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Abstract

We consider the problem of approximating a d x d covariance matrix M with a rank-k matrix under
(e, d)-differential privacy. We present and analyze a complex variant of the Gaussian mechanism
and show that the Frobenius norm of the difference between the matrix output by this mechanism
and the best rank-k approximation to M is bounded by roughly O(\/ﬁ), whenever there is an
appropriately large gap between the k’th and the k + 1’th eigenvalues of M. This improves on
previous work that requires that the gap between every pair of top-k eigenvalues of M is at least
V/d for a similar bound. Our analysis leverages the fact that the eigenvalues of complex matrix
Brownian motion repel more than in the real case, and uses Dyson’s stochastic differential equations
governing the evolution of its eigenvalues to show that the eigenvalues of the matrix M perturbed
by complex Gaussian noise have large gaps with high probability. Our results contribute to the
analysis of low-rank approximations under average-case perturbations and to an understanding of
eigenvalue gaps for random matrices, which may be of independent interest.

1. Introduction

Given a matrix M € R%*?, consider the following basic problem of finding a rank-k matrix X that
is closest to M in Frobeinus norm (Bhatia, 2013; Blum et al., 2020): min v, yank(y)<k |M—X]||F.

Of interest is the case when M is the covariance matrix of a data matrix: Given a matrix A € R™*4,
consisting of m individuals with d-dimensional features, M = AT A. Such an M is positive semi-
definite (PSD) and has non-negative eigenvalues o7 > --- > o4 > 0. The solution to the rank-k
optimization problem above is well-known (Bhatia, 2013): It is given by M}, := VI, VT where
Iy := diag(o1,...,0%,0,...,0) and V is a matrix whose columns are the eigenvectors of M.

In several modern applications of this low-rank approximation problem, the rows of A encode
sensitive features of individuals and the release of a low-rank approximation to M may reveal these
features; see Bennett and Lanning (2007). In such contexts, differential privacy (DP) has been
employed to quantify the extent to which an algorithm preserves privacy (Dwork et al., 2006b) and,
in particular, algorithms for low-rank covariance matrix approximation under differential privacy
have been widely studied (Blum et al., 2005; Dwork et al., 2006b; Kapralov and Talwar, 2013;
Blocki et al., 2012; Dwork et al., 2014; Upadhyay, 2018; Sheffet, 2019; Mangoubi et al., 2022;
Mangoubi and Vishnoi, 2022). In the low-rank approximation problem, a randomized mechanism
A is said to be (g, §)-differentially private for privacy parameters €,6 > 0 if for all “neighboring”
matrices M, M’ € R%*?, and any measurable subset S of the range of .4, we have

P(AM) € S) < eEP(A(M') € §) + 4. (1)

M and M’ are said to be neighbors if their corresponding data matrices A, A’ € R™*¢ differ by at
most one row (M’ = M — uu' 4+ vv' where, for each row vector, ||ul|2, ||v]j2 < 1). To measure
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the “utility” of the mechanism, the Frobenius-norm distance ||.A(M) — M| r is often used; see
Chaudhuri et al. (2012); Dwork et al. (2014); Amin et al. (2019); Mangoubi and Vishnoi (2022)
for a discussion on the rationale for this norm. This leads to the problem of designing an (g, 6)-
differentially private mechanism that, given a covariance matrix M with eigenvalues o1 > --- >
o4 > 0, outputs a rank-k matrix Y that minimizes ||Y — M| p.

Dwork et al. (2014) present the (real) Gaussian mechanism which ensures (¢, §)-DP by adding a
real symmetric matrix £ with i.i.d. Gaussian entries from N (0, v/1og'/¢/<) to M and then outputting
the Frobenius-norm minimizing rank-%k approximation to M + E. Roughly speaking, they show
that the output Y of their mechanism satisfies | M — Y||p — | M — My||r = O(kV/d) w.h.p.

