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ABSTRACT. We propose and analyze a robust Bramble-Pasciak-Xu (BPX) pre-
conditioner for the integral fractional Laplacian of order s € (0, 1) on bounded
Lipschitz domains. Compared with the standard BPX preconditioner, an ad-
ditional scaling factor 1 — 5%, for some fixed 7 € (0, 1), is incorporated to the
coarse levels. For either quasi-uniform grids or graded bisection grids, we show
that the condition numbers of the resulting systems remain uniformly bounded
with respect to both the number of levels and the fractional power.

1. INTRODUCTION

Given s € (0, 1), the fractional Laplacian of order s in R? is the pseudodifferential
operator with symbol |¢|¢. That is, denoting the Fourier transform by F, for every
function v : R? — R in the Schwartz class S it holds that

F((=A)%0) (&) = [€]* F(v)(£).
Upon inverting the Fourier transform, one obtains the following equivalent expres-
sion:

—v 258 s d
(1.1) (=A)*v(z) = C(d, s) p,v_/R Mdy Cd,s) = %

o
The constant C(d, s) ~ s(1 — s) compensates the singular behavior of the integrals
for s — 0 (as |y| — o) and for s — 1 (as y — ), and yields [26, Proposition 4.4]

(1.2) lig(l)(—A)Sv(x) = v(x), lgn%(—A)Sv(x) = —Auv(z), Yo CP(RY).

From a probabilistic point of view, the fractional Laplacian is related to a simple
random walk with arbitrarily long jumps [51], and is the infinitesimal generator
of a 2s-stable Lévy-process [8]. Thus, the fractional Laplacian has been widely
utilized to model jump processes arising in social and physical environments, such
as finance [24], predator search patterns [48], or ground-water solute transport [7].

There exist several nonequivalent definitions of a fractional Laplace operator
(—=A)* on a bounded domain Q C R? (see [10,11]). Our emphasis in this paper
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2440 J. P. BORTHAGARAY ET AL.

is on the homogeneous Dirichlet problem for the integral (or restricted) fractional
Laplacian: given f: Q — R, one seeks u: R* — R such that

(1.3) { (=A)*u=f inQ,

u=0 inQ°,

where the pointwise definition of (—A)*u(x) is given by (1.1) for € Q. Conse-
quently, the integral fractional Laplacian on 2 maintains the probabilistic inter-
pretation and corresponds to a killed Lévy process [8,22]. It is noteworthy that,
as the underlying stochastic process admits jumps of arbitrary length, for the in-
tegral fractional Laplacian the standard Dirichlet conditions need to be replaced
by suitable volume constraints on the complement of the domain €2, e.g. ©u =0 in
Q¢. In contrast, the spectral Laplacian for s € (0,1) and the censored (or regional)
Laplacian for s € (%, 1) admit Dirichlet boundary conditions on 9€2. Despite their
strikingly different boundary behavior, we show in Section 9 that the three opera-
tors are spectrally equivalent in bounded Lipschitz domains, an interesting property
already known for the integral and spectral operators [22].

Weak solutions to (1.3) are the minima of the functional v — %\v\?{s(Rd) — Jo fv

on the zero-extension space H*(2) (see Section 2.2). In accordance with (1.2)
restricted to any v € C§°(f2), it holds that if v € H?(Q) for some o > 0, then [39]

(1.4) Sl_i}})g 0| s (ray = IJv]lL2(),

while if v € L?(R9) is such that supp v C Q and lim,_,;- 0| s (ray exists and is
finite, then v € H}(Q) and [17]

(1.5) Jim vl (ray = [v]H (0)-

We emphasize that the presence of a scaling factor C(d,s) =~ s(1 — s) in the
fractional-order seminorm [v| s (gay is fundamental for (1.4) and (1.5) to hold. Con-
sider a discretization of (1.3) using standard linear Lagrangian finite element space
on a mesh 7 (denoted by V(T), see details in Section 2.2) whose elements have
maximum and minimum size hyax and A, respectively, and denote by A the
corresponding stiffness matrix. Then, as shown in [4], the condition number of A
obeys the relation

d—2s
(1.6) cond(A) S (dimV(’T))QS/d (@)

min

for 0 < s < 1 with 2s < d, and one can remove the factor involving % by
preconditioning A by a diagonal scaling. On non-quasi-uniform grids, the hidden
constant in the critical case 2s = d is worse by a logarithmic factor.

We point out that solutions to (1.3) generically exhibit the boundary behavior
u =~ d(-,00)%, and thus graded meshes towards 92 are required to recover optimal
convergence rates. The relation (1.6) shows that even in the limit s — 0, in which
the fractional Laplacian approaches the identity (cf. (1.2)), the use of graded grids
may give rise to ill-conditioned matrices; this could be cured though by diagonal
scaling (see Section 8.2).

In recent years, efficient finite element discretizations of (1.3) have been examined
in several papers. Adaptive algorithms have been considered in [2,28,32], and a
posteriori error analysis has been addressed in [30, 44]. Standard finite element
discretizations of the fractional Laplacian give rise to full stiffness matrices; matrix
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ROBUST BPX FOR FRACTIONAL LAPLACIANS 2441

compression techniques have been proposed and studied in [3,37,61]. For the
efficient resolution of the discrete problems, operator preconditioners have been
considered in [33].

In this work, we propose a multilevel BPX preconditioner (cf. [6,18,31,49,53])
B for the solution of (1.3) that yields cond(BA) < 1. In general, our result follows
from the general theory for multigrid preconditioners (cf. [34,54,55,58]). An
important consequence of (1.4) and (1.5) is that, on any given grid, the stiffness
matrices associated with integral fractional Laplacians of order s approach either
the standard mass matrix (as s — 0) or the stiffness matrix corresponding to the
Laplacian (as s — 1), the latter because the canonical basis functions of V(T) are
Lipschitz and W, *°(Q) c H*(€2). This is consistent with (1.6): for example, on
quasi-uniform grids of size h, such a formula yields cond(A) ~ h~2.

Based on the above observations, one of our main goals is to obtain a precon-
ditioner that is uniform with respect to s as well as with respect to the number of
levels J. For such a purpose, we need to weigh the contributions of the coarser
levels differently to the finest level. On a family of quasi-uniform grids {T-k}izo
with size hy, we shall consider a preconditioner in the operator form (cf. (4.2))

(1.7) B=T;%Q;+(1-7") Y _ Tkh’Q,,

with an arbitrary parameter 5 € (0,1). Above, @, and I}, are suitable L2-projection
and inclusion operators, respectively. Clearly, if s € (0, 1) is fixed, then the factor
1 —~® is equivalent to a constant. However, such a factor tends to 0 as s — 0, and
this correction is fundamental for the resulting condition number to be uniformly
bounded with respect to s.

We now present a simple numerical example to illustrate this point. Let Q =
(-=1,1)2, f =1, s = 107%,1072, and choose either ¥ = 0 (i.e., no correction) or
¥ = % in the preconditioner above to compute finite element solutions to (1.3) on
a sequence of nested grids. The left panel in Table 1 shows the condition numbers
of the preconditioned linear systems. It is apparent that setting v = % gives rise to
a more robust behavior with respect to both s and the number of levels .J.

Another aspect to take into account in (1.3) is the low regularity of solutions
[14,36,46], which calls for graded grids in numerical computation [1,13]. However,
graded grids give rise to worse-conditioned matrices, as described by (1.6). This
work also addresses preconditioning on graded bisection grids that can be employed
to obtain the refinement as needed. Our algorithm on graded bisection grids builds
on the subspace decomposition introduced in [21], which leads to optimal multilevel
methods for classical (s = 1) problems. Our theory on graded bisection grids,
however, differs from the existing ones [21,31,52] to account for the uniformity with
respect to s. As illustrated by the right panel in Table 1, including a correction
factor on the coarser scales leads to a more robust preconditioner. This confirms
the practical value of the modification in addition to its theoretical value.

We now briefly discuss the main difficulty of our analysis for graded bisection
grids. We rely on the theory of subspace correction [54], but the presence of the
scaling factor 1 —7* on coarse meshes complicates the stable decomposition. Since
the subspaces generated by bisection are local and non-nested, the decomposition
in [21,31,52] directly applies to the difference of some local operators (called slic-
ing operators in [21]), but the technique used in [21] yields a stability constant
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2442 J. P. BORTHAGARAY ET AL.

TABLE 1. Condition numbers with BPX preconditioner without
(¥ = 0) and with (5 = 1) a correction factor. We display results on
a family of uniformly refined grids (top panel), and on a sequence
of suitably graded bisection grids (bottom panel).

Uniform grids
poFs | s=10" [ s=10"7
7=017=57=0]7=3
225 || 8.66 | 292 12.11| 3.70
961 || 10.81 | 3.00 || 15.97 | 3.80
3969 || 12.66 | 3.03 | 19.66 | 3.83
16129 || 14.28 | 3.03 | 23.27| 3.84

Graded bisection grids
DOFs | 5= 1(171 L s=10"2 ]
Y=017=517=0]7=3

161 8.06 3.85 || 11.48 5.06
853 || 10.80 | 4.21 || 15.86 5.14
2265 || 13.43 | 4.55 || 20.72 5.38
9397 || 15.53 | 4.74 || 24.71 5.55

depending on (1 — 7%)~! that blows up as s — 0. Instead, we develop in Section
3.2 a new tool called s-uniform decomposition on nested spaces. Invoking this tool,
we construct in Section 7 a stable decomposition on a sequence of auxiliary nested
subspaces for bisection grids that leads to the desired L2-stable decomposition to
the local subspaces. The resulting BPX counterpart of (1.7) is robust with respect
to the number J of levels and the fractional order s, and applies as well to the spec-
tral and censored Laplacians in view of their spectral equivalence to the integral
Laplacian alluded to earlier.

