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Abstract

In this paper, we investigate Nash-regret minimization in congestion games, a class of games with
benign theoretical structure and broad real-world applications. We first propose a centralized algorithm
based on the optimism in the face of uncertainty principle for congestion games with (semi-)bandit
feedback, and obtain finite-sample guarantees. Then we propose a decentralized algorithm via a novel
combination of the Frank-Wolfe method and G-optimal design. By exploiting the structure of the conges-
tion game, we show the sample complexity of both algorithms depends only polynomially on the number
of players and the number of facilities, but not the size of the action set, which can be exponentially large
in terms of the number of facilities. We further define a new problem class, Markov congestion games,
which allows us to model the non-stationarity in congestion games. We propose a centralized algorithm
for Markov congestion games, whose sample complexity again has only polynomial dependence on all
relevant problem parameters, but not the size of the action set.

1 Introduction

Nash equilibrium (NE) is a widely adopted concept in game theory community, used to describe the behavior
of multi-agent systems with selfish players [Roughgarden, 2010]. At the Nash equilibrium, no player has the
incentive to change its own strategy unilaterally, which implies it is a steady state of the game dynamics.
For a general-sum game, computing the Nash equilibrium is PPAD-hard [Daskalakis, 2013] and the query
complexity is exponential in the number of players [Rubinstein, 2016]. To help address these issues, a natural
approach is to consider games with special structures. In this paper, we focus on congestion games.

Congestion games are general-sum games with facilities (resources) shared among players [Rosenthal,
1973]. During the game, each player will decide what combination of facilities to utilize, and popular facilities
will become congested, which results in a possibly higher cost on each user. One example of congestion game
is the routing game [Fotakis et al., 2002], where each player needs to travel from a given starting point to a
destination point through some shared routes. These routes are represented as a traffic graph and the facilities
are the edges. Each player will decide her path to go, and the more players use the same edge, the longer
the edge travel time will be. Congestion games also have wide applications in electrical grids [Ibars et al.,
2010], internet routing [Al-Kashoash et al., 2017] and rate allocation [Johari and Tsitsiklis, 2004]. In many
real-world scenarios, players can only have (semi-)bandit feedback, i.e., players know only the payoff of the
facilities they choose. This kind of learning under uncertainty has been widely studied in bandits and in
reinforcement learning for the single-agent setting, while theoretical understanding for the multi-agent case
is still largely missing.

There are two types of algorithms in multi-agent systems, namely centralized algorithms and decentralized
algorithms. For centralized algorithms, there exists a central authority that can control and receive feedback
from all players in the game. As we have global coordination, centralized algorithms usually have favorable
performance. On the other hand, such a central authority may not always be available in practice, and thus
people turn to decentralized algorithms, i.e., each player makes decisions individually and can only observe
her own feedback. However, decentralized algorithms are vulnerable to nonstationarity because each player
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Algorithms Sample complexity Nash regret Decentralized
Nash-VI [Liu et al., 2021] (TT%, Ai)F/€ VT, A)FT No
V-learning [Jin et al., 2021a] AnaxF/e® (CCE) NA Yes
IPPG [Leonardos et al., 2021] AmaxmF /€ NA Yes
IPGA [Ding et al., 2022] A2 m3F5/éed mFY3 /AT Yes
Nash-UCB I mF?/e? FV'mT No
Nash-UCB 11 m2F3 /e mF3/2\/T No
Frank-Wolfe with Exploration I m2F9/eb m2F3/275/6 Yes
Frank-Wolfe with Exploration II m12F12 /€ m2F275/6 Yes

Table 1: Comparison of algorithms for congestion games in terms of sample complexity and Nash regret,
where “IPPG” stands for “independent projected policy gradient”, “IPGA” stands for “independent policy
gradient ascent”, “I” represents the setting of semi-bandit feedback and “IT” represents the setting of bandit
feedback. Bandit feedback is assumed for algorithms from previous work. Here, A; is the size of player i’s
action space, m is the number of players, Anax = max;c(y,) A, I is the number of facilities and 7' is the
number of samples collected. Our algorithms are shaded.

is making decisions in a nonstationary environment as others’ strategies are changing [Zhang et al., 2021a].
In this paper, we will study both centralized and decentralized algorithms in congestion games with bandit
feedback, and we will provide motivating scenarios for both algorithms in Section 1.2.

The main challenge in designing algorithms for m-player congestion games with bandit feedback is the
curse of exponential action set, i.e., the number of actions can be exponential in the number of facilities F'
because every subset of facilities can be an action. As a result, an efficient algorithm should have sample
complexity polynomial in m and F' and has no dependence on the size of the action space. One closely
related type of general-sum game is the potential game, in which each individual’s payoff changes, resulting
from strategy modification, can be quantified by a common potential function. It is well-known that all con-
gestion games are potential games, and each potential game has an equivalent congestion game formulation
[Monderer and Shapley, 1996]. However, existing algorithms designed for potential games all have sample
complexity scaling at least linearly in the number of actions [Leonardos et al., 2021, Ding et al., 2022], which
is inefficient for congestion games. This motivates the following question:

Can we design provably sample-efficient centralized and decentralized learning algorithms for congestion
games with bandit feedback?

We provide an affirmative answer to this question. To be precise, we use Nash-regret minimization (formally
defined in Section 3) as our objective for learning in congestion games. This regret-like objective commonly
appears in the literature of online learning and reinforcement learning [Orabona, 2019, Ding et al., 2022,
Liu et al., 2021], which focuses on finite-time analysis and accumulative rewards throughout the learning
process instead of the asymptotic behavior. In general, a sublinear Nash regret implies a best-iterate conver-
gence, meaning that the algorithm has reached the approximate Nash equilibrium at least once, while the
converse does not hold.

We highlight our contributions below and compare our results with previous algorithms in Table 1. Our
algorithms are shaded and we prove sublinear Nash regrets for all of them. In Table 1, sample complexity
refers to the number of samples required to reach best-iterate convergence to an e-approximate Nash equi-
librium and the results are obtained by standard online-to-batch conversion as in Section 3.1 of [Jin et al.,
2018].

1.1 Main Novelties and Contributions

1. Centralized algorithm for congestion game. We adapt the principle of optimism in the face
of uncertainty in stochastic bandits to ensure sufficient exploration in congestion games. We begin with
congestion games with semi-bandit feedback, in which each player can observe the reward of every facility
in the action. Instead of estimating the action reward as in stochastic multi-armed bandits, we estimate the
facility rewards directly, which removes the dependence on the size of action space. Furthermore, we consider



congestion games with bandit feedback, in which each player can only observe the overall reward. In this
setting, we borrow ideas from linear bandits to estimate the reward function and analyze the algorithm. The
algorithm is provably sample efficient in both cases.

2. Decentralized algorithm for congestion game. Our decentralized algorithm is a Frank-Wolfe
method with exploration, in which each player only observes her own actions and rewards. To efficiently
explore in the congestion game, we utilize G-optimal design allocation for bandit feedback and a specific
distribution for semi-bandit feedback. As a result, the sample complexity does not depend on the number of
actions. In addition, the L; smoothness parameter of the potential function does not depend on the number
of actions, which is exploited by the Frank-Wolfe method. With the help of these two specific algorithmic
designs for congestion games, we give the first decentralized algorithm for both semi-bandit feedback and
bandit feedback that has no dependence on the size of the action space in congestion games.

3. Centralized algorithm for independent Markov congestion game. We extend the formulation
of congestion game into a Markov setting and propose the independent Markov congestion game (IMCG),
in which each facility has its own internal state and state transition happens independently among all the
facilities. In Section 1.2, we give some examples that fit in this model. By utilizing techniques from factored
MDPs, we extend our centralized algorithms for congestion games to efficiently solve IMCGs, with both
semi-bandit and bandit feedback.

1.2 Motivating Examples

We provide an exmple here to motivate our proposed models. See Section 3 for the formal definition of
(semi-)bandit feedback and (Markov) congestion games and Appendix A for additional examples.

Ezample 1 (Routing Games). For a routing game, there are multiple players in a traffic graph travelling
from starting points to destination points, and the facilities are the edges (roads). The cost of each edge is
the waiting time, which depends on the number of players using that edge.

e Centralized algorithm for routing games: Imagine each player is using Google Maps to navigate.
Then Google Maps can serve as a center that knows the starting points and the destination points, as well
as the real-time feedback of the waiting time on each edge of all the players. Google Maps itself also has the
incentive to assign paths according to the Nash equilibrium strategy as then each player will find out that
deviating from the navigation has no benefit and thus sticks to the app.

e Decentralized algorithm for routing games: Consider the case where players are still using Google
Maps but due to privacy concerns or limited bandwidth, they only use the offline version, which has access
only to the information of each single user. Then Google Maps needs to use decentralized algorithms so that
it can still assign Nash equilibrium strategy to each user after repeated plays.

e Markov routing games: For Markov routing games, the time cost on each edge will change between
different timesteps, which is a more accurate model of the real-world. For instance, some roads are prone to
car accidents, which will result in an increasing cost on the next timestep, and the chance of accidents also
depends on the number of players using that edge currently. This is modeled by the Markovian facility state
transition in independent Markov congestion games.

2 Related Work

Potential Games. Potential games are general-sum games that admit a common potential function to quan-
tify the changes in individual’s payoff [Monderer and Shapley, 1996]. Algorithmic game theory community
has studied how different dynamics converge to the Nash equilibium, e.g., best response dynamics [Durand,
2018, Swenson et al., 2018] and no-regret dynamics [Heliou et al., 2017, Cheung and Piliouras, 2020], while
usually they provide only asymptotic convergence, with either full information setting or bandit feedback
setting. Recently, reinforcement learning community studied Markov potential games with bandit feedback,
which can be applied to standard potential games. See the Markov Games part below for more details.

