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In honor of Shmuel Agmon and his many contributions to mathematics

The Duck Test: ‘If it looks like a duck, walks like a duck and
quacks like a duck... it’s a duck!’

Abstract. We consider the open Toda chain with external forcing, and in the
case when the forcing stretches the system, we derive the longtime behavior of
solutions of the chain. Using an observation of Jürgen Moser, we then show
that the system is completely integrable, in the sense that the 2N -dimensional
system has N functionally independent Poisson commuting integrals, and also
has a Lax-Pair formulation. In addition, we construct action-angle variables
for the flow. In the case when the forcing compresses the system, the analysis
of the flow remains open.

In 1967, Morikazu Toda introduced [27] the eponymous Toda system with
Hamiltonian

(1) H(q, p) =
1

2m

∑

n∈Z

p2n +
a

b

∑

n∈Z

e−b(qn+1−qn) + a
∑

n∈Z

(qn+1− qn), for a, b > 0

for particles of equal mass m > 0 with positions q = {qn} on the line, and
momenta p = {pn}. The Hamiltonian equations generated by H have the form

(2)
q̇n =

∂H

∂pn
=

1

m
pn,

ṗn = − ∂H

∂qn
= − a

(

e−b(qn+1−qn) − e−b(qn−qn−1)
)

,

for −∞ < n < ∞, and so

(3) q̈n = − a

m

(

e−b(qn+1−qn) − e−b(qn−qn−1)
)

.

Toda’s goal in considering H was to investigate further the observation of
J. Ford and J. Waters [12], found by numerical computation, that nonlinear
systems have ‘normal modes where a normal mode is defined as a motion in
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which each oscillator moves at essentially constant amplitude (energy) and at a
given frequency’. As Toda notes, the existence of such normal modes implies,
in particular, the non-ergodic character of the system. Toda’s specific goal in
[27] was to discover an exact, explicit form for such normal modes for H, and he
found (in the case m = 1) such modes in the form of a travelling wave solution
for (3),

qn+1 − qn = − 1

b
log

(

1 +
4(Kν)2

ab

[

dn2(2K(νt± n

λ
))− E

K

])

,−∞ < n < ∞ ,

where for given any wave length λ and modulus 0 < k < 1, K = K(k) and
E = E(k) are complete elliptic integrals

K =

∫ π/2

0

dθ
√

1− k2 sin2 θ
, E =

∫ π/2

0

√

1− k2 sin2 θ dθ,

and the frequency ν is given by

ν =
1

2K

√

ab
(

1
sn2(2K/λ)

− 1 + E
K

) .

Here sn and dn are the standard Jacobi elliptic functions.

In the case that n runs over Z in (1), the linear term a
∑

n∈Z

(qn+1 − qn) plays

no role. Scaling

qn → bqn , t → t

√

m

ab

in (3), we see that we can restrict our attention to the case

(4) H =
1

2

∑

n∈Z

p2n +
∑

n∈Z

eqn−qn+1 + c
∑

n∈Z

(qn − qn+1) ,

where c is any constant.

In the periodic case,

qn+N = qn + s , pn+N = pn

for some N ∈ N and s ∈ R, equations (2) scaled as above take the form

(5)
q̇n = pn
ṗn =

(

e(qn+1−qn) − e(qn−qn−1)
)

for 1 ≤ n ≤ N , where qN+1 = q1 + s as above and −s =
N
∑

n=1

(qn − qn+1). In an

extensive numerical investigation in the cases N = 3 and N = 6, J. Ford, S. Stod-
dard and J. Turner [11] found strong evidence that the lattice was integrable.
And indeed, inspired by [11], M. Hénon [14] and, independently, H. Flaschka
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[9] showed that there are N independent integrals for (5). Also independently,
S. Manakov [20]1 proved the same result, viz., there are N independent integrals
for (5). The starting point of Hénon’s analysis was the integrability of the hard-
sphere gas, which is a limiting form of the Toda lattice. On the other hand,
Flaschka and Manakov based their analysis on the observation that (5) can be
written in Lax-pair form as follows: set

ai = − pi/2 , bi =
1

2
e(qi−qi+1)/2 , 1 ≤ i ≤ N ,

where qN+1 = q1 + s, pN+1 = p1, and in the variables ai, bi, equations (5) take
the form

(6) ȧi = 2(b2i − b2i−1) , ḃi = bi(ai+1 − ai) , 1 ≤ i ≤ N ,

where b0 = bN and aN+1 = a1. Note that the stretch parameter s is now part of
the initial conditions.

Define the symmetric matrix

L =











a1 b1 0 bN

b1 a2
. . . 0

0
. . . . . . bN−1

bN 0 bN−1 aN











= LT

and the skew-symmetric matrix

B =











0 −b1 0 bN

b1 0
. . . 0

0
. . . . . . −bN−1

−bN 0 bN−1 0











= − BT .

Then, if qi(t), pi(t) solve (5), so that ai(t), bi(t) solve (6), then L = L(t) solves

L̇ = [L,B] = LB − BL

with L0 = L(t = 0) given by qi(0), pi(0). By the general theorem of Lax [18], it
follows immediately that t 7→ L(t) is an isospectral deformation, i.e.,

specL(t) = specL0, t > 0.

In particular, the eigenvalues λ1, . . . , λN of L0 are N constants of the motion for
(5), and in [9], Flaschka relates the λi’s to the integrals of the motion obtained by
Hénon. Furthermore, in [20], Manakov showed that the λi’s Poisson commute, so
that the Hamiltonian system (5) is completely integrable in the sense of Liouville.
In principle, this meant that the periodic Toda system could be solved up to

1For the record: the articles by Hénon and Flaschka were submitted on August 13, 1973 and
August 22, 1973, respectively, and the article of Manakov was submitted on February 8, 1974.
Also, Henon, Flaschka and Manakov only considered the case with s = 0, but their methods go
through for general s.
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quadrature, and indeed in [16] M. Kac and P. van Moerbeke showed how to use
the Lax-pair formalism to partially solve (5) in terms of hyperelliptic function
theory: A full solution was given shortly thereafter by E.Date and S.Tanaka [3].

The methods of Hénon, Flaschka and Manakov can also be used to prove the
integrability of the Toda lattice with other boundary conditions, particularly the
so-called open Toda lattice (sometimes referred to as Toda with “fixed-ends”—see
below), and also scattering systems with infinitely many particles (see [14], [9],
[20] and also [8]).

In this paper we are particularly interested in the open Toda lattice where the
Hamiltonian has the form

HF (q, p) =
1

2

N
∑

n=1

p2n +
N−1
∑

n=1

e(qn−qn+1)

giving rise to the equations

(7)

q̇n = pn, 1 ≤ n ≤ N,
ṗ1 = −eq1−q2

ṗn = eqn−1−qn − eqn−qn+1 , 2 ≤ n ≤ N − 1,
ṗN = eqN−1−qN .

