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—— Abstract

A finite point set in R? is in general position if no d + 1 points lie on a common hyperplane. Let
a4(N) be the largest integer such that any set of N points in R? with no d+ 2 members on a common
hyperplane, contains a subset of size aq(IV) in general position. Using the method of hypergraph
containers, Balogh and Solymosi showed that az(N) < NO5/6+o() In this paper, we also use the
container method to obtain new upper bounds for aq(N) when d > 3. More precisely, we show that
if d is odd, then aq(N) < Nztza+°M) and if d is even, we have aqg(N) < N3tz

We also study the classical problem of determining the maximum number a(d, k,n) of points
]d

selected from the grid [n]¢ such that no k + 2 members lie on a k-flat. For fixed d and k, we show

that

d _ 1
a(d,k,n) <O (n2t<k+2>/4J a 2L(k+2)/4Jd+1)) ,

d
which improves the previously best known bound of O <n [(k+2)/2] ) due to Lefmann when k + 2 is

congruent to 0 or 1 mod 4.
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1 Introduction

A finite point set in R? is said to be in general position if no d + 1 members lie on a common
hyperplane. Let aq(N) be the largest integer such that any set of N points in R? with no
d + 2 members on a hyperplane, contains «4(N) points in general position.

In 1986, Erdés [8] proposed the problem of determining «o(N) and observed that a simple
greedy algorithm shows as(N) > Q(v/N). A few years later, Fiiredi [10] showed that

Q(/Nlog N) < az(N) < o(N),

where the lower bound uses a result of Phelps and Rédl [20] on partial Steiner systems, and the
upper bound relies on the density Hales-Jewett theorem [11, 12]. In 2018, a breakthrough was
made by Balogh and Solymosi [3], who showed that as(N) < N3/6+2(1) Their proof was based
on the method of hypergraph containers, a powerful technique introduced independently by
Balogh, Morris, and Samotij [1] and by Saxton and Thomason [24], that reveals an underlying
structure of the independent sets in a hypergraph. We refer interested readers to [2] for a
survey of results based on this method.
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In higher dimensions, the best lower bound for ag(N) is due to Cardinal, Téth, and Wood
[5], who showed that ag(N) > Q((Nlog N)Y/?), for every fixed d > 2. For upper bounds,
Miliéevié [18] used the density Hales-Jewett theorem to show that ay(IN) = o(N) for every
fixed d > 2. However, these upper bounds in [18], just like that in [10], are still almost linear
in N. Our main result is the following.

» Theorem 1. Let d > 3 be a fized integer. If d is odd, then aq(N) < N3+a+o(1) If d is
1 1
even, then aq(N) < Nzta=to()

Our proof of Theorem 1 is also based on the hypergraph container method. A key ingredient
in the proof is a new supersaturation lemma for (k + 2)-tuples of the grid [n]¢ that lie on a
k-flat, which we shall discuss in the next section. Here, by a k-flat we mean a k-dimensional
affine subspace of R%.

We also study the classical problem of determining the maximum number of points
selected from the grid [n]? such that no k + 2 members lie on a k-flat. The key ingredient
of Theorem 1 mentioned above can be seen as a supersaturation version of this Turdn-type
problem. When k = 1, this is the famous no-three-in-line problem raised by Dudeney [7] in
1917: Is it true that one can select 2n points in [n]? such that no three are collinear? Clearly,
2n is an upper bound as any vertical line must contain at most 2 points. For small values of
n, many authors have published solutions to this problem obtaining the bound of 2n (e.g.
see [9]), but for large n, the best known general construction is due to Hall et al. [13] with
slightly fewer than 3n/2 points.

More generally, we let a(d, k,r,n) denote the maximum number of points from [n]¢ such

@ can be covered by n¢=F

that no r points lie on a k-flat. Since [n] many k-flats, we have
the trivial upper bound a(d, k,r,n) < (r — 1)n¢=%. For certain values d, k, and r fixed and
n tends to infinity, this bound is known to be asymptotically best possible: Many authors
[22, 4, 17] noticed that a(d,d — 1,d + 1,n) = O(n) by looking at the modular moment curve
over a finite field Z,; In [21], Pér and Wood proved that a(3,1,3,n) = ©(n?); Very recently,
Sudakov and Tomon [25] showed that a(d, k,r,n) = ©(n?~*) when r > d*.