Congestion Games. Congestion games are developed in the seminal work [Rosenthal, 1973], and later
Monderer and Shapley [1996] builds a close connection between congestion games and potential games.
Congestion games are divided into atomic and non-atomic congestion games depending on whether each
player is separable. Many papers consider non-atomic congestion games with non-decreasing cost function,



which implies a convex potential function [Roughgarden and Tardos, 2004]. We consider the more diffi-
cult atomic congestion game where the potential function can be non-convex. For online non-atomic case,
[Krichene et al., 2015] considers partial information setting while they provide convergence in the sense of
Cesaro means. [Kleinberg et al., 2009, Krichene et al., 2014] show that some no-regret online learning al-
gorithms asymptotically converges to Nash equilibrium. [Chen and Lu, 2015, 2016] are two closely related
works that consider bandit feedback in atomic congestion games and provide non-asymptotic convergence.
However, they still assume a convex potential function and the sample complexity has exponential depen-
dence on the number of facilities, which is far from ideal.

Markov Games. Markov games are widely studied since the seminal work [Shapley, 1953]. Recently, the
topic has received much attention due to advances in reinforcement learning theory. Liu et al. [2021] provides
a centralized algorithm for learning the Nash equilibrium in general-sum Markov games, and [Jin et al.,
2021a, Song et al., 2021] provide decentralized algorithms for learning the (coarse) correlated equilibrium.
One closely related line of research is on Markov potential games [Leonardos et al., 2021, Zhang et al.,
2021b, Fox et al., 2021, Cen et al., 2022, Ding et al., 2022]. However, applying their algorithms to congestion
games leads to explicit dependence on the number of actions, which would be exponentially worse than our
algorithms. See Table 1 for comparisons. Our independent Markov congestion game is motivated by the
state-based potential games studied in Marden [2012] and Macua et al. [2018], and its transition kernel is
closely related to the factored MDPs, for which single agent algorithms are studied in [Osband and Van Roy,
2014, Chen et al., 2020, Xu and Tewari, 2020, Tian et al., 2020, Rosenberg and Mansour, 2021].

Learning in Games. Different from our paper, learning in games in traditional literature of game theory
mainly considers players’ asymptotic behavior [Leslie and Collins, 2005, Cominetti et al., 2010, Coucheney et al.,
2015]. In early literature, Leslie [2004] investigates actor-critic learning and @Q-learning algorithms in games
with bandit feedback and their connection to best-response dynamics. Leslie and Collins [2005] proposes
individual @-learning algorithm and shows that it converges to the NE almost surely in two-player zero-sum
game and Leslie and Collins [2006] studies learning the NE from the perspective of a fictitious play-like
process. Later, Cominetti et al. [2010] considers payoff-based learning rules and shows convergence to NE in
traffic games, while another payoff-based learning model for continuous games is developed in Bervoets et al.
[2020]. Coucheney et al. [2015] derives a new penalty-regulated dynamics and proposes a corresponding learn-
ing algorithms that converges to NE in potential games with bandit feedback. Bravo et al. [2018] proposes
that in monotone games with bandit feedback, as long as all players are using some no-regret learning algo-
rithm, the dynamics will converge to the NE, and an improved analysis of the same derivative-free algorithm
is given in Drusvyatskiy et al. [2022]. In contrast, our learning objective focuses on finite-time cumulative
rewards, which is more widely used in current multi-agent reinforcement learning literature [Ding et al.,
2022, Liu et al., 2021].

3 Preliminaries

General-sum Matrix Games. We consider the model of general-sum matrix games, defined by the tuple
G = ({Ai};~,, R), where m is the number of players, A; is the action space of player i and R(-|a) is the
reward distribution on [0, ryax|™ with mean r(a). Let A = A; x --- X A, be the whole action space and
denote an element as a = (ay,...,a,) € A. After all players take actions a € A, a reward vector is sampled
r ~ R(-|a) and player i will receive reward r; € [0,7max] with mean 7;(a). Each player’s objective is to
maximize her own reward.

A general policy 7 is defined as a vector in A(A), the probability simplex over the action space A. A
product policy m = (1, ..., Ty ) is defined as a tuple in A(A;) X -+ - X A(Ap,), in which @ = (a1,...,am) ~ 7
represents a; - m;. The value of policy 7 for player i is V™ = Eq.or[ri(a)].

Nash Equilibrium and Nash Regret. Given a general policy m, let m_; be the marginal joint pol-
icy of players 1,...,4 — 1,4 4+ 1,...,m. Then, the best response of player ¢ under policy = is 773 =

7'r.T,7'r,i

argmax, c a4,y V/"" " and the corresponding value is AR AL
Nash equilibrium of the matrix game, which is defined below.

. Our goal is to find the approximate

Definition 1. A product policy 7 is an e-approximate Nash equilibrium if maxi(ViT’ﬂfi -V <e



An e-approximate Nash equilibrium can be obtained by achieving a sublinear Nash regret, which is defined
below. See Section 3 in Ding et al. [2022] for a more detailed discussion.

Definition 2. With 7% being the policy at k-th episode, the Nash regret after K episodes is define as

K k
Nash-Regret(K) = max (V:’F" - ka> )

1 1€ [m]

Remark 1. Here, if we replace max;c[,,) by Y%, in the definition of Nash regret, the single-step Nash regret
at episode k will become the Nikaido-Isoda (NI) function evaluated at 7%, which is a popular objective for
equilibrium computation [Nikaido and Isoda, 1955, Raghunathan et al., 2019]. Replacing max;c,) by S
will multiply our regret bounds by a factor of m, while our conclusion will not be affected.

Potential Games. A potential game is a general-sum game such that there exists a potential function
D : A(A) — [0, Pryax] such that for any player ¢ € [m] and policies m;, 7}, m_;, it satisfies
B(mi,mi) — B, wg) = VT YT

We can immediately see that a policy that maximizes the potential function is a Nash equilibrium.
Congestion Games. A congestion game is defined by G = (F, {A4;}.", , {Rf}fef)’ where F = [F] is called

the facility set and R/ (-|n) € [0, 1] is the reward distribution for facility f with mean r/(n), where n € [m].
Each action a; € A; is a subset of F (i.e., a; C F). Suppose the joint action chosen by all the playersis a € A,
then a random reward is sampled r/ ~ R/(|nf(a)) for each facility f, where n/(a) = >/~ 1{f € a;} is
the number of players using facility f. The reward collected by player ¢ is r; = Zfeai r/ with mean
ri(a) = e, 17 (nf(a)) €0, FJ.

Connection to Potential Games [Monderer and Shapley, 1996]. As a special class of potential game,

all congestion games have the potential function: ®(a) = >, » Z?Sa) rf(i). To see this, we can easily
verify that ®(a;,a—;) — ®(a},a—;) = ri(a;,a—;) — ri(al,a—;) holds. Then, by defining ®(7) = Eq~r[®(a)],
we can have ®(m;, ;) — ®(wl, 7)) =V, — Vfé’w’i.

Types of feedback. There are in general two types of reward feedback for the congestion games, semi-
bandit feedback and bandit feedback, both of which are reasonable under different scenarios. In semi-bandit
feedback, after taking the action, player i will receive reward information r/ for each f € a;; in bandit
feedback, after taking the action, player ¢ will only receive the reward r; = > feas rf with no knowledge
about each 7/. In this paper, we will address both of them, with more focus on the bandit feedback, which
can be directly generalized to semi-bandit feedback.

4 Centralized Algorithms for Congestion Games

In this section, we introduce two centralized algorithms for congestion games — one for the semi-bandit
feedback and one for the bandit feedback. We will see that both of them can achieve sublinear Nash regret
with polynomial dependence on both m and F.

4.1 Algorithm for Semi-bandit Feedback

Summarized in Algorithm 1, Nash upper confidence bound (Nash-UCB) for congestion games is developed
based on optimism in the face of uncertainty. In particular, the algorithm estimates the reward matrices
optimistically in line 4, computes its Nash equilibrium policy in line 5 and then follows this policy.

For convenience, we define the empirical counter N*/(n) = Zk, 1 {nf( )= } and 7 = 2log(4(m +

1)K/d). Then, the reward estimator for f and the bonus term are defined as

Sk _ R {nf(akl) = n}

N _ bk r 1
r (n) Nk)f(n) v ) jeza Nk f )) v 15 ( )




Algorithm 1 Nash-UCB for Congestion Games
1: Input: €, accuracy parameter for Nash equilibrium computation
2: for episode k =1,..., K do
3:  for playeri=1,...,m do
@f(a) — *(a) + bl (a) for all a € A
7 eNASH(Q, (), -, @u () (Algorithm 2)
Take action a* ~ 7% and observe reward r*
Update reward estimators ## and bonus term bf’r

where 7%/ € [0, 1] is the random reward realization of 7/ (n/ (a*)). Naturally, the reward estimator for player
iis 7¥(a) = > feas il (nd (a)).

Algorithm 1 is motivated by the Nash-VI algorithm in [Liu et al., 2021] plus a deliberate utilization of
the special reward structure in the congestion games. Moreover, notice that a matrix game with reward

functions @If(), e ,@:1() forms a potential game (see Lemma 1). As a result, in line 5, we can efficiently
compute the e-approximate Nash equilibrium 7% for that matrix game by utilizing Algorithm 2, (see Lemma
2). It is a simple greedy algorithm such that in each round, it modifies one player’s policy whose modification
can increase the potential function most. In addition, Algorithm 2 always outputs a deterministic product
policy.

