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Abstract
We consider the prediction of the Hamiltonian
matrix, which finds use in quantum chemistry and
condensed matter physics. Efficiency and equiv-
ariance are two important, but conflicting factors.
In this work, we propose a SE(3)-equivariant net-
work, named QHNet, that achieves efficiency and
equivariance. Our key advance lies at the inno-
vative design of QHNet architecture, which not
only obeys the underlying symmetries, but also en-
ables the reduction of number of tensor products
by 92%. In addition, QHNet prevents the expo-
nential growth of channel dimension when more
atom types are involved. We perform experiments
on MD17 datasets, including four molecular sys-
tems. Experimental results show that our QHNet
can achieve comparable performance to the state
of the art methods at a significantly faster speed.
Besides, our QHNet consumes 50% less mem-
ory due to its streamlined architecture. Our code
is publicly available as part of the AIRS library
(https://github.com/divelab/AIRS).

1. Introduction
Deep learning has achieved significant progress in compu-
tational quantum chemistry in recent years. Existing deep
learning methods have demonstrated their efficiency and
expressiveness in tackling various challenging quantum me-
chanical simulation tasks. For example, deep graph learning
methods can now accurately predict quantum properties of a
molecule, such as molecular energy and the HOMO-LUMO
gap (Schütt et al., 2017; Liu et al., 2022b; Gasteiger et al.,
2020; Klicpera et al., 2020; Wang et al., 2022b; Liu et al.,
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2021; Wang et al., 2022a; Brandstetter et al., 2022; Yan et al.,
2022). Recent deep generative models have also shown to be
capable of generating new materials and molecules by faith-
fully learning the distribution of their structures (Simm &
Hernandez-Lobato, 2020; Mansimov et al., 2019; Xu et al.,
2021b; Shi et al., 2021; Xu et al., 2021a; Ganea et al., 2021;
Luo & Ji, 2022). Recent efforts on modeling interaction of
two and more molecules also shed light on protein-ligand
docking for drug development (Corso et al., 2022; Ganea
et al., 2022; Stärk et al., 2022; Zhang et al., 2022; Lu et al.,
2022; Jiang et al., 2022; Liu et al., 2022a). Inspired by all
these advancements, we aim to predict a more fundamental
target in computational physics, quantum tensors, by devel-
oping a new deep graph learning model framework in this
work.

Quantum tensors, such as Hamiltonian matrix, eigen wave-
functions, and eigen energies, can be used to describe molec-
ular systems and their quantum states. Since quantum ten-
sors contain the most critical information about molecular
systems, many molecular properties can be directly derived
from quantum tensors and wavefunctions. Unfortunately,
obtaining precise quantum tensors is at considerably high
cost. Density functional theory (DFT) (Hohenberg & Kohn,
1964; Kohn & Sham, 1965) and ab initio quantum chem-
istry methods (Szabo & Ostlund, 2012) are routinely used to
calculate electronic wavefunctions, charge density, and total
energy of molecules and solids. However, first-principles
methods are computationally very expensive, limiting their
use in small systems. Therefore, deep learning is believed
to have the potential to accelerate quantum mechanical sim-
ulations if it can accurately and reliably predict quantum
tensors (Schütt et al., 2019; Unke et al., 2021) .

Unlike invariant molecular properties such as energy and
equivariant properties such as atomic forces, quantum ten-
sors possess a higher rotation order to reflect the exact ro-
tation of a molecule. Therefore, developing deep learn-
ing methods to predict quantum tensors is challenging and
requires elaborate designs of model architectures. SE(3)-
equivariant graph neural networks (Satorras et al., 2021;
Schütt et al., 2021; Thomas et al., 2018; Anderson et al.,
2019; Gasteiger et al., 2021) have the promising potential
in predicting quantum tensors since they ensure the equiv-
ariance of permutation, translation, and rotation. Output
quantum tensors are guaranteed to be permuted, translated,
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<latexit sha1_base64="3fRZ6cdPhVcf+C/9jzdRR/Outpo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA7O5sMmZ1dZnqFEPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIJXCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMkmmGW+yRCa6E1DDpVC8iQIl76Sa0ziQvB2MbmZ++5FrIxL1gOOU+zEdKBEJRtFK9+dhv1xxq+4c5C/xclKBHI1++bMXJiyLuUImqTFdz03Rn1CNgkk+LfUyw1PKRnTAu5YqGnPjT+aXTsmJVUISJdqWQjJXf05MaGzMOA5sZ0xxaJa9mfif180wuvYnQqUZcsUWi6JMEkzI7G0SCs0ZyrEllGlhbyVsSDVlaMMp2RC85Zf/ktZZ1busXtzVKvVaHkcRjuAYTsGDK6jDLTSgCQwieIIXeHVGzrPz5rwvWgtOPnMIv+B8fAM5ZY0h</latexit>

3d

QHNet

<latexit sha1_base64="4uxx+QDVNf7qerFtQcLFxFAAIlw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/lz3yxW36s5B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eW/pHVW9S6rF3e1Sr2Wx1GEIziGU/DgCupwCw1oAoMQnuAFXp2x8+y8Oe+L1oKTzxzCLzgf31AhjTA=</latexit>

3s

<latexit sha1_base64="ZCQR3YG3eH3Qz7iPHslsmDeQxMo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdF8z/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSbtW9S6rF3f1SqOex1GEEziFc/DgChpwC01oAYMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP06cjS8=</latexit>

2s

<latexit sha1_base64="D1bC2ktnfJQ7uTmQQ+O5ifSGPhc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg6f75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6q3lX18r5WqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB00XjS4=</latexit>

1s

<latexit sha1_base64="iEEyL2+nuQviKNxpj8CvHSlzv5s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7mtJv1xxq+4cZJV4OalAjma//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7plJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jYZcIXMiIkllClubyVsRBVlxoZTsiF4yy+vknat6l1WL+7qlUY9j6MIJ3AK5+DBFTTgFprQAgYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwBKEI0s</latexit>

2p

<latexit sha1_base64="jmAlIMCwpEPe7cxekK9tad/EpXk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/jzplytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1WL+5qlXotj6MIR3AMp+DBFdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgFLlY0t</latexit>

3p

<latexit sha1_base64="3fRZ6cdPhVcf+C/9jzdRR/Outpo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA7O5sMmZ1dZnqFEPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIJXCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMkmmGW+yRCa6E1DDpVC8iQIl76Sa0ziQvB2MbmZ++5FrIxL1gOOU+zEdKBEJRtFK9+dhv1xxq+4c5C/xclKBHI1++bMXJiyLuUImqTFdz03Rn1CNgkk+LfUyw1PKRnTAu5YqGnPjT+aXTsmJVUISJdqWQjJXf05MaGzMOA5sZ0xxaJa9mfif180wuvYnQqUZcsUWi6JMEkzI7G0SCs0ZyrEllGlhbyVsSDVlaMMp2RC85Zf/ktZZ1busXtzVKvVaHkcRjuAYTsGDK6jDLTSgCQwieIIXeHVGzrPz5rwvWgtOPnMIv+B8fAM5ZY0h</latexit>

3d

<latexit sha1_base64="D1bC2ktnfJQ7uTmQQ+O5ifSGPhc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg6f75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6q3lX18r5WqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB00XjS4=</latexit>

1s
<latexit sha1_base64="ZCQR3YG3eH3Qz7iPHslsmDeQxMo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdF8z/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSbtW9S6rF3f1SqOex1GEEziFc/DgChpwC01oAYMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP06cjS8=</latexit>

2s
<latexit sha1_base64="4uxx+QDVNf7qerFtQcLFxFAAIlw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/lz3yxW36s5B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eW/pHVW9S6rF3e1Sr2Wx1GEIziGU/DgCupwCw1oAoMQnuAFXp2x8+y8Oe+L1oKTzxzCLzgf31AhjTA=</latexit>

3s
<latexit sha1_base64="iEEyL2+nuQviKNxpj8CvHSlzv5s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7mtJv1xxq+4cZJV4OalAjma//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7plJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jYZcIXMiIkllClubyVsRBVlxoZTsiF4yy+vknat6l1WL+7qlUY9j6MIJ3AK5+DBFTTgFprQAgYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwBKEI0s</latexit>

2p
<latexit sha1_base64="jmAlIMCwpEPe7cxekK9tad/EpXk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/jzplytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1WL+5qlXotj6MIR3AMp+DBFdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgFLlY0t</latexit>

3p
<latexit sha1_base64="3fRZ6cdPhVcf+C/9jzdRR/Outpo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA7O5sMmZ1dZnqFEPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIJXCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMkmmGW+yRCa6E1DDpVC8iQIl76Sa0ziQvB2MbmZ++5FrIxL1gOOU+zEdKBEJRtFK9+dhv1xxq+4c5C/xclKBHI1++bMXJiyLuUImqTFdz03Rn1CNgkk+LfUyw1PKRnTAu5YqGnPjT+aXTsmJVUISJdqWQjJXf05MaGzMOA5sZ0xxaJa9mfif180wuvYnQqUZcsUWi6JMEkzI7G0SCs0ZyrEllGlhbyVsSDVlaMMp2RC85Zf/ktZZ1busXtzVKvVaHkcRjuAYTsGDK6jDLTSgCQwieIIXeHVGzrPz5rwvWgtOPnMIv+B8fAM5ZY0h</latexit>

3d

<latexit sha1_base64="SCGW/6tI62soaZUJ/+NLObs2quY=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN+6sYB/YDiWTZtrQJDMkGaEM/Qs3LhRx69+482/MtBV8HggczrmXnHvChDNtPO/dWVhcWl5ZLawV1zc2t7ZLO7tNHaeK0AaJeazaIdaUM0kbhhlO24miWISctsLRRe637qjSLJY3ZpzQQOCBZBEj2FjptiuwGSqRXU16pbLn+pXzql9Bv4nvelOUYY56r/TW7cckFVQawrHWHd9LTJBhZRjhdFLsppommIzwgHYslVhQHWTTxBN0aJU+imJlnzRoqn7dyLDQeixCO5kn1D+9XPzL66QmOgsyJpPUUElmH0UpRyZG+fmozxQlho8twUQxmxWRIVaYGFtS0ZbweSn6nzQrrn/iHl9Xy7XavI4C7MMBHIEPp1CDS6hDAwhIuIdHeHK08+A8Oy+z0QVnvrMH3+C8fgA3VZFL</latexit>

O

<latexit sha1_base64="SCGW/6tI62soaZUJ/+NLObs2quY=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN+6sYB/YDiWTZtrQJDMkGaEM/Qs3LhRx69+482/MtBV8HggczrmXnHvChDNtPO/dWVhcWl5ZLawV1zc2t7ZLO7tNHaeK0AaJeazaIdaUM0kbhhlO24miWISctsLRRe637qjSLJY3ZpzQQOCBZBEj2FjptiuwGSqRXU16pbLn+pXzql9Bv4nvelOUYY56r/TW7cckFVQawrHWHd9LTJBhZRjhdFLsppommIzwgHYslVhQHWTTxBN0aJU+imJlnzRoqn7dyLDQeixCO5kn1D+9XPzL66QmOgsyJpPUUElmH0UpRyZG+fmozxQlho8twUQxmxWRIVaYGFtS0ZbweSn6nzQrrn/iHl9Xy7XavI4C7MMBHIEPp1CDS6hDAwhIuIdHeHK08+A8Oy+z0QVnvrMH3+C8fgA3VZFL</latexit>

O

<latexit sha1_base64="/watzLls63dsY19r1FkBZ9OwZ2o=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN11WsA9sh5JJM21okhmSjFCG/oUbF4q49W/c+Tdm2go+DwQO59xLzj1hwpk2nvfuLC2vrK6tFzaKm1vbO7ulvf2WjlNFaJPEPFadEGvKmaRNwwynnURRLEJO2+H4Kvfbd1RpFssbM0loIPBQsogRbKx02xPYjJTI6tN+qey5fuWy6lfQb+K73gxlWKDRL731BjFJBZWGcKx11/cSE2RYGUY4nRZ7qaYJJmM8pF1LJRZUB9ks8RQdW2WAoljZJw2aqV83Miy0nojQTuYJ9U8vF//yuqmJLoKMySQ1VJL5R1HKkYlRfj4aMEWJ4RNLMFHMZkVkhBUmxpZUtCV8Xor+J62K65+5p9fVcq22qKMAh3AEJ+DDOdSgDg1oAgEJ9/AIT452Hpxn52U+uuQsdg7gG5zXDyyykUQ=</latexit>

H
<latexit sha1_base64="/watzLls63dsY19r1FkBZ9OwZ2o=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN11WsA9sh5JJM21okhmSjFCG/oUbF4q49W/c+Tdm2go+DwQO59xLzj1hwpk2nvfuLC2vrK6tFzaKm1vbO7ulvf2WjlNFaJPEPFadEGvKmaRNwwynnURRLEJO2+H4Kvfbd1RpFssbM0loIPBQsogRbKx02xPYjJTI6tN+qey5fuWy6lfQb+K73gxlWKDRL731BjFJBZWGcKx11/cSE2RYGUY4nRZ7qaYJJmM8pF1LJRZUB9ks8RQdW2WAoljZJw2aqV83Miy0nojQTuYJ9U8vF//yuqmJLoKMySQ1VJL5R1HKkYlRfj4aMEWJ4RNLMFHMZkVkhBUmxpZUtCV8Xor+J62K65+5p9fVcq22qKMAh3AEJ+DDOdSgDg1oAgEJ9/AIT452Hpxn52U+uuQsdg7gG5zXDyyykUQ=</latexit>

H

<latexit sha1_base64="/watzLls63dsY19r1FkBZ9OwZ2o=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN11WsA9sh5JJM21okhmSjFCG/oUbF4q49W/c+Tdm2go+DwQO59xLzj1hwpk2nvfuLC2vrK6tFzaKm1vbO7ulvf2WjlNFaJPEPFadEGvKmaRNwwynnURRLEJO2+H4Kvfbd1RpFssbM0loIPBQsogRbKx02xPYjJTI6tN+qey5fuWy6lfQb+K73gxlWKDRL731BjFJBZWGcKx11/cSE2RYGUY4nRZ7qaYJJmM8pF1LJRZUB9ks8RQdW2WAoljZJw2aqV83Miy0nojQTuYJ9U8vF//yuqmJLoKMySQ1VJL5R1HKkYlRfj4aMEWJ4RNLMFHMZkVkhBUmxpZUtCV8Xor+J62K65+5p9fVcq22qKMAh3AEJ+DDOdSgDg1oAgEJ9/AIT452Hpxn52U+uuQsdg7gG5zXDyyykUQ=</latexit>

H
<latexit sha1_base64="/watzLls63dsY19r1FkBZ9OwZ2o=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN11WsA9sh5JJM21okhmSjFCG/oUbF4q49W/c+Tdm2go+DwQO59xLzj1hwpk2nvfuLC2vrK6tFzaKm1vbO7ulvf2WjlNFaJPEPFadEGvKmaRNwwynnURRLEJO2+H4Kvfbd1RpFssbM0loIPBQsogRbKx02xPYjJTI6tN+qey5fuWy6lfQb+K73gxlWKDRL731BjFJBZWGcKx11/cSE2RYGUY4nRZ7qaYJJmM8pF1LJRZUB9ks8RQdW2WAoljZJw2aqV83Miy0nojQTuYJ9U8vF//yuqmJLoKMySQ1VJL5R1HKkYlRfj4aMEWJ4RNLMFHMZkVkhBUmxpZUtCV8Xor+J62K65+5p9fVcq22qKMAh3AEJ+DDOdSgDg1oAgEJ9/AIT452Hpxn52U+uuQsdg7gG5zXDyyykUQ=</latexit>

H

<latexit sha1_base64="6E2nAlXRydhwUF/kimj5FzASHV8=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokpVbdFdy4ESpYW2hCmEwm7dDJJMxMhBKy8VfcuFDErZ/hzr9x0lbweeDC4Zx7ufeeIGVUKtt+NyoLi0vLK9XV2tr6xuaWub1zI5NMYNLFCUtEP0CSMMpJV1HFSD8VBMUBI71gfF76vVsiJE34tZqkxIvRkNOIYqS05Jt7rqIsJLkbIzUKovyyKPzctgvfrNuW0zhrOg34mziWPUUdzNHxzTc3THAWE64wQ1IOHDtVXo6EopiRouZmkqQIj9GQDDTlKCbSy6cPFPBQKyGMEqGLKzhVv07kKJZyEge6s7xT/vRK8S9vkKno1MspTzNFOJ4tijIGVQLLNGBIBcGKTTRBWFB9K8QjJBBWOrOaDuHzU/g/uWlYTss6vmrW2615HFWwDw7AEXDACWiDC9ABXYBBAe7BI3gy7owH49l4mbVWjPnMLvgG4/UDfdqW+A==</latexit>

M̃00

Hamiltonian matrix

<latexit sha1_base64="qq0gefd6LChLFrXwww3gDR9PDlw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6PgZy8RgxL0iWMDuZTYbMzi4zvUII+QQvHhTx6hd582+cJHvQxIKGoqqb7q4gkcKg6347ubX1jc2t/HZhZ3dv/6B4eNQ0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYyqM7/1xLURsarjOOF+RAdKhIJRtNJjtXfZK5bcsjsHWSVeRkqQodYrfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/mpU3JmlT4JY21LIZmrvycmNDJmHAW2M6I4NMveTPzP66QY3vkToZIUuWKLRWEqCcZk9jfpC80ZyrEllGlhbyVsSDVlaNMp2BC85ZdXSfOi7N2Urx+uSpV6FkceTuAUzsGDW6jAPdSgAQwG8Ayv8OZI58V5dz4WrTknmzmGP3A+fwDGlY2J</latexit>

C3

<latexit sha1_base64="MkbTfJfVr7sRGV1cHjzpfFoeuwI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2MgF48R84JkCbOT2WTI7Owy0yuExU/w4kERr36RN//GSbIHTSxoKKq66e4KEikMuu63U1hb39jcKm6Xdnb39g/Kh0dtE6ea8RaLZay7ATVcCsVbKFDybqI5jQLJO8GkPvM7j1wbEasmThPuR3SkRCgYRSs91AfeoFxxq+4cZJV4OalAjsag/NUfxiyNuEImqTE9z03Qz6hGwSR/KvVTwxPKJnTEe5YqGnHjZ/NTn8iZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9mfif10sxvPUzoZIUuWKLRWEqCcZk9jcZCs0ZyqkllGlhbyVsTDVlaNMp2RC85ZdXSfui6l1Xr+4vK7VmHkcRTuAUzsGDG6jBHTSgBQxG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwDDjY2H</latexit>
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Figure 1. The rotation equivariance relationship between the input
molecule and output Hamiltonian matrix.

and rotated in the same way as the input molecule shown
in Figure 1. However, the efficiency of SE(3)-equivariant
models are generally low as a trade-off for equivariance. In
this work, we propose an efficient and equivariant graph
network, named QHNet, for predicting quantum tensors
including Hamiltonian matrices.

