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Abstract

We provide an overview of recent work which aims to understand patterns of vanishing Yukawa
couplings that arise in models of particle physics derived from string theory. These patterns are
seemingly linked to a plethora of different geometrical structures and our understanding of the
subject has yet to be consolidated in a unified framework. This short note is based upon a talk that
was given by one of the authors at the Nankai Symposium on Mathematical Dialogues. Therefore
it is aimed at a mathematical audience of mixed academic background.
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1 Introduction

Yukawa couplings are parameters that appear in theories of physics which describe how strongly
certain particles interact. In many string theory constructions these Yukawa couplings are found to
vanish in a somewhat mysterious fashion [1-17]. These vanishings are linked to interesting geometrical
structures associated to those theories. In this brief note we review this topic, in a manner aimed at
an audience of geometers of mixed academic background, and highlight some open questions in this
setting.

We will consider particle physics models derived from heterotic string theory. In detailing such
a model two pieces of geometrical data must be specified. These are a Calabi-Yau threefold X and
a holomorphic poly-stable vector bundle of zero slope Vx over that threefold base whose structure
group is a subgroup of Eg [18]. Given this data, the particle content of the resulting physical theory,
and the Yukawa couplings between those particles, can be computed in a quasi-topological fashion.

The particle content of a heterotic model is given by various cohomology groups of associated
bundles to Vx [18]. As a simple example, in the case of an SU(3) vector bundle, families of matter
fields in the particle physics theory are in one to one correspondence with elements of H'(Vy) and
anti-families of matter fields with elements of H'! (V). Superpotential Yukawa couplings are numbers
describing how three of the families (or anti-families) in such a theory interact. As such they are
given by a map which takes the following form (in this simple setting) [8].

H'(Vx)® HY (V) ® H (Vx) = H3(A3Vyx) = H}(0) =C (1.1)

In the last two equalities in the above expression we have used that the bundle has SU(3) structure
group and that h3(O) = 1 on a Calabi-Yau threefold. If these cohomology groups are represented in
terms of bundle valued forms w; € H!(Vx) for i = 1,...,h'(Vy) then this map can be represented
by the following integral [18].

/ tr(wi Awj Awg) AQ (1.2)
X

Here the tr indicates taking the SU(3) invariant combination and 2 is the nowhere vanishing holo-
morphic three-form on X. A similar, but somewhat more complex, discussion to that given here exists
for the case of some other structure groups besides SU(3) [8,14,18].

In building models of phenomenological particle physics, a generic guideline is that, unless there
is a good reason for a Yukawa coupling to vanish, then one should not set it to zero. After all, if a
number could take any value in the complex plane it seems improbable that it would turn out to be
precisely and exactly zero by chance. The canonical example of a ‘good reason’ would be a symmetry
that forbids the coupling from appearing in the theory. The surprise seen in string theory models
(see [1,2,12,13,17,19] for some examples) is that many of these couplings do vanish, even though
there is no known associated symmetry that would account for such a feature. There are several
possible reasons that this phenomenon might occur. One is that there may be a, previously unknown,
symmetry for such systems that has thus far been missed. If such a symmetry did exist it would be of
great interest to the subject of string theory compactifications to understand it. Another possibility
is that for these vanishings the ‘good reason’ may be associated to quasi-topological properties of the
map (1.1). This too would be exciting, in that it would provide a signature of the higher dimensional
nature of the theory. From the point of view of the four-dimensional particle physics model these
vanishings would be seemingly unexplained, and only the higher dimensional avatar would provide a
reason as to why this effect had occurred!.

LFor particle physics experts, it should be noted that the couplings being discussed here are high energy superpoten-
tial parameters. If there is truly no symmetry involved in this phenomenon, then this effect would provide a seemingly
unexplained set of vanishings which would appear in the initial conditions for a computation of running couplings. This
could lead to unexplained textures at low energies



2 Vanishing Couplings and Geometrical Structures
In this short note we will focus on just two types of effect that can lead to vanishing Yukawa couplings.

e Constraints descending from fibration structures of X

e Constraints descending from the possible embeddings of X into some larger ambient space

Let us start by considering the case where vanishing Yukawa couplings are caused by the existence
of a torus fibration structure of X. A discussion of this situation can be found in [12] and we summarize
some of those results here. In such a case, we have a projection map from X to some two dimensional
base of the fibration Bs.

X5 By (2.1)

For simplicity we will consider the case where Vx pushes down to a bundle on Bs. In such a case we
have that

pt+q=1
H'Y(X,Vx)= @ HP(Ba, R'm.Vx) (2.2)
p,q

This implies that we have a (p, ¢) grading on H'(X, Vx), which we will denote by
HP(By, Rim, Vx) := (p,q|Vx) . (2.3)
This grading is preserved under mappings such as (1.1).