Algorithm 2 e-approximate Nash Equilibrium for Potential Games

1: Input: €, accuracy parameter; full information potential game ({A;};~, , {r;};~,) such that r; € [0, rmax]
for all ¢ € [m]

2. Initialize: «!

= a!, arbitrary deterministic product policy

3: for round k=1,..., [%] do

4: for playeri=1,...,m do

5: A; = maxg, e, 7i(ai, ™) — ri(7*)

6: aft! = argmax,c 4, ri(a;, ;) — ri(7)
7 if maX;e[m) A; < ¢ then

8: return 7*

9:  J = argmax;c(,, A;

10 wH(G) = af T 7R () = 7R (i), for all i #£ j

4.2 Algorithm for Bandit Feedback

When the players can only receive bandit feedback, estimating #%/ directly for each f € F is no longer
feasible. However, notice that the reward function r;(a) =3 .,. 7/ (n’(a)) can be seen as an inner product
between vectors characterized by action @ and reward function r7(-). Therefore, under bandit feedback, we
can treat it as a linear bandit and use ridge regression to build the reward estimator #¥ and corresponding
bonus term b**, whose index i is dropped since it is the same for all players. The new algorithm will use
these two terms to replace 7% and bf’r in line 4 of Algorithm 1.

In particular, define 6 € [0, 1]‘2 with d = mF to be the vector such that rf (n) = Ongm(f—1)- Meanwhile,
for player i € [m], define 4; : A — {0,1}* to be the vector-valued function such that

[Ai(@)]; =1{j=n+m(f-1),f €as,n=n(a)}.

In other words, A;(a) is a 0-1 vector with element 1 only at indices corresponding to those in 6 that
represents 7/ (n) for f € a; and n = n/(a). Now, with these definitions, the reward function can be written
asri(a) = (A;(a),0). Then, we build the reward estimator and the bonus term through ridge regression and
corresponding confidence bound, which are defined as the following:

@) = (4@, 8) . 17(@) = max | 4@l ey /B @)

1€



where 6% = (Vk)il 2;11 Yoy (@), v =T+ 227:11 Yy Ai(ak)Ay(a") T and \/[§ = Vd+

\/ Fd log (1 + mT’?F) + F'i. Note that we cannot bound the sum of this bonus terms by directly applying the

elliptical potential lemma. We instead prove its variant in Lemma 4.

4.3 Regret Analysis

The Nash regret bounds for the two versions of Algorithm 1 are formally presented in Theorem 1. The proof
details are deferred to Appendix C.

Theorem 1. Let ¢ = 1/K. For congestion games with semi-bandit feedback, by running Algorithm 1 with
reward estimator and bonus term in (1), with probability at least 1 — 6, we can achieve that

Nash-Regret(K) < O (Fv mK) .

Furthermore, if we only have bandit feedback, then by running Algorithm 1 with reward estimator and bonus
term in (2), with probability at least 1 — &, we can achieve that

Nash-Regret(K) < O (mF3/2\/E) .

Remark 2. Since each action is a subset of F, the size of each player’s action space can be 2. As a result,
directly applying Nash-VI in [Liu et al., 2021] leads to a regret bound exponential in F'.

Remark 3. Note that we assume r/ € [0, 1], which implies r; € [0, F] for each player i € [m].

5 Decentralized Algorithms for Congestion Games

In this section, we present a decentralized algorithm for congestion games. Due to limited space, we only
introduce the version of bandit feedback as in Section 4.2. The algorithmic details for the semi-bandit
feedback setting are deferred into Appendix D.3. We will show that under both settings, even though each
player can only observe her own actions and rewards, our decentralized algorithm still enjoys sublinear Nash
regret with polynomial dependence on m and F.

We first define the vector-valued function ¢; : A; — {0, 1}Fi to be the feature map of player ¢ such that
[pi(ai)]f = 1{f € a;} for a; € A; and f € |, ,c4, ai- Here, F; is the size of |J, c 4, ai € F and we can
immediately see that F; < F for any i € [m].

The core idea of our algorithm is that the Nash equilibrium can be found by reaching the stationary points
of the potential function since all congestion games are potential games. Here, the UCB-like algorithms used
in the centralized setting are not applicable because their policy computation requires value functions for
all players (e.g., line 5 of Algorithm 1), which are not available in the decentralized setting. Summarized
in Algorithm 3, the decentralized algorithm is developed based on the Frank-Wolfe method and has the
following three major components.

Gradient Estimator. In line 7, the algorithm builds the estimator 65@ defined in (4) by using the
7 reward samples collected from line 5. Here, %ffb estimates the gradient of potential function ® with
respect to the policy 7¥. Recall that for a congestion game, we have ®(a) = >, » Z?:f%a) rf(i) and
®(7) = Egr [P(a)]. Then we can define V;® := V. @ as a vector of dimension |.A1( For the component
indexed by some a; € A;, we can see that ®(7) = m;(a;)Eq_,~r_; [ri(ai, a—;)] + const, where const does not
depend on 7;(a;). Therefore, we have

Vid(a;) = Ba_nn, [ri(ai,ai)] = Ba_im, | Y 7/ (nf (ai,020)) | = (@i(as), 6:(m)) , 3)
feai



Algorithm 3 Frank-Wolfe with Exploration for Congestion Game

1: Input: v, v, mixture weights; 7}, initial policy.

2: Initialize: p;, the G-optimal desrgn for player 4, defined in (5).
3: for episode k=1, --- K do

4: forroundt=1,---,7 do

5: Each player takes action af LN 7¥, observes reward r
6: for playeri=1,--- ,m do

7: Compute qu)(az) by the formula in (4) for all a; € A;
8: Compute wkH = argmax, ca(4,) < Wk <I>>

9: Update mF ™« (1 — ) (war™ + (1 — v)7k) + ~p;

where [0;(7)]f = Eo_,~x_, [/ (nf(a—;) + 1)]. Meanwhile, the mean of the ¢-th reward that player i received
at episode k satisfies

B[l |ah] = ri(@™) = f;mrfmf( ) = {gs(al"), 01" (@)

where [9;C ™ Dy =rf(n' (a® ") + 1) and its mean is [0;(7%)];. Therefore we can use linear regression to

estimate 0;(7%). In particular, we have @f(wk) =13, (Ef) oi(a; T ft, with the covariance matrix

E,, ok [gbl a;)o;(a;) } Then, we have the unbiased gradient estimate

VEd(a:) = (¢i(a), 0} (x")) = Z@ a) " (=) oual k. (4)

Remark 4. One difference between Algorithm 3 (decentralized) and Algorithm 1 (centralized) is that in
the decentralized algorithm, each player is required to play the same policy for 7 times before an update
can be applied. An episode is thus defined for convenience as the time period during which the players’
policies are fixed. We make this artificial design mainly for controlling the variance of the gradient estimator
fob(ai). However, we conjecture that with more careful design and analysis, it should be possible to improve
Algorithm 3 so that only one sample is required per episode [Zhang et al., 2020].

G-optimal Design. In line 8 and 9, the algorithm performs standard Frank-Wolfe update and mixes
the updated policy with an exploration policy p;, which is defined as the G-optimal allocation for features
{¢i(ai)}4,ca,- To be specific, we have

. 2
i = i (A / nT1-t - 5
p fuéir(rlig max [¢:(a )||Ea2~k[¢i(ai)¢i(ai)f] 1 (5)

Here p; guarantees that ©F is invertible and the variance of @f@(ai) = <¢i(ai), gf(wk)> depends only on
F instead of the size of action space (Lemma 9) because by the famous Kiefer-Wolfowitz theorem, we have
MaXg,c A, ||¢i(ai)|\]2Eangi [ea)on(@) ] = F, < F [Lattimore and Szepesvari, 2020].

Frank-Wolfe Update. Finally, we emphasize that it is crucial to use Frank-Wolfe update because it is
compatible with Ly norm and we can show that ® is mF-smooth with respect to the Ly norm (Lemma 11).
In contrast, its smoothness for Lo norm will depend on the size of the action space.

Before the game starts, each player i can compute her p; based on her own action set 4;. During the
game, all players only have access to their own actions and rewards, which means that Algorithm 3 is fully
decentralized. The Nash regret bound for this algorithm is formally stated in Theorem 2 and the proof
details are given in Appendix D.1 and D.2.



Theorem 2. Let T'= K. For congestion game with bandit feedback, by running Algorithm 5 with gradient
estimator VE® in (4) and exploration distribution p; in (5), if K > %, then with probability at least 1 — 0,
we have

K & _

Nash-Regret(T) = ZT m[ayi (‘/iTvﬂ'i _ ‘/Zﬂ'k> < O (m2F2T5/6 + m3F3T2/3) )
elm

k=1

For congestion game with semi-bandit feedback, by running Algorithm 3 with gradient estimator %i—“@(ai)

and exploration distribution p; defined in Appendiz D.3, if K > #, then with probability at least 1 —§, we

have

Nash-Regret(T) < O (m2F3/2T5/6 + m3F2T2/3) .

6 Extension to Independent Markov Congestion Games

In this section, we propose and analyze a Markov extension of the congestion games, called the independent
Markov congestion games (IMCGs).

6.1 Problem Formulation

General-sum Markov Games. A finite-horizon time-inhomogeneous tabular general-sum Markov game
is defined by M = {S,{A;}.",,H,P,R,so}, where S is the state space, m is the number of players, A;
is the action space of player i, A = A; x --- x A, is the whole action space, H is the time horizon, sg
is the initial state', P = (Py, Py,---, Py) with P, € [0,1]%4%5 as the transition kernel at timestep h,
R = {Ry("|sh,an)HL, with Rp(:|sn,an) as the reward distribution on [0, rmax]™ with mean 7, (sp,ar) €
[0, "max]™ at timestep h € [H]. At timestep h, all players choose their actions simultaneously and a reward
vector is sampled 7y, ~ Rp(-|sh, an), where sy, is the current state and ap = (ap,1,an,2," - ,@n,m) is the joint
action. Each player ¢ receives reward 7, ; and the state transits to sp4+1 ~ Py(+|sp, an). The objective for
each player is to maximize her own total reward. We assume that the initial state s is fixed.