We shall focus on the case when r = k + 2 and write a(d, k,n) := a(d, k, k + 2,n).
Surprisingly, Lefmann [17] (see also [16]) showed that a(d, k,n) behaves much differently
than ©(n=F). In particular, he showed that

a(d,k,n) <O <nm) .

Our next result improves this upper bound when k + 2 is congruent to 0 or 1 mod 4.

» Theorem 2. For fized d and k, as n — oo, we have

d 1
a(d, k,n) <O <n2L<k+2)/4J (1*2L<k+2>/4Jd+1)> )

For example, we have a(4,2,n) < O(ns) while Lefmann’s bound in [17] gives us a(4,2,n) <
O(n?), which coincides with the trivial upper bound. In particular, Theorem 2 tells us that,
if 4 divides k + 2, then a(d, k,n) only behaves like ©(n?~*) when d = k + 1. This is quite
interesting compared to the fact that a(3,1,n) = ©(n?) proved in [21]. Lastly, let us note
that the current best lower bound for a(d, k,n) is also due to Lefmann [17], who showed that
a(d,k,n) > Q (nkiﬂ*k*ﬁ .

For integer n > 0, we let [n] = {1,...,n}, and Z, = {0,1,...,n — 1}. We systemically
omit floors and ceilings whenever they are not crucial for the sake of clarity in our presentation.
All logarithms are in base two.
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2  (k + 2)-tuples of [n]? on a k-flat

In this section, we establish two lemmas that will be used in the proof of Theorem 1.

Given a set T of k+ 2 points in R? that lie on a k-flat, we say that T is degenerate if there
is a subset S C T of size j, where 3 < j < k+ 1, such that S lies on a (j — 2)-flat. Otherwise,
we say that T' is non-degenerate. We establish a supersaturation lemma for non-degenerate
(k + 2)-tuples of [n]?.

» Lemma 3. For real number v > 0 and fized positive integers d, k, such that k is even and
d—2y> (k—1)(k+2), any subset V C [n]? of size n%™7 spans at least Q(nF+1d=(k+2)7)
non-degenerate (k + 2)-tuples that lie on a k-flat.

Proof. Let V C [n]? such that [V|=n?"7. Set r =% +1 and E, = (‘T/) to be the collection
of r-tuples of V. Notice that the sum of a r-tuple from V belongs to [rn]¢. For each v € [rn]?
we define

9

E.(v)={{vi,...,v0,} € Er:v1 4+ + v, =0v}.
Then for Ty, Tz € E,(v), where Ty = {v1,...,v,} and To = {uq,...,u,}, we have
U1+"'+U7-:’U:U1+"'+UT,

which implies that T7 U T5 lies on a common k-flat. Let
By, = U U {11, T>}.
vE[rn]® T1,To€E,(v)

Hence, for each {T1,T} € Es,, Ty U T lies on a k-flat. Moreover, by Jensen’s inequality, we
have

Ba| = Y (E’”Q(”)') > (m>d<2?’|§2@> = (m)d<'ET/(T")d) > 4'E’”|2d.

vE[rn]? 2 (Tn)

Since k and d are fixed and r = £ + 1 and |V| = =7,

Combining the two inequalities above gives
|E2r| > Q(n(k+1)d7(k+2)'y).

We say that {T1,T>} € Es,. is good if Ty N Ty = (), and the (k + 2)-tuple (T} U T5) is
non-degenerate. Otherwise, we say that {T7,75} is bad. In what follows, we will show that at
least half of the pairs (i.e. elements) in Es, are good. To this end, we will need the following
claim.