The high efficiency of the proposed QHNet is mainly be-
cause QHNet adopts much fewer tensor product (TP) op-
erations than existing SE(3)-equivariant graph networks.
Note that TP operation causes most of the time overheads
though they are critical for learning quantum tensors. As a
result, QHNet boosts efficiency by more than three times
and reduces 50% of GPU memory, which is a significant
advance compared to existing SE(3)-equivariant networks.
With such an efficient architecture, our QHNet surprisingly
achieves comparable performance to the state of the art
methods.

In addition to better efficiency and prediction performance,
QHNet has another advantage of more flexible applicabil-
ity. The expansion module of QHNet outputs intermediate
blocks with a fixed shape for all node pairs despite atom
types. The fixed shape is predefined by full orbitals needed
for a particular dataset. Then, the pairwise blocks of every
two atoms are extracted to build the quantum tensor accord-
ing to specific atomic orbitals. This design enables an easy
extension to cases where more atom types are involved, i.e.,
the model architecture is not affected by different types of
atoms. Therefore, given the advantages of efficacy, effi-
ciency, and applicability, our QHNet is an excellent choice
for predicting quantum tensors such as quantum Hamilto-
nian, in more general molecular systems.

2. Background and Related Work
2.1. Quantum Tensors in Density Functional Theory

Quantum mechanical methods such as first-principles den-
sity functional theory (DFT) (Hohenberg & Kohn, 1964;

Kohn & Sham, 1965) and ab initio quantum chemistry meth-
ods (Szabo & Ostlund, 2012), are widely used to calculate
the electronic structure of solids and molecules, such as
electronic wavefunctions, charge density, total energy etc.
These quantities can in turn be used to derive many other
physical and chemical properties, for examples, electronic,
mechanical, optical, magnetic, and catalytic properties of
molecules and solids. DFT maps a many-body interact-
ing system onto a many one-body non-interacting system,
allowing to efficiently solve the Schrödinger equation for
complex materials and molecules. In principle, DFT with
exact exchange-correlation energy functional yields exact
ground-state density and total energy. The Schrödinger
equation for an n-electron interacting system is given by,

ĤΨ(r1, . . . , rn) = EΨ(r1, . . . , rn) , (1)

where Ψ is the total wavefunction of all electrons, Ĥ is
the Hamiltonian operator, and E is the total energy. Here,
the ionic degree of freedom is not considered. DFT essen-
tially decouples the wavefunction from an interactive high
dimensional function into a combination of non-interacting
univariate wavefunctions as

Ψ(r1, . . . , rn) = ψ1 (r1)ψ2 (r2) . . . ψn (rn) , (2)

where n is the number of electrons, ri is the coordinates
of the i-th electron, and ψi is the wavefunction for the i-th
electron. In molecular systems, ψi usually represents the
i-th molecular orbital. Then ψi is approximated by a linear
combination of predefined basis set ϕj as

ψi(r) =
∑

j

Cijϕj(r), (3)

where C ∈ Rn×n denotes the molecular orbital coefficients
of interest, although it could have complex values for solids
etc. Derived from the Schrödinger equation in Eq. (1),
the coefficients C for the molecular ground state satisfy
the eigenvalue decomposition equation (Szabo & Ostlund,
2012),

HC = ϵSC, (4)

where H is the Hamiltonian matrix with Hij =

⟨ϕi|Ĥ|ϕj⟩ =
∫
ϕ∗i (r)Ĥϕj(r)dr, S is the overlap matrix

with Sij = ⟨ϕi|ϕj⟩ =
∫
ϕ∗i (r)ϕj(r)dr which represents

the integral of a pair of the predefined basis functions,
and each element in the diagonal matrix ϵ denotes the
energy of the corresponding molecular orbital. Note that
H,S, ϵ ∈ Rn×n in the present work.

The ultimate goal of DFT is to calculate these quantum
tensors H, C, and ϵ, from which other properties such as
total energy and atomic forces etc. can be readily computed.
By utilizing the self-consistent field (SCF) methods (Payne
et al., 1992; Cances & Le Bris, 2000; Kudin et al., 2002),
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DFT can approximate the solution iteratively with a time
complexity of O(n3) for each step, resulting in significant
cost for running DFT simulations for large systems. This
is particularly true when multiple iterations have to be con-
ducted to obtain the final quantum tensors in settings in
which a high level of accuracy is required. With the recent
advances and successes of machine learning approaches
for scientific computing, we here propose to develop deep
learning models to predict quantum tensors within a reason-
able level of accuracy, thereby accelerating the optimization
process in the electronic structure calculations with better
accuracy.

2.2. Related Work

In recent years, graph neural networks have yielded promis-
ing results in quantum chemistry by solving problems such
as precise prediction of molecular properties (Gilmer et al.,
2017; Liu et al., 2022b; Fuchs et al., 2020; Batzner et al.,
2022; Schütt et al., 2021; Godwin et al., 2021; Satorras et al.,
2021; Unke & Meuwly, 2019; Gasteiger et al., 2020; Qiao
et al., 2020). A molecule usually has various quantum prop-
erties that describe the molecule from different perspectives.
We divide these properties into three categories based on
their rotation orders. A typical example of the first cate-
gory is molecular energy, including the total energy and
the HOMO-LUMO gap, as molecular energy is invariant to
molecular rotation. The force falls into the second category
because force vectors rotate as a molecule rotates. Thus,
force predictions have to be equivariant to rotations of the
same order. The third category includes a higher rotation
order of the matrix that indicates the exact rotation. The
Hamiltonian matrix is an example in this category and is
more challenging to predict. To predict molecular properties
with different rotation orders, different variants of invariant
and equivariant GNNs have been proposed accordingly.

Invariant GNNs use relative geometric information of
molecules as input and predict invariant molecular prop-
erties. For instance, SchNet (Schütt et al., 2018) considers
pairwise distances when performing message passing, while
DimeNet (Gasteiger et al., 2020) also uses angles in addition
to distance. SphereNet (Liu et al., 2022b) and ComENet
(Wang et al., 2022a) incorporate distances, angles, and tor-
sion angles to build more informative representations.

Equivariant GNNs use equivariant features and specific
model architectures to predict the roto-equivariant molecular
properties. For example, PaiNN (Schütt et al., 2021) main-
tains the equivariant features of rotation order ℓ = 1 in the
model architecture. Tenor field networks, SE3-transformers,
and NequIP (Thomas et al., 2018; Fuchs et al., 2020; Batzner
et al., 2022) use tensor products to incorporate lifted higher-
order of equivariant features while prediction targets could
be either invariant or equivariant with order ℓ = 1.

To predict high-order quantum tensors, SchNorb (Schütt
et al., 2019) follows SchNet (Schütt et al., 2018) to consider
pairwise distances and incorporates direction information by
applying pairwise direction vector on pairwise interaction
features. It then constructs blocks of the Hamiltonian matrix.
SchNorb considers system coordinates through the pairwise
direction vector. However, it does not provide guarantee
on yielding an equivariant matrix. In PhiSNet (Unke et al.,
2021), tensor products (Thomas et al., 2018) are used to
ensure equivariance. In this method, the equivariant atomic
representation network is applied to extract equivariant fea-
tures for each atom. The mixing layers are then applied to
construct equivariant representations for each node pair. The
Hamiltonian matrix is finally constructed with irreducible
representations collected from the mapping from orbital in-
teractions to channel indices. The DeepH (Li et al., 2022)
uses the 3D GNN to predict the invariant Hamiltonian matrix
block. It then applies the Wigner-D matrix to the predicted
invariant matrix, thereby ensuring rotation equivariance.

3. Methodology
In this section, we describe our proposed SE(3) equivariant
graph neural network, QHNet, for quantum tensor predic-
tion tasks.

3.1. Tensor Field Networks

The tensor field network (TFN) (Thomas et al., 2018) is one
of the commonly-used equivariant neural network architec-
tures that achieve 3D rotation, translation, and permutation
equivariance. TFN uses tensor product to combine two irre-
ducible representations u and v of the rotation orders ℓ1 and
ℓ2 with the Clebsch-Gordan (CG) coefficients (Griffiths &
Schroeter, 2018) to produce a new irreducible representation
of order ℓ3 as

(uℓ1 ⊗ vℓ2)ℓ3m3
=

ℓ1∑

m1=−ℓ1

ℓ2∑

m2=−ℓ2

C
(ℓ3,m3)
(ℓ1,m1),(ℓ2,m2)

uℓ1m1
vℓ2m2

,

where C denotes the CG matrix, ℓ3 satisfies |ℓ1 − ℓ2| ≤
ℓ3 ≤ ℓ1 + ℓ2, and ℓ1, ℓ2, ℓ3 ∈ N. Note that m denotes the
m-th element in the irreducible representation with −ℓ ≤
m ≤ ℓ and m ∈ N. In the TFN (Thomas et al., 2018), each
layer is composed of filter, convolution, self-interaction and
nonlinear activation modules. First, spherical harmonic
filters Y are applied to the node pair direction r̂ij , then
combined with the pairwise distance rij to obtain the filter
outputs F as

F
(ℓin,ℓf )
cm (rij , r̂ij) = R

(ℓin,ℓf )
c (rij)Y

ℓf
m (r̂ij), (5)

where R is a multiple layer perceptron (MLP) that takes
the embedding of pairwise distance as input, and c is the
channel index. Then the convolution collects information
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from the irreducible representations of other nodes and the
pairwise spherical harmonics through the tensor product as

Ṽ
ℓout
i =

∑

j

(F (ℓin,ℓf )(rij , r̂ij)⊗ V
ℓin
j )ℓout (6)

with |ℓin − ℓf | ≤ ℓout ≤ ℓin + ℓf , and ℓin, ℓout, ℓf ∈ N.
Then the self-interaction is a linear layer that combines
features across the channel dimension to obtain irreducible
representations with the same order ℓ as

V ℓ
icm = f linear(V

ℓ
i )cm =

∑

c

wcc′V
ℓ
ic′m. (7)

In the final nonlinear layer, a nonlinear function is applied
to the invariant irreducible representations of ℓ = 0. Mean-
while, the average norm

∑
c ∥V ℓ

ic∥ is calculated over the
channel for irreducible representations with ℓ > 1, and V ℓ

i

is normalized with this average norm.

3.2. Norm Gate

The irreducible representations can be represented as the
multiplication of their norm and direction vectors. When
the norm of xi is larger than other nodes, the message from
node i has greater impact on node messaging updating. In-
stead of the layer norm operation in the original TFN layer,
we perform norm gate learning to rescale the norm of ir-
reducible representations before applying message passing
and tensor product. The norm of order ℓ representations for
node i, xℓ

i , is defined as

nℓ
i = ∥xℓ

i∥. (8)

We apply an MLP to learn the norm of new irreducible rep-
resentations along with the new irreducible representations
with order 0 as

x̂0
i ,σ

1
i , . . .σ

ℓmax
i = fMLP(x

0
i ,n

1
i , . . . ,n

ℓmax
i ). (9)

The irreducible representations with order higher than 0 are
rescaled with the factor

x̂
′ℓ
im = σℓ

ix
ℓ
im. (10)

Since x0 and the norm nℓ
i are SE(3) invariant, the scale

σi is also invariant. Therefore, the rescaled irreducible
representations x̂ℓ

i have the same SE(3) equivariance as xℓ
i .

The illustration of norm gate is shown in Figure 2.A.

Usually, a self-interaction layer is applied after the norm
gate to produce the representation x̂ℓ

i as

x̂ℓ
i = f linear(x̂

′ℓ
i ). (11)

3.3. Node-Wise Interaction Layer

The filter module in the TFN layer controls influence of
messages from other nodes. It takes pairwise distances as

input and induces most of parameters in the TFN layer. In-
tuitively, when nodes are far from each other, their influence
on each other should be weak.

In our node-wise interaction layers as illustrated in Fig-
ure 2.B, we further consider the similarity of pairwise nodes.
We calculate the inner product of the pairwise irreducible
representations of order ℓ as

Iℓij = ⟨f linear(x
ℓ
i), f linear(x

ℓ
j)⟩ . (12)

To increase expressive power, a self-interaction linear layer
is applied before the inner product. The pairwise cosine
similarity of irreducible representations are then fed into a
MLP along with the irreducible representations of order 0
to calculate attentive scores as

aij = fMLP(x
0
i ,x

0
j , I

1
ij , . . . , I

ℓmax
ij ). (13)

Since x0 and the inner product Iij are invariant, the attentive
scores are also SE(3) invariant.

Even though the filter in the TFN layer assigns a weight
for each (ℓin, ℓf ) according to Eq. (5), the weights are the
same when the order of output features ℓout are different.
To explicitly express the difference, we extend the filter to
assign weights for each path (ℓin, ℓf , ℓout). Furthermore, the
filter assigns an attentive score for each path to consider
pairwise similarities. Formally,

F
(ℓin,ℓf ,ℓout)
cm (rij , r̂ij) =

a
(ℓin,ℓf ,ℓout)
ijc R

(ℓin,ℓf ,ℓout)
c (rij)Y

ℓf
m (r̂ij). (14)

Note that c denotes the channel index and m indexes the
irreducible representations.

In the next step, we calculate the message mij from node j
to node i. The irreducible representations x are first rescaled
with a norm gate and self-interaction layer to obtain x̂. Then
the rescaled representations cooperates with the filter to
produce mij as

m
ℓout
ijc =

∑

ℓf ,ℓin

(F
(ℓin,ℓf ,ℓout)
c (rij , r̂ij)⊗ (x̂

ℓin
jc ))

ℓout . (15)

The output irreducible representations x̃ are then obtained
by aggregating the message mij and the self-connection
and further updated with a self-interaction layer as

x̃ℓ
i = f linear(x̂

ℓ
i +

∑

j

mℓ
ij). (16)

3.4. Building Quantum Tensor

Quantum tensors like Hamiltonian matrix characterize the
pairwise relationship between atoms in molecular systems,
and they can be divided into diagonal and non-diagonal
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<latexit sha1_base64="68UoujzQYJ/xpKQQDPaTZmNjYyY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQzowWME84BkCbOT2WTM7Ow60yuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOLaiFjd4yjhfkT7SoSCUbRSSwdhNxMP426p7FbcKcgi8XJShhy1bumr04tZGnGFTFJj2p6boJ9RjYJJPi52UsMTyoa0z9uWKhpx42fTe8fk2Co9EsbalkIyVX9PZDQyZhQFtjOiODDz3kT8z2unGF75mVBJilyx2aIwlQRjMnme9ITmDOXIEsq0sLcSNqCaMrQRFW0I3vzLi6RxWvEuKud3Z+XqTR5HAQ7hCE7Ag0uowi3UoA4MJDzDK7w5j86L8+58zFqXnHzmAP7A+fwBZhSQOg==</latexit>

rbfij

<latexit sha1_base64="vlCKcqPtqRYfkagXGEomqyBPcvI=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzowWNEs0AyhJ5OTdKmp2fs7hHCkJ/w4kERr/6ON//GznLQxAcFj/eqqKoXJIJr47rfTm5peWV1Lb9e2Njc2t4p7u7VdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4GvuNJ1Sax/LeDBP0I9qTPOSMGis175J+J+MPo06x5JbdCcgi8WakBDNUO8WvdjdmaYTSMEG1bnluYvyMKsOZwFGhnWpMKBvQHrYslTRC7WeTe0fkyCpdEsbKljRkov6eyGik9TAKbGdETV/Pe2PxP6+VmvDSz7hMUoOSTReFqSAmJuPnSZcrZEYMLaFMcXsrYX2qKDM2ooINwZt/eZHUT8reefns9rRUuZ7FkYcDOIRj8OACKnADVagBAwHP8ApvzqPz4rw7H9PWnDOb2Yc/cD5/AE7dkCs=</latexit>