This paper is organized as follows. Section 2 collects preliminary material about
the interpolation spaces and the finite element discretization of (1.3). Next, in
Section 3 we discuss general aspects of the method of subspace corrections and
introduce an s-uniform decomposition that plays a central role in our analysis.
As an application, we introduce a BPX preconditioner for quasi-uniform grids in
Section 4, and prove that it leads to condition numbers uniformly bounded with
respect to the number of refinements J and the fractional power s. Afterwards,
we delve into the preconditioning of systems arising from graded bisection grids.
For that purpose, Section 5 offers a review of the bisection method with novel
twists and proposes a BPX preconditioner on graded bisection grids. Sections 6
and 7 provide the technical analysis of the s-uniform decomposition for graded
bisection grids. Section 8 presents some numerical experiments that illustrate the
uniform performance of the BPX preconditioners with respect to s and the number
of levels. Finally, Section 9 discusses BPX preconditioners for the spectral and
censored fractional Laplacians.

2. PRELIMINARIES

In this section, we set the notation used in the rest of the paper regarding
Sobolev spaces and recall some preliminary results about their interpolation. We
refer to [13] for the basic definitions we use here. We are particularly concerned
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with the zero-extension Sobolev space H () := Cg"(Q)lHlHU(Rd), which is the set
of functions in H°(R?) whose support is contained in 2. Given u,v € H?(Q), we
define the (scaled) inner product (-,+)y: H7(2) x H"(Q) — R to be

(21) (0)0 = (us0) o oy = 27 d" / /R . ﬁ@fﬁ‘“y” da dy,

where C(d, o) is the constant from ( . We point out that the integration in (2.1)

takes place in (€2 x R?) U (R? x Q) because functions in H (©) vanish in Q°. We

further write the scaled Gagliardo seminorm |u|, = (u, u)},/ 2

lullo == [lull2(0)-

For convenience, we write X <Y (resp. X 2 Y) to indicate X < CY (resp.
CX >Y), where C denotes, if not specified, a generic positive constant that may
stand for different values at its different occurrences but is independent of the
fractional power s or the number of levels; this implies the independence of the
mesh-size for quasi-uniform grids or the dimension of the FEM-space for graded
bisection grids. The notation X ~ Y means both X <Y and X > Y hold.

= |u| go (ra), and let

2.1. Interpolation and fractional Sobolev spaces. An important feature of
the fractional Sobolev scale is that it can be equivalently defined by interpolation
of integer-order spaces. This, along with the observation that the norm equiva-
lence constants are uniform with respect to s, is fundamental for our work. In
view of the applications below, we now recall the abstract setting for two separable
Hilbert spaces X' C X with X' continuously embedded and dense in X°. Follow-
ing [38, Section 2.1], the inner product in X! can be represented by a self-adjoint
and coercive operator S : D(S) — X with domain D(S) C X! dense in XY, i.e.
(v,w)x1 = (Sv,w)xo for all v € D(S),w € X!. Invoking the spectral decompo-
sition of self-adjoint operators [59], we let A : X! — X be the square root of S,
which in turn is self-adjoint, coercive, and satisfies

(2.2) (v,w)x1 = (Av,Aw)xo Yo,w € X',

Suppose further that the spectrum {A;}72; of A is discrete and the corresponding
eigenfunctions {¢y}32, form a complete orthonormal basis for X°; hence Av =
> ey Ay for all v =377 vgpy € X', Then, we can define a fractional power
s € (0,1) of A as follows:

oo o0
(2.3) ANv = Z)\kagok if ||A5v||§(0 = Z)\zsvi < 00.
k=1
On the other hand, we can construct intermediate spaces by the K-method.
Given s € (0,1), we consider the interpolation space (XY, X1); 2 with norm

1

2sin(ws) [ _4_ 2
20l = (2 T o)
0
1
where Kj(t,v) :=inf,—yo 0 (||0°]%0 + t2]|v}]|%1)?. The following result [38, The-
orem 15.1] gives an intrinsic spectral equivalence between the interpolation by K-
method and spectral theory.

Theorem 2.1 (Intrinsic spectral equivalence). Let X' C X be two Hilbert spaces
with X' continuously embedded and dense in X°. Let the self-adjoint and coercive
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2444 J. P. BORTHAGARAY ET AL.

operator A : X' — XY satisfy (2.2) and have a discrete, complete and orthonor-
mal set of eigenpairs (A, )5, in X°. Given s € (0,1), for any v € X° with
AV xo < 00 we have

||AS”||X0 = HU”(XO,XI)S‘z'

We now apply Theorem 2.1 (intrinsic spectral equivalence) to L2-based Sobolev
spaces. Let X0 = L2(Q) and X' = H'(Q) denote the spaces of functions in L2(£2)
and H{(Q) extended by zero to ¢, respectively, and let the inner product in X*
be given by (v,w)x1 = [pa Vv - Vw = [, Vv - Vw. The corresponding operator S
equals the Laplacian —A with zero Dirichlet condition on the bounded Lipschitz
domain ; S thus admits a set of eigenpairs {:\\k, Pr 172, where the eigenfunctions
{pr 32, are extended by zero to Q¢ and form a complete orthonormal set in L2(Q)
[29, Section 6.5.1 and Appendix D.5]. Therefore, the corresponding eigenpairs
{ Mk, pr}i2, of A= (—A)% satisfy A\ = :\\,1@/2 and @) = P, whence

(2.5) 1A% = I(=2) 50§ =Y Apoi = Z/\kvk
k=1

is the norm square of the interpolation space H*(Q) = ([/Q(Q),Efl(Q))S ,- Since
this norm is uniformly equivalent to the scaled Gagliardo norm

(2.6) vls = [|[A%v]lo Vv € H*(Q)
(cf. [40, Theorem B.8, Theorem B.9] and [20]), (2.5) yields the following equiva-
lence.

Proposition 2.1 (Norm equivalence). The following equivalence is uniform in
s €(0,1),

(2.7) 0|2 ~ ka Vo € H*(Q).

2.2. Variational formulation and finite element discretization. Since a
Poincaré inequality is valid in H 5(Q) (cf. [1, Prop. 24|, for example), the map
u +— (u,u), is an inner product on H*(Q). Given f € H~*(f), the dual of
H?*(), the weak formulation of the homogeneous Dirichlet problem (1.3) reads:
find u € H*(Q) such that

(2.8) a(u,v) = (u,0)s = (f,v)s0 Vo€ H*(Q),

where (-, )5 o stands for the duality pairing between H~*(£2) and H# (). Existence
and uniqueness of solutions of (2.8) is a consequence of the Riesz representation
theorem.

Given a conforming and shape-regular triangulation 7 of 2, we consider discrete
spaces consisting of continuous piecewise linear functions that vanish on 0f2,

(29) V( ) = {Q)h S C( ) ’Uth S Pl(T) VT eT, ﬂh‘ag = 0}

It is clear that V(7) C H*(Q), independently of the value of s. Therefore, we can
pose a conforming discretization of (2.8): we seek uj, € V(T) such that

(2.10) a(up,vn) = (fyon)sa Yo, € V(T).
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Remark 1 (Necessity of graded grids). Convergence rates in the energy norm are
derived by using suitable interpolation estimates [1,23] and regularity results [11,
Theorem 3.7]. As shown in [1], conforming finite element approximations over
quasi-uniform grids converge at most with order % in the energy norm, due to the
boundary behavior (9.3) [10,36,46]. To mitigate such a low convergence rate one
can incorporate a mesh grading towards 9. This idea was exploited in [1] (see also
[11,16]), where the regularity of the solution is characterized in weighted Sobolev
spaces, with the weight being a power of d(-,99Q). In fact, let us define the patch of

a closed element 7 € T
:U{T'ET: 'NT#£ o}

Given a grading parameter g > 1 and a mesh size parameter h, we assume that,
for all 7 € T, the element size h, = |7|'/¢ satisfies

b N{h“ if S, NON # @,

(2.11) hd(r,00)=D/1 otherwise.

If the right-hand side f is sufficiently smooth, it turns out that the optimal choice
for p1is 9. We refer to [1,11,16] for details.

We conclude this section with a fractional local inverse estimate valid on arbi-
trary, shape-regular grids 7. The proof hinges on localization of fractional norms
to element patches. Because the Gagliardo seminorm | - |, involves integration on
Q°, we introduce the extended patch of a closed element 7 € T,

= S, TN =g,
(212) Sri= { B, otherwise,

where B, = B(z,,Ch;) is the ball of center x, and radius Ch,, with x, being
the barycenter of 7, and C = C(o) a shape regularity dependent constant such
that S; C B,. We assume S is a Lipschitz set, so that the space H? (S ) defined

by interpolation between H'(S,) and L2(S,) is well-defined and has a seminorm
equivalent to the (scaled) Gagliardo seminorm

Jo(x) = v(y)]? 12
v Wl s) :_( //s <3, \x— o —ylat2E dydf) '

Lemma 2.1 (Local inverse inequality). Let o € [0,1] and 8 € [0,0], and assume
S is Lipschitz for every T € T. Then,

1
3
(2.13) vl < (Z h2(5= ")|U|HB(S )> Yo e V(T),

TET

where the hidden constant depends on the spatial dimension, shape-regularity con-
stant and Lipschitz constant of S, but is uniformly bounded with respect to o and

B.
Proof. We decompose the scaled seminorm |v|, locally according to [15, Lemma
4.1] for o < 1,
[v(z) —v(y) C
2 < (// y‘dm dy dr + ol ) Yo € VIT),
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where C(d, o) is taken as in (2.1) and the constant C' depends only on d and the
shape-regularity constant of 7. We next exploit the local quasi-uniformity of 7" and
operator interpolation theory (cf. [50, Chapter 34 & 36]) applied to the estimates

|U|H1(§T) N h;1||11||L2(§T), HU”L2(§T) < ||U||L2(§T)a
to deduce the local inverse estimate with hidden constant insensitive to o
|U|Ha(§r) < h;U”vHLz(@)a

because §T is Lipschitz. Applying again operator interpolation theory to this esti-
mate and |U|HU(§ ) < |U|HU(§ ) gives

|U|Ha(§r) S hf_o|v|HB(§T)v B e0,0]

and leads to the desired estimate (2.13) for o < 1. The case ¢ = 1 is simpler
because the seminorm |v|; is local. In fact, it hinges on the local inverse estimate
‘U‘Hl(g ) < hs-t |v|H,3(§ ) which in turn results from operator interpolation applied

to the estimates [v] .5 ) S h;1||v|\L2(§T) and [v] 5.y < Vg3, ) O

3. s-UNIFORM ADDITIVE MULTILEVEL PRECONDITIONING

Let (-,-) be the L%-inner product in  and V := V(7)) denote the discrete space.
Let A : V — V be the symmetric positive definite (SPD) operator defined by
(Au,v) = a(u,v) for any u,v € V, and let f € V be given by (f, v) = (f,v)s0
for any v € V. With this notation at hand, the discretization (2.10) leads to the
following linear equation in V

(3.1) Au = f.
In this section, we give some general and basic results that will be used to
construct and analyze the s-uniform additive multilevel preconditioners for (3.1).

