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A B S T R A C T 

Our understanding of large-scale magnetic fields in stellar radiative zones remains fragmented and incomplete. Such magnetic 
fields, which must be produced by some form of dynamo mechanism, are thought to dominate angular-momentum transport, 
making them crucial to stellar e volution. A major dif ficulty is the effect of stable stratification, which generally suppresses 
dynamo action. We explore the effects of stable stratification on mean-field dynamo theory with a particular focus on a non- 
helical large-scale dynamo (LSD) mechanism known as the magnetic shear-current effect. We find that the mechanism is robust 
to increasing stable stratification as long as the original requirements for its operation are met: a source of shear and non-helical 
magnetic fluctuations (e.g. from a small-scale dynamo). Both are plausibly sourced in the presence of differential rotation. 
Our idealized direct numerical simulations, supported by mean-field theory, demonstrate the generation of near equipartition 

large-scale toroidal fields. Additionally, a scan o v er magnetic Reynolds number shows no change in the growth or saturation 

of the LSD, providing good numerical evidence of a dynamo mechanism resilient to catastrophic quenching, which has been 

an issue for helical dynamos. These properties – the absence of catastrophic quenching and robustness to stable stratification –
make the mechanism a plausible candidate for generating in situ large-scale magnetic fields in stellar radiative zones. 

Key words: dynamo – MHD – stars: interiors. 

1

M  

d  

s  

i  

t  

o  

H  

M  

e  

d  

a  

b  

K  

a  

e  

f  

i  

r  

i  

u  

J  

(  

e  

�

p  

i  

l  

s  

w  

n  

s
 

t  

fi  

o  

t  

fi  

u  

a  

e  

a  

F  

t  

(  

b  

b  

i  

d  

t  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/517/1/526/6711698 by Princeton U
niversity user on 30 August 2023
 INTRODUCTION  

assive stars are born rapidly rotating and quantifying their spin-
own throughout the course of stellar evolution is a key issue in
tellar astrophysics. The angular momentum present in the radiative
nterior at the end of a massive star’s life has a strong impact on
he dynamics of core-collapse and the spin distribution at formation
f the subsequent compact remnant (MacFadyen & Woosley 1999 ;
eger, Langer & Woosley 2000 ; Yoon, Langer & Norman 2006 ).
easurements of core rotation rates of red giant stars (Cantiello

t al. 2014 ; Eggenberger et al. 2017 ; Ouazzani et al. 2019 ), white
warf spins (Hermes et al. 2017 ), rotation periods of neutron stars
t birth (Faucher-Giguere & Kaspi 2006 ; Gull ́on et al. 2014 ), and
lack hole spins by LIGO and Virgo Collaborations (Zaldarriaga,
ushnir & Kollmeier 2018 ; Roulet et al. 2021 ) all indicate efficient

ngular momentum transport in the progenitor cores that cannot be
xplained generally by hydrodynamic processes. Instead, torques
rom large-scale magnetic fields generated by a dynamo are often
nvoked as the dominant form of angular momentum transport in
egions of radial differential rotation (DR). The leading candidate
s the Tayler–Spruit (TS) dynamo (Spruit 2002 ), whose recently
pdated prescription in 1D stellar evolution codes (Fuller, Piro &
ermyn 2019 ) finds generally impro v ed agreement with observations
Fuller & Lu 2022 ), although discrepancies remain (Eggenberger
t al. 2019 ; Den Hartogh, Eggenberger & Deheuvels 2020 ). First-
 E-mail: v alentinskoutne v@gmail.com 
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rinciples investigations of the TS dynamo are pressingly needed to
nform 1D prescriptions, similar to the feedback between mixing-
ength theory and 3D convection simulations in the modelling of
tellar convection zones. In particular, we still lack understanding of
hat non-linear dynamo mechanisms could enable the TS mecha-
ism, remaining viable in the high magnetic Reynolds number and
tably stratified conditions of a radiative zone (RZ). 

In the global context, the TS dynamo provides torques through
he Maxwell stress of axisymmetric poloidal and toroidal magnetic
elds whose energy is sourced from the radial DR itself. Successful
peration requires closure of a dynamo loop: the axisymmetric
oroidal field needs to be generated from the axisymmetric poloidal
eld and vice versa. The first direction is straightforward and
ncontro v ersial: the toroidal field is generated by winding of the
xisymmetric poloidal field by the radial DR. Ho we v er, the re gen-
ration of the axisymmetric poloidal field remains an open question
nd is likely a non-linear dynamo effect (Zahn, Brun & Mathis 2007 ;
uller et al. 2019 ). The original Spruit ( 2002 ) study suggested that

he amplified toroidal field goes unstable to the Tayler instability
Markey & Tayler 1973 ; Tayler 1973 ) and creates poloidal field,
ut as first pointed out by Zahn et al. ( 2007 ), this is insufficient
ecause only non-axisymmetric modes are generated by the Tayler
nstability . Alternatively , follow-up studies proposed that a non-linear
ynamo effect such as the α-effect (driven by the helical part of the
urbulence from the Tayler instability) may close the dynamo loop
Zahn et al. 2007 ; Fuller et al. 2019 ). Ho we ver, the alpha ef fect seems
o suffer catastrophic quenching at high magnetic Reynolds numbers
n the presence of small-scale magnetic fields, which means that the
© 2022 The Author(s) 
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arge-scale dynamo (LSD) might saturate on resistive time-scales 
Cattaneo & Hughes 1996 ; Brandenburg 2001 ; Rincon 2019 ; see
randenburg ( 2018 ) and references within on possible ways to avoid
uenching]. The time-scales of resistive diffusion can be comparable 
o or longer than stellar lifetimes. An alternative dynamo mechanism 

hat is immune to quenching and can generate equipartition large- 
cale magnetic fields on dynamical time-scales is thus desirable. 

Such a non-linear dynamo mechanism must also be able to operate 
n the stably stratified conditions characteristic of stellar RZs. Stable 
tratification generally tends to suppress dynamo action because 
t imposes a particular form of anisotropy on the velocity field: 
uid motions are unrestricted horizontally while vertical motions 
re rapidly restored (Riley & Lelong 2000 ; Billant & Chomaz 
001 ; Lindborg 2006 ; Brethouwer et al. 2007 ; Chini et al. 2022 ).
n the limit of arbitrarily strong stable stratification, the velocity 
eld is approximated by a two-component and three-dimensional 
eld, which is well known to inhibit dynamo action (Zeldovich & 

uzmaikin 1980 ). Thus, stable stratification and DR tend to play 
pposite roles in suppressing and supporting dynamo action. Finding 
 successful dynamo loop driven by DR while surviving the extreme 
table stratification of RZs is a primary challenge of stellar interior 
hysics. 
One promising mechanism is the magnetic shear-current (MSC) 

ffect, in which large-scale magnetic fields result from the combi- 
ation of mean shear and non-helical magnetic fluctuations (Ro- 
achevskii & Kleeorin 2004 ; Squire & Bhattacharjee 2015c , a ,
016 ). Originally applied in the context of accretion discs, the MSC
ffect helps explain large-scale magnetic field generation in magnetic 
urbulence driven by the magnetorotational instability in a sheared 
K eplerian) flo w (Lesur & Ogilvie 2008 ; Squire & Bhattacharjee
015b ; Shi, Stone & Huang 2016 ). In the stellar context, we propose
hat the MSC effect would operate as follows: a radial shear generates
 toroidal field from the poloidal field, whereupon statistical correla- 
ions in the non-helical magnetic turbulence lead to an off-diagonal 
urbulent resistivity that sources poloidal field from the toroidal field, 
hus closing the dynamo loop. The magnetic fluctuations can in 
rinciple originate from a variety of sources including magnetic 
urbulence from the Tayler instability (Zahn et al. 2007 ; Fuller 
t al. 2019 ) or from a small-scale dynamo (SSD) operating in stably
tratified turbulence (Skoutnev, Squire & Bhattacharjee 2021 ) driven 
y hydrodynamic instabilities, such as horizontal shear instabilities 
f latitudinal DR (Zahn 1974 , 1992 ; Prat & Ligni ̀eres 2013 , 2014 ;
ope, Garaud & Caulfield 2020 ; Garaud 2020 , 2021 ). Additionally,
ecause the MSC effect is driven by the non-helical part of the
agnetic turbulence, the generated large-scale fields are also non- 

elical and are not subject to magnetohydrodynamic (MHD) helicity 
onstraints. 1 These constraints can lead to so-called catastrophic 
uenching, whereby LSD saturation occurs at an amplitude, or on a 
ime-scale, that prohibitively scales with the microscopic diffusion 
oefficients (Gruzinov & Diamond 1994 ; Bhattacharjee & Yuan 
995 ; Rogachevskii & Kleeorin 2004 ; Rincon 2019 ). An extremely
nefficient LSD results in the astrophysical limit of large Rm unless
elicity fluxes through the boundaries of the system are sufficiently 
arge (Blackman & Field 2000 ; Vishniac & Cho 2001 ; Kleeorin et al.
000 ; Brandenburg, Dobler & Subramanian 2002 ). Because of their 
on-helical nature, MSC-driven dynamos are unlikely to be affected 
 Strictly speaking, the MSC effect generates purely non-helical fields only for 
eriodic boundary conditions or for fields that vanish sufficiently fast outside 
 finite domain. Closed boundary conditions could lead to a shear-current 
ffect that generates helicity (Brandenburg & Subramanian 2005a ). 

l  

(
t  

t

d

y catastrophic quenching in the same way as α dynamos driven by
elical turbulence. This property, in combination with ample sources 
f magnetic turbulence and shear flows, make the MSC effect a
romising mechanism for locally generating large-scale magnetic 
elds without restrictions imposed by the level of helicity fluxes in
ifferentially rotating stellar RZs (Kissin & Thompson 2018 ). 
The aim of this paper is to extend mean-field theory to include the

ffects of stable stratification and subsequently assess the viability of 
he MSC effect as a dynamo mechanism. This is an important step for
 better understanding of large-scale magnetic field generation in the 
tellar context. The primary issue is the generally unknown effect of
table stratification on LSD mechanisms, particularly in the extreme 
arameter regimes of high magnetic Reynolds number and strong 
table stratification. Can the LSD operate in the background of weak
table stratification? What level of stratification is needed to shut 
own an LSD mechanism? Where in parameter space are stellar RZs
elative to this threshold? We attempt to answer these questions with
ombined analytical and numerical approaches. We use an available 
nalytical framework (mean-field theory) to study perturbatively the 
ffects of weak stratification on LSDs followed by direct numerical 
imulations (DNSs) to additionally study the non-perturbative limit 
f strong stratification. A general agreement between analytic and 
umerical results allows us to extrapolate these results to realistic 
arameters for stellar RZs. 

.1 Paper outline 

ection 2 presents our local model of a stellar RZ and a mean-field
heory framework for the MHD Boussinesq system. This allows 
erturbative calculation of the modifications to the MSC effect that 
esult from stratification. Ho we ver, the non-perturbati ve limit of
trong stable stratification rele v ant to stars lies outside the formally
alid regime of mean-field theory and therefore requires numerical 
xploration. Section 3 then presents sets of DNS, where the effect of
arying the stable stratification on the LSD is examined. Section 4
iscusses two possible applications of the MSC effect in RZs and
ection 5 concludes. 

 THEORETICAL  CONSIDERATIONS  

.1 Model of turbulence in an RZ 

o most simply capture the physics of a local section of a differ-
ntially rotating RZ, we consider a shearing box model as shown
n Fig. 1 with an imposed vertical shear profile, stable stratification,
nd a turbulent velocity field driven with a body force at intermediate
cales. The vertical (radial) shear profile represents a local section of
adial DR, �( r ), which has a shear rate S = r ( ∂ �/ ∂ r ) in the rotating
rame. The driven turbulence represents stably stratified turbulence 
hat may be sourced from an instability. We ignore mean rotation
o focus on understanding the no v el effect of stable stratification on
he LSD, a critical step to the full problem. We discuss the possible
ffects of mean rotation in Section 4 . 

This set-up allows a study of the SSD and the LSD as well as their
rucial non-linear feedback. We require that (1) the scale separation 
etween the outer box scale and the intermediate forcing scale is
arge enough to allow an unambiguous definition of large scales and
2) the scale separation between the intermediate forcing scale and 
he smallest (viscous) scales is large enough to allow a significant
urbulent cascade. 

