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1. Introduction
Given s € (0,1), we consider the integral fractional Laplacian of order s,

256 (s+ ¢
(~A)v(@) = C(d, 5) pv/| y\d“S . C(d,s):%. (1.1)

In this work, we study the regularity of the solution to the homogeneous Dirichlet prob-
lem
—A)u = in Q,
(~A)u=f ) "
u=0 inQ°=R%\Q,

where € R? is a bounded Lipschitz domain. Our method follows ideas from Savaré
[30], who adapted the classical difference quotient technique of Nirenberg [28] to develop
a clever, L?-based variational argument to deal with regularity of integer-order problems
on Lipschitz domains. This led to an elementary approach to the regularity theory de-
veloped by Jerison and Kenig [24] for the Laplace equation in Lipschitz domains, and
extends to other linear and nonlinear elliptic PDEs. Our technique differs from [30] in
two fundamental aspects: it uses second-order differences in the characterization of Besov
spaces, and a bootstrap argument to obtain optimal regularity estimates.

Regularity of solutions of the homogeneous fractional Dirichlet problem (1.2) on
bounded domains has been analyzed, for example, in [1,2,22,29,34]. We briefly comment
on the results in those references. Techniques based on Fourier analysis, such as the
ones employed by Visik and Eskin [17,34] or Grubb [22], allow for a full characterization
of mapping properties of the integral fractional Laplacian of functions supported in €.
However, such arguments typically require the domain 2 to be smooth; the recent work
by Abels and Grubb [2] introduces a method to handle nonsmooth coordinate changes
that leads to regularity results for domains with C'*# boundary with 3 > 2s. References
[1,29] deal with integral operators with translation-invariant kernels. Ros-Oton and Serra
[29], by developing an analog of the Krylov boundary Harnack method for (1.2), derived
Holder regularity estimates on bounded Lipschitz domains satisfying an exterior ball
condition; these, in turn, can be reinterpreted as (weighted) Sobolev estimates for u in
terms of Holder norms of f [3]. Abatangelo and Ros-Oton [1] improved upon the results
from [29] in the case the domain € is of class C'*# with 8 > s. Finally, let us also point
out interior regularity estimates in [7,14,18].

A major difference between problem (1.2) and its local second-order counterpart is the
lack of explicit solutions. Nevertheless, if the domain under consideration is a ball, there
is a vast number of examples based on expansions with respect to Meijer G-functions,
cf. [16] (see also [4] for related results in one-dimensional domains). A striking example
with right hand side f = 1 corresponds to a 2s-stable Lévy process in €2, in which case



J.P. Borthagaray, R.H. Nochetto / Journal of Functional Analysis 284 (2023) 109829 3

the solution w is the first exit time. Concretely, if Q@ = D,.(0) is a ball of radius r centered
at the origin, then it holds that [19]

_ I (g) s .
ulz) = I (422) (1 +s) (=), = (-A)u=1inQ (1.3)

This explicit solution is important for a number of reasons. First, it serves as a guide for
boundary regularity. In fact, both the domain and the right hand side are smooth, yet
the solution w satisfies

we (VH274Q), u¢ HFV2(Q); (1.4)
€>0

s+1/2

900 (£2). We refer to Section 2 for definitions of spaces and fractional-

moreover u € B
order norms. Second, the function u in (1.3) exhibits the boundary behavior

u(x) =~ dist(z, 00Q)°,

that is typical of solutions to fractional-order elliptic problems. This algebraic singularity
arises regardless of the smoothness of the domain. In particular, it seems plausible that
such a weak singularity distributed along 0f) has a stronger effect on the integrability of
the difference quotients on the domain than the presence of a reentrant corner could have.
This observation is supported by the recent work [20], where problem (1.2) is studied in
polygons and asymptotic expansions of its solutions near edges and vertices are given.

To the best of our knowledge, there are no regularity estimates for (1.2) up to the
boundary valid for arbitrary Lipschitz domains. We point out, however, to references
providing representation formulas for s-harmonic functions [8], and estimates on Green
functions in [23] —following ideas from [9]-. Numerical evidence indicates that the high
regularity of 992 assumed in [22] can be drastically weakened. In [13], through the study of
eigenvalue problems for the integral fractional Laplacian using the finite element method
on uniform meshes, similar experimental orders of convergence were obtained on an L-
shaped domain and in smooth domains. Additionally, in [10] some experiments on a
family of domains with reentrant corners with angle 6 € (7, 27) are carried out. The re-
sults in that paper indicate that the orders of convergence in H'-norm do not deteriorate
as @ — 2m. These phenomena are in striking contrast with the classical (local) Dirich-
let problem, in which reentrant corners affect the regularity of solutions. For problems
posed on cones, there is a high sensitivity to the opening solid angle in the behavior of
s-harmonic functions as s — 1 [32].

An important missing information about the regularity of (1.2) is a shift theorem that
accounts for the pick-up of 2s derivatives associated with operators of order 2s such as
the fractional Laplacian (—A)*. Unfortunately, the estimate

[l @) < Cllfllz2 (o) (1.5)
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with C' = C(Q) is false on bounded domains if s € [1/2,1) according to (1.4); we refer
to Section 2 for definitions and some characterizations of Sobolev and Besov spaces.
Estimates of this type are critical in the analysis of discretization schemes, such as
the finite element method, in domains €2 without smooth boundary. Moreover, duality
arguments such as the Aubin-Nitsche trick rely on shift estimates; they yield convergence
rates in norms weaker than the energy norm. In this paper we derive shift theorems with
L?(Q) or weaker regularity of the forcing function f and valid on Lipschitz domains
in R%. Therefore, our results are relevant in applications on polytopal domains.

The unique weak solution u to (1.2) is the minimum of the functional F : H*(Q) — R,

F(o) = 51l ey — (£, 0) (16)

where (f,v) denotes the duality pairing for f € H*(Q2). For clarity, we shall adopt the
following notation for the quadratic and linear components of F

1
Fo(v) = gloliea,  F1() = (f,v). (L.7)
It is clear that if f € H~*(Q), then the solution to (1.2) verifies u € H*(2) and

[ulirs ey < [ fll-2()- (1.8)
The main goal of this manuscript is to prove the following two shift theorems.

Theorem 1.1 (Besov regularity for L?-data). Let Q be a bounded Lipschitz domain and
f € L3(Q). If s # 1/2, then the solution u to (1.2) satisfies u € B;tg(ﬂ) with r =
min{s, 1/2}, and

Cc(Q,d)
|| gstr oy < ——= 2(Q)- 1.9
[ ||Bzfgo(9) = ‘172S|Hf||L () (1.9)

On the other hand, the solution for s = 1/2 satisfies u € B;; (Q) for every 0 < e <1
and

C(9, d)
lull g1 e ) < e 1f1lL2(0)- (1.10)

It is worth noticing that (1.10) for s = 1/2 is consistent with (1.9) for s = r = (1—¢)/2.
Moreover, (1.9) for s = r € (0,1/2) is of the form (1.5) but with H?%(2) replaced
by B35.(Q) € H257¢(Q) for any 0 < € < 2s, whereas (1.9) for s € (1/2,1) matches
(1.4). Our technique exploits the variational structure of (1.2) and uses the difference
quotient technique of Nirenberg [28]; it is thus conceptually elementary. It hinges on
an approach introduced by Savaré [30] for the classical Laplace operator in Lipschitz
domains, but it has two important differences. First, we need to deal with Besov spaces
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with differentiability order o € (0,2), instead of o € (0,1), and corresponding second-
order difference quotients in cones. Second, the full regularity pick-up in (1.9) and (1.10)
requires a boostrap argument. Our technique does not extend to data f more regular
than L2, but it does lead Theorem 1.2 for more singular data. We refer to the recent
papers [11,12] which prove the following optimal shift property with a novel technique
that extends to quasi-linear problems:

lull o172y < COU A ooz Vs € (0,1). (1.11)

Theorem 1.2 (Besov regularity for rough data). Let Q@ be a bounded Lipschitz domain. If
s€(1/2,1) and f € ngﬂ/?(Q); then the solution u to (1.2) satisfies u € B;E/Q(Q)
with

||U||B;4;/2(Q)§ C(Q7d)||f”]3£i‘+1/2(g)' (1.12)

The following result then follows by an interpolation argument.