> Claim 4. If {Ty,T»} € Es, is bad, then T; U T5 lies on a (k — 1)-flat.
Proof. Write T} = {v1,...,v,} and To = {uq,...,u,}. Let us consider the following cases.

Case 1. Suppose 11 NTy # (. Then, without loss of generality, there is an integer j < r such
that

v+ U = U A g,
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where v1,...,v;,u1,...,u; are all distinct elements, and v; = u; for t > j. Thus |T3 UTs| =
25 4 (r — j). The 2j elements above lie on a (2j — 2)-flat. Adding the remaining r — j points
implies that T} UT5 lies on a (j — 2 + r)-flat. Since r = % 4+1landj< §7 Ty UT5 lies on a
(k — 1)-flat.

Case 2. Suppose T1 N Ty, = (). Then T; U Ty must be degenerate, which means there is a
subset S C Th UT5 of j elements such that S lies on a (j — 2)-flat, for some 3 < j <k + 1.
Without loss of generality, we can assume that v; ¢ S. Hence, (T3 UT5) \ {v1} lies on a
(k — 1)-flat. On the other hand, we have

v =UL+ U — Vg — o — Uy

Hence, vy is in the affine hull of (T3 U T3) \ {v1} which implies that T3 U T» lies on a
(k — 1)-flat. <

We are now ready to prove the following claim.

> Claim 5. At least half of the pairs in Fs, are good.

Proof. For the sake of contradiction, suppose at least half of the pairs in F5,. are bad. Let
H be the collection of all the j-flats spanned by subsets of V' for all 7 < k — 1. Notice that if
S C V spans a j-flat h, then h is also spanned by only j 4 1 elements from S. So we have

k—1
|H| < Z VPt < Enkd=7)
§=0

For each bad pair {T1,T2} € Es., Ty U T lies on a j-flat from H by Claim 4. By the
pigeonhole principle, there is a j-flat h with j < k — 1 such that at least

|E2r|/2 N Q(n(k+1)d7(k+2)'y)

_ d—2
H Z T gk 0T

bad pairs from FEjy,. have the property that their union lies in h. On the other hand, since
h contains at most n*~! points from [n]?, h can correspond to at most O(nF~1D*+2)) had
pairs from Ej,. Since we assumed d — 2y > (k — 1)(k + 2), we have a contradiction for n
sufficiently large. <

Each good pair {T1,T2} € Es, gives rise to a non-degenerate (k + 2)-tuple T3 U T, that

lies on a k-flat. On the other hand, any such (k + 2)-tuple in V' will correspond to at most
<k+2

T

) good pairs in Fy,.. Hence, by Claim 5, there are at least

|E2r|/<k + 2> — (kD= (k42)7)
2 T

non-degenerate (k + 2)-tuples that lie on a k-flat, concluding the proof. |

In the other direction, we will use the following upper bound.

» Lemma 6. For real number v > 0 and fixed positive integers d, k, £, such that £ < k + 2,
suppose U,V C [n]? satisfy |U| = £ and |V| = n®=7, then V contains at most nF+1=0(d=7)+k
non-degenerate (k + 2)-tuples that lie on a k-flat and contain U.
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Proof. If U spans a j-flat for some j < ¢ — 1, then by definition no non-degenerate (k + 2)-

tuple contains U. Hence we can assume U spans a (£ —1)-flat. Observe that a non-degenerate
(k + 2)-tuple T, which lies on a k-flat and contains U, must contain a (k + 1)-tuple 7" C T
such that 7" spans a k-flat and U C T”. Then there are at most n*+1=9(@=7) ways to add
k + 1 — ¢ points to U from V to obtain such 7. After T’ is determined, there are at most
n* ways to add a final point from the affine hull of 7" to obtain 7. So we conclude the proof
by multiplication. |

3 The container method: Proof of Theorem 1

In this section, we use the hypergraph container method to prove Theorem 1. We follow the
method outlined in [3]. Let H = (V(H), E(H)) denote a (k + 2)-uniform hypergraph. For
any U C V(H), its degree 6(U) is the number of edges containing U. For each ¢ € [k + 2],
we use Ay(H) to denote the maximum §(U) among all U of size £. For parameter 7 > 0, we
define the following quantity

2( ) 1|V k+2 )
AT = B ;;Te 1o

Then we have the following hypergraph container lemma from [3], which is a restatement
of Corollary 3.6 in [24].

