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Abstract

In this brief note we explore the space of genus one and elliptic fibrations within CY manifolds, their
organizing principles, and how they relate to the set of all CY manifolds. We provide examples of
genus one fibered manifolds that exhibit different Hodge numbers – and physically lead to different
gauge groups - than their Jacobian fibrations. We suggest a physical mechanism for understanding
this difference in twisted circle reductions of 6-dimensional compactifications of F-theory.
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1 Introduction

Much recent work has been devoted to mapping out the space of string vacua, in the context of the
string Swampland program and beyond. Playing a central role in this study, string compactifications
sweep out a rich landscape of possible solutions. In this context the question of which effective field
theories can arise is intrinsically linked to the question of which geometries can serve as backgrounds for
string dimensional reductions? In this work we will explore briefly some of what is understood about
one of the simplest classes of such of string geometries – Calabi-Yau (CY) manifolds and how attempts
to bound/characterize Calabi-Yau geometry can shed light on the space of possible M-/F-theory vacua
in 6-/5-dimensions.

Since the very first examples of string compactifications [1], Calabi-Yau geometries have played an
important role. Even in this well-studied context though, there remain many open questions about
CY geometries – including whether the class of CY n-folds is finite for n > 2? It is also unknown
whether the possible values of topological invariants (i.e. for a CY 3-fold, independent Hodge numbers
h1,1, h2,1, Chern classes c2(X), etc) are finite/bounded.

One path towards resolving these questions involves the study of genus-one fibered CY manifolds.
In particular, the set of genus one fibered CY 3-folds has been proven to be finite [3, 5, 6], and recent
progress [2, 4] has given evidence of boundedness for genus one fibered CY 4- and 5-folds as well.
Moreover, recent analysis of existing datasets of CY 3- and 4-folds has demonstrated that the vast
majority of all CY manifolds exhibit genus-one fibrations [7–16]. This apparent genericity of fibration
structures provides hope that a classifications of CY genus-one fibrations may lead to tools which could
be used to establish the finiteness of the set of all CY n-folds.

Returning to the question of string effective field theories, elliptic and genus one fibered CY ge-
ometries are natural backgrounds for F-/M-theory in 6- and 5-dimensions [17–19]. As a result, more
complete characterization of these CY geometries makes it possible to attempt to systematically map
out a subspace of the space of M/F-theory vacua. In particular, the close relationship between F-/M-
theory under a circle (S1) reduction of the 6-dimensional theory has yielded much information about
the possible structure of such theories and inspired many recent classifications of both EFTs and SCFT
limits (see e.g. [58] and [59] and reference therein).

In this brief work, we will highlight one aspect of genus-one/elliptic CY geometry that has remained
relatively unexplored and the consequences for M/F-theory on elliptically and genus one fibered Calabi-
Yau threefolds. In particular, we are interested mathematically in the question of how different can a
genus one fibered Calabi-Yau manifold and its nearest elliptic cousin – its Jacobian, J(X), be? Genus
one fibered geometries remain much less explicitly explored than elliptically fibered manifolds and
the notion of a Jacobian fibration plays a key role in characterizing genus one fibrations. As we will
review below, many different genus one fibered manifolds can be related to a single elliptic fibration
and the set of manifolds related in this way is called a group of “CY torsors” (see e.g. [41]). Phrasing
the question above more broadly, we are interested in how distinct are the manifolds/elements in the
group of CY torsors? A physical application of this question arises in the context of S1 reductions
of 6-dimensional F-theory effective theories which include flux along the circle and the possibility
of different non-Abelian gauge groups in the 6- and 5-dimensional theories. This will include an F-
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/M-theory realization of Dynkin diagrams associated to twisted affine Lie groups and automorphisms
that “fold” them [45]. In this context we hope to map out a relatively unexplored corner of this string
effective field space. This study appeared in [21] and we provide only a sketch of some of these questions
and an illustrative example in the following sections.