Corollary 1.1 (intermediate Besov regularity). If s € (0,1) \ {1/2} and f € BQ_;JFQ(Q)
for 0 < 0 < min{s,1/2} and q € [1, 0], then there holds

[l

B;EG(Q)S C(deaqas)||f||8£;+9(ﬂ)7 (113)

where C(Q,d,q,s) = C(1 —25)%/%% for s € (0,1/2) and C(Q,d,q,s) = C for s € (1/2,1)
and C depends on (2,d,q). If s = 1/2 then, for all 0,¢ € (0,1/2) and q € [1,00]|, there
holds

C(©.d,q)
||U|‘321{q2+6(172e)(9)§ 6—9 ||f||B;;/2+6(Q)' (114)

We first observe the distinct role of the third index ¢ in (1.12) and (1.13)/(1.14). The
proof of (1.12) is constructive, in fact a modification of that of Theorem 1.1, and yields
the conjugate values ¢ = oo and ¢ = 1 that arise by duality. In contrast, (1.13) and
(1.14) contain the same index g € [1,00] on both sides of the estimates because they
are a consequence of operator interpolation theory; thus C' depends on ¢. In particular,
setting ¢ = 2 in (1.13) yields the Sobolev regularity

feHT(Q), 0< 0 <min{s,1/2} = u€HQ) |ulgioq) < Ol fl-rroo).

We point out that the constant above blows up as § — min{s, 1/2}. This is consistent

with either (1.9) (for s € (0,1/2)) or (1.12) (for s € (1/2,1)): writing || f|l« = [|fl|lz2()

if s € (0,1/2] and ||f]l« = ||f||st+1/2(Q) if s € (1/2,1), and using the continuity of the
2,1

embedding B;;ﬂin{s’lm}((}) c Hetmin{s:1/2}=¢(Q) for all € > 0 (cf. Lemma 2.2 (embed-
dings between Besov and Sobolev spaces) below), we improve upon [3, Propositions 3.6
and 3.11]
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1 .

HU”’ﬁermin{s,l/m—e(Q) S \/—”U”B“rmm{s 12y \/—HfH if s #1/2,
1 .

ol oy S el iy S T i =172

A comparison between Theorems 1.1 and 1.2 is in order as well. The gain of 2s
derivatives in (1.9) for f € L*(Q) and s € (0,1/2) extends to f in the negative Besov
space Bi;“’(Q) and any s # 1/2 in (1.13), provided 6 < min{s, 1/2}. We regard (1.13)
as an adequate replacement for the shift estimate (1.5). On the other hand, if s €
(1/2,1) then the differentiability limit s + 1/2 of (1.9) can be achieved with rough data
fe B_SH/Q(Q) instead of f € L?(Q2). The case s = 1/2 is somewhat special: from our
technique, we can prove the suboptimal estimate (1.10). In subsequent work [11,12], we
improve upon (1.10) and show (1.11), which is actually valid for s = 1/2.

Regularity estimates for Dirichlet problems with non-zero exterior data can be derived
immediately upon combining the regularity results for the homogeneous problem with
mapping properties of the integral fractional Laplacian. As an illustration of such results,
we have the following.

Corollary 1.2 (Besov regularity for non-homogeneous problem). Let Q be a bounded Lip-
schitz domain and data (f,g) satisfy the following assumptions:

o Ifs€(0,1/2], let f € L*(Q) and g € H**(RY).
o Ifse(1/2,1), let f € By 72(Q) and g € HH/2(RY).

Then, the unique weak solution u of the non-homogeneous problem

(=A)Y*u=f inQ,
u=g inQ°

satisfies u € Bs+mln{s 1/2}(]Rd) if s #1/2, while u € B1 S(RP) for every e € (0,1/2) if
s=1/2.

The simplicity of Corollary 1.2 comes at the expense of its sharpness. In fact, we
only need that either (—A)*g € L?(Q) for s € (0,1/2] or (—A)%g € B_S+1/2(Q) for
s € (1/2,1). This property does not require much regularity of g in Q¢ according to
(1.1).

As shown by Savaré [30] for the classical p-Laplacian, the regularity technique of
this paper also applies to quasilinear fractional operators such as the (p, s)-Laplacian

(s €(0,1), p € (1,00)),

(—AYso(a) = pV/w ()P 2(vl) o) )

D ‘Z _ |d+ps ’
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for which we are not aware of any Sobolev regularity estimates up to the boundary of
the domain. In [12], we derive regularity estimates for the associated Dirichlet problem
and provide a priori error estimates for its finite element discretization; we also refer to
the survey [11].

Outline of the paper

Let us briefly describe the organization of the paper. Section 2 collects preliminary
material regarding function spaces, the crucial notion of regularity of functionals, and in-
cludes some additional definitions useful for the remainder of the manuscript. In Section 3
we discuss regularity of the functionals F; and F», which are essential for proving our
main results. We conclude with the proofs of Theorem 1.1 in Section 4 and Theorem 1.2
and Corollary 1.1 in Section 5.

2. Preliminaries and definitions

This section collects some preliminary results we shall need. We define the function
spaces that we shall use in the sequel, provide some characterizations by means of trans-
lation operators and discuss the relation between these translations and the regularity
of solutions of our model problem.

2.1. Function spaces

Here we set the notation about fractional-order Sobolev spaces and Besov spaces and
list some of their basic properties that we shall use.

Definition 2.1 (fractional Sobolev spaces). Let Q@ C R? and ¢ € (0,1) be given. The
fractional Sobolev space H? () is defined by

H(Q) := {v e L*(Q): [v]go(q) < oo},
where | - |go(q) is the Aronszajn-Gagliardo-Slobodeckij seminorm

1/2

dx dy ) (2.1)

‘/UlHO‘(Q) =

C(d,0) [[ lv(x)—v(y)
2 / |z — y|dt+2e
QxQ

and C(d, o) is the constant from (1.1). We furnish this space with the norm

1/2
I oy = (I ey + 1 Broey)

and denote (-, ) go (o) the bilinear form
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(i hay o= ) [ ) =D =) 4, o
QxQ

|z — y|dt+2e

Moreover, if o € (1,2) we set H(Q) := {v € H'(Q) : |[v|gro-1(q) < 00}.

Remark 1 (integrability p). One could also define seminorms (2.1) with differentiability
0 < o < 2 but integrability p € [1, 0], in which case such spaces are denoted W7 (€2).
In turn, the letter H is often used to denote Bessel potential spaces H, (Q); in case
p = 2 the spaces W (2) and HS () coincide, and thus the notation H? () is typically
employed.

Of special interest to us are spaces consisting of zero-extension functions, namely for
o€ (0,1]

H(Q) == {ve H7(R?): supp v C Q};
we define similarly W;(Q) and set WPI(Q) = WPI(Q) for p € [1,00]. For these spaces,
fractional seminorms are in turn norms. This is a consequence of the following well-known

result.

Lemma 2.1 (Poincaré inequality). Let o € (0,1), p € [1,00], and Q be a bounded mea-
surable domain. There is a constant ¢ = ¢(2,d, o,p) such that

[Vl o) < elolwy@ey Yo € WS(Q).
Therefore, in the case of our interest p = 2,
||U\|ﬁo(g) = |v] o (ra)

defines a norm equivalent to || - || o (ra) in He ().
We define Besov spaces through real interpolation, following [25]. Given a compatible
pair of Banach spaces (Xo, X1), u € Xy + X1, and ¢ > 0, we set the K-functional

K(t,u) = inf{(||u0||§(0 + t2||U1||§(1)1/2 su=ug+uy, up € Xo, up € Xl} . (22
For 6 € (0,1) and g € [1, o], let us define interpolation spaces

(X(),X1>9’q = {u € Xo+ X1 ||u||(X07X1)qu < OO}7

where
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e’} 1/q
/t U+09) | K (¢, )| dt if 1 <gq< oo,
||uH(Xo,X1)9,q = 0 (23)
sup t 9| K (t,u)| if g =00

t>0

The normalization factor ¢gf(1 — ) in the norm (2.3) guarantees the correct scalings in
the limits # — 0, 8 — 1 and ¢ — oo for norm continuity.

Definition 2.2 (Besov spaces). Given o € (0,2), p,q € [1, 00|, we define the spaces

By (9) = (LP(@), W3(®)

/2,4’
B ,(Q) :={v e B, (R%): suppv C Q}.

For o € (0,1), the equivalent definition B;q(Q) = (Lr(), WZ} (), , is valid. Moreover,
we define

B, 7(Q) = (LP(Q), W, () (2.4)

p,q P o,q’

Importantly, whenever p = ¢, Besov spaces reduce to Sobolev spaces [31, §§35-36]:

B (Q) =W2(Q), BI,(Q) =W (Q).

There are two basic properties of Besov spaces on Lipschitz domains that will be useful
in the sequel (cf. [33, §3.2.4, §3.3.1]:

By, (Q)c By, (Q), ifc>0, 1<p<oo, 1<q <q <o0;
BrL (Q)C B () if0<og<o;, 1<p<oo, 1<qo,q1 < o0,

In particular, for all 0 < o¢ < o7 it holds that
B3 () C B35(Q) = H7(Q).