A (Markov) policy 7 is a collection of H functions {m, : S — A(A)};_,, each of which maps a state to a
distribution over the action space.  is a product policy if 7 (- | ) is a product policy for each (h, s) € [H]xS.
The value function and @Q-value function of player ¢ at timestep h under policy 7 are defined as

H H
Vii(s) = Ex Z The,i(Snsan) | sn = 3} ; Qhi(s,a) =Eq [Z T i(swyan) | sh=s,an =aj.
h'=h h'=h
The best responses and Nash regret can be defined similarly as those for matrix games. In particular, given
a policy 7, player i’s best response policy is ”;: (| 8) = argmax,ca(a,) V“"=(s) and the corresponding
Tor—i

value function is denoted as V};

Definition 3. With 7% being the policy at kth episode, the Nash regret after K episodes is define as

= I
Nash-Regret(K) = m[ax] Vie Tt =V ) (s1).
ic[m ’ ’
k=1

Independent Markov Congestion Game. A general-sum Markov game is an independent Markov
congestion game (IMCGQG) if there exists a facility set F such that a; C F for any a; € A;, a state space
S = erf S7, a set of facility reward distributions {Rﬁ}he[H]hfef such that if the joint action at s, is a, we

have ry; =3 e, r}{, where 7“',7; ~ Rz(-|sh, n’ (a)) with support on [0, 1] and mean r,{(sh, n’(a)), and a set of

transition matrices {P}'f}he[H].,fe]-' such that Py(s'|s,a) = [[;c 7 th(s’f|sf, n(a)). In other words, at each
timestep h and state s € S, the players are in a congestion game. Meanwhile, each facility has its own state
and independent state transition, which only depends on its current state and number of players using that
facility. This transition kernel can be viewed as a special case of that in factored MDPs [Szita and Lorincz,
2009]. The IMCG also admits two types of feedback, semi-bandit feedback and bandit feedback, just like
the congestion game. In this paper, we will consider both types of feedback.

1 An episode is defined as running H steps from the initial state so, which is common for the episodic MDP.



6.2 Theoretical Guarantee

Summarized in Algorithm 5, our centralized algorithm for IMCGs is naturally extended from the Nash-
UCB (Algorithm 1) by incorporating transition kernel estimators, corresponding bonus terms and Bellman
backward update. The key idea is to utilize the independent transition structure to remove the dependence
on the exponential size of the state space S = [] fer S/. We tackle this issue by adapting technique from
factored MDP [Chen et al., 2020]. The algorithmic details for both types of feedback are deferred into
Appendix E. The Nash regret bounds for the two versions of Algorithm 5 are stated in Theorem 3 and the
proof details are deferred to Appendix F.

Theorem 3. For independent Markov congestion game with semi-bandit feedback, by running the centralized
Algorithm 5, with probability at least 1 — &, we can achieve that

~ ~ .\ 2
Nash-Regret(K) < O Z FSINmH3T | + O | m*H?F Z (Sfo )
fer T#F

Furthermore, if we only have bandit feedback, then by running Algorithm 5 with reward estimator and
bonus term in (12) and (13), with probability at least 1 — 0, we can achieve that

- , _ A2
Nash-Regret(K) < O Z FSINm2H3T | + O | m?*H?F Z (Sfo )
fer T#F

The regret bound in [Liu et al., 2021] is O(y/H3S2(II"-, A;)T), where both A; and S = [ier Sf can be
exponential in F'. Our bounds have polynomial dependence on all the parameters.

7 Conclusion

In this paper, we study sample-efficient learning in congestion games by utilizing the special reward structure.
We propose both centralized and decentralized algorithms for congestion games with two types of feedback, all
achieving sample complexities only polynomial in the number of facilities. To the best of our knowledge, each
one of them is the first sample-efficient learning algorithm for congestion games in its own setting. We further
define the independent Markov congestion game (IMCG) as a natural extension of the congestion game into
the Markov setting together with a sample-efficient centralized algorithm for both types of feedback.

One promising future direction is to find a sample-efficient decentralized algorithm such that from each
player’s own perspective, the algorithm is still no-regret. In other words, diminishing regret is guaranteed for
the player by running this algorithm even though other players may use policies from different algorithms.
Another important future direction is to find sample-efficient centralized/decentralized algorithms that can
explicitly find an approximate Nash equilibrium policy.
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A Additional Motivating Examples

In this section, we present two additional motivating examples of our proposed models.

Ezample 2 (Web Advertisements). Consider a set of websites as the facility set and companies who want
to advertise their products as the players. Due to budget constraints, each company may only choose some
of these websites to put its product ad. For each website, the probability that a user will click on a certain
ad (and then buy the product) depends on how many ads are put on the website. If a website receives too
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many ads, the probability that a user can see a certain ad will decrease, thus making it congested.? The
reward each company will receive is measured by the amount of products sold during certain period of time,
which is bandit feedback.

Ezample 3 (Server Usage). Consider a set of servers in a company as the facility set and server users as
the players. Each user needs to request several servers to finish her computation task and the cost triggered
from each server depends on the number of users requesting that server. Each user will try to minimize the
total cost incurred from the servers she requested. As each user can see the cost from all the servers she
requested, this is semi-bandit feedback.

B Compute e-approximate Nash Equilibrium in Potential Games

In this section, we show that the e-NASH(:) operation in Algorithm 1 can be computed efficiently by using
Algorithm 2.

In particular, we first show that the matrix game with reward functions @lf(), e ,@fn() used in Al-
gorithm 1 is a potential game in Lemma 1. Then, we show that Algorithm 2 can efficiently compute an
e-approximate Nash equilibrium for potential games and output a product policy as shown in Lemma 2.

Lemma 1. In line 5 of Algorithm 1, the matriz game with reward functions @f(),,@fn() forms a
potential game for both settings of semi-bandit feedback and bandit feedback.

Proof. In the setting of semi-bandit feedback, since @f (@) = tca, (7k:f + %P7 (a), the reward functions

@f(), e ,@fn() form a congestion game, which we know is a potential game [Monderer and Shapley, 1996].
In the setting of bandit feedback, notice that by defining 7/ (i) = 91+m (s—1 for (i, f) € [m] x F, we can

have 7 (a) = <Ai(a), é%> = tea; 77/ (nf(a)). Therefore, we claim that the desired potential function is

*(a) = ®*(a) + 0*"(a), where ®F(a)= Z Z I (7).

feF i=1

To see this, by referring to the definition of potential function in congestion game [Monderer and Shapley,
1996], since 7¥(a) = dfea; T 7/ (nf(a)), we have that

@k(ai, a_;) — ff)k(a;, a—;) =7ila;,a_;) — ri(al,a_;).
As a result, we have
®F(a;,a_;) — ®F(al,a_y)
= (Filas,a ) + 5 (as,a-0)) = (Falafyams) + 87 (a0 )

—k

=@ (ai,a) — Q; (a}, a_y),
which means that @lf(), . ,@:1() form a potential game. O

Lemma 2. Algorithm 2 can output an e-approximate Nash equilibrium.

Proof. Note that if at round k, we have max;c(,,,) A; < €, then 7* is an e-approximate Nash equilibrium. So
we only need to prove that max;cp,,) A; < € is satlsﬁed at some round k € {1,. {%]}

Suppose the potential game ({A P {ritis,) is associated with potentlal functlon D € [0, Dpax]- Set
T = = ArgMAaX e[y A(A) ®(m). Then for any 7 € [];c(,,) A(A;), we have

(I)(W*) - (I)(W) = Z ((I)(Wr:ia 7Ti+1:m) - (I)(ﬂ'ik:i—lvﬂi:m))
i€[m]

2Although the website’s intelligent recommendation system may more or less mitigate this effect, it can be considered as a
part of the reward function’s property.
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— Z (‘/iﬂ';iqﬂ'i+1:m _ Viﬂ'f;iflvﬂ'i:M)
i€[m]
<Mrmax-

As a result, we can set @y ax = Mrmax. On the other hand, if j = argmax;ec | A; for round k, we have

(I)(Wk+1) . (I)(ﬂ_k) :(I)(ﬂ.]_ﬂrl’ﬂ_kj) — (I)(ﬂ'k)

=Ty (alﬁl " )=y (ﬂ'k) (7% is deterministic)

So there must exist k € {1,..., [™2ax]} such that max;e)m A; < €, otherwise (%) increase at least € at

each round, which contradicts ® € [0, mrmax]- O

C Analysis for Algorithm 1

Recall that the update rule in Algorithm 1 is Qf (a) = #*(a) + b["" (a), where we have

by (a) =Y b"/*(a), and bM7(a)
feai

r
\/kaf(nf(a)) V1
For proof convenience, we define auxiliary value functions

Q¥ (a) = #f(a) = b;"(a),

3

Vi =Equn[@Qi(@)] and VE=E, +[Q(a)].

With these definitions, we now begin to prove Theorem 1.

Proof of Theorem 1. Semi-bandit Feedback. By the update rules in Algorithm 1, in the setting of semi-
bandit feedback, with probability at least 1 — ¢, simultaneously for all (k,i,a) € [K] x [m] x A, we have

Qi) —ri(a) = > [(#*F —rf)(a) + b7 (a)] > 0.

feai

The second inequality above is obtained by using standard Hoeffding’s inequality and union bound, Therefore,
we have @f (a) > ri(a).

Then, since 7* is the e-approximate Nash equilibrium policy of @If, e ,@fn, we have
Vi =Eqrs[@i (@) = max E @ (@)
i — La~mk |y = X ~(v,mk i — ¢
‘ veA(A;) o~
k
> max EaN(u,ﬂg)[Ti(G)] —€= V;T’Tr’i — €.

T veA(A)

k

Meanwhile, by definition of Qf(a) and Kf , we can similarly show that Qf (a) < ri(a) and Kf < vT.

k J—
Therefore, we can have Vj’w”' - Vi”,c < Vf - Ki—“ +e.
Now, we define Q*(a) = max;em) 2bf’r(a) and V¥ = E,_.+[Q*(a)]. Then, we can notice that

max(QF — Q)(a) < max 20" (a) = Q*(a),

1€ [m] — i1€[m]
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max(VF — V5) < Eqore [max]@f — QN(a)| < Eqor [ (a)] = T*.

i1€[m]

We further define M*F = E, .« [@k(a)] — Q%(a*) = V¥ — Q¥(a*). Tt is not hard to verify that M*
is a martingale difference sequence with respect to the history from episode 1 to k — 1. Meanwhile, since
b5 (a)| = Zfe}‘”m < FV/i. Thus, by Azuma-Hoeffding inequality, we have Zszl ME =
1) (F\/E) Therefore, we have

K k
Nash-Regret(K) = Z max (Vj’ﬂi — V-”k)

K k
= Z min {max <V-T"7ri - V»’Tk) ,F} (Since the value is always bounded by F.)