One can view (7) as arising from (5) with N + 2 particles q0, q1, . . . , qN , qN+1 by
setting

qN+1 = ∞ , q0 = −∞
so that the ends are “fixed” at ±∞: For this reason the open Toda lattice is
sometimes referred to as Toda with “fixed-ends”. Equations (7) can be written in
Lax-pair form by setting

(8)
ai = − pn/2, 1 ≤ n ≤ N,

bi =
1

2
e(qn−qn+1)/2, 1 ≤ n ≤ N − 1,

and defining the symmetric matrix

LF =











a1 b1 . . . 0

b1 a2
. . . 0

...
. . . . . . bN−1

0 0 bN−1 aN











= LT
F

and the skew-symmetric matrix

BF =











0 −b1 . . . 0

b1 0
. . . 0

...
. . . . . . −bN−1

0 0 bN−1 0











= − BT
F .
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Then if qn(t), pn(t) solve (7), LF (t) solves the Lax-pair equation

(9) L̇F = [LF , BF ]

with LF,0 = LF (t = 0) given by qn(0), pn(0). Again, the eigenvalues λi(t) of
LF (t) are constant and hence give N integrals for the open Toda lattice. In what
follows, we will often simply refer to (7) as the Toda lattice, or the Toda system,
or the Toda chain, and in cases where the periodic problem is under discussion,
we will specifically refer to (5) as the periodic Toda system.

Just as in the periodic case, the Toda system can be solved explicitly, now
in terms of rational functions of exponentials, as shown by J. Moser in [22].
Furthermore, Moser showed that the system has the following remarkable long-
term scattering behavior:

(10) qn(t) = α±
n t+ β±

n +O(e−δ|t|), t → ±∞, δ > 0, 1 ≤ n ≤ N

with

(11) α+
n = − 2λn, α−

n = − 2λN−n+1, 1 ≤ n ≤ N

and scattering shift as t goes from −∞ to ∞, given by

(12) β+
N−n+1 − β−

n =
∑

j 6=k

ln(α−
j − α+

k )
2 .

Explicit expressions for the β±
n ’s themselves were derived later in the early 2000’s

(see [4]), and subsequently in [19] ; see (57) below. Here λ1 > λ2 > . . . > λN are
the eigenvalues of LF,0.

When one of the authors (PD) came across formula (12), he was astounded:
he had just completed a PhD in abstract scattering theory in Hilbert space, and
the idea that one could compute the scattering shifts (equivalently, the scattering
matrix) for an N particle system explicitly, was beyond anything he had ever en-
countered. When he asked Moser how this was possible, Moser replied, somewhat
mysteriously, that ‘Every scattering system is integrable!’

What Moser meant was the following (see [23], Integrals via Asymptotics: the
Störmer Problem): suppose one has the solution of a Hamiltonian system

(q(t), p(t)) = (q1(t), . . . , qN(t), p1(t), . . . , pN(t)) ∈ R
2N

with Hamiltonian H and with the property that, as t → ∞,

p(t) = p∞ + o(1/t),
q(t) = q∞ + tp∞ + o(1),

for some constants (q∞, p∞). Let Ut(q(0), p(0)) = (q(t), p(t)) be the solution of the
system with initial data (q(0), p(0)) and let U0

t (q
0(0), p0(0)) = (q0(t), p0(t)), where

(q0(t), p0(t)) solves the free particle motion with Hamiltonian H0(q, p) = p2/2, so

p0(t) = p0(0)
q0(t) = q0(0) + p0(0)t .
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Then

U0
−t ◦ Ut(q0, p0) = U0

−t(q∞ + p∞t+ o(1), p∞ + o(1/t))
= (q∞ + p∞t+ o(1)− (p∞ + o(1/t))t, p∞ + o(1/t))
= (q∞ + o(1), p∞ + o(1/t)) → (q∞, p∞) as t → ∞ .

Thus the wave operator

W (q0, p0) ≡ lim
t→∞

U0
−t ◦ Ut(q0, p0) = (q∞, p∞)

exists. But then

U0
−t ◦ Ut ◦ Us = U0

s ◦ U0
−(t+s) ◦ Ut+s

implies

W ◦ Us = U0
s ◦W

or, if W−1 exists,

(13) Us = W−1 ◦ U0
s ◦W .

Now U0
−t ◦Ut is symplectic for all t and so W , and hence W−1, are symplectic.

Thus (13) shows us that Us is symplectically equivalent to U0
s , and hence is

completely integrable. Indeed, if α1, . . . , αN , are commuting integrals for H0,
then βi = αi ◦W, i = 1, . . . , N are commuting integrals for H:

βi ◦ Ut(q(0), p(0)) = αi ◦W ◦ Ut(q(0), p(0)) = αi ◦ U0
t (W (q(0), p(0)) = constant

and as W is symplectic,

(14) {βi, βj} = {αi ◦W,αj ◦W} = {αi, αj} ◦W = 0 .

Said differently, the above calculation shows more generally that ‘if a system
behaves like an integrable system, then it is an integrable system!’ or, as in the
famous ‘Duck Test’, ‘if it looks like a duck, walks like a duck and quacks like a
duck... it’s a duck!’

In Moser’s argument in [22] one finds that in addition to (10) one also has

(15) pn = α±
n +O(e−δ|t|) as t → ±∞

and so by Moser’s integrability argument, the Toda lattice is integrable. Note
further that

αi(q, p) = pi , 1 ≤ i ≤ N

are commuting integrals of the motion for H0 and so

βi(q0, p0) = αi(W (q0, p0)) = αi(q∞, p∞) = p∞,i, 1 ≤ i ≤ N

are commuting integrals of the motion for HF . But, from (10) and (11), up to a
factor of −2, the p∞,i’s are just the eigenvalues of LF,0, as they should be!

From the “duck” we learn that there is an interesting Catch 22 in the problem:
We could not have derived, by any means, utilizing any and all dynamical tools,
the asymptotic behavior of the system, unless it was integrable in the first place!



ON THE OPEN TODA CHAIN WITH EXTERNAL FORCING 7

Moser’s argument can be used to prove the integrability of a variety of dynam-
ical systems. For example, in [6] the authors showed, contrary to expectations,
that the perturbed defocusing nonlinear Schrödinger equation on the line,

iqt + qxx − 2|q|2q − ǫK(|q|2)q = 0
q(x, t = 0) = q0(x) → 0 , as |x| → ∞

is integrable for 0 < ǫ < ǫ0, for some ǫ0 > 0. Here K(|q|2) = O(|q|ℓ) as |q| → 0
for suitably large ℓ > 2.

Wave operators were first introduced in the context of quantum mechanical
scattering theory, by C.Møller [21] . In particular, for two self-adjoint operators
A and B in Hilbert space, with propagators eiAt and eiBt, Møller introduced the
quantum mechanical wave operator

Wf = lim
t→∞

e−iAteiBtf

for vectors f in the Hilbert space. Cook [1], and shortly thereafter Hunziker
[15], were the first to use wave operators in the context of classical dynamics.
Wave operators can also be used more generally to address problems in analysis:
see, in particular, Nelson’s proof in [24] of Sternberg’s Linearization Theorem
for non-resonant systems, and also the proof of Darboux’s Theorem establishing
the existence of local canonical coordinates for symplectic forms in [23]. A de-
tailed treatment of classical two-body scattering theory in three dimensions using
wave operators is given in [25]. A detailed treatment of classical and quantum
mechanical N-particle scattering theory is given in [7].

In this paper we consider Toda’s original system (4) in the finite fixed-end case,
with c 6= 0. The Hamiltonian for the system has the form

Hc(q, p) =
1

2

N
∑

n=1

p2n +
N−1
∑

n=1

eqn−qn+1 + c

N−1
∑

n=1

(qn − qn+1),

giving rise to the associated Hamiltonian equations

(16)

q̇n = pn , 1 ≤ n ≤ N,
ṗ1 = − eq1−q2 − c,
ṗn = eqn−1−qn − eqn−qn+1 , 2 ≤ n ≤ N − 1,
ṗN = eqN−1−qN + c.