2 Elliptically and Genus-one fibered Calabi-Yau geometry and the
basic ingredients of F-theory

In this section we will briefly review some essential results about elliptic/genus one fibered CY manifolds
and their consequences for F-/M-theory. In particular, we shall refer to a genus one fibered CY n-fold
as one that can be described via a surjection π : X → Bn−1 such that the generic fiber is π−1(b) ≃ E
(i.e. a genus one complex curve or T 2 as a real manifold) for general points b ∈ Bn−1. In general such
fibrations do not admit sections, only multi-sections (i.e. m-sheeted covers of the base manifold Bn−1).
In the case that the fibration does admit a section, the generic fibers are elliptic curves and we refer to
the fibration as an elliptic fibration. It is this latter class of manifolds that plays a key role in F-theory
in 6- and 4-dimensions in which the elliptic fibers of a CY 3 or 4-fold respectively parameterize the
behavior of the axio-dilaton of the (strongly coupled) type IIB theory.

As described above, recent work has attempted to map out how generic genus-one fibered CY 3-
folds/4-folds are within the datasets of known CY manifolds. Overwhelmingly, the available datasets
have shown that the presence of fibration structures (i.e. CY m-fold fibrations within CY n-folds
with m < n) is ubiquitous for large1 h1,1. Moreover, a given CY manifold not only appears to
be describable as a fibration, generic CY manifolds appear to admit multiple such descriptions. In
[9, 15], multiply elliptically fibered (or genus one fibered in the case without section) CY n-folds were
described as manifolds admitting multiple descriptions of the form πi : Xn −→ B

(i)
n−1 with elliptic fiber

E(i)b = π−1(b ∈ B
(i)
n−1) (denoted succinctly by πi : Xn

E(i)−→ B
(i)
n−1). That is,

Xn

E(1)

zz

E(2)
��

E(i)

$$

B
(1)
n−1 B

(2)
n−1 . . . B

(i)
n−1

(2.1)

It is important to note that for each fibration, πi, the structure of the singular fibers, discriminant
locus, and number of rational sections can all be different, as can the topology of the base manifolds
B

(i)
n−1. This can lead to a rich array of consequences for string dualities. Initial steps to explore such

prolific fibration structures and their physical consequences were taken in [7, 9, 15] and the results
from [9] for one dataset are shown in Figure 1 below.

Elliptically fibered manifolds exhibit a simple characterization mathematically in that each such
manifold is birational to a specified minimal form, a so-called Weierstrass model [22]. Schematically,
a Weierstrass model for an elliptic fibration is built as a hypersurface constraint (with cubic fiber)

1In fact, fibrations seem to occur for all manifolds with h1,1 > 19 in known CY datasets where classifications have
been undertaken (see e.g. [9]).
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Figure 1: Distribution of obvious torus fibrations in the set of CY 3-folds described as complete
intersections in products of projective spaces from [9]. The values lie in the range 0 - 93. The search
in [9] yielded 139, 597 fibrations in total.

within a projectivization of three line bundles P(O ⊕ L2 ⊕ L3) with L = K−1
Bn−1

in the CY case. This
minimal form is achieved by blowing down all components of reducible fibers which do not intersect
the zero-section to the elliptic fibration, leaving a generically singular, but simple CY variety.

Another useful property of elliptic fibrations is that the Picard lattice/Kähler forms in such a space
can be sorted according to their vertical/horizontal form relative to the elliptic fibration. Namely,
each divisor belongs to one of four types [23]: (1) The divisors of the base, Bn−1 pulled back to X,
(2) “fibral" divisors associated to blow-ups of singular elliptic fibers, (3) the zero-section and (4) the
free part of the so-called Mordell-Weil group of rational sections (see e.g. [24]). Within F-theory in 6-
dimensional theories the number of “fibral" divisors determine the rank of a non-Abelian gauge group,
while the rank of the Mordell-Weil group determines the number of Abelian factors in the effective
theory. Elliptic CY fibrations have played a central role in F-theory for the past several decades and
many systematic datasets have been constructed [25–28].

