(xi, ;) = (¢(x;), ¢(x;)) and see whether it has a strong diagonal. We take the checkpoint
of neural network model at final step (around 600 with more than 6000 samples), and treat the module
before the final linear layer as ¢(-). Denote the MNIST test set as D = {D;}?_, where D; is the
images of digit ¢. Define the correlation between digit ¢ and j under representation ¢ as

Cli) = 3% (b)) ©3)

IDil < [D5| 45, .55,
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To accelerate the evaluation, notice that we can preprocess an “template vector” T'; for each digit ¢ as

1
Ti=151 2 ¢@) (94)

x€D;

so that the correlation can be computed through

Clij) = SO S (o), b)) 95)

IDil < D5l 4, .55,

=ﬁ 3 (ﬁ 3 <¢<ws>,¢<mt>>> 96)

oiep, \IPil 2,
=ﬁ2@ <@m§i¢<w3>,¢(wt>> O
=ﬁ w; (T, 6(x1)) (98)
=(T;,T;) J (99)

We plot this 10x10 correlation map for single task training and multitask training with M = 10.
Notice that the single task reward mapping function is o (i) = /10, and to assure the different tasks
in multitask training are heterogeneous, we manually set that the best digit for each task are distinct.

The result is in figure 3. We can see that since single task only needs to recognize the large value
digit, namely 9, 8 or 7, its representation function is not informative for distinguishing digits. And
interestingly, the multitask trained network’s representation demonstrates a very strong diagonal,
indicating that the representation vector is very specific to the digit’s image, although the training
process has no explicit definition for the classification task but a regression problem instead. Actually,
we found a simple linear layer append to this representation can achieve over 95% accuracy on
MNIST test set.
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(a) Single task (b) Multitask M = 10

Figure 3: The kernel function for the representation learned by single task and 10-tasks multitask. It
is clear that multitask representation learning obtains a more comprehensive and interpretable pattern
for the MNIST images.
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