We also have the following result regarding interpolation of Besov spaces (cf. [6, The-
orem 6.4.5]): given o¢ # 01, 1 < p,qo,q1,7 < ocoand 0 < 0 < 1,

(B7o, (), BJ, (Q))e,r =By ,.(2), where g = (1—0)og + 0. (2.5)

In particular, Besov spaces By  (Q2) with ¢ € (0,1) could be defined by interpolation

either between LP(Q2) and W72 (Q) with index 6 = 0/2 or between L?(£2) and W (Q2) with

index 6 = 0. Even though the spaces coincide, their norms defined in (2.3) are scaled

differently. The corresponding factors (go(1 — 0/2))1/q and (go(1 — a))l/q tend to zero
as 0 — 2 and o — 1, respectively. Moreover, one can characterize spaces Bg)q(Q) with
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differentiability order |o| < 1/2 through interpolation between negative and positive-
order Sobolev spaces,

B (Q) = (Wl(g),w—l(g)) L with 0= 2= ¢ (1/4,3/4). (2.6)

P.q P P 0.4
This characterization yields robust norms with respect to o, and will be useful in
Lemma 2.2.

The positive-order Besov spaces Bgﬁq can be regarded as duals of negative-order Besov
spaces. In fact, if ¢ € (0,1) and p, ¢ € (1, 0], by combining the property ((Xo, Xl)g,q/)/ =
(X4, X1)oq (cf. [31, Lemma 41.3]) with definition (2.4) and the duality (W,,"(2))" =
WI}(Q), we deduce

B3, = (B @) . 2.7)

We will need to relate Besov and Sobolev spaces. The following embedding is well
known, but we include a simple proof to exhibit the explicit blow up of the continuity
constant.

Lemma 2.2 (embeddings between Besov and Sobolev spaces). Let r > 0 and 0 < e < 1/4.
Then, B . (2) C H"=¢(Q) and

vl fr—<(0) N\/_”’U”Br @ Yv € B (Q). (2.8)

In addition, if r € (0,1/2), then
1]l 55770 \/—HUHLz o) YveL*(Q). (2.9)

Proof. We employ the K-functional (2.2). To prove (2.8), we let k > 0 be the integer
such that r € (k—1/2,k+1/2]. We regard H"~¢(Q2) and Bj ,(£2) as interpolation spaces
between Xo = H*~1(Q) and X; = H**1(Q) with

H'™=¢(Q) = [H*1(Q), H*1(Q)] B} () = [H*71(Q), H*1(Q)]

0,2’ 6,00’

where 6 = ’“‘Tk"’l and o = # = 6 — 5. This choice of spaces (X, X1) guarantees

that 8 € [1/4,3/4] and o € [1/8,3/4], if € € (0,1/4), are uniformly far from 0,1 and the
norms in (2.3) are robust. Given v € Bj (), using (2.3) for ¢ = 2 we deduce that for
any N > 1 to be found

N 00
[0l ey S [ €02 K o)+ [ 40729 Kt P
0 N
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Moreover, exploiting again (2.3) but now for ¢ = co yields

N N
Ne
/t_(1+2")|K(t,v)|2dt < sup (t—29|K(t,v)|2) /t—1+€dt = —|lvll%; _ ()
€ 100
0 0

t>0

On the other hand, we clearly have |K(t,v)| < [[v]l ge-1(q) < C(Q)||v]| grr—<(o) and

oo o0

K (1 0) Pt < OO0l [0 = S
U = UllEr=<() = 5 N2o 1VIH =< ()
N N
Recalling that 20 € [1/2,3/2] and choosing N sufficiently large so that % < 1 leads

to the desired estimate (2.8).
To prove (2.9), we use a very similar technique; indeed, we exploit (2.6) to write

By1(Q) = (H™H(Q), H' ()1 L*(Q) = (H™H(Q), H'(Q))1/2.2,

with § = 157 € (1/4,1/2). Given v € L*(Q), an application of Hélder’s inequality gives

1 1 2 1 2

1
/t_(1+0)|K(t,v)|dt§ /t—2|K(t,v)|2dt /t—l-&-rdt < 7Hv||L2(Q),
r
0 0 0

while the bound K (t,v) < |lullg-1(q) < C(Q)||v||L2(q) leads to

Q
[ vl < S ol e

1

Estimate (2.9) follows immediately from these two bounds. This concludes the proof. 0O
2.2. Difference quotients in balls

We now characterize Besov spaces by means of first and second differences on balls.
Given A > 0, we define the auxiliary domains

Oy ={r e Q:d(x,00) >}, Q={zecR% dz,00) < \}.

Let D = D,(0) be the ball of radius p centered at 0. Given a function v € LP({2) and
direction h € D, we consider the translation 7(h)v(z) = v (z) := v(x+h) and first-order
and second-order difference operators d1(h) and d3(h) defined by

0 (h)v(z) = vp(z) —v(z), d2(h)v(x) = vp(z) — 20(z) + v_p(z) (2.10)
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for all x € Q,,.

Besov semi-norms may be equivalently defined through difference quotients. Since
we are interested in fractional differentiability order 0 < ¢ < 2, we use second order
differences to define the seminorms. For p, ¢ € [1,00) we set

1/q
162(R)oll 70y, )
Wla o = | 402 =) [ —rmtan | (2.11)
D
while if ¢ = oo,

da(h)vl| 1»
[v]ps () = sup M (2.12)

P heD |h|”

The scaling factor in (2.11) agrees with that in (2.3) for § = /2. We emphasize that,
even though in both (2.11) and (2.12) the norms depend on the radius p of the ball D,
the resulting seminorms are all equivalent.

The following result is classical in R? [5, Theorem 7.47], and for Lipschitz domains one
can argue by using extension operators on Besov spaces (see [27, Theorem 1, p. 381]).

Lemma 2.3 (equivalence of Besov seminorms). Let £ be a bounded Lipschitz domain,
o€ (0,2), pel,0), g€ [l,00] and v € LP(Y). Then, the seminorm equivalence

lvlBg @) = [v]Bg (2
is valid with constants that do not depend on o,p,q.

We state an auxiliary result whose proof follows by interpolation between the trivial
case 0 = 0 (i.e. LP(2)) and the standard case o = 1 (i.e. W} (Q)).

Lemma 2.4 (error estimate). Let p € [1,00], o € [0,1], and h € D. There exists C > 0
such that for any Lipschitz domain w C RY, the translation operator 61(h) defined in
(2.10) satisfies

o= vl ooy < ORI ol iy Yo € W ().
Taking into account Lemma 2.3 and Lemma 2.4, it seems plausible to bound Besov
seminorms by considering differences of fractional-order seminorms. This is the goal of

the next proposition.

Proposition 2.1 (reiteration of Besov seminorms). If s € (0,1), p € [1,00], o € [0,1],
and w C R? is a Lipschitz domain, then
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1/q
|U—”h|gfvg(w)
g S a2 —s—0) [ ] geteo)
D
v — vnlwew)
V| gato ) S sup —————, ¢ =oc.
| |Bp,oo( ) ™~ peD |h|e

Proof. In view of Lemma 2.3 and definitions (2.11) or (2.12), if ¢t := 0 + s < 2 we infer
that

1/q

l[on — 2v + U—h”%p(w )
qt(2—t)/ i " dh if g € [1,00),

"U|B;1q(w) = [U]B;q(w) =
sup lon =20 + vonllzr
D K

if ¢ = 0.
Letting w = v, — v, we write

th —2v+ v*hHL”(Wlh\) = Hw — wfh”Lp(wm)

whence applying Lemma 2.4 (error estimate) to w and observing that (w h‘)\hl C w we
obtain

[vn = 2v +v_pllLe () S AP0 — Uh|€vﬁ(w).
This yields the asserted estimates. O

The following estimate quantifies the precise blow-up of first differences d; (h) relative
to second differences d2(h) in the definition of || - | g (n) as 0 — 17. We state it now
in the particular case p = 2 and ¢ = oo, which is of interest later, but refer to [15] for a
general statement and proof.

Lemma 2.5 (Marchaud inequality). For all o € (0,1) and v € B (), there holds

16 (R)o ] 22 o
sup —— ) <0 +
s TN

‘I(S?(h)'UHLZ(Q\h\)

1
su 2.13
Vi ST (2.13)

2.83. Localization of Besov norms

We next show that Besov seminorms can be equivalently written as sums of norms
over partitions, as long as the partitions have some overlap.

Lemma 2.6 (localization). Let p,q € [1,00] and o € (0,2). Let {D;}}L, be a finite cover-
ing of 0 by balls Dj = D,(x;) of radius p and center x;. If v € LP(Q), then v € By ()
if and only ifv|QmD_ € By (QNDy) forallj=1,...,M, and
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E

ol , Z Wl npy) (2.14)

Moreover, fir § > p, consider a finite cover as above of Q°, and let v: R* — R satisfy
suppv C Q. If v € LP(Q), then v € ng(Q) if and only if U|D, € By (Dj) for all

; ; ;
i=1,....M, and

E

ol Z ol (o, (2.15)

The equivalence constants above depend on s,p,q, ) and the cover chosen.