In contrast, the set of genus-one fibered CY manifolds has remained more obscure until recently.
The absence of a zero-section to the fibration makes it difficult to interpret these geometries directly
as F-theory backgrounds in any dimension. However, work in recent years has characterized explicitly
how they can be viewed as solutions of M -theory in one dimension lower. The precise relationship
between M-theory on a genus one fibered manifold in (m−1)-dimensions and m-dimensional solutions
of F-theory on its elliptically fibered “cousin" has been very well studied in the context of Abelian
gauge symmetries (see e.g. [29–31,34–37])

From a mathematical point of view, given a genus one fibered CY manifold, X, the elliptic CY
geometry most closely resembling it is the so-called “Jacobian fibration” associated to X. The Jacobian
fibration, J(X) is the fiber-wise Jacobian of each genus one fiber of X. By construction, the Jacobian of
a genus-one fibered CY manifold is an elliptically fibered manifold which shares the same discriminant
locus to the fibration (and the same j-invariant associated to each fiber). In general, for CY threefolds
J(X) is birational to X (and shares the same value for h2,1) and furthermore, multiple distinct genus one
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fibered manifolds can share the same Jacobian. The set of such geometries (together with information
about the form the birational mapping takes) form a group of “CY Torsors" [41]. In this context the
Tate-Schaferavich group and the Weil-Chatelet group have played roles in the literature (see e.g. [46])
as examples of CY torsors.

While many systematic constructions of datasets of elliptically fibered CY manifolds exist (see
e.g. [25]) no such systematic dataset has been built for genus-one fibered manifolds. One step in this
direction would be to understand how to build all genus one fibered manifolds in the same CY torsor
group – i.e. given a CY elliptic fibration, X0, is it possible to construct2 all genus one fibered manifolds
Xi which have X0 as their Jacobian: J(Xi) = X0? To this end, in the next sections we will explore
an explicit example in which a genus one fibered manifold and its Jacobian are quite different indeed
and the new physics that this must involve in F-/M-theory.

3 S1-dimensional reductions of F-theory in 6-dimensions and 5-dimensional
M-theory and twisted boundary conditions

Let us begin by briefly reviewing a now well-established story involving F-theory circle reductions
with Abelian gauge groups and M-theory on genus one fibered Calabi-Yau manifolds (see [37] for a
review). We will outline a few key ideas here and leave a more detailed discussion for [21]. As initially
explored in [30, 34], a 5-dimensional compactification of M-theory on a genus one fibered Calabi-Yau
threefold, X is closely related to a 6-dimensional compactification of F-theory on the Jacobian of X,
the elliptically fibered manifold J(X) described above.

In terms of physics, a compactification of F-theory requires the existence of a section in addition
to a T 2 fiber and thus, we can consider defining F-theory on a given elliptically fibered CY threefold.
However, this single compactification of F-theory can give rise to a number of distinct 5-dimensional
compactifications of M-theory via circle reduction with flux (and possibly matter field vevs) [?,47,48].
In particular, if the 6-dimensional effective theory arising from F-theory is Abelian, then it is possible
to consider a circle flux (i.e. discrete holonomy), ξ =

∫
S1 A. Different choices of ξ lead to different

compactifications of M-theory on (possibly) distinct genus-one manifolds which are different elements
of the group of CY torsors3 (note that the reduction with ξ = 0 leads to an M-theory compactification
on the elliptically fibered manifold J(X) itself) [30,31,36]. The set of these 5-dimensional theories are
connected by geometric transitions in the underlying genus one fibered manifolds. This framework has
been used to gain a deep understanding of discrete symmetries in F-/M-theory4.

In the context of the questions raised here about Jacobian fibrations and groups of CY torsors, we
are interested in manifolds that also contain fibral divisors. That is, compactifications of F-theory in
6-dimensions which include non-Abelian gauge group factors, in addition to the possible existence of
multiple rational sections, i.e. symmetry groups of the form G × U(1) (possibly with discrete group

2It should be noted that the inverse problem – constructing Jacobians, given an explicit description of the genus one
fiber – is better understood. See e.g. [38–40].