3.1. Space decomposition. We now invoke the method of subspace corrections
[27, 54, 55,58,60]. We first decompose the space V as the sum V = Z}]:o V; of
subspaces V; C V. For j =0,1,...,J, we consider the following operators:
e Q;j: V —V; is the L?-projection operator defined by (Q;v,v;) = (v,v;) for
allv e V,v; € Vj;
e [;: V; = V is the natural inclusion operator given by I;v; = v; for all
vj € Vj;
e R;:V; — V; is an approximate inverse of the restriction of A to V; (often
known as smoother); we set ||v;]| (R;lvj, v;) for all v; € V; provided

that R; is SPD on V;.
A straightforward calculation shows that Q; = I;f because (Q;v,v;) = (v, [jv;) =
(I]t-v,vj) for all v € V,v; € V;. Let the fictitious space be V =V x V3 x ... x V.
Then, the Parallel Subspace Correction (PSC) preconditioner B: V' — V is defined
by

2 .
RJ

J J
(3.2) B:=> LiR;Q;=> LR;I.
j=0 j=0

Lemmas 3.1 and 3.2 follow from the general theory of preconditioning techniques
based on fictitious or auxiliary spaces [34,41,54-56,58].
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Lemma 3.1 (Identity for PSC). If R; is SPD on V; for j =0,1,...,J, then B
defined in (3.2) is also SPD under the inner product (-,-). Furthermore,

J
(3.3) (B~'v,v) = inf Z(Rj_lvj,vj) YveV.
Zj":o YiTv =0
Lemma 3.2 (Estimate on cond(BA)). If the operator B in (3.2) satisfies
(A1) Stable decomposition: for every v € V, there exists (Uj)}]=0 € V such that

J —
dj—oVj =0 and

J
(3-4) D Mol < colloll,
=0 ’
where ||v]|4 = (Av,v), then Amin(BA) > ¢
(A2) Boundedness: For every (v;)7_o € V there holds

J 2 J
(3:5) dovil e d Il
=0 ||, =0 ’

then Amax(BA) < ¢1. Consequently, if B satisfies (A1) and (A2), then cond(BA) <
CpCq -

3.2. Instrumental tools for s-uniform preconditioner. We assume that the
spaces {Vj}f:o are nested, i.e.

ViaCV; VI<j<.J

With the convention that Q_; = 0, we consider the L?-slicing operators

Qi:V—=Vi: Q=Q;—Q; 1 (j=01,...,.J).
Clearly, the L2?-orthogonality implies that QxQ; = Qkaj, where kA j := min{k, j}.
Hence,

Q; j<k,

0,0 = 505,
0 j>k3, Qng kak

(3.6) Q;Qr = QrQ; = {

Lemma 3.3 plays a key role in the analysis of an s-uniform preconditioner, which
is obtained by using the identity of PSC (3.3) and reordering the BPX precondi-
tioner [18,53].

Lemma 3.3 (s-Uniform decomposition). Given v € (0,1), s € (0,1], it holds that,
for everyv €'V,

—2sj

J J—-1
—2sj . - Y
V@ = Qumnellg = it T Nl 4 3 s lS
. J J -
j=0 Z}]:O vj=v j=0

Proof. This proof is an application of Lemma 3.1 (Identity for PSC). Taking

J
B=Y Q- Qj-1),
j=0
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by the L2-orthogonality (3.6), we easily see that B~ = ijo YEIQ; — Q1)
and
J

(B™'vo,0) = > 4727)(Q5 — Qi—1)vlls.

§=0
On the other hand, to identify R; we reorder the sum in the definition of B

J
B:Z’Y%j(Qj_ijl) 2SJQJ+Z 1_ 25]Q ZIRQ]v
j=0 Jj=0 =

where

1 —28)28y, =0,...,J—1
Rj’Uj = (2 . v )’7 /Uj j ’ ’ ’

77 v; Jj=4,

for all v; € V;. Finally, the identity (3.3) of PSC gives the desired result. O

Lemma 3.4 is useful to obtain stable decompositions in fractional-order norms.
The proof is a direct application of space interpolation theory and is therefore
omitted here.

Lemma 3.4 (s-Uniform interpolation). Assume that the spaces {V;}]_ are nested,
and

J
(3.7) STrHQ; - Qi vlE S iE VeV

=0

Then, the following inequality holds for s € [0,1], with the hidden constant inde-
pendent of s and J,

J
S Q- QIR S 2 VweV.

Jj=0

4. s-UNIFORM BPX PRECONDITIONER FOR QUASI-UNIFORM GRIDS

We propose and study a BPX preconditioner [6,18,31,49,53] for the solution of
the systems arising from the finite element discretizations (2.10) on quasi-uniform
grids. We emphasize that, in contrast to [6,18,31], the proposed preconditioner is
uniform with respect to both the number of levels and the order s. To this end,
we introduce a new factor for coarse spaces which differs from the original BPX
preconditioners. )

Consider a family of uniformly refined grids {7;}{_, on ©, where T = To is
a quasi-uniform initial triangulation. On each of these grids we define the space
Vi := V(T&) according to (2.9). Let V = V; and A be the SPD operator on
V associated with a(-,-): (Av,w) = a(v,w) for all v,w € V. Let the grid size
be hy ~ ¥, where v € (0,1) is a fixed constant. For instance, we have vy = 5 L for
uniform refinement, in which each simplex is refined into 2¢ children, and v = (%)1/ d
for uniform bisection, in which each simplex is refined into 2 children.

Let Q, : V — Vi and I}, : Vi — V be the L%-projection and inclusion operators
defined in Section 3.1, and let Q_; := 0. Let 7 € (0,1) be a fixed constant; it can
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be taken equal to v but this is not needed. For every vy € Vik=0,...,J, we
define Ry, : Vi, — Vi, to be

— 1 —7%)h2s E=0,....J—1
(41) Rkvk — {( FY) k Uk ) ) 3

Eisvk k=J.

We now introduce the BPX preconditioner and study its properties in the sequel
o J___t o J-1
(4.2) B:=Y TtRpI, =1;h5Q;+ (1 -7 Y Tphi Q.
k=0 k=0

Our next goal is to prove Theorem 4.1, namely that B satisfies the two necessary
conditions (3.4) and (3.5) of Lemma 3.2 (estimate of cond(BA)) uniformly in J and
s over quasi-uniform grids. We observe that the scaling (1 —7*)~! > 1 makes it

easier to prove the boundedness (3.5) but complicates the stable decomposition
(3.4).

Theorem 4.1 (Uniform preconditioning on quasi-uniform grids). Let Q be a
bounded Lipschitz domain and s € (0,1). Consider discretizations to (1.3) us-
ing piecewise linear Lagrangian finite elements on quasi-uniform grids. Then, the
preconditioner (4.2) satisfies cond(BA) < 1, where the hidden constant is uniform
with respect to both J and s.

We start with a norm equivalence for discrete functions. We rely on operator
interpolation and the decomposition for s = 1 [12,25,45,54], which was proposed
earlier in [18,53] with a removable logarithmic factor. A similar result, for the
interpolation norm of (L2(2), H}(Q))s.2, was given in [56, Theorem 10.5].

Theorem 4.2 (Norm equivalence). Let Q be a bounded Lipschitz domain and s €
0,1]. IfV = Vj and Q) : V. — Vi denotes the L%-projection operators onto
discrete spaces Vi, and Q_, := 0, then for any v € V the decomposition v =

Zi:o(@k — Qp_1)v satisfies

J

(4.3) o2 2 > B I(@k — Qr)l:

k=0

The equivalence constant hidden in (4.3) is independent of s and J.

Proof. We show (4.3) in the entire space H*(Q), namely J = co. We consider the
self-adjoint operator A = Y22 hy ' (@ — Qp_1) : HE(Q) — L2(Q2), which induces
a norm in Hg(Q) equivalent to the standard H'-norm according to [12,45,54]

1A =D R 1@k = Quen)vllf = [lollf Vo € Hy(9).
k=0

Therefore, Theorem 2.1 (intrinsic spectral equivalence) implies that |[A®v]|o defines
a norm on the interpolation space H $(€Q) that is uniformly equivalent to the inter-
polation norm, whence |v|s ~ ||A®v||o by virtue of (2.6). It remains to characterize
[[A%]fo.- B B

We notice that Vi := (Qy — Qp_1)HE () is an eigenspace of A with eigenvalue
A = hy ! and ﬁ&(Q) = @zo:of/k is an L?-orthogonal decomposition. Consequently,
(2.3) yields [|[A*0|13 = 35020 b 28 )1(@Q — @p—_1)v]|? and thus (4.3), as asserted. O
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Corollary 4.1 (Stable decomposition). Let ¥ € (0,1) be a fized constant. For every
veV =Vjands e (0,1], there exists a decomposition (v, ...,vy5) € Vox...xV 3,
such that Zi:o v = v and

-1

_ 1 _
B2 ol + =5 0 b loellg = o2,
7 k=0

Proof. This is a direct consequence of Lemma 3.3 (s-uniform decomposition) and
Theorem 4.2 (norm equivalence) because hj, ~ v* and 1 —~* ~ 1 — 4* uniformly in
s €10,1]. O

We now prove the boundedness estimate in Lemma 3.2 (estimate on cond(BA))
with a constant independent of both J and s.