1 i€[m]
K
SZmln{m[ax] (Vl —Kf) ,F} + Ke
1€m
k=1

= i (min {@k(ak), F} + ./\/lk) + Ke
k=1

<0 (F\/E) + 221 {xg[% bET(ak), F} (By taking ¢ = 1/K.)
- K 3

<0 (F\/E) +2f€F; NFT(nf(a*)) V1

<0 (FW) (By Lemma 6.)

Bandit Feedback. By using Lemma 3, which guarantees optimistic estimation, we can similarly show
that

K K
Nash-Regret(K) < Z Z min {2()’C *(ab), F} + Ke.
k=1 k=1

To have an upper bound on M?* here, recall that b*(a) = maxX;em] [|Ai(a@)| yx)-1 \/Br and \/Bx =
o (\/FJ) = O (F\/m). Meanwhile, we have | 4;(a)|yx)1 < [|4i(a)ll; = [Ai(a)]l, < VF. Thus, we have
|./\/lk| <0 (\/ mF3), which by Azuma-Hoeffding inequality implies Zszl ME=0 (\/ mF3K).

Then the sum of the bonus terms can be bounded by using Lemma 4. In particular, with e = 1/K, we
have

Nash-Regret(K) <O (\/ ) + QZmln {lmax |Ai(a H(Vk)*l Bk,F}

k=1

K

S@( mE3 K)+2\IKZm1n{max||A( )|?Vk)1Bk7F2}

k=1

S(’)( mF3K)—|— (9( F2K) me{maXHA( )|?V’€)171}

k=1
(Since Bj, = (mFQ) )

17



<O (W) +0 (\/m) (By Lemma 4.)
<O (mFW\/E) :

C.1 Lemmas for Bandit Feedback

The following lemma, as a direct corollary of the confidence bound for least square estimators, shows that
the reward estimation error can be bounded by the reward bonus term.

Lemma 3. With probability at least 1 -4, simultaneously for all (i, k,a), it holds that |(7F —r;)(a)| < vt (a),
where 7F and b are defined in (2).

Proof. By construction, we have

(7 = ri)(@)] =|(4i(a),0 - 0)]

<[l Ai(@)lyw)-

(1) ~
<@l (161, + y/Flow et (v4) + 7).

where the inequality (i) above holds because of Theorem 20.5 in Lattimore and Szepesvéri [2020] and the
fact that the reward noise is v/ F-subGaussian. Since each element in 6 is bounded in [0, 1] by construction,
we have 6], < V.
d
Then, by Lemma 4, we have det (V*) < (1 + mkF) since by construction ||Az(a)|\§ <F.
Finally, to make this bound valid for all player i € [m], we only need to take maximization over i € [m].
Therefore, with probability at least 1 — §, we have

75 = r)@)] < max 4@}y + /B =5 (a),

sl

where \/B Z\/c_i—i-\/FJlog(l—i—mT]fIr)—i—FZ. O
The following is a variant of the famous elliptical potential lemma, which helps bound the sum of re-
ward bonus under bandit feedback. Here, we apply some techniques from the proof of Lemma 19.4 in

Lattimore and Szepesvari [2020].

Lemma 4. Let K,m > 1 be integers. Suppose VF = T + Zk, DI lAk/ (Ak ) , where Af/ € R? and

HAf/ H < F. Then, it holds that
2

d
det (V*) < (1+mTkF) , and Zmln{maxHA H(w) 1, }§2dlog (1+m.;(F>.

Proof. For the first upper bound about det (Vk), we have

d
det Vk H Aj (A1,.. ., \g are eigenvalues of V)
j=1
d
tr (V*
< < . (d )> (By AM-GM inequality)



(0 + i v A
d

d 2
< (1 + mTkF) . (Since HAf/ ‘2 <F.)

For the second upper bound. First, we notice that min {1,2} < 2log(1+z) for any 2 > 0. Thus, we have

K K
. 2 2
3 in {1 461 <23 s (14 T - ).
Then, for k > 2, we can notice that

Vvh —ykel g ZAffl (Affl)T

_ (kal)l/Q (I—I— (kal)*l/Q <iA§—1 (A;c—l)—r> (Vk1)1/2> (kal)l/Q
_ (Vk—1)1/2 (I—'—i ((Vk—l)_1/2 Affl) ((Vk—l)_1/2 A§1)T> (Vk—l)l/Q'

Therefore, we have
m T
det (Vk) —det (Vk—l) det <I+ Z ((Vk—l)—1/2 A’]L.gfl) ((Vk—l)_1/2 A’]L.gfl) )
i=1

>det (Vk_l) (1 + max HAle?‘/kl)l> (By Lemma 5.)

i1€[m]

> H (1 + max HA’“/

Vk/)l) . (Since by definition, V! = I.)

As a result, we have

K
me{maqu iy o1 <23 tog (14 ma 44 -
k:l (2 m
< 2log (det (VK+1))

mKF
< 2dlog (1 + T) .

C.2 Technical Lemmas

Lemma 5. Let y1,...,ym € R? be a set of vectors. Then, it holds that

det I+ 1: Zl—l—max i2-
< Zyy> max [l l;

i=1

Proof. Since I+ 31", yiy = I +yzy, for any i € [m], we have det (I + 3" y;y;') > det (I + y;y,") for
any ¢ € [m]. That is, we have

det <1+ Zyw?) > max det (I + gy, ) =1+ max lyill3 -
em

p— i€[m]

The last line above holds because the matrix I + y;y;' has eigenvalues 1 + Hylﬂg and 1. O
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Lemma 6. For any f € F, it holds that

K

1 ~
E - <O (VmK).
P NFEf(nf(ak)) v1 ( )

Proof. Here, we have

K m N7 (n) 1
Z mF(n = Z 7
k=1 \/N ak)) V1 n=0 (=1 ¢
<2 Z NE.f(n) (By standard technique)
n=0
<2, [(m+1)) N¥J(n)
n=0
=0 (\/ mK ) .
The last equality above is based on a pigeon-hold principle argument similar to Lemma 20. o

D Analysis for Algorithm 3

D.1 Exploration Distribution and Smoothness

We choose the exploration distribution to be the G-optimal design and we have the following properties.

Lemma 7. (Unbiasedness) For any episode k € [K], i € [m] and a € A;, we have
By [VE®(a)| = VEa(a),

where B[] is taken over all the randomness before episode k.

Proof. By the definition of V¥®(a), we have

B [Vi(a)] =E; <¢i<a>,92f<w’“>>
=Ey, —Zcm "gi(a;)r ’”]
—E, __qsi(a) [ gual el

=Ei [6:(a) T[98 6u(afulaf ) T ()]
= > @l @S 0 (o) 0 ()

af cA;

(a¥' only depends on 7¥ and 9?"1(71"“) only depends on 7% )

K2

=¢ (@[S | Y k@l ei(al )il )T | 0:(x")

afEAi
=} (ai)0;(7")
=Vid(a).
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Lemma 8. For any episode k € [K]|, i € [m] and a € A;, we have
F2
6ia) 5] ular ) <
v
Proof. As f = (1 —5) (7l + (1 — 771 + vp;, we have
SF =t 0i(ai)0i(ai) T = VBa;mp, bi(ai)pi(ai) "

and p; is the G-optimal design with respect to ¢;(+), for any action a € A; we have

2 1 2 F
”(bi(a)”[x’?]*l < - ||¢i(a)”[]anp_@(ai)@(ai)qfl <—.
K2 ’Y K3 K3 ")/
Then for any ¢ € [7], since |rf’t| < F', we have
byt T k=1, kit ket ket 2
T @ el < [ i@l e, <
As a result, we have
Vhaa)| = |- 5" gr(@) I ety <
7 T pot g 1 1\ 3 — ~y
(]
Lemma 9. For any episode k € [K|, i € [m] and a € A;, we have
2 F3
B | (o) st o) | < 2
Y
Proof. We first show that for any ¢ € [7], we have
2
B[ (6751 ol et )]
2
< | (o) =Nl |
<F?E; [¢1() T [2F] 7 gulal)i(al) TEH T u(a) T
=F2¢i(a) " [Zf] " ¢i(a)
F3
<.
v
(]
Lemma 10. With probability 1 — 6, for all k € [K], i € [m] and a € A;, we have
- F41 K/é§ F3 1 K/é§
\ aks oks
Proof. Recall that
~ 1 <
VER(a;) = =Y ¢! (an)[SF] 71 diai™),
T
=1
and (af’t, rf ") are drawn independently at each t € [r]. Lemma 7 shows that @f@(ai) is an unbiased estimate

of VE®(a;) In addition, Lemma 8 shows that ¢; (a;)[ZF]1r¥ ¢;(a") is bounded by F2/~ and Lemma 9
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shows that its second moment is bounded by F3/v. Then by Bernstein’s inequality, for a fixed k € [K],
1 € [m] and a € A;, with probability 1 — §, we have

2F31log(2/6) N 3F?log(2/9)