Sphij

<latexit sha1_base64="1mGSiLop5rlOqhB6C/ZIpROVh0E=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NABI8RjAkkS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLK6tr6RnGztLW9s7tX3j94tDozjDeYltq0Imq5FIo3UKDkrdRwmkSSN6PhzdRvPnFjhVYPOEp5mNC+ErFgFJ3U7GgUCbfdcsWv+jOQZRLkpAI56t3yV6enWZZwhUxSa9uBn2I4pgYFk3xS6mSWp5QNaZ+3HVXULQnHs3Mn5MQpPRJr40ohmam/J8Y0sXaURK4zoTiwi95U/M9rZxhfh2Oh0gy5YvNFcSYJajL9nfSE4QzlyBHKjHC3EjaghjJ0CZVcCMHiy8vk8awaXFYv7s8rtds8jiIcwTGcQgBXUIM7qEMDGAzhGV7hzUu9F+/d+5i3Frx85hD+wPv8AYoSj7o=</latexit>⌦
<latexit sha1_base64="j4u19LK8jRHeGScl5fB55QZE+Ew=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0VwISURXwuRgi5cVrAPaGOZTCbt0EkmzNwoJfQ/3LhQxK3/4s6/cZpmoa0HLvdwzr3MnePFgmuw7W+rsLC4tLxSXC2trW9sbpW3d5paJoqyBpVCqrZHNBM8Yg3gIFg7VoyEnmAtb3g98VuPTGkuo3sYxcwNST/iAacEjPRw2aW+hCOctateuWJX7Qx4njg5qaAc9V75q+tLmoQsAiqI1h3HjsFNiQJOBRuXuolmMaFD0mcdQyMSMu2m2dVjfGAUHwdSmYoAZ+rvjZSEWo9Cz0yGBAZ61puI/3mdBIILN+VRnACL6PShIBEYJJ5EgH2uGAUxMoRQxc2tmA6IIhRMUCUTgjP75XnSPK46Z9XTu5NK7SaPo4j20D46RA46RzV0i+qogShS6Bm9ojfryXqx3q2P6WjBynd20R9Ynz+CCJHk</latexit>

< ·, · >

<latexit sha1_base64="4GzmO3JFV3hM30WIMd2L5Z9Omi8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE34OMY0IPHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWql/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2VL+uVUvUuiyMPJ3AK5+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP3S/jLk=</latexit>

+
<latexit sha1_base64="tJBtGqrWiAeXPw1OdOK5r0+Npuc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2NADx4jmAckS5idzCZjZmeWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uMBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLRzdRvPTFtuJIPOE5YEJOB5BGnBK3U7CKPmemVK17Vm8FdJn5OKpCj3it/dfuKpjGTSAUxpuN7CQYZ0cipYJNSNzUsIXREBqxjqSR2SZDNrp24J1bpu5HStiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOitF1kHGZpMgknS+KUuGicqevu32uGUUxtoRQze2tLh0STSjagEo2BH/x5WXSPKv6l9WL+/NK7TaPowhHcAyn4MMV1OAO6tAACo/wDK/w5ijnxXl3PuatBSefOYQ/cD5/ALoFj0A=</latexit>⇥

<latexit sha1_base64="FHvmOp/1aK51GtmBkZ7N1vK0F8I=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWbE17KgC5cV7APaoWTSTBuayYxJpliGfocbF4q49WPc+Tdm2llo64HA4Zx7uSfHjwXXxnG+UWFldW19o7hZ2tre2d0r7x80dZQoyho0EpFq+0QzwSVrGG4Ea8eKkdAXrOWPbjK/NWZK80g+mEnMvJAMJA84JcZKXjckZugH6ZOa9nivXHGqzgx4mbg5qUCOeq/81e1HNAmZNFQQrTuuExsvJcpwKti01E00iwkdkQHrWCpJyLSXzkJP8YlV+jiIlH3S4Jn6eyMlodaT0LeTWUi96GXif14nMcG1l3IZJ4ZJOj8UJAKbCGcN4D5XjBoxsYRQxW1WTIdEEWpsTyVbgrv45WXSPKu6l9WL+/NK7TavowhHcAyn4MIV1OAO6tAACo/wDK/whsboBb2jj/loAeU7h/AH6PMHWgKSgA==</latexit>xri

<latexit sha1_base64="oioIqP9OfLaBojzypm1HSgmS6D4=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWbE17KgC5cV7APaoWTSTBuayYxJpliGfocbF4q49WPc+Tdm2llo64HA4Zx7uSfHjwXXxnG+UWFldW19o7hZ2tre2d0r7x80dZQoyho0EpFq+0QzwSVrGG4Ea8eKkdAXrOWPbjK/NWZK80g+mEnMvJAMJA84JcZKXjckZugH6ZOY9nivXHGqzgx4mbg5qUCOeq/81e1HNAmZNFQQrTuuExsvJcpwKti01E00iwkdkQHrWCpJyLSXzkJP8YlV+jiIlH3S4Jn6eyMlodaT0LeTWUi96GXif14nMcG1l3IZJ4ZJOj8UJAKbCGcN4D5XjBoxsYRQxW1WTIdEEWpsTyVbgrv45WXSPKu6l9WL+/NK7TavowhHcAyn4MIV1OAO6tAACo/wDK/whsboBb2jj/loAeU7h/AH6PMHUNiSeg==</latexit>

xli

<latexit sha1_base64="f0hAqSyjFMxmn13qGJpxit7nqWM=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VBFy4r2Ad0hpJJM21oJhmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6IdaUM0FbhhlOu4miOA457YTjm9zvPFKlmRQPZpLQIMZDwSJGsLGS78fYjMIoe5r2Wb9ac+vuDGiZeAWpQYFmv/rlDyRJYyoM4VjrnucmJsiwMoxwOq34qaYJJmM8pD1LBY6pDrJZ5ik6scoARVLZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQcZE0lqqCDzQ1HKkZEoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3busX9yf1xq3RR1lOIJjOAUPrqABd9CEFhBI4Ble4c1JnRfn3fmYj5acYucQ/sD5/AGDGpIE</latexit>xi

<latexit sha1_base64="f0hAqSyjFMxmn13qGJpxit7nqWM=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VBFy4r2Ad0hpJJM21oJhmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6IdaUM0FbhhlOu4miOA457YTjm9zvPFKlmRQPZpLQIMZDwSJGsLGS78fYjMIoe5r2Wb9ac+vuDGiZeAWpQYFmv/rlDyRJYyoM4VjrnucmJsiwMoxwOq34qaYJJmM8pD1LBY6pDrJZ5ik6scoARVLZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQcZE0lqqCDzQ1HKkZEoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3busX9yf1xq3RR1lOIJjOAUPrqABd9CEFhBI4Ble4c1JnRfn3fmYj5acYucQ/sD5/AGDGpIE</latexit>xi

<latexit sha1_base64="f0hAqSyjFMxmn13qGJpxit7nqWM=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VBFy4r2Ad0hpJJM21oJhmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6IdaUM0FbhhlOu4miOA457YTjm9zvPFKlmRQPZpLQIMZDwSJGsLGS78fYjMIoe5r2Wb9ac+vuDGiZeAWpQYFmv/rlDyRJYyoM4VjrnucmJsiwMoxwOq34qaYJJmM8pD1LBY6pDrJZ5ik6scoARVLZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQcZE0lqqCDzQ1HKkZEoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3busX9yf1xq3RR1lOIJjOAUPrqABd9CEFhBI4Ble4c1JnRfn3fmYj5acYucQ/sD5/AGDGpIE</latexit>xi

<latexit sha1_base64="f0hAqSyjFMxmn13qGJpxit7nqWM=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VBFy4r2Ad0hpJJM21oJhmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6IdaUM0FbhhlOu4miOA457YTjm9zvPFKlmRQPZpLQIMZDwSJGsLGS78fYjMIoe5r2Wb9ac+vuDGiZeAWpQYFmv/rlDyRJYyoM4VjrnucmJsiwMoxwOq34qaYJJmM8pD1LBY6pDrJZ5ik6scoARVLZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQcZE0lqqCDzQ1HKkZEoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3busX9yf1xq3RR1lOIJjOAUPrqABd9CEFhBI4Ble4c1JnRfn3fmYj5acYucQ/sD5/AGDGpIE</latexit>xi

<latexit sha1_base64="JvoIG3bpH15PQvQil1boZTLs8gY=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiTia1nQhcsK9gFtCJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DMnSDhT2nG+rZXVtfWNzcpWdXtnd69m7x90VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbgq/+0ilYrF40NOEehEeCRYygrWRfLs2iLAeB2EW5n7GWO7bdafhzICWiVuSOpRo+fbXYBiTNKJCE46V6rtOor0MS80Ip3l1kCqaYDLBI9o3VOCIKi+bBc/RiVGGKIyleUKjmfp7I8ORUtMoMJNFTLXoFeJ/Xj/V4bWXMZGkmgoyPxSmHOkYFS2gIZOUaD41BBPJTFZExlhiok1XVVOCu/jlZdI5a7iXjYv783rztqyjAkdwDKfgwhU04Q5a0AYCKTzDK7xZT9aL9W59zEdXrHLnEP7A+vwBdcOTog==</latexit>

fii

<latexit sha1_base64="vGVoz1QwFThFeXGWX02SwD4QN5M=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uCLlxWsA9oQ5lMJ+3YySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZVWVtfWN8qbla3tnd2qvbffVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc79ziOVikXiXk9j6oV4JFjACNZGGtjVfoj12A/SIBuk7CEb2DWn7syAlolbkBoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zSj9RNMZkgke0Z6jAIVVeOgueoWOjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooMrL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbriqmBHfxy8ukfVp3L+rnd2e1xk1RRxkO4QhOwIVLaMAtNKEFBBJ4hld4s56sF+vd+piPlqxi5wD+wPr8AXdIk6M=</latexit>

fij

<latexit sha1_base64="f0hAqSyjFMxmn13qGJpxit7nqWM=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VBFy4r2Ad0hpJJM21oJhmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6IdaUM0FbhhlOu4miOA457YTjm9zvPFKlmRQPZpLQIMZDwSJGsLGS78fYjMIoe5r2Wb9ac+vuDGiZeAWpQYFmv/rlDyRJYyoM4VjrnucmJsiwMoxwOq34qaYJJmM8pD1LBY6pDrJZ5ik6scoARVLZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQcZE0lqqCDzQ1HKkZEoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3busX9yf1xq3RR1lOIJjOAUPrqABd9CEFhBI4Ble4c1JnRfn3fmYj5acYucQ/sD5/AGDGpIE</latexit>xi

<latexit sha1_base64="f0hAqSyjFMxmn13qGJpxit7nqWM=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VBFy4r2Ad0hpJJM21oJhmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6IdaUM0FbhhlOu4miOA457YTjm9zvPFKlmRQPZpLQIMZDwSJGsLGS78fYjMIoe5r2Wb9ac+vuDGiZeAWpQYFmv/rlDyRJYyoM4VjrnucmJsiwMoxwOq34qaYJJmM8pD1LBY6pDrJZ5ik6scoARVLZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQcZE0lqqCDzQ1HKkZEoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3busX9yf1xq3RR1lOIJjOAUPrqABd9CEFhBI4Ble4c1JnRfn3fmYj5acYucQ/sD5/AGDGpIE</latexit>xi

<latexit sha1_base64="Q4UVGBc+Ib5zrhSK/GkOh08qP7Q=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRnxtSzowmUF+4DOUDJppo3NZEKSEcvQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVpeWV1bL22UN7e2d3Yre/stnaSK0CZJeKI6IdaUM0GbhhlOO1JRHIectsPRde63H6nSLBH3ZixpEOOBYBEj2FjJ92NshmGUPU16D71K1a25U6BF4hWkCgUavcqX309IGlNhCMdadz1XmiDDyjDC6aTsp5pKTEZ4QLuWChxTHWTTzBN0bJU+ihJlnzBoqv7eyHCs9TgO7WSeUc97ufif101NdBVkTMjUUEFmh6KUI5OgvADUZ4oSw8eWYKKYzYrIECtMjK2pbEvw5r+8SFqnNe+idn53Vq3fFHWU4BCO4AQ8uIQ63EIDmkBAwjO8wpuTOi/Ou/MxG11yip0D+APn8weEnpIF</latexit>xj

<latexit sha1_base64="Q4UVGBc+Ib5zrhSK/GkOh08qP7Q=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRnxtSzowmUF+4DOUDJppo3NZEKSEcvQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVpeWV1bL22UN7e2d3Yre/stnaSK0CZJeKI6IdaUM0GbhhlOO1JRHIectsPRde63H6nSLBH3ZixpEOOBYBEj2FjJ92NshmGUPU16D71K1a25U6BF4hWkCgUavcqX309IGlNhCMdadz1XmiDDyjDC6aTsp5pKTEZ4QLuWChxTHWTTzBN0bJU+ihJlnzBoqv7eyHCs9TgO7WSeUc97ufif101NdBVkTMjUUEFmh6KUI5OgvADUZ4oSw8eWYKKYzYrIECtMjK2pbEvw5r+8SFqnNe+idn53Vq3fFHWU4BCO4AQ8uIQ63EIDmkBAwjO8wpuTOi/Ou/MxG11yip0D+APn8weEnpIF</latexit>xj

<latexit sha1_base64="68UoujzQYJ/xpKQQDPaTZmNjYyY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQzowWME84BkCbOT2WTM7Ow60yuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOLaiFjd4yjhfkT7SoSCUbRSSwdhNxMP426p7FbcKcgi8XJShhy1bumr04tZGnGFTFJj2p6boJ9RjYJJPi52UsMTyoa0z9uWKhpx42fTe8fk2Co9EsbalkIyVX9PZDQyZhQFtjOiODDz3kT8z2unGF75mVBJilyx2aIwlQRjMnme9ITmDOXIEsq0sLcSNqCaMrQRFW0I3vzLi6RxWvEuKud3Z+XqTR5HAQ7hCE7Ag0uowi3UoA4MJDzDK7w5j86L8+58zFqXnHzmAP7A+fwBZhSQOg==</latexit>

rbfij

<latexit sha1_base64="srRpyChCYlKKtMzD1dILRR21F0w=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhZ04bKCfUA7LZk004ZmMkOSUcvQ/3DjQhG3/os7/8ZMOwttPRA4nHMv9+T4seDaOM43WlpeWV1bL2wUN7e2d3ZLe/sNHSWKsjqNRKRaPtFMcMnqhhvBWrFiJPQFa/qj68xvPjCleSTvzThmXkgGkgecEmOlbickZugH6dOkx7tOr1R2Ks4UeJG4OSlDjlqv9NXpRzQJmTRUEK3brhMbLyXKcCrYpNhJNIsJHZEBa1sqSci0l05TT/CxVfo4iJR90uCp+nsjJaHW49C3k1lKPe9l4n9eOzHBlZdyGSeGSTo7FCQCmwhnFeA+V4waMbaEUMVtVkyHRBFqbFFFW4I7/+VF0jituBeV87uzcvUmr6MAh3AEJ+DCJVThFmpQBwoKnuEV3tAjekHv6GM2uoTynQP4A/T5A67BkqY=</latexit>

x0
i

<latexit sha1_base64="LS2C99p2DKojoY7ZxAfxwCGWNdI=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwqJqUoQr7ESDIxFog+pTSvHdVpTx4lsB6ii/AcLAwix8i9s/A1OmwFajmTp6Jx7dY+PF3GmtG1/W4Wl5ZXVteJ6aWNza3unvLvXVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3vsr81gOVioXiTk8i6gZ4KJjPCNZG6nUDrEeenzyl/fue3S9X7Ko9BVokTk4qkKPeL391ByGJAyo04VipjmNH2k2w1Ixwmpa6saIRJmM8pB1DBQ6ocpNp6hQdGWWA/FCaJzSaqr83EhwoNQk8M5mlVPNeJv7ndWLtX7oJE1GsqSCzQ37MkQ5RVgEaMEmJ5hNDMJHMZEVkhCUm2hRVMiU4819eJM2TqnNePbs9rdSu8zqKcACHcAwOXEANbqAODSAg4Rle4c16tF6sd+tjNlqw8p19+APr8wewR5Kn</latexit>

x0
j

<latexit sha1_base64="tyZ3cvxFjyxkLY6dwdNNM4XSpEs=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NADx4jmIckS5id9CZDZmeXmVkhLPkKLx4U8ernePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpsZtQRYVA0StX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5sdPCEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhNd+xmWSGpRsvihMBTExmX5P+lwhM2JsCWWK21sJG9oImLEZlWwI3uLLy6R5VvUuqxf355XabR5HEY7gGE7BgyuowR3UoQEMIniGV3hzlPPivDsf89aCk88cwh84nz/2fpCJ</latexit>k<latexit sha1_base64="j4u19LK8jRHeGScl5fB55QZE+Ew=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0VwISURXwuRgi5cVrAPaGOZTCbt0EkmzNwoJfQ/3LhQxK3/4s6/cZpmoa0HLvdwzr3MnePFgmuw7W+rsLC4tLxSXC2trW9sbpW3d5paJoqyBpVCqrZHNBM8Yg3gIFg7VoyEnmAtb3g98VuPTGkuo3sYxcwNST/iAacEjPRw2aW+hCOctateuWJX7Qx4njg5qaAc9V75q+tLmoQsAiqI1h3HjsFNiQJOBRuXuolmMaFD0mcdQyMSMu2m2dVjfGAUHwdSmYoAZ+rvjZSEWo9Cz0yGBAZ61puI/3mdBIILN+VRnACL6PShIBEYJJ5EgH2uGAUxMoRQxc2tmA6IIhRMUCUTgjP75XnSPK46Z9XTu5NK7SaPo4j20D46RA46RzV0i+qogShS6Bm9ojfryXqx3q2P6WjBynd20R9Ynz+CCJHk</latexit>< ·, · >