Mangoubi and Vishnoi (2022) also consider the Gaussian mechanism and prove that, if the top-
k eigenvalue gaps of M satisfy o; — 0441 > Q(\/&) for every ¢ < k, then the utility bound (for
a stronger metric ||Y — My||r) can be improved by a factor of v/k to, roughly, |Y — My|r <
O(Vkd) in expectation whenever the k’th eigenvalue gap of M is at least o, — opy1 > Q(op).
The assumption of a large k’th eigenvalue gap is common in the matrix approximation literature,
as a large gap o — ok in the eigenvalues of the covariance matrix M for some £ < d can
motivate the problem of finding a rank-k approximation because it suggests the presence of a useful
rank-k “signal” M} which one wishes to extract from the background “noise” in the data (see e.g.
Dwork et al. (2014)). Such a gap is also necessary for good rank-k approximations to exist under the
stronger utility metric | Y — M} || 7. However, in many datasets where one has a large k’th eigenvalue
gap for some k < d, the other gaps in the top-k eigenvalues are oftentimes small or even zero (for
instance, this happens whenever two or more of the features in a dataset are highly correlated).
Thus, Mangoubi and Vishnoi (2022) left as an open problem to investigate if the assumption that all
the top-k eigenvalues of M have large gaps can be removed.

Our contributions. We show that a complex Gaussian mechanism (Algorithm 1) can give a utility
bound ||Y — My||r < O(Vkd) without assuming that the gaps in all of the top-k eigenvalues of M
are at least Q(\/&); see Theorem 1. As in Mangoubi and Vishnoi (2022), we view the addition of
Gaussian noise B(t) as a stochastic process M + B(t), whose eigenvalues ~;(t) and eigenvectors
evolve according to the stochastic differential equations (SDE) discovered by Dyson (1962); see (3).
This leads to a bound on the utility which includes terms of the form (\i—Xi+1)*/(y;(t)—yiy1(¢))? and
(Xi=Ait1) /(i (t) =11 (£))? integrated over time, where, roughly speaking, A1, . .., g are the eigenval-
ues of the rank-k approximation and the ~y;(¢) are the eigenvalues of the matrix M + B(t). If one
does not assume that the initial gaps are (v/d), the gaps ;(t) — 7i11(t) may become very small
at some times ¢, causing the terms in the utility bound to become very large. To bypass this, the
following novel steps are employed here: 1) Rather than analyzing the utility by considering the
output eigenvalues \; to be fixed numbers, we instead set the top-k output eigenvalues \; to be dy-
namically changing over time and equal to 7;(¢), making the gaps in the numerators small at exactly
those times when the denominators are small. 2) We then leverage the fact that our mechanism adds
complex Gaussian noise, which implies that +;(¢)s evolve by repelling each other with a stronger
“force” than when only real noise is added, to show that the gaps between the eigenvalues satisfy
a high-probability lower bound of P(v;(t) — vi+1(t) < s/vid) < O(s?); see Lemma 4. Our bound
improves, in the setting where the random matrix is Gaussian, on previous eigenvalue gap bounds of
Nguyen et al. (2017) where the bound on the probability decays as O(s?), which is insufficient for
our application. We prove Lemma 4 by first showing that one can reduce the problem of bounding
the gaps 7;(t) — vi+1(t) to the special case when the initial eigenvalues are all zero; see Lemma 3.
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2. Main results

For an S € C%¢, denote by S* its conjugate transpose. S is Hermitian if S = S*. For any
Hermitian matrix S € C%*? with spectral decomposition S = UAU* where A := diag(\y, .. ., \g)
is a diagonal matrix containing the eigenvalues A\; > --- > Ay of Sand U := [uy, ..., u4| a unitary
matrix containing the eigenvectors uy, ..., uq of S, denote by Ay := diag(A1,..., g, 0,...,0)
and by Sy := UAU* the best rank-k approximation of S. Denote by Uy, := [uq, ..., u] the d x k
matrix of the top-k eigenvectors of U.

2.1. Private covariance approximation and complex random perturbations

Our first result (Theorem 1) analyzes the complex Gaussian mechanism (Algorithm 1) and provides
an upper bound on the expected Frobenius distance utility of this mechanism for the problem of
rank-k covariance approximation. In the following, the O notation hides factors of (log d)'°81°8¢,

Algorithm 1: Complex Gaussian Mechanism

Input: £, > 0, d, k € N. A real symmetric PSD matrix M € R%*4
Output: A real symmetric matrix ¥ € R4*?
Sample matrices W7, Wy € R4 with i.i.d. N(0, 1) entries

