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ON THE OPEN TODA CHAIN WITH EXTERNAL FORCING

PERCY DEIFT, LUEN-CHAU LI, HERBERT SPOHN,
CARLOS TOMEI, THOMAS TROGDON

In honor of Shmuel Agmon and his many contributions to mathematics

The Duck Test: ‘If it looks like a duck, walks like a duck and
quacks like a duck... it’s a duck!’

ABSTRACT. We consider the open Toda chain with external forcing, and in the
case when the forcing stretches the system, we derive the longtime behavior of
solutions of the chain. Using an observation of Jiirgen Moser, we then show
that the system is completely integrable, in the sense that the 2 N-dimensional
system has N functionally independent Poisson commuting integrals, and also
has a Lax-Pair formulation. In addition, we construct action-angle variables
for the flow. In the case when the forcing compresses the system, the analysis
of the flow remains open.

In 1967, Morikazu Toda introduced [27| the eponymous Toda system with
Hamiltonian

1 a
(1) H(g,p) = o Z jod +gz e tamtiman) 4 GZ (Gni1—qn), for a,b>0
neZ

nez neZ

for particles of equal mass m > 0 with positions ¢ = {g,} on the line, and
momenta p = {p,}. The Hamiltonian equations generated by H have the form

. o0H 1
( ) qn = % = Epna
2 n

oH

pTL — — a—qn = —aqa (e_b(Qn+l_Q’n) _ e_b(q’rL_Qn—l))7
for —oo < n < oo, and so
(3) qn —_ — ﬁ (e_b(Qn+1_Qn) _ e_b(q”_qnfl)) .

m

Toda’s goal in considering H was to investigate further the observation of
J. Ford and J. Waters [12]|, found by numerical computation, that nonlinear
systems have ‘normal modes where a normal mode is defined as a motion in
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which each oscillator moves at essentially constant amplitude (energy) and at a
given frequency’. As Toda notes, the existence of such normal modes implies,
in particular, the non-ergodic character of the system. Toda’s specific goal in
[27] was to discover an exact, explicit form for such normal modes for H, and he
found (in the case m = 1) such modes in the form of a travelling wave solution

for (3),

_ 1 4<KV)2 2 n E
Gn+1 — qn = 510g<1+7[dn (QK(I/tiX)) K| ) moo<n<oo,

where for given any wave length A and modulus 0 < k& < 1, K = K(k) and
E = E(k) are complete elliptic integrals

w/2 do w/2
K:/ , E:/ V1 —k2sin?6 db,
0 V1 —k2sin?4 0

and the frequency v is given by

1 ab
v=— T = -
2K (sn2(2K//\) — 1+ f)
Here sn and dn are the standard Jacobi elliptic functions.

In the case that n runs over Z in (1), the linear term a Z (Gn+1 — qn) plays

neZ
Im
Gn — bqn, , t—ty]—
ab

in (3), we see that we can restrict our attention to the case

(4) H=33" 0k + 3 4 e (0= au)

nel nez nez

no role. Scaling

where c¢ is any constant.

In the periodic case,

QniN = Qqn + S, DniN = Dn

for some N € N and s € R, equations (2) scaled as above take the form

dn = Pn
(5) po = (elnrimo) _ glon—an-n)
N
for 1 <n < N, where gny+1 = ¢1 + s as above and —s = Z(qn — Gn+1)- In an

extensive numerical investigation in the cases N = 3 and N - 6, J. Ford, S. Stod-
dard and J. Turner [11] found strong evidence that the lattice was integrable.
And indeed, inspired by [11|, M. Hénon [14]| and, independently, H. Flaschka
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[9] showed that there are N independent integrals for (5). Also independently,
S. Manakov [20]! proved the same result, viz., there are N independent integrals
for (5). The starting point of Hénon’s analysis was the integrability of the hard-
sphere gas, which is a limiting form of the Toda lattice. On the other hand,
Flaschka and Manakov based their analysis on the observation that (5) can be
written in Lax-pair form as follows: set

a; = —pZ/Q, bi:%G(qiquﬂ)/z ,1§Z§N,
where gyy1 = ¢1 + S, pn+1 = p1, and in the variables a;, b;, equations (5) take
the form
(6) CLl == 2(612 - b?fl) 3 bz = bi(ai+1 — CLZ‘) s 1 S 1 S N s
where by = by and ayy1 = a;. Note that the stretch parameter s is now part of

the initial conditions.
Define the symmetric matrix

aq b1 0 bN

L= |t 0 = 7
0 o T by
bN 0 bN_1 an
and the skew-symmetric matrix
0 —-bi 0 by
0 ’ —bn_1

—by 0 by 0
Then, if ¢;(t), pi(t) solve (5), so that a;(t), b;(t) solve (6), then L = L(t) solves

L =L Bl=LB-BL
with Lo = L(t = 0) given by ¢;(0),p;(0). By the general theorem of Lax [18], it
follows immediately that ¢t — L(¢) is an isospectral deformation, i.e.,

spec L(t) = spec Ly, t > 0.

In particular, the eigenvalues A1, ..., Ay of Ly are N constants of the motion for
(5), and in [9], Flaschka relates the A;’s to the integrals of the motion obtained by
Hénon. Furthermore, in [20], Manakov showed that the \;’s Poisson commute, so
that the Hamiltonian system (5) is completely integrable in the sense of Liouville.
In principle, this meant that the periodic Toda system could be solved up to

IFor the record: the articles by Hénon and Flaschka were submitted on August 13, 1973 and
August 22, 1973, respectively, and the article of Manakov was submitted on February 8, 1974.
Also, Henon, Flaschka and Manakov only considered the case with s = 0, but their methods go
through for general s.
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quadrature, and indeed in [16] M. Kac and P. van Moerbeke showed how to use
the Lax-pair formalism to partially solve (5) in terms of hyperelliptic function
theory: A full solution was given shortly thereafter by E.Date and S.Tanaka [3].

The methods of Hénon, Flaschka and Manakov can also be used to prove the
integrability of the Toda lattice with other boundary conditions, particularly the
so-called open Toda lattice (sometimes referred to as Toda with “fixed-ends”—see
below), and also scattering systems with infinitely many particles (see [14], [9],
[20] and also [8]).

In this paper we are particularly interested in the open Toda lattice where the
Hamiltonian has the form

N N—-1

1 _
Hp(qp) =5 pn + ) elomo)

giving rise to the equations

In = pn, 1<n<N,

P = —eh e

pn — 6Qn71_‘hz _ GQn_Qn+1’ 2 S n S N _ 17
pN = eIN-174N

(7)

One can view (7) as arising from (5) with N + 2 particles qo, q1, - - ., qn, qn+1 by
setting
gN+1 = OO0, (o= —X

so that the ends are “fixed” at +oo: For this reason the open Toda lattice is
sometimes referred to as Toda with “fixed-ends”. Equations (7) can be written in
Lax-pair form by setting

az:_pn/271§nSNa
(8) 1 (gn— )/2
by = e\ I+)/2 1 <n < N —1,
5 Sn <
and defining the symmetric matrix
ay bl Ce 0
Lp = b,l 2 - 0 = Lg
. S . bN*l

0 0 bN,1 an
and the skew-symmetric matrix

0 —by ... 0
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Then if ¢, (t), pn(t) solve (7), Lr(t) solves the Lax-pair equation
(9) Lp = [Lr, B

with Lpo = Lp(t = 0) given by ¢,(0),p,(0). Again, the eigenvalues \;(t) of
Lp(t) are constant and hence give N integrals for the open Toda lattice. In what
follows, we will often simply refer to (7) as the Toda lattice, or the Toda system,
or the Toda chain, and in cases where the periodic problem is under discussion,
we will specifically refer to (5) as the periodic Toda system.

