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Abstract. We study the problem of determining minimum-length coor-
dinated motions for two axis-aligned square robots translating in an
obstacle-free plane: Given feasible start and goal configurations, find a
continuous motion for the two squares from start to goal, comprising only
robot-robot collision-free configurations, such that the total Euclidean
distance traveled by the two squares is minimal among all possible such
motions. We present an adaptation of the tools developed for the case
of discs by Kirkpatrick and Liu [Characterizing minimum-length coor-
dinated motions for two discs. Proceedings 28th CCCG, 252-259, 2016;
CoRR abs/1607.04005, 2016.] to the case of squares. Certain aspects of
the case of squares are more complicated, requiring additional and more
involved arguments over the case of discs. Our contribution can serve as
a basic component in optimizing the coordinated motion of two squares
among obstacles, as well as for local planning in sampling-based algo-
rithms, which are often used in practice, in the same setting.

Keywords: Motion planning - Coordinated motions - Geometric
algorithms

1 Introduction

The basic motion planning problem is, given start and goal placements for mov-
ing objects (robots), to decide whether the objects can move from start to goal
without colliding with obstacles in the environment nor with one another, and
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if so, to plan such a motion. This problem has been intensively investigated for
almost five decades now; see, e.g., several books and surveys [1,4,5,9,11,15]. The
basic problem is relatively well understood, has general theoretical solutions as
well as an arsenal of more practical approaches used by practitioners in robotics,
molecular biology, animation, computer games, and additional domains where
one needs to automatically plan or simulate feasible collision-free motions; see,
e.g., [10].

Finding a feasible collision-free motion is typically insufficient in practice,
and we aim to find paths of high quality, such as short paths, paths with high
clearance from obstacles, paths requiring minimum energy and so on. Optimizing
motion plans is in general significantly harder than finding a feasible solution.
The topic is discussed in the books and surveys mentioned above; the specific
topic of geometric shortest path problems is reviewed in [13].

1.1 Optimal Motion in the Absence of Obstacles

Let A and B be two axis-aligned square robots in the plane. The position of
robot A (resp., B) at a given moment is denoted by A (resp., B), and refers to
the coordinates of its center. We define the radius of a square as the length of
its apothem (half an edge, in the case of a square). Let 74 and rg be the radii of
robot A and robot B, respectively, then we define » = r, + rg. The movement
of robot A in the presence of robot B can be described as the movement of the
point A in the presence of robot B’ with radius r. Thus, from this point on, for
convenience of exposition, we will assume that one robot is shrunk to a point
and the other robot has the expanded radius 7.

Given a point X in the plane, we denote by sq(X) the open axis-aligned
square centered at X, with radius 7.

We say that a pair of positions (A, B) is feasible if A ¢ sq(B). Notice that
this implies that B ¢ sq(A). An instance of our problem consists of a feasible
pair of initial and final positions (Ag, Bg) and (A1, By), respectively. A trajectory
from a point Xy to a point X; in the plane is any continuous rectifiable curve
my : [0,1] — R? such that mx(0) = Xy and mx (1) = X;. Given an instance
of our problem, a coordinated motion m is a pair of trajectories m = (ma, mp).
Throughout this paper we refer to coordinated motions simply as motions. A
motion is feasible if for all ¢ € [0,1] the pair of positions m(t) = (ma(t), mp(t))
is feasible. We denote the Euclidean arc-length of a trajectory mx by ¢(mx).
We define the length of a motion m = (ma,mp) as £(m) = €(my) + £(mp).
We focus in this paper on minimum-length coordinated translational motion
for two squares. Our goal is to find a description of a minimum-length feasible
motion (ma, mp), for each instance of the problem. An example of an optimal
coordinated motion for two square robots is shown in Fig.1. We note that, in
the figures of this paper, squares representing robots are drawn with filled color,
while squares sq(X) are depicted with a white filling.

Feasible motion for two squares translating among polygonal obstacles with
n vertices can be found in O(n?) time, if one exists [16]. For an arbitrary num-
ber of unit squares in the same setting, the problem is known to be PSPACE-
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Fig. 1. Example of an optimal motion: first, A is translated from Ao to Ain:, then B
moves from By to B avoiding A, finally, A is translated from A;,: to A;. The squares
show the positions of the two robots when A is at A;,: and B is starting to slide
around A.

hard [17]. Recently, Kirkpatrick and Liu [7,8] solved the minimum-length coor-
dinated motion for two discs, as we discuss below in Sect. 1.2.

