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A local discontinuous Galerkin (LDG) method for approximating large deformations of prestrained
plates is introduced and tested on several insightful numerical examples in Bonito e al. (2022, LDG
approximation of large deformations of prestrained plates. J. Comput. Phys., 448, 110719). This paper
presents a numerical analysis of this LDG method, focusing on the free boundary case. The problem
consists of minimizing a fourth-order bending energy subject to a nonlinear and nonconvex metric
constraint. The energy is discretized using LDG and a discrete gradient flow is used for computing
discrete minimizers. We first show I"-convergence of the discrete energy to the continuous one. Then we
prove that the discrete gradient flow decreases the energy at each step and computes discrete minimizers
with control of the metric constraint defect. We also present a numerical scheme for initialization of the
gradient flow and discuss the conditional stability of it.

Keywords: prestrained materials; metric constraint; local discontinuous Galerkin; reconstructed Hessian;
discrete gradient flow; free boundary conditions.

1. Introduction

Prestrained materials can develop internal stresses at rest, deform out of plane even without an external
force and exhibit nontrivial three-dimensional shapes. This is a rich area of research with numerous
applications for instance in nematic glasses (Modes et al., 2010a,b), natural growth of soft tissues
(Goriely & Ben Amar, 2005; Yavari, 2010) and manufactured polymer gels (Klein et al., 2007; Kim
etal.,2012; Wu et al., 2013).

Starting from three-dimensional hyperelasticity, a geometric nonlinear and dimensionally reduced
energy for isotropic prestrained plates where bending was the chief mechanism for deformation was
proposed in Efrati er al. (2009) and derived rigorously via I"-convergence in Bhattacharya et al. (2016).
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628 A. BONITO ET AL.

The bending energy reads

24

tr (g‘%ll[y]g—%)2 (1.1)
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and is subject to the nonlinear and nonconvex metric constraint

I[yl(x) = g(x) ae.in £2, (1.2)

where y : £2 — R3 is the deformation of the midplane £2 C R?, g : 2 — R?*? is a given symmetric
positive definite (SPD) matrix and A and p are Lamé parameters of the material. Hereafter, I[y] and
II[y] denote respectively the first and second fundamental forms of the deformed plate y(§2), namely

Iyl :=Vy'Vy and I[y]:=—-Vv»'Vy= @,y v} (1.3)

where p ;= 1¥X%y.

= Byl is the unit normal vector to the surface y(§2). Moreover, |-| stands for the Frobenius
norm. Given an immersible metric g, our goal is to construct a deformation y that minimizes (1.1) subject
to (1.2).

In Bonito er al. (2022), we depart from the three-dimensional elastic energy of prestrained plates
based on the Saint-Venant Kirchhoff energy density for classical isotropic materials and derive formally
the two-dimensional energy (1.1) with a modified Kirchhoff-Love assumption. In the special case
g = I, with I, the 2 x 2 identity matrix (i.e., when y is an isometry), thanks to the relations (Bartels,

2013; Bartels et al., 2017; Bonito et al., 2021a)
iyl = |D%y| = |Ay| = te([y)), (1.4)
(1.1) and (1.2) reduce to the nonlinear Kirchhoff plate model: minimize the energy

 op(utA)
o=

T3Qu 4+ 1)’ (1.5)

o
Ew =2 / Dy P,
2 Jo

subject to the isometry constraint Vyl Vy = I, a.e. in §2. A formal derivation of (1.5) can be traced
back to Kirchhoff in 1850, and an ansatz-free rigorous derivation was carried out in the seminal work of
Friesecke et al. (2002) via I"-convergence.

1.1 Problem statement

The presence of the highly nonlinear quantity II[y] in the energy (1.1) is an obstacle to the design of
efficient numerical algorithms. Since for a general g the relation (1.4) does not hold, the energy given
in (1.1) cannot be reduced to (1.5). However, thanks to Proposition A1 given in the appendix, we get an
equivalent formulation by replacing the second fundamental form II[y] in (1.1) by the Hessian Dy of
the deformation.

We intend to study the approximation of the following constrained minimization problem:

I;éilglE(Y), (1.6)
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where
nm > | | A 1 1\2
E(y) = — ’ “2p%y g7 2|2 t ( —2p? ‘i) 1.7
) 12’;/9g w8 "+ gyt (872 Dms (1.7)
withy = (Vm)?n:p and where the set of admissible functions is
A={yeH ) : Vy'Vy=¢ ae in@}. (1.8)

Throughout this work, we assume that g is immersible in R3, i.e., the admissible set A is not empty. In
addition we assume that g € [H'(£2) N L>®(£2)]>*2.

1.2 Numerical methods

In the case g = I,, (1.5) is discretized with Kirchhoff finite elements in Bartels (2013) and symmetric
interior penalty discontinuous Galerkin (SIPG) methods in Bonito et al. (2021a). For bilayer plates
with isometry constraint, discretizations relying on Kirchhoff finite elements and on SIPG methods
are proposed in Bartels ez al. (2018, 2017) and in Bonito et al. (2020), respectively. In our previous
computational work Bonito ez al. (2022), we consider (1.5) with a general immersible g # I,, introduce
a local discontinuous Galerkin (LDG) approach in which the Hessian D?y is replaced by a reconstructed
Hessian H; (y;,) and explore the performance of LDG computationally. The present manuscript provides
a mathematical justification of several properties of the algorithms in Bonito et al. (2022), such as
convergence, energy decrease and metric defect control.

For Kirchhoff finite elements, the discrete isometry constraint is imposed at the nodes of the mesh
and Dirichlet boundary conditions are incorporated in the admissible set. They are based on polynomials
with degree k = 3 and require the computation of a discrete gradient, which may complicate the
implementation of the method.

In both the LDG and SIPG approaches, the pointwise metric constraint is relaxed by imposing it on
average over the elements, and any prescribed boundary conditions are imposed weakly via the Nitsche
approach, thereby allowing for more geometric flexibility. Furthermore, the method is well defined for
polynomials with degree k = 2, which are implemented in most standard finite element libraries. For
instance, we refer to the step-82 tutorial program (Bonito & Guignard, 2021) for an implementation of
the reconstructed Hessian in the deal.Il (Bangerth ez al., 2007) library.

Compared with SIPG, LDG is conceptually simpler in that it uses H,,(y;) as a chief constituent of
the method. Moreover, contrary to SIPG which requires sufficiently large stabilization parameters for
stability, there is no such condition for LDG. Stability of LDG is ensured for any positive stabilization
parameters, as proved in Theorem 3.1 below. We refer to Bonito ef al. (2022, Section 3.1.1) for further
comments on the comparison of SIPG and LDG.

The LDG method was originally proposed in Cockburn & Shu (1988). Motivated by the lifting and
discrete gradient operator introduced in Di Pietro & Ern (2010, 2011), the discrete Hessian

H,(y;) := D}y, — R,((V,y;,) + B, (ly,]) (1.9)

consists of three parts: the broken Hessian D,zlyh, the lifting of the jumps of the broken gradient [V,y, ]
and the lifting of the jumps [y, ] of y,, itself; a precise definition is given in (2.21) below. Lifting operators
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630 A. BONITO ET AL.

were initially introduced in Bassi e al. (1997) and further analyzed in Brezzi et al. (1999, 2000). It is
worth mentioning that similar discrete Hessians are used in Pryer (2014) to study the convergence of dG
for the bi-Laplacian and in Bonito ef al. (2021a) to prove the I"-convergence for plates with isometry
constraint. In the present work, H;(y,) is an integral part of the numerical method and not a mere
theoretical device. A key property of H,(y,) is consistency with integration by parts which yields its
weak convergence in LZ(SZ) (see Lemma 2.4 below).

1.3 Discrete problem

The LDG counterpart of the energy (1.7) reads

3
1% _1 _1
E,(yp) ::EE /Q‘g 2H,(ypm) 8 2 2
m=1

3
A _1 _1\2 (1.10)
e — t 2 H 2
+ 12(2M+)»)mZ:‘I/Q r(g 2 Ohm) 8 )

12 B Y0 1, —3
+ IR VYL o) + 2 I 291 o

where y;, = (yh’m)i: | € [Vﬁ]3 is the discrete deformation over a shape-regular mesh 7, of £2 (in the
sense given in Section 2.1), H, (y,,) is given in (1.9), y,, y; > 0 are stabilization parameters and Fho is
the skeleton of 7, defined in (2.1). Given a parameter ¢ > 0 so that ¢ — 0 as h — 0, the discrete
admissible set is

Al =1y, e IVEP: Dy(yp) <e¢), (1.11)
where
Dy(yy) == D ‘/ VYiVy, —g’ (1.12)
T<T, T

is the metric defect, also called prestrain defect in what follows. Note that A]h‘ . is nonconvex. Finally,
the discrete counterpart of (1.6) reads

min  E,(y,). (1.13)

Vi€
This is a nonconvex energy minimization due to (1.11) and is discussed in detail in Section 2.

1.4 Contributions and outline

In this article we analyze the algorithms proposed in Bonito et al. (2022). Following Bartels (2013),
Bartels et al. (2017) and Bonito et al. (2021a), we develop a I'-convergence theory and show that
(up to a subsequence) the discrete global minimizers of the discrete energy (1.13) converge to global
minimizers of the continuous counterpart (1.6). We focus on the free boundary case (no Dirichlet
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LDG METHOD FOR LARGE DEFORMATIONS OF PRESTRAINED PLATES 631

boundary conditions imposed), which is not considered in previous numerical analysis works on large
deformation of plates with metric constraint (Bartels, 2013; Bartels ef al., 2017; Bonito et al., 2021a).
We then examine the discrete H>-gradient flow with linearized metric constraint proposed in Bonito
et al. (2022) and prove that the discrete energy decreases at each step while the metric defect is kept
under control. Deformations in the free boundary case are defined up to rigid motions, which requires
the addition of an L? term in the gradient flow metric. Last but not least, we study the behavior of (a
generalization of) the preprocessing algorithm proposed in Bonito ez al. (2022) and designed to construct
an initial deformation for the main gradient flow with a small prestrain defect. An error analysis is out
of reach partly due to poor understanding of the nonconvex constraint (1.2) and lack of characterization
of immersible metrics.