Just as in the periodic case, the Toda system can be solved explicitly, now
in terms of rational functions of exponentials, as shown by J. Moser in [22].
Furthermore, Moser showed that the system has the following remarkable long-
term scattering behavior:

(10) Gn(t) = aFt + 6+ 0, t —» 400, §>0,1<n<N
with
(11) at = =2\, a,= -2 \yv_p11, 1<n<N
and scattering shift as ¢ goes from —oo to oo, given by
(12) B nsr = By = Y In(aj —aj)? .
J#k

Explicit expressions for the ﬁqf’s themselves were derived later in the early 2000’s
(see [4]), and subsequently in [19] ; see (57) below. Here A\ > Ay > ... > Ay are
the eigenvalues of L.

When one of the authors (PD) came across formula (12), he was astounded:
he had just completed a PhD in abstract scattering theory in Hilbert space, and
the idea that one could compute the scattering shifts (equivalently, the scattering
matrix) for an N particle system explicitly, was beyond anything he had ever en-
countered. When he asked Moser how this was possible, Moser replied, somewhat
mysteriously, that ‘Every scattering system is integrable!’

What Moser meant was the following (see [23|, Integrals via Asymptotics: the
Stormer Problem): suppose one has the solution of a Hamiltonian system

(q(t),p(t)) = (QI<t)7 s 7QN<t)7p1(t)= s 7pN(t)) € R2N

with Hamiltonian H and with the property that, as ¢ — oo,
p(t) = pos + 0(1/1),
Q(t) = (oo T lpoo + 0(1)7
for some constants (¢oo, Poo). Let U (q(0), p(0)) = (¢(t), p(t)) be the solution of the

system with initial data (g(0), p(0)) and let U?(¢°(0), p°(0)) = (¢°(¢), p°(t)), where
(¢°(t), p°(t)) solves the free particle motion with Hamiltonian H°(q, p) = p*/2, so

p°(t) = p°(0)
¢°(t) = ¢°(0) + p°(0)t .
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Then

UBtOUt(QO,po) U (qOO +poot+0<1)’poo+0(1/t))
= (Goo + Poot +0(1) = (Poo + 0(1/1))t, poc + 0(1/1))
= (¢oo + 0(1), 0 + 0(1/t)) = (Goos Pso) @S t — 00

Thus the wave operator
W (g0, p0) = lim U2, 0 Uy(go, p0) = (4o Pc)

exists. But then
UlyoUsoU, = Ul o U2y 0 Upys
implies
WolU,=U’oW
or, if W1 exists,
(13) U =W"1toUloW .

Now U?, o U, is symplectic for all ¢ and so W, and hence W', are symplectic.
Thus (13) shows us that U, is symplectically equivalent to U?, and hence is
completely integrable. Indeed, if a1,..., oy, are commuting integrals for H°,
then 8; = a; o W,1=1,..., N are commuting integrals for H:

Bi 0 Ui(9(0),p(0)) = ;o W 0 Uy(q(0), p(0)) = a; o U (W(q(0),p(0)) = constant
and as W is symplectic,
(14) {8, 8} = {aioW,ajo W} ={aj,a;} o W =0 .

Said differently, the above calculation shows more generally that ‘if a system
behaves like an integrable system, then it is an integrable system!” or, as in the
famous ‘Duck Test’, ‘if it looks like a duck, walks like a duck and quacks like a
duck... it’s a duck!”

In Moser’s argument in [22] one finds that in addition to (10) one also has
(15) po=0r+0() as t = +oo
and so by Moser’s integrability argument, the Toda lattice is integrable. Note
further that
ai(q,p) =pi , 1 <i< N

are commuting integrals of the motion for H° and so

Bi(qo, po) = i(W(qo,P0)) = @i(Goo, Ps) = Pocyis 1 < < N

are commuting integrals of the motion for Hr. But, from (10) and (11), up to a
factor of —2, the ps ;’s are just the eigenvalues of Ly, as they should be!

From the “duck” we learn that there is an interesting Catch 22 in the problem:
We could not have derived, by any means, utilizing any and all dynamical tools,
the asymptotic behavior of the system, unless it was integrable in the first place!
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Moser’s argument can be used to prove the integrability of a variety of dynam-
ical systems. For example, in [6] the authors showed, contrary to expectations,
that the perturbed defocusing nonlinear Schrodinger equation on the line,

q(z,t =0)=qo(x) >0, as |z] > o0

is integrable for 0 < ¢ < €, for some ¢y > 0. Here K(|q|?) = O(|¢[*) as |¢| — 0
for suitably large ¢ > 2.

Wave operators were first introduced in the context of quantum mechanical
scattering theory, by C.Mgller [21]| . In particular, for two self-adjoint operators
A and B in Hilbert space, with propagators e*!* and €', Mgller introduced the
quantum mechanical wave operator

Wf = lim e*iAteiBtf
t—o0

for vectors f in the Hilbert space. Cook [1|, and shortly thereafter Hunziker
[15], were the first to use wave operators in the context of classical dynamics.
Wave operators can also be used more generally to address problems in analysis:
see, in particular, Nelson’s proof in [24] of Sternberg’s Linearization Theorem
for non-resonant systems, and also the proof of Darboux’s Theorem establishing
the existence of local canonical coordinates for symplectic forms in [23]. A de-
tailed treatment of classical two-body scattering theory in three dimensions using
wave operators is given in [25]. A detailed treatment of classical and quantum
mechanical N-particle scattering theory is given in [7].

In this paper we consider Toda’s original system (4) in the finite fixed-end case,
with ¢ # 0. The Hamiltonian for the system has the form

1 N N—-1 N—-1
He(a:p) = 5 DoAY e 4o Y (g = Gug),
n=1 n=1 n=1

giving rise to the associated Hamiltonian equations

Qn = Dn , 1§7’L§N,

; = —eiT®2 _

(16) pl dn—1—4q q’ —A4n+1
pp =elhmtTin it 1 2 <In < N —1,
pN — eQN—l_QN + c.

As opposed to the whole line case and the periodic case, the constant ¢, and in
particular the sign of ¢, now plays a determining role. Note that

N-1
¢ (g = Gur1) = clq1 — qw),
n=1
and we think of H. as the Hamiltonian of a lattice of particles ¢, ..., gy with

external forces acting on the endpoints of the lattice via the potential cq; — cqy.
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When ¢ > 0, the forces

_ic( —qy) = —c¢ _ic( —qn)=c
6q1 q1 —q4gnN) = 8qN qi —4gnN) =

stretch the lattice , and when ¢ < 0, they compress the lattice.