We remark that optimal motion in the absence of obstacles was also investi-
gated for a single wheeled vehicle; see, for example, the work by Dubins [2], or by
Reeds and Shepp [14]. The major complication in deriving optimal paths for such
systems even in the absence of obstacles stems from their being non-holonomic.
The resulting paths bear some similarity to the results obtained in [7] and in the
current paper in that the optimal motion of a single robot/vehicle comprises a
small set of simple primitive paths. For more details and additional references,
see [11, Section 15.3].

1.2 The Kirkpatrick-Liu Analysis for Two Discs

Kirkpatrick and Liu [7,8] describe, for any pair of initial and final positions of the
discs, two motions that involve at most six (straight or circular-arc) segments.
Then, either (i) a single motion is feasible and optimal, or (ii) among the two
motions, one is optimal among all clockwise! motions and the other is optimal
among all counterclockwise motions. The proof of the optimality of the motions
involves an extensive case analysis, which depends on the relative initial and
final positions of the discs. However, all motions have a simple structure:

1. Move robot A from its initial position to an intermediate position A;,;:.
2. Move robot B from its initial position to its final position.
3. Move robot A from the intermediate position A;,; to its final position.

The main mathematical tool employed in [7,8] is Cauchy’s surface area for-
mula. Its use in the context of optimal motion planning was introduced by Icking
et al. [6] for a line segment translating and rotating in the plane. The study of
the full rigid motion of a segment involves rotation, which raises the question
how to measure the distance between two configurations of the moving object.

! Formally defined in Sect. 2; roughly, clockwise here refers to the direction of rotation
of a vector from the center of one robot to the center of the other robot throughout
the motion, from start to goal.
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Icking et al. [6] focus on what they call the do-distance, which measures the
length of the motion of a segment pg by averaging the distance travelled by
its two endpoints p and q. We remark that the case of a segment has attracted
much attention—the interesting history of the problem, as well as other distance
measures, are reviewed in [6].

There is a close relation between minimizing the ds-distance traveled by a
segment and the minimum-length coordinated motion of two discs. Assume the
sum of the radii of the two discs equals the length |pg| of the segment. Then, if
the two discs remain in contact throughout the whole motion, the two problems
are equivalent.

In this paper, we adapt the techniques from [7,8] to square robots. Our work
for squares makes several contributions beyond the work for discs. Primarily, as
we explain below, there are certain complications for squares that do not arise
with discs, making the analysis more complex. Secondly, we complete details
that are similar to both systems but have not been dealt with previously. For
square robots the shape and relative position matters. The square corners create
discontinuities in tangency points, which impacts the definition of the cases that
need to be analyzed. The relative position of the two squares (more precisely,
the slope of the line passing through the centers of the two squares) also has
to be taken into account. For example, the possible shapes of optimal motions
can vary considerably between horizontally-aligned and non-horizontally-aligned
squares, giving rise to situations that do not exist for disc robots. Additionally,
when a disc slides along the boundary of another disc, the distance between their
centers remains constant, as opposed to the case for squares, where the distance
varies with the angle of contact. This forces us to derive new conditions that
guarantee the optimality of motions.

Optimal motion planning for two squares is a fundamental problem. As men-
tioned above, in the presence of obstacles, we do not even know if the problem
has a polynomial-time solution. Understanding the obstacle-free case is a first
significant step toward devising solutions to the more complex case with obsta-
cles. Also, these results could serve as good local motion plans [11], for more
practicable solutions based on sampling.

2 The General Approach

In this section we present the general framework to prove that a motion is
optimal, based on the work by Kirkpatrick and Liu [7,8] and Icking et al. [6].

The trace of a trajectory my is defined as the image of mx in the plane. For
the remaining of this paper, we will use the notation mx to refer to a trajectory
myx and its trace. Let ix be the boundary of the convex hull of mx. The
trajectory my is said to be convex if mx = mx U Xy X1, where XoX; is the
segment whose endpoints are mx (0) = Xy and mx (1) = X;.