<latexit sha1_base64="tJBtGqrWiAeXPw1OdOK5r0+Npuc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2NADx4jmAckS5idzCZjZmeWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uMBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLRzdRvPTFtuJIPOE5YEJOB5BGnBK3U7CKPmemVK17Vm8FdJn5OKpCj3it/dfuKpjGTSAUxpuN7CQYZ0cipYJNSNzUsIXREBqxjqSR2SZDNrp24J1bpu5HStiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOitF1kHGZpMgknS+KUuGicqevu32uGUUxtoRQze2tLh0STSjagEo2BH/x5WXSPKv6l9WL+/NK7TaPowhHcAyn4MMV1OAO6tAACo/wDK/w5ijnxXl3PuatBSefOYQ/cD5/ALoFj0A=</latexit>⇥

<latexit sha1_base64="1mGSiLop5rlOqhB6C/ZIpROVh0E=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NABI8RjAkkS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLK6tr6RnGztLW9s7tX3j94tDozjDeYltq0Imq5FIo3UKDkrdRwmkSSN6PhzdRvPnFjhVYPOEp5mNC+ErFgFJ3U7GgUCbfdcsWv+jOQZRLkpAI56t3yV6enWZZwhUxSa9uBn2I4pgYFk3xS6mSWp5QNaZ+3HVXULQnHs3Mn5MQpPRJr40ohmam/J8Y0sXaURK4zoTiwi95U/M9rZxhfh2Oh0gy5YvNFcSYJajL9nfSE4QzlyBHKjHC3EjaghjJ0CZVcCMHiy8vk8awaXFYv7s8rtds8jiIcwTGcQgBXUIM7qEMDGAzhGV7hzUu9F+/d+5i3Frx85hD+wPv8AYoSj7o=</latexit>⌦

<latexit sha1_base64="4GzmO3JFV3hM30WIMd2L5Z9Omi8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE34OMY0IPHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWql/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2VL+uVUvUuiyMPJ3AK5+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP3S/jLk=</latexit>

+
<latexit sha1_base64="1mGSiLop5rlOqhB6C/ZIpROVh0E=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NABI8RjAkkS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLK6tr6RnGztLW9s7tX3j94tDozjDeYltq0Imq5FIo3UKDkrdRwmkSSN6PhzdRvPnFjhVYPOEp5mNC+ErFgFJ3U7GgUCbfdcsWv+jOQZRLkpAI56t3yV6enWZZwhUxSa9uBn2I4pgYFk3xS6mSWp5QNaZ+3HVXULQnHs3Mn5MQpPRJr40ohmam/J8Y0sXaURK4zoTiwi95U/M9rZxhfh2Oh0gy5YvNFcSYJajL9nfSE4QzlyBHKjHC3EjaghjJ0CZVcCMHiy8vk8awaXFYv7s8rtds8jiIcwTGcQgBXUIM7qEMDGAzhGV7hzUu9F+/d+5i3Frx85hD+wPv8AYoSj7o=</latexit>⌦

<latexit sha1_base64="JvoIG3bpH15PQvQil1boZTLs8gY=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiTia1nQhcsK9gFtCJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DMnSDhT2nG+rZXVtfWNzcpWdXtnd69m7x90VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbgq/+0ilYrF40NOEehEeCRYygrWRfLs2iLAeB2EW5n7GWO7bdafhzICWiVuSOpRo+fbXYBiTNKJCE46V6rtOor0MS80Ip3l1kCqaYDLBI9o3VOCIKi+bBc/RiVGGKIyleUKjmfp7I8ORUtMoMJNFTLXoFeJ/Xj/V4bWXMZGkmgoyPxSmHOkYFS2gIZOUaD41BBPJTFZExlhiok1XVVOCu/jlZdI5a7iXjYv783rztqyjAkdwDKfgwhU04Q5a0AYCKTzDK7xZT9aL9W59zEdXrHLnEP7A+vwBdcOTog==</latexit>

fii

<latexit sha1_base64="vGVoz1QwFThFeXGWX02SwD4QN5M=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uCLlxWsA9oQ5lMJ+3YySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZVWVtfWN8qbla3tnd2qvbffVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc79ziOVikXiXk9j6oV4JFjACNZGGtjVfoj12A/SIBuk7CEb2DWn7syAlolbkBoUaA7sr/4wIklIhSYcK9VznVh7KZaaEU6zSj9RNMZkgke0Z6jAIVVeOgueoWOjDFEQSfOERjP190aKQ6WmoW8m85hq0cvF/7xeooMrL2UiTjQVZH4oSDjSEcpbQEMmKdF8aggmkpmsiIyxxESbriqmBHfxy8ukfVp3L+rnd2e1xk1RRxkO4QhOwIVLaMAtNKEFBBJ4hld4s56sF+vd+piPlqxi5wD+wPr8AXdIk6M=</latexit>

fij
<latexit sha1_base64="cRJMa8N9VkB1gdcCssnl/xOD+wg=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQzowWME84DsEmYnk2TI7M460xsIS77DiwdFvPox3vwbJ8keNLGgoajqprsrTKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGJVqxutMSaVbITVcipjXUaDkrURzGoWSN8Ph7dRvjrg2QsWPOE54ENF+LHqCUbRS4IdUZ75CEXEz6ZTKbsWdgSwTLydlyFHrlL78rmJpxGNkkhrT9twEg4xqFEzySdFPDU8oG9I+b1saU7slyGZHT8ipVbqkp7StGMlM/T2R0ciYcRTazojiwCx6U/E/r51i7ybIRJykyGM2X9RLJUFFpgmQrtCcoRxbQpkW9lbCBlRThjanog3BW3x5mTTOK95V5fLholy9y+MowDGcwBl4cA1VuIca1IHBEzzDK7w5I+fFeXc+5q0rTj5zBH/gfP4AVomSfg==</latexit>⌦̄

<latexit sha1_base64="cRJMa8N9VkB1gdcCssnl/xOD+wg=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQzowWME84DsEmYnk2TI7M460xsIS77DiwdFvPox3vwbJ8keNLGgoajqprsrTKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGJVqxutMSaVbITVcipjXUaDkrURzGoWSN8Ph7dRvjrg2QsWPOE54ENF+LHqCUbRS4IdUZ75CEXEz6ZTKbsWdgSwTLydlyFHrlL78rmJpxGNkkhrT9twEg4xqFEzySdFPDU8oG9I+b1saU7slyGZHT8ipVbqkp7StGMlM/T2R0ciYcRTazojiwCx6U/E/r51i7ybIRJykyGM2X9RLJUFFpgmQrtCcoRxbQpkW9lbCBlRThjanog3BW3x5mTTOK95V5fLholy9y+MowDGcwBl4cA1VuIca1IHBEzzDK7w5I+fFeXc+5q0rTj5zBH/gfP4AVomSfg==</latexit>⌦̄

<latexit sha1_base64="srRpyChCYlKKtMzD1dILRR21F0w=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhZ04bKCfUA7LZk004ZmMkOSUcvQ/3DjQhG3/os7/8ZMOwttPRA4nHMv9+T4seDaOM43WlpeWV1bL2wUN7e2d3ZLe/sNHSWKsjqNRKRaPtFMcMnqhhvBWrFiJPQFa/qj68xvPjCleSTvzThmXkgGkgecEmOlbickZugH6dOkx7tOr1R2Ks4UeJG4OSlDjlqv9NXpRzQJmTRUEK3brhMbLyXKcCrYpNhJNIsJHZEBa1sqSci0l05TT/CxVfo4iJR90uCp+nsjJaHW49C3k1lKPe9l4n9eOzHBlZdyGSeGSTo7FCQCmwhnFeA+V4waMbaEUMVtVkyHRBFqbFFFW4I7/+VF0jituBeV87uzcvUmr6MAh3AEJ+DCJVThFmpQBwoKnuEV3tAjekHv6GM2uoTynQP4A/T5A67BkqY=</latexit>

x0
i

<latexit sha1_base64="ERdfBMAK18bIikInFYFTo8Ve9Z4=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhZ04bKCfUA7LZk004ZmMkOSUcvQ/3DjQhG3/os7/8ZMOwttPRA4nHMv9+T4seDaOM43WlpeWV1bL2wUN7e2d3ZLe/sNHSWKsjqNRKRaPtFMcMnqhhvBWrFiJPQFa/qj68xvPjCleSTvzThmXkgGkgecEmOlbickZugH6dOkx7tur1R2Ks4UeJG4OSlDjlqv9NXpRzQJmTRUEK3brhMbLyXKcCrYpNhJNIsJHZEBa1sqSci0l05TT/CxVfo4iJR90uCp+nsjJaHW49C3k1lKPe9l4n9eOzHBlZdyGSeGSTo7FCQCmwhnFeA+V4waMbaEUMVtVkyHRBFqbFFFW4I7/+VF0jituBeV87uzcvUmr6MAh3AEJ+DCJVThFmpQBwoKnuEV3tAjekHv6GM2uoTynQP4A/T5A7BFkqc=</latexit>

x1
i

<latexit sha1_base64="eLKZPAb8inR2EyRjVecN9wzb0p4=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTF17KgC5cV7APatEymk3boZBJmJmoJ/Q83LhRx67+482+cpFlo64GBwzn3cs8cL+JMadv+tgorq2vrG8XN0tb2zu5eef+gpcJYEtokIQ9lx8OKciZoUzPNaSeSFAcep21vcp367QcqFQvFvZ5G1A3wSDCfEayN1O8FWI89P3maDVi/NihX7KqdAS0TJycVyNEYlL96w5DEARWacKxU17Ej7SZYakY4nZV6saIRJhM8ol1DBQ6ocpMs9QydGGWI/FCaJzTK1N8bCQ6UmgaemUxTqkUvFf/zurH2r9yEiSjWVJD5IT/mSIcorQANmaRE86khmEhmsiIyxhITbYoqmRKcxS8vk1at6lxUz+/OKvWbvI4iHMExnIIDl1CHW2hAEwhIeIZXeLMerRfr3fqYjxasfOcQ/sD6/AGxyZKo</latexit>

x2
i

<latexit sha1_base64="4kTknEjHVq9XbWaDKqbAQsU89Jg=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZnia1nQhcsK9gHttGTSTBuaSYYko5Sh/+HGhSJu/Rd3/o2ZdhbaeiBwOOde7skJYs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoLxTea3HqnSTIoHM4mpH+GhYCEj2Fip142wGQVhKqZ91qv2S2W34s6AlomXkzLkqPdLX92BJElEhSEca93x3Nj4KVaGEU6nxW6iaYzJGA9px1KBI6r9dJZ6ik6tMkChVPYJg2bq740UR1pPosBOZin1opeJ/3mdxITXfspEnBgqyPxQmHBkJMoqQAOmKDF8YgkmitmsiIywwsTYooq2BG/xy8ukWa14l5WL+/Ny7TavowDHcAJn4MEV1OAO6tAAAgqe4RXenCfnxXl3PuajK06+cwR/4Hz+AKJvkp4=</latexit>

n2
i

<latexit sha1_base64="GJ34udQQfKmGMH9uxmWERT6WR6U=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5KIr2VBFy4r2Ac0MUymk3boZBJmJmINwV9x40IRt/6HO//GSduFth4YOJxzL/fMCRJGpbLtb6O0sLi0vFJeraytb2xumds7LRmnApMmjlksOgGShFFOmooqRjqJICgKGGkHw8vCb98TIWnMb9UoIV6E+pyGFCOlJd/ccwdIZW6E1CAIs4c89+md7ZtVu2aPYc0TZ0qqMEXDN7/cXozTiHCFGZKy69iJ8jIkFMWM5BU3lSRBeIj6pKspRxGRXjZOn1uHWulZYSz048oaq783MhRJOYoCPVnElLNeIf7ndVMVXngZ5UmqCMeTQ2HKLBVbRRVWjwqCFRtpgrCgOquFB0ggrHRhFV2CM/vledI6rjlntdObk2r9alpHGfbhAI7AgXOowzU0oAkYHuEZXuHNeDJejHfjYzJaMqY7u/AHxucPEn2VpA==</latexit>

x̂0
i

<latexit sha1_base64="Ksv357PSZmPCCY4XL0PikfiUjOo=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFcFUS8bUs6MJlBfuAJobJZNIOnUeYmQglZOOvuHGhiFs/w51/47TNQlsPDHM4517uvSdKKVHadb+tytLyyupadb22sbm1vWPv7nWUyCTCbSSokL0IKkwJx21NNMW9VGLIIoq70eh64ncfsVRE8Hs9TnHA4ICThCCojRTaB34kaKzGzHy5r8iAwSIkD15o192GO4WzSLyS1EGJVmh/+bFAGcNcIwqV6ntuqoMcSk0QxUXNzxROIRrBAe4byiHDKsinBxTOsVFiJxHSPK6dqfq7I4dMTXY0lQzqoZr3JuJ/Xj/TyVWQE55mGnM0G5Rk1NHCmaThxERipOnYEIgkMbs6aAglRNpkVjMhePMnL5LOacO7aJzfndWbN2UcVXAIjsAJ8MAlaIJb0AJtgEABnsEreLOerBfr3fqYlVassmcf/IH1+QNgGJbs</latexit>

�1
i

<latexit sha1_base64="osrOwUCaEK2gZ+0dr4axGkdeiCU=">AAACAHicbVDLSsNAFJ34rPUVdeHCTbAIrkpSfC0LunBZwT6giWEymbZD5xFmJkIJ2fgrblwo4tbPcOffOGmz0NYDwxzOuZd774kSSpR23W9raXlldW29slHd3Nre2bX39jtKpBLhNhJUyF4EFaaE47YmmuJeIjFkEcXdaHxd+N1HLBUR/F5PEhwwOORkQBDURgrtQz8SNFYTZr7MV2TIYB6Sh0Zo19y6O4WzSLyS1ECJVmh/+bFAKcNcIwqV6ntuooMMSk0QxXnVTxVOIBrDIe4byiHDKsimB+TOiVFiZyCkeVw7U/V3RwaZKnY0lQzqkZr3CvE/r5/qwVWQEZ6kGnM0GzRIqaOFU6ThxERipOnEEIgkMbs6aAQlRNpkVjUhePMnL5JOo+5d1M/vzmrNmzKOCjgCx+AUeOASNMEtaIE2QCAHz+AVvFlP1ov1bn3MSpessucA/IH1+QNhnJbt</latexit>

�2
i

<latexit sha1_base64="3afEwEY7E9a4moSRelWrTX09O50=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQniNVaCgbFI9CE1IXIcp7VqJ5HtIKooP8DCr7AwgBArOxt/g9NmgJYjWT46517de4+fMCqVZX0blYXFpeWV6mptbX1jc8vc3unIOBWYtHHMYtHzkSSMRqStqGKklwiCuM9I1x9dFn73nghJ4+hWjRPicjSIaEgxUlryzAPHj1kgx1x/mSPpgKPco3dZ5hDGci/j6CHPPbNuNawJ4DyxS1IHJVqe+eUEMU45iRRmSMq+bSXKzZBQFDOS15xUkgThERqQvqYR4kS62eSaHB5qJYBhLPSLFJyovzsyxGWxsK7kSA3lrFeI/3n9VIUXbkajJFUkwtNBYcqgimERDQyoIFixsSYIC6p3hXiIBMJKB1jTIdizJ8+TznHDPmuc3pzUm1dlHFWwB/bBEbDBOWiCa9ACbYDBI3gGr+DNeDJejHfjY1paMcqeXfAHxucP6fudYw==</latexit>

�`max
i

<latexit sha1_base64="tyZ3cvxFjyxkLY6dwdNNM4XSpEs=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NADx4jmIckS5id9CZDZmeXmVkhLPkKLx4U8ernePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpsZtQRYVA0StX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5sdPCEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhNd+xmWSGpRsvihMBTExmX5P+lwhM2JsCWWK21sJG9oImLEZlWwI3uLLy6R5VvUuqxf355XabR5HEY7gGE7BgyuowR3UoQEMIniGV3hzlPPivDsf89aCk88cwh84nz/2fpCJ</latexit>k

<latexit sha1_base64="tJBtGqrWiAeXPw1OdOK5r0+Npuc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2NADx4jmAckS5idzCZjZmeWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uMBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLRzdRvPTFtuJIPOE5YEJOB5BGnBK3U7CKPmemVK17Vm8FdJn5OKpCj3it/dfuKpjGTSAUxpuN7CQYZ0cipYJNSNzUsIXREBqxjqSR2SZDNrp24J1bpu5HStiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOitF1kHGZpMgknS+KUuGicqevu32uGUUxtoRQze2tLh0STSjagEo2BH/x5WXSPKv6l9WL+/NK7TaPowhHcAyn4MMV1OAO6tAACo/wDK/w5ijnxXl3PuatBSefOYQ/cD5/ALoFj0A=</latexit>⇥
<latexit sha1_base64="tJBtGqrWiAeXPw1OdOK5r0+Npuc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2NADx4jmAckS5idzCZjZmeWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uMBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLRzdRvPTFtuJIPOE5YEJOB5BGnBK3U7CKPmemVK17Vm8FdJn5OKpCj3it/dfuKpjGTSAUxpuN7CQYZ0cipYJNSNzUsIXREBqxjqSR2SZDNrp24J1bpu5HStiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOitF1kHGZpMgknS+KUuGicqevu32uGUUxtoRQze2tLh0STSjagEo2BH/x5WXSPKv6l9WL+/NK7TaPowhHcAyn4MMV1OAO6tAACo/wDK/w5ijnxXl3PuatBSefOYQ/cD5/ALoFj0A=</latexit>⇥