The study of H. is motivated in part by the statistical mechanics of the Toda
lattice. Here the statistics of the statistical mechanical ensemble is given by the
canonical measure

N N
[T dp; [ [ des exp(=BH.(g,p))
J=1 Jj=1
suitably normalized: This measure is clearly invariant under the flow generated
by H.. From [26] we learn that the case ¢ < 0 arises most naturally, but the
case ¢ > 0 is also of interest. In general, the analysis of the thermodynamic
limit, N — oo, of a statistical mechanical system with Hamiltonian H, is greatly
simplified if H is known to be integrable. This motivates, in particular, the study
of the integrability of H..

The numerical calculations below suggest strongly that in the case ¢ > 0, H.
is integrable. And indeed, the main result in this paper is to show, using Moser’s
integrability argument, that this is the case. In the case ¢ < 0, we will argue below
that the numerical calculations suggest that also in this case there is integrable
structure, or near integrable structure, associated with the system.

As a benchmark, Figure 1 displays the solution of the Toda lattice with Hamil-
tonian Hr, N = 20 particles and randomly chosen initial data. As ¢t — oo,
P(t) = Poo + 0(1) and ¢(t) = oo + Poot + 0(1) for suitable constants g, and pu
as in (10) and (15). Figure 2 displays the solution of the perturbed Toda lattice
with Hamiltonian H,., ¢ = 1, N = 20 particles and randomly chosen initial data.
As t — oo,

for suitable constants p; o, ¢i.co. But

pt)= —ct+0(), qit)= —ct?*/2+0(t),
pn(t) =ct+0(1), qn(t) = ct®/2+ O(t) .

This suggests that the solutions of the H. equations behave like solutions of a sys-

tem of N particles qq,...,qn,p1,- .., pn consisting of a Toda lattice qo,- -+ , gn_1,
pa, -+ ,pn—1 decoupled from a pair of (decoupled) particles ¢y, p1, qn, py solving
1= —¢c, G1=p

PN =¢, (N =DN -
Such a system of N particles is clearly completely integrable. What we will
show is that solutions of the perturbed Toda system with Hamiltonian H,.,c > 0,
indeed behave asymptotically like solutions of the decoupled system, and hence
in view of Moser’s observation, the perturbed system is integrable.
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Random initial conditions N =20 Hamiltonian: H
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F1GURE 1. Numerical computations for the open Toda lattice. The
system is integrated using a second-order accurate Stormer-Verlet
method [2] with a time step of At = 0.0001. The initial conditions
are generated by sampling p;(0),q;4+1(0) — ¢;(0), 7 = 1,..., N as
independent and normally distributed random variables.

Figure 3 displays the solution of the perturbed Toda lattice with Hamiltonian
H,. and ¢ = —1. Here there are N particles and the initial conditions are

g(0)=i, 1<i<?20,
with {p;(0)} random. In Figure 4, we again have ¢ = —1, but now
G(0)=—i, 1<i<20,

again with {p;(0)} random. In Figure 5, we again have ¢ = —1, but now {¢;(0)}
and {p;(0)} are chosen randomly. In all three cases, the solution ¢;(t) appears
to evolve almost periodically in time, modulo a slight gradient. In the first two
cases, this behavior persists at least up to times ¢ ~ 300, but in the third case
the almost periodicity begins to unravel after ¢t &~ 200.

This brings to mind the celebrated computations of E. Fermi, J. Pasta, S.
Ulam and M. Tsingou [10], in which the authors, anticipating ergodicity, found,
unexpectedly, almost periodic behavior in the solutions of a particular nonlinear
lattice system. This meant that in some sense the system was ‘remembering’ its
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Random initial conditions N =20 Hamiltonian: H., c=1
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FIGURE 2. Numerical computations for the perturbed Toda lattice
with ¢ = 1. The system is integrated using a second-order accurate
Stormer-Verlet method with a time step of At = 0.0001. The
initial conditions are generated by sampling p;(0), ¢j+1(0) — ¢;(0),
j=1,..., N asindependent and normally distributed random vari-
ables.

past, and the only way a mechanical system can ‘remember’ its past is if it has
many integrals of the motion. In this way, the discovery was viewed as strong
evidence for integrability and led eventually, and famously, to the discovery by
Kruskal-Zabusky and Gardner-Greene-Kruskal-Miura that the Korteweg de Vries
equation is completely integrable.

Over the years, as the power of computers grew, it became clear that Fermi et
al. had just not run their equations long enough: With longer computations, they
would have found that the almost periodicity unravelled and ergodicity emerged.
A very interesting understanding of Fermi et al. is given in [13]: The lattice
equations for unidirectional lattice waves can be written schematically in the
form

i =V(x) + O(h?)

where h? is a continuum limit parameter, h? — 0, and

y=V(y)
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is KdV. It follows that the solution of the lattice equation x(¢) behaves like the
(integrable) KdV equation for times T of order h™2, i.e., Th* = O(1), when z(t)
begins to diverge from y(t). Thus, the lattice has many h*-accurate integrals up
to times of order h™2. It turns out, however, that the near-integrability persists
for much longer times 7" of order h™*, and this they are elegantly able to explain
by showing that in fact x(t) solves a system of the form

i =W(z)+ O(h")

and now
y=Wy)
is a solution of the KdV hierarchy, and hence, also, integrable.

We are led to the following speculation: Is the Fermi et al. problem a guide to
what we see for ¢ < 07 In Figure 5, in particular, when the almost periodicity
unravels on a moderate time scale (the same is likely true regarding Figure 3 and
Figure 4, but on a longer time scale), Fermi et al. raises the issue of whether
there is some integrable system associated with the lattice, which describes the
solutions of the lattice equations to high accuracy for large, but not infinite,
times? In this way, for large times, the system would have excellent, but not
perfect, ‘memory’.

One final comment: The Fermi-Pasta-Ulam-Tsingou paradox, as it is called, is a
modern illustration of the interesting phenomenon that sometimes science makes
progress, not because of the accuracy of its instruments, but rather because of
their inaccuracy. If computers in the 1950’s could have made longer calculations,
would KdV have been discovered as an integrable system? If Copernicus had
more accurate instruments, sensitive to the fluctuations in the planetary orbits,
would Kepler have been able to come up with his perfect laws?