A motion m = (ma,mp) from (Ag, By) to (A1, By) is optimal if both m 4 and
mp are convex, and £(T4) +¢(T ) is minimized over all motions from (Ag, By)
to (A1, By), see [8, Lemma 3.1]. The convexity of m4 and mp is easy to verify, but
the minimality of £(74) +¢(Mp) is not. In order to facilitate proving optimality,
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Fig. 2. Left: support function hc () of a closed curve C. Right: support function A, (6)
of a motion m = (ma,mp).

the problem of measuring £(74) + £(7p) can be translated into the problem of
computing the width of a strip defined by a pair of supporting lines, one for m 4
and one for mp [6]. Given a closed curve C, its support function hc(0) can be
seen as the (signed) distance from the origin to the extremal supporting line of C
in the direction 6 + m/2. See Fig. 2a for an illustration. As noted in [6], Cauchy’s
surface area formula [3] implies that if C; and Cy are two closed convex curves,
then £(C1) + €(Co) = [27(he, (6) + ey (6 + ))db.

We define hyy, , (8) (resp., hmy(0)) to be the support function of m4 (resp.,
mp). Then h,, (0) = hyp , (0) + by (04 7) can be interpreted as follows. For each
0 € S1, let ¢, , (0) be the supporting line for m 4 in direction §+7/2 and ¢, , (6)
the supporting line for T in direction 6 + w + m/2. Then h,,(0) is the width of
the strip formed by the two supporting lines at the given angle, as illustrated in
Fig. 2b.

Given two points X, Y, we define Z(X,Y") as the angle that vector Y—>X forms
with the positive z-axis. Let 0y = Z(Ag, Bo) and 6; = Z(A;, By). If I is the range
of angles Z(ma(t),mp(t)) for all t € [0, 1], then either [0y, 0;] C I or S*\[f, 0] C
I (or both), due to the continuity of the trajectories. In the first case, we call
m a counterclockwise (CCW) motion. In the second case, we call it a clockwise
(CW). All motions fall in at least one of the two categories, counterclockwise or
clockwise. Therefore, our strategy consists in finding a feasible minimum-length
motion in each of the two categories, and taking the best of both.

Given r = rp 4+ rg and two angles 6 and ¢’, we define d,.(6,6’) as the width
of the minimum strip containing any pair of points X and Y such that i) the
bounding lines of the strip have slope 6 + 7/2, ii) Z(X,Y) = ¢’ and iii) Y lies
on the boundary of sq(X). Refer to Fig. 3.

Given an instance of our problem with 6y = Z(Ag, By) and 6, = Z(A4, By),
we define the function s : [0, 01] — R as s(0) = maxgc[g,,9,] dr(0,0'). s(0) is
a point-wise lower bound for h,,(#) for any counterclockwise motion m. Intu-
itively, the idea is that any counterclockwise motion has to cover the angles from
Z(Ap, By) to Z(Ay, By), and, for each of them, s(6) gives the minimum valid dis-
tance between the centers of the two robots at that angle; hence, it is a lower
bound for h,,(0).
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Fig. 3. Illustration of d,(0,0’) for the same value of  and two values of ¢'.

Let 1(, ¢,] be the indicator function of the interval [6,61], and let hy, (6) =
Bna(0) + By (0 + 7),0 € S*, where h,,, () is the support function of the
segment AgA1, and A, , () is that of ByB;. We define the lower bound function
IB : S — R as LB(0) = max{h,(0),s(0) - 1jg,,6,}- Since for every angle 0
the support function h,, ,(0) (resp. hmy,(6)) is lower-bounded by the support
function hy, , (6) (resp. hmy(0)), we can then observe the following.

Observation 1. If m = (ma,mp) is a feasible counterclockwise motion from
(Ao, Bo) to (A1, By), then h,,(0) > LB(0) for all 6 € S*.

An analogous result holds for clockwise motions by replacing 1jg, 9,] by
Lg1\[65,6,] in the definition of function LB(#). Finally, we present two condi-
tions guaranteeing that the support function h,,(6) coincides with LB(6), hence
implying that m has minimum length.

Lemma 1. Let m = (ma,mp) be a motion from (Ag, By) to (A1, By). For any
angle 6 € S, if the support points for hy,(0) are A; and By, for i,j € {0,1},
then h,,(6) = LB(6).

Lemma 2. Let m = (ma, mp) be a motion from (Ag, By) to (A1, By). For any
angle 0 € [0, 01], if the support points for hy,(0) are one point X of ma or mp
and a boundary point of its square sq(X), then h,,(0) = LB(0).