As opposed to the whole line case and the periodic case, the constant c, and in
particular the sign of c, now plays a determining role. Note that

c

N−1
∑

n=1

(qn − qn+1) = c(q1 − qN),

and we think of Hc as the Hamiltonian of a lattice of particles q1, . . . , qN with
external forces acting on the endpoints of the lattice via the potential cq1 − cqN .
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When c > 0, the forces

− ∂

∂q1
c(q1 − qN) = − c − ∂

∂qN
c(q1 − qN) = c

stretch the lattice , and when c < 0, they compress the lattice.
The study of Hc is motivated in part by the statistical mechanics of the Toda

lattice. Here the statistics of the statistical mechanical ensemble is given by the
canonical measure

N
∏

j=1

dpj

N
∏

j=1

dqj exp(−βHc(q, p))

suitably normalized: This measure is clearly invariant under the flow generated
by Hc. From [26] we learn that the case c < 0 arises most naturally, but the
case c > 0 is also of interest. In general, the analysis of the thermodynamic
limit, N → ∞, of a statistical mechanical system with Hamiltonian H, is greatly
simplified if H is known to be integrable. This motivates, in particular, the study
of the integrability of Hc.

The numerical calculations below suggest strongly that in the case c > 0, Hc

is integrable. And indeed, the main result in this paper is to show, using Moser’s
integrability argument, that this is the case. In the case c < 0, we will argue below
that the numerical calculations suggest that also in this case there is integrable
structure, or near integrable structure, associated with the system.

As a benchmark, Figure 1 displays the solution of the Toda lattice with Hamil-
tonian HF , N = 20 particles and randomly chosen initial data. As t → ∞,
p(t) = p∞ + o(1) and q(t) = q∞ + p∞t + o(1) for suitable constants q∞ and p∞
as in (10) and (15). Figure 2 displays the solution of the perturbed Toda lattice
with Hamiltonian Hc, c = 1, N = 20 particles and randomly chosen initial data.
As t → ∞,

pi(t) = pi,∞ + o(1) , qi(t) = qi,∞ + tpi,∞ + o(1) , 2 ≤ i ≤ N − 1

for suitable constants pi,∞, qi,∞. But

p1(t) = − ct+O(1) , q1(t) = − ct2/2 +O(t) ,
pN(t) = ct+O(1) , qN(t) = ct2/2 +O(t) .

This suggests that the solutions of the Hc equations behave like solutions of a sys-
tem of N particles q1, . . . , qN , p1, . . . , pN consisting of a Toda lattice q2, · · · , qN−1,
p2, · · · , pN−1 decoupled from a pair of (decoupled) particles q1, p1, qN , pN solving

ṗ1 = − c , q̇1 = p1
ṗN = c , q̇N = pN .

Such a system of N particles is clearly completely integrable. What we will
show is that solutions of the perturbed Toda system with Hamiltonian Hc, c > 0,
indeed behave asymptotically like solutions of the decoupled system, and hence
in view of Moser’s observation, the perturbed system is integrable.
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is KdV. It follows that the solution of the lattice equation x(t) behaves like the
(integrable) KdV equation for times T of order h−2, i.e., Th2 = O(1), when x(t)
begins to diverge from y(t). Thus, the lattice has many h2-accurate integrals up
to times of order h−2. It turns out, however, that the near-integrability persists
for much longer times T of order h−4, and this they are elegantly able to explain
by showing that in fact x(t) solves a system of the form

ẋ = W (x) +O(h4)

and now
ẏ = W (y)

is a solution of the KdV hierarchy, and hence, also, integrable.
We are led to the following speculation: Is the Fermi et al. problem a guide to

what we see for c < 0? In Figure 5, in particular, when the almost periodicity
unravels on a moderate time scale (the same is likely true regarding Figure 3 and
Figure 4, but on a longer time scale), Fermi et al. raises the issue of whether
there is some integrable system associated with the lattice, which describes the
solutions of the lattice equations to high accuracy for large, but not infinite,
times? In this way, for large times, the system would have excellent, but not
perfect, ‘memory’.

One final comment: The Fermi-Pasta-Ulam-Tsingou paradox, as it is called, is a
modern illustration of the interesting phenomenon that sometimes science makes
progress, not because of the accuracy of its instruments, but rather because of
their inaccuracy. If computers in the 1950’s could have made longer calculations,
would KdV have been discovered as an integrable system? If Copernicus had
more accurate instruments, sensitive to the fluctuations in the planetary orbits,
would Kepler have been able to come up with his perfect laws?

We will prove the integrability of Hc with c > 0 in steps. In Step 1, we prove
that solutions of (16) with initial data qi(0), pi(0), 1 ≤ i ≤ N are unique and exist
globally, both for c ≥ 0 and c < 0. In the remainder of the paper, we only consider
the case c > 0. In Step 2, we will show that, as t → ∞, the particle system under
Hc splits up into two parts: a core Toda lattice q2, . . . , qN−1, p2, . . . , pN−1 obeying
(7) up to super-exponentially small errors,

q̇n = pn, 2 ≤ n ≤ N − 1,
ṗ2 = − eq2−q3 +O2(t),
ṗn = eqn−1−qn − eqn−qn+1 , 3 ≤ n ≤ N − 2,
ṗN−1 = eqN−2−qN−1 −ON−1(t),

where O2(t) = eq1−q2 = O(e−γt2), ON−1(t) = eqN−1−qN = O(e−γt2) for some γ > 0,
and a pair of decoupled particles q1, qN , p1, pN separating from the core lat-
tice, q1(t) → −∞ and qN(t) → ∞, as t → ∞. In Step 3, for solutions
q1(t), q2(t), . . . , qN(t), p1(t), p2(t), . . . , pN(t) of (16), we obtain precise asymptotics
for the inner core q2(t), . . . , qN−1(t), p2(t), . . . , pN−1(t). Let Ut(q0.p0) = ((q(t), p(t))
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Standard ODE methods show that (16) has unique local solutions (q(t), p(t))
with (q(0), p(0)) = (q0, p0) for which Hc(q(t), p(t)) = h0 ≡ Hc(q0, p0). Thus

(17)
1

2

N
∑

n=1

p2n(t) +
N−1
∑

n=1

eqn(t)−qn+1(t) = h0 − c(q1(t)− qN(t))

and so in order to prove global existence it is enough to show, in particular, that

|q1(t)− qN(t)| ≤ c1t
2 + c2

for some constants, c1, c2. Indeed, by (17), we would then have, for 1 ≤ n ≤ N ,
|pn(t)| ≤ c′1t+c′2 for some constants c′1, c

′
2 and so |qn(t)| ≤ c′′1t

2+c′′2, again for some
constants c′′1, c

′′
2. Global existence for (q(t), p(t)) now follows, again by standard

ODE methods. We derive stronger bounds on qn(t), pn(t) in Step 2 below.

The following elementary calculation plays a crucial role in our analysis. From
(17),

(p1 − pN)
2 ≤ 2(p21 + p2N) ≤ 2

N
∑

n=1

p2n ≤ 4(h0 − c(q1 − qN)) .

Setting q1 − qN = ∆, we have (∆̇)2 ≤ 4(h0 − c∆) and so

(18) − 2
√

h0 − c∆ ≤ ∆̇ ≤ 2
√

h0 − c∆ .

Integrating we find

−t+ c3 ≤
√
h0 − c∆

−c
≤ t+ c4

for some constants c3, c4. For c > 0, this implies

(19) 0 ≤ h0 − c∆ ≤ (ct+ c′)2

where c′ is some constant and so

h0 − (ct+ c′)2

c
≤ q1 − qN ≤ h0

c
.