We will prove the integrability of H. with ¢ > 0 in steps. In Step 1, we prove
that solutions of (16) with initial data ¢;(0),p;(0),1 < i < N are unique and exist
globally, both for ¢ > 0 and ¢ < 0. In the remainder of the paper, we only consider
the case ¢ > 0. In Step 2, we will show that, as t — 0o, the particle system under
H, splits up into two parts: a core Toda lattice qo,...,qn_1,p2,...,pN_1 Obeying
(7) up to super-exponentially small errors,

P2 = — e 4 Oyt),
Pp = elnmtmIn —gnmintl - 3 Iy < N — 2,
Py—1 = eI — Oy (1),

where Oy (t) = ¢2=% = O(e™ "), On_1(t) = 179 = O(e™") for some v > 0,
and a pair of decoupled particles qi,qy,p1,py separating from the core lat-
tice, ¢1(t) — —oo and gn(t) — oo, as t — oo. In Step 3, for solutions
G1(t),q2(t), ..., qn(t), p1(t), p2(t), ..., pn(t) of (16), we obtain precise asymptotics
for the inner core go(t), ..., qn_1(t), p2(t), ..., pny_1(t). Let Uy(qo-po) = ((q(t), p(t))
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Increasing initial conditions N =20 Hamiltonian: H., ¢= —1
20 F
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° ]
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° ° S ® ® ° © 70
ore o o O o ° . o . o o O O
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FIGURE 3. Numerical computations for the perturbed Toda lat-
tice with ¢ = —1. The system is integrated using a second-order
accurate Stormer-Verlet method with a time step of At = 0.0001.
The initial conditions are generated, for j = 1,..., N, by sam-
pling p;(0) as independent and normally distributed and setting

¢j+1(0) — ¢;(0) = 1.

denote the solution of the equations (16) generated by H.. Let Ut((jo,ﬁo) =
(q(t),p(t)) denote the solution generated by

Hl(q,p) an+z eIt + ¢ Z n = Qn+1):

in which the inner Toda core (g, ..., qn—1, P2, --., Pn—1) is decoupled from particles

¢1 and ¢gy. Finally, let Ut#(q#,p#) = (¢*(t),p™ (1)) denote the solution of the
equation generated by the “free" decoupled Hamiltonian

HY (q,p) = an+CQ1—QN)

n=1

Then in Step 4 we use the asymptotics obtained in Step 3 to show that as ¢t — oo,
solutions of (16) behave like “free” particles, and the convergence is sufficiently
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Decreasing initial conditions N =20 Hamiltonian: H,, c= —1
L < k3 ) > £ o
OFg o © o ¢ ° . ° AR 3 o 6 ° 0
)
-5 | ® ° R
e ]
-10 o o
e ]
-15 ° o 5 @ 4,0
°o ¢ 70
_20 = ° (]
5 10 15 20
q(t)

FIGURE 4. Numerical computations for the perturbed Toda lat-
tice with ¢ = —1. The system is integrated using a second-order
accurate Stormer-Verlet method with a time step of At = 0.0001.
The initial conditions are generated, for j = 1,..., N, by sam-
pling p;(0) as independent and normally distributed and setting

¢j+1(0) — ¢;(0) = —1.

rapid so that Moser’s argument applied and the wave operator
W#(go.po) = lim U™, 0 Uy(q0, po)

exists. On the other hand, standard Toda asymptotics as in (10) and (15), also
show that as ¢t — oo, the solution (G(t),(t)) of the equations generated by H?,
also behave like “free” particles, and the convergence is sufficiently rapid so that
Moser’s argument again applied and the wave operator

W# (4o, po) = tliglo U?, o Uy(Go, o)

exists. A separate argument then shows that (W#)™! exists and a short calcula-
tion then shows that

W= W#)"'w#
is an intertwining operator for U, and Uy,

UoW =Wol,
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Random initial conditions N =20 Hamiltonian: H., ¢= —1
2
k3 ¢ o ¢ o
0le o o ¢ 0 © ° R .
@ <@ < o
-2 | e © A4 *
] ° ]
[
-4 - ° ] R ° ] ] ° o
-6 o8 @ q]_(())
° ° * ® 70
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F1GURE 5. Numerical computations for the perturbed Toda lattice
with ¢ = —1. The system is integrated using a second-order accu-
rate Stormer-Verlet method with a time step of At = 0.0001. The
initial conditions are generated by sampling p;(0), ¢;+1(0) — ¢;(0),
j=1,..., N asindependent and normally distributed random vari-
ables.

and as H? is integrable, the integrability of H. follows. The intertwining relation
is not enough, however, to show that as ¢ — oo, the solutions U, behave, as
advertised above, like solutions U, of the decoupled system: This is proved using
a separate argument.

Note that we do not construct W directly as a wave operator

lim U_, o Uy(qo, po)-
t—o0

The technical reason for this is discussed at the end of the section, together with
a sketch of the argument that is needed to prove the existence of the limit. We
leave the details to the interested reader.

Finally in Step 5 we display /N independent, commuting integrals for the H.
flow and show how the flow can be written in Lax-pair form.

Step 1.
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Standard ODE methods show that (16) has unique local solutions (g(t), p(t))
with (¢(0),p(0)) = (o, po) for which H(q(t), p(t)) = ho = He(qo, po). Thus
N-1

N
1 _
(17) 5 Soph(t) + Y e = hy — e(qi(t) — qu(t))
n=1 n=1

and so in order to prove global existence it is enough to show, in particular, that

g1 (t) — an ()] < et + 2

for some constants, ¢, co. Indeed, by (17), we would then have, for 1 <n < N,
Ipn(t)| < cjt+d, for some constants ¢}, ¢, and so |g,(t)| < ¢[/t*+4c}, again for some
constants ¢, ¢5. Global existence for (¢(t), p(t)) now follows, again by standard
ODE methods. We derive stronger bounds on ¢,(t), p,(t) in Step 2 below.

The following elementary calculation plays a crucial role in our analysis. From

(17),

(pr —pw)* <2007 +p3) <2 ps < 4(ho — el — qn)) -

n=1

Setting q; — gy = A, we have (A)? < 4(hy — ¢A) and so

(18) — 2 hog —cA < A <2y/hg — cA .
Integrating we find

\/ho —cA

—t+ C3 S S t+ Cyq
c
for some constants c3, ¢4. For ¢ > 0, this implies
(19) 0<hy—cA < (ct+)
where ¢ is some constant and so
ho — (ct +¢')? h
% <q¢—qn < ?O :

There are, of course, similar bounds for ¢ < 0.

Step 2.

From (16), we have

d
E(pN —p1) = eIN-174N + 12 + 2¢

which implies

¢

(20)  pn(t) = pu(t) = pn(0) — p1(0) + / (eIN-17IN 4 N7 s 4 2ct.
0

Now, from (18) and (19),

(21) oy —p1 = (dn — ¢1) < 2/ ho + clqgy — 1) < 2ct +2¢ .
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Inserting (20) into (21), we conclude that
(22) /Oo(equ_’IN +eM7%?) ds < oo .
0
By (16),
pi(t) = p1(0) — /t e~ ds — ct
0

and so, as t — 00,

(23) P1(t) = proc — ct +o(1)
for some constant p; . Similarly, as ¢ — oo,
(24) PN (t) = PNoo +ct +o(1)
for some constant py . (note that p; o # tlgono pi(t), i =1, N). We have
1 2 _ 1o
(25) 5]?1 (t) = 50 t"—ct P1,00 + O(t)
and
1 21y

Inserting (25) and (26) into

N

1

Ezpi < ho+c(av — @),
n=1

and using (21), we find
| N2
2 ;2 2
ctttct (pN,OO—plm)—i-i;pn—i-o(t)

<hyt+clgy —q) <At +2cdt+(d)?.
We conclude that
(27) Ipul = O(tY?), 2<n<N-1
and so
lgn| <O, 2<n<N-1.