Intuitively, what these conditions say is the following. Recall that by Cauchy’s
surface area formula, the length of a (convex) motion equals the integral of
hm () over all angles 6. The first condition says that for a particular 6 where
the supporting lines are at an endpoint of motion m4 for robot A and at an
endpoint of motion mp for robot B, the distance between the supporting lines
has to be at least h,,(0). The second condition applies to the angles where the
supporting lines are at a point X for one robot and at the boundary of sq(X)
for the other robot. In this case, the distance between the supporting lines has
to be at least s(6), achieved when one robot is sliding around the other one. Any
smaller distance at that angle would imply a collision.
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Fig. 4. Examples of corridors. Left: easy case, an optimal motion consists of first moving
A straight, and then B. Center: nested case. Right: multi-obstruction case. In the nested
and in the multi-obstruction case an optimal motion requires first moving A to an
intermediate position, then moving B, and then again A.

3 The Minimum-Length Motions at a Glance

In this section we make the minimum-length motions more precise. In particular,
we claim that a minimum-length motion can always be obtained by sequentially
and alternatively moving one robot at a time, in at most three movements.?

The corridor corry is the Minkowski sum of the closed line-segment AgA;
and a square sq(X), where X is the origin. The definition of corrg is analogous.
See Fig. 4, where corry is depicted in red and corrg in blue.

The relative positions of Ag, A1, By, B1 with respect to corry and corrg com-
pletely determine the shape of an optimal motion. Up to symmetry, exchanging
the roles of A and B, or exchanging the roles of Ag by Ay, and By by By, we can
classify these relative positions in three types; see Table 1 and Fig. 4.

— Easy: Ag ¢ corrg and By ¢ corr.
— Nested: Ay € cormg, A1 € cormg, By & corry and By ¢ corry.
— Multi-obstruction (multi): Ag € corrg, By € corra.

Our main result is summarized by the following theorem.

Theorem 2. Let A and B be two azis-aligned square robots. Let their initial
positions be Ay and By, and their final positions be A1 and By, respectively. Up
to exchanging the roles of A and B, there exists a position Ay ¢ sq(Bo)Usq(B1)
(possibly equal to Ay or Ay) such that the following is a minimum-length feasible
motion:

1. Mowve robot A along the shortest path from Ag to Aine avoiding robot B (cur-
rently located at By ).

2. Move robot B along the shortest path from By to By avoiding robot A (cur-
rently located at At ).

3. Move robot A along the shortest path from A;n to Ay avoiding robot B (cur-
rently located at By ).

2 One movement is translating a robot from one point in the plane to another location
where it does not intersect any other robot by minimizing the distance traveled.
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Table 1. Exhaustive description of the cases.

Ao ¢ cormg | Ao & corms | Ao € cormg | Ao € corm
Ai ¢ corrg | Ay € cormg | A1 ¢ corms | A1 € cormg

Bg ¢ corry | easy easy easy nested

Bi ¢ corra

By ¢ corry | easy multi easy multi

B1 € corra

By € corry | easy easy multi multi

B1 ¢ corra

Bo € corry | nested multi multi multi

B € corry

For each case (easy, nested, multi), the main challenges are i) defining an
intermediate position A;,; and ii) proving that the motion defined in Theorem 2
with that value of A;,; is optimal.

We start by noting that in the easy case, an optimal motion consists of
translating each of the robots directly from its initial to its final position along
a straight-line segment, but the order might be relevant. In the remaining cases,
a straight-line motion is not possible, so we need a finer analysis.

The full proof, covering the rest of the cases, requires the analysis of a large
number of situations. Due to space limitations, in Sect. 4 we only explain in some
detail the nested case. The remaining details can be found in the full version.

4 Details on Minimum-Length Motions for the Nested
Case

In the following, it will be more convenient to assume, without loss of generality,
that By and B; are horizontally aligned; this can be achieved with a suitable
rotation (note that in the figures that follow, squares have been rotated accord-
ingly). Moreover, we will also assume that By lies to the left of By, since otherwise
a 180° rotation would take us to this situation. These assumptions are for ease
of presentation, allowing us to properly use expressions like “upper tangent” as
well as the notions “above”, “below”, “left” and “right”.

Since we are in the nested case, without loss of generality, we can assume
that Ag, A1 € corrg and By, By ¢ corry. Observe that By, By ¢ corry implies
that A; ¢ sq(B;) for 4,5 € {0,1}.

Let ¢;; denote the upper tangent line from a point A; to sq(B,), fori,5 =0, 1.
Let p;; be the support point of line t;; in sq(B;). We will consider ¢;; as a directed
line, directed from A; to p;;. We say that two tangents ¢;o and t;; are twisted if
pi1 18 to the left of ¢;9, for some i € {0,1}. See Fig. 8, where tangents too and to;
are non-twisted, and Fig. 5, where tog and tg1, and t1¢ and ¢1; are twisted.
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Fig. 5. too and to1, and t10 and t11 are twisted. Note that A; and Ao are below the
polyline bp,7B,q.