Proposition 4.1 (Boundedness). Let 7 € (0,1) be a fized constant, s € (0,1]. The
preconditioner B in (4.2) satisfies (3.5), namely

J 9 -1
_ 1 _
> < ea (Bl + 1= SRl ).
k=0

k=0

where ¥ € (0,1) can be taken arbitrarily and the constant ¢y is independent of J
and s.

Proof. Let v := Zi:o vg. Then, we use Theorem 4.2 (norm equivalence), the fact
that hy ~ v* and Lemma 3.3 (s-uniform decomposition) to write
o, J
e~ =
o] =l = YR @ — Qv
k=0 ° k=0
J

Z “25)(@Q, — Q)2

= inf |y 2w + Z por HwkHO
wi €V
Zk{:o W =0
Therefore, upon setting wy = vy, for k = O, ...J above, we deduce that

—28k:

J 2
> s lloslly + Z Tz el
k=0 °

—1
7,—2s 1 7,—2s
< (A losll + 25 X R o).

k=0

The proof is thus complete. O
Remark 2 (Dependence on s). The standard BPX preconditioner reads [6, 18, 31]

J
(44) Fstd = ijﬁis@k : V — V
k=0

To explore sensitivity with respect to s, we consider the limiting case s = 0 and
express A as the identity matrix and Ry : Vi — Vi as the identity operator for all
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k=0,...J. In view of Lemma 3.2, by decomposing any v € V as v = ZZ:O @kv
it follows that Amin(BstaA) = 1. Additionally, for any v € V| at the coarsest level
we have ByqAv = (J + 1)v and thus Apax(BsiaA) > J + 1. This implies that the
condition number cond(FStdZ) blows up as s — 0 and J — oo; this is observed in
the experimental results reported in Table 1.

5. s-UNIFORM BPX PRECONDITIONER FOR GRADED BISECTION GRIDS

In this section, we briefly review the bisection method with emphasis on graded
grids following [21], and present new notions. We also refer to [42,43,57] for addi-
tional details.

We then design a BPX preconditioner for the integral fractional Laplacian (1.1)
on graded bisection grids that is uniform with respect to both the number of levels
J and fractional order s. The boundedness can be proved by combining the BPX
preconditioner on quasi-uniform grids with the theory for graded bisection grids
from [21,31,42,43,52].

5.1. Bisection rules and compatible bisections. For each closed simplex 7 € T
and a refinement edge e, the pair (7,¢e) is called labeled simplez, and (T,L) :=
{(r,e) : 7 € T} is called a labeled triangulation. For a labeled triangulation (7, L),
and 7 € T, a bisection by : {(1,e)} — {(71,€1), (72,e2)} is a map that encodes the
refinement procedure. The formal addition is defined as follows:

T+b = (T,.L)\{(1,e)} U{(m1,€1), (12,e2) }

For an ordered sequence of bisections B = (br,,br,, ..., bry), we set
T+B:=(T+br)+br)++bry.

Given an initial grid 7y, the set of conforming grids obtained from 7y using the
bisection method is defined as

T(To) :={T = To + B: B is a bisection sequence and T is conforming}.

The bisection method considered in this paper is assumed to satisfy the following
two properties, which are valid for a variety of bisection grids [21].
(A1) Shape regularity: T(7g) is shape regular.
(A2) Conformity of uniform refinement: Tj := Tr_1+ {b, : 7 € Tr_1} €
T(7o) Vk > 1.
We denote by N(T) the set of vertices of the mesh 7, and define the first ring
of either a vertex p € N(T) or an edge e € £(T) as

Ry={re€T|per}, Re={reT|eCT}

and the local patch of either p or e as w), = Urer, 7, and we = Urer, 7. An edge
e is called compatible if e is the refinement edge of 7 for all 7 € R.. Let p be the
midpoint of a compatible edge e and R, be the ring of p in T + {b; : 7 € R.}.
Given a compatible edge e, a compatible bisection is a mapping b. : R, — Rp. The
addition is thus defined by

T+be:=T+{b:TERS =T \RcUR,,

which preserves the conformity of triangulations. Figure 5.1 depicts the two possible
configurations of a compatible bisection b.; in 2D.

We now introduce the concepts of generation and level. The generation g(7) of
any element 7 € 7y is set to be 0, and the generation of any subsequent element 7
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i pf

} bej <| e ij @ Dj
— S — !

(2 2

(A) Interior edge (B) Boundary edge

FIGURE 5.1. Two possible configurations of a compatible bisection
be;, in 2D. The edge with boldface is the compatible refinement
edge, and the dash-line represents the bisection.

is 1 plus the generation of its father. For any vertex p, the generation g(p) of p is
defined as the minimal integer k such that p € N'(T}). Therefore, g(7) and g(p)
are the minimal number of compatible bisections required to create 7 and p from
To- Once p belongs to a bisection mesh, it will belong to all successive refinements;
hence g(p) is a static quantity insensitive to the level of resolution around p. To
account for this issue, we define the level £(p) of a vertex p to be the maximal
generation of elements in the first ring R,; this is then a dynamic quantity that
characterizes the level of resolution around p.

We then have the decomposition of bisection grids in terms of compatible bisec-
tions; see [21, Theorem 3.1].

Theorem 5.1 (Decomposition of bisection grids). Let To be a conforming mesh
with initial labeling that enforces the bisection method to satisfy assumption (A2),
i.e. for all k >0 all uniform refinements Ty, of To are conforming. Then for every
T € T(To), there exists a compatible bisection sequence B = (by,ba,...,by) with
J =#N(T) — #N(To) such that

(5.1) T=To+B.

e;j: the refinement edge;

p;: the midpoint of e;;
pj_,p;': two end points of e;;
wj: the patch of p; (or wy,);
Wi = wp; Uw, - Uw, +;

2

e

h;: the local mesh size of wy;
73 :76+(b1a~~~abj);
e R;: the first ring of p; in 7;.

;i

wj

FIGURE 5.2. Plot of local patch w; associated to a bisection node
pj, enlarged local patch w; and definition of related quantities

For a compatible bisection b; with refinement edge e;, we introduce the bisection
triplet
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where p; and p;r are the end points of e¢; and p; is its middle point; see Figure
5.2. A vertex can be a middle point of a bisection solely once, when it is created,
but instead it can be an end point of a refinement edge repeatedly; in fact this is
the mechanism for the level to increment by 1. In addition, since pf already exist
when p; is created, it follows that

g5 = 9(pj) > 9(p} ).

The notion of generation of the bisection is well-defined due to Lemma 5.1, see
[21, Lemma 3.3].

Lemma 5.1 (Compatibility and generation). If b; € B is a compatible bisection,
then all elements in Rj := R, have the same generation g;.

In light of the Lemma 5.1, we say that g; is the generation of the compatible
bisection b; : R.; — R,,;. Because by assumption h(7) ~ 1 for 7 € Ty, we have the
following important relation between generation and mesh size:

1\ /4
Moreover, there exists a constant k. depending on the shape regularity of T(7)

such that for every vertex p € N(T;)

. — i < Ky < k.
(5.3) Fé%’ig(T) nin 9(7) <k, #R, < k

Combining this geometric property with Lemma 5.1 (compatibility and generation),
we deduce that

(5.4) 9 — ke <g(r) < gj+ke VTER; =Ry UR,- UR,+.
J J

Another ingredient for our analysis is the relation between the generation of
compatible bisections and their local or enlarged patches [21, Lemmas 3.4 and 3.5].

Lemma 5.2 (Generation and patches). Let Ty = To + B € T(To) with compatible
bisection sequence B = (by,...,bs). Then the following properties are valid:

e Nonowverlapping patches: For any j # k and g; = gi, we have
wiNw, = 9.
o Quasi-monotonicity: For any j > i and L%j N c~u, # &, we have
9i = 9i — 2k,
where k. is the integer defined in (5.3).
We now investigate the evolution of the level £(p) of a generic vertex p of T.

Lemma 5.3 (Levels of a vertex). If ¢ € T; NT}, where T} is a bisection triplet and
Ty, is the next one to contain q after Tj, and £;(q) and ¢ (q) are the corresponding
levels, then

fk(Q) - ej(Q) < k*u

where k. is the integer given in (5.3).
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e
e
N\
q q q
() Rq (B) (c)
Case Case
1: 2:
qge g€e

FIGURE 5.3. Two cases of bisection in R,: The bisection edge
e is on the boundary of the patch and ¢ does not belong to the
bisection triplet (B); the node ¢ is an endpoint of e and belongs to
the bisection triplet (C). The former can happen a fixed number
k, of times before the second takes place, where k, depends on the
shape regularity of T (7).

Proof. Every time a bisection changes the ring R, the level of ¢ may increase at
most by 1. If the refinement edge e of the bisection is on the boundary of the patch
wyq, then ¢ does not belong to the bisection triplet; see Figure 5.3(middle). The
number of such edges is smaller than a fixed integer k, that only depends on the
shape regularity of T(7p). Therefore, after at most k. bisections the vertex ¢ is
an endpoint of a bisection triplet Ty; see Figure 5.3(right). This implies £ (q) <
£;(q) + k. as asserted. O

We conclude this section with the following sequence of auxiliary meshes
(5.5) 7A}::7A}_1+{bi68:gi:j} j>1, To == To,
where B is the set of compatible bisections (5.1). Note that each bisection b; in
(5.1) does not require additional refinement beyond the refinement patch w; when
incorporated in the order of the subscript ¢ according to (5.1). This is not obvious in
(5.5) because the bisections are now ordered by generation. The mesh 7; contains
all elements 7 of generation g(7) < j leading to the finest graded mesh T = Tj.