These bounds are sharper than those obtained in Step 1, and as

2 2

o) = — c% FO() ax(t) = ¢ +O()

by (23) and (24), we see that the particles ¢; and gy separate from the core
42, - ..,qn-1. Moreover,

(28) N IN-1TIN — e (10U O(e™")

for some v > 0.
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Step 3.

N-1 N—2
1
Consider Hp(qa, ..., qN-1,D2, -, PN-1) = > Zpi + Z efn—In+1 - evaluated
n=2 n=2

along the solutions ¢1(£), ¢s(1), .., av-1(8), an (t). 71 (£), pa(D), ., o1 (£), D (£) of
(16), the flow induced by H.. Then

d N-1 N-2
_ : dn—¢q
G Hr(a, a1, PN-1) = > " Dabn+ > €T (D — Prai)
n=2 n=2
N-1 N-1
— § DPn €Qn—1_Qn _ Dn GQn_QnJrl
n=2 n=2
N— N-2
_|_ § pn GQn_Qn+l _ § pn+1 GQTL_‘I?‘H—I
n=2 n=2

= — pn_1 eIN-174N + Py ei—a2

It follows from (27) and (28) that

(29> HF(q27"'7qN717p27'"?prl) < const.
and hence
(30) Ipn(t)] < const., 2<n< N -1

which is a further strengthening of (27).
The argument now follows in analogy with Moser’s convergence argument for

the Toda lattice in [22]. From (16),
ip2 — tef(IQ _ eQz*%j

dt

and we obtain

t t
pz(t) = pZ(O) _ / e2=B g +/ ell=% Jg
0 0

t 00
= po(0) — / e™B ds + / et ds + O(e )
0 0
by (28). Hence, as |py(t)| is bounded by (30), we conclude that

o0
/ e B ds < 00 .
0
Thus

(31) pa(t) = pacs +0(1) .
Now

E(pZ +p3) — 12 _ o374
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and as po(t) and p3(t) are bounded, we conclude again as above that

o0
/ eB™H ds < 00
0

p3(t) = P3oo +0(1) .
In particular, we conclude that
(32) 32(t) — a3(t) = t(p2,00 — P3,00) +0(t) -
Using

and, using (31),

d
E(pQ—}-,,,—Fpn):€¢I1—q2_e%—qn+17 QSHSN—I

and proceeding by induction we find
(33) / enmIntl ds < oo, 2<n<N-—-2.
0

(Of course the estimates

00 o)
/ 6QN—1_QN dS, / 6Q1—Q2 dS < 00
0 0

were obtained earlier.)
It follows that, as t — oo,

Pu(t) = Pnoo +o0(1), 2<n< N -1

and hence
n(t) = Gnoo + Proct +0(t), 2<n<N-—1

and so
(34) qn(t) = gns1(t) = @nioo — Gn—1,00 T (Pioc = Prt100)t +0(t), 2<n<N—-2.
In particular, by (33), we must have
(35) Proo = Prtloo <0, 2<n <N -2,
We will show shortly that the inequality in (35) is strict. But note first that by
(29) and (30),

d
EeQn*QH+1 — eQn*Qn+1 <pn _pn+1)’ 2 S n S N _ 2

is bounded, and so e~ %+ is globally Lipschitz in time, and in particular uni-
formly continuous in ¢, and it follows from (33) that

(36> €(In(t)*4n+1(t) —0
pointwise as t — oo.

We now prove that the inequality in (35) is strict.
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In terms of the variables introduced in (8), a, = — p,/2,1 < n < N, and
b, = eln=®1)/2/9 1 < < N — 1, the equations (16) take the form
by = byt —ay), 2<n<N-2.
Set A, = tlim ap = — Pnoo/2,2<n <N —1, and consider
— 00
N-1 N-2
St = (an— A +2) b2
n=2 n=2

From (37), we have
bo(t) = b, (0) eholantr—an) ds 9 < p < N9

1
and as b, (t) = ie(q”(t)_q”“(t))m — 0 by (36), we must have

(38) / (apy1 —ap) ds = —o0, 2<n<N-2.
0
Using (37), we find after summing by parts
1 d N—-1 N—-2
_ 2 12 2
Z_ts(t) = nz;(an — Ap) (b, — b)) + nz; by (@ni1 — an)
N-1
= (an—1 — Ay-1) D _(bh = by )
n=2
N—-2 n N—-2
+ (@n — any1 — Ap + A1) Z(bzz —b7y) + by (any1 — an)
n=2 =2 n=2
= (an-1 — Ay-1) (03—, — b))
N—2 N-2
+ Y (an — App1 — Ap + Apr) (B2 = 03) + Z b2 (ani1 — ay)
n=2 n=2
N-2

= (Awsr = Al + O™,

n=2
where we have used (28),
1 -~ 1 _ 2
b%zieth @ b?quzle(m*l qN :O(e wt)_
1
Now, if A1 — A, = — §(pn+17oo — Pn.o) > 0, then it follows from (34) that

bn(t) = %e(%(t)—qn+1(t))/2 — O(e_ut/z)
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for some p > 0. As A,+1 — A, > 0 by (35), it follows that
(Aps1 — ADDE() = O(e),2<n< N —2.
We conclude that, as S(t) — 0 as t — oo,
S(t) = O(e )

and hence

an = A, +0(e™™), 2<n<N-1
as t — oco. Thus if A, — A, = 0 for some 2 < n < N — 2, we would have
ani1(t) — an(t) = O(e™™) for some 2 < n < N — 2, which contradicts (38). Thus
the inequality in (35) is strict,
(39) P2,00 < P30 < ... <PN-1c0 -

In particular, it follows (use (34), or more directly S(t) = O(e ")) that, as
t — 00,

(40) enW=tn1l) = O(e7#) 2<n < N —2
and hence, by the above induction argument we also have
(41) Pu(t) = Ppoo +O0(e™), 2<n< N -1,
and so
(42) Gn = Qoo + 1 Pnoo +0(e™), 2<n<N-—1.
Equations (31) and (36) already imply that the core Toda matrix
as by ... 0
" P
bn—2

0 0 by_2 an—
converges to a diagonal matrix. By (40) and (41), the convergence is exponential.

Remark: If Ly evolved according to the (exact) Toda flow (9), then, as t — oo,
Pu(t) = DPnoo = —2M5 2 < m < N — 1, where the A\2’s are the eigenvalues of
Lp(t = 0). As Lp(t = 0) is tridiagonal, the AZ’s are distinct and so the strict
inequality in (35) is immediate. As Lg(t) solves only a perturbed Toda flow, the
strict inequality requires a more subtle analysis, as above.