We will use the notation pg to denote the line through p and ¢ in the direction
of the vector ¢ — p. Note that t¢;9,t;1 are twisted if A; is to the right of the line
—
bp,rB, and to the left of the line p;op;i.

For the nested case, we need to differentiate three cases, depending on
whether the motion is fully CCW (i.e., it does not contain CW (sub)motion
parts) or not, and, in the former case, depending on whether at least one of the
pairs of tangents t;g, t;1 is twisted or not.

In the following we only examine motions that are counterclockwise; a clock-
wise optimal motion can be obtained by reflecting the initial and final placements
across the z-axis, and then computing an optimal counterclockwise motion.

4.1 Motion is Fully CCW, tg¢ and tg1, or t19 and t;; are Twisted

If the motion is fully CCW, but a pair of tangents ¢;9, t;1 is twisted, the motion
described in Theorem 2 might not be optimal. In this case, we prove that there
exists a CW motion that is feasible and globally optimal, therefore we can ignore
instances with twisted tangents.

If t;p and t;; are twisted, the sides of the squares are not axis-aligned. So, let
rB,,bB,,{B,, and tp, be, respectively, the right, bottom, left, and top corner of
sq(B;), fori € {0,1}. Let ra,,ba,,%4,, and t 4, be, respectively, the right, bottom,
left, and top corner of sq(4;), for i € {0,1,int}. Let ¢ be the intersection between

the lines ¢p, 7, and bp,bp,; see Fig. 5. Then, we know the following:

Observation 3. Ift,y and t;1 are twisted, A; is below or on the polyline bp,rB,q
—_—
and above or on the line bp,bp, . Hence, the highest point A; could be is rp,, and

—_—
the highest point L4, and ra, could be is on the line BoBy. Also, since we are in
the nested case, Ag is visible from A;.

We will prove that if tgg and tg1, or t19 and ¢1; are twisted, there is a clockwise
motion as short or shorter than any counterclockwise motion, for any possible
position of the intermediate point A;,; in the counterclockwise motion.
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. . ba, N
ig. 6. Ellipse  translated by the vectors Botp, and Bobp,.
Fig. 6. Ellipse % translated by the vectors Bots, and Bobz,

Theorem 4. In a fully counterclockwise motion, if t;o and t;1 are twisted, for
some i € {0,1}, then the minimum-length motion is clockwise.

Proof. We will show that there is an intermediate position A}, for the motion
of A such that the length of motion mp around A, , in the CCW and in the CW
motion is the same. In addition, we will need that the distance traveled by A in
the CW motion is not larger than the distance traveled in the CCW motion.

Let E7 , denote the ellipse through z, whose two foci are z and y. We distin-

guish the case where b4,,, belongs to the interior of both Eg:)" 5, and E;’?}l B, and

int

ta,
a second case where b4,,, does not belong to the interior of one ellipse E B‘?’ B,
for some j € {0,1}.

Let E and E’ be the ellipses Egﬁi%‘l translated by, respectively, the vectors

Botg,, and Bybp,; see the dark-green ellipses in Fig. 6. First, if b4, , belongs to

the interior of both E;’?}O 5, and Eg(‘)l 5,» by the construction of E" and the two
robots having the same orientation, we know that E’ does not contain Ag nor
Aj. Similarly, using Observation 3, and the construction of E, we know that it
does not contain Ag nor A;.

Consider the point A, , in E’, which is the reflection of A;,; about the
segment ByB; and then about its bisector; see Fig. 7. Using the symmetry of £
and E,, we get that |A1A;nt‘ + |AfintA1—i| S |A1_¢A¢nt| + |AzntAz|

This means that the distance from Ay to A; through A} , is not larger than
the distance through A;,,;. Thus, we found a position A},, such that the distance
traveled by B in the CCW motion around A;,; is the same than the distance in
the CW motion around A, ,. However, the distance traveled by A in the CW
motion is not larger than the distance traveled in the CCW motion.

Similarly, let j € {0,1} be such that by, , does not belong to the interior of
E;’Zj B, This case can be proved in a similar fashion, using Observation 3, and
the properties of the ellipses. See the full version for more details. a

int
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Fig. 7. Aj,, belongs to the ellipse E’, and the distance |AoA%,,| + |Ajn A1| is shorter
than the distance |AoAint| + |AintTB, | + |78y A1]-

Theorem 4 allows us to ignore the case defined in this section, and the optimal
motion will be obtained when analyzing the CW motion. It is worth noting that,
since A; is below the polyline bp,75,q, and Ay is visible from A;, t;o and ¢;;
cannot be twisted in the CW case if they are twisted in the CCW case.