The rest of the article is organized as follows. In Section 2 we introduce the (broken) finite element
spaces and prove preliminary key properties for discrete functions, such as Poincaré—Friedrichs-type
inequalities and a compactness result. The discrete Hessian operator H), is discussed in Section 2.4
together with weak and strong convergence properties, bounds on the lifting operators and an
equivalence relation crucial to prove the coercivity of the discrete energy. In Section 3 we define the
discrete problem briefly introduced in Section 1.3 above and investigate its properties. The proof of
I'-convergence of the discrete energy to the exact one is the content of Section 4. In Section 5 we
recall the gradient flow scheme used in Bonito et al. (2022) to solve the discrete problem, prove
its unconditional stability and show how the prestrain defect is controlled throughout the flow. The
preprocessing algorithm is discussed in Section 6. The equivalence between the energies (1.1) and
(1.7), where the second fundamental forms are replaced by Hessians is the subject of Appendix A.
For completeness, we also discuss in Appendix C how the theory for free boundary conditions can be
extended to settings where Dirichlet boundary conditions are imposed on a portion I'® # ¢ of the
boundary 92 and where the plate is subject to external forces.

The notation A < B and A ~ B used throughout stands for A < CB and ¢cB < A < CB respectively,
where ¢, C are constants independent of the discretization parameters 4, € and t.

2. Discontinuous finite elements
2.1 Subdivisions

Let 2 C R? be a polygonal domain, and consider a sequence {T,}4=0 of shape-regular conforming
partitions of §2 made of either triangles or quadrilaterals T of diameter 2y < h. Let Eg be the set of
interior edges and Fho be the interior skeleton of 7,

Fho ={xece: eeS}?}. 2.1

For triangles, the family of meshes {7}, is assumed to be regular in the sense of Ciarlet & Lions
(1991): there exists a constant ¢ > 0 independent of 4 such that

h
L <o VTEeT, (2.2)
or

where p; denotes the diameter of the largest ball inscribed in T. For quadrilaterals, we assume that
the elements are convex and that the subtriangles obtained by bisecting an element along each of its
diagonals satisfy (2.2). Under these regularity conditions, there is an invertible affine (resp. bi-affine)
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632 A.BONITO ET AL.
mapping Fy : T — T that maps the reference unit triangle (resp. square) T onto T and that satisfies
IDFrll gy S e IDF7 ooy S b7 2.3)

where DFy and DF ! denote the Jacobian matrices of Fr and Fj ! respectively; see, for instance,
Ciarlet & Lions (1991) and Girault & Raviart (1986). In order to simplify the notation, we use a mesh
function h such that i Shiy S hpforall T € 7,and h, Sh|, Sh,foralle € &,.

2.2 Broken spaces

Let k > 0 and P, (resp. Q;) be the space of polynomials of total degree at most k (resp. of degree at
most k in each variable). Each component of the deformation y is approximated by functions from the
(broken) finite element space

Vi o= {v, € L*(2) : vylpoFp € Py (resp. Q) YT eT,} (2.4)

when 7, is made of triangles (resp. quadrilaterals). In view of the energy (1.10), we require from now
on that k > 2. Throughout this work, functions with values in R3 are written with bold symbols and
subindices indicate their components; for example, y; ,, € V’;l, m = 1,2,3 are the components of
y, € [V',‘l]3. The broken gradient of a scalar function v, € V];L is given by V,v,. We use similar notation
for other piecewise differential operators, for instance D7v, = V, V,v, denotes the broken Hessian. For
vector-valued functions, these operators are computed componentwise.

We now introduce the jump and average operators. To this end, let n, be a unit normal to e € 5,?
(the orientation is chosen arbitrarily but is fixed once for all). For v, € V';l and e € Eg , let v,jf x) =
lim,_, o+ v;,(x £ smn,) for any x € e, and set

- 1 -
Wl :=v, =vif,  {w}l. = 5(v,j +v;). (2.5)
The jumps and averages of nonscalar functions are computed componentwise.
2.3 Discrete Poincaré—Friedrichs-type inequalities and compactness

We introduce the mesh-dependent bilinear form (-, -) H2X(2) defined for any v, w;, € Vﬁ by

. 2 2
VWil w2 (2) = OV Dywi)122) 06
+ 0 IV IV D2y + Do DD 2o

where Fho is defined in (2.1). Hereafter, (-,-);2(,,, denotes the L*(w) := L*(w;dx) inner product
associate with the Lebesgue measure dx on R or R? depending on whether @ is a measurable set of

dimension 1 or 2. We also define

'Vh|121,3(m =) Y€ Vi Q2.7
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LDG METHOD FOR LARGE DEFORMATIONS OF PRESTRAINED PLATES 633

Note the slight abuse of notation as (-, -) H2(2) is not a scalar product; | - | HA(2) is just a seminorm.

; k13 3 . 3
F'or'reclto;—valued functions v,,w, € [V;]°, we define (Vh,Wh)H%(Q) => m=1<vh,m’wh,m>Hf’(9) and
similarly for |v .
y for | h|H,3(.Q)

In contrast to (2.6) we introduce the following scalar product and norm on Vl,‘l:
— 2 —
(Vh, Wh)HIZI(Q) = (Vh’ W;,)y}((_@) + (Vh, Wh)LZ(_Q)a ”Vh”H%(_Q) = (Vh, Vh)[-];zl(g)' (2.8)

They are critical to guarantee the unique solvability of the linear system arising in each step of the
gradient flow algorithm of Section 5 and control of the metric defect (1.12).

To derive discrete Poincaré—Friedrichs inequalities, we rely on the smoothing interpolation operator
1, : E(7)) = [lrer; HY(T) — VK N H'(£2) defined by IT), := I, o P;,, where I, is the Clément-type
interpolant proposed in Bonito & Nochetto (2010) and P, is an elementwise L?(T) projection onto the
restriction V/,Z(T) of Vl,i to T € 7,. The domain E(7,) of [T, is larger than V’,‘l because the smoothing
operator shall be employed on functions in VV’Z. The latter are in general not in V’Z/ for any ¥’ > 0 when
VIZ is based on quadrilateral elements; see (2.4).

Before embarking on the proof of the discrete Poincaré—Friedrichs inequalities, we record several
properties of I7;,. For any v € [E(7,,) we have

||HhV||L2(,Q) 5 ”v”LZ(Q)’ (2.9)
IVIT 20 + Ih~' v — I)l2e) S IVl + ||h_%[V]||L2(1~h0) (2.10)

and
I (V= VI 20 S 10720y + D290z + 030 211D)

Estimate (2.9) follows from the L2(.Q) stability of I, (Bonito & Nochetto, 2010), estimate (2.10) is
guaranteed by Bonito ef al. (2021a, Lemma 2.1) and similar arguments can be used to derive (2.11).
We are now in position to derive the following discrete Poincaré—Friedrichs inequalities.

LemMaA 2.1 (Discrete Poincaré—Friedrichs inequalities). For any v € E(7)), there holds

V—][V
2

where f_q stands for the average over £2. Moreover, for any v, € Vﬁ, there holds

_1
S ”VhV“LZ(_Q) + ”h 2 [V]”LZ(F}?)’ (212)
L2(2)

||thh||L2(Q) + ||Vnhvh||L2(Q) S ||Vh||L2(_Q) + |Vh|Hz(_Q)' (2.13)

Proof. 'We split the proof into several steps.
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634 A. BONITO ET AL.

Step 1. Let v € E(7,). The Cauchy—Schwarz inequality and a standard Poincaré—Friedrichs inequality
for IT,v € H'(£2) yield
][ (v — M)
2

V—][V
2

+
L2(£2)

2

L2(2) L2(£2)

Slhv— HhV”LZ(Q) + ||VHhV||L2(_Q).

Since h|; < hy < diam(82) for all T € T, the first estimate (2.12) then directly follows from (2.10)
with a hidden constant that depends on £2.
Step 2. We claim that for any v;, € V’Z, there holds

_1 _3
S ”D%Vh”LZ(_Q) + ”h 2 [thh]||L2(Fh0) + ”h 2 [Vh]”LZ(FhO)- (214)

2 12(92)

To see this, we first employ (2.12) on each component of VI1,v;, € []E(’];,)]3 to write

_1
S ”D%nhvh”]}(g) + ||h Z[VHth]”Lz(phO)-

HVHhvh —][ VI,
2 L2(£2)

Therefore, to obtain (2.14), it remains to show that
_1 _1 _3
IDRTvall 202y + 020V Il 20y S 1DVl 20y + 102 [V, 20y + I 2[00 20,

which can be deduced from standard scaling arguments and equivalence of norms on finite-dimensional
spaces. The details are omitted but we refer to the proof of Bonito & Nochetto (2010, Lemma 6.6 ) for
additional information.

Step 3. We write Vv, = VII,v;, + V;,(vj, — IT,v}). On the one hand, we infer from (2.11) that

_1 _3
Vv, — VHth||L2(_Q) S ”D%lvh”L2(Q) + ||h™2 [thh]”LZ([‘/?) + ||h Z[Vh]”Lz(r}?y

On the other hand, (2.14) implies

k)

L2(£2)

_1 _3
||VHth||L2(Q) ,S ”D%Vh”LZ(_Q) + ”h 2[thh]”L2(Fh0) + ”h 2[Vh]”L2(FhO) + ”]é Vrlhvh

whence, recalling the definition (2.7) of | - | H2(2)> We arrive at

(2.15)

”Vth”LZ(_Q) + ||V17hvh||Lz(Q) g |Vh|H£(.Q) + H][ Vﬂhvh
2 L2(£2)
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LDG METHOD FOR LARGE DEFORMATIONS OF PRESTRAINED PLATES 635

It remains to estimate || fg VILvpll2e)- If my, denotes the outward unit normal vector to 9§2,
integrating by parts,

2 982

and combining Cauchy—Schwarz, trace and Young’s inequalities, we obtain for any € > 0,

’ ][ Vnhvh
2

The desired estimate (2.13) follows from the L2(£2) stability (2.9) of [T, and upon choosing €
sufficiently small so that the term €||VIT,v; [l 2oy in the above estimate can be absorbed in the left-
hand side of (2.15). This ends the proof. [l

~1
. S HTvullzge) S eIVITv ) + € 1Tyl g)-
12(92)

We end this subsection with a compactness result for discrete balls
(v € Vi 1Vl 20 + Valpze) S 1}.

As we shall see, the discrete energy (1.10) provides control of the | - | HA(2) seminorm while a uniform

bound for the broken H'(§2) seminorm is guaranteed for functions in the discrete admissible set (1.11).

LemmA 2.2 (Compactness). Assume that {v,},. o, C Vl}i is a sequence such that
IVallz @) + alm2 ) SL (2.16)

Then there exists v € H>($2) with fo v = 0 such that (up to a subsequence) v;, := v, — f, v, = Vin
L*(22) and Vv, — Vivin [L*(2)]° as h — 0.