(p1,11Vx) @ (p2, @2|Vx) ® (p3, 3| Vx) — (p1 + p2 + p3, q1 + g2 + g3| A* Vi) (2.4)

The target in (1.1) is (2,1) graded: H3(X,0) = (2,1]/0). Thus for a non-zero Yukawa coupling we
require three matter fields with grading (p;, ¢;) such that p; +pa+ps =2 and g1 + ¢ +¢3 = 1. In
any other case the coupling will be zero. In the language of forms, via the condition (1.2), this is
simply the statement that we require the form tr(w; A wj A wy) to have two legs on the base and one
on the fiber. This can then be paired with €2, which has a similar structure, except that the legs
are holomorphic rather than anti-holomorphic, to form a top form which can be integrated to give a
non-zero value of the coupling.

The above discussion is for the simple case where Vx pushes down to a bundle on By. We have
focussed on this situation in the interests of brevity in this short note. However, a somewhat modified
expression analogous to (2.4) does exist in more general cases, as is discussed in [12].

The reason that constraints on Yukawa couplings due to fibrations are so important is that such
substructures are ubiquitous in the known set of Calabi-Yau threefolds (see [20-29] for studies of this
in the physics literature and [30] for a recent discussion of this point in the mathematics literature).
Indeed, in cases that have been analyzed in complete generality most Calabi-Yau manifolds are torus
fibered in multiple different manners (see Figure 1) [20,21,23,31]. Each of these different fibrations
will lead to a different pattern of vanishing Yukawa couplings, all of which must then be manifested
in the resulting physical theory.

Note that one would expect other fibrations, such as K3 fibrations, to offer similar constraints,
although to our knowledge this has not been systematically investigated in the literature to date. Such
fibrations are also ubiquitous in the known set of Calabi-Yau threefolds, with most manifolds being
multiply fibered by every smaller dimensional Calabi-Yau n-folds in cases that have been studied
(see [23] and Figure 2).

Another source of vanishing Yukawa couplings stems from the description of Calabi-Yau manifolds
as sub-loci inside a larger ambient space. The simplest form of this effect was described, and analyzed
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Figure 1: The number of Calabi-Yau threefolds (abundance), described as a complete intersection
in products of projective spaces, that admit a given number of inequivalent torus fibrations. Figure

taken from [23].
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Figure 2: The number of Calabi-Yau threefolds (abundance), described as a complete intersection in
products of projective spaces, that admit a given number of inequivalent K3 fibrations. Figure taken

from [23].

in a differential form associated to (1.2), in [1,2]. It was then analyzed in an algebraic language

associated to (1.1) and generalized in [17].
To see the basic effect, consider a Calabi-Yau threefold X embedded in an ambient space A.

For simplicity we will consider X to be defined as a hypersurface, with normal bundle N, although
the generalization to complete intersections is straight forward and included in the above references.
Initially, we will also simplify the discussion to the case where the bundle Vx on X is the restriction of
a bundle V' on the ambient space. The more general case where Vx extends to a sheaf was considered
in [17] and we will return to that situation shortly. In the case where V' is a bundle we have a short

exact Koszul sequence as follows.

0 NYQ@V -V =V|x =0 (2.5)

Studying the associated long exact sequence in cohomology, we find that the first cohomology of Vx



can be expressed in the following manner.
H'(Vx) = H'(V|x) = coker {H'(NY @ V) = H'(V)} + ker {H* (VY @ V) — H*(V)}  (2.6)

Now, as in (2.2), we once again have a grading. Following [1,2], a field is referred to as ‘type 4’ if it
descends from the ¢’th ambient space cohomology. So for example, the fields associated to the coker
in (2.6) are of type 1 while those associated to the ker are of type 2. The authors of [1,2] then go on
to prove that the Yukawa couplings between three fields will vanish if the sum of their types is less
than the dimension of the ambient space A.

This condition can already be restrictive when considering a description of X in terms of just a
single ambient space. For example, in [19], a study was performed of how many Yukawa couplings,
allowed by every known symmetry, were forbidden by this effect in the largest data set of particle
physics standard models that has been created using the construction under discussion [32-34]. There
it was shown that this effect lead to unexpected vanishings of Yukawa couplings in 30% of the models
in the data set.

The vanishings due to a single ambient space embedding of X, however, are not the full story
in considering the implications of this phenomenon for Yukawa couplings in string theory models.
Every Calabi-Yau manifold can be embedded in a huge variety of ambient spaces, and each of these
descriptions of the manifold can potentially lead to different constraints on the Yukawa couplings.
For example, the following four configuration matrices all describe the same Calabi-Yau threefold.