VED(a) — Vi ‘<
o) - Vha(o)| < |22 o

The argument holds by applying the union bound and the fact that |A;] < 2%

o
Lemma 11. ®(-) is mF-Lipschitz and mF-smooth with respect to the L1 norm || - ||1.
Proof. Recall that ®(7) = Eqr®(a) and ®(a) € [0, mF].
D () = &(1') =Egrr®(a) — Eqer®(a)
= 2 oty i (@) = Bay il s 8(0)
i€[m]
< m =il - 12l
i€[m]
<mF || —7'l] .
Similarly we have V®(a;) = E4_,r_,P(a;,a—;). As a result, we have
V2@ = Ve @, <mF |r — ', .
O
Definition 4. (Frank Wolfe Gap) The Frank Wolfe gap of a joint strategy 7 for ®(-) is defined as
G(m) = max (' =7,V ®).
Lemma 12. Suppose the Frank Wolfe gap of m is . Then m is an e-Nash policy.
Proof. For a fixed player 4, suppose player i change her strategy to ;.
VIV = () — ()
= (1 — mi, Vr, @)
< max (" — 7,V ®)
<e.
O

D.2 Analysis for Frank Wolfe in Bandit Feedback

Theorem 4. Let T = K. For the congestion game with bandit feedback, by running Algorithm 3 with
gradient estimator Vf@ in (4) and exploration distribution p; in (5), setting parameters v = #, ¥ = %
and 7= K2, if K > %, then with probability 1 — &, we have

K
Nash-Regret(T) = 1 Z G =0 (m2F2T5/6 + m3F3T2/3) .
k=1

Proof. Set VF® = VO(IT¥) € R4 and VF® = VF®(r;) € R4, As we have ®(-) is mF-smooth w.r.t. || - |1,
we have
mF

(rF ) >0(n) + (VO (rF), 7F T — k) — 5

I+ — |3
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=(1*) + (1 — v (VO(r"), 7 —7F) + v (VF®, p — )

F
I 02 =t 4 202 = )
>®(r*) + (1 —7)v (VE(rF), 7+ — 7F) — 5 HV’“I)HOO | — wkHl
F ~
— @2 7 =7t 2 o - )
>®(r%) + (1 — y)v (VO(rF), 75 — 7%) — 29ym2F — 4m3F (1? + 7). (By Lemma 11.)

Define the true target policy at episode k

/ﬂ?erl = argmax <7Ti, Vi@(wf» )

T

and the Frank Wolfe gap of joint strategy m
G(m) = max (1’ — 7, V().

Then we have

(VO (rh), 761 — k) = <§k¢( Ry, ke ﬂ_k> i < — VEP(rh), 7L - ﬂ_k>
> <§k¢( ﬂ_k> n < vkq)( k), 7R ﬂ_k>
= (Vo(r*), 74— 7t) + (Va( v%( ), 7 )

>G(r*) — 2m qu>(7r _ VR (r H

SG() — ¢ m2F4log(mK/5)  emF?®log(mK/d)
- T T

Apply it to the previous bound and we have

(I)(Trk—i-l) Zq)(ﬂ,k) + (1 _ "y)I/G(ﬂ'k) _ Cm \/m2F4 log(mK/(S)

VT
1—
- cﬂmF3 log(mK/8) — v2m*F — 4m*F(v* + ~?).
yT

Summing over k € [K] and we get

Z G(7%) S@(WKH) — o) + c\/lfy_T\/sz4 log(mK/d) + cj{—TmF3 log(mK/d)

(1 =~)v
n 2m2FKy  4?+ ) m3FK
(1 =7)v (1 =7)v

Set v = ﬁ, v = £, 7 = K? and notice that when K > 22 we have 1 —y > £. Since ®(-) is bounded
in [0, mF], we can have

K
Y G(r*) =0 (m2F2K1/2 + m3F3) .
k=1

Then by Lemma 12, for T = K7, we have

K
Nash-Regret(T) = 7 Z G =0 (m2F2T5/6 + m3F3T2/3) .
k=1
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D.3 Algorithm and Analysis for Semi-bandit Feedback

In the setting of semi-bandit feedback, we will need a different gradient estimator ﬁffb(ai) and a different
exploration distribution p; to utilize the extra reward information from each chosen facility.

Based on the analysis in Section 5, using (3), we have VF®(a;) = > fea, [0:(7%)] s, where [0;(7%)]; =
Eomnt, [rf(nf(a—;) +1)]. Meanwhile, in semi-bandit feedback, the mean of ¢-th reward player i received

for facility f at episode k is v/ (nf (a", a®")). Therefore, we can use inverse propensity score (IPS) estimator

to estimate [6;(7%)];. In particular, we have

17 rktfq {f IS af’t}

ok ky, _ © gFt (rk where [07f(x")]; =
iy = 2 2 0l where 0O = s

k3

a

i =1

Then, we can naturally have
Vid(a;) = Y [0F (7). (6)
f€a;

Furthermore, by Lemma 14, we can see that by using p; computed by Algorithm 4, for all players, we have
Po, ot (f € ai) 2 55 for all f € U, e, ai-

Properties of the IPS estimator are summarized in Lemma 15. By using these properties, we can have
the following lemma.

Lemma 13. With probability 1 — 0, for all k € [K], i € [m] and a; € A;, we have

~ 3 2
V() — VEa(a) g\/4F longF K/o) | 2F logff‘FK/é).

Proof. By Lemma 15 and Bernstein’s inequality, simultaneously for all (i,k, f) € [m] x [K] x F, with
probability at least 1 — §, we have

4F log (2mFK/0) n 2F log(2mFK/9)
T T '

B () = 6:(x) | < \/

Since VF®(a;) = > feas [gf ()], by triangle inequality, we have

~ 3 2
[V (a,) — VEa(a) g\/4F longF Kjo) | 2F logff‘FK/é).

With this more refined gradient estimator, we can now have the following theorem.

Theorem 5. Let T'= K7. For the congestion game with semi-bandit feedback, by running Algorithm 3 with
VFE
mvVK’

gradient estimator ﬁffb in (6) and exploration distribution p; in Algorithm J, setting parameters v =

v = m—f; and 7= K2, if K > %, then with probability 1 — &, we have
K ~
Nash-Regret(T) = T Z G(rn") =0 (7712F3/2T5/6 + m3F2T2/3) .
k=1

Proof. By following the proof of Theorem 4 and applying the concentration inequality in Lemma 13, we can

have

(I —yv \/

—————\/4m2F3log(2mK/9d)
VAT

() >@(x%) + (1 — 7 )vG(a*) —

2(1 -
- me2 log(mK /) — v2m*F — 4m3F(v? +~?).

YT
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Summing over k € [K] and we get

K
k (I)(WKH)—(I)(ﬂ'l) K B} og(m %m 2100(m,
;G(w ) < Ty " ﬁ\/élm F3log(mK/8) + o F?log(mK/6)

2m?FKy  4(v? +vy?)m3FK
(1= (L=yv

Set v = %, v = YE 7 — K2 and notice that when K > %, we have 1 —~ > 1. Thus, we can have

mK’

K
ZG(wk) =0 (mQF?’/QKl/2 + m3F2) .
k=1

Then by Lemma 12, for T = K7, we have

K
Nash-Regret(T) = 7 Z G =0 (Tr12F3/2T5/6 + m3F2T2/3) .
k=1

D.4 Lemmas for Semi-bandit Feedback

Algorithm 4 Compute Exploration Distribution p;

1: Input: A;, player i-th action set
2: Initialize AZ < @
3: for a; in A; do
4: if 3f € a; such that f ¢ Ua;eﬁi a; then
5: A +— A U {al}
6: if 7 =,z a; then
7 break _
8: Assign p;(a;) < % for each a; € A;
9: Assign remaining probability mass arbitrarily to actions in A\ .Zl
10: return p;

Lemma 14. Let F; = UaieAi a;. For any player i, if p; is the output of Algorithm / and 7F contains a

mizture of p; with weight v, then we have P, .« (f € a;) > 5% for any f € F;.

Proof. By Algorithm 4, whenever a new action is added into .AL, it contains facility not appeared in current

A;. Then, since there are at most |F;| < F distinct facilities in the action set A;, the final A; must satisfy

|A;| < F. Therefore, p; is a valid distribution over A;.
Since 7%
have

Port (f €ai) = Y wf(a)1{f € a;}
a;€A;

> Z pi(ai)L{f € a;}

a; EA;

>y Y pila)1{f € ai}

a; G.Zi

Y Y
oF ZX R T
a; EA;
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contains a mixture of p; with weight v, for any a; € A;, we have 7¥(a;) > vpi(a;). Thus, we



The last inequality above holds since by construction, .ZZ contains all facilities contained in A;.
O

Lemma 15. If ©¥ contains a mizture of p; given in Algorithm J with weight vy. Then, the IPS estimator
[0%(7%)]; satisfies

ak, ok,
B [0 9] = 0l 10 ) <
Proof. For the first property, since By, [r*4/ | a®] =/ (nf (a]"*,a™})) and a®* ~ 7*, We have
ok,
B [0 (x")]]

g T (a0 )1 {f € ai}
a~m P%Nﬁ v(f €al)

1

5 e Bt (Bt [ (0 (0, 0-0))1{f € ai} [ a]]
1
(

=B, L Jed) B imnt {Eaiwﬂf [rf (n?(ai,a—3)) [ ai, f € ;] Py onr (f € ai | a- )}

The equality (i) above holds because E
not depend on a_;.
For the second property, since P, .~ (f € ai) > 5 by Lemma 14 and rktf € [0,1], we can immediately

have |[6; (7)) 4| < 2.
For the third property, we have

it [rf (nf(a;,a_;)) |a_i, f € al] =rf(nf(a_;)+1) and f € a; does

anrrk [Tf(nf(a“ )) 1 {f € al}]
]P)a’NTr (f € a; )
E(J/\/ﬂ’k []l {f € al}]
Pa/wﬂ' (f € a)
]P)IIZNTI' (f ea’l)
Pa/wﬂ' (f € a)
2F
<=
~y

Ex |0 (3] =

<

E Algorithms for Independent Markov Congestion Games

In this section, present missing details of our centralized algorithm for independent Markov congestion games,
which is summarized in Algorithm 5. The proof of its theoretical guarantee is given in Appendix F.