Proof. Weletc, := fQ v;, and invoke the Poincaré-Friedrichs inequality (2.12) to write

2 2 -1 2
vy, — Ch||L2(Q) S ||thh||L2(Q) + |lh Q[Vh]“LZ(p]?) S L
This, together with the uniform boundedness assumption, implies

v = eallzey + 1Vl 2oy + 1Dl 20y S 1- (2.17)

With this bound being established, the rest of the proof readily follows Bonito et al. (2021a,
Steps 1-3 of Proposition 5.1); it is therefore only sketched here. The uniform bound (2.17) guar-
antees that v, = v, — ¢, converges weakly (up to a subsequence) in L*(£2) to some V. Setting
%y, =y, —fo Iy, € Vﬁ NH'(£2), we invoke the Poincaré—Friedrichs inequality (2.12) coupled with
the H1(£2) stability (2.10) of [T}, to deduce that 7, is uniformly bounded in H L(2). Asa consequence, 7,
converges strongly (up to a subsequence) in L2(£2) to some Z € H' (§2). To show that v = Z, we note that
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636 A. BONITO ET AL.

vy — cp) = Zpllp2() = 0as h — 0O because of the interpolation property (2.11), Poincaré—Friedrichs
inequality (2.12) and the uniform boundedness (2.16); hence,

||(Vh — Ch) — Z“LZ(.Q) < ||(Vh — Ch) - Zh”L2(.Q) + ”Zh - Z”LZ(Q) — 0 ash — 0.

The uniqueness of weak limits guarantees that v = Z and thus v, — ¢, strongly converges (up to a
subsequence) in L?(£2) to v € H'(£2). Repeating this argument for V,, yields that V,v, converges
strongly in [L2(D))? (up to a subsequence) to Vvand v € H2(£2). Il

2.4 Discrete Hessian

The LDG approximation (1.10) of the elastic energy (1.7) relies on the discrete approximation H,(y,) €
[L? (.Q)]3 *2x2 of the Hessian D2y introduced in (1.9); we now give a precise definition. The convergence
of E, naturally depends on the convergence of the discrete Hessian toward sD?y. The piecewise Hessian
D7y, alone does not contain enough information and cannot be used as discrete approximation H,(y,).
In fact, the jumps of y, and V,y;, must be accounted for. This is the purpose of the lifting operators.
Let [}, 1, be two non-negative integers, and consider the local lifting operators r, : (L (e)]* —

[Vﬁ:]zxz and b, : [2(e) — [Véf]zxz defined for e € S}? by

r(¢) € [VIP*2 /re(¢):rh=/{rh}ne~¢ V1, € [VIP2, (2.18)
2 e

b (¢) € [V2]*2 /be(¢>):rh=/{divrh}.ne¢ V1, € [V2]P*2 (2.19)
2 e

note that supp(r,(¢)) = supp(b,(¢)) = w,, the union of the two elements sharing e. These lifting
operators are extended to [Lz(e)]3X2 = [[Lz(e)]z]3 and [L2(e)]3, respectively, by componentwise
applications. The global lifting operators are then given by

Ryi= D r t [LXIDP — [VIP2 Byi= > bt LAY — [V (2.20)

0 0
el ee&)

It is worth mentioning that this construction is simpler than the one in Bonito er al. (2021a) for
quadrilaterals, which had to be defined on D%Vh for the method to match the interior penalty
discretization. As a consequence, the weak convergence of the discrete Hessian considered in Bonito
et al. (2021a) towards its corresponding exact Hessian requires a restrictive assumption on the sequence
of subdivisions (see Bonito et al., 2021a, Proposition 4.3). This restriction is not needed in Lemma 2.4
below.

The following estimates for R;, and B, can be found, e.g., in Brezzi et al. (2000) and Bonito et al.
(2021a).

LEMMA 2.3 (Stability of lifting operators). For any v, € Vl}‘l and for any /;, [, > 0 we have

_1 _3
||Rh([Vth])||L2(Q) f, Ih Z[thhlllew,?), ||Bh([vh])||L2(Q) f, Ilh Z[Vh]”LZ(p}?)-
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As anticipated in (1.9), the discrete Hessian operator H), : V& — [L?(£2)]**? is defined as
H,(v,) := Div), — R,([V,v,]) + B;,([v;]). (2.21)

Definition (2.20) together with integration by parts of Divh yields weak convergence of H;(v;). It also
gives strong convergence of H,(v,) provided v, is the Lagrange interpolant of a given v € H?(£2).
These results are stated in Lemmas 2.4 and 2.5 below, whose proofs are postponed to Appendix B. Such
results are rather standard for the discrete gradient operator in the LDG context (Di Pietro & Ern, 2011)
and extend to the discrete Hessian (Pryer, 2014; Bonito et al., 2021a).

LemmA 2.4 (Weak convergence of Hy). Let {v;};.o C Vﬁ be such that |v,,| H2(2) < 1 uniformly in A

and v, — vin L?(£2) as h — 0 for some v € H*(£2). Then, for any polynomial degrees /;,1, > 0 of R),
and B;, we have

H,(v,) = D> in[L*(2)]”? ash— 0. (2.22)

LemmA 2.5 (Strong convergence of Hj). Let v € H?(£2), and let v = I,’;v € V',‘l N H'(£2) be the
Lagrange interpolant of v. Then, for any polynomial degrees [;,/, > 0 of R, and B;, we have the
following strong convergences in [L?(£2)]**2:
Dy, — D>,  R,(V,»,) >0,  B,(v,) >0 ash— 0.
In particular,
H,( 2. . 2 2x2
n(vy) = D%y in [L7(£2)] ash — 0. (2.23)

We end this subsection by showing that the quantity [H,()l2e) + ||h7%[vh.]||L2(Fh0) +

||h7%[']”1‘2(1"}?) is equivalent to the | - |H»21(9) seminorm. Definition (2.21) of H,(v,) and Lemma 2.3
(stability of lifting operators) readily imply

2 -1 2 -3 2 2
/Q H, 0P + 71 D / L AAN SRS / W2 S Wl 229)
ek ek

We now prove the converse and trickier inequality.

LEMMA 2.6 (Discrete H> seminorm equivalence). For any stabilization parameters v, Vo > O there
exists a constant C(y,, ¥;) > 0 such that for any v, € Vlfl and any polynomial degrees [;,l, > O there
holds

CO Y)Wl ) = /Q LAY / VIR 4 D / W3R (2.25)
eeé}? 6682

Moreover, the constant C(y,, ¥;) tends to O when y, or y; tends to 0.
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Proof. We define
I ;:/ H,0p1%  Li=n Z/h_l|[thh]|2+y0Z/h_3|[vh]|2 (2.26)
$2 eef,',? ¢ eef,? ¢

and prove a lower bound for /. Definition (2.21) of the discrete Hessian yields

Il = ”D]%Vh”iZ(_Q) + ||Bh([Vh]) - Rh([vhvh])”iZ(_Q) + 2/9 D121Vh : (Bh([Vh]) - Rh([thh]))
> (1 =& DIDjv4l 72y + (1 = @lIB; (v ]) = Ry(V,v D7 )

where we used Young’s inequality with ¢ > 1. Note that Lemma 2.3 (stability of the lifting operators)
guarantees the existence of a constant C independent of /4 such that

-3 ~1
18, (v4]) = Ry UV DIz ) = CIDT2 D152 o) + CINT 20V, 01 o
Returning to the estimate for /; we thus arrive at

3 1
1= (= a™HIDF 20 + (1 = ) CIN2[0,112, o, + (1 — ) CINZ [V, 112

L2 L2y
Combining this with 7, we deduce that
L+L>min{l—o',(1-a)C+yy,(1—a)C+y }Ivthi(m.
Therefore, recalling that y,), y; > 0, assertion (2.25) holds with
C(ypoyy) i=min {1 —a ', (1 =a)C+ yp, (1 —)C + 1, } (2.27)
upon choosing 1 < o < 1 4 min(y,, ¥;)/C. O

3. Discrete energy and discrete admissible set

We now deal with the discrete energy E), (y;,) defined in (1.10). Compared with the exact energy (1.7),
the Hessians Dzyk are replaced by the discrete Hessians H (y;, ;) and stabilization terms with parameters
Y0> Y1 > 0 are included. The latter are motivated by the following coercivity result, which holds for any
parameters ¥, y; > 0. Note that they are not required to be large enough unlike for the interior penalty
method (Bonito ef al., 2021a).

]3

THEOREM 3.1 (Coercivity of E). Lety, € [V’g , and let y,, y; > 0. There holds

¥l S EnYn)- (3.1
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The hidden constant in the above estimate depends only on u, g and the constant C(y,, y;) that appears
in (2.25) and tends to infinity as y, or y; — 0.

Proof. Let R(H,) denote the range of H, : [VK]> — [L?(£2)]3*2*2. Because the metric g(x) is

symmetric positive definite (SPD) for a.e. x € 2, the quantity (fQ |g_% . g_% |2)% :R(H,) — Ris
a norm in the finite-dimensional space R(H),) and is thus equivalent to ||| - | [l 2(s), Where | - | is the
Frobenius norm. Hence, there exists a constant C > 0 depending only on g such that

H 2 Y1.—1 2 Y0 -3 2
CEIIHh(yh)IILz(Q) + ?IIh 2 [Vth]”Lz(FhO) + gllh 2 [Yh]”Lz(Fho) < E,(yp)-

Lemma 2.6 (discrete H> seminorm equivalence) implies the desired estimate. (I

We now discuss the approximation A',‘w of the admissible set A defined in (1.11). The pointwise

metric constraint VyTVy = g is too strong to be imposed on a polynomial space. This leads to
definitions (1.12) and (1.11) of the metric defect D) (y,;,) and the discrete admissible set Alfw, namely

. AL ={y, e VP Dy <),

Dh(yh) = Z ‘/TVy};Vyh — 8

TeT,

for a positive number ¢. The discrete counterpart of (1.6) finally reads minyh ehk, E,(y,)-

Recall that by assumption, g is immersible and so A # (. The following lemma guarantees that A'h" .
is not empty provided that ¢ is sufficiently large.

LEMMA 3.2 (Aﬁ’a is nonempty). Lety € A, and lety, := I}]fy € [V§]3 N [H'(£2)]? be the Lagrange
interpolant of y. Then there exists a constant C > 0 depending only on the shape regularity of {7,},-
and £2 such that

Dy (yy) < ChlYl3p )

2

In particular, y, € A]Z,a provided ¢ > Ch||y||H2(Q).