The unstratified, non-rotating case of this set-up is actually 
estabilized by a large-scale hydrodynamic instability known as 
MNRAS 517, 526–542 (2022) 
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Figure 1. Schematic of a local shearing box embedded in a section of a 
differentially rotating RZ. Orientation of the Cartesian coordinates used in our 
set-up are shown relative to the local unit vectors of the spherical coordinate 
system ( ̂ x = ˆ r , ̂  y = − ˆ φ, ̂  z = 

ˆ θ ). 
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he vorticity dynamo (VD; Elperin, Kleeorin & Rogachevskii 2003 ;
 ̈apyl ̈a, Mitra & Brandenburg 2009 ). The VD generates large-scale
ortical (shear) flows and saturates at large amplitudes that may
isrupt the operation of an LSD (Teed & Proctor 2016 ), although
t can be suppressed by sufficient rotation (K ̈apyl ̈a, Rheinhardt &
randenburg 2022 ). Therefore, it is important to understand the
omplications caused by the VD. We work through the mean-field
ramework for both the LSD and VD in the next sections. It will turn
ut that the VD is also strongly suppressed by stable stratification
nd so does not play a role in the stratified problem. 

.2 Equations 

he standard hydrodynamical model of a stably stratified, collisional
lasma with subsonic velocity fluctuations on vertical length scales
hat are small compared to the local scale-height is the set of
piegel–Veronis–Boussinesq equations (Spiegel & Veronis 1960 ).
ith magnetic fields included, we will call them the MHD Boussi-

esq equations. In the following sections, we apply the mean-field
pproach to the MHD Boussinesq equations for the total fields to
eparate the evolution of the large- and small-scale fields. This allows
or an analysis of the two large-scale instabilities of the system: the
ydrodynamic VD of the velocity field and the LSD of the magnetic
eld. 
The equations for the total quantities (the velocity field U T ,
agnetic field B T , buoyancy � T , and pressure P T ) are as follows: 

 t U T + U T · ∇ U T = −∇ P T + � T ˆ x + J T × B T + ν∇ 
2 U T + σf , 

 t B T = ∇ × ( U T × B T ) + η∇ 
2 B T , (1) 

 t � T + U T · ∇� T = −N 
2 U T · ˆ x + κ∇ 

2 � T , (2) 

 · U T = 0 , ∇ · B T = 0 , (3) 

here ν is the kinematic viscosity, η is the resistivity, κ is the
hermal dif fusi vity, σ f is non-helical forcing at small scales, and
 T is normalized by 

√ 

4 πρ0 ( ρ0 is the constant background plasma
ensity). Note that the ‘vertical’ direction is aligned with ˆ x . In this
ormulation (Spiegel & Veronis 1960 ; Kundu & Cohen 2002 ; Garaud
021 ), the buoyancy field is related to the temperature fluctuations
y � T = αV gT ′ T and the Brunt–Vaisala frequency is given by N 

2 =
NRAS 517, 526–542 (2022) 
V g ( T 0, x − T ad, x ) > 0, where g > 0 is the local gravitational
cceleration, αV is the coefficient of thermal expansion, and T 0, x 

nd T ad, x are the background and adiabatic temperature gradients,
espectively. 

The mean-field approach splits the total fields into mean and
uctuating components, which we will denote with upper and lower
ase letters, respectively. We define the mean field as a spatial average
 v er x and y (azimuthal and radial average) of the total field [e.g.
 B T 〉 = 

∫ ∫ 
B T d x d y = B ( z)]. Thus, the magnetic field is B T = B

 b , the velocity field is U T = U 
′ + u with U 

′ = U 0 + U , and
he buoyancy field is � T = � + θ . Note that the divergence-free
onditions require B z ( z) and U z ( z) to be constants (which we set to
), so the mean magnetic field, for example, is of the form B ( z, t ) =
 B x ( z, t ), B y ( z, t ), 0). The local radial DR is modelled as an imposed
inear shear flow U 0 = −S x ̂  y , which varies vertically and flows in
he ‘toroidal’ ˆ y direction. See Fig. 1 for the geometry . Lastly , to aid
ith studying the VD, we define the vorticity W T = ∇ × U T = W 

′ 

 w , where W 
′ = W 0 + W and W 0 = ∇ × U 0 = −S ̂  z . 

The mean-field equations are obtained by substituting the scale-
eparated fields into the equations for the total quantities and taking
patial averages: 

 t W = ∇ × (
U 

′ × W 
′ + J × B 

) + ∂ z � ̂  y 

+ ∇ × ( ∇ · ( 〈−u u + b b 〉 ) ) + ν∇ 
2 W , (4) 

 t B = ∇ × ( U 
′ × B + 〈 u × b 〉 ) + η∇ 

2 B , (5) 

 t � + U 
′ · ∇� + 〈 u · ∇θ〉 = −N 

2 U · ˆ x + κ∇ 
2 �, (6) 

 · U = 0 , ∇ · B = 0 , (7) 

In this form, it is clear that the mean vorticity and mean magnetic
eld can be driven by the Reynolds and Maxwell stresses, T =
−u u + b b 〉 , and the electromoti ve force, E = 〈 u × b 〉 , respecti vely,
f the fluctuating quantities. The equations for the fluctuating
uantities are obtained by subtracting the equations for the mean-
elds from the those of the total fields. The fluctuation equations are
iscussed in Appendix A where they are used to compute transport
oefficients. 

The small scales contain stably stratified turbulence (driven by
f ) and the SSD. We now discuss their details as well as the
imensionless parameters of the problem before continuing with
ean-field theory of the large scales. 

.3 Dimensionless parameters 

uppose the forcing σ f at length scale l f = 2 π/ k f leads to steady-
tate turbulence with outer-scale velocity fluctuations u rms prior
o the growth of any instabilities. The system is then described
y five dimensionless parameters: Re, Sh, Fr, Pm, and Pr. The
eynolds number Re = u rms / k f ν is the ratio of the viscous time-

cale to the outer scale eddy turno v er time. The shear number
h = Sl f / u rms captures the ratio of the outer scale eddy turno v er

ime to the shearing time-scale. The Froude number Fr = u rms / Nl f 
s the ratio of the gravitational restoring time-scale (Brunt–Vaisala
eriod) to the outer scale eddy turno v er time. Lastly, the mag-
etic Prandtl Pm = ν/ η and thermal Prandtl Pr = ν/ κ numbers
easure ratios of dif fusi vity time-scales. We set both to unity
m = Pr = 1 for simplicity in our DNS, but will discuss their
xpected effects based on theory and previous simulations in Sec-
ion 4 . 
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.4 Stably stratified hydrodynamic turbulence 

he forcing, σ f , leads to stably stratified turbulence that provides the 
ackground, hydrodynamic turbulence in which the SSD, VD, and 
SD may grow. We briefly review properties relevant to the dynamo. 
hen the Pr = O (1), the turbulent cascade in a stably stratified fluid
ith energy injection ε ≈ u 

3 
rms k f at wavenumber k f and dissipation 

t viscous wavenumber k ν contains two inertial ranges, one abo v e
nd one below the Ozmido v wav enumber k O /2 π = ( N 

3 / ε) 1/2 where
he eddy turno v er frequenc y matches the Brunt–Vaisala frequenc y
Ozmidov 1992 ; Brethouwer et al. 2007 ). At larger scales with
avenumbers less than k O , the velocity field is highly anisotropic 
ue to the restriction of vertical motions by the stable stratification 
Riley & Lelong 2000 ; Riley & Lindborg 2010 ). The scale separation
etween k f and k O is controlled by the Froude number k O = Fr −3/2 k f .
t smaller scales with wavenumbers greater than k O , the velocity 
eld is nearly isotropic due to the negligible effect of buoyancy on

he fast time-scales of small eddies. The scale separation between 
 O and k ν is set by the buoyanc y Re ynolds number k ν = Rb 3/4 k O ,
here Rb = ReFr 2 . Rb has been found to be the primary control
arameter of stably stratified turbulence and needs to be larger than 
ne to a v oid the viscosity-af fected stratified flo w regime where the
sotropic inertial range disappears (Billant & Chomaz 2001 ; Waite & 

artello 2004 ; Lindborg 2006 ; Brethouwer et al. 2007 ; Maffioli &
avidson 2016 ; Chini et al. 2022 ). DNS of strong stably stratified

urbulence thus simultaneously requires Fr � 1 and Rb 	 1, which 
s computationally challenging (Bartello & Tobias 2013 ). 

.5 Small-scale dynamo 

he SSD typically has a much faster growth rate than either the VD or
SD and generates magnetic fields primarily on length scales smaller 

han the forcing scale. Here, we briefly re vie w the instability criterion. 
he SSD will operate if the turbulence is sufficiently vigorous: 
agnetic stretching will statistically win o v er magnetic diffusion and 

ead to amplification of any seed magnetic field to near-equipartition 
ith the turbulent kinetic energy. In isotropic turbulence, the SSD is
nstable when Rm is abo v e a critical value Rm > Rm 

c = O(10 2 ).
m 

c depends on the magnetic Prandtl number Rm 
c = Rm 

c (Pm) and
s higher in the low Pm limit applicable to stellar interiors (Iskakov
t al. 2007 ). When unstable, its exponential growth rate scales as
SSD ∼ u rms Re 1/2 / l f (Rincon 2019 ). Ho we ver, in the presence of

table stratification (Fr < 1) with Pr = O (1), the largest scales in the
ystem are anisotropic and inefficient at contributing to the dynamo, 
eading to a reduced ef fecti ve Rm kno wn as the magnetic buoyancy
eynolds number Rb m = RmFr 2 (Skoutnev et al. 2021 ). The new
riterion for the SSD to operate becomes Rb m > Rb c m 

, where Rb c m 

as a dependence on Pm (Skoutnev et al. 2021 ) similar to Rm 
c 

n isotropic turbulence. Thus, strong enough stable stratification 
Fr � 1) can shut off the SSD even at high magnetic Reynolds
umbers Rm 	 Rm 

c . Note that in the low Pr � 1 limit relevant
o stellar interiors, the dynamo is more efficient since increased 
hermal diffusion reduces the effects of buoyancy (see Skoutnev 
 2022 ) for the modified instability criterion). In this framework, the
SD operates within the fluctuation equations (see Appendix A ) and 
apidly provides a source of background magnetic fluctuations that 
nteract with the LSD. 

.6 Mean-field theory 

t this point, the mean-field and fluctuation equations together 
re still exact and just as difficult to solve as the original MHD
oussinesq equations. The primary issue is finding a closure for 
he evolution of the mean vorticity and magnetic fields driven by
 and E , respectively. To work around this issue, we use the
econd-order correlation approximation (SOCA), which works with 
inear fluctuation equations by neglecting the problematic third and 
igher order terms (Brandenburg & Subramanian 2005b ; R ̈adler &
tepanov 2006 ; Squire & Bhattacharjee 2015a ). This approximation 
nables a closed system of equations for the mean-field evolution. A
ackground of isotropic small-scale turbulence in both the velocity 
nd magnetic field is assumed on to which anisotropic effects such
s shear and stratification are added perturbatively . Physically , the
mall-scale magnetic field should arise from the SSD, but its statistics
re treated as given for this calculation. Arbitrarily small seeds of the
ean-fields may then be linearly unstable. 
The choice of horizontal averages leaves the mean-field vorticity 

nd induction equations (e.g. J ×B = 0, ∇ × ( U ×B ) = 0) uncoupled
xcept through E and T . We make the standard assumption that
 = E( B ) depends only on the mean magnetic field, which decouples

he mean-field induction and vorticity equations and allows the VD 

nd LSD to be analysed independently. While it is possible to have
oint mean vorticity–magnetic field instabilities (Blackman & Chou 
997 ; Courvoisier, Hughes & Proctor 2010 ), simulations in Section 3
upport our no-coupling assumption because we al w ays observe the
SD with no accompanying growth of the VD when the VD is
uppressed by stratification. 

We note that the drastic nature of the SOCA limits the rigorous
alidity of any results for the LSD to either low magnetic Reynolds
umbers Rm � 1 (in the limit of low conductivity l 2 f /ητc � 1) or
mall Strouhal numbers St = u rms τ c / l f � 1 (in the limit of high
onductivity l 2 f /ητc 	 1), where τ c is the turbulence correlation 
ime (Brandenburg & Subramanian 2005b ). In realistic astrophysical 
urbulence, Rm is extremely large and St is typically order unity.
esults from the SOCA can, as a consequence, be used at most to

uggest what effects may be qualitatively operating at Rm 	 1 and
t ∼ 1. The combination of DNS at moderate Rm alongside the
esults from mean-field theory is therefore important to impro v e our
onfidence in understanding the dynamo mechanisms that operate in 
strophysical regimes. 