The sequence {7\3}‘7’:1 is never constructed but is useful for theoretical purposes in
Section 7. ‘

Lemma 5.4 (Conformity of ’7}) The meshes ’7A; are conforming for all j > 0.

Proof. We argue by induction. The starting mesh 7A6 is conforming by construction.
Suppose that 7A}_1 is conforming. We observe that the bisections b; with g; = j are
disjoint according to Lemma 5.2 (generation and patches). Suppose that adding b;
does lead to further refinement beyond the refinement patch w;. If this were the
case, then recursive bisection refinement would end up adding compatible bisections
of generation strictly less than j that belong to the refinement chains emanating
from w; [42,43]. But such bisections are all included in 7;_; by virtue of (5.5).
This shows that all bisections b; with g; = j are compatible with 7A},1 and yield
local refinements that keep mesh conformity. O
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5.2. Space decomposition and BPX preconditioner. Let 7; =To+{1,--- ,b;}
€ T(7p) be a conforming bisection grid obtained from 7o after j < J compatible
bisections {b;}]_, and let N; = N(T; (7;) denote the set of interior vertices of 7. Let
V(7;) be the finite element space of C’O piecewise linear functions over 7; that Vamsh
on 0 and its nodal basis functions be ¢; ,, namely V(7;) = span{qi)j,p :p e N}
We define the local spaces

(5.6) Vi=span{¢;,:qeT,NN;}, j=1,...,J

associated with each bisection triplet T;. We observe that dimV; < 3 and supp¢ C
w; for ¢ € Vj and 1 < j < J; see Figure 5.2. We indicate by V := V(7;) the finite
element space over the finest graded grid 7, with interior nodes P = N; and nodal
basis functions ¢,

(5.7) V =span{¢, : p € P}, V, =span{s,};

hence dim V,, = 1. Let h,, be the local grid size around p, which can be defined by
(Jwgl/#R4)Y?® due to the shape regularity. Adding the spaces V,, and V; yields the
space decomposition of V'

(5.8) V=>"V, +ZV

peP

We stress that the spaces V; appear in the order of creation and not of generation,
as is typical of adaptive procedures. Remarkably, the functions ¢;, with ¢ = p;-t
depend on the order of creation of V; (see Figure 5.2). Consequently, reordering of
V; by generation, which is convenient for analysis, must be performed with caution;
see Sections 6 and 7.

Let @, (resp. Q;) and I, (resp. I;) be the L%-projection and inclusion operators
to and from the discrete spaces V, (resp. V;), defined in Section 3.1. Inspired by
the definition (4.1), we now define the subspace smoothers to be

Rjv; == (1-7°)hi*v; You; €V,

Ryvp, = h2v, Yo, €V,
where R, plays the role of the finest scale whereas R; represents the intermediate
scales. That is, the intermediate spaces V; are viewed as “coarse spaces” and are

scaled by an additional factor 1 — %®. This in turn induces the following BPX
preconditioner on graded bisection grids

(59) B= ZIRIt—i—ZIRth > LEZQ, + ( th%

peP peP

6. BOUNDEDNESS: PROOF OF (3.5) FOR GRADED BISECTION GRIDS

Let J = max,¢7, g denote the maximal generation of elements in 7. This
quantity is useful next to reorder the spaces V; by generation because g; < J.

Proposition 6.1 (Boundedness). Assume the extended patch Sy defined in (2.12)
is Lipschitz for every T € T; with a uniform Lipschitz constant. Let v = ZpeP vp+

Licensed to Univ of Maryland, College Park. Prepared on Tue Aug 22 19:55:31 EDT 2023 for download from IP 129.2.19.102.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



2456 J. P. BORTHAGARAY ET AL.

ijo v; be a decomposition of v € V according to (5.8). Then, there exists a
constant ¢y > 0 independent of J and s such that

J

— 4S8 1 — 48

(6.1) w2 <en | D hy o llupllg + 5 > oh g ]
pEP 7=0

whence the preconditioner B in (5.9) satisfies Amax(BA) < ¢1.

Proof. We resort to Lemma 2.1 (local inverse inequality) with o = s and § = 0,
which is valid on the graded grid 77, to write

Z’UP—I-ZUJ va zJ:vj

pEP 7=0 pEP 7=0

2
+

2

J
S bl vy

S pEP j=0

2
(62) vfs = S

S

S S

In order to deal with the last term, we reorder the functions v; by generation and
observe that suppv; C @;. We thus define wy = > _, v; and use (5.4) to infer
that w, € Viip, = V(T’;Hk*). Similar to the proof of Proposition 4.1, using
Theorem 4.2 (norm equivalence), the fact that hj ~ v* and Lemma 3.3 (s-uniform
decomposition), we have

J
> v

2

j=0 Is 0g;=k 'S k=0 s
J+k. J 2
—2s¢ A
=~ Y@= Q) D w
=0 k=0 0
Jtk. =1 _ogp
Y
= inf v > = ll=l3
20E€EVy 1—7

_ _ £=0
Ttk | _~J
im0 " BE=D ko Wk

Choosing zp = 0 for £ < k, — 1 and zp = wy_x, € V, for £ > k, we get

J
> v

=0

2 —2sk.

J
Y _
S Do el

S 1= v k=0

In view of Lemma 5.2, we see that the enlarged patches w; and w; have finite overlap
depending only on shape regularity of T(7y) provided g; = g;, whence

lwll§ < o5
gj=k

~ 1 and the fact that &, is uniformly bounded yields

2

J
D vl %

=0

(6.3)

= Z TN Il s Zh 2| 2.

s g;=Fk

Combining (6.2) and (6.3) leads to (6.1) as asserted. Finally, the estimate Ayax(BA)
< ¢; follows directly from Lemma 3.2 (estimate on cond(BA)). O
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7. STABLE DECOMPOSITION: PROOF OF (3.4) FOR GRADED BISECTION GRIDS

We start with a review of the case of quasi-uniform grids in Corollary 4.1 (stable
decomposition) and a roadmap of our approach. We point out that robustness
with respect to both J and s, most notably the handling of the factor (1—5°)"* on
coarse levels, is due to the combination of Lemma 3.3 (s-uniform decomposition)
and Theorem 4.2 (norm equivalence), which in turn relies on Lemma 3.4 (s-uniform
interpolation). Since Lemma 3.4 fails on graded bisection grids, applying Lemma

3.3 to such grids faces two main difficulties:

(a) Theorem 4.2 does not hold even for s = 1;

(b) the spaces V; in (5.6) and V,, in (5.7) are locally supported, while the s-
uniform interpolation requires nested spaces (see Lemma 3.4). To overcome
these difficulties, we create a family of nested spaces {Wy }{_, with W; =V
upon grouping indices according to generation and level around k: if

(7.1) Je={0<j<J: g; <k}, Pri={peP: Lp) <k},
then we define Wy, to be

(7.2) W= Vit Y Vp
JE€ETk pEP

Our approach consists of three steps. The first step, developed in Section
7.1, is to derive a global decomposition based on Wj. Since the levels
within W}, are only bounded above, to account for coarse levels we invoke
a localization argument based on a slicing Scott-Zhang operator as in [21]
(or [31,52]), which gives the stability result (3.7) on {Wj};{_, via Lemma
3.3 (s-uniform decomposition) for s = 1; we bridge the gap to 0 < s < 1
via Lemma 3.4 (s-uniform interpolation). The space W} is created for
theoretical convenience, but never constructed in practice, because there
is no obvious underlying graded bisection grid on which the functions of
Wi, are piecewise linear. This complicates the stable decomposition of Wy
into local spaces and requires a characterization of Wy, in terms of the space
IA/;C = V(ﬁ) of piecewise linear functions over 7A7C The second step in Section
7.2 consists of proving

Vi C Wy C Vk-‘rk*a

where k, is constant. Therefore, the space W} of unordered bisections of
generation and level < k is equivalent, up to level k., to the space ‘A/k of
ordered bisections of generation < k; note that the individual spaces V;
might not coincide though. In the last step, performed in Section 7.3, we
construct a stable decomposmon for graded bisection grids and associated
BPX preconditioner B. We also show that B is equivalent to B in (5.9).

7.1. Global L?-orthogonal decomposition of W;. We recall that the Scott-
Zhang quasi-interpolation operator S; : V. — V(7;) can be defined at a node
p € P through the dual basis function on arbitrary elements 7 C R, [21,47]. We
exploit this flexibility to define a suitable quasi-interpolation operator S; as follows
provided S;_1 : V. — V(7,_1) is already known. Since 7; = 7,_1 + b; and the
compatible bisection b; changes 7;_; locally in the bisection patch w),, associated
with the new vertex p;, we set S;v(p) := S;_1v(p) for all p € Nj \ T}, where T is
the bisection triplet (5.2). We next define S;v(p;) using a simplex 7 € R; newly
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created by the bisection b;. If p = p € Tj and 7 € T;_; is the simplex used to
define S;_1v(p), then we define S;v(p ) accordlng to the following rules:
(1) if 7 C wp(T;) we keep the nodal value of S;_qv, i.e. Sju(p) = S;_1v(p);
(2) otherwise we choose a new 7 C wy(7;) Nwy(Tj—1) to deﬁne S;v(p);
note that 7 € R; in case (2). Once 7 € T; has been chosen, the definition of S;v(p)

for p € T} is the same as in [19,47]. This construction guarantees the local stability
bound [47]

(7.3) h2|Su(p)| < Vp € Nj,

where the index 0 stands for the L? norm, and that the slicing operator S; — S;_1
is supported in the enlarged patch @;, namely
(74) (S] — Sj_l)v S ij V1 <j<J

We note that (7.3) and (7.4) are the only desired properties in Lemma 7.1. Other
constructions of S; (c.f. [31,52]) can also be applied.

Lemma 7.1 (Stable L2-orthogonal decomposition). Let @k 1V — Wy, be the L?-
orthogonal projection operator onto Wy and Q1 = 0. For any v € V, the global
L2%-orthogonal decomposition v = Zizo(Qk — Qp—1)v satisfies
J
(7.5) D AT @k — @r-1)vll§ < I,
k=0
where the hidden constant is independent of 0 < s <1 and J.