Proof. 'We proceed as in Bonito et al. (2021a, Step 2 of Proposition 5.3) and compute
(Viyh Va¥n — 8) — (VY'VY = 8) = V(v = ) Viyy + V¥V, (5 — ) (3.2)
Because y € A, further algebraic manipulation yields
Vi¥n Vi¥n =8 = Vi = 0 VY + VY V(3 = ¥) + V(3 — DV, — ),
whence, thanks to the interpolation estimate

IVi(y = ¥l 22y S hlYl2c0)s
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we obtain

Dy,(yp) = ||Vhy;Vhyh 8llipey S (”VY||L2(Q) + h|Y|H2(_Q)) Ryl o) S N h||Y||H2(_Q),

which is the desired estimate. g

Lemma 2.2 (compactness) requires sequences uniformly bounded in | - | H2(2) and in the H'(£2)

broken seminorm. The former stems from Theorem 3.1 (coercivity of E},) for sequences with bounded
energies. For the latter, we resort to the constraint encoded in the discrete admissible set A’Z - This is
the object of the next lemma.

LeEmMmMA 3.3 (Gradient estimate). We have
IVi¥ila o) < V2 + lgle) Yy € Al (3.3)

Proof. 1t suffices to note that for any T € 7,

2 2 2
1
5(/ IVth) < (/|aYh|) < (/ aiYh'ajyh) =‘/ VY . G4
T o Nr T
J=
whence, taking advantage of the discrete constraint in AIZ, .» We have
272Vl < D ‘ / VYiVy,| < ‘ / VYiVY, — ‘ ‘ / <&+ gl a)
TeTy TeTh TeTh
This ends the proof. 0

In view of Lemma 3.2 (Al,‘l . 1s nonempty), the existence of a solution to the minimization problem
(1.13) follows from standard arguments. This is the object of the next proposition. Note that for this
result, 4 and ¢ are fixed.

ProrosiTiON 3.4 (Existence of discrete solutions). Let # > 0 and ¢ > 0 be such that A/h‘ . # 9. Then
there exists at least one solution to the minimization problem (1.13).

Proof. Let0 < m := infy yehk Ey(y,) < ocand {y;},~, C A . be a minimizing sequence
lim E,(y,) = m. (3.5)
n—oo

Because E,(y;, +¢) = Ej,(y;,) and Dy (y}, + ¢) = D, (y}) for any constant vector ¢ € R3, we can assume
without loss of generality that || o ¥ = 0. Combining estimate (2.12) of Lemma 2.1 (discrete Poincaré—
Friedrichs inequalities), Lemma 3.3 (gradient estimate) and Theorem 3.1 (coercivity of E}), we deduce
that [y} |l 22) S < 1. Because [Vk] is finite-dimensional, we have that (up to a subsequence) {y}},-,

converges strongly in [L?(£2)]? to some yi° e [V 13, and so in any norm. In turn, the continuity of the

€202 1snBny zz uo 1senb Ad $80/159//29/2/€ /8101 /euleW/W0D dNo"dlWspeoe)/:SAY WO} PAPEOJUMOQ



LDG METHOD FOR LARGE DEFORMATIONS OF PRESTRAINED PLATES 641
quadratic energy E;, and the prestrain defect D, guarantee that

Ey(yy) = lim E,(y,) = y ienf,; E,(yp)

and y;° € A’,‘LE. This proves that y;° is a solution to the minimization problem (1.13). O

4. I'-Convergence of £, and convergence of global minimizers

The convergence of discrete global minimizers of problem (1.13) towards a global minimizer of (1.6)
follows from the I"-convergence of Ej, toward sE as h — 0. The latter hinges on the so-called lim-inf
and lim-sup properties and this section is devoted to the proofs of these two properties. However, we
start by stating the convergence of discrete global minimizers y,, satisfying E,(y,) < A for a constant
A independent of 4; see Theorem 4.1 below. For the sake of brevity, the proof is omitted as it closely
follows that of Bonito et al. (2021a, Theorem 5.1), where the deformations of single layer plates subject
to an isometry constraint and Dirichlet boundary conditions are considered. We require that the prestrain
parameter ¢ satisfies

e = Ch(llglizi o) + A) (4.1)
where C = C(g) is a constant only depending on the hidden constant in (2.12) and that in

W2ago) S EW)  VweA.

Note that the condition (4.1) on ¢ differs from the one that appears in Bonito e al. (2021a, Theorem
5.1), which involves the boundary data but not the metric g.

THEOREM 4.1 (Convergence of global minimizers). Let {y;},., C Alfl . be a sequence of functions such
that £, (y;) < A for a constant A independent of 4, and let the prestrain defect parameter ¢ satisfy (4.1).
Ify, e Aﬁ’ . is an almost global minimizer of £, in the sense that

Eyyy) < _inf E,(wy) +o,
€

W, Ah,s

where 0,6 — 0 ash — O, then {y,},., withy, =y, — f_Q y,, is precompact in [L*(£2)]? and
every cluster point y of y, belongs to A and is a global minimizer of E, namely E(y) = inf,, E(W).
Moreover, up to a subsequence (not relabeled), the energies converge,

lim E = E®J).
Jim n(Yp) )

We now provide a proof of the lim-inf property.

THEOREM 4.2 (lim-inf of E},). Let the prestrain defect parameter ¢ = £(h) — Oash — 0. Let {y;},.o C
Af’ . be a sequence of functions such that E;,(y,) < 1. Then there exists y € A with fQ y = 0 such that

(up to a subsequence) the shifted sequence y, =y, — fg ¥, € Aﬁ’a satisfies y, — ¥, V,,§, = VY,
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Hy,(y,) — D%y in L>(2) as h,e — 0 and
E®y) < liini(I)IfEh(yh).

Proof. We proceed in several steps.
Step 1: Accumulation point. Lemma 3.3 (gradient estimate), Theorem 3.1 (coercivity of E;) and the
uniform bound E;,(y,) < 1 guarantee that

||Vhyh||iz(9) + |yh|i1%(9) Se+ Igllzi2) + En(yn) S L (4.2)

We can thus invoke Lemma 2.2 (compactness) with v, =y, ,, and deduce the existence of y € [H 2P
with f, ¥ = 0 such thaty, — y and V,y;, - Vyas h — 0.

Step 2: Admissible deformation. We now show that y € A. Proceeding as in Bonito et al. (2021a, Step
4 of Proposition 5.1), which considers the case g = I, we have

||Vhy;vhyh - g”Ll(Q) 5 h(”Diyh”LZ(Q)||vhyh||L2(g) + ||Vg||L1(_(2)) + Dh(yh) 5 h+ €, (4-3)

where we used (4.2), the fact that D2y, = D3y,,, V,,¥, = V,y,, and D(¥,) = D,,(y;) < ¢ fory, € A’Z’g.

Hence, taking advantage of relation (3.2) and the convergence V,y, — Vy in [L2(£2)]3, we deduce
that

||VyTVy - g”Ll(Q) = (”Vy”LQ(Q) + ||vhyh||L2(Q)) ||Vhyh - Vy”LZ(_Q) + ||Vhyzvhyh - g”Ll(Q) -0

as h,e — 0. This proves that ViTVi =ga.e.in 2,and hence y € A.
Step 3: lim-inf property. Thanks to Lemma 2.4 (weak convergence of H,) we have H),(y, ,,) — Dzym
ash— Oform=1,2,3, and so

1

I ash—0, m=1223. 4.4)

L _1 Lo
g 2H, (3,08 2 — & 2D%,8
Thus, the weak lower semicontinuity of the L?(§2) norm implies that
L s 15 .. 1 — _19
lg" 2Dy, 2|° <liminf [ |g72H,(y,,)8 2I°, m=1,2,3.
o h—0 Jo ”

A similar estimate for the trace terms in E, and E can be derived. First, note that p: [L*(£2)]**? — R
defined by p(F) := ( f o r(F )2)% is convex (it is a seminorm) and satisfies

p(F,) — p(F)  when F, — F strongly in [L?(£2)]**2. (4.5)
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In particular, p is lower semicontinuous with respect to the strong topology of [L?(£2)]?*2. Conse-
quently, it is also lower semicontinuous with respect to the weak topology and so

/tr(g*%D%mg*%)zgnminf/ (g H, Gy, )8 2)%  m=1,273,
Q h—0 Q i

follows from the weak convergence property (4.4).
It remains to use the fact that the remaining terms in E; (namely the stabilization terms) are positive,
to conclude that E(y) < 1i;ln i(I)lf E,(y;) as desired. 0
—

We now discuss the lim-sup property. It turns out that in our context we are able to construct a
recovery sequence with strongly converging energies.

THEOREM 4.3 (lim-sup of E,). For any y € A, there exists a recovery sequence {y,},.o C A/;;,s N
[H'(£2)]? such that

y, =y in [L2(2)] ash — 0.

Moreover, for ¢ > Chllylli,z(m,

we have E(y) = limy,_, ; E;,(y),)-

where C is the constant appearing in Lemma 3.2 (Az’ . 1S nonempty),

Proof. Consider the sequence y; := I,fy € [V];l]3 N [H'(£2)]? consisting of the Lagrange interpolants
of y and note that, thanks to Lemma 3.2, y, € A’Z’E since ¢ > Ch||y||i,2 @ by assumption. Moreover,
the fact that y, — y in [L2(£2)]? as h — 0 stems directly from interpolation estimates. Furthermore,
Lemma 2.5 (strong convergence of H),) applied to v, =y, ,,, for m = 1, 2,3, yields the convergence in

norm
. _1 _1l5 [ R S
lim lg~ 2H, ()8 21" = lg"2D%y,,8 2|, m=1,2,3. (4.6)
h—0 /o I?)

Similarly for the trace term, thanks to (4.5) and the strong convergence g_%Hh(yh’m)g_% —
g’%Dzymg’% in [L2(£2)]?*% form = 1,2, 3, we have

lim/ tr(g—%Hh(yhm)g—%f:/ tr(g"2D%,g )% m=12,3.
h—0 J o ’ I?)