Step 4.

t
From py(t) = p1(0) — / e ds — ct and (28), we see that
0
(44) Pi(t) = proo —ct+ O(e")

and similarly
pa(t) = Proo +ct + O(e™F)
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from which it follows that
2

ct _
1(t) = G100 — -t tp1oe + O(e™)

and
2

ct -
an(t) = Qoo + - F N0 + Ole "y
From (41) and (42), we have for 2<n < N — 1,
Pa(t) = Poo + O(e™)

and
(45) Gn(t) = Gnoo + tPnoo + O(e™) .
Let Ui(qo, po) = (q(t),p(t)) be the solution of (16) with (¢(0),p(0) = (qo, po), and
let Ui(Go, po) = (G(t), p(t)) be the solution of the Hamiltonian equations generated
by the decoupled Hamiltonian

(46) H(q,p) anJrZ = 4 e(qr — qn)

The Hamiltonian H? is clearly completely integrable. We have
Q1()—p1<)a ]312 —C

and so
. . . ct?
Pi(t) =pro—ct, G(t) = qio +p10t—7
and similarly
. . . . . ct?
pn(t) =DPno+ct, Gu(t) = gno + Dnot + 5

By standard Toda asymptotics, (10) and (15), for2<n < N —1, as t — Fo0,
pu(t) = ay +0(eM)
and
Gn(t) = BE 4+ ot + O(e M) .
Also let Ui (¢ff . pi) = (¢7(t), p¥ (t)) be the solution of the equations generated
by the “free" decoupled Hamiltonian

| N
= 52197214‘0((]1 — ) -
n=1

Clearly
ct?
() =plo—ct, af (t) = afy +plot — =

and
2

C
PR =pho+et, ak(t) =ako+plot+
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and
(47) pE) =ply, () =qlo+piet, 2<n<N-1.
Now
o A B ra s Boao o ct?
Wi (4o, po) = UZ, o Uy(Go, po) = U_t(Ch,o + prot — o P~ ct,
ot?
N—
(BF + ot +0(e), af +0(e™™)) ) ,qNo + pnot + & 5 —, Do + ct)
ct? . c(—t)?
= (o -+ ot — ) + o — (1) — S (g —et) ()
(B +aft+0(e™) + (aff + O(e)(=1), 0f + O™,
. . ct? . c(—t)? .
(Gno + Dot + 7) + (Pno + ct)(—t) + ( 5 ) , (P + ct) + c(—1))
. _ W N—1
= (Q1,0>p1,07 (5; + O<€ ’Yt) OéJr + O(e Vt)) n=2 7qN07pN 0)
N-1 T
(QI07p107 (ﬁNa )n 27q1V07pNO)E(q P )7
where

(48) (j# = ((jl,Oaﬁ;_w"aB]—&\_fflquN,O) 5 ﬁ# = (ﬁl,Oaa;w"aO‘]—i\_ffl?ﬁN,O) .
Thus

(49) W#(Go, o) = lim U7, 0 Us(do, o) = (7%, %)
exists. A similar argument shows that
(50) W#(qo, po) = tlggo Uﬁt o Uy(qo, po) = (¢, p")
exists, where we now use (44) and (45),

0" = (Q1o0s- -+ ANo0) s PT = (Proos -+ PN.oo) -

As

1 1
Li(g,p) = §p?+cq1 . L(g.p) =pp, 2<n<N—1, IN(gp) = §p?v —qn

are commuting integrals for U, it follows from (49), as in (14), that
Jn(q,p) = LnoW#(q,p) = L(¢",p"), 2<n<N-1

are commuting integrals for Uy, i.e., for (16). In particular, this shows that H. is
integrable. However, we want to show more: we want to show that there is an
intertwining operator W for U, and Uy,

(51) UoW=WolU, .
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This will then allow us to display (16) in a convenient Lax-pair form, and hence
as an isospectral deformation similar to the (unperturbed) Toda case. From (49)
and (50), we have

(52) Uf oW# = W#oU, and U o W# = W# o U,

and so, if (I/T/#)’1 exists, then (modulo domain issues, explained at the end of
Step 4)

U, o (W#)_l o W# = (W#)_l o Ut# o W# = (VT/#)_1 oW# o,
and so (51) holds with
(53) W= WH oW .
The proof that (VT/#)_1 exists requires detailed knowledge of (G7, p*).

To prove that (W#)~! exists, we use the following result from [4] (for an alter-
native proof, see Props. 5.2 and 3.6 in [19]). Let

(54) (q(t),p(t)) = (q2(t), - -, qn-1(t),pa(t), ..., pN-1(t))
e N-2
solve the Toda equation generated by Hp(q,p) = 5 P+ eI+ with
n=2 n=2
initial data (qo,po). Then, as t — oo (see (10)),
(55) @) =att+ 8 +0(™), v>0,2<n<N-—1,
where
(56) af = —2\,, 2<n<N-1
and

N-1 N— n—1
1 2) T2\ — A)
57 + _ (=2 n 7
B7) A= F 22‘“ N - 2Z ( 2) TH_12(A — A))

=2

where 2 <n < N — 1, and II;_,2(\; — X\y) = 1. Here Ay > X3 > ... > A\y_; are

the eigenvalues of the core Toda matrix Lg(qo,po) in (43), where a; = — p;0/2,
1
b, = 56(%’0_%“70)/2, 2<i<N-1,2<j<N-2 and uy(2),...uy_1(2) are
the first components of the normalized eigenvectors u, = (u,(2), ..., u,(N —1))"
N-1
of Lr(qo,po) corresponding to \,, 2 < n < N — 1. We have Zui(j) =1 and
=2

un(2) > 0 for all 2 <n < N — 1. It is well known (see e.g. [4]) that the map @
from Jacobi matrices Ly with b; > 0, 2 <i < N — 1, is a bijection onto

{(va, - s N1 2y o NZ1) T Y2 > Y3 > > YN,

=1, m>0 2<i<N-1}
=2
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Let UF = (q(t),p(t)) denote the solution of the Toda equations in (54) above
and let U denote the solution of the equations generated by H"( 0 (q,p Z D5
Then the argument leading to (49) shows that

W*(qo,po) = }H& U°, o Uf (g0, po)
exists and

(58) WF(Q07PO) = (6;_7 cee 75;—17a;’ cee 70“/}—1) .

We show first that W is one-to-one. Assume (58). From (56), the eigenvalues
{A\n} of Lr(qo,po) are determined,

A= —af/2, 2<n<N-1.
From (57),
(59)
N-1 N—1N-1 _
2 un(2) T2 2(N
+ = In n /=2 ’
Zﬁ Sy (uj(wzm ) zqm

as the double sum vanishes by oddness. It follows then from (57) that, for 2 <
n<N-—1,

N-1 un(2) B
o 2 T

where r,, is a function of {#]}5" and {a; = — 2.},
N 2 o — o
) r.= Y- s o (e
HZ 2 oy = af)
Note that
N-1
(62) d r=0.
n=2
From (60),

and so
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Since Z u,(2)? = 1, this gives

N-1 N-1 (2-N)/2
o (5 omer)
=2

n—

Thus

a_
un(2) = ¢ 9<n<N-—1.