E.1 Algorithm for Semi-bandit Feedback

Under the semi-bandit feedback, the players can receive reward information from all facilities they choose.
Therefore, we can similarly define

NET st ) = 30 1 {6 ) = (67,0}

k'=1
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Algorithm 5 Nash-VI for IMCGs
1: Input: €, accuracy parameter for Nash equilibrium computation
2: Initialize: VI;—I+1,7L(S) =0 for all (i,k,s) € [m] x [K] xS
3: for episode k =1, . K do

4: for step h = H, H ,1do
5 forplayerz—l,...,mdo
6 Q) .(s,a) « min {(f,’;i + PV, + B (s, @), HF} for all (s,a) € S x A
7: for s€ S do ., .
8 W}lf( | S) — E‘NASH(Qh,l(Sv ')7 T 7Qh,m(87 ))
9: for player i =1,...,m do
—k —k
10: Vh,i(s) — Ea~ﬂ',’j [Qh,i(sv a)]
11: for step h=1,...,H do
12: Take action a’fL ~ k(- | sf), observe reward r;/ and next state sf_,
13: Update reward estimator 7} ;, transition estimator P and bonus term bk

Shoarh {0 nf @) = (o7, m) }
Nk S(sfn)vi

S {0 sk nf (@) = (55T m)}

NPT (sf n) v '

)

f,]j’f(sf, n) =

Pt (s |57 n) =

Then, the estimators for the reward function and transition kernel can be defined as

a) = Zf“,’z’f(sf,nf(a)), Pk (s'| s,a) HPkf s 57 nf(a)) (7)

f€a; fer

Then, with ¢ = 2log(4(m + 1)(3_ ;. S)T/6), we define the bonus term to be bf(s,a) = by PV (s,a) +

k . . .. .
b," (s, @), which is a sum of transition bonus and reward bonus. In particular, we have

bk,pV(S7a) _ Z 4H2F25f[, Z AH2F? (Sf/Sf/ )2 (8)
" feF Nh" (Sf’ nf( FAf k f(Sf nf(a))N;: f (Sf/ nf’(a)) \V 1’
bt (s, a ) 0
e ; ’”‘(sfnf( a)) V1 ()

For convenience, we define (P¥V)(s,a) = E, Bt (1s.a) [V (s')] with value function V : § — R.

Remark 5. Unlike Algorithm 1 for congestion game, here, @i,l(& Vs ,@Z’m(s, -) in line 6 of Algorithm 5
in general does not form a potential game. Therefore, we cannot use Algorithm 2 and e-INASH is not always
computationally efficient.

E.2 Algorithm for Bandit Feedback

In bandit feedback scenario, since players’ observation about state transitions remains unaffected, we only
need to modify the reward estimator 7 ; defined in (7) and reward bonus term by (s, a) defined in (9).
Similar to the congestion game with bandit feedback introduced in Section 4.2, for IMCGs, we can also
write its reward function as 7, ;(s,a) = (A;(s, a), 6,), where 65, is unknown and A;(s, a) is a 0-1 vector.
In particular, define 6, € [0,1]* with d =m )~ S/ to be the vector such that 6, ; = (s, n) for some
f € Fand (s/,n) € 8/ x [m]. Then, we can similarly build estimator 7} ; through ridge regression as the
following.*

3For the same reason, we take the regularization parameter in ridge regression to be 1.
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k—1 m

design matrix: V¥ =T+ Z ZAi(s’le, afVAi(st  al)T, (10)
k=1 i=1
L k—1 m
0), estimator: 0 = vih~ ZAi(s’fL ,ap )y, (11)
k=1 i=1
reward estimator: 7 ;(s,a) = <Ai(s, a), 5,’?> , (12)
reward bonus: b} (s, a) = m[a)i Il A; (s, a)H(vk)—l v/ Brs (13)
i€[m h

where /B, = Vd + \/Fdlog (1+ ZEE) 4+ Fu.

F Analysis for Algorithm 5

F.1 Bellman Equations for Genera-sum Markov Games

Before analyzing Algorithm 5, we first give a brief review of the Bellman equations for general-sum Markov
games. These equations are well-known among the literature Bai and Jin [2020], Liu et al. [2021], Jin et al.
[2021b).

Fixed policies. Given a fixed policy 7, for any (h,i,s,a) € [H] x [m] x § x A, it holds that

Qz,i(sv a) = (Th,i + ]thlzzrl,i)(sv a)v VIZT,z = Ea’Nﬂh('IS) [QL(S? a/)} ) (14)

where V7, ,(s) = 0 for any (i,s) € [m] x S.

Best responses. Given a fixed policy 7, define the best response value functions for player i as Q;rl’;r’i (s,a) =

maxy ea,) Qn (s, a) and VJ”:”(S) =maxyea(a,) Viy  (s). Then, for any (h,i,s,a) € [H] x [m] xS x
A, it holds that
ni(5,@) = (s + PV, (5, @),

h,i

Vi (s) = X Bam(m, 019 [QZ’;”(&G’)} ; 15)
where VI_TI:L(S) =0 for any (i,s) € [m] x S.
F.2 Proof of Theorem 3
Recall that the update rule in Algorithm 5 is
Qnils,a) « min {7, + PEV .+ 00)(s,0), HF |, V1 (5) 4 Bt [@)4(s, ).
Similar to the proof of Theorem 1, we define auxiliary value functions
Q" (5,0) ¢ max {(h, + BV, — 05, ), 0}, VE(5) ¢ Eaurt[QF (5, @) (16)

We now begin to prove the first part of Theorem 3.

Proof of Theorem 3. Step 1. We first consider the setting of semi-bandit feedback. Assume the result in
Lemma 17 holds since it is a high-probability event. Then, for any (k, s) € [K] x S, it holds that

T-,ﬂ"ii " 7k k
max (Vll -V ) (s) < max (Vl,i - Kl,i) (s) + He.

i€[m] i€[m]
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By the update rules in Algorithm 5, we can notice the following recursive relations
(@Zz - Ql:”)(sa a) < min {@Z(VZH,Z- - KZ+1,1’)(87 a) + 2b2(3= a), HF} )
(Vii = VE)(S) = Bt | @i = @) )(s.0)]
Thus, we define ‘N/}’}H(s) =0 for any s € S and Q¥, V}¥ recursively as
Qh(s.a) = min { (BiVil1) (s, @) + 208(s, @), HF b, Vi (s) = Bronp 1) |@h(s.0)] - (17)

Obviously, we have max;c, (Vh i —Kk )(s) < VE +1- Then, by inductively assuming the same relation holds
for h + 1, we can have

max(@; — Q" )(s,a) = mm{maxﬂwhm ml,i)(s,a)+2bz<s,a>,HF}

i€[m] i€[m]

<min { B}V, (s, ) + 20} (s, @), HF }

=Qi(s, @),
—k k —k k /
(7}~ V() B [max(@ - Q5 )(o0)
SEqrk (1) [Q’Z(s, a’)}
=V (s).
Therefore, by induction, for any h € [H], we have
—k ~ ~
max(@; ~ Q; )(s,a) < Qh(s,a), max(V; — VE)(s) < Vi(s)

As a result, we have

K . K
Nash-Regret(K) = ) max (Vlff‘ — Vf:) (s) < Z Vi (s1) + HKe.
k

— i€lml
Step 2, Semi-bandit Feedback. We define the martingale difference sequences
MEQ) = Barrorp iy |@h(shra))| = Qh(sh, al),
MZ(‘N/) = (thhkﬂ)(sﬁa ay) - ‘7hk+1 (SZH)-

It is not hard to check that M¥(Q) and M¥ (V) are both indeed martingale difference sequences with respect
to the history till episode k and time step h.
With these definitions, we can now decompose the regret bound as

VE(5) =Earnp ity Q55 a)] (By (17))
=ME(Q) + QF(sF, af)
SM}E(Q) + 2bh(sh7 a‘h) (P Vh+1)(sl}€m G‘Z) (By (17))

CMED) + 36 (st al) + (BaTiEy) (st ab)
CME(Q) + MET) + 36 sk, al) + T (s5)

The above inequality (i) holds by applying Lemma 17 and the fact V, (s) < HF, which comes from the
definition in (17). Then, by unrolling this relation from » =1 to h = H and noticing V/_, = 0, we can have

K
Nash-Regret(K) < Z Vi (s1) + HKe

k=1
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IN

> (M’;(@) + MED) +3bk(sh,ah)) + HKe (18)
k=

1 h=1

3
]~

H
HF Z bi(sk, af) (By Azuma-Hoeflding inequality and taking e = 1/T'.)

1 h=1

K H 57,
)+6HFZXEZ (\/Nilff(sh ) T al \/N;ff Sh T ))V 1)

feEFk h=1 )

K H
+6HF Y §78y"
f#1 k=1h

IA
(O}

)+3

el
Il

3

O(HF

(
(

IN

k.f/ k k.f' /o kof ey ki f
=\ (Vs f(ah>>Nhf< b @) v

<O (HF\FT) +0 (; HFS? \/mHT) +0 <m2H2F f; (sfsf’)2> (By Lemma 20 and 21)

<0 (Z FSWW) +0 <m2H2F 3 (sfsf’)2> .

fer e

Step 3, Bandit Feedback. In the setting of bandit feedback, we only modify the reward estimator 7:271'

and its corresponding bonus term lN)Zr Thus, by going through the proof of Lemma 17, we can notice that
to have the same result for bandit feedback, it suffice to use Lemma 18 to show that the reward estimation
error is bounded by the reward bonus term.

Then, by the inequality (18), we can notice that to achieve the final Nash-regret bound, we only need to
bound the summation S0 SN bF*(sk af), which is

Zszr sk al) </ ZZmax | Ai(sr, aj H vEy (By definition of b}"" in (13).)
i€[n

k=1 h=1 k=1 h=

< <\/E+ \/Fdlog (1 T mTKF) +FL> 0] (HW)

(By definition of 3; and Lemma 19.)