» Lemma 7. Let H be a (k + 2)-uniform hypergraph and 0 < e,7 < 1/2. Suppose that
T<1/(200- (k+2)-(k+2)!) and A(H,7) <e€/(12- (k+2)!). Then there exists a collection
C of subsets (containers) of V(H) such that

1. Every independent set in H is a subset of some C € C;

2. log|C| <1000 - (k+2) - ((k+2))3-|V(H)| -7 -log(1/e) - log(1/T);

3. For every C € C, the induced subgraph H[C] has at most €|E(H)| many edges.

The main result in this section is the following theorem.

» Theorem 8. Let k,r be fixed integers such that r > k > 2 and k is even. Then for any
0 < a < 1, there are constants ¢ = c(a,k,r) and d = d(a, k,r) such that the following
holds. For infinitely many values of N, there is a set V. of N points in R such that no
r+ 3 members of V lie on an r-flat, and every subset of V of size CN%JFQ contains k + 2
members on a k-flat.

Before we prove Theorem 8, let us show that it implies Theorem 1. In dimensions dy > 3
where dj is odd, we apply Theorem 8 with k = r = dy — 1 to obtain a point set V' in 1Rd 1With
the property that no do+2 members lie on a (dp — 1)-flat, and every subset of size ¢cN 2 T
contains dy + 1 members on a (dy — 1)-flat. By projecting V to a generic dp-dimensional
subspace of R%, we obtain N points in R% with no do + 2 members on a common hyperplane,
and no ¢N 275 members in general position.

In dimensions dy > 4 where dj is even, we apply Theorem 8 with k = dy—2 and r = dp— 1
to obtain a point set V in R? with the property that no dy 4+ 2 members on a (dy — 1)-flat,

. 1. 1 44
and every subset of size ¢ N2 " do-1

contains dy members on a (dy — 2)-flat. By adding
another point from this subset, we obtain dy + 1 members on a (dy — 1)-flat. Hence, by
projecting to V' a generic dp-dimensional subspace of ]ll%d, we obtain N points in R% with no
dy + 2 members on a common hyperplane, and no ¢cN gt

This completes the proof of Theorem 1.

members in general position.
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Proof of Theorem 8. We set d = d(«, k,r) to be a sufficiently large integer depending on «,
k, and r. Let H be the hypergraph with V() = [n]¢ and E(H) consists of non-degenerate
(k + 2)-tuples T such that T lies on a k-flat. Let C° = [n]¢, C° = {C°}, and H® = H. In
what follows, we will apply the hypergraph container lemma to H° to obtain a family of
containers C!. For each le € C', we consider the induced hypergraph ’HJ1 = ’H[C]l], and we
apply the hypergraph container lemma to it. The collection of containers obtained from all
’H]1 will form another collection of containers C2. We iterate this process until each container
in C* is sufficiently small, and moreover, we will only produce a small number of containers.
As a final step, we apply the probabilistic method to show the existence of the desired point
set. We now flesh out the details of this process.

We start by setting C° = [n]9,C% = {C°}, and set H® = H[C®] = H. Havmg obtained
a collection of containers C¢, for each container C’Z € C! with |Cl| > pErTdtk , we set
H! = H[CI]. Let v = ~(i,j) be defined by |V(’HZ)| =n?. So, v < 555 — k. We set
T=1(i,7) and € = €(4,j) = eyn~ %, where ¢; = ¢1(d, k) is a sufficiently large
constant depending on d and k. Then we can verify the following condition.
> Claim 9. A(H!,7) <e/(12- (k+ 2)!).
Proof. Since |V(7—ll)| =nd=7 4 < k+1 —k, and d is sufficiently large, Lemma 3 implies that
|E(H)| > contFHD4=(-2)7 for some constant ¢, = ¢3(d, k). Hence, we have