TPL{1 1 0 00 0 0 07
P10 01 00O0OT10 P11 0 0 0]
PL/1 0010000 PL10 0 2 00
PLlo0OOOT1TT1TO0O0| |PJOOOO 2 27)
P11 0000O0OT1]| |P10O0OT1D0 :
P2/01 0000 11 Pll1 0010
P2/0 01 0100 1 | P30 1 1 1 1|
[ P2/0 0 01 020 0|
R 3
P11 1000 07 IP’1000110000
1 PLi1o 00001100
P10 01100 1
L Pl/1 00 00O0O0OT1O0
P10 OO0 20 L
= 1 =|P{0 1 000O0O0O01
PLio 01 00 1 1
1 PLlo 01 00O0GO0TO 01
PLlo 01 00 1 s
Pl 10111 P/ooo0 111111
- - P21 1100000 0]

In each of these matrices, the first column gives a series of projective spaces, the direct product
of which is A. As we can see, in this simple example all of the ambient spaces are different. The
remaining columns in each matrix each denotes the multi-degree of a defining polynomial of the
variety with respect to the homogeneous coordinates of the projective ambient factors. All of the
different constraints on couplings descending from such different descriptions of X must be realized
in the physics of the compactification on that manifold, which should not depend on the description
being used of the threefold.

To finish our discussion let us return briefly to the case where the bundle Vx descends from a
sheaf, not a bundle, on the ambient space A in some description. In such a situation, the exact Koszul
sequence (such as (2.5)) is replaced with a sequence which is does not terminate on the left. The
above discussion can then be generalized by using the following result [17].

Given any exact sequence,

o= Fo > F1i—Fo—>Vx —0 (2.8)



we can define a notion of ‘type’ for elements of H'(Vx). Namely, we say that such a cohomology
element has a type T = i if it descends from an element of H'(F;_1). Then, if H3(A3Fo) = 0, all
Yukawa couplings between three type T = 1 fields will vanish. If, in addition, H*(F1 @ A2Fo) = 0 then
all Yukawa couplings between one type T = 2 and two type T = 1 fields will also vanish.

This result was used in [17] to show that, even for a given ambient space, different sheaf lifts of
Vx can lead to different constraints on the Yukawa couplings. As a simple example, consider the
Calabi-Yau threefold given by the following configuration matrix.

PL{1 1
PLl1 1
X=|P |1 1 (2.9)
PLl1 1
P11

A simple sum of line bundles Vx = Ox(2,-2,0,0,0) ® Ox(—1,1,0,0,0)®? can descend from the
ambient space of this example either from a bundle,

Voundle = O(2,-2,0,0,0) @ O(—1,1,0,0,0)%% (2.10)
or from a sheaf
Viheat = O(2,-2,0,0,0) ® Iy, ® O(—1,1,0,0,0)%% . (2.11)

In these expressions the arguments in the line bundles indicate the coefficients in an expansion of the
first Chern class of that object in a basis of Kéahler forms associated to the ambient space factors of
(2.9) (restricted to X if necessary). In defining the ideal sheaf Z; we have defined a curve given by
the following configuration matrix.

P11 1 1
P11 1 1
L=|P |1 111 (2.12)
P11 1 1
P11 1 1
The ideal sheaf itself is then defined via the usual short exact sequence.
0—-7Z, —-0—0,—0 (2.13)

The constraints on Yukawa couplings descending from Koszul sequences for (2.10) and (2.11) are
different. In particular, in this example, the sheaf lift of Vx leads to no constraints on the Yukawa
couplings at all, whereas the bundle lift leads to every coupling being forbidden. Thus, different lifts
of the bundle can lead to different constraints on the Yukawa couplings, even in a single ambient
space description of X.

3 Conclusions

In this short note we have seen a plethora of geometrical structures that can lead to patterns of van-
ishing Yukawa couplings in string theory models. Most known Calabi-Yau threefolds admit multiple
fibration structures, each of which can lead to such features in the physical theory. In addition Calabi-
Yau manifolds can be embedded in a wide variety of ambient spaces, and most of these embeddings
will lead to a pattern of vanishing Yukawa couplings. Further, even for a given ambient embedding,



different extensions of the gauge bundle to the ambient space can lead to different patterns of vanish-
ing Yukawa couplings. This entire plethora of possible vanishing patterns of Yukawa couplings must
all be realized in the associated particle physics theory. As such, it is common for Yukawa couplings to
vanish in these constructions, even if there is no apparent symmetry that would cause these numbers
to be zero. In fact, there are other effects that can also lead to vanishing Yukawa couplings that we
have not had space to cover in this short note. For example, structures in the Kéhler cone associated
to the poly-stability of the vector bundle Vx [15,35-37] can also lead to zero couplings [15, 16, 38].

In studying these phenomena one is left with the inescapable feeling that something is being
missed. While it is true that all of these disparate causes do lead to vanishing couplings, one might
expect that this phenomenon could be understood in a more unified manner. This could either be in
terms of a symmetry that has thus far been missed in these constructions, or something more exotic.
For example, perhaps there is some unified quasi-topological framework which encapsulates all of the
possible information about vanishing couplings in a manner that doesn’t refer to ancillary structures
such as particular ambient spaces.

Whether there is a previously unknown symmetry of these string theory constructions, or a more
exotic mechanism that predicts otherwise unexpected vanishings of Yukawa couplings in particle
physics models coming from string theory, it seems that there is an exciting structure underlying
these models which is waiting to be discovered.
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