Gathering these estimates together with the fact that the stabilization terms in E;, vanish in the limit
h — 0, according to Lemma 2.5, we have E(y) = lim,,_, E,(y;) as desired. O

5. Discrete gradient flow

We advocate a discrete H>-gradient flow to determine local minimizers y, € Aﬁ’s of E;(y;), which is
driven by the Hilbert structure induced by the scalar product (v, w,) H2(2) defined in (2.8). We now

introduce this flow and discuss its crucial properties.
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Given an initial guess y2 € A];l’so and a pseudo time-step T > 0, we iteratively compute yZ'H =
y, + SyZ‘H € [V’}‘l]3 that minimizes the functional
1 2
yp > Gu(yy) = EHY}, - YZ”H/%(_Q) + E,(yp), (5.1
under the linearized metric constraint (Sy;'lH € F;,(y}) for the increment, where
Fyh) = 1{v, € Vi Ly(yjsvy) == [ VVIVY!I + (Vy)TVy, =0 VT e T,}. (5.2)

We emphasize that (5.1) minimizes Ej,(y,) but penalizes the deviation of yZ‘H from yj. In the formal
limit T — 0, the first variation of (5.1) becomes an ODE in H%(.Q) against the variational derivative

8E,(y,) of E;(y,). The first variation of (5.1) does indeed give the first optimality condition: SyZJrl €
F3,(yy) satisfies the Euler-Lagrange system of equations

r_l((SyZ"’l,vh)H%(m +a,yithvy) =0 Vv, e FD, (5.3)

where a;,(y;, v,) = 0E,(y,)(v,) is given by

3

n _1 _1 _1 _1

a (Y, Vp) := 3 E /Q(g 2Hy (V)8 2) i (8 2H, (v )8 2)
m=1

[ 2 _1 _1 _1 1 (5.4)
+6(2M+/\)mz_‘1/gtr(g 2Hy, nm)8 2)“(8 2H, (v, )8 2)

+ J/I (h_l [Vhyh]’ [thh])Lz(FhO) + Vo (h_3[yh]’ [Vh])LZ(FhO)-

We refer to Bonito et al. (2022) for an implementation of the method using Lagrange multipliers to
enforce the constraint. For convenience in the analysis below, we rewrite (5.3) as

OV Vo) T anGY T v = —ay W) Y, € Fy(vh)- (5.5)

REMARK 5.1 (Well-posedness). Note that the bilinear form @, (-, ) has a nontrivial kernel in F,(y});
it contains at least the constants. However, 'L'_l(~,~)H£(Q) + ay(-,-) is coercive and continuous on

Fu(y};) # ¢ thanks to the L? term in the H}Zl metric. Hence, the Lax—Milgram theory guarantees the
existence and uniqueness of (SyZ‘H € F,(y;) satisfying (5.5).

We now embark on the study of properties of the discrete gradient flow (5.1). We start with a simple

observation: since yZH minimizes the functional G;, in (5.1), we deduce that G, (yZH) < Gu(yp) or

equivalently E,(y} ™) + %”(SyZH”ilf,(Q) =

each step that hinges on the quadratic structure of Gj,.

E;(y,). We first show an improved energy reduction at
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n+1

ProposiTION 5.2 (Energy decay). If 8y, ™ € F;(y}) solves (5.5) then the next iterate yZ =Yy, —}—(Sy"+l

satisfies
E,(ih + —||6y"+‘ 13202 < ExOR- (5.6)

Proof. 1t suffices to utilize the identity a(a — b) = 3a*> — $b* + $(a — b)? to write

n+1 _n+1

syt = a,(yp Ly —yZ)

ay(y),

= —ah(y”“,y}i“) —~ ah(yh,yh)Jr ah(8yh+‘ syr™h = E,yith — E, (v,

(5.7)

and to replace the left-hand side by — 1 ||5y"+l I H2(2) according to (5.5) for v, = 8y"+1. 0

Note that (5.6) gives precise control of the energy decay provided (Sy"+1 # 0. Moreover, upon
summing (5.6) overn =0, 1,...,N — 1 for N > 1, we get the estimate

- Z 185 7 + En ) < En(yi). (5.8)

The next result quantifies the prestrain defect of iterates obtained within the gradient flow starting
from an initial deformation yg € Afl o for some &,.

ProrosiTioN 5.3 (Control of metric defect). Let y2 IS Aﬁ, . Then, for any N > 1, the Nth iterate yg of
the gradient flow satisfies

< e + cTE, (YY), (5.9)

D=3 ‘/Twy’l)TVsz p

TeT,

where ¢ > 0 is the hidden constant in (2.13). In particular, if y; := I,’jyo is the Lagrange interpolant of
some y° € A then

D) S i+ DY Ip - (5.10)

Proof. The argument follows verbatim that of Bonito er al. (2021a, Lemma 3.4) and is therefore only
sketched. We take advantage of the linearized metric constraint Ly (y}; 8y"+1) = 0, encoded in (5.2) for

v, = ByZ‘H, to obtain for all n > 0,
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Therefore, summing forn = 0, ..., N — 1 and exploiting telescopic cancelation yield
N—1
Dy = > ' /T (VYO VYN — g < Dy + D IVivi o)
TeTh n=0

Since yg € Afl’ 0’ using (2.13) of Lemma 2.1 (discrete Poincaré—Friedrichs inequalities) implies

N—-1
+12
Dy(yy) <& +c ZO 189" W2y
n=!

To derive (5.9) we employ (5.8) along with E} (-) > 0 and realize that

N-1
218 7 o) = TEAYR). (5.11)
n=0

On the other hand, if yo € A then (2.24) in conjunction with a trace inequality, and the local H?-
stability of the Lagrange interpolant imply

EVT}Y") S 1T 15 o) S 1Y e - (5.12)
This, together with Lemma 3.2 (Aﬁﬁ . is nonempty), gives the desired estimate (5.10). g

The control on the prestrain defect offered by Proposition 5.3 indicates that &, should tend to zero
as h — 0. We discuss in Section 6 the delicate construction of initial deformations y2 € Aﬁ’ gy SO that
gy — 0ash— 0.

We pointed out in Remark 5.1 that the bilinear form a,(-,-) has a nontrivial kernel in 7, (y})
containing the constant vectors and yet the variational problem (5.5) uniquely determines the increment
SyZ“. This is reflected in Theorem 4.1 (convergence of global minimizers) where the sequence
Y, =Y, — fg ¥, rather than y,, is precompact. We explore next that the gradient flow preserves

deformation averages throughout the evolution.

ProposITION 5.4 (Evolution of averages). Let y2 € [V];l]3. Then all the iterates yz, n > 1, of the gradient

flow (5.3) satisfy
/yZ:/ ¥y (5.13)
2 2

Proof. 1t suffices to choose a constant test function v, = ¢ € fh(yZ) in (5.3) to obtain

Gy 0@ =0

whence (5.13) follows immediately. O
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In particular, Proposition 5.4 implies that fg ¥, = 0 for all the iterates if fg y2 = 0. The latter can
easily be achieved by subtracting f_q yg from any initial guess y2 without affecting Eh(yg) or D, (yg).
In this case, the sequence {yﬁlv }n=0o of outputs of the gradient flow (5.3) satisfies the assumption in
Theorem 4.2 and is precompact without further shifting.

Energy decreasing gradient flow algorithms are generally not guaranteed to converge to global
minimizers. We address this issue next upon showing that the gradient flow (5.3) reaches a local
minimum y;° for E,, in the direction of the tangent plane 7, (y}°). This requires, however, the following
(possibly degenerate) inf-sup condition: for all n > 0, there exists a constant 8, > 0 independent of n
but possibly depending on % such that

by (¥33 vy,
inf nW Ve l) g (5.14)
€A vhe[VﬁP ”Vh”Hg(Q)”Mh”Lz(_Q)

where A, := {n, € [V)1**? : ul = w,} is the set of Lagrange multipliers and the bilinear form
by, (y}; -, ) is defined for any (v;, u,) € [VA]? x A, by

b (Yi vy, y) 1= Z /p,h : (VVEVyZ + (VyZ)TVVh).
TeTh T

The proof of (5.14) is an open problem, but experiments presented in Bonito er al. (2022) suggest its
validity. We notice the mismatch between the function spaces H%(.Q) and L2(£2), which are natural for
E,, but not for by, and the fact that y;’l is not known to belong to [Wéo (.Q)]3 uniformly. We stress that an
inf-sup condition similar to (5.14) is valid for an LDG scheme for bilayer plates provided the linearized
metric constraint Ly (y;, v,) = 0 of (5.2) is enforced pointwise (Bonito ez al., 2021b).

ProposiTION 5.5 (Limit of gradient flow). Fix 2 > 0, and assume that the inf-sup condition (5.14)
holds. Let yg € Ay, be such that E, (y?l) < 00, and let {y}},~; C A];l . be the sequence produced by

the discrete gradient flow (5.3). Then there exists y;° € Aﬁ’ . such that (up to a subsequence) y, — y;°
as n — oo and y;° is a local minimum for E;, in the direction J,(y;°), namely

E,(y;°) < E,(yi° + V) Vv, € F,(yp)- (5.15)
Proof. Thanks to the energy decay property (5.6) and the average conservation property (5.13), we
have that sup,.| E,(y},) < E,(y)) < oo and foyr = fo y) for all n > 1. Arguing as in the proof of
Proposition 3.4 (existence of discrete solutions), we deduce that a subsequence (not relabeled) converges

to some y;° € A/h‘ . in any norm defined on [V’;l]3.
It remains to prove (5.15). Since E), is quadratic and convex, we infer that

E,(yi° +v,) = EL(yi0) + SEL(yi0) (V).
Hence, to prove (5.15), it suffices to show that

a,(y;°,vy) = SE,(y;0)(v;) =0 Vv, € F(yid)- (5.16)
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To this end, we take advantage of the inf-sup condition (5.14) to guarantee the existence of a unique
)\ZH € A, such that (Sy;l’Jrl in (5.3) satisfies

r_l((SyZH,Vh)H%(Q) +a, (i) + by v At =0 Yy, e [VEP. (5.17)

Now, from estimate (5.11) on the increments SyZ, we deduce that lim
limit as n — oo in (5.17) yields

8y; = 0 and so taking the

n— o0

: n, n+ly _ 00 k13
Jim b (v 4T = —a, 05 Yy, € VP (5.18)
This in conjunction with the inf-sup condition (5.14) yields

1 b n;v ’)\n+1
sup ||)‘Z+1”L2((2) < —sup sup Du i Vi 2y ) < 0.
n=0 h n>0 v,e[VE]3 Vil 2 @)

This in turn implies the existence of A;° € A, such that (up to a subsequence) A} — A;° in any norm
defined on the finite-dimensional space A,,. In particular, (5.18) becomes

D ARl Ly v = D /)\;;0 S (VVEVYR + (VY TVY,) = —a, (¥3°,v))
TeT), T<T, T

forallv, € [V'g]3. In particular, if v, € F,(y;°) then Ly(y;°,v,) = 0 for all T € 7T}, according to (5.2).
This implies (5.16) and ends the proof. g

6. Preprocessing: initial data preparation

Propositions 5.2 (energy decay) and 5.3 (control of metric defect) guarantee that the gradient flow (5.5)
constructs iterates y;, with decreasing energy E;,(y}) (as long as the increments do not vanish) and with
prestrain defect D), (y},) smaller than & = Dh(yg) + CE, (yg)t. Since T = O(h) in practice, we realize
that the choice of the initial deformation yg € [Vlfl]3 dictates the size of &, which must satisfy ¢ — 0
as h — 0 for Theorem 4.1 (convergence of global minimizers) to hold. The assumption A # ) along
with Lemma 3.2 (AZ’ . is nonempty) implies that such yg exist. Yet their construction is a delicate issue,
especially when g # I, as in the present study. This is the objective of this section.