Proof. The first assertion is a consequence of the equivalence

el g = Z [l npy

applied to w = vy, —2v+v_j, and the equivalence of ¢ norms in R™ . For the second state-
ment it suffices to realize that, since 6 > p, [[vllg. (o) = lvllBs ®e) = [lv]Bs (00)- O
P,q

It is worth stressing the dependence of the equivalence constants in (2.14) and (2.15)
on the covering {B;}}2,. For integer-order Sobolev spaces W[ (€2) these constants only
depend on the covering overlap but not on its cardinality M. For fractional Sobolev and
Besov spaces the constants also depend on M [26]. However, in the arguments below M
is fixed.

2.4. Difference quotients in cones

Since translations vy, of any v € Bp"ﬂ(Q) must belong to B;q(Q) in the subsequent
developments, we need to cope with three crucial questions. First, we must localize such
translations, an issue we take over in Section 2.5. Second, we must restrict the admissible
set of directions h from a ball D,(0) to cones to deal with the Lipschitz character of €.
Third, we must deal with second order differences within cones because o € (0,2). We
tackle the last two issues next.

Definition 2.3 (generating set). We say that a bounded set D star-shaped with respect
to the origin generates R? if there exists po(D) > 0 such that for every p < po(D) and
every h € D,(0), there exists {h; }?:1 C DU (—D) satistying

d d
h=3 hj, Y |hj| <clh|

Jj=1 Jj=1

with a constant ¢ > 0 only dependent on D.
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An immediate property of generating sets is the following scaling invariance: if D
generates R, pg(D) is as in the definition above, and A > 0, then AD also generates R?
and po(AD) = Apo(D).

Given v € LP(R%), consider the translation 7(h)v = vj, and the first-order modulus of
regularity

wi(h) = wi(v,h) := ||IT(R)v = vl o may = 01 (R)v[|LeRa).-
The following elementary properties are valid:

o Symmetry: wi(—h) = wi(h) (simply change variables z — x + h);
o Subadditivity: wi(hy + ha) < wi1(h1) + wi(hse) (simply apply the triangle inequality
[7(h1 + h2)v = v|[Lo() < [[T(h1 + h2)v — T(h2)v||Lo(a) + [[T(R2)v — V]| Lr(0)-

Symmetry enables us to disregard the set —D in Definition 2.3 and consider only h € D
when computing wy (h). Subadditivity yields the following important relation.

Lemma 2.7 (first-order difference quotient). Let D be a set that generates R%. Then, for
v € LP(R?) and h € D,(0) with h = 2?21 h; as in Definition 2.5,

d
wi(h) _ ~x—wilhy)
<c .
|hl7 ; |hil7

Proof. Simply apply subadditivity of w; in conjunction with Definition 2.3. O

Lemma 2.7 reveals that we can restrict the set of directions h from the ball D,(0) to
a generating set D of R? in the definition of Besov spaces of order 0 < o < 1 by using
first-order difference quotients. However, we need to extend this property to second-
order difference quotients in light of our definitions (2.11) and (2.12) and corresponding
modulus of regularity wy for v € LP(R9):

wa(h) = wa(v,h) := [T (h)v =20 + 7(=h)vl[Lr ey = [|02(R)0]| Lo (me)-

In the same spirit of Lemma 2.7, we have to express wa(h) for any h € D,(0) in terms
of wa(h) for h € D, but we cannot longer ignore the orientation of h allowed by the
symmetry of wy. Let h = Z;l:l hj € D,(0) be arbitrary and decompose the set {h;}9_, C
D of Definition 2.3 as follows:

hjeD 1<j<m, hje =D m<j<d.
We further assume that D is a convezr cone to deduce Z;n:l hj € D and Z?:erl hj €
—D. Therefore, we have to be able to express wa(hy —hg) for arbitrary directions hy, ho €
D in terms of admissible directions A € D. We tackle this next.
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Lemma 2.8 (second-order difference quotients). Let D be a convex cone generating RY.
If hl,hQ S D/2, then 2h1,2h2, hi+hs € D and

walls — h2) < 5 (1(2h) + 2n (s + o) + w2 (2h2)).
Proof. The assertion is a trivial consequence of the elementary relation
265(hy — ha)v = 82(2hy)v + 65(2ha)v — da(hy + ho) (T(hl — ho)v + 7(hg — hl)v),
the definition of wy and the property [|7(h)v||Lr®e) = [[V]|Lo®e). O

Given a set A C R% p € [1,00), ¢ = o0, and & € (0,2), let [1Bs _(Re;a) denote the
Besov seminorm in (2.12), computed by taking second-order differences over A. We next
compare Besov seminorms for A being either a ball or a cone.

Proposition 2.2 (Besov seminorms using cones). Let D be a convex cone generating R?
so that D C D,, = D, (0) and let po = po(D) be as in Definition 2.3. Then, every
function v satisfies

1
=@ 1) 1)[U]Bg,m(Rd;DPO/2) < [vlps _(Re;p) < [V]Bs __(R9;D,,); (2.16)
where ¢ is the constant from Definition 2.5. Consequently, we have [U}ng(Rd;D) ~

|U|Bg,m(Rd)-

Proof. The fact that [v] Bg . (R%:D) < [v] Bg . (R4;D,,) is an obvious consequence of the
set inclusion D C D,,. Next, let us fix h € D, /5, and decompose it according to Defi-
nition 2.3. Specifically, by the discussion preceding Lemma 2.8 (second-order difference
quotients), we write h = hy — ho, with hy, he € D/2 and |hy| + |ha| < c|h|. We have

LUQ(h) 1
<
‘h|‘7 < 2|h|‘7 (w2(2h1) =+ 2&)2(]11 + hg) + WQ(QhQ))
i ((UQ(th) 2w2(h1 + hz) W2(2h2))
T2\ |ml |h1 + he|” hal”

Because 2h1, h1 + ha, hy € D, we immediately obtain the upper bound

h 4 h
wolh) _ € a1 | 9) sup “’%(U) = ¢"(2° +1) [vlp; _ra:D).

v
>
m
o)

The first inequality in (2.16) follows upon taking supremum over h € D, /5.
The second statement in the proposition is a consequence of Lemma 2.3 and (2.16). O
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2.5. Localized translations and admissible directions

Global translations such as (2.10) are not appropriate to capture the local behavior of
solutions of (1.2). Instead, we shall operate by localizing the translations and restricting
the admissible directions h, as proposed by Savaré in [30]. Importantly, the former can
be achieved by means of a convex combination between the identity operator and a
translation, where the factor is related to a given cut-off function.

Definition 2.4 (localized translation operator). For every function v: @ — R we denote
by © its extension by zero outside Q and, according to (2.10), use the notation

vp(x) =0(x +h) x heRe

Given g and p, let D,(x) be the ball of radius p and center xy. We fix a cut-off function
¢ such that 0 < ¢ <1, ¢ =1 on D,(x¢), supp ¢ C Da,(xo). For those z¢ and p, given
h € R?, we define the localized translation operator

Thv = ¢vp, + (1 — @)v. (2.17)

We now consider some variants of Lemma 2.4 by using this localized translation
operator.

Lemma 2.9 (error estimate for Ty ). Let Ty, be given according to Definition 2./. Then,
for every h € R4, 0 € [0,1], ¢ € [1,¢], and v € (—1,1) we have

o = Tvll 3 Dy o) S N0l gy, oy V0 € BIET(Daplao)). (218)
.q 2.9  (D3p(wo))

The hidden constant above is independent of o and q, but may blow up as v — +1.
Additionally, for every o € (0,1) we have the estimate

[h]7

h o
||U - TthLz(sz(xo)) S mHUHBg,w(D:&p(xo)) Vv € B2,oo(D3P(x0))' (219)

Proof. Because Tpv —v = ¢ d1(h)v and supp ¢ C Dj,(x0), we have the following esti-
mates:

[v = Tholl zr-1(Dayp(x0)) S 1IN L2(Ds, (20))5

Il = Tholl i (D2, o)) S 1lI1V ] 2(Ds, 20))-
Let v € (—1,1) and ¢ € [1, 00]. By interpolation (cf. (2.5)), we obtain
flv— ThUHB;q(sz(zo)) S |h|HU”B§j}”¥(D3p(IO))a

while
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v = Tholl B3, (Dap (o)) < VB3, (Dsp (o))

is trivial. Thus, (2.18) follows by interpolating between the latter two estimates.
To prove (2.19), we again exploit the fact that Thv — v = ¢ d1(h)v and combine (2.12)
with the Marchaud inequality (2.13). O

Having localized the translation, a missing key ingredient to handle the Lipchitz char-
acter of ) is to determine a convex cone D of admissible directions. For the operator T},
in (2.17), this boils down to determining the vectors h with respect to which translate
and yet remain in .