3In simple cases the Tate-Shaferavich or Weil-Chatelet groups.
4See [34] for links to discrete torsion in genus-one/elliptically fibered CY geometries, [62] to non-commutative resolu-

tions and [61] for its relation to discrete gauge anomalies.
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quotients or multiple Abelian factors as well). In this case, the circle reductions can involve flux from
gauge fields in the Cartan subgroup of G as well as the U(1) factors. And as we will see, a new feature
that is possible in this context is the presence of boundary conditions which can mix these different
fluxes together in non-trivial ways. As an action on gauge fields this is schematically of the form

AB(s) = σ(AC(s+ 2π)) (3.1)

where σ is a discrete, outer automorphism of G × U(1). These boundary conditions can reduce the
5-dimensional symmetry down to a subgroup.

Such non-trivial boundary conditions (and fluxes) have been studied in a variety of other contexts
under the name of “twisted” circle reductions (see e.g. [32, 33, 52–54]) but has not been previously
implemented in the compact setting in F-theory. We find that in the presence of these boundary
conditions we generate a new set of 5-dimensional vacua associated to M-theory compactifications on
genus-one fibered manifolds with different non-Abelian gauge groups of the form Hi×U(1) (or Hi×Zn)
where Hi ⊆ G is a sub-group. Geometrically, these geometries are novel in that the genus one fibered
manifold and its Jacobian can realize different non-Abelian gauge groups, despite the fact that they
share a discriminant locus (see also [29,42–44,51]).

In [21] we find that the possible groups H,G that can arise are highly constrained and the discrete
boundary conditions allowed closely relate to “foldings” of the Dynkin diagrams (see Figure 2 below).
Moreover, in the context of the genus one fibered geometries considered here we find that the discrete
automorphisms in play are in fact not simply those of the Dynkin diagram associated to the Lie group
G itself, rather we find geometric realizations of the folding of the Dynkin diagrams associated to affine
groups G̃). This is perhaps to be expected since it is the affine Dynkin diagrams which are realized as
components of the resolved elliptic fibrations. To illustrate this conceretely, we turn now to a simple
example.

4 An Illustrative Example

In this section we illustrate a genus one geometry that exhibits one of the simplest twisted affine
fibrations possible. This CY 3-fold is a genus one fibration π : X → P2 and is described by the
following reflexive polytope

X (−1, 1, 0, 0)

Y (−1,−1, 0, 0)

Z (1, 0, 0, 0)

f1 (1, 0, 1, 0)

g1 (1, 0, 2, 0)

z1 (−3, 0,−1,−1)

z2 (0, 0, 0, 1)

(4.1)

which allows the computation of the Hodge numbers via the Batyrev formula as (h1,1, h2,1) = (3, 107).
The genus-one fiber is of quartic type and admits an affine A

(2)
2 fiber whose associated finite group is

SU(2) given as

p = d1X
4 + d2X

3Y + d3X
2Y 2 + d4XY 3 + d5Y

4 + d6f1g1X
2Z + d7f1g1XY Z + d8f1g1Y

2Z + f1Z
2 (4.2)
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where f1, g1 are the fibral divisors that resolve the A
(2)
2 type of fiber and the polynomials di are valued

in the P2
z0,z1,z2 . The fibral divisors project on z0 as

{f1, g2}
π−→ z0 = f1g

2
1 . (4.3)

The Stanley-Reisner ideal is determined by

SRI : {Zg1, Y XZ, Y Xf1, g1z1z2, f1z1z2} . (4.4)

Here we note, that the divisor f1 = 0 contains four components that are intersected by the four-section
Z = 0 given as the discriminant locus

p|Z=0 =d1X
4 + d2X

3Y + d3X
2Y 2 + d4XY 3 + d5Y

4 , (4.5)

p|f1=0 =d1X
4 + d2X

3Y + d3X
2Y 2 + d4XY 3 + d5Y

4 . (4.6)

These four-components are interchanged along the discriminant locus Disc(p|Z=0). The components
in general intersect as a A

(2)
2 form fiber, and notably over f1 = Disc(p|Z=0) = 0, the four components

degenerate to a single P1 and hence the fiber admits the multiplicities (4, 2) and therefore a multiple
fiber [49,50]. The monodromy which reduces the symmetry to A

(2)
2 is controlled by the following locus

in the base:
D4,Z =2d32(2d

3
4 − 9d3d4d5) + 2d1d2d4(−9d3d

2
4 + 40d23d5 + 96d1d

2
5)

+ 27d42d
2
5 + d22(−d23d

2
4 + 4d33d5 + 6d1d

2
4d5 − 144d1d3d

2
5)

+ d1(4d
3
3d

2
4 + 27d1d

4
4 − 16d3(d

3
3 + 9d1d

2
4)d5 + 128d1d

2
3d

2
5 − 256d21d

3
5) .