.7 Vorticity dynamo 

he imposed shear flow in the unstratified case is unstable to a purely
ydrodynamic instability known as the VD. We will show that even
 small amount of stable stratification in the direction of the imposed
ean shear ( ̂  x in our coordinates) will stabilize the VD. We extend

he original formulation of the VD in Elperin et al. ( 2003 ) to include
table stratification in the framework of mean-field theory. Evolution 
quations of the mean vorticity field W ( z, t ) = ( W x ( z, t ), W y ( z, t ),
) = ( − ∂ z U y , ∂ z U x , 0) can be written in the form (dropping magnetic
eld terms): 

 t W x = −S W y − νxy S l 
2 
f ∂ 

2 
z W x + νt u rms l f ∂ 

2 
z W x , (8) 

 t W y = −νyx Sl 2 f ∂ 
2 
z W x + ∂ z � + νt u rms l f ∂ 

2 
z W y , (9) 

 t � = −N 
2 U x + νt u rms l f ∂ 

2 
z �, (10) 

here νxy and νyx are the dimensionless off diagonal turbulent 
iscosities and ν t is the dimensionless diagonal turbulent viscosity. 
hese equations are identical to that of Elperin et al. ( 2003 ) except

or the addition of stratification. We normalize transport coefficients 
y their expected scalings so that they are dimensionless. Modes of
MNRAS 517, 526–542 (2022) 
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he form e ik z z+ γ t have a growth rate 

VD = 

u rms 

l f 

(√ 

−k 2 z l 
2 
f νyx Sh 2 − Fr −2 − νt k 

2 
z l 

2 
f 

)
, (11) 

here we use the standard assumptions that the dimensionless
ransport coefficients are small and there is enough scale separation
 k 2 l 2 f | νxy | � 1). We see that there are growing solutions for small
nough k z , small enough Fr −1 , and νyx < 0 [ νyx is ne gativ e in the
nstratified case (Elperin et al. 2003 ; K ̈apyl ̈a et al. 2009 )]. With the
ddition of stable stratification, it is clear that even weak stratification
educes or possibly fully stabilizes the growth of the VD since the
tratification-related term Fr −2 in equation ( 11 ) is not multiplied by
ny transport coefficients and | k 2 z l 

2 
f νyx | � 1. Any modifications of

he transport coefficients (e.g. νyx or ν t ) by stratification are therefore
nimportant because they only appear as higher order corrections to
he growth rate. 

For a system of arbitrary length in the z -direction, a growing VD
ith maximum growth rate 

max 
VD = 

u rms 

l f 

(−S h 
2 νyx / 4 νt − νt F r −2 /S h 

2 νyx 

)
, (12) 

ccurs at a wavenumber 

 
2 
max l 

2 
f = −Sh 2 νyx / 4 ν

2 
t + Fr −2 / Sh 2 νyx . (13) 

Instability requires that the stratification be weaker than Fr −1 <

Sh 2 νyx /2 ν t or the shear stronger than Sh > 

√ −2 νt / Fr νyx ≡ Sh 
c 
VD .

ith the assumption Sh = O (1) and again that the dimensionless
ransport coefficients are small (and typically off diagonal turbulent
if fusi vity coef ficients are smaller than the diagonals ones | νyx | �
t ), even a weak stratification Fr ≈ O (1) can shut off the VD. Note

hat in a finite system, the unstable modes must be able to fit into the
omain and so the critical Sh c VD for instability may instead depend
n the lowest available wavenumber. 

.8 Large-scale dynamo 

n the presence of the imposed shear ( U 0 = −S x ̂  y ) and non-helical
agnetic fluctuations, the system is unstable to an LSD due to the
SC effect (Squire & Bhattacharjee 2016 ). Extending mean-field

heory to include stable stratification leads to the evolution equations:

 t B x = −ηyx Sl 2 f ∂ 
2 
z B y + ηt u rms l f ∂ 

2 
z B x , (14) 

 t B y = −S B x − ηxy S l 
2 
f ∂ 

2 
z B x + ηt u rms l f ∂ 

2 
z B y . (15) 

odes of the form e ik z z+ γ t have a growth rate: 

MSC = 

u rms 

l f 

(
k z l f Sh 

√ −ηyx − ηt k 
2 
z l 

2 
f 

)
, (16) 

here we have used the standard assumption that transport coeffi-
ients are small and there is enough scale separation ( k 2 z l 

2 
f | ηxy | � 1).

here are growing LSD dynamo solutions when the off-diagonal
urbulent resistivity is ne gativ e ηyx < 0, which occurs only when
agnetic fluctuations are present (Squire & Bhattacharjee 2015a ).
 positive γ MSC > 0 requires Sh > k sys l f ηt / 

√ −ηyx ≡ Sh c MSC for
he lowest wavenumber k sys that fits into the domain. The maximum
rowth rate and associated wavenumber are given by 

max 
MSC = −u rms 

l f 

Sh 2 ηyx 

4 ηt 

, k max l f = 

Sh 
√ −ηyx 

2 ηt 

. (17) 

These predictions are consistent with our simulations in Sec-
ion 3.4 where we observe that a dominant mode emerges when
he domain length L z is abo v e a critical value and that there are little
NRAS 517, 526–542 (2022) 
o no temporal variations in the phase of the growing LSD mode
since the growth rate is purely real). 

Unlike for the VD, the mean-field induction equations ( 14 ) and
 15 ) look identical to their unstratified case in Squire & Bhattacharjee
 2016 ) except now the transport coefficients can have additional
ontributions from the effects of stable stratification. We carry
ut a calculation of the transport coefficients that incorporates
oussinesq effects into the SOCA framework and report here results

ele v ant to the MSC. Details of the calculation are described in the
ppendix A . The calculation is general and we also report the effect
f stratification on all other transport coefficients in Appendix A ,
ncluding those driven by helical turbulence. 

We find that out of ηyx , ηxy , and ηt , only the isotropic turbulent
esistivity ηt is modified by stable stratification as indeed must be
he case due to the perturbativ e e xpansion in shear and stratification.
o now ηt = ηt, 0 + ηt,N 2 . The modified coefficient is further split
p into contributions from the non-helical velocity and magnetic
uctuations, i.e. ηt,N 2 = η

( u ) 
t,N 2 

+ η
( b) 
t,N 2 

. The result is 

( u ) 
t,N 2 

= N 
2 
∫ 

d k d ω 

3 ̃  η( ̃ ν ˜ κ − ω 
2 ) W u ( k , ω) 

10( ̃  η2 + ω 
2 )( ̃ ν2 + ω 

2 )( ̃ κ2 + ω 
2 ) 

, (18) 

( b) 
t,N 2 

= N 
2 
∫ 

d kd ω 

( ̃ ν ˜ κ2 − ( ̃ κ + 2 ̃ ν) ω 
2 ) W b ( k, ω) 

60( ̃ ν2 + ω 
2 ) 2 ( ̃ κ2 + ω 

2 ) 
, (19) 

here ˜ ν = νk 2 , ˜ η = ηk 2 , ˜ κ = κk 2 . W u ( k , ω) and W b ( k , ω) are the
tatistics of the non-helical background velocity and magnetic fluctu-
tions (with the magnetic component assumed to arise from the SSD).
e find that for a standard Gaussian model of the fluctuation statistics

R ̈adler & Stepanov 2006 ) both contributions of stable stratification
o ηt,N 2 are positive and that the kinetic term is dominant over
he magnetic term (see Appendix A ). According to equation ( 17 ),

ean-field theory predicts that weak stable stratification will slightly
eaken the growth rate and push the dominant modes to larger scales

lower k max ). In other w ords, unlik e the VD, we expect the LSD to
e slightly modified but remain unstable in the presence of stable
tratification, so long as there are still sufficient small-scale magnetic
uctuations. 
We note that the generated large-scale fields are non-helical

nder reasonable boundary conditions (i.e. the total helicity H =
 

B · A dV = 0, where A is the vector potential). Further discussion
f catastrophic quenching and helicity, in particular why standard
rguments for catastrophic quenching likely do not apply to the MSC
echanism, is given in Appendix B . 

.9 Summary of theoretical predictions 

.9.1 Summary without stratification 

f we start with a seed magnetic field, and turn on forcing at t =
, then (1) the VD will begin to grow if Sh > Sh c VD , and (2) the
SD will begin to grow if Rm > Rm 

c . Once the SSD saturates
uch that magnetic fluctuations are in equipartition with velocity
uctuations, then the LSD will begin to grow if Sh > Sh 

c 
MSC . Once

he mean vorticity and magnetic fields become strong, they can
ossibly interact with each other through their back reaction on the
urbulent flow and its statistics. It turns out in DNS (both in this
rticle at moderate Re ≈ 120 and in Teed & Proctor ( 2016 ) at low Re

5), the zonal shear flow of the VD saturates at amplitudes orders
f magnitude larger than the original vertical shear and the driving
mall-scale turbulence. We interpret this as a destabilization of the
odel because such a strong zonal flow would likely redistribute its

nergy in the global context on dynamical time-scales and destroy
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Figure 2. Annotated visualization of the y -component of the magnetic field 
B y ( x , y , z) from a simulation with Rm = 210, Sh = 1, and Fr −1 = 3. Boussinesq 
stratification (blue arrow) is imposed in the x -direction with Brunt–V ̈a is ̈a l ̈a 
frequency N . A shear flow (green arrows) is imposed in the x -direction with 
profile U 0 = −S x ̂  y . Forcing of the momentum equation at length scale l f = 

2 π/ k f (black arrow) generates velocity fluctuations, which drive an SSD and 
generates magnetic fluctuations. The subsequent evolution of the large-scale 
velocity, U ( z), and magnetic field, B ( z) (light orange), is studied. 
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he steady vertical shear assumed in the local box model. Thus,
e argue it is unphysical to consider the LSD in the context of
 local box model in the parameter regimes, where the VD is
nstable. 

.9.2 Summary with stable stratification 

ith stable stratification that is sufficiently weak, so Rb m = 

mFr 2 > Rb c m 
and Fr ∼ 1, at t = 0 we expect at least the SSD

o grow. The mean-field model predicts a regime where the VD 

ill be stable ( Sh < Sh c VD ), but the LSD will continue to operate if
h > Sh c MSC . This is astrophysically interesting since it allows the 
n situ generation of a mean magnetic field without destabilization 
f the background hydrodynamic flow. Since stable stratification is 
nly added perturbatively in the SOCA, it cannot predict how the 
SD will behave with increasingly stronger stratification (increasing 
r −1 ). Further increasing the stable stratification will slowly suppress 

he SSD and also increase ηt,N 2 . Therefore, one can speculate that 
he LSD should be at least slowly suppressed. As an upper bound, the
SD will stay active at most until the stable stratification is so strong

hat Rb m < Rb c m 
, which is when the SSD is shut do wn. Ho we ver,

etermining the robustness of the LSD for intermediate stratification 
equires DNS. 

 NUMERICAL  STUDY  AND  RESULTS  

.1 Numerical set-up 

e use SNOOPY (Lesur 2015 ), a 3D pseudo-spectral code, with low-
torage third-order Runge–Kutta time stepping and 3/2 de-aliasing 
o carry out DNS of the MHD Boussinesq equations. Our default 
omain has a size ( L x , L y , L z ) = L (1, 1, 4). Periodic boundary
onditions are used in the y- and z-direction and shear periodic 
oundary conditions in the x -direction to model the imposed shear 
ow U 0 = −S x ̂  y . The initial seed magnetic field is random at all
cales and extremely weak ( E b ( t = 0) = 10 −16 ) to allow self-
onsistent amplification by the SSD, if present. The momentum 

quation is driven with an isotropic, time-correlated forcing term 

f and the system is integrated in time (alternative forcing types give 
imilar results). This is our model of a local patch of stably stratified
urbulence in a differentially rotating stellar RZ, sketched in Fig. 1 .
 visualization of a representative simulation is shown in Fig. 2 . 
The forcing is restricted to a waveband of width π/ L centred

t k f = 5 · 2 π/ L , and has a correlation time τ c = 0.3, chosen to
atisfy the relation u rms ≈ 2 π/( k f τ c ) at early times. The forcing
avenumber k f is chosen to allow more than an order of magnitude

cale separation from the large scale at which the mean-fields are 
xpected to grow (i.e. a scale separation of k f L z /2 π = 20), while still
upporting a moderate turbulent cascade of the injected energy to 
he smallest, viscous scales. This turns out to be the minimum scale
eparation needed to capture the dominant LSD mode, as discussed in 
ection 3.4 . An explicit viscosity , resistivity , and thermal dif fusi vity
with Pm = Pr = 1) is used to resolve the dif fusi ve scales in the
pectral code. 