There are, of course, similar bounds for c < 0.

Step 2.

From (16), we have

d

dt
(pN − p1) = eqN−1−qN + eq1−q2 + 2c

which implies

(20) pN(t)− p1(t) = pN(0)− p1(0) +

∫ t

0

(eqN−1−qN + eq1−q2) ds+ 2ct.

Now, from (18) and (19),

(21) pN − p1 = (q̇N − q̇1) ≤ 2
√

h0 + c(qN − q1) ≤ 2ct+ 2c′ .
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Inserting (20) into (21), we conclude that

(22)

∫ ∞

0

(eqN−1−qN + eq1−q2) ds < ∞ .

By (16),

p1(t) = p1(0)−
∫ t

0

eq1−q2 ds− ct

and so, as t → ∞,

(23) p1(t) = p1,∞ − ct+ o(1)

for some constant p1,∞. Similarly, as t → ∞,

(24) pN(t) = pN,∞ + ct+ o(1)

for some constant pN,∞ (note that pi,∞ 6= lim
t→∞

pi(t), i = 1, N). We have

(25)
1

2
p1(t)

2 =
1

2
c2 t2 − c t p1,∞ + o(t)

and

(26)
1

2
pN(t)

2 =
1

2
c2 t2 + c t pN,∞ + o(t) .

Inserting (25) and (26) into

1

2

N
∑

n=1

p2n ≤ h0 + c (qN − q1),

and using (21), we find

c2 t2 + c t (pN,∞ − p1,∞) +
1

2

N−1
∑

n=2

p2n + o(t)

≤ h0 + c(qN − q1) ≤ c2 t2 + 2c c′t+ (c′)2 .

We conclude that

(27) |pn| = O(t1/2) , 2 ≤ n ≤ N − 1

and so
|qn| ≤ O(t3/2) , 2 ≤ n ≤ N − 1 .

These bounds are sharper than those obtained in Step 1, and as

q1(t) = − c
t2

2
+O(t) , qN(t) = c

t2

2
+O(t)

by (23) and (24), we see that the particles q1 and qN separate from the core
q2, . . . , qN−1. Moreover,

(28) eq1−q2 , eqN−1−qN = e−c t2

2
(1+O(t−1/2)) = O(e−γt2)

for some γ > 0.
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Step 3.

Consider HF (q2, . . . , qN−1, p2, . . . , pN−1) =
1

2

N−1
∑

n=2

p2n +
N−2
∑

n=2

eqn−qn+1 , evaluated

along the solutions q1(t), q2(t), . . . , qN−1(t), qN(t), p1(t), p2(t), . . . , pN−1(t), pN(t) of
(16), the flow induced by Hc. Then

d

dt
HF (q2, . . . , qN−1, p2, . . . , pN−1) =

N−1
∑

n=2

pnṗn +
N−2
∑

n=2

eqn−qn+1(pn − pn+1)

=
N−1
∑

n=2

pn eqn−1−qn −
N−1
∑

n=2

pn eqn−qn+1

+
N−2
∑

n=2

pn eqn−qn+1 −
N−2
∑

n=2

pn+1 eqn−qn+1

= − pN−1 eqN−1−qN + p2 eq1−q2 .

It follows from (27) and (28) that

(29) HF (q2, . . . , qN−1, p2, . . . , pN−1) ≤ const.

and hence

(30) |pn(t)| ≤ const., 2 ≤ n ≤ N − 1

which is a further strengthening of (27).
The argument now follows in analogy with Moser’s convergence argument for

the Toda lattice in [22]. From (16),

d

dt
p2 = eq1−q2 − eq2−q3 ,

and we obtain

p2(t) = p2(0)−
∫ t

0

eq2−q3 ds+

∫ t

0

eq1−q2 ds

= p2(0)−
∫ t

0

eq2−q3 ds+

∫ ∞

0

eq1−q2 ds+O(e−γt2)

by (28). Hence, as |p2(t)| is bounded by (30), we conclude that
∫ ∞

0

eq2−q3 ds < ∞ .

Thus

(31) p2(t) = p2,∞ + o(1) .

Now
d

dt
(p2 + p3) = eq1−q2 − eq3−q4
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and as p2(t) and p3(t) are bounded, we conclude again as above that
∫ ∞

0

eq3−q4 ds < ∞

and, using (31),

p3(t) = p3,∞ + o(1) .

In particular, we conclude that

(32) q2(t)− q3(t) = t(p2,∞ − p3,∞) + o(t) .

Using
d

dt
(p2 + . . .+ pn) = eq1−q2 − eqn−qn+1 , 2 ≤ n ≤ N − 1

and proceeding by induction we find

(33)

∫ ∞

0

eqn−qn+1 ds < ∞, 2 ≤ n ≤ N − 2 .

(Of course the estimates
∫ ∞

0

eqN−1−qN ds,

∫ ∞

0

eq1−q2 ds < ∞

were obtained earlier.)
It follows that, as t → ∞,

pn(t) = pn,∞ + o(1), 2 ≤ n ≤ N − 1

and hence

qn(t) = qn,∞ + pn,∞t+ o(t), 2 ≤ n ≤ N − 1

and so

(34) qn(t)− qn+1(t) = qn,∞− qn−1,∞+(pn,∞−pn+1,∞)t+ o(t), 2 ≤ n ≤ N −2 .

In particular, by (33), we must have

(35) pn,∞ − pn+1,∞ ≤ 0, 2 ≤ n ≤ N − 2 .

We will show shortly that the inequality in (35) is strict. But note first that by
(29) and (30),

d

dt
eqn−qn+1 = eqn−qn+1(pn − pn+1), 2 ≤ n ≤ N − 2

is bounded, and so eqn−qn+1 is globally Lipschitz in time, and in particular uni-
formly continuous in t, and it follows from (33) that

(36) eqn(t)−qn+1(t) → 0

pointwise as t → ∞.

We now prove that the inequality in (35) is strict.
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In terms of the variables introduced in (8), an = − pn/2, 1 ≤ n ≤ N , and
bn = e(qn−qn+1)/2/2, 1 ≤ n ≤ N − 1, the equations (16) take the form

(37)
ȧn = 2(b2n − b2n−1), 2 ≤ n ≤ N − 1,

ḃn = bn(an+1 − an), 2 ≤ n ≤ N − 2 .

Set An = lim
t→∞

an = − pn,∞/2 , 2 ≤ n ≤ N − 1, and consider

S(t) ≡
N−1
∑

n=2

(an − An)
2 + 2

N−2
∑

n=2

b2n .

From (37), we have

bn(t) = bn(0) e
∫ t
0
(an+1−an) ds , 2 ≤ n ≤ N − 2

and as bn(t) =
1

2
e(qn(t)−qn+1(t))/2 → 0 by (36), we must have

(38)

∫ ∞

0

(an+1 − an) ds = −∞ , 2 ≤ n ≤ N − 2.

Using (37), we find after summing by parts

1

4

d

dt
S(t) =

N−1
∑

n=2

(an − An)(b
2
n − b2n−1) +

N−2
∑

n=2

b2n(an+1 − an)

= (aN−1 − AN−1)
N−1
∑

n=2

(b2n − b2n−1)

+
N−2
∑

n=2

(an − an+1 − An + An+1)
n
∑

i=2

(b2i − b2i−1) +
N−2
∑

n=2

b2n(an+1 − an)

= (aN−1 − AN−1)(b
2
N−1 − b21)

+
N−2
∑

n=2

(an − an+1 − An + An+1)(b
2
n − b21) +

N−2
∑

n=2

b2n(an+1 − an)

=
N−2
∑

n=2

(An+1 − An)b
2
n +O(e−γt2),

where we have used (28),

b21 =
1

4
eq1−q2 , b2N−1 =

1

4
eqN−1−qN = O(e−γt2) .