V)Lt 1

|E(H:)| ~ con(ktDd=(k+2)y T eond—(k+ 1)y

= nikiﬂdJr’era

On the other hand, by Lemma 6, we have
Ag(HL) < nld=IEHZOFE - for f < |+ 2,

and obviously Ayqo(H!) < 1.
Applying these inequalities together with the definition of A, we obtain

A 2TV A )
(H5.7) = (k+ 2)|E(HY)] Z

= 27'2 12

< c3 n(k+1_[)(d_’7)+k 1
= L kd—(k+1)y [Z_; 1 T 5

k+1

C3
- ;_; T d—h—ty T Thrlpkd— (k1)

for some constant cg = c3(d, k). Let us remark that the summation above is where we

determined our 7 and . In order to make the last term small, we choose 7 =n" wdtrte

Having determined 7, in order for the first term in the summation to be small, we choose

7= kjirl — k.
By setting € = ¢cyn~® with ¢; = ¢;(d, k) sufficiently large, we have
k+1
A(Hj,7) < e3 (Z e G n_(k+1)a>
£=2

< c3kn~® + cgn~ (FHDa
¢
12(k +2)1

This verifies the claimed condition. <
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Given the condition above, we can apply Lemma 7 to "Hé with chosen parameters 7 and
€. Hence we obtain a family of containers C’;“ such that

|C§“| < 910°(k42)(k+2))° |V (#]) |7 log(1/¢) log(1/7)

d
d_ia
can k+1 log“n
<2 )

. k
for some constant ¢4 = c4(d, k). In the other case where |C}| < nEFTdTk

C;“ = {C}}. Then, for each container C' € C;H, we have either |C] < nETdtE o
|[E(H[C])| < e|E(H})| < €'|E(H)|. After applying this procedure for each container in C*,
we obtain a new family of containers C*** = [ JC} such that

, we just define

d L. d_ L.
|Ci+1| < ‘Ci|2(:4nk+1+ log?n 2('L'+1)C4nk+1+ log? n

“ whenever 4 increases

Notice that the number of edges in ’Hé shrinks by a factor of ¢;n™
by one, while on the other hand, Lemma 3 tells us that every large subset C' C [n]? induces
many edges in H. Hence, after at most ¢ < ¢5/« iterations, for some constant c5 = ¢5(d, k),
we obtain a collection of containers C = C! such that: each container C € C satisfies

IC| < nkiﬂdﬂc; every independent set of H is a subset of some C € C; and

IC| < 2(05/a)c4nﬁj'1+a log® n

Before we construct the desired point set, we make the following crude estimate.

> Claim 10. The grid [n]? contains at most O(n("+14+27) many (r + 3)-tuples that lie on a
r-flat.

Proof. Let T be an arbitrary (r + 3)-tuple that spans a j-flat. There are at most n+1d
ways to choose a subset 7" C T of size j + 1 that spans the affine hull of T'. After this 7" is
determined, there are at most n("t277)7 ways to add the remaining r + 2 — j points from the

j-flat spanned by T”. Then the total number of (r 4+ 3)-tuples that lie on a r-flat is at most

K T
3 Rl DEHR2-0)] < $ U2 < D2

j=1 j=1
since we can assume d > 7. <

Now, we randomly select a subset of [n]¢ by keeping each point independently with
probability p. Let S be the set of selected elements. Then for each (r + 3)-tuple T in S
that lies on an r-flat, we delete one point from 7. We denote the resulting set of points by
S’. By the claim above, the number of (r + 3)-tuples in [n]¢ that lie on a r-flat is at most
cgn"t42 for some constant c¢g = cg(r). Therefore,

EHS,H Z pnd - C6pr+3n(r+1)d+2r.

By setting p = (206)7$n7$(d+2), we have
, pnd 2(d—r)
Bl > P22 = )

Finally, we set m = (c7 /oz)nk%rlJFQ(l for some sufficiently large constant ¢; = c7(d, k, ).