Signatures of the VD and LSD are most visible in two main
iagnostics: (1) the isotropic energy spectra and (2) the time evolution 
f the energy in the large and small scales. The isotropic energy
pectrum is defined in the standard way: 

 B ( k, t) = 

∑ 

| k |∈ [ k − π
L 

,k + 
π
L 

] 

1 

2 
| ̂  B k ( t) | 2 , (20) 
here ˆ B k ( t) is the Fourier transform of the magnetic field B ( x ,
 ) in the simulation. We define the wavenumber k s = 2 π / L as the
eparation between the large and small scales. Then, the large and
mall-scale magnetic energies are: 

 B ( t) = 

∑ 

k≤k s 

E B ( k, t ) , E b ( t ) = 

∑ 

k>k s 

E B ( k, t) . (21) 

The analogous definition holds for the kinetic energy spectra, E u ( k ,
 ), and the energy in the large and small-scale velocity fields E U ( t )
nd E u ( t ), respectively. We additionally denote normalized magnetic
nergy with a tilde, e.g. ˜ E B ( t) = E B ( t) / E u ( t) where E u ( t) is the
inetic energy averaged over the last 50 τ c of a simulation. 

.2 Hydrodynamic VD 

.2.1 Unstratified VD 

e begin by confirming the results of Elperin et al. ( 2003 ) and
 ̈apyl ̈a et al. ( 2009 ) for the unstratified VD. We increase the shear
arameter Sh from Sh = 0 to Sh ≈ 1 (by increasing S = 0 to
 = 4) while keeping Re ≈ 120 fixed and Fr −1 = 0. These runs
re hydrodynamic and the diagnostics are shown in grey and blue
n Fig. 3 . For the energy evolution (top panel), the energy of the
ean vorticity field E U ( t ) of the high Sh ≈ 1 run (solid blue) grows

xponentially and saturates at orders of magnitude larger energies 
han the driven small-scale velocity turbulence, whose baseline level 
s E u ( t ) of the VD-stable runs (dotted grey, green, or orange). The
ormalized kinetic energy spectra at the last time point (bottom 

anel) also clearly reveals that the low wavenumber k < k s modes
ave more energy than the forcing wave numbers for the VD-unstable 
imulation (blue), while the same is not true for the run without shear
grey). Additionally, most of the energy in the large-scale modes is
ominated by the y -component of the velocity field (not shown).
hese are the characteristic signatures of the VD that destabilizes 

his shearing box set-up without stratification. 
MNRAS 517, 526–542 (2022) 
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M

Figure 3. Examination of how the VD is easily stabilized with increasing 
stratification (increasing Fr −1 ) along the direction of shear ˆ x . Kinetic energy 
(top) and spectra (bottom) diagnostics of hydrodynamic simulations with 
varying shear Sh and stratification Fr −1 at fixed Re ≈ 120. Solid lines in 
the top panel are the energy in the mean field, E U , while dotted lines are 
the energy in the small-scale velocity field, E u . The spectra are computed 
from a snapshot at the last time point. Green and orange shaded regions in 
the bottom panel represent our definition of the large and small scales. The 
spectral resolution of the simulations is N x × N y × N z = 192 2 × 768 modes. 
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Figure 4. Comparing a simulation with shear (Sh = 0.9) that is unstable to 
the LSD with a simulation with no shear (Sh = 0). Both simulations have Rm 

≈ 120, Fr −1 = 0.2 with a spectral resolution of N x × N y × N z = 192 2 × 768 
modes. Top panel: Solid lines are the energy in the mean field normalized by 
the kinetic energy, ˜ E B , while dotted lines are the energy in the small-scale 
magnetic fields, ˜ E b , similarly normalized. The inset plot shows the same 
diagnostics for the velocity field. Red, orange, and green shaded regions 
represent the SSD growth phase, LSD growth phase, and the LSD saturated 
phase. Bottom panel: Normalized magnetic energy spectra at representative 
times (different colours). Green and orange shaded regions represent our 
definition of the large and small scales. 
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.2.2 Stably stratified VD 

o test the mean-field theory prediction, we slowly increase the
trength of the background stable stratification and explore the effect
n the hydrodynamic VD. We increase the stratification parameter
r −1 ∈ { 0.04, 0.21 } while keeping Sh ≈ 1 and Re ≈ 120 fixed
y increasing N ∈ { 0.2, 1 } . Fig. 3 shows the diagnostics in orange
nd green. Based on the evolution of E U ( t ) (top panel), the VD is
lready only marginally unstable at Fr −1 = 0.04 (solid orange) and
ecomes fully stable at and abo v e Fr −1 = 0.21 (solid green). This
s also seen in the kinetic energy spectra (bottom panel, orange,
nd green) where the low wavenumber k < k s modes remain in
ubequipartition with the energy at the forcing wav enumber, e xcept
n the marginal case (orange) where they are modestly excited. Note
hat Fr −1 ≥ 1 corresponds to stratification being important at and
bo v e forcing scales (as well as a range of smaller scales), while Fr −1 

 1 means stratification only affects scales larger than the forcing
cale, which we call weak stratification here. Thus, our simulations
ualitatively agree well with the mean-field theory prediction: weak
table stratification easily shuts down the VD. We note that adding
agnetic fields to these simulations (not shown) does produce a
SD and LSD (only in the shearing cases), but their addition does
ot change the abo v e results. 
NRAS 517, 526–542 (2022) 
.3 Stably stratified LSD 

.3.1 Weak stable stratification 

e turn to the case of the LSD in turbulence where the stratification
s weak, but sufficient to stabilize the VD. The magnetic evolution of
 VD stable, weakly stably stratified system proceeds in three main
hases as shown in the diagnostics of Fig. 4 . A simulation with Rm

120, Fr −1 = 0.2, and Sh = 0.9 is compared against one with no
hear (Sh = 0) for reference. Both are stable to the VD as shown
y the lack of energy growth in the mean velocity field E U ( t ) (solid
ines of inset plot Fig. 4 ). The first phase is the kinematic SSD phase
red-shaded region, top panel), characterized by rapid exponential
rowth of ˜ E b ( t) at early times (initially ˜ E b ≈ 10 −16 ), which ends
nd begins to saturate around t / τ c ≈ 50 for both cases. Note that in
his regime the energy in the mean field ˜ E B also grows at the SSD
rowth rate due to the contribution of the infrared tail of the SSD
igenfunction in spectral space. After SSD saturation, the growth
hase of the MSC effect begins (orange shaded region) and ˜ E B ( t)
ontinues to grow at a slower LSD growth rate for the sheared case
solid blue curve, top panel), but completely stops growing for the
o shear case (solid grey curve, top panel). 
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Figure 5. Exploring the effect of stable stratification on the LSD. The LSD 

appears robust as long as the SSD is unstable. Magnetic energy (top) and 
spectra (bottom) diagnostics of simulations with increasing stratification 
(increasing Fr −1 ) at fixed Rm ≈ 120 and Sh ≈ 0.9. Solid lines in the top 
panel are the energy in the mean field, ˜ E B , while dotted lines are the energy 
in the small-scale magnetic fields, ˜ E b . The reference simulation with no shear 
(Sh = 0) is shown in grey. All spectra are computed from a snapshot at the last 
time point. Green and orange shaded regions in the bottom panel represent 
our definition of the large and small scales. The spectral resolution of the 
simulations is N x × N y × N z = 192 2 × 768 modes. 

Figure 6. The equipartition level of the saturated magnetic field with varying 
stratification. Coloured lines show the energy fraction of large-scale (blue) and 
small-scale (orange) magnetic fields relative to the turbulent kinetic energy 
as a function of Rb m = RmFr 2 . The simulations with increasing stratification 
(decreasing Rb m ) are carried out at constant Rm ≈ 120, Sh ≈ 1. Energies 
and standard deviations are calculated long after saturation from the last 50 τ c 

in each run. Hashed region denotes where the SSD is inactive due to strong 
c 
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We note that the LSD has a brief pseudo-linear phase from 
˜ E B ≈

 ∗ 10 −4 to ˜ E B ≈ 5 ∗ 10 −2 where the growth is quasi-exponential, 
ut then transitions to a slower, non-linear growth phase as the LSD
egins to saturate. DNS of LSDs driven by magnetic fluctuations 
an never have a long linear phase because the seed mean-fields 
nevitably start from moderate amplitudes set by the energy in the 
nfrared wavenumbers of the saturated SSD spectrum. This is a 
omain-size-dependent effect – if the domain size was increased, 
he initial seed value of the mean field would decrease and lead
o a longer linear phase. Ho we ver, increasing the domain size any
urther is currently prohibitiv ely e xpensiv e (but see Section 3.4 for a
onvergence test at a lower Rm). 

The majority of the growth phase ends and the LSD saturation 
hase (green shaded region in top panel) begins for the sheared 
ase around t / τ c = 100 where the large-scale field energy undergoes
 quasi-random behaviour with slow oscillations on the time-scale 
f hundreds of dynamical times (the origin of the quasi-random 

scillations is not understood but is presumably related to the 
aturation mechanism). The difference compared to the no-shear 
ase is striking as the LSD grows to be nearly in equipartition with
he small-scale magnetic fields ( ̃  E B ≈ E b ) around t / τ c ≈ 400. In the
o shear case, the random, large-scale fields remain several of orders
f magnitude weaker than the small-scale fields ( ̃  E B � ˜ E b ) for all 
imes. The difference is also clearly visible in the time evolution 
f magnetic energy spectra (bottom panel) where the energy in the 
owest k modes of the sheared case steadily increases throughout the 
inear ( t / τ c = 75) and saturation ( t / τ c = 200) phases of the LSD and
re nearly four orders of magnitude larger than that of the no shear
ase (dashed grey) at late times ( t / τ c = 400). Additionally, the lowest-
 modes of the sheared case are individually more than an order of
agnitude larger in energy than the peak of the magnetic spectra at

maller scales near k f (this peak is simply that of the saturated SSD).
hese weakly stratified simulations are in good qualitative agreement 
ith mean-field predictions in limit of perturbative stratification: the 
D is easily suppressed while the LSD remains unstable. 

.3.2 Strong stable stratification 

he next question to address is whether the LSD can operate in stable
tratification that is non-perturbative and strong enough to affect the 
mall-scale turbulence (Fr −1 > 1). Fig. 5 shows two revealing cases, 
ne where the SSD is strongly suppressed but still active (Fr −1 ≈ 4,
range) and another where the SSD has been shut down (Fr −1 ≈ 7,
reen). The case where the SSD is shut down by strong stratification
ho ws no LSD gro wth since both ˜ E b and ˜ E B decay, which confirms
he expectation that without a source of magnetic fluctuations the 

SC effect does not operate. The Fr −1 ≈ 4 case, however, still
hows a robust but slower LSD growth from t / τ c ≈ 200 to t / τ c ≈
00 when equipartition is reached ˜ E B ≈ ˜ E b . The low k modes of
he magnetic spectra for the Fr −1 ≈ 4 case (orange, bottom panel) 
re highly energized. The slower growth rate of the MSC effect is
ot surprising because the level of magnetic fluctuations is slightly 
ower due to the strong stratification, which can also been seen by
he much lower growth rate of the SSD of the Fr −1 ≈ 4 case (dashed
range, top panel) compared to the e.g. Fr −1 = 0.2 case (dashed blue,
op panel). None the less, the final saturation of the LSD is similar
n both cases. 

Suppression of the dynamo with increasing stratification is quan- 
ified in Fig. 6 by showing the equipartition level of the large scale
blue, E B / E u ) and small-scale (orange, E b / E u ) magnetic energy at
aturation of the LSD (calculated at the end of each simulation) 
stratification (for Rb m < Rb m = 3 when Pm = 1). 
MNRAS 517, 526–542 (2022) 
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ersus the stratification parameter Rb m = RmFr 2 . Fig. 6 is generated
rom a series of simulations that vary Fr at fixed Rm ≈ 120 and Sh ≈
. It appears that the LSD robustly operates in the non-perturbative
imit of strong stratification (Fr −1 > 1) with a near-equipartition
aturation level of E B / E u = O (10 −1 ). The LSD begins to shut down
hen the SSD itself is strongly suppressed as Rb m approaches Rb c m 

rom the right. 
These idealized numerical results suggest that if an RZ with

ertical shear contains stably stratified turbulence with a sufficiently
arge Rb m > Rb c m 

to sustain the SSD, the MSC should drive a large-
cale magnetic field that reaches near-equipartition with the turbulent
inetic energy. 