<0 (d\/HFzT)
=0 <Z me\/HF2T> : (Since d =mY" ;. S7.)
feF
Therefore, by (18), with e = 1/T, under bandit feedback, we have

Nash-Regret(K)
K H

<YY" (MEQ + ME(V) + 30} (sh af))

sf\/—> +0 <m2H2F 3 (sfsf’)2> +2K:XH: (s, ak)

f£F k=1 h=1

o[z
<0 (Z; (VmHF + mVHF?) sWT) +0 <m2H2F 3 (sfsf’)2> .

£

F.3 Lemmas for Semi-bandit Feedback

The following two lemmas shows that our value function estimations are indeed optimistic.
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Lemma 16. With probability at least 1 — §, simultaneously for arbitrary value function V € [0, HF|® and
any tuple (k,h, s, a), it holds that |(P¥ —P,)V (s, a)| < by (s,a), where bl (s, a) is defined in (8).

Proof. We define IP’£ to be the operator such that for some value function V/ : S/ — R, we have (Pin)(s, a)=

Eyip? (155 nf(a)) [VI(s'7)]. We also define P}/ similarly. Then, by definition of our transition kernel, for
T (ls7,

operators P, and P¥, it holds that

Py =[] P} and Pf=]]P;’
fer fer

Therefore, by Lemma E.1 in Chen et al. [2020], since ||V|| < HF, we have

@ _pl) (H P;z') Vis.a)

I'#f
+2HF Z errpZ’f(s, a)- errpZ’fl(s, a),
T#f

(P —P)V(s,a)| <Y

fer

(19)

where errpy/ (s, a) = Hﬁ;ff( | 5, nf(a)) — P/ (- | s/,n/ (a))|:.
Now, notice that (Hf’if P/ ) V (s, a) can be seen as some value function from 87 to [0, HF|. Therefore,

by Lemma 12 in Bai and Jin [2020], with probability at least 1 — g, simultaneously for any V and (k, h, s, a),

it holds that
. , St
Pl p! Pl | V(s,a)| < 2HF ,
e (}[3; n) S N v

where ¢ = 2log(4(m + 1)(3_;c 5 ST/5). Meanwhile, by standard Hoeffding’s inequality and union bound,
with probability at least 1 — g, simultaneously for any (k, h, s, a), it holds that

k.f f t
err < S .
Ph = \/ NET (s nd (@) V 1

Finally, by plugging above two concentration inequalities back into (19), we can have

(B, = Pu)V(s,a)| < b, (5, a).
(]

Lemma 17. With probability at least 1 — 8, for any (k,h,i,s,a) € [K] X [H] x [m] x S x A, it holds that

Fk a”’ii T
Qnils.@) 2 Q7 '(s,a) = (H = h)e, Qf (s,a) < Qf,(s.a), (20)
_ ko X
Vyils) 2 VT (s) — (H —h + 1)e, Y (s) < Vi (s.), (21)
where Q: . and wa- are defined in (16).

Proof. The proof is adapted from Liu et al. [2021] and goes by induction from h = H+1 to h = 1. We can see
that inequalities (21) obviously hold when h = H + 1 since by definition we have VZ_,'_Li(S) = K%H,i(s) =0
for any (k,4,s). Now, suppose inequalities (21) hold for h + 1. Then, if we have @Z’i(s, a) = HF, it holds
— .
trivially that QI:”(S, a) > Q,;"'(s,a). Otherwise, by Bellman equations (15) and update rule in Algorithm
5, we have
~k ok,
Qh,i(sa a)— Qh,i (s,a)
R ~p—k ok,
:(Tﬁ,i - Tiz,i)(sa a) + (Pﬁvh-&-l,i)(‘s? a) — (thh+1,i )(s,a) + b’fL(s, a)
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Sk Tk ok, 5 f,
(T‘ﬁ i rh,i)(sv a) + ]P)I:L(Vh+1 i Vh+1 i ) (s, a) ((]P)I}i - Pil)Vh+1 i )(3 a) +bh(3 a).
(A) (B) ©)

Now, recall that b%(s,a) = bl"™ (s, a) 4+ bl"" (s, @). By reward definition in congestion game, we have

(Phi = rha)(s,a) = Y (Fl(s7 nf () = 1] ,(s7 .07 (a))).
fea;
Thus, by using standard Hoefding’s inequality and union bound, we can immediately have |(A)| < b (s, a).

k
Then, since VJ”iﬁ’i € [0, HF)S, by Lemma 16, we have |(C)| < by™(s,a). That is, we have (A) + (C) +
bE(s,a) > 0.

Then, by inductive hypothesis, we know that VZH i A (H — h)e, which implies (B) > 0.

h+1,i
Therefore, we have @I:”(s a)— Q,”‘L(s a) > —(H — h)e.

For Vh i and V,:r ; ', we notice that in Algorithm 5, 7" i

of (Qh,l, ce Qh,m). Therefore, it holds that

is computed as the e-approximate Nash equilibrium

—k —k
Vh,i(s) = anh( |s) [th(s a)} > Veni%ii)Ea’~(u,ﬂ';jti)(-|s) {Qh,i(sval)} — ¢

By Bellman equations (15), we also have

T‘rﬂ-’ii T,ﬂ'lii
Vii '(s) = V&?ﬁ,)Ea’N(VW,’;,i)(-IS) {Qh,i (S,al)} .

J— 71—k .
Since QZ i(s,a) = Q) l’l(s a) > —(H — h)e, we immediately have Vh J(s)— Vhfl “(s) > —(H —h+1)e. Thus,
k
by induction, we have that Qh J(s,a) > QT 7r‘l( a) — (H — h)e and Vh’i(s) > V;:r,":‘i(s) — (H — h+ 1)e for
all € [H].
The inequalities for K’fw and sz can be proved similarly. |
F.4 Additional Lemmas for Bandit Feedback

The following lemma shows that the reward estimation error can be bounded by the reward bonus term.

Lemma 18. With probability at least 1 — 6, simultaneously for all (i,k,h,s,a), it holds that |(7’;EZ -
i) (s,a)| < by (s, a), where 7y, and by are defined in (12) and (13).

Proof. The proof is extremely similar to Lemma 3. By construction, we have
i = r0) (s, @)] = |(Auls, @), 00 = 60|
<11 4i(5, @) 1

Vi

< ||Ai(s, a)||(vf)_1 (||9h||2 + \/F log (det(V,F)) + FL> .
(By Theorem 20.5 in Lattimore and Szepesvari [2020].)

Since each element in 6y, is bounded in [0, 1] by construction, we have |||, < V/d.

Then, by Lemma 4, we have det (V/¥) < (1 + mTkF)d since by construction || 4;(s,a)|3 < F.
Finally, to make this bound valid for all player ¢ € [m], we only need to take maximization over i € [m].
Therefore, with probability at least 1 — §, we have

|(f2,z - Th’i)(sva)l < znel[%)ﬁ ||A¢(S,G)H(Vf)—1 V Bk = Bl}?r(sva)v

where /By = Vd + [ Fdlog (1 + 24E) 4 Fu. 0
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The follow lemma bound the sum of reward bonus under bandit feedback.

Lemma 19. For any h € [H], it holds that

Zm[a)iHA st @)l )+ < O (VAFK),
1e[m
where d =m3 ; » S
Proof. First, since V¥ = I 4+ 35 52" Ai(s @l )A;(sF,al')T, we have V¥ = I and thus (th)_l =< I
Therefore, we have

14: (s @il vy < [l 4iCsi an)ll; = [[As(shs ab)l, < VF-

For simplicity, let AY ; = A;(sF, ak). Then, as a result, we have

K
Zmaanth = m{maXHAhZH )1,\/F}
k=1

h,i

i€[m] i€[m]
K
< K;min{lrxel[%ﬁHAmH 1,F}
< FKZmln{maxHA vEy 1,1}
k=1

KF
g\/ 2FKdlog (1 + m—> (By Lemma 4.)

d
zé(m).

O
F.5 Technical Lemmas
Lemma 20. For any f € F, it holds that
K H 1
o < O (VmHSIT).
k=1 h=1 ‘]Vh7 (Sh anf (ah)) V1
Proof. Here, we have
K H 1 H m N}i(’f(sf n) 1
Z Z T f (kT - Z Z Z 7
k=1 h=1 \/Nh (Sh ’nf(ak)) vl h=1sfeSf n=0 =1 ¢
H m
<2 Z Z NS (sf,n) (By standard technique)

H m

ng (m+1)HSS Y > NS (s7,m)
h=1 sfeSf n=0

-0 (\/mHSfT) .

The last line above holds because Zh LD erest Dome o N7 (s, n) = T. This is based on a pigeon-hole
principle argument. In particular, whenever the players take one more action, for any f € F, the count for
some tuple (h, s/, n) will increase exactly by 1. O
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Lemma 21 (Chen et al. [2020]). For any f, f' € F and f # f', it holds that

K H 1 e
> 2. = <O (m*Hs's").

k, k, . k. f' ¢ k,f’ e/
k=1 h=1 (Nh f(sh fanf (aﬁ))Nh ! (Shf ,nf ( h ))) v

Proof. We define the joint empirical counter

k
N (0 s ) = SO 1 { (s e (0l (@) = (5757 ngn) |
k'=1

Obviously, we have N,{"f/(sf, s, n,n') < min {N,’f’f(sf, n), N;f’f/(sfl,n’)}, which implies

NEIT (5,87 n,n') < \/Nf]f’f(sfa n)Ny ' (s1', ).

Therefore, we have

1
k.f, k.f ¢ k.f' o k' 1 ke f!
T\ (Vs (@b )NET (s (@) T))) v L

M=

-~
b

1
k. f.f' k.f k,f . ”
iz N P syt s ? nd (af),nd" (af)) v 1
m m Nf’f‘f/(sf sf/,n,n)

M= T 1M
M M=

Y

Y

]

Y

\
Il
-

1

5 mszfsf') .

sfeSf sf'esf’ n=0n'=0 =1
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