Let X denote the number of independent sets of size m in S’. Using the family of containers
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C, we have

nk%ld-s-k .
E[X] < [c]- ( )p
+a

m
d

7d+k m
< 2(C5/Oé)64nki+1 log? n w
- m

4. Lrdtk -t dr2)\ ™
< (2(c'5/oc)c4nk+1+ 103'2”) (Csa e )

3
-

d
nET +2«

d
(er/a)n®F1 2

A ta 2(k—r—1)d r
< (2(Cs/a)cwk+1 log2n> (cmnWM—iz—?“) ;
for some constant cg = cg(d, k,r). Since r > k, 0 < o < 1, and d is large, for n sufficiently
large, we have
2(k—r—1)d

2
cyan DD TR =20 ] /o

Hence, we have E[X] < o(1) as n tends to infinity. Notice that |S’| is exponentially
concentrated around its mean by Chernoff’s inequality. Therefore, some realization of S’
satisfies: |’ = N = Q(n?(@=")/("+2)). S contains no (r + 3)-tuples on a r-flat; and H[S']
does not contain an independent set of size

d r+2 (r+2)r r+2 42
m = (c7/a)nFri 2 < eNzorn tam@n T 2Y < N aern T

for some constant ¢ = ¢(«, d, k, ). Here we assume d is sufficiently large so that

(r+2)r r+2
20 < .
2k+)d—r) 4 =
This completes the proof. |

4  Avoiding non-trivial solutions: Proof of Theorem 2

In this section, we will give a proof of Theorem 2. Let V C [n]? such that there are no k + 2
points that lie on a k-flat. In [17], Lefmann showed that |V| < O (n [F3577] ) To see this,

assume that k is even and consider all elements of the form vy +--- + Vs where v; # v;
and v; € V. All of these elements are distinct, since otherwise we would have k + 2 points on
a k-flat. In other words, the equation

does not have a solution with {xy,... ;X 41} and {X§+2, ..., Xp42} being two different
(% + 1)-tuples of V. Therefore, we have (i‘ﬁl) < (kn)?, and this implies Lefmann’s bound.
2

More generally, let us consider the equation
c1Xy + coXg + -+ X = 0, (1)

with constant coefficients ¢; € Z and ), ¢; = 0. Here, the variables x; takes value in 7. A
solution (x1,...,X,) to equation (1) is called trivial if there is a partition P : [r] = Z3U- - -UZ,

such that x; = x, if and only if j,£ € Z;, and >, 7 ¢; = 0 for all ¢ € [t]. In other words,
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being trivial means that, after combining like terms, the coefficient of each x; becomes zero.

Otherwise, we say that the solution (x1,...,X,) is non-trivial. A natural extremal problem
is to determine the maximum size of a set A C [n]? with only trivial solutions to (1). When
d = 1, this is a classical problem in additive number theory, and we refer the interested
reader to [23, 19, 15, 6].

By combining the arguments of Cilleruelo and Timmons [6] and Jia [14], we establish the
following theorem.

» Theorem 11. Let d,r be fized positive integers. Suppose V. C [n]? has only trivial solutions
to each equation of the form

a((@m+-+z)— (T + -+ @2)) = 2 (221 + -+ @3p) — (a1 + -+ Tar))
(2)
for integers c1,co such that 1 < c¢1,c9 < n21'5+1 . Then we have

V<o (n%(l—wm) :

Notice that Theorem 2 follows from Theorem 11. Indeed, when k + 2 is divisible by 4,
we set r = (k +2)/4. If V C [n]? contains k + 2 points {v1,...,vr42} that is a non-trivial
solution to (2) with x; = v;, then {vy,...,vk12} must lie on a k-flat. Hence, when k + 2 is
divisible by 4, we have

ald, k.n) < O (nw«ﬁéw <1—<k+zfd/z+1)) |

Since we have a(d, k,n) < a(d,k — 1,n), this implies that for all £ > 2, we have

a(d, k,n) <O (nzukfw (12L<l«+2§/w+1)> .