.4 Role of the incoherent dynamo and aspect ratio 

.4.1 Incoherent dynamo 

inite size domains are susceptible to an additional LSD mechanism
nown as the incoherent dynamo and its contribution relative to a
oherent shear-current effect remains a matter of debate. Studies that
ave attempted to directly measure ηyx for different setups, parameter
egimes, and test-field methods report different signs for ηyx [see
hou & Blackman ( 2021 ) for a thorough re vie w]. Singh & Sridhar
 2011 ) show that a kinematic shear-current effect cannot operate for
ny Sh at low Re ∼ Rm � 1, leaving only the Rm 	 1 regime as a
ossibility . Unfortunately , in this regime with full MHD background
urbulence at moderate Rm, test-field methods that account for
he magnetic background turbulence become only approximate and
any variants are possible (Rheinhardt & Brandenburg 2010 ; K ̈apyl ̈a

t al. 2022 ). Compressible MHD setups with driven turbulence, Sh
 0.5, Re � 1, Rm � 100, and scale separation k f L z /2 π ≤ 10, find
yx to be slightly positive or slightly ne gativ e but not statistically
ifferent than zero in single realizations, concluding that incoherent
ffects are dominating (Brandenburg et al. 2008 ; K ̈apyl ̈a et al. 2022 ).
ncompressible MHD simulations with driven turbulence at Sh �
.5, Re ∼ Rm � 15, and k f L z /2 π = 6 find a statistically significant
e gativ e value of ηyx from ensembles of simulations (Squire &
hattacharjee 2016 ), but the fitting assumptions used to reduce
easurement noise have been debated. To add to the confusion,

imulations of MRI-driven MHD turbulence in a finite volume
ode (Shi et al. 2016 ) and a moving mesh code (Zier & Springel
022 ) have reported negative measurements of ηyx , while Wissing
t al. ( 2022 ) report a positive measurement using a smooth particle
ydrodynamics code. Zhou & Blackman ( 2021 ) resolve some of
hese discrepancies (at least at low and moderate Re) by showing
hat the kinetic contribution η( u ) 

yx 
2 is sensitive to the spectral slope at

ow wavenumbers and becomes less efficient at counter-acting the
enerally ne gativ e η( b) 

yx at higher Re (i.e. η( u ) 
yx becomes less positive

r even negative, possibly contributing to the MSC effect at high
nough Re). 

As an alternative approach in the Re = Rm > 50 regime of this
tudy, we do an indirect experiment that takes advantage of the
olume independence/dependence of coherent/incoherent effects to
est their relative contributions. The primary incoherent dynamo in
 shear flow and non-helical turbulence is the stochastic- α effect,
n which zero-mean fluctuations of the α transport coefficients can
ri ve gro wth of the v ariance of the mean-field 〈 B 

2 〉 despite a zero en-
emble average mean-field 〈 B 〉 = 0 (Vishniac & Brandenburg 1997 ;
NRAS 517, 526–542 (2022) 

 The transport coefficient can be broken up into contributions from the 
elocity and magnetic fluctuations: ηyx = η

( u ) 
yx + η

( b) 
yx . 

n  

s  

m  

g  
randenburg & Subramanian 2005b ; Heinemann, McWilliams &
chekochihin 2011 ; Mitra & Brandenburg 2012 ). These statistical
roperties make the stochastic- α effect dependent on the domain size
nlike coherent dynamo effects (Squire & Bhattacharjee 2015d ). 
The scaling of an incoherent dynamo with volume can be de-

ermined as follows. For the simplest case, consider zero mean
 αyy ( t ) 〉 = 0 fluctuations with a variance 〈 αyy ( t ) αyy ( t ′ ) 〉 = D yy δ( t − t ′ ),
hich corresponds to a fluctuating EMF of the form E y = αyy ( t) B y 

Mitra & Brandenburg 2012 ). One can show that the fastest growing
ode has a growth rate that scales as γ max 

α ∝ D 
1 / 2 
yy (Vishniac &

randenburg 1997 ). Because increasing the volume of the domain
y a factor of N decreases the variance D yy of the αyy fluctuations by
 factor of N (assuming each of the N sub-volumes are statistically
ndependent), the stochastic dynamo growth rate must scale with the
nverse square root of the domain volume γ max 

α ∝ V 
−1 / 2 (Squire &

hattacharjee 2015d ). Therefore if our simulations are dominated by
n incoherent effect, we should expect a significant decrease in the
trength of the LSD when the volume is increased. 

We carry out this experiment by progressively doubling or quadru-
ling the volume V = L x L y L z by changing the box aspect ratio ( L x ,
 y , L z )/ L = (1, 1, 4), (1, 1, 8), (2, 2, 4), and (4, 4, 4) at fixed turbulent
orcing scale and fiducial parameters Rm ≈ 60, Sh ≈ 1.0, Fr −1 ≈
.2. These parameters are stable to the VD, but unstable to the SSD
nd LSD. As discussed earlier in Section 3.3 , the growth rate of the
SD right after the SSD saturates is difficult to interpret because the
seudo-linear phase of the LSD is short in finite size simulations.
o ameliorate this issue, we run an ensemble of simulations for each
ase to quantify the variance of the LSD evolution instead of relying
n comparison between single realizations. The (1, 1, 4), (1, 1, 8),
2, 2, 4), and (4, 4, 4) cases each have 20, 5, 5, and 3 runs in their
nsembles, respectively. 

The results are shown in Fig. 7 and the measured mean and
tandard deviation of the growth rate γ LSD of each ensemble are
eported in Table 1 . If the LSD was driven by an incoherent effect,
e would expect the growth rate to decrease by a factor of 

√ 

2 , 2,
nd 4 for the (1, 1, 8), (2, 2, 4), and (4, 4, 4) boxes compared to
he (1, 1, 4) box. A strong volume dependence does not appear to
e observed. The measured growth rates in Table 1 have a volume
ependence γ LSD ∼ V 

−0.23 ± 0.1 that is weaker than the V 
−0.5 that

ould be theoretically expected if the observed LSD a purely an
ncoherent effect. The ensemble mean of the (1, 1, 8) and (2, 2, 4)
ases in the top plot of Fig. 7 both fall within the ensemble variance
f the (1,1,4) runs before beginning their slow, random oscillations
n the saturated phase t / τ c � 250. The ensemble mean of the (4, 4,
) case has a noticeably slower quasi-exponential growth, but this
ay be due to a lack of statistical convergence since the ensemble

s small with size of 3 (constrained by the increased computational
ost of the larger domain). The ensemble mean appears to be heavily
nfluenced by a single run whose growth stagnates for 125 � t / τ c �
00 but then resumes growing at a comparable rate to the others for
00 � t / τ c � 250. At late times, all aspect ratios saturate at similar
nergies and with similar magnetic spectra as shown in the bottom
lot of Fig. 7 . 
Examining the phase variation of the mean field o v er time also

ffers an additional way to check for the presence of incoherence
f fects. An incoherent ef fect would generate a mean field with
 randomly wandering phase (Squire & Bhattacharjee 2015d ),
hile the dispersion relation of the coherent MSC effect predicts
o phase variation since γ MSC is purely real (equation 17 ). The
pace–time plots of individual runs in Fig. 8 demonstrate that the
ean-field B y ( z, t ) maintains a constant phase for many LSD-

rowth time-scales ( γ −1 
LSD ∼ 20 τc from Table 1 ) in the saturation



c 535 

Figure 7. A validation test using ensembles of runs for different domain sizes 
( L x , L y , L z ) shows that incoherent dynamo effects are likely subdominant and 
that our fiducial domain size (1, 1, 4) is sufficiently large to capture the 
dominant LSD mode. Top figure shows the evolution of the mean magnetic 
field energy for each case. Individual runs have low opacity while the run 
geometrically averaged over the ensemble is shown in full opacity for each 
aspect ratio. Dashed lines are the exponential fit to the LSD growth phase 
based on the average of the individually measured growth rates from the 
ensemble. The red shaded region for t / τ c � 75 is the SSD growth phase. 
Bottom figure shows the magnetic energy spectra obtained at the end of the 
simulations. All simulations have fixed values of Rm ≈ 60, Sh ≈ 1.0, and Fr −1 

≈ 0.2 and the spectral resolution is scaled with the aspect ratio (the fiducial 
(1, 1, 4) simulation has N x × N y × N z = 96 2 × 384 modes). Unlabelled grey 
curves are the no-shear (Sh = 0) simulation for reference. 

Table 1. Mean and standard deviations of the LSD growth 
rates γ LSD for each ensemble of simulations with different 
aspect ratios (whose time evolution is shown in Fig. 7 ). The 
growth rate for any single realization is measured between the 
time when the SSD saturates, t start , and when the mean field 
energy reaches 25 per cent of its maximum value ˜ E B ( t end ) = 

0 . 25 max ( ˜ E B ( t)). We define SSD saturation by when the SSD 

growth rate falls below 10 per cent of its maximum value, 
γ SSD ( t start ) = 0.1max ( γ SSD ( t )) where γ SSD ( t ) = ∂ t ln ( E b ( t )). 
Note that the size of the ensembles of the larger volume cases 
are smaller due to computational costs. 

Aspect ratio γ LSD l f / u rms 

(1, 1, 4) (6.1 ± 1.3) × 10 −2 

(1, 1, 8) (7.0 ± 1.5) × 10 −2 

(2, 2, 4) (4.1 ± 0.6) × 10 −2 

(4, 4, 4) (3.6 ± 0.8) × 10 −2 

Figure 8. Visual validation that the phase of the saturated LSD mode remains 
coherent for long times. Time–space plots from single realizations of the y - 
component of the magnetic field B y ( z, t ) = 〈 B y ( x , y , z, t ) 〉 x , y for three aspect 
ratios denoted in the top left corner of each plot. The (1, 1, 4) run was carried 
out further to t / τ c = 1200 with no qualitative change in behaviour (not shown). 
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egime t / τ c � 300 and that the mean-field of the larger volume
uns appears progressively more coherent and smooth. The (1, 1, 
) and (2, 2, 4) domains are further run until t / τ c = 3000 (see
ppendix C ) for a thorough check on the long term behaviour of

he saturated LSD. Fig. C1 shows that the (1, 1, 4) case begins
o exhibit phase variation for t / τ c > 1000, suggesting unknown
ehaviour of the saturated LSD, the presence of an incoherent 
ffect, or interaction of the two. Ho we v er, the (2,2,4) e xhibits no
hase variation for the entire duration, which we interpret as the
ufficiently large domain size where incoherent effects have become 
nsignificant. 

Overall, the weak volume dependence on the LSD growth rate and
 fairly coherent constant-phase evolution with time suggests that 
ncoherent effects have a subdominant contribution to the total LSD 

rowth rate in our simulations. A contribution from an incoherent 
ffect [likely strongest in the (1, 1, 4) case] may explain the slight
ecrease in the LSD growth rate with increased simulation volume 
t a fixed forcing scale. LSDs in realistic astrophysical systems 
ay be expected to be dominated by either incoherent or coherent

ffects depending on the scale separation, which is not al w ays
symptotically large. 