4.2 Motion is Fully CCW, and no Tangents t;o and t;; are Twisted

If the motion is fully CCW, and no tangents are twisted, we prove that the
sufficient conditions from Lemmas 1 and 2 are fulfilled, and that the motion is
always feasible. To that end, we analyze the position of the two supporting lines
for each possible angle 6 € [0, 61], and argue that for each value of 6, either both
supporting lines are touching A; and Bj, for 4,j € {0,1}, or one is touching a
point X of one of the motions, and the other is touching its square sq(X).
This implies that the sufficient conditions hold, thus the motion is optimal. In
addition, the motion is feasible since A;,; & (sq(Bo)Usq(B1)) and Ay, is visible
from both Ay and A;.

Let vis(Aop) be the region of corrg\(sq(Bo) U sq(B1)) that is visible from Ay.
vis(Ap) is decomposed into four zones, defined by the tangents ¢;;; see Fig.8.
For each zone we specify a different location for the intermediate point A;p;.
In this section we explain the case where A; belongs to Zone I, the locus of all
points to the right of g9 and to the left of tp1, and defer to the full version the
rest of the cases.

If Ay € Zonel, A;y = A;. Recall that ¢, (6) is the supporting line for
M4 in direction § 4+ 7/2 and ¢, (6) is the supporting line for mp in direction
0 +m+m/2. So, when the supporting point of ¢, ; () is B;, the supporting point
of ¢, (0) is A;, for 4,5 € {0,1} and the conditions from Lemma 1 are fulfilled.
Hence, we just need to prove that when ¢, , () is touching a corner of sq(A;nt),
¢m 4 (0) is touching A;n: = A;.
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Fig. 8. Possible regions for A; in the nested case.

Fig. 9. Ay has to be in the shaded region when A; € Zone 1.

The first segment of the motion mp is parallel to the line m , and the last
segment is parallel to the line m ; see Fig.9. The motion of the supporting
lines is counterclockwise, so we have to argue that from the moment ¢, (6)
starts touching a corner of sq(A;n:) until it stops touching a corner of sq(A;nt),
¢m 4 (0) is touching A;. This is analogous to showing that from the moment
¢m 4 (0) touches p1g until it touches p11, ¢, (0) does not touch Ay, i.e., that Ay
is on or below the lower envelope® of the lines A;1pip and A;pi1. One can prove
this property by using the fact that both supporting lines are parallel, and the
definition of Zone I.

4.3 Motion Contains CW Parts

If the motion contains clockwise (sub)motion parts, there can be some angles
for which the motion does not satisfy any of the two sufficient conditions from
Lemmas 1 and 2. This means that the techniques used previously to prove the
optimality of the motions cannot be directly applied. However, we show in the
full version that in such a case, there exists an alternative motion m’, which is
different in the coordination scheme from m, but that is fully counterclockwise
and has exactly the same trace for A and B (thus also the same length). Since
m’ is fully counterclockwise, we can apply the results in Sects.4.1 and 4.2 to
prove that m’ has minimum length. Therefore, since m has the same length as
m/, we can conclude that m is optimal as well.

3 If we think of a finite set of lines as graphs of (partially defined) functions, the lower
envelope is the graph of the pointwise minimum [12].
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5 Conclusions

We have presented a full description of minimum-length coordinated motions
for two axis-aligned square robots translating in an obstacle-free plane. This is
a fundamental problem in motion planning, and an important step to design
algorithms that can produce high-quality motions for more complex situations
involving obstacles.

While our work builds on top of the tools developed for disc robots [7,8], we
show that squares present several additional difficulties over the case of discs.
Moreover, we present a full analysis of all cases that arise, with complete details,
many of which had not been treated in previous work.

Our full characterization of optimal coordinated motions for two square
robots opens several roads for future research. Moreover, we expect that the
techniques developed in this work can be generalized to robot shapes other than
squares, especially regular polygons. Dealing with non-axis aligned square robots
would be another interesting extension, but it may require important changes to
our proofs, since they rely heavily on the parallelism of square edges. Another
natural question is how to extend this work from two to three (or more) robots.
Finally, as already mentioned, the addition of obstacles, even for just two robots,
is probably the most relevant next step.
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