In the proof of Theorem 11, we need the following well-known lemma (see e.g. [6]Lemma 2.1
and [23]Theorem 4.1). For U, T C Z¢ and z € Z%, we define

Oy_r(z)={(u,t) :u—t=z,uc Ut eT}
» Lemma 12. For finite sets U, T C Z%, we have

2
ngilf)l <Y @u_u(@)]| - [@r_r(2)].
zEeZ4

Proof of Theorem 11. Let d, r, and V be as given in the hypothesis. Let m > 1 be an
integer that will be determined later. We define

Sy ={vi 4+ 4+ v € Vv # v},

and a function

v
0:( >%ST, {vi,.. ;0. } = v+ F o,
r

Notice that o is a bijection. Indeed, suppose on the contrary that

/

U1+"'+UT:UI1+"'+U7~

59:9
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for two different r-tuples in V. Then by setting (x1,...,%,) = (v1,...,0p), (Xpg1,...,Xop) =

(v1,...,0.), (X2r41y---sX3r) = (X3p41,--.,X4r) arbitrarily, and ¢; = ¢o = 1, we obtain a

non-trivial solution to (2), which is a contradiction. In particular, we have |S,| = (l‘:l).
For j € [m] and w € Z4, we let

Ujw = {u€Z%: jut+weS,}.

Notice that for fixed j € [m], we have

Z |Ujw| = Z H{v €S, :v=wmod j}| =[S,

wEZ? weZ?
Applying Jensen’s inequality to above, we have

Z |Uj,w|2 2 ‘ST|2/jd~ (3)

weZJd.
For i > 0, we define

i
QU0

() = {(u1,u2) € Dy, (2) [0 (Jur +w) N o™ (jus +w)| = i}

It’s obvious that these sets form a partition of @y, , v, , (). We also make the following
claims.

> Claim 13. For a fixed z € Z¢, we have

S el L@,

j€lm] wezs

Proof. For the sake of contradiction, suppose the summation above is at least two, then
we have (u1,ug) € (I)OUJ',“,—U,',“, () and (us,uq) € éon’,w’_Uj/,w’ (x) such that either (uy,uq) #
(’LL3,U4) or (.]7 w) # (jlvw,)~

Let s1, 82, 83,84 € Sy such that s; = ju; +w, so = jus +w, s3 = jug+w', s4 = j'ug+w'
and write 071(s;) = {vi1,...,v;}. Notice that u; —uy = x = ug — ug. Putting these
equations together gives us

j/((vm +---+ U1,r) - (U2,1 + -+ UQ,T)) = j((U3,1 + -+ U3,7~) - (U4,1 R U4,r))~ (4)

It suffices to show that (4) can be seem as a non-trivial solution to (2). The proof now falls
into the following cases.

Case 1. Suppose j # j'. Without loss of generality we can assume j' > j. Notice that
(u1,uz) € ‘I’%j’w_ijw (z) implies

{’01)1, L. ,ULT} N {’02)1, L. ,’U27T} = 0.

Then after combining like terms in (4), the coefficient of v{ is at least 5’ — j, which means
this is indeed a non-trivial solution to (2).

Case 2. Suppose j = 7', then we must have s; # s3. Indeed, if s; = s3, we must have w = w’
(as s; modulo j equals s3 modulo j') and sy = s4 (as j'(s1 — $2) = j(s3 — s4)). This is a
contradiction to either (uy,us) # (us,uyq) or (4, w) # (§/,w').

Given s; # s3, we can assume, without loss of generality, v11 & {vs1,...,vs,}. Again,
we have {v11,...,v1,} N{va1,...,v2,} = 0. Hence, after combining like terms in (4), the
coefficient of v] is positive and we have a non-trivial solution to (2). <
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> Claim 14. For a finite set T C Z¢, and fixed integers i, j > 1, we have

YD 10, @] @1 (@) < VT

wGZ? x€Z4

Proof. The summation on the left-hand side counts all (ordered) quadruples (u1,usg,t1,t2)
such that (up,us) € <I>U Uy (t1 — ta). For each such a quadruple, let s1, s2 € S, such that

Jyw

s1 =jur +w and So = jus + w.