.4.2 Aspect ratio and convergence 

hile changing the aspect ratio, we can also check if our simu-
ations are converged in the z-dimension (Yousef et al. 2008 ). A
omparison of the magnetic spectra in the bottom panel of Fig. 7
f the (1, 1, 4) and (1, 1, 8) aspect ratios shows that the MSC
ffect is fully captured in our (1, 1, 4) runs since the dominant
ode is clearly the kL /2 π = 1/4 mode in the larger (1, 1, 8)

imulation (black). This qualitatively agrees with the dispersion 
elation equation ( 17 ) which predicts a dominant wavenumber 
 max . Additionally, the time evolution of E B ( t ) of both cases is
imilar in the growth phase and after they enter the saturation
egime t / τ c � 250 and slowly oscillate with similar amplitudes. In
ummary, we find that a minimum scale separation of k f L z /2 π =
0 is needed to capture the LSD at these parameters and that
ur fiducial (1,1,4) simulations are sufficiently long in the z 

irection. 
MNRAS 517, 526–542 (2022) 
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M

Figure 9. A test demonstrating that the MSC effect is likely free of 
quenching. Simulations with increasing Rm (at Pm = 1) are carried out 
by decreasing η while keeping Sh = 0.9 and Fr −1 = 0.2 fixed. Magnetic 
energy (main figure) and spectra (inset figure) diagnostics are shown. The 
large scales of the magnetic spectra and saturation of the LSD appear to be 
unaffected. Unlabelled grey curves are the no-shear (Sh = 0) simulation for 
reference. The spectral resolution of the Rm = 58, 119 runs is N x × N y ×
N z = 192 2 × 768 modes and of the Rm = 150, 211 runs is 288 2 × 1152. 
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.5 Rm dependence of the MSC effect 

n outstanding problem in dynamo theory is understanding the
mplitude and time-scale of non-linear saturation of various LSD
echanisms in the limit of large Rm, as rele v ant to the astrophysical

egime. LSDs based on the α-effect face the well-known issue of
atastrophic quenching, in which the amplitude and/or time-scale of
aturation scales strongly with the microscopic resistivity, suggesting
n extremely weak LSD in the Rm 	 1 regime (Brandenburg &
ubramanian 2005b ; Rincon 2019 ). Although possibilities such as
elicity fluxes through boundaries (Blackman & Field 2000 ; Kleeorin
t al. 2000 ; Vishniac & Cho 2001 ; Brandenburg et al. 2002 ) and
lternative scalings of small-scale helicity dissipation (Brandenburg
t al. 2002 ; Brandenburg & Subramanian 2005b ; Blackman 2016 )
ay resolve the problem, simulations so far have given mixed results

Brandenburg & Subramanian 2005b ; Rincon 2021 ). Because the
SC effect is non-helical, the usual helicity constraints that cause

uenching do not apply (see Appendix B ). This means there is no a
riori reason that it should be catastrophically quenched, making it a
romising mechanism that may operate at astrophysically large Rm.
To test the Rm dependence of the MSC effect, we carry out a Rm

can at Pm = 1 to computationally accessible values, with all other
arameters fixed. The fiducial parameters are Sh ≈ 1.0 and Fr −1 ≈
.2 as before. Rm is increased by a factor of four from Rm ≈ 50 up
o Rm ≈ 200 by decreasing η. A sign of catastrophic quenching in
his test would be to observe the growth rate or saturation amplitude
rogressively decrease as a near power law with increasing Rm,
s observed in helical dynamo simulations (Bhat, Subramanian &
randenburg 2016 ; Rincon 2021 ). Hence, the factor of 4 difference
etween the Rm ≈ 50 and Rm ≈ 200 simulations should have an
asily discernible effect. The result is shown in Fig. 9 where we
nd that the LSD has no systematic Rm dependence. Increasing
m only increases the SSD growth rate, as expected; which is seen

hrough the progressively earlier saturation of ˜ E b ( t) (dotted lines).
his causes the LSD ( ̃  E B ( t), solid lines) to begin growth earlier,
ut they subsequently grow at a similar rate (albeit with the random
NRAS 517, 526–542 (2022) 
scillations discussed earlier) and each run saturates at a similar
evel. Indeed, these runs at different Rm are not more dissimilar than
uns from the ensemble of 20 simulations in Fig. 7 at the same Rm

60 for the (1, 1, 4) case (after SSD saturation). Additionally, the
agnetic spectra in the inset panel are independent of Rm at large

cales (low k ). 
Thus our test finds no signs of catastrophic quenching with

ncreasing Rm up to the largest computationally accessible value
f Rm ≈ 200. These numerical results, in combination with the
bo v e theoretical arguments, strongly suggest that the MSC effect
s a dynamo mechanism free of catastrophic quenching that may
perate in the astrophysicaly large Rm regime applicable to RZs. 

 APPLICATION  TO  RZS  

ur proposal is that the MSC effect may be an important non-
inear dynamo mechanism that closes the global dynamo loop in
ifferentially rotating RZs. Axisymmetric toroidal fields may grow
rom the shearing (from radial DR) of an axisymmetric poloidal if
here is a source of non-helical magnetic fluctuations to drive the

SC effect and regenerate the axisymmetric poloidal field, closing
he dynamo loop. We discuss two avenues for producing magnetic
uctuations (1) Tayler-instabilities of the toroidal field and (2) SSD
perating in stably stratified turbulence driven by horizontal shear
nstabilities of latitudinal DR. We assume that the MSC effect is
gnostic to the instability that sources the magnetic fluctuations and
hat the turbulence is predominantly non-helical at small scales. We
eave studies of specific instabilities for future work. 

.0.1 Tayler instabilities 

n the framework of the TS dynamo, a sufficiently strong toroidal
eld is unstable to kink-type modes known as Tayler instabilities
Tayler 1973 ), leading to magnetic turbulence. The Tayler modes
re non-axisymmetric and themselves cannot be directly sheared to
egenerate the axisymmetric toroidal field, but instead are argued to
ontribute to a non-linear dynamo mechanism that regenerates the
xisymmetric poloidal field (Zahn et al. 2007 ; Fuller et al. 2019 ). The
SC effect is a natural candidate mechanism because it is driven by
agnetic fluctuations and is robust to stable stratification as shown

n this study. Suggestions of an alpha based mechanism by previous
tudies (Zahn et al. 2007 ; Fuller et al. 2019 ) are complicated by the
nown issue that small-scale magnetic fields generally suppress the
lpha-effect and likely cause catastrophic quenching at the high Rm
egime rele v ant to RZs, as discussed earlier. The Rm-independent
ature of the MSC effect makes it a promising alternative. 

.0.2 Horizontal shear instabilities 

nother pathw ay w ay to generate magnetic fluctuations in a RZ is
hrough the SSD operating in stably stratified turbulence driven by
ydrodynamic instabilities. A likely possibility is horizontal shear
nstability of latitudinal DR. Vertical shear instabilities of radial DR,
hile generally stronger than latitudinal DR (Zahn 1992 ), are most

ikely stabilized by the strong stratification in RZs (Garaud 2021 ).
e propose that magnetic fluctuations from the SSD combined
ith radial DR may generate mean toroidal and poloidal fields

hrough the MSC effect. Extrapolating from the results of Section 3
uggests the toroidal field would reach near-equipartitition with the
urbulence sourced by instability of the latitudinal DR. Note that our
ocal shearing box set-up cannot capture such instabilities directly,
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ecause we do not include a horizontal shear, but heuristically 
aptures the resulting small-scale turbulence through the external 
orcing term. Here, we use dimensionless numbers estimated based 
n helioseismology of the solar tachocline (Hughes, Rosner & Weiss 
007 ), the upper portion of the solar RZ, to examine the feasibility
f our proposal. 
The tachocline is approximately a thin spherical shell with radius 

 = 0.7R �, thickness � R ≈ 10 −2 R , and DR profile �( r , θ ). For the
atitudinal DR, the differential angular velocity between the equator 
nd the poles ( ��) θ is approximately O (10 −1 ) of the solar rotational
requenc y, i.e. ( ��) θ ≈ 0.1 ��. F or the radial DR, the differential
ngular velocity between the top and bottom of the tachocline at the
quator is of similar strength ( ��) r ≈ 0.1 ��. Turbulence from the
orizontal shear instabilities has an upper bound on the turbulent 
elocity u rms ∼ ( ��) θR and an ef fecti ve forcing wavenumber likely
omparable to k f ∼ 2 π / R (Cope et al. 2020 ; Garaud 2020 ). The radial
R provides mean shear that is stable (Garaud 2021 ) with a shear

requency that we estimate as S = r ( ∂ �/ ∂ r ) ≈ R ( ��) r / � R . The
ssociated dimensionless numbers are 

e = 8 × 10 13 

(
R 

5 × 10 8 m 

)2 (
��θ

3 × 10 −7 s −1 

)

×
( ν

10 −3 m 
2 s −1 

)−1 
, (22) 

r = 3 × 10 −4 

(
��θ

3 × 10 −7 s −1 

)(
N 

10 −3 s −1 

)−1 

, (23) 

b m = 7 × 10 4 
(

Pm 

10 −2 

)(
Re 

8 × 10 13 

)(
Fr 

3 × 10 −4 

)2 

, (24) 

h = 10 2 
(

��r /��θ

1 

)(
R/�R 

10 2 

)
. (25) 

omparing the magnetic buoyancy Reynolds number Rb m = O (10 4 )
o the critical value Rb c m 

= O(10) suggests that the SSD is unstable
Skoutnev et al. 2021 ). The combination of a large shear number Sh

1 and an SSD providing magnetic fluctuations satisfies two the 
riteria for operation of the MSC effect. Therefore the MSC effect 
ay generate near-equiparition magnetic fields with B φ = O (1) T ,
here we have use the equipartition estimate B 

2 
φ/ 2 μ0 ∼ ρu 

2 
rms / 2

ith ρ ≈ 200 kg m 
−3 . We expect these scalings to be reasonable

n the interior of RZs of stars, where latitudinal DR provides the
ominant source of turbulence and the MSC effect is operating in 
solation. 

.0.3 Effect of rotation and low Prandtl numbers 

e briefly describe the possible modifications to our results by 
dditional effects in RZs not explored in our study, that of rotation
nd low Prandtl numbers. These are likely subdominant to effects 
f strong radial shear and stable stratification in RZs. Rotation 
odifies the MSC effect directly through an orientation-dependent 

ontribution to ηyx and will have a significant effect if S / � � 1
Squire & Bhattacharjee 2015d ). While this is likely not important 
n the tachocline where S / � ≈ (( ��) r / ��)( R / � R ) ≈ 10, it may
e important in other stars with weaker radial DR or faster rotation.
nother important source of uncertainty are the effects of low Prandtl 
umbers typical of stellar interiors [Pm = O (10 −2 ), Pr = O (10 −6 ) in
he tachocline (Garaud 2021 )]. A lower Pm generally makes a SSD

ore difficult to sustain (Iskakov et al. 2007 ), which is captured by the
ependence of Rb c m 

( P m ) on Pm (Skoutnev et al. 2021 ). Ho we ver, for
he LSD, calculations with the SOCA have found that the MSC effect
s not sensitive to Pm (Squire & Bhattacharjee 2015a ). Unfortunately, 
onfirming these results for the LSD with DNS at low Pm is currently
mpractical due to an even larger requirement for Re. On the other
and, a low Pr = ν/ κ is expected to make the SSD and therefore the
SD more unstable (Skoutnev 2022 ). A higher thermal dif fusi vity,
, decreases the effect of stratification and leads to more isotropic

urbulence, which generally enables more efficient dynamo action. 

 CONCLUSION  

e examine the effects of stable stratification on mean-field dynamos 
ith a particular focus on the MSC effect and our results suggest that

t can likely operate in the differentially rotating and stably stratified
lasma of a stellar RZ. The dynamo loop closed by the MSC effect
Rogachevskii & Kleeorin 2004 ; Squire & Bhattacharjee 2015c , a ,
016 ) generates toroidal field from the shearing of a poloidal field and 
egenerates poloidal field from the toroidal field through statistical 
orrelations of local, non-helical MHD turbulence. Our analysis is 
ased on idealized theory and simulations modeling a local section of
n RZ, providing evidence to support a broader picture of dynamos
n RZs. The key pieces of evidence are: 

(i) Perturbative mean-field dynamo theory, when extended to 
nclude stable stratification (along the direction of shear), predicts 
he MSC instability remains robust with a decreased growth rate 
ompared to the unstratified case. The hydrodynamic VD, ho we ver,
s rapidly stabilized by stratification. 

(ii) Shearing box simulations show that a mean shear combined 
ith an unstable SSD in stably stratified turbulence is unstable to

n LSD, qualitatively agreeing with mean-field dynamo theory. The 
imulations also confirm that the hydrodynamic VD is stabilized by 
he addition of weak stable stratification. 

(iii) Simulations show that the energy in the mean (toroidal) 
agnetic field at saturation is comparable to the turbulent kinetic 

nergy. 
(iv) A numerical scan of the magnetic Reynolds number demon- 

trates that the LSD does not suffer catastrophic quenching. In partic-
lar, the saturation time and amplitude are found to be independent 
f Rm. This is expected because there are no obvious constraints
rising from magnetic helicity conservation on a non-helical dynamo 
echanism. 

Put together, these idealized results suggest that the MSC effect in
n RZ requires (1) a source of non-helical magnetic fluctuations and
2) sufficient radial DR (velocity shear). The resulting mean-field 
hould saturate at near-equipartition with the magnetic fluctuations 
n a manner that is free from catastrophic quenching (a significant
ssue for helicity-based alpha dynamo mechanisms). 