Now, if An+1 − An = − 1

2
(pn+1,∞ − pn,∞) > 0, then it follows from (34) that

bn(t) =
1

2
e(qn(t)−qn+1(t))/2 = O(e−µt/2)
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for some µ > 0. As An+1 − An ≥ 0 by (35), it follows that

(An+1 − An)b
2
n(t) = O(e−µt), 2 ≤ n ≤ N − 2 .

We conclude that, as S(t) → 0 as t → ∞,

S(t) = O(e−µt)

and hence
an = An +O(e−µt), 2 ≤ n ≤ N − 1

as t → ∞. Thus if An+1 − An = 0 for some 2 ≤ n ≤ N − 2, we would have
an+1(t)− an(t) = O(e−µt) for some 2 ≤ n ≤ N − 2, which contradicts (38). Thus
the inequality in (35) is strict,

(39) p2,∞ < p3,∞ < . . . < pN−1,∞ .

In particular, it follows (use (34), or more directly S(t) = O(e−µt)) that, as
t → ∞,

(40) eqn(t)−qn+1(t) ≡ O(e−µt), 2 ≤ n ≤ N − 2

and hence, by the above induction argument we also have

(41) pn(t) = pn,∞ +O(e−µt) , 2 ≤ n ≤ N − 1,

and so

(42) qn = qn,∞ + t pn,∞ +O(e−µt) , 2 ≤ n ≤ N − 1.

Equations (31) and (36) already imply that the core Toda matrix

(43) LF =











a2 b2 . . . 0

b2
. . . . . . 0

...
. . . . . . bN−2

0 0 bN−2 aN−1











converges to a diagonal matrix. By (40) and (41), the convergence is exponential.

Remark: If LF evolved according to the (exact) Toda flow (9), then, as t → ∞,
pn(t) → pn,∞ = −2λF

n , 2 ≤ n ≤ N − 1, where the λF
n ’s are the eigenvalues of

LF (t = 0). As LF (t = 0) is tridiagonal, the λF
n ’s are distinct and so the strict

inequality in (35) is immediate. As LF (t) solves only a perturbed Toda flow, the
strict inequality requires a more subtle analysis, as above.

Step 4.

From p1(t) = p1(0)−
∫ t

0

eq1−q2 ds− ct and (28), we see that

(44) p1(t) = p1,∞ − ct+O(e−γt2)

and similarly

pN(t) = pN,∞ + ct+O(e−γt2)
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from which it follows that

q1(t) = q1,∞ − ct2

2
+ tp1,∞ +O(e−γt2)

and

qN(t) = qN,∞ +
ct2

2
+ tpN,∞ +O(e−γt2) .

From (41) and (42), we have for 2 ≤ n ≤ N − 1,

pn(t) = pn,∞ +O(e−µt)

and

(45) qn(t) = qn,∞ + tpn,∞ +O(e−µt) .

Let Ut(q0, p0) = (q(t), p(t)) be the solution of (16) with (q(0), p(0) = (q0, p0), and

let Ût(q̂0, p̂0) = (q̂(t), p̂(t)) be the solution of the Hamiltonian equations generated
by the decoupled Hamiltonian

(46) Hd
c (q, p) =

1

2

N
∑

n=1

p2n +
N−2
∑

n=2

eqn−qn+1 + c(q1 − qN) .

The Hamiltonian Hd
c is clearly completely integrable. We have

˙̂q1(t) = p̂1(t) , ˙̂p1 = − c

and so

p̂1(t) = p̂1,0 − ct , q̂1(t) = q̂1,0 + p̂1,0t−
ct2

2
and similarly

p̂N(t) = p̂N,0 + ct , q̂N(t) = q̂N,0 + p̂N,0t+
ct2

2
.

By standard Toda asymptotics, (10) and (15), for 2 ≤ n ≤ N − 1, as t → ±∞,

p̂n(t) = α±
n +O(e−γ|t|)

and
q̂n(t) = β±

n + α±
n t+O(e−γ|t|) .

Also let U#
t (q#0 , p

#
0 ) = (q#(t), p#(t)) be the solution of the equations generated

by the “free" decoupled Hamiltonian

H#
c (q, p) =

1

2

N
∑

n=1

p2n + c(q1 − qn) .

Clearly

p#1 (t) = p#1,0 − ct , q#1 (t) = q#1,0 + p#1,0t−
ct2

2
and

p#N(t) = p#N,0 + ct , q#N(t) = q#N,0 + p#N,0t+
ct2

2
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and

(47) p#n (t) = p#n,0 , q#n (t) = q#n,0 + p#n,0t , 2 ≤ n ≤ N − 1 .

Now

Ŵ#
t (q̂0, p̂0) ≡ U#

−t ◦ Ût(q̂0, p̂0) = U#
−t

(

q̂1,0 + p̂1,0t−
ct2

2
, p̂1,0 − ct,

(

β+
n + α+

n t+O(e−γt), α+
n +O(e−γt)

)N−1

n=2
, q̂N,0 + p̂N,0t+

ct2

2
, p̂N,0 + ct

)

=
(

(q̂1,0 + p̂1,0t−
ct2

2
) + (p̂1,0 − ct)(−t)− c(−t)2

2
, (p̂1,0 − ct)− c(−t)

(

β+
n + α+

n t+O(e−γt) + (α+
n +O(e−γt))(−t), α+

n +O(e−γt)
)N−1

n=2
,

(q̂N,0 + p̂N,0t+
ct2

2
) + (p̂N,0 + ct)(−t) +

c(−t)2

2
, (p̂N,0 + ct) + c(−t)

)

=
(

q̂1,0, p̂1,0,
(

β+
N +O(e−γt), α+

n +O(e−γt)
)N−1

n=2
, q̂N,0, p̂N,0

)

→
(

q̂1,0, p̂1,0,
(

β+
N , α

+
n

)N−1

n=2
, q̂N,0, p̂N,0

)

≡ (q̂#, p̂#),

where

(48) q̂# = (q̂1,0, β
+
2 , . . . , β

+
N−1, q̂N,0) , p̂# = (p̂1,0, α

+
2 , . . . , α

+
N−1, p̂N,0) .

Thus

(49) Ŵ#(q̂0, p̂0) = lim
t→∞

U#
−t ◦ Ût(q̂0, p̂0) = (q̂#, p̂#)

exists. A similar argument shows that

(50) W#(q0, p0) = lim
t→∞

U#
−t ◦ Ut(q0, p0) = (q#, p#)

exists, where we now use (44) and (45),

q# = (q1,∞, . . . , qN,∞) , p# = (p1,∞, . . . , pN,∞) .

As

I1(q, p) =
1

2
p21 + cq1 , In(q, p) = pn, 2 ≤ n ≤ N − 1 , IN(q, p) =

1

2
p2N − qN

are commuting integrals for U#
t , it follows from (49), as in (14), that

Jn(q, p) = In ◦W#(q, p) = In(q
#, p#) , 2 ≤ n ≤ N − 1

are commuting integrals for Ut, i.e., for (16). In particular, this shows that Hc is
integrable. However, we want to show more: we want to show that there is an
intertwining operator W for Ût and Ut,

(51) Ût ◦W = W ◦ Ut .
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This will then allow us to display (16) in a convenient Lax-pair form, and hence
as an isospectral deformation similar to the (unperturbed) Toda case. From (49)
and (50), we have

(52) U#
t ◦ Ŵ# = Ŵ# ◦ Ût and U#

t ◦W# = W# ◦ Ut

and so, if (Ŵ#)−1 exists, then (modulo domain issues, explained at the end of
Step 4)

Ût ◦ (Ŵ#)−1 ◦W# = (Ŵ#)−1 ◦ U#
t ◦W# = (Ŵ#)−1 ◦W# ◦ Ut

and so (51) holds with

(53) W = (Ŵ#)−1 ◦W# .