Proof. We rely on the auxiliary spaces V7, = V(T) defined over uniformly refined
meshes Ty of Tp for 0 < k < J. Let Q, : V; — V} denote the L%-orthogonal
projection operator onto V' and consider the global L2?-orthogonal decomposition
v="3,_oUk of any v € V C Vj, where 0, := (@), — Q),_1)v. This decomposition
is stable in H' [12,45,54]

J
Yo el S Tl
k=0

If g; is the generation of bisection b; and g; > k, then v, is piecewise linear in
we, (the patch of the refinement edge e;), whence (S; —S;_1)vx = 0 and the slicing

operator detects frequencies k > g;. Consider now the decomposition v = Zgzo Vg
of v € V where

J
(7.6) vei= 3 (S = Siiv=Y (S5—=5-1))_ v € Wi
=k

g;=Fk g;=Fk

In view of Lemma 5.2 (generation and patches) and the shape regularity of T(7p),
enlarged patches w; with the same generation g; = k have a finite overlapping
property. This, in conjunction with (7.3) and (7.4) as well as the L2-orthogonality
of {v¢}]_y, yields

el £ 32 |5 - 850>

g;=k =k

<

0,w;

I I
STl < Sef - e
gk =k O = 0 =k
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We use Lemma 3.3 (s-uniform decomposition) with s = 1, together with (7.6), to

obtain
J
—2k . —2J
> - = b Z d
H)V 1(Qr — Qr—1)v]3 = oot wsll§ + 2Hwk\l

Sy wi=
<y s} + Z 2||UkH0

Employing the preceding estimate of |Jvx||3 and reordering the sum implies

J —1 —2k J
_ A A —2Jn~- Y _
D I@k = Qu-1)olls S v v lig + e > lloel3
k=0 k=0 7=k
_ T L 42k
<o+ 33 L el
t=ok=0 -
Jo—20_ 2
—2J (= g — 7=
=7 21||”J|\%+Zm\|ve”%
=0 v

J
S el S ol
£=0

Hence, we have shown that (7.5) holds for s = 1. The desired estimate for arbitrary
0 < s <1 follows by Lemma 3.4 (s-uniform interpolation). O

As a consequence of Lemma 3.3 (s-uniform decomposition) and Lemma 7.1 (sta-
ble L?-orthogonal decomposition), we deduce the following property.

Corollary 7.1 (s-Uniform decomposition on Wy). For every v € V, there exists a
decomposition v = Zi,o wy, with wy, € Wy, for allk =0,1,...,J and

—2sk

- gl
2S‘]\IUJJ|\<)+Z a5 lwellg < vfi-
k=0 -7

7.2. Characterization of Wj;. We now study the geometric structure of the spaces
Wi, defined in (7.2), which is useful in the construction of a stable decomposition

of V. Recalling the definition of 75 in (5.5), our first goal is to compare W}, with

the space
Vi i= V(Tr)
of CY piecewise linear functions over ’ﬁ that have vanishing trace. We will show
below
(7.7) Vie © Wi

see Lemmas 7.3 and 7.4. We start with the set of interior vertices of Wy,
Vi = B U Py, BkZZU{Tj:jEJk}v ’Pk:{pep:é(p)gk}.

Lemma 7.2 (Geometric structure of Wy). Functions in Wy, are C° piecewise linear
on the auziliary mesh Titr, , where k. is given in (5.3). Equivalently, Wi, C Vi, .
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Proof. We examine separately each vertex g € Vi. If ¢ € Py, then ¢(q) < k and all
elements 7 € R(g) have generation g(7) < k by definition of level; hence T € Ty, for
all 7 € R(q). If g € By, \ Py, instead, then the patch of ¢ shares elements with that
of the bisection node p;

min 7)< N=g; <k,
Tenj(qu( ) <9(pj) = 9; <

where R;(g) is the ring of elements containing ¢ in the mesh 7;. Property (5.3)
yields
max g(7) < min g(7) + k. <k + k..

TER,;(q) TER,;(q)
It turns out that all elements 7 € 7%]-, the enlarged ring around p;, have generation

g(7) < k+ k., whence 7 € 7A7€+k*. It remains to realize that any function w € Vj is
thus piecewise linear over T4, and vanishes outside w;. O

We next exploit the L?-stability of the nodal basis {Eq}qeg of Viyk., where

V= 9k+k* is the set of interior vertices of T = Tyyp.. In fact, if w = 24D w(q)ggq,
then
(7.8)

lwllg =

~ Y wl@)? =Y w@) Y vl = > w(a)llggl-

reT reT qeT qeV 739 qeV

Our goal now is to represent each function ;ﬁ\q € ‘A/;Hk* in terms of functions of
Witk,, which in turn shows Viir, C Wigk, and thus (7.7). We start with a
partition of Vi, ,

Pk, =10 € Vipr. 1 Uq) Sk + ko — 1}, Py, = Visn. \ Prsh.,
where Z( ) < k + k. is the level of ¢ on Tryk,. Consequently, Z( ) =k + k, for
all g € ’Pk 4. and the corresponding functions ¢q have all the same scaling due to
shape regularity of T(7p). In Lemmas 7.3 and 7.4 we represent the functions ¢q in
terms of Wik, .

Lemma 7.3 (Nodal basis $q with ¢ € Prsr.). For any q € Py, , there holds

Gg =g 1€ Prik.—1,
where Py, is defined in (7.1); hence, qbq € Wik, —1-

Proof. Since /(q) < k+k,—1, all clements 7 € R(q) have generation g(7) < k+k, —
1. This implies that no further bisection is allowed in 7 because all the bisections
with generation less than or equal to k + k, have been incorporated in 7A7€+k* by
definition. Therefore, R(q) belongs to the finest grid T and £(q) = (q) < k+k, —1,
whence QASq € Witk, -1 O

Next, we consider a nodal basis function <$q corresponding to q € 73,§ 45, There
exists a bisection triplet T}, that contains ¢ and k < ¢;, (q) < k + k., for otherwise
¢;,(q) < k would violate Lemma 5.3 (levels of a vertex). We thus deduce

(79) k — k* S gjq(q) — ]{7* S gjq S qu(q) S k + k*
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In accordance with (5.6), we denote by ¢, , the nodal basis function of V;_centered

at g. We next show that (Zq can be obtained by a suitable modification of ¢, _,
within Wi, -

Lemma 7.4 (Nodal basis ggq with ¢ € 73,§+k*). For any q € ’ﬁngk*, let

Sq=1j € Thar, : J > Jg» wjNsupp@j, 4 # 2}
be the set of bisection indices j > jq such that g; < k + ks, ¢jp, be the function of
V; centered at the bisection verter p; and w; = suppp;. Then there exist numbers

¢j.q € (—1,0] for j € S; such that the nodal basis function (Zq € Viyk, associated
with q can be written as

(7.10) Gq =i+ Y Ciabip:
JE€ESq

and the representation is L?-stable, i.e.,

(7.11) 164113 = I65,.allF + D & ol 5

JESq

Proof. The discussion leading to (7.9) yields k& < £, (q) < k + k. which, combined
with (5.3), implies that all elements 7 € R, (¢) have generation between k — k. and
k 4 k.. The idea now is to start from the patch R; (q), the local conforming mesh
associated with ¢;_,, and successively refine it with compatible bisections in the

spirit of the construction of ’7; in (5.5) until we reach the level k + k.; see Figure

7.1. To this end, let ﬁ_k* (q) := R;,(q) and consider the sequence of local auxiliary
meshes

~

Tiq) =T, 1(q)+{b; €B: i€y gi=j} k—ki+1<j<k+k,

which are conforming according to Lemma 5.4 (conformity of 7\;)

(D)

(a) (B) (©) _(®)

Tk—2,q Tk—1,9 Tk,q Tk+1,q Th+2,q

FIGURE 7.1. Local auxiliary meshes ﬁ,q with |j — k| < ke = 2.
Index sets Sk*l,q = {il}, Skyq = {iQ,ig,i4}, Sk+1,q = {i5,i6,i7},
Sk+2,q = {is, 99} of compatible bisections to transition from (;Abj,l_,q
to g/igj,q. The support of gfi)\qu is monotone decreasing as j increases
and is plotted in grey.

We now consider the following recursive procedure: let ¢, 4 1= ¢;, 4 and

(7.12) Bjug = Bj—1.q — > Gi—1,0P)Pip; k ki 1< <k + ks,
€S q
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where p; is the bisection node of b; € B and
Sjq = {Z € Tith, © 9i =J, wi NSUPP@j_14 # 9}-

Unless p; belongs to the boundary of supp ¢?j_17q, the construction (7.12) always
modifies ng—Lq? compare Figure 7.1(b) with Figure 7.1(c)-7.1(e). In view of Lemma
5.2 (generation and patches), the sets w; for i € S; 4 are disjoint, whence $j7q(p) =
Opq for all nodes p of 7A;(q) and ggjﬂ is the nodal basis function centered at ¢ on

~

T;(q). Moreover,
Gjg=bj1a+ Y Cigbip,
€S q
with coefficients ¢; , € (—1,0]. Notice that |\$j7q\|0 ~ Haj_l)q”o ~ || bip,
the shape regularity, the scales of these functions being comparable yields

I65.al13 = 61l + D 2 ollbilI5-

€S q

o due to

Since k, is uniformly bounded depending on shape regularity of T(7y), iterating
these two expressions at most 2k, times leads to (7.10) and (7.11), and concludes
the proof. O

We are now in a position to exploit the representation of the nodal basis of YA/kJrk*,
given in Lemmas 7.3 and 7.4, to decompose functions in Wj. We do this next.