Extrapolating our results from a local shearing box model to 
 realistic RZ, we propose two pathways to provide non-helical 
agnetic fluctuations for operation of an LSD through the MSC 

ffect in a region of radial DR. The first is Tayler instabilities (Tayler
973 ; Markey & Tayler 1973 ) of the toroidal field, which directly
esult in the magnetic fluctuations that we propose may drive the MSC
ffect and regenerate axisymmetric poloidal field, thereby closing the 
ayler–Spruit dynamo (Spruit 2002 ; Fuller et al. 2019 ). The second

s the SSD operating in stably stratified turbulence, which may be
riven by instabilities of latitudinal DR (Zahn 1974 , 1992 ; Prat &
igni ̀eres 2013 , 2014 ; Cope et al. 2020 ; Garaud 2020 ). The reality
ay be a mixture of the two processes, and perhaps others. Although

ignificant uncertainties remain (effects of spherical geometry, 
he helicity fraction of instability-driven magnetic turbulence, low 

randtl numbers etc.), the near -equiparition saturation, rob ustness to 
table stratification and immunity to catastrophic quenching of the 
MNRAS 517, 526–542 (2022) 
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SC effect make it worthy of further consideration in more complex
lobal dynamo models in stellar RZs. 
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Figure A1. The modification of the isotropic turbulent resistivity by stratifi- 
cation. Plots of the ratio of the stratification term to the unstratified term on 
a linear (top) and a log scale (bottom). The contribution to the stratification 
term from velocity fluctuations is in blue and from magnetic fluctuations is 
in orange. 
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PPENDIX  A:  ELECTROMOTIVE  FORCE  

ALCULATION  FOR  THE  MHD  BOUSSINESQ  

QUATIONS  

he general set-up for calculating mean field transport coefficients 
sing the SOCA supposes a bath of homogeneous and isotropic 
elocity and magnetic field fluctuations in the presence of anisotropic 
erturbations such as shear flows U 0 of form U i = U ij x j (with no
ertical component U x = 0 in the Boussinesq case), rotation ( �), and
table stratification (in the ˆ x direction with Brunt–Vaisala frequency 
 ). While rotation is not included in the main paper, it is simple

o include it here to demonstrate the mean-field MHD Boussinesq 
ramework for the full problem. We assume the mean velocity field 
oes not evolve and write the total fields as U T = U 0 + u , B T = B
 b , and � T = θ ( � = 0 because there cannot be any mean vertical
ows that could drive � ). The mean field induction equation then is
iven by 

 t B = ∇ × ( U 0 × B ) + ∇ × E + η∇ 
2 B , (A1) 

here the EMF is 

 = 〈 u × b 〉 = E( B ) . (A2) 

he fluctuation equations for u , b , and θ are obtained by subtracting
he mean field equations from those of the total fields: 

 t u + u · ∇ U 0 + U 0 · ∇ u + ( u · ∇ u ) ′ + 2 � × u = −∇p + θ ˆ x 

+ B · ∇ b + b · ∇ B + ( b · ∇ b ) ′ + ν∇ 
2 u + σf , (A3) 

 t b = ∇ × ( U 0 × b + u × B + ( u × b ) ′ ) + η∇ 
2 b , (A4) 

 t θ + U 0 · ∇θ + ( u · ∇θ ) ′ = −N 
2 u x + κ∇ 

2 θ, (A5) 

 · u = 0 , ∇ · b = 0 , (A6) 

here we have used the notation ( A ) ′ = A − 〈 A 〉 . 
Following R ̈adler & Stepanov ( 2006 ), the EMF E can be Taylor ex-

anded and linearly related to the mean field B i and its deri v ati ve B i , j 

i.e. E i = a i,j B j + b ijk B j,k ... ) assuming sufficient scale separation.
his then provides a closure of the mean field induction equation. 
aking into account all symmetry properties, the most general form 

f transport coefficients linearly relating E and B is 

 = −α
(0) 
H 
B − α

( D) 
H 

D ij B j − γ
( �) 
H 

� × B − γ
( W ) 
H 

W × B 

− α
( �) 
1 ( ̂  g · �) B − α

( �) 
2 [( ̂  g · B ) � + ( B · �) ̂  g ] − α

( W ) 
1 ( g · W ) B

− α
( W ) 
2 [( ̂  g · B) W + ( B · W ) ̂  g ] 

− α( D) ( εilm D lj ̂  g m + εjlm D li ̂  g m ) B j 

− ( γ (0) + γ ( �) ˆ g × � + γ W ˆ g × W + γ ( D) D ij ̂  g j ) × B 

− β (0) J − β ( D) D ij J j − ( δ( W ) W + δ( �) �) × J 

− ( κ ( W ) W + κ��) j ( ∇ B ) ( s) 
ji − 2 κ ( D) εijk D kr ( ∇ B ) ( s) 

jr . (A7)

The calculation of E at this point can be carried out with the help
f the SOCA. The SOCA assumes that the higher order correlation 
erms (the primed terms such as ( u · ∇u ) ′ ) are small compared
o terms involving the mean fields (e.g. u · ∇U 0 ) and can be
eglected. This will lead to linear time evolution equations for u , b ,
nd θ that can be solved perturbatively. The perturbation expansion 
s done on both u and b around their background, homogeneous 
uctuation values u 0 and b 0 and then substituted into equation ( A2 )
or the EMF. While statistics of the background fluctuations will 
e assumed, they physically arise from the forcing term σ f of the 
omentum equation (sustaining u 0 ) and a resulting small-scale 

ynamo (sustaining b 0 in equipartition). The forcing itself models 
ome hydrodynamic instability, such as horizontal shear instabilities 
iscussed in the main article. In general, the background fluctuations 
ave both helical and non-helical components, which we include in 
he calculation. To allow the perturbativ e e xpansion, all anisotropic
arameters such as N 

2 , S , � are considered to be small. With the
otation u = u 0 + u (0) + u (1) ... for the expansion of u (as well as b
nd θ ), E to second order is 

 = 〈 u 0 × b (0) 〉 + 〈 u (0) × b 0 〉 + 〈 u (0) × b (0) 〉 
+ 〈 u 0 × b (1) 〉 + 〈 u (1) × b 0 〉 , (A8) 

here 〈 u 0 × b 0 〉 = 0 is assumed. 
The calculation of E is carried out in Fourier space and explained in

etail in R ̈adler & Stepanov ( 2006 ). We only give a brief description
f the approach in order to point out how we handle the new addition
f the buoyancy equation and the bouyancy term in the momentum
quation in the SOCA formalism. To begin, we write out the evolution
quations in real space for each order by applying the expansion to
he fluctuation equations and then using the SOCA where applicable. 
he background, zeroth-order, and first-order equations are shown 
elow. 

1 Background turbulence 

he homogeneous, background fluctuations satisfy 
MNRAS 517, 526–542 (2022) 
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 t u 0 + ( u 0 · ∇ u 0 ) 
′ = −∇p 0 + θ0 ̂  x + ( b 0 · ∇ b 0 ) 

′ + ν∇ 
2 u 0 + σf , 

(A9) 

 t b 0 = ∇ × ( u 0 × b 0 ) ′ + η∇ 
2 b 0 , (A10) 

 t θ0 + u 0 · ∇ θ0 = κ∇ 
2 θ0 . (A11) 

hile the homogeneous velocity and magnetic fluctuations u 0 and b 0 
re assumed to be in a steady state driven by the forcing σ f and a SSD,
he buoyancy equation for the buoyancy fluctuations does not have
n y source term. Therefore, an y initial buoyanc y variable fluctuations
0 ( t = 0) will be passively advected and thermally diffuse to zero
fter a transient phase. These background equations themselves are
ot used in the calculation for E , but a model for the homogeneous
tatistics of the background turbulence will be used. 

2 Zeroth order 

he SOCA approximation assumes terms such as ( u (0) · ∇ u (0) ) 
′ 

are
uch smaller than u 0 · ∇U 0 so then the equations for the zeroth-order
uctuations become 

 ∂ t − ν∇ 
2 ) u (0) = −( U 0 · ∇ u 0 + u 0 · ∇ U 0 ) − ∇p 

(0) − 2 � × u 0 
+ θ (0) ˆ x + B · ∇ b 0 + b 0 · ∇ B , (A12) 

 ∂ t − η∇ 
2 ) b (0) = ∇ × ( U 0 × b 0 + u 0 × B ) , (A13) 

 ∂ t − κ∇ 
2 ) θ (0) = −N 

2 u 0 ,x , (A14) 

here we have dropped the U 0 · ∇θ0 term in the buoyancy
quation ( A14 ) because the θ0 fluctuations are zero after a transient
hase as discussed abo v e. 

3 First order 

imilarly, the equations for the first-order fluctuations are as follows:

 ∂ t − ν∇ 
2 ) u (1) = −( U 0 · ∇ u (0) + u (0) · ∇ U 0 ) − ∇p 

(1) − 2 �

× u (0) + θ (1) ˆ x + B · ∇ b (0) + b (0) · ∇ B , (A15) 

 ∂ t − η∇ 
2 ) b (1) = ∇ × ( U 0 × b (0) + u (0) × B ) , (A16) 

 ∂ t − κ∇ 
2 ) θ (1) = −U 0 · ∇θ (0) − N 

2 u 
(0) 
x . (A17) 

4 Calculation of E 

he calculation of E proceeds exactly as in Squire & Bhattacharjee
 2015a ) except with the addition of the buoyancy terms. The
eroth- and first-order fluctuation equations ( A12 ) through ( A17 ) are
ransformed to Fourier space and substituted into the Fourier space
ersion of EMF equation ( A8 ) [see Squire & Bhattacharjee ( 2015a )
nd R ̈adler & Stepanov ( 2006 ) for e xtensiv e details]. Because θ0 

uctuations diffuse away and are not rele v ant for the background
urbulence, it is unnecessary to make an additional model of the
urbulent statistics between θ0 and either u 0 or b 0 . The lack of θ0 

s what allows θ (0) and θ (1) to be solved for in terms of u 0 and u (0) 

sing the buoyancy equations ( A14 ) and A17 and then substituted
irectly into the momentum equations ( A12 ) and ( A15 ), respectively.
he net result of weak stably stratification therefore is added terms
roportional to N 

2 in the momentum equations ( A12 ) and ( A15 ). 
We use the open source VEST package (Squire, Burby & Qin

014 ) for Mathematica to carry out the calculation, similar to
NRAS 517, 526–542 (2022) 
quire & Bhattacharjee ( 2015a ), including both helical and non-
elical portions of the background velocity and magnetic fluctua-
ions. We report only the four transport coefficients that we find are
odified by stable stratification, the isotropic turbulent resistivity and

lpha coefficient. All other transport coefficients are identical to the
esult in Squire & Bhattacharjee ( 2015a ). The modified coefficients
n Fourier space are shown below: 

 ̃
 β (0) ) u = 

u rms l f 

η

[ ˜ k 2 

3( ̃ k 4 + q 2 ˜ ω 
2 ) 

+ 

3( Nτc ) 2 ̃  k 2 ( ̃ k 2 Pm 
2 

Pr 
− q 2 ˜ ω 

2 ) 

10( ̃ k 4 + q 2 ˜ ω 
2 )( ̃ k 4 P m 

2 + q 2 ˜ ω 
2 )( ̃ k 4 Pm 

2 

Pr 2 
+ q 2 ˜ ω 

2 ) 

]
, 

(A18) 

 ̃
 β (0) ) b = ( Nτc ) 

2 

[ 

q 2 ̃  k 2 ( ̃ k 4 Pm 
3 

Pr 2 
− ( Pm 

Pr 
+ 2 P m ) q 2 ˜ ω 

2 ) 

60( ̃ k 4 P m 
2 + q 2 ˜ ω 

2 ) 2 ( ̃ k 4 Pm 
2 

Pr 2 
+ q 2 ˜ ω 

2 ) 

] 

, 

(A19) 

 ̃  α
(0) 
H 

) u = 

u rms l f 

η

[
2 ̃ k 2 

3( ̃ k 4 + q 2 ˜ ω 
2 ) 

+ 

8( Nτc ) 2 ̃  k 2 ( ̃ k 2 Pm 
2 

Pr 
− q 2 ˜ ω 

2 ) 

15( ̃ k 4 + q 2 ˜ ω 
2 )( ̃ k 4 P m 

2 + q 2 ˜ ω 
2 )( ̃ k 4 Pm 

2 

Pr 2 
+ q 2 ˜ ω 

2 ) 

]
, 

(A20) 

 ̃  α
(0) 
H 

) b = 

u rms l f 

η

[
− 2 ̃ k 2 P m 

3( ̃ k 4 P m 
2 + q 2 ˜ ω 

2 ) 

+ ( Nτc ) 
2 4 q 2 ̃  k 2 ( ̃ k 4 Pm 

3 

Pr 2 
− ( Pm 

Pr 
+ 2 P m ) q 2 ˜ ω 

2 ) 

15( ̃ k 4 P m 
2 + q 2 ˜ ω 

2 ) 2 ( ̃ k 4 Pm 
2 

Pr 2 
+ q 2 ˜ ω 

2 ) 