There are at most |V|*"~¢ ways to choose a pair (s1, s2) satisfying |07 1(s1) N o~ (s2)| = 1.
Such a pair (sq,s2) determines (ug,uz) uniquely. Moreover, (s1,s2) also determines the
quantity

S1—wW SS9 —w 1
tg —to =uy —uz = — — — = —(s1 — s2).
J J J

After such a pair (s1, s2) is chosen, there are at most |T'| ways to choose t; and this will also
determine t2. So we conclude the claim by multiplication. <

Now, we set T = Z¢ for some integer ¢ to be determined later. Notice that U, +T C
{0,1,...,[rn/j] + £ —1}%, which implies

Ujw +T| < (rn/j +0)%. ()

By Lemma 12, we have

Ui wl?IITP _

\Ujw +T| — Z v, -0, (@) - [ R (2)].
j,0

z€Zd

Summing over all j € [m] and w € Z?, and using Claims 13 and 14, we can compute

DPIL eSS IP I LA R

jE[m] wezd m] wezd zezd

Y Y Y (<>|z<>) @r (o)

z€Z jE[m] wEZ?

< 3 [@ra( Z DB v @+ D D VP
jefm] i=1

ez wEZd

< Z Or_ T Z Z‘V‘QT ipd

zeZ? j€[m] i=1
< 27 4 rm| VP,
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On the other hand, using (3) and (5), we can compute

U, PITE U, P
DD DR PR Il DN e

jelm] wezy jelm] wezg
> ISP
ey Jrn/ g+ 01
1S, |22
m|S, |2
~ (rn+ml)4’
Combining the two inequalities above gives us
(Trlii;fzd < 024 4 pp|V|2r—1ed
— |52 < (rn ‘;me)d 4|Vt (rn —;dmé)d.

. —d__ __d
By setting m = n#41 and £ = n'~ 7T we get
2
\%4 d d?
( | = ‘Sr|2 < end™ zraTT + C|V|2T_1TL Trd ¥l
r

for some constant ¢ depending only on d and r. We can solve from this inequality that
V=0 (n%(l_mhl)) ,

completing the proof. <

5 Concluding remarks

1. One can consider a generalization of the quantity aq(NN). We let agq s(IN) be the largest
integer such that any set of N points in R? with no d 4+ s members on a hyperplane, contains
aq,s(N) points in general position. Hence, ag(N) = ag,2(N). Following the arguments in
our proof of Theorem 1 with a slight modification, we show the following.

» Theorem 15. Let d,s > 3 be fixed integers If d is odd and 23t=% < 4=1 then

2d+25—2 d
aqs(N) < N2t If d is even and 22;:'25;22 < then ag o(N) < Nzto(l),

For example, when we fix d = 3 and s > 5, we have ad’S(N) < Nz+o(1) In the other
direction, it is easy to show that ag¢(N) > Q(N'/9) for any fixed d,s > 2 (see [8]).

» Problem 16. Are there fized integers d, s > 3 such that aq s(N) < o(N2)?

dl’

2. We call a subset V C [n]¢ an m-fold By-set if V only contains trivial solutions to the
equations

/ / /
C1X] + CoXg + -+ + ¢gXg = C1X] + C2Xg + - + CgXgs

with constant coefficients ¢; € [m]. We call 1-fold By-sets simply By-sets. By counting
distinct sums, we have an upper bound |V| < O(n%) for any Bg-set V C [n]?.

Our Theorem 11 can be interpreted as the following phenomenon: by letting m grow as
some proper polynomial in n, we have an upper bound for m-fold Bg-sets, where g is even,
which gives a polynomial-saving improvement from the trivial O(n%) bound. We believe this
phenomenon should also hold without the parity condition on g.
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