The proof that (Ŵ#)−1 exists requires detailed knowledge of (q̂#, p̂#).

To prove that (Ŵ#)−1 exists, we use the following result from [4] (for an alter-
native proof, see Props. 5.2 and 3.6 in [19]). Let

(54) (q(t), p(t)) = (q2(t), . . . , qN−1(t), p2(t), . . . , pN−1(t))

solve the Toda equation generated by HF (q, p) =
1

2

N−1
∑

n=2

p2n +
N−2
∑

n=2

eqn−qn+1 with

initial data (q0, p0). Then, as t → ∞ (see (10)),

(55) qn(t) = α+
n t+ β+

n +O(e−γt) , γ > 0, 2 ≤ n ≤ N − 1,

where

(56) α+
n = − 2λn , 2 ≤ n ≤ N − 1

and

(57) β+
n =

1

N − 2

N−1
∑

j=2

qj,0 −
2

N − 2

N−1
∑

j=2

ln

(

un(2)

uj(2)

Πn−1
ℓ=2 2(λℓ − λn)

Πj−1
ℓ=22(λℓ − λj)

)

,

where 2 ≤ n ≤ N − 1, and Π1
ℓ=22(λℓ − λ2) ≡ 1. Here λ2 > λ3 > . . . > λN−1 are

the eigenvalues of the core Toda matrix LF (q0, p0) in (43), where ai = − pi,0/2,

bj =
1

2
e(qj,0−qj+1,0)/2, 2 ≤ i ≤ N − 1, 2 ≤ j ≤ N − 2, and u2(2), . . . uN−1(2) are

the first components of the normalized eigenvectors un = (un(2), . . . , un(N−1))T

of LF (q0, p0) corresponding to λn, 2 ≤ n ≤ N − 1. We have
N−1
∑

j=2

u2
n(j) = 1 and

un(2) > 0 for all 2 ≤ n ≤ N − 1. It is well known (see e.g. [4]) that the map Φ
from Jacobi matrices LF with bi > 0, 2 ≤ i ≤ N − 1, is a bijection onto

{(γ2, . . . , γN−1, µ2, . . . , µN−1) : γ2 > γ3 > . . . > γN−1,

N−1
∑

i=2

µ2
i = 1, µi > 0, 2 ≤ i ≤ N − 1}.
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Let UF
t = (q(t), p(t)) denote the solution of the Toda equations in (54) above

and let U0
t denote the solution of the equations generated by H0(q, p) =

1

2

N−1
∑

n=2

p2n.

Then the argument leading to (49) shows that

W F (q0, p0) = lim
t→∞

U0
−t ◦ UF

t (q0, p0)

exists and

(58) W F (q0, p0) = (β+
2 , . . . , β

+
N−1, α

+
2 , . . . , α

+
N−1) .

We show first that W F is one-to-one. Assume (58). From (56), the eigenvalues
{λn} of LF (q0, p0) are determined,

λn = − α+
n /2 , 2 ≤ n ≤ N − 1 .

From (57),
(59)

N−1
∑

n=2

β+
n =

N−1
∑

j=2

qj,0 −
2

N − 2

N−1
∑

n=2

N−1
∑

j=2

ln

(

un(2)

uj(2)

Πn−1
ℓ=2 2(λℓ − λn)

Πj−1
ℓ=22(λℓ − λj)

)

=
N−1
∑

i=2

qj,0 ,

as the double sum vanishes by oddness. It follows then from (57) that, for 2 ≤
n ≤ N − 1,

(60)
N−1
∑

j=2

ln
un(2)

uj(2)
= rn ,

where rn is a function of {β+
j }N−1

i=2 and {α+
n = − 2λn},

(61) rn =
N − 2

2

(

1

N − 2

N−1
∑

j=2

β+
j − β+

n − 2

N − 2

N−1
∑

j=2

ln

(

Πn−1
ℓ=2 (α

+
n − α+

ℓ )

Πn−1
ℓ=2 (α

+
j − α+

ℓ )

))

.

Note that

(62)
N−1
∑

n=2

rn = 0 .

From (60),
N−1
∏

j=2

(

un(2)

uj(2)

)

= ern

and so

un(2) =

(

N−1
∏

j=2

uj(2)

)1/(N−2)

ern/(N−2) .
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Since
N−1
∑

n=2

un(2)
2 = 1, this gives

N−1
∏

j=2

uj(2) =

(

N−1
∑

n=2

e2rn/(N−2)

)(2−N)/2

.

Thus

un(2) =
e

rn
N−2

(
∑N−1

n=2 e
2rn
N−2

)1/2
, 2 ≤ n ≤ N − 1 .

As LF (q0, p0) is determined by its eigenvalues and the first components of its
normalized eigenvectors, it follows that LF (q0, p0) is determined by {β+

i , α
+
j }, 2 ≤

i, j, N − 1. But

pn,0 = − 2an, 2 ≤ n ≤ N − 1

and

qn,0 − qn+1,0 = 2 ln 2bn , 2 ≤ n ≤ N − 2 .

As
N−1
∑

n=2

qn,0 =
N−1
∑

n=2

β+
n , by (59), we thus see that (q0, p0) is determined by

(β+
2 , . . . , β

+
N−1, α

+
2 , . . . α

+
N−1) = W F (q0, p0) ,

i.e., W F is one-to-one. We now show that W F is onto

X = {(x2, . . . , xN−1, y2, . . . , yN−1) : y2 < . . . < yN−1} ⊂ R
2(N−2) .

Let rn = rn(x, y) in (61) with β+
n replaced by xn and α+

n by yn, 2 ≤ n ≤ N − 1.
Set

(63) un(2) =
ern/(N−2)

(
∑N−1

j=2 e2rj/(N−2)
)1/2

> 0 , 2 ≤ n ≤ N − 1 .

Then by (62),

N−1
∏

n=2

un(2) =
e

1

N−2

∑N−1

n=2
rn

(
∑N−1

j=2 e2rj/(N−2)
)(N−2)/2

=
1

(
∑N−1

j=2 e2rj/(N−2)
)(N−2)/2

.

From (63),

(64)
N−1
∑

n=2

un(2)
2 = 1 and un(2) ≥ 0, 2 ≤ n ≤ N − 1,

and using (63), we see that

un(2) =
(

N−1
∏

j=2

uj(2)
)1/(N−2)

ern/(N−2)
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which implies
N−1
∏

i=2

(

un(2)

uj(2)

)

= ern(x,y)

from which we conclude that

xn =
1

N − 2

N−1
∑

j=2

xj −
2

N − 2

N−1
∑

j=2

ln

(

un(2)

uj(2)

Πn−1
ℓ=2 (yn − yℓ)

Πn−1
ℓ=2 (yj − yℓ)

)

.

Now, as Φ is a bijection, there exists a unique Toda matrix LF (see (43)) with
spectrum λ2 = −y2/2 > λ3 = −y3/2 > . . . > λN−1 = −yN−1/2 and first compo-
nents of the eigenvectors u2(2), . . . , uN−1(2).