]
, (A21) 

here ˜ k = kl f , ˜ ω = ωτc , q = l 2 f /ητc is the ratio of the resistive
o the correlation time (a measure conductivity), and τ c and l f are
he turbulence correlation time and length. We note that ( N τ c ) 2 

s assumed small in the perturbative approach of the SOCA. The
ormal bound requires that the stratification term be smaller than the
ominant terms in the momentum equation, which can be clearly
een by considering the zeroth-order momentum and buoyancy
quations and balancing the ∂ t u 

(0) 
0 ,x ∼ θ (0) and ∂ t θ (0) ∼ −N 

2 u 0, x terms
o get | u 

(1) 
x | ∼ ( Nτc ) 2 | u 0 ,x | . Therefore, ( N τ c ) 2 needs to be on the order

f the perturbation expansion parameter. 
The physical transport coefficients are obtained by an

nv erse F ourier transform giv en by β (0) = ( β (0) ) u + ( β (0) ) b =
 π
∫ 

d ̃  k d ̃  ω ̃
 k 2 [( ̃  β (0) ) u W u ( ̃ k , ˜ ω ) + ( ̃  β (0) ) b W b ( ̃ k , ˜ ω )], where W u and

 b are the statistics of the non-helical background velocity
nd magnetic fluctuations, respectively. The non-helical velocity
nd magnetic fields are assumed to follow Gaussian statistics:
 u ( ̃ k , ˜ ω ) = W b ( ̃ k , ˜ ω ) = 

2 ̃ k 2 

3(2 π) 5 / 2 
exp ( − ˜ k 2 / 2) / (1 + ˜ ω 

2 ) (R ̈adler &

tepanov 2006 ). The same applies for α(0) 
H 

but using the model
tatistics for the helical fraction of the turbulence. The isotropic
urbulent resistivity here is the same as in the main article ( ηt =

(0) ) but with a different notation. We are interested in quantifying
he relative size of the stratification term to the unstratified value of

(0) since this term affects the MSC effect. To this end, we split the
nstratified and stratified contributions to β (0) and then examine their
atio. For concreteness, we set unity Prandtl numbers (Pm = Pr = 1)
nd define the separate contributions as follows: 

 β (0) ) u = ( β (0) ) ( N 
2 = 0) 

u ( q) + ( Nτc ) 
2 ( β (0) ) N 

2 

u ( q) , (A22) 

 β (0) ) b = ( Nτc ) 
2 ( β (0) ) N 

2 

b ( q) , (A23) 
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 β (0) ) ( N 
2 = 0) 

u ( q) = 4 π
∫ 

d ̃ k d ̃  ω ̃
 k 2 

˜ k 2 

3( ̃ k 4 + q 2 ˜ ω 
2 ) 

˜ W u ( ̃ k , ˜ ω ) , (A24) 

 β (0) ) N 
2 

u ( q) = 4 π
∫ 

d ̃ k d ̃  ω ̃
 k 2 

3 q 2 ̃  k 2 ( ̃ k 4 − q 2 ˜ ω 
2 ) 

10( ̃ k 4 + q 2 ˜ ω 
2 ) 3 

˜ W u ( ̃ k , ˜ ω ) , (A25) 

 β (0) ) N 
2 

b ( q) = 4 π
∫ 

d ̃ k d ̃  ω ̃
 k 2 
q 2 ̃  k 2 ( ̃ k 4 − 3 q 2 ˜ ω 

2 ) 

60( ̃ k 4 + q 2 ˜ ω 
2 ) 3 

˜ W b ( ̃ k , ˜ ω ) . (A26) 

Fig. A1 shows the relative size of ( β (0) ) N 
2 

u ( q) and ( β (0) ) N 
2 

b ( q)
ith respect to the unstratified value ( β (0) ) ( N 

2 = 0) 
u ( q) by plotting

heir ratios versus q , which can be thought of as a measure of the
onductivity q = Rm/St. Both kinetic and magnetic contributions 
rom stratification are positive, which is expected since stratification 
hould intuitively reduce the dynamo efficiency. We see that the 
inetic contribution is much larger than the magnetic contribution 
 β (0) ) N 

2 

b ( q) 	 ( β (0) ) N 
2 

u ( q). As q → ∞ , the magnetic contribution

emains small β (0) ) ( N 
2 ) 

b / ( β (0) ) ( N 
2 = 0) 

u � 1. The kinetic contribution 
ay become important as q → ∞ , since ( β (0) ) N 

2 

b ( q ) / ( β (0) ) ( N 
2 = 0) 

u 	 1
ay become important. Ho we ver, the formally v alid limit ( N τ c ) 2 

1 means that the contributions from stratification are still small 
ompared to the unstratified isotropic turbulent resistivity. While q 	
 seems like the rele v ant limit for large Rm, recall that SOCA is only
ormally valid for Rm � 1 at q � 1 or St � 1 at q 	 1. In reality, q =
 (1) probably provides the most reasonable estimate for non-linear 

urbulence (see discussions in Brandenburg & Subramanian 2005b ; 
 ̈adler & Stepanov 2006 ; Squire & Bhattacharjee 2015a ). 

PPENDIX  B:  HELICITY  GENERATION  AND  

ATASTROPHIC  QUENCHING  

n this section, we first apply the two-scale approach to the total
agnetic helicity, then describe how catastrophic quenching results 

rom helicity constraints, and finally show that the MSC effect does 
ot produce helicity. The resulting tak eaw ay is that the MSC effect
s immune to catastrophic quenching and therefore likely remains a 
obust mechanism in the astrophysical limit of large Rm . 

The total magnetic helicity is given by H T = 

∫ 
A T · B T d V ,

here A T is the vector potential ( B T = ∇ × A T ). H can be split
nto the helicity of the large scale and small-scale magnetic fields
 = 

∫ 
A · B dV and h = 

∫ 〈 a · b 〉 d V , where brackets denote the
ean field average. Using ∂ t A T = −E T + ∇φ from the induction

quation (where E T = U T × B T + η∇ × B T is the electric field and
is an arbitrary scalar field), it is straightforward to show that 

 t H = + 2 
∫ 

E · B d V − 2 η
∫ 

( ∇ × B ) · B d V , (B1) 

 t h = −2 
∫ 

E · B d V − 2 η
∫ 

〈 ( ∇ × b ) · b 〉 d V , (B2) 

here we have assumed helicity fluxes through the volume bound- 
ries are zero due to periodicity or perfectly conducting boundary 
onditions. The argument for quenching of helical dynamos stems 
rom the observation that large scale and small scale helicities are 
roduced through the EMF at the same rate, but with opposite signs
Rincon 2019 ) (i.e. the source term is ±2 

∫ 
E · B d V ). Consider a

urbulent MHD system at large Rm with a growing, but still weak
ean magnetic field. The SSD will be the first to saturate and so the

mall-scale helicity will remain roughly constant ∂ t h ≈ 0, leaving a 
alance between between helicity injection and dissipation at small 
cales in equation ( B2 ) (i.e. 2 

∫ 
E · B dV ≈ −2 η

∫ 〈 ( ∇ × b ) · b 〉 d V ).
s a result, the large-scale helicity in equation ( B1 ) becomes

onstrained to grow at the dissipation rate of small-scale helicity, 
 t H ≈ −2 η 〈 ( ∇ × b ) · b 〉 d V (since dissipation of helicity by
he small-scale fields is much faster than by the large-scale fields).
he dependence of ∂ t H on the microscopic resistivity η leads to a

esisti vity limited gro wth (catastrophic quenching) of the large-scale 
ynamo in the astrophysical limit of η → 0 (i.e. Rm → ∞ ). It may
e possible to a v oid catastrophic quenching if small-scale helicity
an be transported out of the domain boundaries at the production
ate of large-scale helicity by dropping the ideal boundary condition 
ssumption. Ho we v er, simulations hav e so far found mixed results
Rincon 2019 ). 

LSDs driven by helical turbulence produce helical large-scale 
elds because the form of the EMF gives a non-zero source term. For
xample, the simplest alpha dynamo E i = α

(0) 
H 
B i has 

∫ 
E · B d V =

(0) 
H 

∫ | B | 2 d V �= 0 and ∂ t H �= 0. The same can be shown for all other
lpha-effect based dynamos (e.g. α–� dynamos) whose transport 
oefficients (such as α(0) 

H 
, α( D) 

H 
, etc.) are based on the helical part of

he background turbulence. 
On the other hand, LSDs driven by non-helical turbulence generate 

on-helical large scale fields because the source term is zero. The
SC effect is an example of the general class of shear-current effects

hat have contributions from the following terms in the EMF: 

 
SC 
i = −β ( D) D ij J j − δ( W ) εijk W j J k − κ ( W ) W j ( ∇ B ) ( s) 

ji 

− 2 κ ( D) εijk D kr ( ∇ B ) ( s) 
jr . (B3) 

The crucial coefficient in the MSC effect, ηyx = −δ( W ) + 

1 
2 ( κ

( W ) − β ( D) + κ ( D) ), has contributions from each of these terms. 
t is straightforward to show that 

∫ 
E SC · B d V = 0, with each

erm independently having a null contribution. Consider the term 

roportional to κ ( W ) : ∫ 
κ ( W ) W j ( ∇ B ) ( s) 

ji B i d V = 

1 

2 
κ ( W ) W j 

∫ (
∂ B j 

∂x i 
+ 

∂ B i 

∂x j 

)
× B i d V = (B4) 

= 

1 

2 
κ ( W ) W j 

∫ (
∂( B j B i ) 

∂x i 
+ 

∂( B i B i ) 

∂x j 

)
× d V = 0 , (B5) 

here the divergence free condition has been used, ∂B i 
∂x i 

= 0, and
e have assumed either periodic boundary conditions or that fields 
 anish suf ficiently fast outside a finite region. Closed boundary
onditions could in principle have a non-zero contribution (Branden- 
urg & Subramanian 2005a ). The calculation for every other term is
imilar. As a result, the MSC ef fect, dri ven by non-helical magnetic
uctuations, generates non-helical large-scale magnetic fields and is 
ot affected by the helicity constraints usually used to argue for the
nevitability of catastrophic quenching at high Rm . 

PPENDIX  C:  LONG  TERM  BEHAVIOR  OF  THE  

A  TURA  TED  LSD  

his section briefly shows the dependence of the long term evolution
f the saturated LSD on the domain size. Viewing the dynamo
s an instability, fluctuations of the large scale magnetic field at
he end of the rapid SSD phase will grow at rates given by the
ispersion relation of any present LSD instabilities, which in this 
etup is a possible combination of the coherent MSC effect and
ncoherent effects. As discussed in Section 3.4 , the incoherent effects
ecome less efficient with increasing volume while coherent effects 
re volume independent (if the dominant mode fits in the domain).
ig. C1 compares the evolution of the saturated LSD across a long

ime scale t / τ c = 3000 (compared to the measured growth period
MNRAS 517, 526–542 (2022) 
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igure C1. A test showing that the long-term trend of the saturated LSD
hase becomes more coherent with increasing domain size where incoherent
ffects become less efficient. Time–space plots from single realizations of the
-component of the magnetic field B y ( z, t ) = 〈 B y ( x , y , z, t ) 〉 x , y for two aspect
atios denoted in the top left corner of each plot are shown. Both simulations
av e fix ed values of Rm ≈ 60, Sh ≈ 1.0, and Fr −1 ≈ 0.2 and the spectral
esolution is scaled with the aspect ratio. The fiducial (1, 1, 4) simulation has
 x × N y × N z = 96 2 × 384 modes. 
NRAS 517, 526–542 (2022) 
f the LSD, γLSD ∼ 20 τc from Table 1 ) between the two cases with
omain sizes (1, 1, 4) and (2, 2, 4). The (4, 4, 4) case is not included
ecause it was too e xpensiv e to run for long times. 
The long term evolution of the (1, 1, 4) case shown in the top

anel of Fig. C1 has a constant phase for the first t / τ c ∼ 1000 but
hen begins to very slowly vary on t / τ c ∼ 500 time-scales. This may
e related to the non-linear saturation mechanism of the MSC effect,
n incoherent effect, or an interaction of the two. When the volume
s quadrupled in the (2, 2, 4) case, any incoherent effect is expected
o become suppressed by a factor of 2. As shown in the bottom panel
f Fig. C1 , the (2, 2, 4) case maintains a relatively steady phase
cross the entire duration as might be expected from the saturation
f the coherent MSC effect alone (whose growth rate is purely real).
his suggests that the domain volume is now sufficiently large that

ncoherent effects have become insignificant. 
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