Definition 2.5 (admissible outward vectors). For every xo € R% and p € (0,1], we define
the set of admissible outward vectors

O,(z0) = {h € R: |h| < p, (D3,(x0) \ Q) +th C Q°, Vt € [0,1]}.

The set O,(x0) gives the admissible translations in the sense that, if, given o € Q and
p € (0,1], we fix ¢ and define T}, according to (2.17) for some h € O,(zo), then Tv €
B;q(Q) for all v € B[‘iq(Q). Indeed, it is clear from its definition that if v € Bg7q(Rd)
then T,v € BS ,(RY) for all h € RY; moreover, if h € O,(x0), for a.e. 2 € Q° we have

z € Q°NDs,(xo) =+ h e Q= Thu(x) =o(x)v(z+h) + (1 — ¢(x))v(z) =0,
z € Q°\ D3y(x0) = ¢(x) =0= Tho(z) = v(z) = 0.

We now define the admissible convex cone C(z¢) for each xo € R%. We rely on the
following uniform cone property satisfied by bounded Lipschitz domains; we refer the
reader to [21, §1.2.2].

Proposition 2.3 (uniform cone property). If Q is a bounded Lipschitz domain, then there
exist p € (0,1], 0 € (0,7] and a map n: R? — S9=1 such that, for every xo € RY,

Cp(n(xp),0) := {h € R%: |h| < p, h-n(xo) > |h|cos} C O,(x0).

An obvious consequence of Proposition 2.3 for bounded Lipschitz domains is that all
directions within C,(n(zy),#) are admissible outward vectors starting from any point
zo € R Moreover, C,(n(zp),0) is symmetric with respect to its axis n(zo) and with
fixed opening 6, whence

C(xo) = Cp(x0) := Cp(n(o),0)

is a convex cone generating R? according to Definition 2.3. In view of the discussion in
Section 2.4, we can replace the ball D = D,(0) by C,(xo) in the definition of Besov
seminorms (2.11) or (2.12) thereby retaining equivalent quantities. We exploit the cone
C, (o) in Section 3 to construct suitable test functions.
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2.6. Regularity of functionals

Inspired by [30, Formula (13)], we introduce a notion of regularity of functionals that
measures their sensitivity with respect to a family of perturbations.

Definition 2.6 (modulus of (T, D,~y)-regularity). Let V be a Banach space, K C V and
v > 0. Given a family of maps T),: K — K, with h varying on a given set D C R%, we
say that a functional F : V — R is (T, D, vy)-regular on K if, for all v € K,

F(Tyv) — F
w) =w(v; F,T,D,v) := sup | (Thv) (v)|
heD |h|Y

< 0.

Remark 2 (subadditivity). The modulus of (T, D, ~)-regularity is subadditive with respect
to the F-argument. Indeed, we have that

w(v;]—"l +-F2;T7D77) Su}(’l};‘/—'.hT,D,")/)+W(U;f2,T,D,’Y). (220)

Thus, in order to prove the (T, D, 7)-regularity of F;+F3, it suffices to show the regularity
of each of the two functionals independently.

To prove Besov regularity estimates of solutions to (1.2), we will determine separately
the regularity of the maps Fi, F3 in (1.7) with respect to the family of local translations
(2.4). The next lemma shows that one can derive Besov regularity estimates for mini-
mizers of (1.6) by proving that F is regular in the sense of Definition 2.6. This clever
idea goes back to Savaré [30].

Lemma 2.10 (regularity and minimizers). Let zo € R%, p > 0 and h € C,(xo). Con-
sider translation operators Tp: H*(Q) — H*(2) as in (2.17). If u solves (1.2) and the
functional F defined in (1.6) is (T, C(x0),)-regular on H*(Q) for some v > 0, then

|u — Thuﬁls(Rd) < 2w(u)|h|”.

Proof. The proof follows immediately from Definition 2.6 and the fact that the minimizer
u verifies

1 ~
—|u— Ul%{s(Rd) Yo € H?(Q),

Flo) ~ F(u) = (0F(w), v — ) + glu— gy = 5

because F is quadratic and the first variation dF(u) of F at w vanishes. O
3. Regularity of the functionals
In this section we study separately the local regularity of the functionals F; and F»

in the sense of Definition 2.6. To this end, we choose an arbitrary point 2o € R% and
denote
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Cp=Cy(x0), Dp=Dpy(x0)

cones and balls centered at xg, respectively. We exploit the key property that Tpv €
H*(Q) for any v € H*(Q2) and h € C,,. This enables us to evaluate F(T,v) and compare
it with F(v).

3.1. Regularity of Fy

We start with the linear functional F; defined in (1.7). As expected, the smoothness
of the right hand side f plays a key role in the regularity of Fj.

Proposition 3.1 (reqularity of F1). Let o € (0,1) and f € L*(Q). Let T}, be the translation
operator gwen in (2.17). Then, F1 is (T, C,, o)-regular in Bgoo(ﬂ) for all g, p, namely,

fl(Thv) - .7:1(11) 1 o
sup G < m\lme(Dgpmm||v||Bg,oo(Dsp)v Vv e B3 (). (3.1)

Additionally, if ¢ € (1,00], 0 € [0,1] and f € B, ,(Q) for some v € (0,1), where
qJ = ﬁ is the Holder conjugate of q, then Fy is (T,C,,o)-reqular in Bgﬁv(ﬂ) for all
Lo, P, and

sup fl (Thv) — .7:1 (’U)

S - ot 5 Y BUJF’Y ). 3.2
hec, |h|a ~ ||f||Bz‘q,(Q)HU||B2:; (Dsp) v E 2,q ( ) ( )

Proof. First, assume f € L?(Q). Because JF; is linear and Tj,v — v = ¢ (v, — v), we have
Fi(Two) — Fi(v) = /fd?(vh =) < fllz2(pa,ne) [ Thv = vl 2(Ds,)-

Q

We point out that, although D5, may have nonempty intersection with ¢, v, —v equals
zero on ¢ because both v and vy, vanish for any admissible direction h. Applying (2.19)
to v € BS (Ds,) with |h| < p, we obtain

|h|”
Fi(Tho) — Fi(v) S meHLZ’(Dme)||UHBg,x(Dap)~

This establishes (3.1). To prove (3.2), we assume f € B, ,(©2) and immediately deduce
by the duality property (2.7)

Fi(Thv) = F1(0) < 1fll gy, o 1The = vll57, (@)

Thus, because Tj,v — v vanishes in D5, (3.2) follows by applying (2.18). O
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Remark 3 (more reqular functions). In the application of (3.1) or (3.2) to problem (1.2),
the natural choice is 0 = s. Even though a priori it is not clear that the solution u to such
a problem is any more regular than H?®, once one is able to show certain regularity, then
one can revisit either of these estimates to deduce a higher-order regularity estimate for
the functional F;. In principle, this process can be iterated until one hits the maximum
value o = 1 that translates into a regularity pickup of order 1/2. This bootstrapping
argument is developed in Section 4.

Remark 4 (localization). We point out that we deliberately did not localize the estimate
(3.2). This is because localizing || f|| 5+, ) would require dealing with Lemma 2.6 (local-
2,q’

ization) for seminorms in the Besov space B;’q(QL and specifically with (2.15). Since the
equivalence constant in (2.15) depends on M, localizing || f|| 5 o) Would not remove
2,q’

the sensitivity on M.
3.2. Reqgularity of Fo

We next discuss the regularity of the quadratic functional F5 defined in (1.7). To this
end, we introduce an unusual semi-local fractional seminorm for all » > 0

1
2
[vlg: (D, re) = <// |d+29) drd > ;

note the accumulation property >, |v|f{S(DT(wj)7Rd) o~ |U|i]s(Rd) if the covering {D,(x;)};
has finite overlap. This seminorm may of course be replaced by the more elegant global
fractional norm |v| H+(R¢), but the accumulation property will be used in the proof of
Theorem 4.1 below.

Proposition 3.2 (reqularity of F2). Let 0 € [s,1] and q¢ € [1,00], with the condition
q <2 if o = s. Let the translation operator Ty, and cut-off function ¢ obey (2.17). The
f?mctional Fo: H5(QQ) — H*®(Q) given by Fa(v) = %|v|§{5(Rd) is (T, C,,0)-regular in
B3 () for all xo, p, namely,

Fo(Thv) — Fa(v)

< , - s . 3.3
:élgp G S 1éllwe waylvlsg , (Day) V] Es (D4, RY) (3.3)

Proof. We first observe that ng(Q) C H*(Q) under the hypotheses on o and ¢: for all
q € [1,00] if 0 > s, whereas for all ¢ < 2 for 0 = s. We proceed in several steps.