<latexit sha1_base64="tJBtGqrWiAeXPw1OdOK5r0+Npuc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2NADx4jmAckS5idzCZjZmeWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uMBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLRzdRvPTFtuJIPOE5YEJOB5BGnBK3U7CKPmemVK17Vm8FdJn5OKpCj3it/dfuKpjGTSAUxpuN7CQYZ0cipYJNSNzUsIXREBqxjqSR2SZDNrp24J1bpu5HStiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOitF1kHGZpMgknS+KUuGicqevu32uGUUxtoRQze2tLh0STSjagEo2BH/x5WXSPKv6l9WL+/NK7TaPowhHcAyn4MMV1OAO6tAACo/wDK/w5ijnxXl3PuatBSefOYQ/cD5/ALoFj0A=</latexit>⇥

<latexit sha1_base64="tyZ3cvxFjyxkLY6dwdNNM4XSpEs=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NADx4jmIckS5id9CZDZmeXmVkhLPkKLx4U8ernePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpsZtQRYVA0StX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5sdPCEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhNd+xmWSGpRsvihMBTExmX5P+lwhM2JsCWWK21sJG9oImLEZlWwI3uLLy6R5VvUuqxf355XabR5HEY7gGE7BgyuowR3UoQEMIniGV3hzlPPivDsf89aCk88cwh84nz/2fpCJ</latexit>k

A

B

C

D
E

<latexit sha1_base64="tyZ3cvxFjyxkLY6dwdNNM4XSpEs=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NADx4jmIckS5id9CZDZmeXmVkhLPkKLx4U8ernePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpsZtQRYVA0StX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5sdPCEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhNd+xmWSGpRsvihMBTExmX5P+lwhM2JsCWWK21sJG9oImLEZlWwI3uLLy6R5VvUuqxf355XabR5HEY7gGE7BgyuowR3UoQEMIniGV3hzlPPivDsf89aCk88cwh84nz/2fpCJ</latexit>k

<latexit sha1_base64="nlYqdUG8TsVLCHfgH5BGyh31v3I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiTia1nQhe4q2Ae0IUymk3bsZBJmJkIN+RI3LhRx66e482+ctF1o64GBwzn3cs+cIOFMacf5tpaWV1bX1ksb5c2t7Z2KvbvXUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywuir89iOVisXiXo8T6kV4IFjICNZG8u1KL8J6GITZbe5n7CH37apTcyZAi8SdkSrM0PDtr14/JmlEhSYcK9V1nUR7GZaaEU7zci9VNMFkhAe0a6jAEVVeNgmeoyOj9FEYS/OERhP190aGI6XGUWAmi5hq3ivE/7xuqsNLL2MiSTUVZHooTDnSMSpaQH0mKdF8bAgmkpmsiAyxxESbrsqmBHf+y4ukdVJzz2tnd6fV+vWsjhIcwCEcgwsXUIcbaEATCKTwDK/wZj1ZL9a79TEdXbJmO/vwB9bnD0qmk4Y=</latexit>

Iij

<latexit sha1_base64="srRpyChCYlKKtMzD1dILRR21F0w=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhZ04bKCfUA7LZk004ZmMkOSUcvQ/3DjQhG3/os7/8ZMOwttPRA4nHMv9+T4seDaOM43WlpeWV1bL2wUN7e2d3ZLe/sNHSWKsjqNRKRaPtFMcMnqhhvBWrFiJPQFa/qj68xvPjCleSTvzThmXkgGkgecEmOlbickZugH6dOkx7tOr1R2Ks4UeJG4OSlDjlqv9NXpRzQJmTRUEK3brhMbLyXKcCrYpNhJNIsJHZEBa1sqSci0l05TT/CxVfo4iJR90uCp+nsjJaHW49C3k1lKPe9l4n9eOzHBlZdyGSeGSTo7FCQCmwhnFeA+V4waMbaEUMVtVkyHRBFqbFFFW4I7/+VF0jituBeV87uzcvUmr6MAh3AEJ+DCJVThFmpQBwoKnuEV3tAjekHv6GM2uoTynQP4A/T5A67BkqY=</latexit>

x0
i

<latexit sha1_base64="LS2C99p2DKojoY7ZxAfxwCGWNdI=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwqJqUoQr7ESDIxFog+pTSvHdVpTx4lsB6ii/AcLAwix8i9s/A1OmwFajmTp6Jx7dY+PF3GmtG1/W4Wl5ZXVteJ6aWNza3unvLvXVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3vsr81gOVioXiTk8i6gZ4KJjPCNZG6nUDrEeenzyl/fue3S9X7Ko9BVokTk4qkKPeL391ByGJAyo04VipjmNH2k2w1Ixwmpa6saIRJmM8pB1DBQ6ocpNp6hQdGWWA/FCaJzSaqr83EhwoNQk8M5mlVPNeJv7ndWLtX7oJE1GsqSCzQ37MkQ5RVgEaMEmJ5hNDMJHMZEVkhCUm2hRVMiU4819eJM2TqnNePbs9rdSu8zqKcACHcAwOXEANbqAODSAg4Rle4c16tF6sd+tjNlqw8p19+APr8wewR5Kn</latexit>

x0
j

<latexit sha1_base64="tyZ3cvxFjyxkLY6dwdNNM4XSpEs=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NADx4jmIckS5id9CZDZmeXmVkhLPkKLx4U8ernePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpsZtQRYVA0StX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5sdPCEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhNd+xmWSGpRsvihMBTExmX5P+lwhM2JsCWWK21sJG9oImLEZlWwI3uLLy6R5VvUuqxf355XabR5HEY7gGE7BgyuowR3UoQEMIniGV3hzlPPivDsf89aCk88cwh84nz/2fpCJ</latexit>k
<latexit sha1_base64="4DTBlXYkuTgWpNvxsmgsWdPWSOA=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYEwgWcLsZDYZMjO7zEMIS37BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlHKmje9/e6WV1bX1jfJmZWt7Z3evun/wqBOrCG2RhCeqE2FNOZO0ZZjhtJMqikXEaTsa3+Z++4kqzRL5YCYpDQUeShYzgk0u9bQV/WrNr/szoGUSFKQGBZr96ldvkBArqDSEY627gZ+aMMPKMMLptNKzmqaYjPGQdh2VWFAdZrNbp+jEKQMUJ8qVNGim/p7IsNB6IiLXKbAZ6UUvF//zutbE12HGZGoNlWS+KLYcmQTlj6MBU5QYPnEEE8XcrYiMsMLEuHgqLoRg8eVl8nhWDy7rF/fntcZNEUcZjuAYTiGAK2jAHTShBQRG8Ayv8OYJ78V79z7mrSWvmDmEP/A+fwAyw45V</latexit>X

<latexit sha1_base64="oU6WBzjTqXiARJnxQYBpIUZyELY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VBFy4r2Ae005JJM21oJhmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ncLK6tr6RnGztLW9s7tX3j9oapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQXjm8xvPVKlmRQPZhJTP8JDwUJGsLFSrxthMwrCVEz7rOf1yxW36s6AlomXkwrkqPfLX92BJElEhSEca93x3Nj4KVaGEU6npW6iaYzJGA9px1KBI6r9dJZ6ik6sMkChVPYJg2bq740UR1pPosBOZin1opeJ/3mdxITXfspEnBgqyPxQmHBkJMoqQAOmKDF8YgkmitmsiIywwsTYokq2BG/xy8ukeVb1LqsX9+eV2m1eRxGO4BhOwYMrqMEd1KEBBBQ8wyu8OU/Oi/PufMxHC06+cwh/4Hz+AKDrkp0=</latexit>

n1
i

<latexit sha1_base64="66SRN1EKQ28O2nVEqbkJX66sg8c=">AAACBHicbVC7TsMwFHXKq5RXgLFLRIXEVCWI11gJBsYi0YfUhshxndaq7US2g6isDCz8CgsDCLHyEWz8DU6bAVqOdKWjc+7VvfeECSVSue63VVpaXlldK69XNja3tnfs3b22jFOBcAvFNBbdEEpMCcctRRTF3URgyEKKO+H4Mvc791hIEvNbNUmwz+CQk4ggqIwU2NU+g2oURppnAbnTuo8pzQLN4EOWBXbNrbtTOIvEK0gNFGgG9ld/EKOUYa4QhVL2PDdRvoZCEURxVumnEicQjeEQ9wzlkGHp6+kTmXNolIETxcIUV85U/T2hIZNywkLTmZ8s571c/M/rpSq68DXhSaowR7NFUUodFTt5Is6ACIwUnRgCkSDmVgeNoIBImdwqJgRv/uVF0j6ue2f105uTWuOqiKMMquAAHAEPnIMGuAZN0AIIPIJn8ArerCfrxXq3PmatJauY2Qd/YH3+AHCVmUU=</latexit>

n`max
i

<latexit sha1_base64="P//k98Ni71ueg3FJzFvzE5o9SG8=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURX8uCLlxWsA9oQphMJ+3YyYOZiVhD8FfcuFDErf/hzr9x0nahrQcGDufcyz1z/IQzqSzr2ygtLC4tr5RXK2vrG5tb5vZOS8apILRJYh6Ljo8l5SyiTcUUp51EUBz6nLb94WXht++pkCyObtUooW6I+xELGMFKS5655wywypwQq4EfZA957mV3uWdWrZo1Bpon9pRUYYqGZ345vZikIY0U4VjKrm0lys2wUIxwmlecVNIEkyHu066mEQ6pdLNx+hwdaqWHgljoFyk0Vn9vZDiUchT6erKIKWe9QvzP66YquHAzFiWpohGZHApSjlSMiipQjwlKFB9pgolgOisiAywwUbqwii7Bnv3yPGkd1+yz2unNSbV+Na2jDPtwAEdgwznU4Roa0AQCj/AMr/BmPBkvxrvxMRktGdOdXfgD4/MHtNmWDw==</latexit>

x̂j

<latexit sha1_base64="4A0NOFm3aT5LepMJAFfsOmOSJLc=">AAAB/XicbVDLSsNAFL3xWesrPnZugkVwVRLxtSzowmUF+4AmhMl00g6dTMLMRKwh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45QcKoVLb9bSwsLi2vrFbWqusbm1vb5s5uW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6KrwO/dESBrzOzVOiBehAachxUhpyTf3XUVZn2RuhNQwCLOHPPepb9bsuj2BNU+cktSgRNM3v9x+jNOIcIUZkrLn2InyMiQUxYzkVTeVJEF4hAakpylHEZFeNkmfW0da6VthLPTjypqovzcyFEk5jgI9WYSUs14h/uf1UhVeehnlSaoIx9NDYcosFVtFFVafCoIVG2uCsKA6q4WHSCCsdGFVXYIz++V50j6pO+f1s9vTWuO6rKMCB3AIx+DABTTgBprQAgyP8Ayv8GY8GS/Gu/ExHV0wyp09+APj8wd+AZXr</latexit>

x̃i

<latexit sha1_base64="7ctaiylpxUn8ObWxXKaSonEAGqA=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRLxtSzowmUF+4AmhMl00g6dTMLMjbSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmwLa/jcra+sbmVnW7trO7t39gHta7Kk4loR0S81j2A6woZ4J2gAGn/URSHAWc9oLJbeH3nqhULBaPMEuoF+GRYCEjGLTkm3V3jCFzIwzjIMymee4z32zYTXsOa5U4JWmgEm3f/HKHMUkjKoBwrNTAsRPwMiyBEU7zmpsqmmAywSM60FTgiCovm2fPrVOtDK0wlvoJsObq740MR0rNokBPFiHVsleI/3mDFMIbL2MiSYEKsjgUptyC2CqKsIZMUgJ8pgkmkumsFhljiQnoumq6BGf5y6uke950rpqXDxeN1l1ZRxUdoxN0hhx0jVroHrVRBxE0Rc/oFb0ZufFivBsfi9GKUe4coT8wPn8A4U+VAg==</latexit>

x̂i

Linear

Linear
<latexit sha1_base64="nlYqdUG8TsVLCHfgH5BGyh31v3I=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiTia1nQhe4q2Ae0IUymk3bsZBJmJkIN+RI3LhRx66e482+ctF1o64GBwzn3cs+cIOFMacf5tpaWV1bX1ksb5c2t7Z2KvbvXUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywuir89iOVisXiXo8T6kV4IFjICNZG8u1KL8J6GITZbe5n7CH37apTcyZAi8SdkSrM0PDtr14/JmlEhSYcK9V1nUR7GZaaEU7zci9VNMFkhAe0a6jAEVVeNgmeoyOj9FEYS/OERhP190aGI6XGUWAmi5hq3ivE/7xuqsNLL2MiSTUVZHooTDnSMSpaQH0mKdF8bAgmkpmsiAyxxESbrsqmBHf+y4ukdVJzz2tnd6fV+vWsjhIcwCEcgwsXUIcbaEATCKTwDK/wZj1ZL9a79TEdXbJmO/vwB9bnD0qmk4Y=</latexit>

Iij <latexit sha1_base64="3cN+DL7aaay+seHtv6az+86xQZQ=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPYUbcjgE9eIxgFkiG0NPpSTrpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/trayurW9sFraK2zu7e/ulg8OGUakmtE4UV7oVYUM5k7RumeW0lWiKRcRpMxrdTv3mE9WGKfloxwkNBe5LFjOCrZMauJux4aRbKvsVfwa0TIKclCFHrVv66vQUSQWVlnBsTDvwExtmWFtGOJ0UO6mhCSYj3KdtRyUW1ITZ7NoJOnVKD8VKu5IWzdTfExkWxoxF5DoFtgOz6E3F/7x2auObMGMySS2VZL4oTjmyCk1fRz2mKbF87AgmmrlbERlgjYl1ARVdCMHiy8ukcV4JriqXDxfl6l0eRwGO4QTOIIBrqMI91KAOBIbwDK/w5invxXv3PuatK14+cwR/4H3+AM2xj00=</latexit>aij

<latexit sha1_base64="JvoIG3bpH15PQvQil1boZTLs8gY=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiTia1nQhcsK9gFtCJPppB06mYSZiVBDvsSNC0Xc+inu/BsnbRbaemDgcM693DMnSDhT2nG+rZXVtfWNzcpWdXtnd69m7x90VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbgq/+0ilYrF40NOEehEeCRYygrWRfLs2iLAeB2EW5n7GWO7bdafhzICWiVuSOpRo+fbXYBiTNKJCE46V6rtOor0MS80Ip3l1kCqaYDLBI9o3VOCIKi+bBc/RiVGGKIyleUKjmfp7I8ORUtMoMJNFTLXoFeJ/Xj/V4bWXMZGkmgoyPxSmHOkYFS2gIZOUaD41BBPJTFZExlhiok1XVVOCu/jlZdI5a7iXjYv783rztqyjAkdwDKfgwhU04Q5a0AYCKTzDK7xZT9aL9W59zEdXrHLnEP7A+vwBdcOTog==</latexit>

fii<latexit sha1_base64="sbcKMZaFifbH7dr2EVbrX775U/o=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VBFy4r2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4WV1bX1jeJmaWt7Z3evvH/Q1FGiGDZYJCLV9qlGwSU2DDcC27FCGvoCW/74JvNbT6g0j+SDmcTYC+lQ8oAzaqz02A2pGflB2pr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoLrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6l9WL+/NK7TavowhHcAyn4MEV1OAO6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPzu6RBw==</latexit>W

<latexit sha1_base64="Hz1vkw7eQgr+C5JXCbBakEsTMjI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5KIr2VBFy4r2Ae0oUymk3bszCTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45Qcyo0q77bZVWVtfWN8qbla3tnd2qvbffVlEiMWnhiEWyGyBFGBWkpalmpBtLgnjASCeYXOd+55FIRSNxr6cx8TkaCRpSjLSRBna1z5EeB2HKs0FKH7KBXXPr7gzOMvEKUoMCzYH91R9GOOFEaMyQUj3PjbWfIqkpZiSr9BNFYoQnaER6hgrEifLTWfDMOTbK0AkjaZ7Qzkz9vZEirtSUB2Yyj6kWvVz8z+slOrzyUyriRBOB54fChDk6cvIWnCGVBGs2NQRhSU1WB4+RRFibriqmBG/xy8ukfVr3Lurnd2e1xk1RRxkO4QhOwINLaMAtNKEFGBJ4hld4s56sF+vd+piPlqxi5wD+wPr8AYIOk6o=</latexit>mij

<latexit sha1_base64="aIBjqrFrUHgB28iM+Q75IHY+/WQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiTia1nQhRuhgn1AG8JkOmnHTiZhZiLUkC9x40IRt36KO//GSduFth4YOJxzL/fMCRLOlHacb2tpeWV1bb20Ud7c2t6p2Lt7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho6vCbz9SqVgs7vU4oV6EB4KFjGBtJN+u9CKsh0GY3eZ+xh5y3646NWcCtEjcGanCDA3f/ur1Y5JGVGjCsVJd10m0l2GpGeE0L/dSRRNMRnhAu4YKHFHlZZPgOToySh+FsTRPaDRRf29kOFJqHAVmsoip5r1C/M/rpjq89DImklRTQaaHwpQjHaOiBdRnkhLNx4ZgIpnJisgQS0y06apsSnDnv7xIWic197x2dndarV/P6ijBARzCMbhwAXW4gQY0gUAKz/AKb9aT9WK9Wx/T0SVrtrMPf2B9/gBQzpOK</latexit>