Set
pn,0 = − 2an , 2 ≤ n ≤ N − 1,
qn,0 − qn+1,0 = 2 ln(2bn) , 2 ≤ n ≤ N − 1 .

Then determine the qn,0’s uniquely by requiring

N−1
∑

n=2

qn,0 =
N−1
∑

n=2

xn .

It then follows from the above calculations that

W F (q0, p0) = (x2, . . . , xN−1, y2, . . . , yN−1)

which completes the proof that W F is a bijection from R
2(N−2) to X. Finally, we

conclude from (48) that Ŵ# is a bijection from R
2N to

X̂# = {(x1, x2, . . . , xN−1, xN , y1, y2, . . . , yN−1, yN) : y2 < y3 < . . . < yN−1} .

In order to derive (51) with W as in (53), we need to verify certain domain issues.

For (x, y) ∈ X̂#, we have from (52)

Ŵ# ◦ Ût ◦ (Ŵ#)−1(x, y) = U#
t ◦ Ŵ# ◦ (Ŵ#)−1(x, y) = U#

t (x, y)

from which we see necessarily that U#
t (x, y) ∈ X̂#, a fact that can be seen directly

from (47). Hence

Ût ◦ (Ŵ#)−1 = (Ŵ#)−1 ◦ U#
t on X̂# .

But it follows from (39) that for any (x, y) ∈ R
2N , W#(x, y) ∈ X̂#, and so

Ût ◦ (Ŵ#)−1 ◦W#(x, y) = (Ŵ#)−1 ◦ U#
t ◦W# = (Ŵ#)−1 ◦W# ◦ Ut(x, y)

which verifies, indeed, that W = (Ŵ#)−1 ◦W# mapping R
2N to itself intertwines

Ut, the propagator for the equations generated by Hc, and Ût, the propagator for
the equations generated by the completely integrable Toda-core Hamiltonian Hd

c .

As noted earlier, although the intertwining relation Ût ◦W = W ◦Ut is enough
to prove integrability, it is not sufficient to prove that solutions generated by
Hc behave asymptotically like solutions generated by the decoupled Toda core
Hamiltonian Hd

c . In the quantum mechanical case , the fact that eiAt is linear
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and unitary implies that ||e−iAteiBtf − Wf || = ||eiBtf − eiAtWf |, and so the
convergence of the wave operator W is equivalent to showing that a solution
eiBtf generated by the operator B, behaves like a solution eiAtg generated by
the operator A, where g := Wf . In the case at hand, as Û#

t , is neither linear
nor bounded, we cannot, in particular, immediately infer from the convergence
U#
−t ◦ Ût(q0, p0)−Ŵ#(q0, p0) → 0, that Ût(q0, p0)−U#

t Ŵ#(q0, p0) → 0, as desired.
However, as we see from the calculations following (47), as t → ∞,

U#
−t ◦ Ût(q0, p0) = Ŵ#(q0, p0) +O(e−γt)

it then follows from the explicit form, and polynomial growth, of U#
t that

Ût(q0, p0) = U#
t (Ŵ#(q0, p0) +O(e−γt)) = (U#

t Ŵ#(q0, p0)) +O(e−γt/2).

A similar argument shows that

Ut(q0, p0) = U#
t (W#(q0, p0) +O(e−γt)) = (U#

t W#(q0, p0)) +O(e−γt/2).

Now as W#(q0, p0) ∈ X̂#, and as Ŵ# is a bijection onto X̂#, it follows that there

exist (q̂0, p̂0) such that Ŵ#(q̂0, p̂0) = W#(q0, p0). Substitution into the above two
relations shows that

Ut(q0, p0) = Ût(q̂0, p̂0) +O(e−γt/2)

where (q̂0, p̂0) = W (q0, p0) as desired.
Finally, as noted before, we do not construct W directly as a wave operator

lim
t→∞

Û−t ◦ Ut(q0, p0). The reason for this is the following. In evaluating

Û−t ◦ Ut(q0, p0) = Û−t(q(t), p(t))

we are facing a double scaling limit. The asymptotics of Û−t(q̂0, p̂0) as t → ∞
is known for (q̂0, p̂0) fixed, or in a compact set, but q(t), in particular, grows
linearly. This considerably complicates the analysis. The difficulty is avoided
when we evaluate

Û#
−t ◦ Ut(q0, p0) = Û#

−t(q(t), p(t))

as we have an explicit, and simple, formula for Û#
−t(q̂

#, p̂#) for all (q̂#, p̂#), and
so the double scaling limit is avoided. To avoid the problem of the double scal-
ing limit in evaluating Û−t(q(t), p(t)), we need to use an explicit formula for

Û−t(q̂0, p̂0) for all (q̂0, p̂0). This is most conveniently done by mapping the solution
(q1(t), ..., qN(t), p1(t), ..., pN(t)) onto the eigenvalues (λ2(t), ..., λN−1(t)) and first
components of the associated normalized eigenvectors (u2(2)(t), ..., uN−1(2)(t)) of
the core Toda matrix LF = LF (t) in (43) . In [22], Moser used the Lax-Pair form
(9) to show that under the Toda flow

λ̂i(t) = λ̂i,0, i = 2, ..., N − 1
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and

ûi(2)(t) =
ûi,0(2)e

λ̂i,0t

(
∑N−1

j=2 (ûj,0(2))2e2λ̂j,0t))1/2
, i = 2, ..., N − 1

for any initial conditions λ̂i,0,ûj,0(2). The evolution of LF (t) is almost the same
as in (9), except there is an additional diagonal driving term

L̇F = [LF , BF ] + diag(−2b21, 0, 0, ..., 0, 2b
2
N−1)

where b1 =
1

2
e(q1(t)−q2(t))/2 and bN−1 =

1

2
e(qN−1(t)−qN (t))/2. Now Moser’s method to

obtain the above formulae for (λ̂i(t),ûj(2)(t)), can be extended, using the driven
Lax-Pair for LF (t), to obtain the asymptotics of λi(t) and uj(2)(t). Then when
we evaluate

Û−t ◦ Ut(q0, p0) = Û−t(q(t), p(t))

now in the (λ, u(2)) variables, rather than the original (q, p) variables, we can

use Moser’s explicit formulae for (λ̂i(t),ûj(2)(t)), and the double scaling limit is
avoided. Using the bijection between LF and the (λ, u(2)) variables, we can then
assert, after some algebra, the existence of

lim
t→∞

Û−t ◦ Ut(q0, p0)

directly in the original (q, p) variables. We leave the details to the interested
reader.

Finally we note that the core Toda flow can also be solved explicitly for any
time t in the bidiagonal formalism of [19], so that in evaluating

lim
t→∞

Û−t ◦ Ut(q0, p0)

we could just as easily have worked in bidiagonal coordinates.

Step 5.

We assert that W = (Ŵ#)−1◦W# is C1(R2N). Indeed, Ŵ# is a diffeomorphism

from R
2N onto X̂#, as can be seen directly from (56) and (57) and the fact that

Φ is a diffeomorphism, coupled with the fact that

(q0, p0) 7→
(

aj = − pj,0/2, bj =
1

2
e(qj,0−qj+1,0)/2, 2 ≤ j ≤ N − 1,

N−1
∑

i=2

qi,0

)

,

is a diffeomorphism. At the analytical level, the fact that Ŵ# = lim
t→∞

U#
−t ◦ Ût

is C1 follows, alternatively, from the fact that (q0(t), p0(t)) = U#
−t ◦ Ût(q0, p0) is

a C1 function of (q0, p0) for any finite t by standard ODE methods, and then
noting from (7) that the derivative of (q0(t), p0(t)) with respect to (q0, p0) is a
linear system with exponentially decaying coefficients. But the same is true for
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(16), and so W# = lim
t→∞

U#
−t ◦Ut is also C1, and hence W = (Ŵ#)−1 ◦W# is C1.