Motivated by the numerical experiments presented in Bonito et al. (2022), we propose a metric
preprocessing algorithm consisting of a discrete H2-gradient flow for the preprocessing energy

ER(yy) = ES(y,) + 0,Eb(y)), (6.1)

where

1 2
Ey(y,) = 3 /.(z ‘VhYZVth -8 (6.2)
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is a (simplified) discrete stretching energy and

1 _1 L L _3
E}(vy) :=5( /Q 872 Hy(y)g 21 + 102 [V,3,l s o) + 1D z[yh]niw)) (6.3)

denotes (part of) the discrete bending energy, and o;, > 0 is a (small) parameter that may depend on A.
Note that the stretching energy Ej controls the prestrain defect

1
Dy < 1V Vi = 8llicey S NVRY) Va¥s = 8lli22) & Ei(¥)? (6:4)
forally, e [V];l]3, while the bending energy EZ controls the H}zl(.Q) seminorm in view of Lemma 2.6.

As we shall see, for a pseudo time-step sufficiently small, the preprocessing gradient flow produces
sequences of deformations {y}},- so that {EZ (¥} is decreasing as long as the increments do not

vanish. Therefore, for any o;, > 0, we have D, (y};) < EZ (yZ)% and if 05, > 0 and the Nth iterate ylly

1

satisfies EZ (yﬁlv ) S oy, then both D, (yI,:] ) < af and E,, (yilv ) < EZ (yI,:] ) < 1 for the (full) bending energy
(1.10). The total energy E‘Z is inspired by the pre-asymptotic model reduction of Bonito et al. (2022) as
well as the methodology of augmented Lagrangian (Fortin & Glowinski, 2000). We recall that oy, scales
like the square of the (three-dimensional) plate thickness and tends to O (Bonito ef al., 2022, Equations
(18) and (19)), which motivates the choice o, ~ h%. In practice, however, the contribution of Efl to EZ
makes negligible difference in computations, and the numerical experiments of Bonito er al. (2022) are
done with o), = 0.

Furthermore, to cope with the nonquadratic nature of the stretching energy E;, the gradient flow
is linearized at the previous iterate and reads as follows: starting from any initial guess y2 € [V’g]3 ,

compute recursively yZH =y, + (SyZJrl where <Sy2+1 € [V];;P satisfies
o @yt VWui(2) T ay (¥ Sy v + oy Gyt vy 65)
= —a}(¥j; ¥ Vi) — oudn(Vh i) Vv, € V)T
Here, (-, ')Hﬁ(ﬂ) is defined in (2.8) and
ap (Vs Ypo Vi) o= /Q (VhViTchyh + Vhyzvhvh) : ((VhyZ)thyZ - 8). (6.6)
_1 _1 _1 _1
(¥ V) = /Q (2 Hy(y)g2) : (7 2Hy(vy)g ™ ?)
+ (h_l[vhyh]’ [thh])LZ(['}?) + (h_3 [yh], [Vh])LZ([‘}?)s (67)

and we use T to denote a pseudo time-step parameter. Note that to avoid an overload of symbols, we
used the same notation as for the pseudo time-step in the main gradient flow. However, these two pseudo
time-steps do not need to take the same value.
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We start by showing that the variational problem (6.5) has a unique solution. In preparation, we note
that the following discrete Sobolev inequality holds:

_1
”Vh||L4(_Q) S ||Vth||L2(Q) +|h™2 [Vh]”LZ(FhO) + ||Vh||L2(Q) Vv, € E(Ty). (6.8)

To see this we resort to the smoothing interpolation operator 7, (see Section 2) and invoke an inverse
inequality and a standard Sobolev inequality for IT,v, € H 1(£2) to deduce

||Vh||L4(_Q) S vy, — Hth||L4(Q) + ||Hth||L4(_Q) S ||h_l(Vh - Hhvh)||L2(Q) + ”Hhvh”Hl(_Q)-
The claim follows from the stability and approximability estimate (2.10) of IT,,. For later use, we record

that the discrete Poincaré—Friedrichs inequality (2.13) and the discrete Sobolev inequality (6.8) applied
to each component of Vv, € [I[*](’El)]3X2 forv, € [V];l]3 yield

IVivilliae) S ”Vh”[—[]%(g)' (6.9

The next proposition concerns the form aj (-; -, -) and is key to guarantee that the hypotheses of the
Lax—Milgram lemma are satisfied.

LEmMA 6.1 (Solvability of (6.5)). There exists a constant Cp independent of 4 such that
1
1323 Vi W)l < CoEL @) 2 IVl oy Wl 2y Y Vi W2y € [V (6.10)

Moreover, for z, € [V];l]3 and t satisfying

v < (1+CE)z)?) ", 6.11)

we have
2 < 1 s VLV v yk13 6.12
I ihHHIZI(_Q) =7 (ih’ ih)H,Z,(.Q) ah(zh’ h> h) Vi € [ h] . (6.12)

Consequently, there exists a unique solution to (6.5) provided 7 satisfies (6.11) with z;, = yJ.

Proof. Letv,,w,,z, € [V];l]3, and note that

1

Then (6.10) follows from the discrete Sobolev inequality (6.9). Estimate (6.12) results from taking
W, =V, in (6.10) and the pseudo time-step restriction (6.11). Thanks to (6.10), (6.12) and Lemma 2.6
(discrete H> seminorm equivalence), the Lax—Milgram theory applies to guarantee the existence and
uniqueness of a solution to (6.5). Il

The main result of this section is next. It shows that the preprocessing energy EZ (yZH) of the

deformation y’;l“ obtained after one step of the linearized gradient flow (6.5) is smaller than the energy
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EZ (y}) of the previous iterate provided that the pseudo time-step satisfies T < %ch (yy), where

¢, (¥!) = min { (1 + CPEZ(yZ)%)A d,(yH~") (6.14)
with
C . C |
ay07) == LENWD? + L (o (B + 1) (B D? + 8l @) +4EL0D).  (619)
where h;, = mingcy hy and Z‘p is a constant independent of n and i (to be determined in

Proposition 6.2). While the above restriction on 7 depends on EZ (y3), we show in the subsequent
Corollary 6.3 that ¢, (y};) > c for a constant ¢ independent of & and n.

PROPOSITION 6.2 (Energy decay for prestrain preprocessing). Let o, > 0. Lety;, € [V’,‘l]3, and assume
that T < ch (yh) Where ¢, (y},) is defined in (6.14). If (Sy”+1 € [Vl,j]3 is the unique solution to (6.5) then
the new iterate yh =y, + cSy”Jr satisfies

Epvi ™ + o= ||6y"+1||,,2(9) E,(vh). (6.16)

Proof. Because Tt < lch(yZ) and Ej(y,) < E? »(¥3), T satisfies assumption (6.11) of Lemma 6.1
(solvability of (6.5)) and thus there exists a unique solution cSy"+1 € [V£]3 to (6.5). Next we take
v, = 8y"+1 in (6.5) to obtain

R AN PSS AV ARG AR AND AR (6.17)

and proceed in several steps. In contrast to Proposition 5.2 (energy decay), the main difficulty is that aj,
is quadratic in its first argument.
Step 1: energy relation. Since aj (y}; -, -) is bilinear and symmetric, arguing as in (5.7) yields

ay(yuyy L oypth = —ah<yh vyt - —ah<yh,yh,yh>+ ah(yh,sy,ﬁ‘ sypth. (618
Furthermore, using the identity (@ — b)b = 2a - —b2 5 L(a — b)?, we have
1 n+1 n+1 1 S . .
Eah(yh’ »¥Yn ) — zah(yh,thh) (Vhyh) Vhyh )

1
= Eh(y"“) — B, = 5l ),
where

= (VyrHTv, ittt — (vyh TV, (6.19)
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Therefore, we are able to express a; (y);y ) in terms of energies as

1 1
ay () h Vi AR AR AR AR R LA oS

Similarly, noting that EZ (v) = %az (vj,,v;,) forany v, € [Vl,‘l]3 is quadratic, we obtain
aypteyyth = Epoth — ER + 5 ah(ath sypth = Epyyth — By

Using these two relations in (6.17), we arrive at

E vy — By + 7185 e o) < R (6.20)
where

Rn . 1”Wn”2 1 ( S n+1 8 n+1) (6 21)

h= S0 Whll2 ) — ah Y 0¥,y :

Step 2: bounds for R. We now prove the estimate

IRE < dy O 18Y 17 g, (622)

with d),(y},) defined in (6.15). We first apply the continuity property (6.10) of a; to get

a3 (h: 077 T 8¥ 1 = B2 1% I - (6.23)
Then we note that W}! can be equivalently written as
Wi = (Vh5yn+1)TVhyh i (Vhyh)TVh3yn+l i (VhSy"+1)TVh3yZ+1,
whence, resorting to the discrete Sobolev inequality (6.9), we obtain
Wil ) S (VYR Fa ) + 1855 ||H2(Q)) I8y, +! ||H2(m (6.24)

n+l||

To derive (6.22) we estimate |Jy) in terms of ||Vhyh|| To this end, we note that

H}(2) L4(2)"

T < ch (yp) < A+ C,E, (y’;l)f)’1 and apply the coercivity estimate (6.12) together with the positivity

n+1

of ah( -) and the gradlent flow equation (6.5) satisfied by 8y, " to derive

n+1 Syn+1 n+1 8yn+1)

18, ) = = 18Y3 I o) + @9 8 EACH

= —al (Y} ¥y oy, — oyab (vl syr .
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The H? seminorm equivalence estimates (2.24) and (2.25) show that Eb ) ~ az(o, )~ - | 12 ( Q)

[V, %13. Hence, from the continuity property (6.13) of a; ; and (6.9), we infer that

||5yn+1 ”HZ(_Q) S Ep(yh) 2 (||Vhyh||L4(Q) + Uhi)

Inserting this into (6.24) gives
2 P /4 +1
W37y S (14 L) IV o) + ouBr O ) 169 17

We tackle ||V, y} Il 4(s) via the inverse inequality ||Vhyh|| and

L4(.Q) < h;nnllvhyh ||L2(Q)

1 1
IVi¥al2a i) S EXYDT + I8l o) S Ehi2 + gl ),

a relation directly following from (3.4). Altogether, we get
2 = (-1 +1
IWi220) = Cp (M (EROD) + D) (ER® + gl @) + 4R ) 16y, [

for some constant Z‘p independent of n and A. This together with (6.23) yields (6.22).
Step 3: conditional energy decay. Substituting (6.22) into (6.20), we observe that

E i + (77 = dy )18y, e ) < EROY)- (6.25)

The desired energy decay is obtained upon realizing that d;, (y}) < ¢, (yZ)_1 < (27)~ !, which follows
from the definition (6.14) of ¢;,(y};) and the assumption on 7. [
COROLLARY 6.3 (Uniform energy decay). Let yg [Vlfl]3 and assume that T < ch (yh) The sequence

of successive iterates y"Jrl =y, + <Sy”+1 n > 0, where 8y”+] [V’;l]3 satisfies (6.5), is well defined.
Furthermore, the sequence {c;(y})},( is nondecreasing and there holds

N
1
n=0

0 5y”+1 is well defined and c,, (y;’l‘H) >
ch (yh) and Lemma 6.1 and Proposition

Proof. 'We proceed by induction to prove that for every n

I/\ I\/

c,(yp). We start with n = 0. In that case, by assumption 7
6.2 guarantee that Sy}, € [V’,fl]3 is well defined and

El(yh) < EN(y)).