Mij

<latexit sha1_base64="TkdVoRxfRe5H9FOGl5KYRkuQQR8=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uCLtwIFewD2hAm00k7dDIJMxOhhnyJGxeKuPVT3Pk3TtostPXAwOGce7lnjh9zprRtf1ulldW19Y3yZmVre2e3Wtvb76gokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn1znfveRSsUi8aCnMXVDPBIsYARrI3m16iDEeuwH6V3mpYxlXq1uN+wZ0DJxClKHAi2v9jUYRiQJqdCEY6X6jh1rN8VSM8JpVhkkisaYTPCI9g0VOKTKTWfBM3RslCEKImme0Gim/t5IcajUNPTNZB5TLXq5+J/XT3Rw5aZMxImmgswPBQlHOkJ5C2jIJCWaTw3BRDKTFZExlpho01XFlOAsfnmZdE4bzkXj/P6s3rwp6ijDIRzBCThwCU24hRa0gUACz/AKb9aT9WK9Wx/z0ZJV7BzAH1ifP09Jk4k=</latexit>

Mii

<latexit sha1_base64="FRS0qewS9ZM+3fhkR1qgQvL8gB0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NADx4jmgcmS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoauq3HlFpHst7M07Qj+hA8pAzaqx099DjvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tntaaV2ncdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj282to3G</latexit>

Zi
<latexit sha1_base64="ogRjEIAmHvid90GefkH0EvSUdPQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NADx4jmgcmS5idTJIxs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXEEth0HW/ndzS8srqWn69sLG5tb1T3N2rmyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGVxO/8cS1EZG6x1HM/ZD2legJRtFKdw+dx06x5JbdKcgi8TJSggzVTvGr3Y1YEnKFTFJjWp4bo59SjYJJPi60E8Njyoa0z1uWKhpy46fTU8fkyCpd0ou0LYVkqv6eSGlozCgMbGdIcWDmvYn4n9dKsHfpp0LFCXLFZot6iSQYkcnfpCs0ZyhHllCmhb2VsAHVlKFNp2BD8OZfXiT1k7J3Xj67PS1VrrM48nAAh3AMHlxABW6gCjVg0IdneIU3RzovzrvzMWvNOdnMPvyB8/kDODqNxw==</latexit>

Zj

<latexit sha1_base64="FRS0qewS9ZM+3fhkR1qgQvL8gB0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NADx4jmgcmS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoauq3HlFpHst7M07Qj+hA8pAzaqx099DjvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tntaaV2ncdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj282to3G</latexit>

Zi

<latexit sha1_base64="o/zFZsnaLKhrPx2kh3FSqXEq9Dc=">AAACBHicbVC7TsMwFHV4lvIKMHaJqJCYqgTxGivBwFgk+pDaEDmu01q1nch2UCsrAwu/wsIAQqx8BBt/g9NmgJYjXenonHt17z1hQolUrvttLS2vrK6tlzbKm1vbO7v23n5LxqlAuIliGotOCCWmhOOmIoriTiIwZCHF7XB0lfvtBywkifmdmiTYZ3DASUQQVEYK7EqPQTUMIz3OAnKvdQ9TmgWawXGWBXbVrblTOIvEK0gVFGgE9levH6OUYa4QhVJ2PTdRvoZCEURxVu6lEicQjeAAdw3lkGHp6+kTmXNklL4TxcIUV85U/T2hIZNywkLTmZ8s571c/M/rpiq69DXhSaowR7NFUUodFTt5Ik6fCIwUnRgCkSDmVgcNoYBImdzKJgRv/uVF0jqpeee1s9vTav26iKMEKuAQHAMPXIA6uAEN0AQIPIJn8ArerCfrxXq3PmatS1YxcwD+wPr8AYBxmU8=</latexit>

x`max
i

<latexit sha1_base64="7ctaiylpxUn8ObWxXKaSonEAGqA=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRLxtSzowmUF+4AmhMl00g6dTMLMjbSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmwLa/jcra+sbmVnW7trO7t39gHta7Kk4loR0S81j2A6woZ4J2gAGn/URSHAWc9oLJbeH3nqhULBaPMEuoF+GRYCEjGLTkm3V3jCFzIwzjIMymee4z32zYTXsOa5U4JWmgEm3f/HKHMUkjKoBwrNTAsRPwMiyBEU7zmpsqmmAywSM60FTgiCovm2fPrVOtDK0wlvoJsObq740MR0rNokBPFiHVsleI/3mDFMIbL2MiSYEKsjgUptyC2CqKsIZMUgJ8pgkmkumsFhljiQnoumq6BGf5y6uke950rpqXDxeN1l1ZRxUdoxN0hhx0jVroHrVRBxE0Rc/oFb0ZufFivBsfi9GKUe4coT8wPn8A4U+VAg==</latexit>

x̂i

<latexit sha1_base64="P//k98Ni71ueg3FJzFvzE5o9SG8=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURX8uCLlxWsA9oQphMJ+3YyYOZiVhD8FfcuFDErf/hzr9x0nahrQcGDufcyz1z/IQzqSzr2ygtLC4tr5RXK2vrG5tb5vZOS8apILRJYh6Ljo8l5SyiTcUUp51EUBz6nLb94WXht++pkCyObtUooW6I+xELGMFKS5655wywypwQq4EfZA957mV3uWdWrZo1Bpon9pRUYYqGZ345vZikIY0U4VjKrm0lys2wUIxwmlecVNIEkyHu066mEQ6pdLNx+hwdaqWHgljoFyk0Vn9vZDiUchT6erKIKWe9QvzP66YquHAzFiWpohGZHApSjlSMiipQjwlKFB9pgolgOisiAywwUbqwii7Bnv3yPGkd1+yz2unNSbV+Na2jDPtwAEdgwznU4Roa0AQCj/AMr/BmPBkvxrvxMRktGdOdXfgD4/MHtNmWDw==</latexit>

x̂j

<latexit sha1_base64="pHzhKlgsE1jNKJ7MmbQJSedpSkY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK6Kon4WhbduKxgH9CEMJlO2qGTBzMTsYT4K25cKOLWD3Hn3zhps9DWAwOHc+7lnjl+wplUlvVtLC2vrK6tVzaqm1vbO7vm3n5HxqkgtE1iHouejyXlLKJtxRSnvURQHPqcdv3xTeF3H6iQLI7u1SShboiHEQsYwUpLnllzRlhlTojVyA+yxzz32LFn1q2GNQVaJHZJ6lCi5ZlfziAmaUgjRTiWsm9biXIzLBQjnOZVJ5U0wWSMh7SvaYRDKt1sGj5HR1oZoCAW+kUKTdXfGxkOpZyEvp4sUsp5rxD/8/qpCq7cjEVJqmhEZoeClCMVo6IJNGCCEsUnmmAimM6KyAgLTJTuq6pLsOe/vEg6pw37onF+d1ZvXpd1VOAADuEEbLiEJtxCC9pAYALP8ApvxpPxYrwbH7PRJaPcqcEfGJ8/SJyVMQ==</latexit>

x̂0
i

<latexit sha1_base64="o+MhszXo+V2w0VRt7NK5rFJj3VE=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYVgqhLEa6xgYSwSfUhNFDmu05o6TmQ7iCgKv8LCAEKsfAgbf4PTZoCWI1k6Oude3ePjx4xKZVnfRmVpeWV1rbpe29jc2t4xd/e6MkoEJh0csUj0fSQJo5x0FFWM9GNBUOgz0vMn14XfeyBC0ojfqTQmbohGnAYUI6Ulz6w7Y6QyJ0Rq7AfZY55790ee2bCa1hRwkdglaYASbc/8coYRTkLCFWZIyoFtxcrNkFAUM5LXnESSGOEJGpGBphyFRLrZNHwOD7UyhEEk9OMKTtXfGxkKpUxDX08WKeW8V4j/eYNEBZduRnmcKMLx7FCQMKgiWDQBh1QQrFiqCcKC6qwQj5FAWOm+aroEe/7Li6R70rTPm2e3p43WVVlHFeyDA3AMbHABWuAGtEEHYJCCZ/AK3own48V4Nz5moxWj3KmDPzA+fwBKIZUy</latexit>

x̂0
j

<latexit sha1_base64="o+MhszXo+V2w0VRt7NK5rFJj3VE=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYVgqhLEa6xgYSwSfUhNFDmu05o6TmQ7iCgKv8LCAEKsfAgbf4PTZoCWI1k6Oude3ePjx4xKZVnfRmVpeWV1rbpe29jc2t4xd/e6MkoEJh0csUj0fSQJo5x0FFWM9GNBUOgz0vMn14XfeyBC0ojfqTQmbohGnAYUI6Ulz6w7Y6QyJ0Rq7AfZY55790ee2bCa1hRwkdglaYASbc/8coYRTkLCFWZIyoFtxcrNkFAUM5LXnESSGOEJGpGBphyFRLrZNHwOD7UyhEEk9OMKTtXfGxkKpUxDX08WKeW8V4j/eYNEBZduRnmcKMLx7FCQMKgiWDQBh1QQrFiqCcKC6qwQj5FAWOm+aroEe/7Li6R70rTPm2e3p43WVVlHFeyDA3AMbHABWuAGtEEHYJCCZ/AK3own48V4Nz5moxWj3KmDPzA+fwBKIZUy</latexit>

x̂0
j

<latexit sha1_base64="pHzhKlgsE1jNKJ7MmbQJSedpSkY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK6Kon4WhbduKxgH9CEMJlO2qGTBzMTsYT4K25cKOLWD3Hn3zhps9DWAwOHc+7lnjl+wplUlvVtLC2vrK6tVzaqm1vbO7vm3n5HxqkgtE1iHouejyXlLKJtxRSnvURQHPqcdv3xTeF3H6iQLI7u1SShboiHEQsYwUpLnllzRlhlTojVyA+yxzz32LFn1q2GNQVaJHZJ6lCi5ZlfziAmaUgjRTiWsm9biXIzLBQjnOZVJ5U0wWSMh7SvaYRDKt1sGj5HR1oZoCAW+kUKTdXfGxkOpZyEvp4sUsp5rxD/8/qpCq7cjEVJqmhEZoeClCMVo6IJNGCCEsUnmmAimM6KyAgLTJTuq6pLsOe/vEg6pw37onF+d1ZvXpd1VOAADuEEbLiEJtxCC9pAYALP8ApvxpPxYrwbH7PRJaPcqcEfGJ8/SJyVMQ==</latexit>

x̂0
i

Figure 2. The message passing schema of our model. A: Norm gate. The norm of node representations x at different orders are
concatenated and fed to an MLP to calculate scale factor σ at each order. Irreducible representations at different orders are rescaled with
these factors and then be concatenated to output x̂′. Note that rescaling only applies to orders higher than 0. B: Node-wise interaction
layer. The inner product of linearly transformed representations of nodes i and j is concatenated with their irreducible representation at
order ℓ = 0 and then fed to an MLP to calculate the attentive score aij . Next, the spherical harmonics of pairwise direction r̂ij , radius
basis function (RBF) transformed pairwise distance rij , and attentive score aij are multiplied to produce the filter. A norm gate followed
by a self-interaction layer is applied to xj to produce x̂j which is used in a tensor product with the filter to obtain message mij . Finally,
messages are aggregated with x̂i and updated to output x̃i. C: Diagonal pair. Two norm gates with self-interaction are applied to node
irreducible representation xi in parallel to obtain xli and xri. Then, a tensor product with parameters W is used to produce the diagonal
pair representation fii. The fii is skip-connected with xi and processed by another norm gate with self-interaction before being outputted.
D: Non-diagonal pair. The attentive score aij of nodes i and j is multiplied with the RBF and MLP transformed pairwise distance rij to
produce the filter. Two norm gates with self-interaction are applied to xi and xj separately to obtain x̂i and x̂j . Then, the non-diagonal
pair representation fij is produced by a tensor product applying to x̂i, x̂j , and aij . The fij is outputted after going through another
norm gate with self-interaction. E: Expansion module. For a non-diagonal pair, node embeddings of atoms i and j are concatenated and
transformed by an MLP, and then fed into an inverse of tensor product with linearly transformed pair representation fij to output the
intermediate block matrix Mij in a fixed shape. For a diagonal pair, inputs of expansion are pair representation fii and embedding of
node i. Output is the intermediate block Mii.

blocks. The diagonal blocks consider Hamiltonian operators
on a single atom, while the non-diagonal blocks are for pairs
of two atoms. In this subsection, we explain how to produce
pairwise irreducible representations and then build target
quantum matrix block-by-block using tensor expansion with
tensor product filters.

Non-Diagonal Pair. For each pair of non-diagonal nodes,
a tensor product filter controls the influence of their irre-
ducible representations onto node pair irreducible represen-
tation fij . As shown in Figure 2.D, the filter first calculates
attentive scores aij in the same way as Eq. (13) to consider
pairwise similarity Ilij along with the irreducible representa-
tions of order 0. Next, it combines the attentive scores with

R(rij) to produce a weight for each path (lini , linj , lout) as

F
(ℓini

,ℓinj
,ℓout)

cm (rij) = a
(ℓini

,ℓinj
,ℓout)

ijc R
(ℓini

,ℓinj
,ℓout)

cm (rij).

After obtaining the above weight as well as x̂ by rescaling
the irreducible representations x with a norm gate followed
by self-interaction, a tensor product filter is applied to pro-
duce the node pair irreducible representations fij as

f ℓij = (F (ℓini
,ℓinj

,ℓout)(rij) x̂
ℓini
i ⊗ x̂

ℓinj

j )ℓout . (17)

Diagonal Pair. Unlike non-diagonal pair, the diagonal
pair fuses irreducible representations of the same node as
illustrated in Figure 2.C. First, two norm gates with self-
interaction are applied to the irreducible representation xi
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<latexit sha1_base64="SCGW/6tI62soaZUJ/+NLObs2quY=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN+6sYB/YDiWTZtrQJDMkGaEM/Qs3LhRx69+482/MtBV8HggczrmXnHvChDNtPO/dWVhcWl5ZLawV1zc2t7ZLO7tNHaeK0AaJeazaIdaUM0kbhhlO24miWISctsLRRe637qjSLJY3ZpzQQOCBZBEj2FjptiuwGSqRXU16pbLn+pXzql9Bv4nvelOUYY56r/TW7cckFVQawrHWHd9LTJBhZRjhdFLsppommIzwgHYslVhQHWTTxBN0aJU+imJlnzRoqn7dyLDQeixCO5kn1D+9XPzL66QmOgsyJpPUUElmH0UpRyZG+fmozxQlho8twUQxmxWRIVaYGFtS0ZbweSn6nzQrrn/iHl9Xy7XavI4C7MMBHIEPp1CDS6hDAwhIuIdHeHK08+A8Oy+z0QVnvrMH3+C8fgA3VZFL</latexit>

O

<latexit sha1_base64="SCGW/6tI62soaZUJ/+NLObs2quY=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN+6sYB/YDiWTZtrQJDMkGaEM/Qs3LhRx69+482/MtBV8HggczrmXnHvChDNtPO/dWVhcWl5ZLawV1zc2t7ZLO7tNHaeK0AaJeazaIdaUM0kbhhlO24miWISctsLRRe637qjSLJY3ZpzQQOCBZBEj2FjptiuwGSqRXU16pbLn+pXzql9Bv4nvelOUYY56r/TW7cckFVQawrHWHd9LTJBhZRjhdFLsppommIzwgHYslVhQHWTTxBN0aJU+imJlnzRoqn7dyLDQeixCO5kn1D+9XPzL66QmOgsyJpPUUElmH0UpRyZG+fmozxQlho8twUQxmxWRIVaYGFtS0ZbweSn6nzQrrn/iHl9Xy7XavI4C7MMBHIEPp1CDS6hDAwhIuIdHeHK08+A8Oy+z0QVnvrMH3+C8fgA3VZFL</latexit>

O

<latexit sha1_base64="/watzLls63dsY19r1FkBZ9OwZ2o=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN11WsA9sh5JJM21okhmSjFCG/oUbF4q49W/c+Tdm2go+DwQO59xLzj1hwpk2nvfuLC2vrK6tFzaKm1vbO7ulvf2WjlNFaJPEPFadEGvKmaRNwwynnURRLEJO2+H4Kvfbd1RpFssbM0loIPBQsogRbKx02xPYjJTI6tN+qey5fuWy6lfQb+K73gxlWKDRL731BjFJBZWGcKx11/cSE2RYGUY4nRZ7qaYJJmM8pF1LJRZUB9ks8RQdW2WAoljZJw2aqV83Miy0nojQTuYJ9U8vF//yuqmJLoKMySQ1VJL5R1HKkYlRfj4aMEWJ4RNLMFHMZkVkhBUmxpZUtCV8Xor+J62K65+5p9fVcq22qKMAh3AEJ+DDOdSgDg1oAgEJ9/AIT452Hpxn52U+uuQsdg7gG5zXDyyykUQ=</latexit>

H
<latexit sha1_base64="/watzLls63dsY19r1FkBZ9OwZ2o=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN11WsA9sh5JJM21okhmSjFCG/oUbF4q49W/c+Tdm2go+DwQO59xLzj1hwpk2nvfuLC2vrK6tFzaKm1vbO7ulvf2WjlNFaJPEPFadEGvKmaRNwwynnURRLEJO2+H4Kvfbd1RpFssbM0loIPBQsogRbKx02xPYjJTI6tN+qey5fuWy6lfQb+K73gxlWKDRL731BjFJBZWGcKx11/cSE2RYGUY4nRZ7qaYJJmM8pF1LJRZUB9ks8RQdW2WAoljZJw2aqV83Miy0nojQTuYJ9U8vF//yuqmJLoKMySQ1VJL5R1HKkYlRfj4aMEWJ4RNLMFHMZkVkhBUmxpZUtCV8Xor+J62K65+5p9fVcq22qKMAh3AEJ+DDOdSgDg1oAgEJ9/AIT452Hpxn52U+uuQsdg7gG5zXDyyykUQ=</latexit>