Step 1: Auxiliary function z. In light of the definition (2.17) of T},

Tho(z) = d(z)on(z) + (1 = ¢(z))v(z),

we rewrite the difference Tpv(x) — Thv(y) as follows
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Tyo(x) — Tholy) = 2(z,y) + (6(z) — 6(y)) (va(y) —v(y)) (3.4)
in terms of the auxiliary function
2(x,y) = o) (on(2) = vn(y)) + (1 = d(2)) (v(z) — v(y)).
Step 2: Decomposition of Fa(Tiv) — Fa(v). Since supp ¢ C Dy, we deduce
Tyo(z) = v(z) Va ¢ Doy (3.5)
Let 0 < ¢ < 1 be a cut-off function such that
Yp=1 inDy,, =0 inDs,

We decompose Fa(Thv) — Fa(v) = Z?:l F; as follows:

Ti(x) = Tho(y))” = (v(z) — v(y))”
Fy :=//1/J(x)7/’(3/)( i hxy_)y|d+2(s v) dydax,
]Rd Rd
2 2
o // (1= (@) () (Tho(z) — Thr;(y_))yld;Q(sv(x) —v(y)) dyd.
Rd Rd
B= [ [e@0-vw) fhele) - Thr;(y_))y@(f(x) —)
Rd R4
Fom [ [ (1= (@) (1= vw) (T””(x)_Thf;(y_))yd_ﬂiv(x)_”(y)) dyds.
Rd ]Rd,

We observe that (3.5) implies

Tyo(z) — Tho(y) = v(z) —v(y) Va,y ¢ Day,
whence Fy = 0. We also realize that F3 = F5 upon exchanging the variables = and y in
F3. We next estimate the remaining two terms Fb and Fj.
Step 3: Estimate of Fy. We resort to (3.4) to split Fy = Fyy + Fye with

v\T) — v 2 — zZ(x 2
Fn =//(1—w(x))w(y) i) |xTh_ ﬁd& @9) dydz,

Rd R4

_ - 2(z,)? = (v(@) = v(y))”
Fgg—//(l U(x))(y) P dydz,

Rd R4
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and observe that

(Tho(@) — Tho(y))? = 2(2,9)? = (6(2) — 6(1)) (vn(y) — v())?
+2(¢(x) — ¢(y)) (vn(y) — v(y)) 2(z, y).

This ylelds F21 = F211 + F212 with

(x) — (1)) (vn(y) — v(y))”
Fon :R[R/d (1—1/1(@)7/)(9)( |gzy(|d}:‘22 v) dydzx,
N _ ola (¢(z) = 6(v)) (vnly) —v(®)=(z,y) ,
F2122R[Hé{ (1 —(x))(y) . — y[d+2s dydz.

To estimate F51; we reorder the integral

2

= st~ [ 4o S0 )
Rd

Rd
and note that the inner integral is bounded by

2

/(¢<x>—¢<y>)2 w- | (9) — o))", -, / (6(2) —6(w)”

‘.T—y|d+25 |x_y|d+25 ‘l’—y|d+25
Rd D1 (y) Dy (y)©
dx dx
< 2 o o < 2
= |¢‘W010(Rd) / |l‘ _ y|d+23_2 + / ‘3? — y|d+25 ~ ||¢HW;Q(R‘1)

D1 (y) D1 (y)©

for all y € D3,. Therefore

2 o
Fars S 10y ey [ (n0) = 000)? S WP 1615y ol o
D3p

For the other term, we employ the Cauchy-Schwarz inequality to get

Fyp < 2@(//(1 - w(x))w(y)%dydx> %

R Rd
Using the convexity of ¢ —+ t? we infer that

2 2

2(,y)* < (@) (vn(2) = va(y))” + (1 = d(2)) (v(@) — v(y)) (3.6)

and
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//(1—¢($))¢( )| A ‘d+25dydx<// (1—4 )w(y)@h'f)—y'zi(;i)) dydz

R4 R4

) ) (v(2) —v(v))”
+//(1 P(2)) (1 = ¢(x))v(y) z — g i+2

Rd R4

dydzx.

We see that this the first term vanishes because (1 — (x))¢(z) = 0 for all z € R%. For
the second term we use that (1 — w(x)) (1 — (;S(x)) <1 for all z € R? and supp ¢ C D3,
to obtain

[ - v@) - ) <|”‘|”)

R4 R4

dydzx

< [ [ = o
Dgp

Collecting the previous estimates, we arrive at

Foy S |R|7 H¢||W1 Rd)|U|B D4p)|U|Hs (D3,,R4) (3.7)

We now turn to term Fsy. In light of (3.6), we see that

2(@,)? — (v(@) —v(®)” < 6(@) ((vn(@) = vn())” = (v(@) = v(w))?),

whence

2

Fu < [ [ (- v@)o)vw) (n@) —en®))” — (vla) Zv@))” )

| — yl|ot2s

Rd R4

We point out that the localization occurs because of the presence of ¢(z) and ¥ (y) in
the integrand. Upon changing variables to convert v, into v we obtain the equivalent
expression of Foo

P = [ [ (0= v@)o-s@r-a) - (- vim)otav) )

Rd R4

dydzx.

=K(z,y)

We now observe that the kernel K (x,y) is local and

|K (2, 9)| < [-n(z) — ()| dp—n(x)tp—n(z)
+ (1= 2(@)) [p—n(z) — ¢(x)|-n(y)
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+ (1 =2(@))|o(@)[v-n(y) — v(y)|
S P (1 llwe ®ay + 1 9llwe ®a)) XD, (2)X Ds, (1)-

Consequently,

Foo S [l (I19lwe, ey + 6llwe ®ey) [01Fe (- (3.8)

Since [v| g+ (p,,) < |v|ng(D4p) under the assumptions on o and ¢, (3.7) and (3.8) together
yield

Fy S (W7 1ol3,,(Day) + 1Bl10lar+(D) ) ol a1y ety S 1RI 0133, (D 0l ),
(3.9)

where we have not written the dependence on ||¢[ly1 (ray and 9]/ 1 (ray to simplify
the notation.

Step 4: Estimate of Fy. This term is already localized because of the factor ¥ (z)y(y).
In any event, a similar argument to Step 3 yields Fy = Fi; + Fio with

v(x) — Tho 2721 x,y)?
Fu= [ [op I I Zalor,,

|z — y|dt2s

R4 R4

e | foim A,

Rd R4

Repeating Step 3 with 1—1(z) replaced by 1 (z) we arrive at the following local estimate:

By SR vl Bg  (Day) [Vl 2 (D4,) - (3.10)

Step 5: Final estimate. Combining (3.10) with (3.9) and recalling that Fy = 0 and
F, = F3, yields the final estimate

}]'—2(Thv) - ]:2(U)| < |h‘a‘v|B‘2"q(D4p)‘U|H5(D4P,Rd)7
which is the desired localized estimate (3.3). O

Remark 5 (maximal reqularity gain). Heuristically, proving o-regularity of the functionals
translates into a /2 regularity pickup in the solutions of our problem. We emphasize
that the proof of Proposition 3.2 does not yield o-regularity of the functional F, for
any o > 1. This indicates that we should not expect solutions to (1.2) to pick up more
than 1/2 derivative, independently of the smoothness of f. This is consistent with (1.3),
where the problem is posed in a ball and f is constant, but u ¢ Hs+1/2 (Q). Evidently, if
f possesses limited regularity then the functional /7 may become the bottleneck in the
regularity of F (cf. (3.2)).
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4. Besov regularity for L? data: proof of Theorem 1.1

We now establish Besov regularity of solutions to (1.2) in case f € L?(2) and Q is
Lipschitz, namely, we give a proof of Theorem 1.1. We first point out that the desired
estimate (1.9) for s € (1/2,1) follows from Theorem 1.2 (Besov regularity for rough data)
upon using estimate (2.9) with r = s — 1/2 € (0,1/2). Therefore, we now focus on the
following reduced form of Theorem 1.1.

Theorem 4.1 (Besov regqularity with L?-data and s € (0,1/2]). Let Q be a bounded Lip-
schitz domain and f € L*(Q). If s € (0,1/2), then the solution u to (1.2) satisfies
u € B3, (Q) and

C(Q, d)

lull zo () < \/ﬁﬂfﬂp(m (4.1)

On the other hand, the solution for s = 1/2 satisfies u € B;;(Q) for every 0 < e <1
and

c(Q,d
T o 1220, (42)

Proof. Since f € L?(Q) C H*(f2), problem (1.2) is well-posed; according to (1.8), it
holds that

[ul s ray < | fllz-20) < Cllfllz2(0), (4.3)

where C depends on 2. Because (2 is a Lipschitz domain, by Proposition 2.3 (uniform
cone property) there exist p, § such that the cone C,(x) = C,(n(z), 8) of height p, opening
6 and axis n(z) is made of admissible directions & for all z € R, namely C,(x) C O,(z);
see Definition 2.5.