(S )
As Lg(qo,po) is determined by its eigenvalues and the first components of its

normalized eigenvectors, it follows that Lpr(qo, po) is determined by {5;", aj}, 2 <
i,7,N — 1. But

pn,0:_2am 2<n<N-1
and
40 — Gny10 = 2In20, , 2<n<N-2.

As Z Ino = Z BY, by (59), we thus see that (qo, po) is determined by

(/62 P 7/6N_1704§—7 e ’a;—l) = WF(QOJPO) 5

i.e., WI is one-to-one. We now show that W7 is onto

X = {($2,...7I'N_1,y2,...7yN_1) DY < L. < yN—l} C RQ(N—Q) )

Let 7, = r,(x,y) in (61) with 3 replaced by =, and o, by y,, 2 <n < N — 1.
Set

63 2 G 0, 2 N -1

( ) u ( ) (ZN? 621"]'/(]\/72))1/2 "

1=

Then by (62),

1 N-1
eN-3 2n=3 ™ 1

1_‘[271’”(2) = (ZN;1 eQTj/(N72))(N72)/2 - (ZN 1 e2ri/(N— 2))(N*2)/2
n= =

=2
From (63),
N-1
(64) > un(2?=1 and u,(2) >0, 2<n<N-1,
n=2

and using (63), we see that

N 1

ui(2 1/N 2) o'/ (N=2)

J=2



26 P. DEIFT, L.-C. LI, H. SPOHN, C. TOMEI, T. TROGDON

which implies

N-1
H (Un(2)) _ ern(z,y)
o \uy(2)
from which we conclude that

N-1 N-1 n—1
1 2 S(2) Ty, —
Ty, = —— E xj— E In (u ( ) 1;7_21(3/ yﬂ)) ]
N =2 j=2 N-—2 =2 u;(2) 25 (y; — ye)

Now, as ® is a bijection, there exists a unique Toda matrix Lr (see (43)) with
spectrum Ay = —y9/2 > A3 = —y3/2 > ... > Ay_1 = —yn_1/2 and first compo-
nents of the eigenvectors uy(2), ..., uy—_1(2).

Set
pn70:_2ana QSRSN—L

n,0 — 4n+1,0 = 21n(2bn) ) 2<n<N-1.
Then determine the g, (’s uniquely by requiring

N—-1 N-1
D a0 =D T
n=2 n=2

It then follows from the above calculations that

WF(Q07p0) = (x% o3 IN=1, Y2, - - ayN—l)

(N-2)

which completes the proof that W7 is a bijection from R? to X. Finally, we

conclude from (48) that W# is a bijection from R*" to

X#* = {(x1, 29, ..., TN, ZN, Y1, Y25 - YUN—1,UN) ¢ Y2 < Y3 < ... < YN_1} -

In order to derive (51) with W as in (53), we need to verify certain domain issues.
For (z,y) € X*, we have from (52)

W#oU, o (W#)il(%y) = Ut# oW#o (W#)ﬂ(x?y) = Ut#(xv y)

from which we see necessarily that Ut#(x, y) € X # afact that can be seen directly
from (47). Hence

Uo(WH) ™ =WHToUf on X* .
But it follows from (39) that for any (z,y) € R*, W#(z,y) € X#, and so
Uro (WH) ™ o WH(z,y) = (WH)™ o U o WH = (WH)™H o WH 0 Uiz, )

which verifies, indeed, that W = (W#)_l o W# mapping R?" to itself intertwines
U, the propagator for the equations generated by H., and U,, the propagator for
the equations generated by the completely integrable Toda-core Hamiltonian H?.

As noted earlier, although the intertwining relation UoW =Wol,is enough
to prove integrability, it is not sufficient to prove that solutions generated by
H,. behave asymptotically like solutions generated by the decoupled Toda core
Hamiltonian H ;l. In the quantum mechanical case , the fact that e is linear
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and unitary implies that [|e™ Bl f — W || = ||B'f — MW f|, and so the
convergence of the wave operator W is equivalent to showing that a solution
e'Ptf generated by the operator B, behaves like a solution e*i'g generated by
the operator A, where g := W f. In the case at hand, as Ut#, is neither linear
nor bounded, we cannot, in particular, immediately infer from the convergence
U*, 0Uy(qo, po) — W (g0, po) — 0, that Uy(qo, po) — U W# (g0, po) — 0, as desired.
However, as we see from the calculations following (47), as t — oo,

U, 0 Ui(go, po) = W# (g0, po) + O(e™")

it then follows from the explicit form, and polynomial growth, of Ut# that

Us(qo. po) = U (W#(go,po) + O(e™™)) = (UF W#(qo,po)) + O(e /2.
A similar argument shows that
Us(qo, po) = U (W#(go,po) + O(e™)) = (UF W#(qo, po)) + O(e /).

Now as W#(qo, po) € X¥, and as W is a bijection onto X#, it follows that there

exist (go, Po) such that W#(cjo,]ﬁo) = W#(qo, po). Substitution into the above two
relations shows that

Ui(q0, po) = U(Go, Po) + O(e™7?)

where (Go, Po) = W(qo, po) as desired.

Finally, as noted before, we do not construct W directly as a wave operator
tlim U_¢ o U(qo, po). The reason for this is the following. In evaluating
—00

U_; o Uy(go, po) = U—i(q(t), p(t))

we are facing a double scaling limit. The asymptotics of U,t(cjo, Do) as t — o0
is known for (go,po) fixed, or in a compact set, but ¢(t), in particular, grows
linearly. This considerably complicates the analysis. The difficulty is avoided
when we evaluate

U" 0 Ui(qo, po) = U (a(t), p(2))

as we have an explicit, and simple, formula for Uﬁ((j#, p) for all (¢7,p"), and
so the double scaling limit is avoided. To avoid the problem of the double scal-
ing limit in evaluating U_,(q(t),p(t)), we need to use an explicit formula for
U _+(qo, po) for all (go, Po). This is most conveniently done by mapping the solution
(q1(t), ..., qn (1), p1(t), ..., pN (1)) onto the eigenvalues (Aa(t), ..., Ay—1(t)) and first
components of the associated normalized eigenvectors (u2(2)(%), ..., un—1(2)(t)) of
the core Toda matrix Lp = Lp(t) in (43) . In [22], Moser used the Lax-Pair form
(9) to show that under the Toda flow

Ai(t) = Nig, i =2,..,N—1
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and

AZ‘ 2 /A\iﬁot
B@)(t) = — 0D N
(O (50(2))2e200) 12

for any initial conditions S\i,o,ﬁj,o(Q). The evolution of Lg(t) is almost the same
as in (9), except there is an additional diagonal driving term

Ly = [Lp, Br] + diag(—2b%,0,0, ...,0,2b%_,)

1 1
where b; = ée(‘“(t)_@(t))/z and by_; = 56("”1“)_”“))/2. Now Moser’s method to

obtain the above formulae for (\;(t),u;(2)(t)), can be extended, using the driven
Lax-Pair for Lp(t), to obtain the asymptotics of A;(¢) and u;(2)(¢). Then when
we evaluate

~

U_s 0 Uigo, po) = U-o(q(1), p(t))

now in the (A, u(2)) variables, rather than the original (g,p) variables, we can
use Moser’s explicit formulae for (\(t),i;(2)(t)), and the double scaling limit is
avoided. Using the bijection between Ly and the (A, u(2)) variables, we can then
assert, after some algebra, the existence of

lim U_, o Uy(qo, po)
t—oo

directly in the original (g, p) variables. We leave the details to the interested
reader.