We leave the details to the interested reader.
For the core Toda system (q, p) = (q2, . . . , qN−1, p2, . . . , pN−2), let λ2 > . . . >

λN−1 be the eigenvalues and u2(2), . . . , uN−1(2) be the first components of the nor-
malized eigenvectors of the associated Toda matrix LF (q, p). Let Z(λ) = det(LF (q, p)−
λ). Then, as shown in [5], and also, more directly in [4] (action-angle variables
for the Toda flow are also given in [17]),

θk = ln

(

uk(2)

uN−1(2)

∣

∣

∣

Z ′(λk)

Z ′(λN−1)

∣

∣

∣

1/2
)

, 2 ≤ k ≤ N − 2

θN−1 =
1

N − 2
(q2 + . . .+ qN−1),

λ̃k = λk −
1

N − 2

N−1
∑

j=2

λj , 2 ≤ k ≤ N − 2,

λ̃N−1 = p2 + . . .+ pN−1

are action-angle variables for the core Toda flow,

(65) {θi, θj} = 0 , {λ̃i, λ̃j} = 0, {θi, λ̃j} = δij , 2 ≤ i, j ≤ N − 1 .

On the other hand, for additional variables q1, p1, qN , pN , if

θ1 = − 1

2
p1 , θN =

1

c
pN ,

λ̃1 =
1

2
p2 + cq1 , λ̃N =

1

2
p2N − cqN ,

it follows that (65) holds for 1 ≤ i, j ≤ N . Also from (46),

(66) Hd
c = λ̃1 + λ̃n + 2

N−1
∑

i=2

λ2
k .

Now, as λ̃N−1 = −2(a2 + . . .+ aN−1) = −2 trLF = − 2(λ2 + . . .+ λN−1), we see

that λk = λ̃k−
1

2(N − 2)
λ̃N−1, 2 ≤ k ≤ N −2, and then solving for λN−1, we find

λN−1 = − 1

2(N − 2)
λ̃N−1 −

N−2
∑

j=2

λ̃i .

Substitution into (66) gives

Hd
c = λ̃1 + λ̃N + 2

N−2
∑

k=2

(λ̃k)
2 + 2

(

N−2
∑

k=2

λ̃k

)2

+
1

2(N − 2)2
λ̃2
N−1
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for which

(67)

{θi, Hd
c } = 1 , i = 1 or N

{θi, Hd
c } = 4

(

λ̃i +
N−2
∑

j=2

λ̃j

)

, 2 ≤ i ≤ N − 2,

{θN−1, H
d
c } =

1

(N − 2)2
λ̃N−1

so that the θi’s move linearly under Hd
c . Also clearly,

(68) {λ̃i, H
d
c } = 0 , 1 ≤ i ≤ N .

Now for the flow Ût(q̂0, p̂0) = (q̂(t), p̂(t)) ,

d

dt
f(q̂(t), p̂(t)) = {f,Hq

c }(q̂(t), p̂(t))

for any f : R2N → R and it follows from (67) and (68) that {θi}Ni=1, {λ̃i}Ni=1 are
action-angle variables for Hd

c .
Set

Θi = θi ◦W , Λi = λ̃i ◦W , 1 ≤ i ≤ N.

Then as in (14), Θi and Λi are canonically conjugate. Furthermore, under the
flow Ut generated by Hc, for any f : R2N → R and F = f ◦W ,

(69)

d

dt
F (Ut(q0, p0)) =

d

dt
(f ◦W ◦ Ut(q0, p0))

=
d

dt
(f ◦ Ût(q̂0, p̂0)) , (q̂0, p̂0) = W (q0, p0)

=
d

dt
f(q̂(t), p̂(t)) .

Hence under Ut,
(70)
d

dt
Θi(q0, p0) =

d

dt
θi(W (q0, p0)) = 1 , i = 1, N,

d

dt
Θi(q0, p0) =

d

dt
θi(W (q0, p0)) = 4

(

Λi(q0, p0) +
N−2
∑

j=2

Λj(q0, p0)

)

, 2 ≤ i ≤ N − 2,

d

dt
ΘN−1(q0, p0) =

1

(N − 2)2
ΛN−1(q0, p0) .

Also,
d

dt
Λi(q0, p0) = 0 , 1 ≤ i ≤ N .

Thus {Θi}Ni=1, {Λi}Ni=1 are action-angle variables for Hc.
Note that by a general and simple argument, the relations {Θi,Λj} = δij imply

that Λ1, . . . ,Λn are functionally independent, which is equivalent to the statement
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that their gradients are linearly independent on an open, dense set. Thus Hc is
integrable in the sense of Liouville.

Finally note that every Hamiltonian of the form

H =
1

2
p2 + V (q) (q, p) ∈ R

2

generates a flow that can be expressed in Lax-pair form. Indeed, for

(71) L̂ =

(

p 2V (q)
1 −p

)

, B̂ =

(

0 V ′(q)
0 0

)

,

a simple computation shows that

(72) q̇ = p , ṗ = − V ′(q) ⇔ d

dt
L̂ = [L̂, B̂] .

Let (q̂k(t), p̂k(t), 1 ≤ k ≤ N , solve the flow generated by Hd
c as above. Set

Qk = q̂k ◦W , Pk = p̂k ◦W , 1 ≤ k ≤ N .

Then, for 2 ≤ k ≤ N − 1,

d

dt
Qk = p̂k ◦W = Pk,

d

dt
Pk =

(

eq̂k−1−q̂k − eq̂k−q̂k+1

)

◦W

= eQk−1−Qk − eQk−Qk+1 ,

where eQ1−Q2 = eQN−1−Qn = 0. Also

d

dt
Q1 = P1 ,

d

dt
P1 = − c

d

dt
QN = PN ,

d

dt
PN = c .

Finally, set

L =



























A1 B2

B2
. . . . . . 0
. . . BN−2

BN−2 AN−1 0
0 P1 2cQ1

1 −P1 0 0
0 PN −2cQN

1 −PN



























,
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and

B =



























0 −B2

B2
. . . . . . 0
. . . −BN−2

BN−2 0 0
0 0 c

0 0 0
0 0 −c

0 0



























,

where

Ak = − 1

2
Pk , 2 ≤ k ≤ N − 1,

Bk =
1

2
e(Qk−Qk+1)/2 , 2 ≤ k ≤ N − 2 .

Then
(qk(t), pk(t))

N
k=1 solve (16)

⇔

d

dt
L = [L,B] .

Thus the Hamilton equations for Hc have a Lax-pair form.

Remark: Instead of using (51), we could use (52), U#
t ◦W# = W#◦Ut to display

(16) as a Lax-pair in another form. But now the analog L# and B# of L and B
convey little information,

L# =



























P1 0

0 P2
. . . 0

. . . . . . 0
0 PN−1 0

0 P1 2cQ1

0 1 −P1 0
PN −2cQn

1 −PN


























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and

B# =



























0 0

0
. . . . . . 0
. . . 0

0 0 0
0 0 c

0 0
0 0 −c

0 0



























where

(73) Qk = q#k ◦W# , Pk = p#k ◦W# , 1 ≤ k ≤ N .

Here (q#(t), p#(t)) = U#
t (q#0 , p

#
0 ).
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