(4.7)

See Figure 2 for an illustration of the “folding" of this affine Dynkin diagram realized in the fiber. From
this perspective, the three Kähler moduli are interpreted as the the two classes of fibre and base P2 as
well as the SU(2) gauge algebra.

Notably, such a four-section does not exist in the generic Weierstrass or Tate model. The respective
Jacobian can be obtained by shrinking the g1 curve and using the Jacobian map given below. Indeed,
upon shrinking the g1 component to a singular genus-one fibration and taking the Jacobian mapping
to produce an elliptic fibration in Weierstrass form [38] one finds the Weierstrass coefficients

f =
1

48
f2
1 (−(4d3 − d27f1 + 4d6d8f1)

2 − 24(−2d2d4 + 8d1d5 − 2d5d
2
6f1 + d4d6d7f1 + d8(−2d3d6 + d2d7 − 2d1d8)f1)) .

g =
1

864
f3
1 (36(−2d2d4 + 8d1d5 − 2d5d

2
6f1 + d4d6d7f1 + d8(−2d3d6 + d2d7 − 2d1d8)f1)×

(−4d3 + (d27 − 4d6d8)f1) + (−4d3 + (d27 − 4d6d8)f1)
3+

216((d24 − 4d3d5)d
2
6f1 + 2d2d6(2d5d7 − d4d8)f1 + d22(−4d5 + d28f1)− 4d1(d

2
4 − 4d3d5 + d5d

2
7f1 − d4d7d8f1 + d3d

2
8f1))) .

from which we obtain the discriminant to leading orders as

∆ = 4f3 + 27g2 = f6
1D4,Z +O(f7

1 ) . (4.8)

Here we find the fiber to be of I∗4 non-split form which corresponds to a G2 gauge group in 6-
dimensions [55, 56]. Such a fiber can be resolved via two more resolution divisors [57] and hence we
expect the Jacobian two have a four dimensional Kähler moduli space. Thus this example illustrates
the differences described above between CY torsors in that the G2 gauge symmetry realized in the
Jacobian is larger than the SU(2) symmetry found in the genus one fibered manifold.
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[g1]

2

[X][Y ]

[f1]

[Z]
D(4,Z)=0
−−−−−−→ 2 4

Figure 2: Depiction of an A
(2)
2 fiber. The two two-sections X,Y intersect the middle node. All four

outer roots are identified by the four-section Z. At the intersection with the monodromy divisor the
fiber degenerates to a multiplicity two fiber.

5 Summary

In this work we have given a brief illustration of the important role played by elliptic/genus-one
fibrations both in mathematically characterizing Calabi-Yau manifolds as well as mapping out spaces
of string solutions in various dimensions. In particular, we have provided explicit examples of genus
one fibered manifolds exhibiting different singular fibers – and hence corresponding to different physical
gauge groups – compared to their elliptic Jacobian counterparts. In this setting we expect these genus-
one fibered geometries to correspond to the twisted dimensional reductions of F-theory described in
Section 3. However, there remain a number of interesting questions to be addressed in this context,
including 1) How is an outer automorphism of the form shown (3.1) linked to the apparent folding of
the affine Dynkin diagrams which are realized in the elliptic fibers? 2) How are the necessary discrete
symmetries realized explicitly in the CY geometry? 3) How are the CY torsors appearing in this setting
linked by geometric transitions (i.e. Higgsing transitions in the 5D theory)? We address these and
other questions in [21]. For now we hope that the brief discussion above illustrates interesting open
questions – both physical and mathematical – remaining within the study of CY fibrations.
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