Corollary 7.2 (L2-stable decomposition of W},). Given any 0 < k < J consider
the sets

(7.13)

Privr, ={a€P: L(q) <k+k.}, Tptp, ={0<i<J: k—k.<gi<k+k}

Then, every function w € W}, admits an L*-stable decomposition

(14 w= D wet Yo wi fwlix Yo fwell§+ Yo sl
qE€EPr ke J€Lk ko, GE€E Pkt ke J€Lk ko,

where wg € Vy for all ¢ € Py, and w; € V; for all j € Lyyy, .

Proof. Invoking Lemma 7.2 (geometric structure of W), we infer that w € Vk+k*7
which yields the L?-stable decomposition of w in terms of nodal basis of V4.

w= Y w@d= Yy w@dt+ Y wa)d.
qeﬁk+k* qe73k+k* q€ﬁ£+k*
On the one hand, Lemma 7.3 (nodal basis (Zq with ¢ € Pyys.) implies that :ﬁ\q = ¢q
and Prir, C Pryk,; hence we simply take wq := w(q)¢q. On the other hand, using

the representation (7.10) of ng from Lemma 7.4 (nodal basis ¢4 with ¢ € 7/512-4-1@*)
and reordering, we arrive at

S wl@eg= ), W(Q)<¢jq7q+zcj,q¢j,pj)— > w,
a€Pg . a€Pg ., J€S, T€Tk+ks

where

wi= Y w(Q)dig+ > w(q)cjqbip, € Vi

q:jq =j q:'sq EYi
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This gives the decomposition (7.14). The L?-stability (7.8) of {ngSq}

w3~ S w@?llglli+ > wle)llegll3.

q€Pr k., q€73£+k*

q€§k+k:*

in conjunction with (7.11), gives

Wi~ 3 lw@dli+ 3 w2<q><||¢jq,q||%+Zcimj,pj%)
9E€EPx k. q€PL, ., J€Sq
=Y wlBr Y (Zw2<q>|¢j,q||%+Zw%q)c?,qn@,pj%).
qEPr+tky J€Tktks ~Jq=J RPEX]

To prove the L2-stability in (7.14), it remains to show that the term in parentheses is
equivalent to ||w;||3 for any j € Zy1,, which in turn is a consequence of the number
of summands being bounded uniformly. We first observe that the cardinality of
{q: jo = j} is at most three because this corresponds to ¢ € T}, the j-th bisection
triplet. Finally, the cardinality of the set {q € 73,$+k* :j € 84N Tk, } is bounded
uniformly by a constant that depends solely on shape regularity of T(7p). To see
this, note that Z(q) =k + k. yields k < g(7) < k + k, for all elements 7 within
supp ¢;,,4 and k — k. < g; < k + k., whence the number of vertices ¢ such that
supp ¢;,,q Nw; # < is uniformly bounded as asserted. Hence

lwilld = > w?(@lgalld + Y w? (@) s, I

Ja=7 RPEY)
yields the norm equivalence in (7.14) and finishes the proof. O

7.3. Construction of stable decomposition. We first construct a BPX precon-
ditioner that hinges on the space decomposition of Section 7.1 and the nodal basis
functions just discussed in Section 7.2. We next show that this preconditioner is
equivalent to (5.9).

Theorem 7.1 (Stable decomposition on graded bisection grids). For everyv € V,
there exist v, € Vp with p € P, v, € V, with p € Prix., and v € V; with
7 € Ttk , such that

J
(7.15) v=> v+ > | D vkt D> vk

peEP k=0 \q€Pr+tk, JE€Lkt ks

where Prik, and Ty, are given in (7.13), and there exists a constant co indepen-
dent of s € (0,1] and J such that
(7.16)

—2sk

J

—92sJ v

WQS]ZIIUpI\ﬁﬂLZl_vQS Do Murld+ Yo Ny | < colol2.
k=0

pEP PEPk+ky JE€Tk+kx

Proof. We construct the decomposition (7.15) in three steps.

Step 1 (Decomposition on Wy). Applying Corollary 7.1 (s-uniform decomposition

on Wy), we observe that there exist wy, € Wy, k = 0,1,---,J such that v =
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Zi:owk and
2sJ 2 & Y2k 2 2
(717) 72 gl + Y Tz ol S ol
k=0

Step 2 (Finest scale). We let {@, },ep be the nodal basis of V' and set v, := w(p)dp;

hence wy =37 p vp. Applying the L*-stability (7.8) to {¢p}pep gives

(7.18) lwsll = llogll3-
pEP
We also choose the finest scale of v, j, and v; 1 to be Vg7 =10 and v; 7=0.
Step 3 (Intermediate scales). By Corollary 7.2 (L*-stable decomposition of Wy),
we have the L2-stable decomposition (7.14) of wy € Wy, for every k=0,...,J — 1.

Combining the stability bound (7.17) with (7.18) and (7.14), we deduce the stable
decomposition (7.16).

|
In view of Theorem 7.1, we consider the BPX preconditioner
~ J
(7.19) B:= 7?7 Z I,Qp + (1 - 725) ZV%k Z 1,Qp + Z 1;Q;
pEP k=0 PEPk+k. JE€Tk+ky

Corollary 7.3 is a direct consequence of (7.16) and (3.4).

Corollary 7.3 (Uniform bound for )\min(ﬁA)). The preconditioner B in (7.19)
satisfies

)\min(ﬁA) Z Cal.

We are now ready to prove the main result of this section, namely that B in
(5.9) is a robust preconditioner for A on graded bisection grids. To this end, we
need to show that B in (7.19) is spectrally equivalent to B.

Theorem 7.2 (Uniform preconditioning on graded bisection grids). Let Q be a
bounded Lipschitz domain and s € [0,1]. Assume the extended patch §T defined in
(2.12) is Lipschitz for every T € T; with a uniform Lipschitz constant. Let V be the
space of continuous piecewise linear finite elements over a graded bisection grid T,
and consider the space decomposition (5.8). The corresponding BPX preconditioner
B in (5.9), namely

J
B=)Y LhrQ,+(1-7)> Ih*Q;,
pEP 7=0

is spectrally equivalent to B in (7.19), whence Amin(BA) = cg'. Therefore, the
condition number of BA satisfies

cond(BA) < coeq,

where the constants ¢y and ¢y, given in (7.16) and (6.1), are independent of s and
mesh-parameters except for the shape-regularity constant.
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(Bv v)

Proof. We show that the ratio

independent of s and J for all v 6 V. We first observe that for p € P with level
¢(p), we have h, ~ ~4P) Then,

J
h%s ~ 725((1}) _ 728(J+1) + (1 _ 725) Z ,)/2519
k=£(p)

whence Bj := ZpE'P IphfﬁQp and v, = Qv satisfy

(Biv,v) =7 Y |l llf + =) Z 7 v 13-

peEP pEP k= ((p

is bounded below and above by constants

The rightmost sum can be further decomposed as follows:

J J J
Do PHlwlE=30 > D il

PEP k=£(p) =0 £(p)=j k=j
J J
=27 Y <o DY llwli
k=0 £(p)<k k=0 £(p) <k+k.
J
SR A Dk S S (M
k=0 £(p)<k+k.
J
S D Sl S (M 3
k=0 Up)<k
Since y~2%%+ ~ 1, there exist equivalence constants independent of s and J such
that
J
(7.20) (Bio,v) =77 o, |1§ + DA el
pEP k=0 PEPk+ky

We now consider the bisection triplets T; and 3-dimensional spaces V;, for which

hy =~ ~9. We let By 1= Y;_~2F Yictn, LiQss B2 = Z I;h3*Q; and
v; 1= Q;v, to write

(§2Ua U) =

PRy i

k—k.<g;<k-+th.

1=k,
VTS sl

i=—ky gj=k

(7.21)

J

Z v;l15 = 79 [[0;1[ ~ (Baw,v),

j=1

12

I
It 19 107-

because Zzzﬁ*k 725" ~ 1 due to the fact that k, is a fixed integer depending solely
on shape regularity of T(7j). Combining (7.20) and (7.21) we obtain

(Bv,v) = (Byv,v) + (1 — 7°)(Bav,v) ~ (Bv,v) Wv €V,
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whence the operators B and B are spectrally equivalent. Invoking Corollary 7.3
(uniform bound for Amin(BA)), we readily deduce Amin(BA) > co . We finally
recall that Apax(BA) < ¢1, according to Proposition 6.1 (boundedness), to infer
the desired uniform bound cond(BA) = Apax(BA)Amin(BA) ™ < cocy. |

8. NUMERICAL EXPERIMENTS

This section presents some experiments with conjugate gradient and BPX pre-
conditioners (4.2) for quasi-uniform grids and (5.9) for graded bisection grids, whose
main difference with BPX for the classical Laplacian is the scaling factor 1 —~° for
coarse levels. Therefore, if N = dimV denotes the number of degrees of freedom
of the finest space V' = V(7;), the computational cost for applying (4.2) and (5.9)
is CN with a modest constant C and is comparable with the classical Laplacian.
However, a key difference is that the stiffness matrix A is dense and a matrix-vector
product requires N2 operations. The effect of BPX is thus to limit such matrix-
vector products to a fixed number regardless of s and J. However, to reduce the
total computational cost to log-linear in IV requires further sparsification of A.

In the sequel, we consider the Dirichlet integral fractional Laplacian (1.1) in
Q = (—1,1)? with various fractional powers and examine robustness of the BPX
preconditioners.

8.1. Uniform grids. We first perform computations on a family of nested, uni-
formly refined meshes. Table 2 lists the condition numbers obtained upon applying
the standard BPX preconditioner (4.4) (i.e. ¥ = 0) and the s-uniform BPX pre-
conditioner (4.2) (i.e. ¥ > 0). Limited by computational capacity, the largest J we
take in our computations is 6, which corresponds to number of degrees of freedom
N =16129. In Figure 8.1(a), we plot the condition numbers vs. s for both standard
and s-uniform BPX preconditioners for quasi-uniform grids. Even though this is a
small-scale problem, the s-uniform BPX preconditioner (4.2) performs better than
the standard one, especially when the fractional power s is small.