H

<latexit sha1_base64="/watzLls63dsY19r1FkBZ9OwZ2o=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN11WsA9sh5JJM21okhmSjFCG/oUbF4q49W/c+Tdm2go+DwQO59xLzj1hwpk2nvfuLC2vrK6tFzaKm1vbO7ulvf2WjlNFaJPEPFadEGvKmaRNwwynnURRLEJO2+H4Kvfbd1RpFssbM0loIPBQsogRbKx02xPYjJTI6tN+qey5fuWy6lfQb+K73gxlWKDRL731BjFJBZWGcKx11/cSE2RYGUY4nRZ7qaYJJmM8pF1LJRZUB9ks8RQdW2WAoljZJw2aqV83Miy0nojQTuYJ9U8vF//yuqmJLoKMySQ1VJL5R1HKkYlRfj4aMEWJ4RNLMFHMZkVkhBUmxpZUtCV8Xor+J62K65+5p9fVcq22qKMAh3AEJ+DDOdSgDg1oAgEJ9/AIT452Hpxn52U+uuQsdg7gG5zXDyyykUQ=</latexit>

H
<latexit sha1_base64="/watzLls63dsY19r1FkBZ9OwZ2o=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFcDTOlvnYFN11WsA9sh5JJM21okhmSjFCG/oUbF4q49W/c+Tdm2go+DwQO59xLzj1hwpk2nvfuLC2vrK6tFzaKm1vbO7ulvf2WjlNFaJPEPFadEGvKmaRNwwynnURRLEJO2+H4Kvfbd1RpFssbM0loIPBQsogRbKx02xPYjJTI6tN+qey5fuWy6lfQb+K73gxlWKDRL731BjFJBZWGcKx11/cSE2RYGUY4nRZ7qaYJJmM8pF1LJRZUB9ks8RQdW2WAoljZJw2aqV83Miy0nojQTuYJ9U8vF//yuqmJLoKMySQ1VJL5R1HKkYlRfj4aMEWJ4RNLMFHMZkVkhBUmxpZUtCV8Xor+J62K65+5p9fVcq22qKMAh3AEJ+DDOdSgDg1oAgEJ9/AIT452Hpxn52U+uuQsdg7gG5zXDyyykUQ=</latexit>

H

<latexit sha1_base64="6E2nAlXRydhwUF/kimj5FzASHV8=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokpVbdFdy4ESpYW2hCmEwm7dDJJMxMhBKy8VfcuFDErZ/hzr9x0lbweeDC4Zx7ufeeIGVUKtt+NyoLi0vLK9XV2tr6xuaWub1zI5NMYNLFCUtEP0CSMMpJV1HFSD8VBMUBI71gfF76vVsiJE34tZqkxIvRkNOIYqS05Jt7rqIsJLkbIzUKovyyKPzctgvfrNuW0zhrOg34mziWPUUdzNHxzTc3THAWE64wQ1IOHDtVXo6EopiRouZmkqQIj9GQDDTlKCbSy6cPFPBQKyGMEqGLKzhVv07kKJZyEge6s7xT/vRK8S9vkKno1MspTzNFOJ4tijIGVQLLNGBIBcGKTTRBWFB9K8QjJBBWOrOaDuHzU/g/uWlYTss6vmrW2615HFWwDw7AEXDACWiDC9ABXYBBAe7BI3gy7owH49l4mbVWjPnMLvgG4/UDfdqW+A==</latexit>

M̃00

<latexit sha1_base64="D1bC2ktnfJQ7uTmQQ+O5ifSGPhc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg6f75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6q3lX18r5WqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB00XjS4=</latexit>

1s
<latexit sha1_base64="ZCQR3YG3eH3Qz7iPHslsmDeQxMo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdF8z/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSbtW9S6rF3f1SqOex1GEEziFc/DgChpwC01oAYMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP06cjS8=</latexit>

2s
<latexit sha1_base64="4uxx+QDVNf7qerFtQcLFxFAAIlw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/lz3yxW36s5B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eW/pHVW9S6rF3e1Sr2Wx1GEIziGU/DgCupwCw1oAoMQnuAFXp2x8+y8Oe+L1oKTzxzCLzgf31AhjTA=</latexit>

3s

<latexit sha1_base64="4uxx+QDVNf7qerFtQcLFxFAAIlw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/lz3yxW36s5B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eW/pHVW9S6rF3e1Sr2Wx1GEIziGU/DgCupwCw1oAoMQnuAFXp2x8+y8Oe+L1oKTzxzCLzgf31AhjTA=</latexit>

3s

<latexit sha1_base64="ZCQR3YG3eH3Qz7iPHslsmDeQxMo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdF8z/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSbtW9S6rF3f1SqOex1GEEziFc/DgChpwC01oAYMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP06cjS8=</latexit>

2s

<latexit sha1_base64="D1bC2ktnfJQ7uTmQQ+O5ifSGPhc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg6f75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6q3lX18r5WqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB00XjS4=</latexit>

1s

<latexit sha1_base64="iEEyL2+nuQviKNxpj8CvHSlzv5s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7mtJv1xxq+4cZJV4OalAjma//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7plJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jYZcIXMiIkllClubyVsRBVlxoZTsiF4yy+vknat6l1WL+7qlUY9j6MIJ3AK5+DBFTTgFprQAgYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwBKEI0s</latexit>

2p

<latexit sha1_base64="iEEyL2+nuQviKNxpj8CvHSlzv5s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7mtJv1xxq+4cZJV4OalAjma//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7plJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jYZcIXMiIkllClubyVsRBVlxoZTsiF4yy+vknat6l1WL+7qlUY9j6MIJ3AK5+DBFTTgFprQAgYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwBKEI0s</latexit>

2p

<latexit sha1_base64="jmAlIMCwpEPe7cxekK9tad/EpXk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/jzplytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1WL+5qlXotj6MIR3AMp+DBFdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgFLlY0t</latexit>

3p

<latexit sha1_base64="jmAlIMCwpEPe7cxekK9tad/EpXk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/jzplytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1WL+5qlXotj6MIR3AMp+DBFdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgFLlY0t</latexit>

3p

<latexit sha1_base64="3fRZ6cdPhVcf+C/9jzdRR/Outpo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA7O5sMmZ1dZnqFEPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIJXCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMkmmGW+yRCa6E1DDpVC8iQIl76Sa0ziQvB2MbmZ++5FrIxL1gOOU+zEdKBEJRtFK9+dhv1xxq+4c5C/xclKBHI1++bMXJiyLuUImqTFdz03Rn1CNgkk+LfUyw1PKRnTAu5YqGnPjT+aXTsmJVUISJdqWQjJXf05MaGzMOA5sZ0xxaJa9mfif180wuvYnQqUZcsUWi6JMEkzI7G0SCs0ZyrEllGlhbyVsSDVlaMMp2RC85Zf/ktZZ1busXtzVKvVaHkcRjuAYTsGDK6jDLTSgCQwieIIXeHVGzrPz5rwvWgtOPnMIv+B8fAM5ZY0h</latexit>

3d

<latexit sha1_base64="3fRZ6cdPhVcf+C/9jzdRR/Outpo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA7O5sMmZ1dZnqFEPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIJXCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMkmmGW+yRCa6E1DDpVC8iQIl76Sa0ziQvB2MbmZ++5FrIxL1gOOU+zEdKBEJRtFK9+dhv1xxq+4c5C/xclKBHI1++bMXJiyLuUImqTFdz03Rn1CNgkk+LfUyw1PKRnTAu5YqGnPjT+aXTsmJVUISJdqWQjJXf05MaGzMOA5sZ0xxaJa9mfif180wuvYnQqUZcsUWi6JMEkzI7G0SCs0ZyrEllGlhbyVsSDVlaMMp2RC85Zf/ktZZ1busXtzVKvVaHkcRjuAYTsGDK6jDLTSgCQwieIIXeHVGzrPz5rwvWgtOPnMIv+B8fAM5ZY0h</latexit>

3d

Hamiltonian matrix

<latexit sha1_base64="d5WvOZHPnDdCL1jd7sSINVsfkJU=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokpVbdFdy4ESpYW2hCmEwm7dDJJMxMhBKy8VfcuFDErZ/hzr9x0lbweeDC4Zx7ufeeIGVUKtt+NyoLi0vLK9XV2tr6xuaWub1zI5NMYNLFCUtEP0CSMMpJV1HFSD8VBMUBI71gfF76vVsiJE34tZqkxIvRkNOIYqS05Jt7rqIsJLkbIzUKovyyKPzcbhS+Wbctp3HWdBrwN3Ese4o6mKPjm29umOAsJlxhhqQcOHaqvBwJRTEjRc3NJEkRHqMhGWjKUUykl08fKOChVkIYJUIXV3Cqfp3IUSzlJA50Z3mn/OmV4l/eIFPRqZdTnmaKcDxbFGUMqgSWacCQCoIVm2iCsKD6VohHSCCsdGY1HcLnp/B/ctOwnJZ1fNWst1vzOKpgHxyAI+CAE9AGF6ADugCDAtyDR/Bk3BkPxrPxMmutGPOZXfANxusHgOSW+g==</latexit>

M̃02

<latexit sha1_base64="D1bC2ktnfJQ7uTmQQ+O5ifSGPhc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg6f75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6q3lX18r5WqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB00XjS4=</latexit>

1s
<latexit sha1_base64="ZCQR3YG3eH3Qz7iPHslsmDeQxMo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdF8z/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSbtW9S6rF3f1SqOex1GEEziFc/DgChpwC01oAYMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP06cjS8=</latexit>

2s
<latexit sha1_base64="4uxx+QDVNf7qerFtQcLFxFAAIlw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/lz3yxW36s5B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eW/pHVW9S6rF3e1Sr2Wx1GEIziGU/DgCupwCw1oAoMQnuAFXp2x8+y8Oe+L1oKTzxzCLzgf31AhjTA=</latexit>

3s

<latexit sha1_base64="4uxx+QDVNf7qerFtQcLFxFAAIlw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/lz3yxW36s5B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkhOrDEgYK1vSkLn6cyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eW/pHVW9S6rF3e1Sr2Wx1GEIziGU/DgCupwCw1oAoMQnuAFXp2x8+y8Oe+L1oKTzxzCLzgf31AhjTA=</latexit>

3s

<latexit sha1_base64="ZCQR3YG3eH3Qz7iPHslsmDeQxMo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdF8z/XLFrbpzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSbtW9S6rF3f1SqOex1GEEziFc/DgChpwC01oAYMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP06cjS8=</latexit>

2s

<latexit sha1_base64="D1bC2ktnfJQ7uTmQQ+O5ifSGPhc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg6f75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6q3lX18r5WqdfyOIpwAqdwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB00XjS4=</latexit>

1s

<latexit sha1_base64="iEEyL2+nuQviKNxpj8CvHSlzv5s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7mtJv1xxq+4cZJV4OalAjma//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7plJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jYZcIXMiIkllClubyVsRBVlxoZTsiF4yy+vknat6l1WL+7qlUY9j6MIJ3AK5+DBFTTgFprQAgYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwBKEI0s</latexit>

2p

<latexit sha1_base64="iEEyL2+nuQviKNxpj8CvHSlzv5s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisYmuhDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7mtJv1xxq+4cZJV4OalAjma//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7plJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jYZcIXMiIkllClubyVsRBVlxoZTsiF4yy+vknat6l1WL+7qlUY9j6MIJ3AK5+DBFTTgFprQAgYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwBKEI0s</latexit>

2p

<latexit sha1_base64="jmAlIMCwpEPe7cxekK9tad/EpXk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/jzplytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1WL+5qlXotj6MIR3AMp+DBFdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgFLlY0t</latexit>

3p

<latexit sha1_base64="jmAlIMCwpEPe7cxekK9tad/EpXk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/jzplytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1WL+5qlXotj6MIR3AMp+DBFdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgFLlY0t</latexit>

3p

<latexit sha1_base64="3fRZ6cdPhVcf+C/9jzdRR/Outpo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA7O5sMmZ1dZnqFEPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIJXCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMkmmGW+yRCa6E1DDpVC8iQIl76Sa0ziQvB2MbmZ++5FrIxL1gOOU+zEdKBEJRtFK9+dhv1xxq+4c5C/xclKBHI1++bMXJiyLuUImqTFdz03Rn1CNgkk+LfUyw1PKRnTAu5YqGnPjT+aXTsmJVUISJdqWQjJXf05MaGzMOA5sZ0xxaJa9mfif180wuvYnQqUZcsUWi6JMEkzI7G0SCs0ZyrEllGlhbyVsSDVlaMMp2RC85Zf/ktZZ1busXtzVKvVaHkcRjuAYTsGDK6jDLTSgCQwieIIXeHVGzrPz5rwvWgtOPnMIv+B8fAM5ZY0h</latexit>

3d

<latexit sha1_base64="3fRZ6cdPhVcf+C/9jzdRR/Outpo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfBwDXjxGMQ9IljA7O5sMmZ1dZnqFEPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIJXCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMkmmGW+yRCa6E1DDpVC8iQIl76Sa0ziQvB2MbmZ++5FrIxL1gOOU+zEdKBEJRtFK9+dhv1xxq+4c5C/xclKBHI1++bMXJiyLuUImqTFdz03Rn1CNgkk+LfUyw1PKRnTAu5YqGnPjT+aXTsmJVUISJdqWQjJXf05MaGzMOA5sZ0xxaJa9mfif180wuvYnQqUZcsUWi6JMEkzI7G0SCs0ZyrEllGlhbyVsSDVlaMMp2RC85Zf/ktZZ1busXtzVKvVaHkcRjuAYTsGDK6jDLTSgCQwieIIXeHVGzrPz5rwvWgtOPnMIv+B8fAM5ZY0h</latexit>
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M02

Figure 3. Construction of tensor matrix. The expansion module of
our model outputs the intermediate block M with full orbitals for
each node pair. Then, pair block M̃ is selected from M according
to orbitals of corresponding atoms. Finally, the Hamiltonian matrix
of a molecule is built by combining M̃ of all node pairs.

in parallel to produce two irreducible representations xli
and xri. Then, the pair representation f

ℓout
ii is calculated by

a tensor product with learnable parameters W for each path
(ℓinl, ℓinr, ℓout), which is defined as

f
ℓout
ii = (W(ℓinl

,ℓinr
,ℓout) xl

ℓinl
i ⊗ xr

ℓinr
i )ℓout . (18)

After that, a residual connection is added between the ob-
tained diagonal pair representations and the input irreducible
representations:

f ℓii = f ℓii + xℓ
i . (19)

Finally, a norm gate followed by a self-interaction layer
updates the pair features f ℓii and outputs the final irreducible
representations for diagonal pairs.

Construction of Tensor Matrix. After collecting irre-
ducible representations for diagonal and non-diagonal pairs,
the next step is to build the final Hamiltonian matrix. As il-
lustrated in Figure 3, each entry in the matrix denotes the in-
teraction between two orbitals. Specifically, pair block M̃ij

contains all the interactions between atoms i and j. Since
atoms have different numbers of orbitals, pair blocks M̃ij’s
are in different shapes that should be determined when con-
structing the Hamiltonian matrix. In our framework, we
introduce an intermediate block Mij with full orbitals and
then extract M̃ij from that based on corresponding atom
orbitals. For example, there are four atoms H, C, N, and O,
in the MD17 dataset. In this case, full orbitals contain 1s, 2s,
3s, 2p, 3p, and 3d, and M ∈ R14×14. When dealing with
the hydrogen atom H, only 1s, 2s, 2p orbitals are selected
to construct the Hamiltonian matrix. In this way, each node
pair irreducible representation fij can be converted to an
intermediate pair block Mij with a predefined shape despite
the atom type. This strategy is advantageous as it can be
easily extended to different molecules.

To construct the intermediate pair blocks with full orbitals
using pair irreducible representations, we apply a tensor
expansion operation with the filter operation as shown in
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Figure 4. The relationship between the channel of equivariant ma-
trix and the intermediate full orbital matrix. Here, c is the number
of channel for equivariant matrices, and (lo1, lo2) is the rotation
order of the equivariant matrix. Then, these equivariant matrices
composed of the intermediate full orbital matrix for each node pair.

Figure 2.E. The tensor expansion is defined as

(⊗̄wℓ3)
(ℓ1,ℓ2)
(m1,m2)

=

ℓ3∑

m3=−ℓ3

C
(ℓ1,m1),(ℓ2,m2)
(ℓ3,m3)

wℓ3
m3
, (20)

where C is the CG matrix and ⊗̄ denotes tensor expansion
which is the inverse operation of tensor product. Since CG
matrix can be transformed to a unitary matrix, when wℓ3 =
(uℓ1 ⊗ vℓ2)ℓ3 , we deduce that uℓ1 ⊗ vℓ2 =

∑
ℓ3
⊗̄wℓ3 with

|ℓ1 − ℓ2| ≤ l3 ≤ ℓ1 + ℓ2. Then, the filter takes atom types
as input to produce a weight for each path (ℓo1, ℓo2, ℓin):

F
(ℓo1,ℓo2,ℓin)
ij = f(Zi, Zj)

F
(ℓo1,ℓo2,ℓin)
ii = f(Zi), (21)

where Z denotes the embedding of atom types. Finally, the
intermediate blocks M are built by the filter and node pair
irreducible representations as

M
(ℓo1,ℓo2)
iic =

∑

ℓin,c
′

F
(ℓo1,ℓo2,ℓin)
iicc′ ⊗̄fℓin

iic′

M
(ℓo1,ℓo2)
ijc =

∑

ℓin,c
′

F
(ℓo1,ℓo2,ℓin)
ijcc′ ⊗̄fℓin

ijc′ , (22)

where c′ denotes the channel index in the input irreducible
representations and c denotes the channel index in M. For
example, there are nine channels with (ℓo1, ℓo2) = (0, 0),
and four channel with (ℓo1, ℓo2) = (1, 1). Note that a bias
term is learned for node pair representation with ℓin = 0.
We provide a demonstration showing the mapping from the
output of expansion module to the full orbital matrices in
Figure 4.