From expression (6.14) of ¢, (y}}), which increases as EY () decreases, we also deduce that ch(yh) >

ch(yh) For the induction step, we assume that {8)/}1}" | is well defined and ch(yil) > ch(y ),
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j = 1,...,n, which implies 7 < %ch(yg) < %ch(yZ). Therefore, Lemma 6.1 (solvability of (6.5))

and Proposition 6.2 (energy decay for prestrain processing) again guarantee that SyZ‘H € [V];l]3 is well
defined and

Eyih <Elah = ) = cub.

This is the desired property for n + 1 and concludes the induction argument.
Finally, since the condition 7 < %ch(yg) < %ch(y;'l) holds for all n = 1,...,N, (6.16) is valid,
whence summing (6.16) over n yields (6.26). O

We finish this section by relating the initial deformation yg for the main gradient flow (5.3) with the
output of the preprocessing gradient flow (6.5).

REMARK 6.4 (Choice of o). Under the assumptions of Corollary 6.3 (uniform energy decay), the

preprocessing gradient flow produces a sequence of deformations {¥},},,-.o with decreasing preprocessing

energy EZ (¥7,)- We assume that the n,,th iterate of the preprocessing gradient flow, denoted ')72”, is such

that
ELy S oy

Since o, scales like the square of the (three-dimensional) plate thickness, according to (6.1) and the
pre-asymptotic analysis of Bonito ef al. (2022), a natural choice is o), ~ h?. Regardless of this scaling,

in view of (6.4), the prestrain defect of 372" satisfies
1 s Ty S % : <N k
D,(y,") S EN,)? S oy e, ¥y €A o

for a suitable constant ¢ > 0. Moreover, we have
b —1
E,§,) So, E,G) S L.

This implies that E), @Z") is also uniformly bounded, due to the continuity of £, and the coercivity of Ef’l .
As a consequence, the main gradient flow (5.3) with initial deformation y2 = S"Z" produces iterates yj,

1
satisfying D, (y}) < 0, + TE, (yg) thanks to Proposition 5.3 (control of metric defect) and E,(y;) < 1
thanks to (5.8). In particular, if (5.3) leads to an almost global minimizer yl,:”‘ of the energy E; then

the sequence {yilv" }n=o satisfies the uniform boundedness assumption of Theorem 4.1 (convergence of
global minimizers).
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A. Equivalence between energies (1.1) and (1.7)

The following proposition, first shown in Bonito ef al. (2022, Proposition 1), justifies the replacement
of the highly nonlinear reduced bending energy (1.1) involving the second fundamental form II[y] of the
deformation y by the quadratic energy (1.7) involving the Hessian D?y. This is critical for the design of
the numerical scheme. We sketch the proof for completeness.

PropPoSITION Al (Equivalence of (1.1) and (1.7)). If g € [H'(£2) N L*®(£2)]>*? is SPD a.e. in £2 and
y = (ym)?n:1 € [Hz(.Q)]3 satisfies VyTVy = g a.e. in £2, then there exist two non-negative functions
fi-fh € L?(£2) depending only on g and its partial derivatives such that

3
s Mlg 2 = gt Dy, 8 I +f;  aein (A.1)
m=1
and
1 1.2 3 1 1\ 2
(g 2 Mlylg 2)" = D |r(¢"2 D%, ¢72)| +f,  aeinL. (A2)
m=1

Proof. Since g € [H'(£2) NL®(2)1>*? and y € [H?(£2)]? with VyTVy = g, we have
01y X 0,y 91y X 0,y
IVy> =tr(g) € L°(2) and v = = .
10,y x 5|  +/det(g)
As a consequence, we deduce the regularity properties Vy € [H L) N L2212, v € [HY(2)N
L®(2)]? and IM[y] € L*(£2)>*2. In addition, for i,j € {I,2}, we represent 9;;y in terms of the basis
{01y, 0y, v} of R3 and the Christoffel symbols FUI of the surface y(£2) as follows:

2
Uy = Z Fzyl' ay +Ilylv  ae.ing;
=1

we recall that the symbols Fl]l are intrinsic quantities that depend only on g and its derivatives but not

ony. To prove (A.1), write a = g% and note the validity of the expression

2 2
((aDzyka)ij)z:1 = (alllyla)p + > a, ( > rh a,y) a,. (A3)
=1

m,n=1
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Since v is orthogonal to {0y, d,y} and vTv = 1, taking the square of the />-norm on both sides of (A.3)
yields

3
Z (aDzyka)izj S (a]:[[y]a)i “rfl'j,

k=1

where f;; does not depend explicitly on y but only on g and its derivatives. This concludes the proof of
(A.1). The proof of (A.2) is similar. (I

B. Proofs of Lemmas 2.4 and 2.5

We follow Bonito et al. (2021a). We stress that the mesh assumptions of Lemma 2.4 (weak convergence
of H,) are less restrictive and its proof is simpler than Bonito et al. (2021a, Proposition 4.3) due to the
simpler structure of the lifting operators R, and B, of (2.20).

Proof of Lemma 2.4. Let¢ € [C3° (£2)]7*2. We integrate by parts twice to write
/Q H,(v),) : ¢ = /Q Div, ¢ — R,V ) : ¢+ By(v]) : ¢ =T, + T, + T3 + Ty + Ts,
with
T, = /S2 v, div(div ¢),

T, = — /QRh([thh]) (o —-T9), T;:= /QBh([Vh]) (o —TI,0),

T, = Z /[thh] Ao —Tyo}n,, Ts5:=-— Z /[vh] {div(¢ — Z,0)} - n,.
¢ eegl? ¢

0
ee,

Here, Z,¢ € [Vﬁl n H(])(s?)]2X2 denotes the Lagrange interpolant of ¢ of degree min{/,l,}, where
[y and [, are the polynomial degrees of R;, and B),. We treat each term T; separately. By assumption,
v, — v € H*(2) in [L*(£2)]* as h — 0, whence we have

T1—>/ vdiv(div¢)=—/ Vv-div¢=/D2v:¢ ash — 0.
2 2 22

For T,, we invoke the assumed uniform boundedness |v,,| H2(2) < C and Lemma 2.3 (stability of lifting
operators) to get

_1
IT,] S IIh Z[thh]||L2(Fh°)||¢ —Lydl2e) < ClZyd — @22y = O ash — 0.
Similarly, we have T; — 0 as h — 0. To estimate T, we start with a scaled trace inequality
_1 1
||Ih¢ - ¢||L2(e) § ||h 2 (Ih¢ - ¢)”L2(we) + ||h2 V(Ih¢ - ¢)”L2(w€) (B-l)

and recall that w, is the union of the two elements adjacent to e € 5,? and that the shape regularity
property guarantees that i, ~ hy for T C w,. This, together with the assumption |v| H(2) = C and the
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shape regularity of {7}},. ¢, yields

1
_1 2
T4l S ( E [h™2 [thh]”iz(e)) ’ (||Ih¢ — ¢ll2) + IIWV(Z0 — ¢)||L2(_Q)) -0 ash — 0.

eeg,?
Similarly, T5 — 0 as & — 0. Gathering the above relations for T',. .., Ts, we obtain [, H),(v;) : ¢ —
/. o D?v : ¢ as h — 0, which is the desired weak convergence property. g

Proof of Lemma 2.5. 'We split the proof into three steps.
Step 1: strong convergence of the broken Hessian. We recall that for k' > 1, the Lagrange interpolation
operator I,’j v is locally H? stable,

ID*Ty wll 2y S Wy Yw e HXT), VT €T, (B.2)
and satisfies the following approximation estimates for 0 < m < k' + 1:
lw =Ty wlignery ST " Wlge gy Ywe HOEHD). (B.3)

These estimates are less standard and somewhat more intricate for subdivisions made of quadrilaterals;
we refer to Bonito ef al. (2021a, Section 9) for their proofs.

We now argue by density. Let v¢ € C%°(£2) be a smooth mollifier of v such that v¢ — v in H>(£2)
as € — 0. We also set v := I}/Z‘vf and write v, — v = v, — v} +v;, — v 41V — v so that employing
(B.2), (B.3) and summing over T € 7, yield

||D%Vh — DZV”LZ(_Q) < C (lV - v€|H2(.Q) + h|V€|H3(Q))

for a constant C independent of 4 and € because k > 2. Therefore, for every n > 0, we choose €
sufficiently small so that C|v — V|2 (o) < 1/2 and then h sufficiently small so that Ch|V |p3 o) < 1/2
to arrive at

||D}21Vh — DZV ||L2(.Q) < n.