Finally we note that the core Toda flow can also be solved explicitly for any
time ¢ in the bidiagonal formalism of [19], so that in evaluating

lim U_, o Uy(qo, po)
t—oo

we could just as easily have worked in bidiagonal coordinates.

Step 5.

We assert that W = (W#)"LoW# is CY(R?*M). Indeed, W# is a diffeomorphism
from R?" onto X%, as can be seen directly from (56) and (57) and the fact that
® is a diffeomorphism, coupled with the fact that

N-1
1
(g0, p0) = (aj = = pjo/2,bj = ST 2 <GS N -1, Zqi,o> ,

i=2
is a diffeomorphism. At the analytical level, the fact that W# = tlim Uﬁ o U,
—00

is C* follows, alternatively, from the fact that (go(t),po(t)) = U?, o Uy(qo, po) is
a C! function of (go,po) for any finite ¢ by standard ODE methods, and then
noting from (7) that the derivative of (go(t), po(t)) with respect to (qo,po) is a
linear system with exponentially decaying coefficients. But the same is true for
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(16), and so W# = tle U*, o U, is also C', and hence W = (W#) Lo W# is C*.
We leave the details tooothe interested reader.

For the core Toda system (q,p) = (g2, ..., qN-1,D2,---,PN_2), let Ay > ... >
An_1 be the eigenvalues and us(2), ..., uy_1(2) be the first components of the nor-
malized eigenvectors of the associated Toda matrix Lr (g, p). Let Z(\) = det(Lr(q,p)—
A). Then, as shown in [5], and also, more directly in [4] (action-angle variables
for the Toda flow are also given in [17]),

fo=tn (u;k(i)m }Z'&ik)l

1/2
)‘ ) . 2<k<N-2

On_1 = N_Q((J2+---+QN—1),

) ;N

e = A\ — ———— Y 2<kE<N=2
k k N_ZJZ; J = = )

An_1 =p2+...+PN-1

are action-angle variables for the core Toda flow,

(65) {91,9]} == O 7{5\i75\j} - O, {91,5\]} = 5ij ,2 S Z,j S N - 1 .
On the other hand, for additional variables ¢, p1, qn, pw, if
1 1
0 = — 5191 ,  On = —pn,
<1 SO
AL = 5172 teq, Anv = 5]0?\7 — 4N,

it follows that (65) holds for 1 <i,5 < N. Also from (46),

(66) HY=XM+X+2) M.
i=2
Now, as Ay_1 = —2(ag+...+ay_1) = —2trLp = —2(Aa+...+ Ay_1), We see
- 1 .
that A\, = A\, — m)\N,l,Q < k < N —2, and then solving for Ay_1, we find
RIS S S <
7j=2

Substitution into (66) gives
N-2

N—2 2
. _ . 1 ~
HY =X\ + )\ 2 )2+ 2 A — )\
TR (T (ZH ’“) o g
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for which

r N
(67) {Hz,Hd}—4< ) 2<i<N-2,

On_1, H?
{Nla c} (N_2

so that the #;’s move linearly under H, g . Also clearly,
(68) N, HY =0, 1<i<N.
Now for the flow Uy(do, po) = (4(t), p(t)) ,

I0).5(0)) = L, HIYNa(), 50)

for any f : R* — R and it follows from (67) and (68) that {6;},, {\}Y, are
action-angle variables for H?.
Set

O;=0;0W, A=NoW, 1<i<N.
Then as in (14), ©; and A; are canonically conjugate. Furthermore, under the
flow U, generated by H,, for any f:R* - Rand F = fo W,

iF(Ut(QO,po)) = d (f oWo Ut(QOaPO))

dt dt
d FA
(69) dt(f o Uy(Gos Po)) + (dos o) = W (qo, po)
=—f(é( ),b(t)) -
Hence under Uy,
(70)
SOulanm) = OV lanp) =1, i=1N
dt i\qo,Po) = dt % qo, Po - ) =1, IV,
d d ~—
%@i(Qmpo) = Eei(W<QOap0)> =4 (Ai(QO;pO) + Z Aj(Q(];pO)) , 2<i<N-=-2
=2
L O p0) = g A (40, 20)
ap N1 do,Po) = (N —2)? N-1\4o0, Do) -
Also,

d
aAi(QO,po) =0, 1<i<N.

Thus {6;}Y,, {A;}Y, are action-angle variables for H..
Note that by a general and simple argument, the relations {©;, A;} = §;; imply
that Ay, ..., A, are functionally independent, which is equivalent to the statement
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that their gradients are linearly independent on an open, dense set. Thus H, is
integrable in the sense of Liouville.
Finally note that every Hamiltonian of the form

1
H=-p"+V(q) (¢,p) €R?

2
generates a flow that can be expressed in Lax-pair form. Indeed, for
»_(p 2V(9) n_ (0 V(g
a simple computation shows that
. ) d - I
(72) g=p, p= -V < %L:[L,B].

Let (gi(t), pr(t),1 < k < N, solve the flow generated by H? as above. Set
Qr=aqoW, Py=pyoW, 1<kE<N.
Then, for 2 <k < N —1,

d
— pr— N p— P
dtQk proW e

ipk — (eék—l_(jk _ eﬁk—ﬁkﬂ) oW

dt
— er—l_Qk _ er_Qk-H’

where 91792 — Q@N-1=C@n — () Also
d

d
dth 1, dt 1 &

d d
dtQN N dt N C

Finally, set

Al Bg
By 0
Bn_>
L= By_y Ay—1 0 ,
0 P1 20@1
1 =P 0 0
0 PN —ZCQN
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and
0 —By
By, - 0
e —Bn_»
B = By_» 0 0 ’
0 0 c
000
0 0 —c
0 0
where
1
A = —§Pk, 2<k<N-1,
B = le(Qk_QkJrl)/Q 2< k< N=2.
2 ’ - =
Then

(au(t), pr(t))i=y solve (16)

d
ZL=1c8].

Thus the Hamilton equations for H, have a Lax-pair form.

Remark: Instead of using (51), we could use (52), U7 oW# = W#oU, to display
(16) as a Lax-pair in another form. But now the analog £# and B¥ of £ and B
convey little information,

P 0
L# = 0 Pyoi O
0 P1 2CQ1
0 1 =P 0
PN _20Qn
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and
0 0
0 - 0
0
B? = 0 00
0 0 ¢
0 0
0 0 —c
0 0
where
(73) Qr=qfoW#, Po=pfoW#, 1<k<N.

Here (¢*(t), p*(t)) = UF (¢, pif).
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