In the tensor expansion module of PhiSNet (Schütt et al.,
2019), a record has to be maintained to map the relationship
of atom-orbital pair interactions so that a unique channel
index in irreducible representations can be selected for each
interaction. In contrast to determining the channel dimen-
sion by the number of atom-orbital pair interactions in PhiS-
Net, our model does not need to keep the record because our
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Figure 5. The whole architecture of the proposed QHNet. Inputs
of the QHNet include atom types Z and atom positions p. Five
layers of node-wise interaction are used to learn SE(3)-equivariant
irreducible representations for atoms. Then, diagonal and non-
diagonal atom pairs are passed to distinctive modules to create
pairwise representations fii and fij . Finally, the expansion module
converts pairwise representations to the intermediate blocks M
that are post-processed to build the quantum tensor.

Table 1. Comparison of the total number and maximum sequential
number of tensor products in PhiSNet and QHNet.

Methods # of TP # of sequential TP

PhiSNet 121 76
QHNet 9 6

channel dimension is fixed as a hyper-parameter. As a result,
our model can effectively prevent the exponential growth of
channel dimension when more atom types are involved.

3.5. Model Architecture

We now describe our whole framework. The model takes
atom types Z ∈ NN×1 and their positions p ∈ RN×3 as
inputs. Here N denotes the number of atoms in a molecule.
As shown in Figure 3.4, our network uses five node-wise
interaction layers under the default setting to learn SE(3)-
equivariant irreducible representations for atoms. Next, we
take atom representations outputted by the last two layers to
construct the diagonal and non-diagonal irreducible repre-
sentations. Then, we combine the pairwise representations
obtained after both layers with a sum operation and feed

them into the expansion module.

The computation and time overheads of quantum tensor
networks mainly come from message passing and tensor
product (TP) operations. The computational cost of TP is
much larger than a linear layer because it involves multipli-
cation with CG matrix for each path sequentially. The time
complexity analysis for the forward procedure of our mod-
ule is shown as following: linear O(C2), self-interaction
O(C2L), linear layer O(C2L2) in the norm gate, and ten-
sor product O(CL6). Here, C represents the number of
channels, and L denotes the maximum rotation orders. No-
tably, in our experiments with QHNet and PhiSNet, we set
C = 128 and L = 4. Therefore, the tensor product opera-
tion is as the most time-consuming operation in the model.
In Table 1, we compare the total number of TP and the max-
imum number of sequential TP in our model and PhiSNet.
The number of sequential TP is the number of passed TP
for one variable from input to output. Since we use fewer
TP operations, our model achieves higher efficiency and
consumes less GPU memory.

4. Experiments
Dataset. We conduct experiments to evaluate the perfor-
mance of QHNet on MD17 datasets (Schütt et al., 2019).
MD17 consists of four datasets of small molecules, in-
cluding water, ethanol, malondialdehyde, and uracil. Each
dataset contains thousands of 3D molecular structures and
their corresponding Hamiltonian matrices. The Hamiltonian
matrices in MD17 were calculated by using the def2-SVP
basis set (Weigend & Ahlrichs, 2005) with PBE (Perdew
et al., 1996) density functionals. The statistics of MD17
dataset is shown in Table 5.

Software and Hardware. Our experiments are imple-
mented based on PyTorch 1.11.0 (Paszke et al., 2019),
PyTorch Geometric 2.1.0 (Fey & Lenssen, 2019), and
e3nn (Geiger & Smidt, 2022). In our experiments, models
are trained on a single 11GB Nvidia GeForce RTX 2080Ti
GPU and Intel Xeon Gold 6248 CPU.

4.1. Overall Performance Evaluation

Setup. To assess the efficiency and efficacy of the proposed
QHNet, we conduct experiments over four molecular sys-
tems collected in MD17 datasets, including water, ethanol,
malondialdehyde, and uracil. Since the number of opti-
mization steps plays an important role in model training
on MD17, we set the total training steps to 200,000 for
all experiments. We adopt the learning rate scheduler to
speed up the convergence of model training. Specifically,
the scheduler increases the learning rate gradually during
the first 1,000 warm-up steps. The initial learning rate is 0,
and the maximum learning rate is 5e−4. Then, the sched-
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Table 2. Overall performance comparison in validation and test sets. Both PhiSNet and our QHNet are trained using a learning rate
scheduler with a linearly decreasing learning rate to ensure the convergence with 1,000 warm-up steps and 200,000 total steps with
double-precision floating-point. The unit for Hamiltonian H and eigen energies ϵ is Hartree, denoted by Eh. Training ‘Time’ is in days.
Training loss is described in Appendix A.1.

Dataset Method Time Validation Test
H [10−6Eh] ↓ ϵ [10−6Eh] ↓ ψ [10−2] ↑ H [10−6Eh] ↓ ϵ [10−6Eh] ↓ ψ [10−2] ↑

Water PhiSNet 4.67d 7.87 29.81 99.99 15.67 – 99.94
QHNet 1.27d 10.49 31.62 99.99 10.79 33.76 99.99

Ethanol PhiSNet 7.45d 19.60 101.10 99.91 20.09 102.04 99.81
QHNet 3.73d 20.45 81.29 99.99 20.91 81.03 99.99

Malondial- PhiSNet 8.75d 21.89 104.76 99.96 21.31 100.60 99.89
dehyde QHNet 3.33d 22.07 86.04 99.89 21.52 82.12 99.92

Uracil PhiSNet 14.12d 18.89 146.14 99.87 18.65 143.36 99.86
QHNet 3.31d 20.33 113.48 99.88 20.12 113.44 99.89

Table 3. Comparing PhiSNet and QHNet in terms of training time per iteration and GPU memory consumption on the MD17 datasets.
Note that these are in double-precision floating-point.

Dataset Batch Size PhiSNet QHNet Speedup Memory Efficiency

Water 10 2.02s / 3,839M 0.56s / 2,419M 3.61× 1.59×
Ethanol 5 3.22s / 8,673M 0.84s / 3,917M 3.83× 2.21×
Malondialdehyde 5 3.78s / 8,869M 0.88s / 3,925M 4.30× 2.25×
Uracil 3 6.10s / 9,135M 0.94s / 4,049M 6.49× 2.25×

uler reduces the learning rate linearly so that the learning
rate reaches 1e−7 at the last step. Our competing base-
line PhiSNet has five Pairmix layers that incorporate the
representations from neighbor nodes to update node repre-
sentations in the equivariant atomic representation network.
For a fair comparison, QHNet uses five node-wise interac-
tion layers to aggregate the messages from neighbor nodes
to update node irreducible representations.

Note that the batch size differs for different molecules.
Specifically, for QHNet, the batch size is set to 10 for water,
ethanol, and malondialdehyde, while it is set to 5 for uracil.
On the other hand, for PhiSNet, the batch size is as follows:
10 for water, 5 for ethanol and malondialdehyde, and 3 for
uracil.

Model parameters are set in double-precision floating-point
format when we run experiments for both the baseline and
our QHNet. It is because the resolution of single-precision,
1e−6, is at a similar order of magnitude to the predicted error.
Using double-precision can approximate at a higher resolu-
tion, and it provides more consistent and reliable evaluation
with DFT algorithms where double-precision is required to
ensure high accuracy. Note that we omit the task of pre-
dicting overlap matrix, since overlap matrix can be easily
calculated without any errors in 10−3s for a these molecules

shown in Table 6.

Results. We provide the overall performance results in Ta-
ble 2. Three metrics were applied to evaluate the accuracy
of the predicted Hamiltonian matrices, including mean abso-
lute error (MAE) of the Hamiltonian matrix elements Hij .
Besides directly checking the prediction error of Hamilto-
nian matrices, it is also important to evaluate the error of the
predicted orbital energy ϵ and wavefunction ψ, which can
be deduced from the Hamiltonian matrix H through Eqs.
(3) and (4). Therefore, we report the MAE of the predicted
energies and cosine similarity of coefficients for occupied
molecular orbitals.

As reported in Table 2, QHNet can achieve competitive
MAE on H in terms of both validation and test accuracy,
and obtain better results on orbital energies. Specifically,
on the water dataset, QHNet outperforms PhiSNet by a sig-
nificant margin of 4.88× 10−5Eh . Although its obtained
MAEs of predicted Hamiltonian matrices H are similar to
the baseline, QHNet can better predict molecular proper-
ties from the predicted H. For orbital energies, QHNet
consistently outperforms other models on ethanol, malon-
dialdehyde, and uracil datasets. We did not include the test
MAE of ϵ by PhiSNet on the water dataset in Table 2 as it
is ten times worse than that by QHNet (33.76). All these
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Table 4. Performance of QHNet trained on the mixed dataset. Note
that this dataset includes only 500 water examples in the training
set while there are 25,000 examples each for ethanol, malondialde-
hyde and uracil shown in Table 5 in Appendix A.2.

Dataset H [10−6Eh] ↓ ϵ [10−6Eh] ↓ ψ [10−2] ↑
Water 190.03 304.48 99.99

Ethanol 51.68 130.68 99.97
Malondialdehyde 36.79 101.14 99.89

Uracil 34.77 124.86 99.80
Mixed Dataset 83.12 173.86 99.92

experimental results demonstrate the efficacy and better
generalizability of QHNet.

4.2. Time and Memory Efficiency

We further compare the running time and GPU memory
consumption of PhiSNet and QHNet. For each dataset,
we set the same batch size for both models, and show the
comparison in Table 3. The result indicates that the proposed
QHNet is much more efficient than PhiSNet. Specifically,
QHNet runs more than three times faster during training,
requiring less than half of the GPU memory. As explained
in Sec 3.5 and shown in Table 1, the high efficiency of our
QHNet is because the total number and sequential number
of tensor products are reduced to less than 14% of that in
PhiSNet.

4.3. Performance on Mixed Dataset

Experiments in Sec 4.1 and Sec 4.2 focus on training and
testing models on the same molecular system. Thus, the pre-
dicted Hamiltonian matrices have the same shape as training
Hamiltonian matrices. In this subsection, we mix previously
mentioned four datasets together while keeping the orig-
inal split of training, validation, and testing sets. In this
case, the mixed dataset contains four kinds of molecules,
and QHNet is trained to predict the Hamiltonian matrices
for multiple molecules rather than one. As described in
Sec 3.4, we adopt the design of full orbital matrices with a
fixed shape in the expansion module. Hence, QHNet can
be easily extended to this mixed dataset and still achieve
comparable performances, as demonstrated in Table 4. Note
that such a mixed task is complex for PhiSNet with potential
troubles for reasons we explain at the end of Sec 3.4. The
flexible implementation of QHNet facilitates training a uni-
versal quantum tensor prediction network to further advance
deep learning for quantum chemistry and condensed matter
physics.

5. Conclusion
In this work, we presented a SE(3)-equivariant network—
QHNet—to predict the Hamiltonian matrix with high ac-

curacy and efficiency. QHNet is built carefully to maintain
the underlying symmetry while eliminating 92% of tensor
product operations to make it super streamlined compared
to existing methods. We evaluated QHNet using the MD17
datasets to show that it can accelerate the training by more
than three times while using less than 50% of the GPU
memory. Additionally, our experimental results indicate
that QHNet achieves competitive MAE on the Hamiltonian
matrix and can derive more accurate molecular properties.
Furthermore, by outputting full orbital matrices with a fixed
shape and applying post-processing, QHNet is highly versa-
tile and can be extended to datasets mixed with a variety of
molecules. Therefore, we believe QHNet has great poten-
tial to efficiently predict accurate quantum tensors such as
Hamiltonian matrix in a wide range of molecular systems.
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Table 5. The statistics of MD17 dataset (Schütt et al., 2019).

Dataset # of structures Train Val Test # of atoms # of orbitals # of occupied molecular orbitals

Water 4,900 500 500 3,900 3 24 5
Ethanol 30,000 25,000 500 4,500 9 72 10
Malondialdehyde 26,978 25,000 500 1,478 9 90 19
Uracil 30,000 25,000 500 4,500 12 132 26

Table 6. Time comparison for single example among DFT algorithm, calculating overlap matrix, PhiSNet inference and QHNet inference.
Note that we use batch size 64 to conduct inference for both PhiSNet and QHNet.

dataset DFT[s] overlap [10−4s] PhiSNet [10−2s] QHNet [10−2s]

water 11.38 4.87 1.26 1.09
ethanol 25.11 8.71 8.83 7.11
malondialdehyde 40.63 7.27 9.15 7.92

A. Appendix.
A.1. Training Loss for QHNet

For training, we follow the implementation of PhiSNet (Unke et al., 2021), and use Mean Absolute Error (MAE) and Root
Mean Squared Error (RMSE) as loss function to train the QHNet for predicting the Hamiltonian matrices.

L(H,HGT ) =



√

1

N2

∑

i1,i2

(Hi1,i2 −HGT
i1,i2

)2 +
1

N2

∑

i1,i2

|Hi1,i2 −HGT
i1,i2 |


 , (23)

where H is the predicted Hamiltonian matrix, HGT is the ground-truth Hamiltonian matrix, and the size of H and HGT is
N ×N .

A.2. Statistics of the dataset

We here provide the statistics of the MD17 datasets in Table 5. Note that the mixed dataset follows the same dataset split.

A.3. Accelerating the DFT algorithm.

To study the acceleration by using QHNet, we compare the inference time of QHNet with the time consumption of DFT
algorithm. Here we use PySCF to conduct DFT algorithm with PBE correlation functional and def2-SVP basis set. Moreover,
we select DIIS as the SCF algorithm for the DFT calculation. In Table 6, QHNet exhibited an acceleration of approximately
1000x on water, and approximately 300x on both ethanol and malondialdehyde. Note that we conduct our experiments on
11GB Nvidia GeForce RTX 2080Ti GPU and Intel Xeon Gold 6248 CPU.

Table 7. The ratio of optimization steps when taking pre-
dicted Hamiltonian matrices as the initial status of the
DFT algorithm to accelerate the optimization.

dataset QHNet PhiSNet

water 0.494 0.497
ethanol 0.554 0.562
malondialdehyde 0.562 0.567

Next, we focus onoptimization steps ratio when continuing to opti-
mize the predicted Hamiltonian matrices using the DFT algorithm.
It shows the time ratio to get the converged Hamiltonian matrix with
machine learning model acceleration and reflects the quality of the
predicted Hamiltonian matrices, with higher-quality matrices requir-
ing fewer optimization steps. Note that we use PySCF on 50 random
selected geometries in each molecular dataset to conduct DFT algo-
rithm with PBE correlation functional and def2-SVP basis set, and
select DIIS as the SCF algorithm for the DFT calculation.

12



Efficient and Equivariant Graph Networks for Predicting Quantum Hamiltonian

Table 8. Performance of QHNet with various training steps compared to the reported results in PhiSNet. In these experiments, QHNet are
in single-precision floating-point following the setting in original PhiSNet experiments. * denotes the training is converged and EMA is
not used in this experiment.

Dataset Method Training statgies H [10−6Eh] ↓ ϵ [10−6Eh] ↓ ψ [10−2] ↑

Water QHNet* RLROP 10.36 36.21 99.99

PhiSNet RLROP 17.59 85.53 -

Ethanol
QHNet LSW (10,000, 1,000,000) 12.78 62.97 99.99
QHNet RLROP 13.12 51.80 99.99

PhiSNet RLROP 12.15 62.75 -

Malondialdehyde
QHNet LSW (10,000, 1,000,000) 11.97 55.57 99.94
QHNet RLROP 13.18 51.54 99.95

PhiSNet RLROP 12.32 73.50 -

Uracil QHNet LSW (10,000, 1,000,000) 9.96 66.75 99.95

PhiSNet RLROP 10.73 84.03 -

Table 9. Ablation study of QHNet.

Dataset full model wo attentive wo NormGate

water 10.79 10.65 10.91
ethanol 20.91 - 39.26
malondialdehyde 21.52 30.89 40.79

A.4. Performance comparison

To compare with PhiSNet, we trained our QHNet using the same settings as PhiSNet, employing the Reduce Learning Rate
On Plateau (RLROP) scheduler. We initialized the scheduler with a learning rate of 5e − 4 and continued training until
it reached 1e−6. In order to limit the training steps, we set the maximum number of steps to 1, 000, 000. The results are
presented in Table 8. QHNet successfully converged on the water dataset. However, for the other three datasets, QHNet
did not converge, and we therefore report the final results. Furthermore, we implemented a linear schedule with warmup,
specifying the warmup steps and total training steps as LSW, and (10,000, 1,000,000) denotes a warmup period of 10,000
steps and a total training duration of 1,000,000 steps. Additionally, the batch size is set to 10 for all the experiments. Note
that the results of PhiSNet comes from its original paper. For the ψ, since it is reported as 1.00 in the original PhiSNet paper,
it can not compare without enough accurate digits. Therefore, we omit the number here.

A.5. Ablation studies on the model architecture

To study the various modules in QHNet, we conduct experiments to compare the QHNet without attentive scores or
NormGate in node-wise interaction layers and report the MAE of the Hamiltonian matrix on the test set in Table 9.
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