This shows the strong convergence of Divh towards D?v in [L*(£2)]?*? as h — 0.
Step 2: strong convergence of lifting operators. We now prove that R, ([V,v,]) — 0 but omit dealing
with By, ([v,]) — 0, whose proof follows the same idea. Lemma 2.3 (stability of lifting operators) implies

_1 _1
IR (VD) S Ih 219,020y = 107209, 0 = )1l 2 )

because [Vv]|, =0fore € 5}?. Thanks to the scaled trace inequality (B.1), the property I{f v,—=v) =0
and the interpolation estimates (B.3), we obtain for any e € £°,

1021V, = 122 S 1221V, = W, + 10305 =M%,
S W2V, 00 = v = Zi 0y, = Wliag,,, + 10305 = Wi,
S IDjvy = DVl
Summing over all interior edges and using the shape regularity of {7,},. o, we find that
IR, (VD 2y S IDjvy — D*vll2g) > 0 ash— 0,

which is the desired property.
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Step 3: strong convergence of discrete Hessian. The strong convergence (2.23) of the reconstructed
Hessian Hj(v;) to D2y follows from the definition (2.21) of H, ,,(v;,) and the strong convergence of Dﬁvh,
R, ([V,v,]) and B),([v,]) established in Steps 1 and 2. O

C. Dirichlet boundary conditions and forcing term

We have considered so far free boundary conditions. In this case, a physically necessary assumption
is that any external forcing f € [LZ(A’Z)]3 has zero average, i.e., f_q f = 0, for otherwise there is no
equilibrium configuration. To see this, suppose that a nonzero external force f is added to the discrete
energy (1.10) as well as to the right-hand side of the discrete gradient flow (5.5). Repeating the proof of
Proposition 5.4 (evolution of averages), one can easily show that each step of the gradient flow yields

/(SyZ‘H:r/f.
fo) 2

Consequently, for ||6y2‘H l2(2) = 0asn — oo itis necessary that fg f = 0. In previous sections we
assume, for simplicity of presentation, that f = 0 but the theory extends to |, of=0.

In this section we prescribe Dirichlet boundary conditions on a portion I'? # @ of the boundary
052, namely

y=¢ and Vy=¢& onlP, (C.1H

where ¢ € [H'(£2)]? and @ e [H'(£2)]*2 is such that ®T@ = g a.e. in £2. In this case, we redefine
the admissible set A as

A:=A(p, D) = {y e V(p,P): VyTVy =g ae.in .Q}, (C2)
where V (@, @) is the affine manifold
Vi, ®) :={y e [H*()T : ylr» = ¢, Vylp» = P}, (C.3)

Furthermore, we also subtract the term f o [y from the energy E(y) defined in (1.7), where f € [L2(2))P
is a given forcing function. We resort to a Nitsche approach to impose the essential boundary conditions
(C.1). As a consequence, they do not need to be included as a strong constraint in the discrete counterpart
of the admissible set A. This turns out to be an advantage for the analysis of the method Bonito et al.
(2021a).

Let &), := 5}? U S;l’ be the set of edges of the subdivision 7, decomposed into interior edges S}? and
boundary edges Efl’ . We assume that the Dirichlet boundary I'” is compatible with Ty b > 0, in the
sensethat '’ = {x ee:ec 5,?} for some EhD C S}Il’. The set of active edges, across which jumps and
averages will be computed, and associated skeleton are denoted by &' := 5,? U 5}? and I/ := T, ho urb.
For interior edges e € 5,?, jumps and averages are defined (componentwise) by (2.5). For Dirichlet
boundary edges ¢ € £P, we define averages by {vh}le = v, and {thh}|e := V,,v;,, while jumps are
given by

To simplify the notation, we define

Vk (@, @) == {vh e [VEP © [v,1, [V,v,] given by (C.4) for all ¢ € 5,?}. (C.5)
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We insist that V’;l(-, -) coincides with [V/ZP but the former carries the notion of boundary jumps. In
addition, forv, € V];l((p, @), Ivlllg2ppy = Oand [V, v, 1l 2 ppy — Oimply v, — @ and Vv, — @
in L2(I'Py as h — 0, thereby relating Vﬁ((p, @) and V(g, D).

Definitions (2.18) and (2.19) of lifting operators for interior edges e € 5,? extend trivially to
boundary edges e € £P, in which case w, reduces to a single element. The discrete energy E),(y,)
then reads as (1.10) upon (i) replacing 52 by & in the definition (2.20) of lifting operators, which
affects the discrete Hessian operator (2.21), (ii) replacing Fho by I/ in the stabilization terms of £}, and
subtracting the forcing term [, f -y, and (iii) replacing the discrete admissible set by

Aje =y € Vi(0, @) : Dy(y)) < ¢}.
Finally, we note that for nonhomogeneous Dirichlet data, | - | HA(2) defined in (2.7) is no longer a semi-

norm on Vﬁ (@, @) since the boundary data are encoded in the jumps across e € £, but it is a norm on
V£(0,0) by definition.

All statements and proofs presented earlier extend to Dirichlet boundary conditions with minor
modifications. To be concise, we summarize below the key differences between Dirichlet and free
boundary conditions.

1. Discrete Poincaré-Friedrichs inequality. For any v, Vﬁ (¢, @) we have
||Vh||L2(_Q) + ||Vth||L2(Q) = |Vh|H£(_Q) + ||‘P||Hl(_(z) + ||¢||Hl(g)§ (C.6)
see Bonito er al. (2021a). In contrast to (2.13), the term |[|v,[l;2(p) is not needed to bound
||thh||L2(Q)~
2. Weak convergence of discrete Hessian. Let {v,},., C V’;l((o, @) satisfy ||v,|| H2(2) < 1 uniformly

inhand v, — vin [2(2) as h — 0 for some v € [H2(2)]°. We proceed as in Lemma 2.4
(weak convergence of H),) given in Appendix B to prove that H,(v,) — D?v in L*(£2), except that
integrating |, o Hy,(v),) : ¢ by parts twice gives the extra term

To:= > [(v,—o) - {divT,é}n, ¢ [CFE2)>2
eeS,? ¢
Its convergence is standard by uniform boundedness of |v;,| HA(2) and the trace inequality.

3. Strong convergence of discrete Hessian. Let v € [H*(£2)]° satisfy v = ¢ and Vv = & on I'P.
The proof of Lemma 2.5 (strong convergence of H,) follows as in Appendix B.

4. Coercivity. The analogue of Theorem 3.1 (coercivity of H;) involves the boundary data and external
forcing term, namely for any y,, € Vlfl((o, @) and any y,, y; > 0 we have

|yh|§§(m S E) + 10151 o) + 19150 o) + €172 (€7

the proof is similar to Bonito ef al. (2021a, Lemma 2.3). Note that now E,(y;) is bounded from
below but not necessarily by zero (Bonito ez al., 2021a).

5. Compactness. In contrast to Lemma 2.2 (compactness), we do not need to consider a shifted
sequence with vanishing mean value. If a sequence {v,},., C Vﬁ((p, @) satisfies |v| H2(2) <1

~

then there exists v € V(¢, @) such that, up to a subsequence, v, — vin [L2(£2)]° and Vv, = Vv
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in [L2(2)P*%ash — 0. A proof of this statement follows along the lines of Bonito et al. (2021a,
Proposition 5.1), thanks to (C.6). Therefore, Proposition 3.4 and Theorems 4.1 and 4.2 are valid
without removing the mean of v,,.

. Convergence of forcing term. The addition of the forcing term in the energy does not affect
Theorems 4.2 (lim-inf of Ej) and 4.3 (lim-sup of E},) because [, f-y, — [,f-ywheny, — yin
[L2($2)]P ash — 0.

. Gradient flow. For free boundary conditions, the gradient flow metric || - || H2(2) contains an L2

term to guarantee solvability of (5.5) (see Remark 5.1) and control of the average of iterates (see
Proposition 5.4). In contrast, since | - | H2(2) defined in (2.7) is a norm on Vﬁ (0,0) when Dirichlet

boundary conditions are imposed, the extra L> term is no longer needed. The counterpart of the
gradient flow of Section 5 reads as follows: given yg € Ak . and t > 0, iteratively compute yZH =

yp+ SyZH IS Vﬁ (@, D) with (Sy;l’Jrl € F,(y}y) satisfying "
syt vy @ T a, @Byt v = E V) — a0V Vv, € D, (C8)
where the tangent space is given by
Fuyh) == {v, € VE©,0): [, VVIVy! + (Vy)TVv, =0 VT eT,)
and (-, -) H2(2) is defined in (2.6). Note that the Dirichlet data are implicitly contained in a,,(y}, v;)

through the liftings of the boundary data that appear in H,(y).

For Dirichlet boundary conditions, the counterpart of the control of defect (5.9) reads
Dy(y}) < &g+ ct(E,(y)) + 7). (C.9)

Here, ¢ > 0 is the hidden constant of (C.6), which depends only on §2 and I” D while? > 0 depends
only on i, &, @llg1 (2> 1P g1 (o). Ifll2(o) and the constant C(y,, y;) that appears in (2.25) (with
5}? replaced by &). The proof relies on (C.6) and (C.7) to deal with the forcing term; the proof is
similar to Bonito ef al. (2021a, Lemma 3.4).

. Preprocessing. The prestrain defect of the iterates y;, produced by (C.8) is controlled by (C.9). In this
case, the energy E, (yg) is also affected by how well yg satisfies the prescribed boundary conditions

as E;, contains the terms (Vhy2 — @) and (y2 — @) in the discrete Hessian and the stabilization terms.
Therefore, since flat surfaces are stationary for the metric preprocessing step (Bonito et al., 2022,
Section 3.3), we first solve the bi-Laplacian problem

A2§7=/f in2, Vy=® onl?, y=¢ onrP, (C.10)

where typically f = 0. Note that this vector-valued problem is well posed and gives, in general, a
nonflat surface y(£2). Using the LDG method with boundary conditions imposed & la Nitsche to
approximate the solutiony € V(¢, @) of (C.10), we thus solve

Y eVi@®) @V =EVv)re YV, € VE0.0). (C.11)
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Here,

n (Wi Vi) = (Hy (W), Hy, (V) 12 )
R o (C.12)
+ 7 (07 [V, W], [thh])Lz(Fha) + 70 (0™ W), [Vh])LZ(F;i‘)’

where ¥, and ¥, are positive stabilization parameters that may not necessarily be the same as their
counterparts ¥, and y; used in definition (1.10) of E,. Then y, satisfies (approximately) the given
boundary conditions on I"? and ¥, (£2) is, in general, nonflat. To generate a deformation with small
prestrain defect, we may then apply a metric preprocessing step similar to the one proposed in
Section 6 starting from 372 =Yy, € V’;l (¢, D). Then all the results of Section 6 extend to Dirichlet
boundary conditions upon replacing || - || HX(2) by | -| H2(2) and, wherever appropriate, 5}? and Fho by
& and I3, respectively. In particular, the boundary conditions satisfied by the initial deformation
§2 € V’h‘(w, @) are approximately preserved during the metric preprocessing step (6.5). The latter
consists of seeking increments dyj, € V];l (0, 0) minimizing the linearized stretching energy using the
metric

D Diwi) 22y + (0 V0L [V D 12y + DL DD g2 oy -
Moreover, Remark 6.4 (choice of o;) applies and leads to an output 372’1 € Vﬁ((p, @) such that
1
EP ") S 1and D,(§,") < o) provided that EL(¥)") < o,
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