TABLE 2. Condition numbers cond(BA): Non-preconditioned sys-

tem (k(A)), standard BPX preconditioner (¥ = 0), and s-uniform
BPX preconditioner (7 = 3)

Jln- N 5=10.9 5=10.5 5s=0.1

! KA)[7=0[7=3][s@[7=0[7=3 ] «A[7=0[7=3
1271 9 4.68| 2.95| 2.98 1.83] 2.22| 1.63 1.90| 3.25| 1.99
21272 49| 17.07| 5.21| 4.90]| 3.49| 3.20| 2.35|| 2.44| 6.10| 2.62
3273 225 59.94| 7.69| 7.26|| 6.96| 4.10| 2.90| 2.68| 8.66| 2.92
4[27% 9611 209.12| 10.74| 9.97 13.94| 4.92| 3.40| 2.75|10.81| 3.00
5[27° ] 3969]| 728.66| 14.78] 13.42] 27.93| 5.61| 3.89| 2.77|12.66| 3.03
6[279]16129 2538.1]20.44| 18.04 | 55.93| 6.22| 4.37| 2.78|14.28] 3.03

8.2. Graded bisection grids. We next consider graded bisection grids. As de-
scribed in Remark 1, the graded grids are required to obtain better convergence
rates. In order to obtain the mesh grading (2.11) of [1] when using bisection grids,

Licensed to Univ of Maryland, College Park. Prepared on Tue Aug 22 19:55:31 EDT 2023 for download from IP 129.2.19.102.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ROBUST BPX FOR FRACTIONAL LAPLACIANS 2467

=3 ¢ ——F =
20L*% =4 207 -4 7=
¥ —5 e § =
=3 -o-5=
=4 o5
15 ~: ) o 5=
= < @ =
[ Q
= =
T S
g 10 Z 10}
8 8
5F 5
oLy b v
0 01 02 03 04 05 06 07 08 09
S s
(A) quasi-uniform grids (B) graded bisection grids

FiGure 8.1. Condition numbers vs. s for the standard BPX
preconditioner (¥ = 0) and the s-uniform BPX preconditioners
(5 =1/2 and 5 = v/3/2)

we consider the following strategy. Given an element 7 € T, let x, be its barycen-

ter. Our strategy is based on choosing a number # > 1 and marking those elements
7 such that

(8.1) |7| > ON"tlog N - d(xT,aﬂ)z(Hfl)/u.

We use the newest vertex bisection algorithm. Figure 8.2 displays graded bisection
grids obtained with (8.1) and 6 = 4, pu = 2, the latter being optimal for d = 2 [1].

(p) J=15

FIGURE 8.2. Graded bisection grids on (—1,1)2, using strategy
(8.1) with 6 =4 and u =2

We report condition numbers cond(BA) over graded bisection grids in Table 3.
Note that the condition number x(A) of A could be relatively large for small s
due to the factor hmg,mh;il[1 in (1.6); this could be cured by diagonal scaling B as

Licensed to Univ of Maryland, College Park. Prepared on Tue Aug 22 19:55:31 EDT 2023 for download from IP 129.2.19.102.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



2468 J. P. BORTHAGARAY ET AL.

documented in Table 3. The latter also shows that the s-uniform BPX precondi-
tioner (5.9) performs well for a wide range of s. This is further confirmed by Figure
8.1(b). We also observe that diagonal scaling outperforms the preconditioner (5.9)
for s = 0.1 and gives rise to condition numbers that seem to be independent of V.
Such a phenomenon is not expected from (1.6), probably due to the grids not being
refined enough since N2%/¢ x 2.496 for the finest test (J = 18). Another possibility
is that formula (1.6) is not sharp for these special graded bisection grids. Note that
(1.6) would also suggest that x(A) < N~ for all s, because hpyin ~ b2, ~ N and
d = 2, but Table 3 shows sensitivity of x(A) with respect to s.

TABLE 3. Condition numbers cond(BA): Non-preconditioned sys-
tem (k(A)), diagonal scaling (diag), standard BPX preconditioner
(¥ = 0), and s-uniform BPX preconditioner (5.9) with 7 = 1/2/2

s=0.9 5s=0.5 s=0.1
k(A)| diag|7=0]| 22|l k(A)| diag|7y=0| 22| k(A)| diag|y=0| ¥£2
7 61 9.14 8.38| 4.64| 4.55 6.21| 2.55| 2.88| 2.42 || 15.87| 2.76| 5.54| 3.20
8 153 || 14.22| 12.83| 5.95| 5.67 | 9.15| 3.21| 3.76| 2.94 || 31.52| 2.81| 7.13| 3.75
9 161 || 15.63| 14.90| 6.89| 6.27 || 9.29| 3.44| 4.21| 3.18|| 29.82| 2.74| 8.06| 3.67
10| 369 || 24.69| 22.84| 8.06| 7.03|| 13.75| 4.36| 5.03| 3.51 || 60.72| 2.78 | 9.09| 3.78
11| 405|| 31.30| 30.42| 8.69| 7.61||13.56| 4.91| 5.41| 3.65|| 55.66| 2.71 | 10.18 | 3.83
12| 853 || 40.48| 37.52| 10.12| 8.72(|26.53 | 5.88 | 6.31| 4.14 || 193.58| 2.77 | 10.80 | 3.86
13| 973 || 60.90| 54.95| 11.45| 9.71(/20.59| 6.77| 6.68| 4.33|| 114.42| 2.71| 12.12| 3.91
141921 || 74.38| 69.93 | 12.31|10.58|| 37.76 | 7.00| 7.12| 4.72|| 361.86| 2.77| 12.52 | 4.07
15]2265 || 111.31|100.94| 13.34| 11.50(| 30.13 | 9.44| 7.18| 4.70 || 213.77| 2.72 | 13.43 | 4.03
16| 4269 || 140.96 | 133.64| 14.65|12.50(| 53.59 | 11.19| 7.70| 5.10 || 675.54| 2.75 | 14.14 | 4.16
17| 5157 || 206.53 | 187.62| 16.13 | 13.76 || 43.56 | 13.33| 7.69| 5.04 || 407.64| 2.72 | 14.79 | 4.10
1819397 || 274.17| 250.31| 18.04 | 15.19| 79.67 | 15.79| 8.29| 5.42 || 1390.3| 2.75 | 15.53 | 4.17

<
2

9. SPECTRAL AND CENSORED LAPLACIANS

The spectral and censored Laplacians are useful variants of (1.3) in practice.
We finally show that our preconditioners (4.2) and (5.9) are effective for these two
operators as well because of their spectral equivalence to the integral fractional
Laplacian.

We recall that the eigenpairs of the Laplacian —A with homogeneous Dirichlet
condition on 02 are denoted by {Xk, Pk}, and consider the space

~ e e o~
05(Q) == {v =D uB € LX) [ofh, g = D N < oo},
k=1 k=1
which coincides with H* () and has equivalent norms according to (2.7). However,
these norms induce different fractional operators. Minima of the functional v —
%|v|%s @~ fQ fv are weak solutions of the spectral fractional Laplacian in € with

homogeneous Dirichlet condition for 0 < s < 1, whose eigenpairs are (AZ, Pr)e -
In contrast, let us consider the eigenvalue problem for the integral fractional
Laplacian (1.1) with homogeneous Dirichlet condition,

(—A)Su;s) = u;s)uff) in
ul =0 in Q°.
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It is well-known that there exists an infinite sequence of eigenvalues 0 < ,ugs) <

ugs) <...with ,u,(j) — 00, and the following equivalence is derived in [22]

cN <ul¥ <Xp, kel

There is yet a third family of fractional Sobolev spaces, namely H§(€2), which are
the completion of C§°(£2) with the L2-norm plus the usual Gagliardo H®-seminorm

2
9.1 v|%,. ds/ [o( ()|ddy.
( ) ‘ ‘H Q) — o Ja |.’II _ |d+2s

If  is Lipschitz, it turns out that H§(€) = H*(Q) for all 0 < s < 1 such that s # 3

in the latter case H2(Q) = HOQO(Q) is the so-called Lions-Magenes space [38]. The
seminorm (9.1) is a norm equivalent to | - |, for s € (,1) but not for s € (0, ];
note that 1 € Hg() and [1|g:q) = 0 for s € (0,4]. Functions in Hg(2) for
s € (1,1) admit a trace on 9¢2 and minima of the functional v — %|v|§15(9) —fo fv

are weak solutions of the censored fractional Laplacian, which reads as (1.1) but
with integration over Q instead of R%. In addition,

92)  [olue) < olgeio) < Clolie@,  ve HY(Q) = Hy(Q), s> 1/2,

holds with a constant C' that scales as (s —1/2)~!. Indeed, splitting the integration
to compute H*(£2) above, one readily finds that

v | |U|Hs @ +2C(d,s) //C |x— |d+25 dydz

C(d,s)
|U|H5(Q) + s /Q (:17769)25 d:l?,

and it is therefore necessary to bound the last integral in the right hand side in
terms of the H*®(0)-seminorm. Such is the purpose of the Hardy inequality (cf.
[35, Theorem 1.4.4.4]), for which the optimal constant is of order (s —1/2)~1 [9].

In spite of their spectral equivalence, the inner products that give rise to the inte-
gral, spectral and censored fractional Laplacians are different and yield a strikingly
different boundary behavior [10]. For a right-hand side f € L*°(), the bound-
ary behavior of solutions u of the three operators is as follows: for the integral
Laplacian, v is roughly like

(93) U= d("aQ)S7

whereas for the spectral Laplacian u behaves like
~ d(_,aQ)min{Zs,l}7

except for s = % that requires an additional factor |logd(-, )|, and for the cen-
sored Laplacian with s € (%, 1) the function w is quite singular at the boundary
[5]
~ d(-,00)% L.
We finally conclude that, in view of (2.7), the BPX preconditioners (4.2) for
quasi-uniform meshes and (5.9) for graded bisection meshes are effective for the

spectral and censored Laplacians, but the performance for the latter deteriorates
1

as s — 5.
2
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