We consider a finite covering of the domain Q° = {z € R? : dist(z,Q) < p} by
balls D,(z;) = D(xj,p) of radius p and center z; € £2°, and fix the cone C; = C,(z;)
of admissible directions, for each j = 1,..., M. By the localization estimate (2.15), it
suffices to bound Besov seminorms over each of the balls D; using C;. We split the
argument into several steps.

Step 1: Regularity improvement. We consider one of the balls D,(z;) in the covering
and corresponding cone C; = C,(n(z;), 0). Importantly, if h € C; we can guarantee that
Thu € H*(Q) and because Thu = uy, in D,(x;), we combine Proposition 2.1 (bounds
on Besov seminorms) and Lemma 2.10 (regularity and minimizers) to deduce that, for
o€ [s,1],

lu — Thuﬁ-lb'(Dp(

|u|é§+g/2(DP(z7_)) S sup z3)) Sw(w F,T,Cj,0).

hGCj |h‘0‘
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To bound the (T, C}, o)-regularity modulus w of F = Fy — Fi, we now assume o €
[s,1), exploit the subadditivity (2.20) of w, and combine either (3.1) if ¢ > s or (3.2)
(with ¢ = 2 and v = 0) if 0 = s with (3.3) to obtain:

w(u; F,T,Cj,0) <w(u; F1,T,Cj,0) +w(uw; Fo, T, Cj, 0)

| flL2(Ds, (2)n02 (4.4)

)
S ||u||B§’,q(D4p(f'3j)) ( NG + |u|H$(D4p(ﬂ?j)7Rd)) :

Note that ¢ in (4.4) is ¢ =2 if 0 = s and ¢ = oo if 0 > s. Using the localization estimate

(2.15), and applying Cauchy-Schwarz in conjunction with stability estimate (4.3), we
end up with

M
\|u||2§g/2(9) S ||U\|QB;;;/2(DP(mj))
2 (4.5)
£ 12 @)

< < !
~ ”uHBg,q(Q) ﬁ + ulme ey | S \/ﬁ”uHBgﬂ(Q)”fHLQ(Q)a

with a hidden constant A = A(M) depending on the cardinality M of the covering.
Therefore, increasing A further to make it as large as the constant C in (4.3), (4.5) reads
equivalently

A
HUHQBSK/z(Q) < \/T—UHUHBQQ(Q)HJC”LQ(Q)- (4.6)

Making the stability constant A explicit is crucial for the bootstrap argument below.

To utilize this estimate, we must know that u € Bg’q(Q) for some o € [s,1), ¢ € [1, ]
(with ¢ < 2 if 0 = s). At the beginning of our argument, we know this to hold only for
o = s, ¢ = 2 with the stability bound (4.3). This implies the first improved estimate
with C depending on 2 and s

||U||2335022(Q) <A fla-s@llflzz@ < CAIfIF2 0,

53s/2

whence u € B; {7 (2). We shall iterate (4.6) to improve further the regularity of w.

Step 2: Regularity for s € (0,1/2). We let s € (0,1/2) and consider the sequence

1
aj2s<1§>, ji>0,

which is monotone increasing and satisfies o; — 25~ and the recursion relation

S—F%:O’jJrl V]ZO
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To prove that u € B%“’oo (Q), we claim that

A

«/170]'_1

where ¢ = 2 if j = 1 and ¢ = oo otherwise, and A is the constant in (4.6). We argue by

u€ B;{](QL HU‘HB;L(Q) < Ifllz2) Vi>1, (4.7)

induction. The claim is true for j = 1 in view of (4.3), because o9 = s, g =2 and A > C
the constant in (4.3). Let j > 1 and assume (4.7) holds. We apply (4.6) and exploit the
fact that 1 —o; <1 —0;_1 to get

AY/? 1/2 1/2 A
el 01 < gyl oMo < el

which shows the validity of (4.7) for j + 1. This implies that u € BQS o) foralle >0
and

Jul <2 s
w|| p2s—e —_— 200)-

B = T =g, Y 1)
It remains to prove (4.1). To this end, we resort to Lemma 2.3 (equivalence of Besov
seminorms) which expresses the Besov seminorms in terms of second-order difference
quotients without weights:

fahu) %

sup |h|45_2E |U|B2§, Q) < —5C 1— ||fHL2(Q)

h|<
It\_de

Consider the pointwise non-decreasing sequence of functions

_ 8o (h)ua)? _ s (h)u)l?

we(x) = R T we(x) = TG as e — 0

for every |h| < p < 1, whence the Monotone Convergence Theorem yields

. A? 2
/wo(x)d:r = 111% we(z)dr < = 2S||f||L2(Q).

[ d
R4 Rd

This is the desired estimate (4.1) in disguise, namely Hu”B%fw(Q) < \/%”f”LQ(Q).

Step 3: Regularity for s = 1/2. We take the same sequence {o;} as in Step 2, which
now reads 0; = 1 — . The expression (4.7) for ¢ = co becomes

ull gy 25 gy < A297 7 fllpaey V21
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Given any ¢ € (0,1), we let j be the integer number such that ¢ € [277,27G~1) and
observe that 20-1/2 < ¢=1/2_ Thus, we deduce

A
lull g1 @) < ﬁ”fHLZ(Q)
and this finishes the proof. O
Remark 6 (Sobolev regularity). We now invoke the embedding (2.8) between Besov and

Sobolev spaces to derive more familiar estimates. If s # 1/2 and r = min{2s, s + 1/2},
then (1.9) implies

C
Ul pr—e < 4.8
u] grr—e(ray < 6|1_28|Hf||L2(Q) (4.8)
for any € < max{r,1/4}. Similarly, if s = 1/2 then (1.10) yields
C
|| 1 - (ray < ?HfHL?(Q)- (4.9)

Estimates of this type have been derived by Grubb [22] for bounded domains with C*°
boundary. In contrast to the integer case s = 1, (4.8) and (4.9) confirm that the presence
of reentrant corners does not reduce the regularity of u for f € L(Q).

Remark 7 (gap for smooth data). Grubb [22] showed that the solution u of (1.2) belongs
to H5H1/2=¢(Q) \ H*+1/2(Q) for any ¢ > 0 even for data f smoother than L?(2) on C>
domains . More recently, Abels and Grubb [2] reduced the domain regularity to C''+%
with 8 > 2s. This is consistent with (4.8) for s > 1/2. The proof of Theorem 4.1 reveals
a different type of regularity obstruction for s < 1/2. Since our bootstrapping argument
pivots on H 5(Q), a limitation emerges from the asymptotics of the regularity parameter
oj > s, which satisfies the recursion

9i

9 = Uj‘)QSJr

Oj+1 =s+

as j — oo. Therefore, for s < 1/2 the regularity enhancement is s rather than 1/2 even
for data f smoother than L%(£2). This gap between s and 1/2 remains out of reach for
our technique, but it has been bridged by a novel argument in [11,12] that leads to the
optimal shift property (1.11).

5. Besov regularity for rough data: proofs of Theorem 1.2 and Corollary 1.1

We now consider rough data, namely data in negative-order Besov spaces.
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Proof of Theorem 1.2. We prove the ideal shift inequality (1.12) for s € (1/2,1), namely

el g2y S 1172y (5.1)

with conjugate indices ¢ = oo and ¢ = 1. To this end, we perform a bootstrapping
argument similar to the proof of Theorem 4.1 (Besov regularity with L?-data and s €
(0,1/2]); the main difference is that we can now take o = 1 in the bound (3.2) of Fj,
the most delicate functional.

Step 1: Regularity improvement. We consider a covering {D,(z;)} of Q with balls like
in Step 1 of that proof, use the subadditivity (2.20) of F = F, — F; together with (3.2),
(3.3) and (1.8) to obtain

w(u; F,T,Cj,0) S ||u||B;;§’Y(D3p(;1;j))||fHBz_.ZI(Q) + ”“HBg’q(D@(ac]‘))”f”H—S(Q)v

on an arbitrary ball D,(x;) with v € (0,s) and o € [0,1]. Since ||UH?35+0/2
2,00
w(u; F,T,Cj,0) and f € B, () C H*(2), we deduce

<
(Dp(z3)) ™~

2 <
il s er2 i, oy = 1llBg2 (s 1 1557, (-

We observe that, in contrast to (4.4), we do not localize either ||f|[z-- q) or |u|ﬁs(9),
2,q’

the latter giving rise to || f||z—+(q). This is because doing so would require dealing with
localization of positive Besov norms, as stated in Lemma 2.6 (localization), but the equiv-
alence constants are sensitive to the cardinality M of the covering. Therefore, instead of
(4.5), adding over 1 < j < M and using that B, () C B, ,() we obtain the bound

ol o2 gy < Al g v 1m0 (5.2

with A > 0 depending on M. We further assume that A is as large as the constant
C in the estimate ||f|g-s) < C||f\|B;¥(Q). The maximal regularity we may expect
corresponds to o = 1 ‘

el o) < Alullg o)1/l 0

which coincides with (5.1) with ¢ = oo provided v := s —1/2 > 0.
Step 2: Bootstrap argument. To exploit (5.2), we define the sequence {o;} by recursion,
namely

O'j+1
2 b

gj 1
3+7:Uj+1+'7:0'j+1+3_§ = Oj+1 =

with initial value o9 = 1/2; the latter is a consequence of setting the starting value
oo+ =sin (5.2) with y = s —1/2 and ¢ = 2. Using an induction argument, we readily
see that
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1 1
e $3<o;<lioj=%+35<1;

« 0, is monotone increasing: 011 = % + 3 > % + 3 =o0;.

N[=

This implies that o; converges and lim;_,, 0; = 1. We claim that u € B;:Zgj/Z(Q) and

) < AHf”BQ_j‘Fl/Q(Q) v.] > 07 (53)

ol geto,72

provided A is as in (5.2). We prove (5.3) by induction. For j = 0, (5.2) with ¢ = 2 and
(1.8) yield
oy S Ml sy 1 00720y < ALt @l 50072

Moreover, if we assume (5.3) valid for j — 1 > 0, then (5.2) gives (5.3) for j

||u||12§§zj/2(9) < AHUHB;;’FMZ(Q)HfHB;;'H/?(Q) < A2|‘f||?3;i+1/2(9)a

as well as (5.1) upon letting j — oo and arguing as in Step 2 of the proof of Theo-
rem 4.1. O

Proof of Corollary 1.1. We resort to the interpolation properties (2.4) and (2.5). We
consider first the case s € (0,1/2) and interpolate between the regularity bound (4.1)
and the stability estimate (1.8), to immediately deduce that (1.13) holds for 6 € (0, s),q €
[1, 0], namely,

C
||U||B;jf(sz)§ (1 25)0/2s ”fHBS,fﬁ"(ﬂ)’

where C' depends on ,d and ¢. Instead, if s = 1/2 we interpolate between (4.2) and
(1.8) in a similar fashion to derive (1.14). Finally, if s € (1/2,1) we interpolate between
(5.1) and (1.8) to obtain again the estimate (1.13), except that this time 6 € (0,1/2),
q € [1,00]. This concludes the proof of Corollary 1.1. O
Data availability

No data was used for the research described in the article.

Acknowledgments

The authors would like to thank H. Aimar, G. Grubb, and G. Savaré for invaluable
discussions about Besov spaces.



32 J.P. Borthagaray, R.H. Nochetto / Journal of Functional Analysis 284 (2023) 109829

References

[1] N. Abatangelo, X. Ros-Oton, Obstacle problems for integro-differential operators: higher regularity
of free boundaries, Adv. Math. 360 (2020) 106931.

[2] H. Abels, G. Grubb, Fractional-order operators on nonsmooth domains, J. Lond. Math. Soc. (2023),
https://doi.org/10.1112/jlms.12712.

[3] G. Acosta, J.P. Borthagaray, A fractional Laplace equation: regularity of solutions and finite element
approximations, SITAM J. Numer. Anal. 55 (2) (2017) 472-495.

[4] G. Acosta, J.P. Borthagaray, O. Bruno, M. Maas, Regularity theory and high order numerical
methods for the (1D)-fractional Laplacian, Math. Comput. 87 (312) (2018) 1821-1857.

[5] R.A. Adams, J.J.F. Fournier, Sobolev Spaces, second edition, Pure and Applied Mathematics (Am-
sterdam), vol. 140, Elsevier/Academic Press, Amsterdam, 2003.

[6] J. Bergh, J. Lofstrom, Interpolation Spaces: an Introduction, Springer-Verlag, Berlin, 1976.

[7] U. Biccari, M. Warma, E. Zuazua, Local elliptic regularity for the Dirichlet fractional Laplacian,
Adv. Nonlinear Stud. 17 (2) (2017) 387-409.

[8] K. Bogdan, Representation of a-harmonic functions in Lipschitz domains, Hiroshima Math. J. 29 (2)
(1999) 227-243.

[9] K. Bogdan, Sharp estimates for the Green function in Lipschitz domains, J. Math. Anal. Appl.
243 (2) (2000) 326-337.

[10] J.P. Borthagaray, P. Ciarlet Jr., On the convergence in H!-norm for the fractional Laplacian, SIAM
J. Numer. Anal. 57 (4) (2019) 1723-1743.

[11] J.P. Borthagaray, W. Li, R.H. Nochetto, Fractional diffusion on Lipschitz domains: regularity and
approximation, in: T. Mengesha, A. Salgado (Eds.), The 50th John H. Barrett Memorial Lectures:
Approximation, Applications, and Analysis of Nonlocal, Nonlinear Models, 2022.

[12] J.P. Borthagaray, W. Li, R.H. Nochetto, Quasi-linear fractional-order operators in Lipschitz do-
mains, 2023, in preparation.

[13] J.P. Borthagaray, L.M.D. Pezzo, S. Martinez, Finite element approximation for the fractional eigen-
value problem, J. Sci. Comput. 77 (1) (2018) 308-329.

[14] M. Cozzi, Interior regularity of solutions of non-local equations in Sobolev and Nikol’skii spaces,
Ann. Mat. Pura Appl. (4) 196 (2) (2017) 555-578.

[15] Z. Ditzian, On the Marchaud-type inequality, Proc. Am. Math. Soc. 103 (1) (1988) 198-202.

[16] B. Dyda, A. Kuznetsov, M. Kwasnicki, Fractional Laplace operator and Meijer G-function, Constr.
Approx. 45 (3) (2016) 427-448.

[17] G.L. Eskin, Boundary Value Problems for Elliptic Pseudodifferential Equations, vol. 52, American
Mathematical Society, 1981.

[18] M. Faustmann, M. Karkulik, J.M. Melenk, Local convergence of the FEM for the integral fractional
Laplacian, STAM J. Numer. Anal. 60 (3) (2022) 1055-1082.

[19] R.K. Getoor, First passage times for symmetric stable processes in space, Trans. Am. Math. Soc.
101 (1961) 75-90.

[20] H. Gimperlein, E. Stephan, J. Stocek, Corner singularities for the fractional Laplacian and finite
element approximation, preprint, available at https://matl.uibk.ac.at/heiko/corners.pdf, 2019.

[21] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Monographs and Studies in Mathematics,
vol. 24, Pitman (Advanced Publishing Program), Boston, MA, 1985.

[22] G. Grubb, Fractional Laplacians on domains, a development of Hoérmander’s theory of pu-
transmission pseudodifferential operators, Adv. Math. 268 (2015) 478-528.

[23] T. Jakubowski, The estimates for the Green function in Lipschitz domains for the symmetric stable
processes, Probab. Math. Stat. 22 (2) (2002) 419-441.

[24] D. Jerison, C.E. Kenig, The inhomogeneous Dirichlet problem in Lipschitz domains, J. Funct. Anal.
130 (1) (1995) 161-219.

[25] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge University
Press, 2000.

[26] V.K. Nguyen, W. Sickel, On a problem of Jaak Peetre concerning pointwise multipliers of Besov
spaces, Stud. Math. 243 (2) (2018) 207-231.

[27] S. Nikol’skii, Approximation of Functions of Several Variables and Imbedding Theorems, vol. 205,
Springer Science & Business Media, 1975.

[28] L. Nirenberg, Remarks on strongly elliptic partial differential equations, Commun. Pure Appl. Math.
8 (4) (1955) 648-674.

[29] X. Ros-Oton, J. Serra, The Dirichlet problem for the fractional Laplacian: regularity up to the
boundary, J. Math. Pures Appl. 101 (3) (2014) 275-302.



J.P. Borthagaray, R.H. Nochetto / Journal of Functional Analysis 284 (2023) 109829 33

[30] G. Savaré, Regularity results for elliptic equations in Lipschitz domains, J. Funct. Anal. 152 (1)
(1998) 176-201.

[31] L. Tartar, An Introduction to Sobolev Spaces and Interpolation Spaces, vol. 3, Springer Science &
Business Media, 2007.

[32] S. Terracini, G. Tortone, S. Vita, On s-harmonic functions on cones, Anal. PDE 11 (7) (2018)
1653-1691.

[33] H. Triebel, Theory of Function Spaces, Modern Birkhiuser Classics, Springer, Basel, 2010.

[34] M.I. Visik, G.I. Eskin, Equations in convolutions in a bounded region, Usp. Mat. Nauk 20 (3 (123))
(1965) 89-152; English translation in: Russ. Math. Surv. 20 (1965) 86-151.