2 Set G == (W) + iWy) + (W + iWy)*

A v A W

2log 125
€

Set M := M + VTG, where T := 5
Compute the diagonalization M = VEV* with eigenvalues 61 > --- > G4
Set M}, := VI, V*, where 3, := diag(é1,...,60%,0,...,0)

Output Y to be the real part of M,

Theorem 1 ((¢, 0)-DP rank-£ covariance approximation) Given £,0 > 0, there is an (g,0)-
differentially private algorithm (Algorithm 1) that, on input k > 0 and a real symmetric matrix

ith ei P /2log 1:25
M € R with eigenvalues oy > --- > o4 > 0 satisfying o — o1 > 4#\/& and
o1 < d°, outputs a rank-k matrix Y € R4 sych that

1
VEIMe —Y|2] <O (\/@ LI Vlzg5>.

Ok — Ok+1

My, is the Frobenius-norm minimizing rank-k approximation to M.

The proof of Theorem 1 appears in Section B. We note that the requirement in Theorem 1 that
o1 < d° is an artifact of the proof, and can be replaced with o; < d© for any large universal
g

constant C' > 0. Theorem 1 only requires a lower bound o, — 011 > on the

k’th eigenvalue gap. Thus, it improves on the main result of Mangoubi and Vishnoi (2022) (their
Corollary 2.3) as it no longer relies on their assumption (Assumption 2.1) that all the gaps in the

- [ Jdlog L
top-k eigenvalues of M are at least o; — 041 > €2 (dioga> forall: < k.
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Moreover, for matrices M whose k’th eigengap satisfies o — o1 = Q(ok), Theorem 1
improves by a factor of v/k on the bound in Theorem 7 of Dwork et al. (2014) which says the output
Y of their mechanism satisfies ||Y —M || p— || My, — M || » = O(kv/d) w.h.p. This is because an upper
bound on ||Y — Mj||r implies an upper bound on their utility measure by the triangle inequality.
The reason why Dwork et al. (2014) is independent of the gap o — o1 while our bound depends

on the ratio kaikﬂ is due to the fact that if, e.g., oy — ox41 = 0 an arbitrarily small Gaussian

ok
perturbation to M would lead to a perturbation of ||V}, — Vi |2 = Q(1) w.h.p., where V} and V}, are
the matrices containing the top-k eigenvectors of M and M respectively. Roughly speaking, this,
in turn, would lead to a perturbation of at least |[Y — M|z > ||oxViVi¥ — onViViill2 > Q(ow).
The techniques used in the proof of Theorem 1 can also be used to improve this Frobenius utility to
O(\/ﬁ) without assuming the eigengap condition; see Section H. Finally, the expectation bound in
Theorem 1 immediately implies a high probability bound with polynomial decay in the probability
via Chebyshev’s inequality; see also the discussion at the end of Section 3.2.

The privacy guarantee in Theorem 1 follows directly from prior works on the (real) Gaussian
mechanism (see Section B) The utility bound in Theorem 1 follows from the following “average-
case” matrix perturbation bound for complex Gaussian random perturbations.

Theorem 2 (Frobenius bound for complex Gaussian perturbations) Suppose we are given k >
0, T > 0, and a Hermitian matrix M € C%4 yjth eigenvalues o1 > --- > o4 > 0. Let M := M +
VT [(W1+iWa) 4 (W1 +iWa)*| where Wy, Wy € R?*? have entries which are independent N (0, 1)
random variables. Denote, respectively, by o1 > --- > oqand 61 > ... > 64 > 0 the eigenvalues
of M and M, and by V and V the matrices whose columns are the corresponding eigenvectors of
M and M. Moreover, let My, := VI'L,V* and Mk = Vf‘kf/* be the rank-k approximations of M
and N, where T}, := diag(oi,...,0%,0,...,0) and Iy = diag(é1,...,0%,0,...,0). Suppose
that o), — o1 > 4v'Td and that o1 < d°°. Then we have

o [l - 32 < 0 (VB2 vT).

Ok — Ok+1

The proof of Theorem 2 is presented in Section C. The requirement oy < d°° can be replaced with
o1 < d° for any large universal constant C' > 0.

One can also compare the bound in this theorem to those obtained by deploying deterministic
eigenvector perturbation bounds such as those of Davis and Kahan (1970), which say roughly that
given any Hermitian matrices M, E/, one has

VeV = ViVl < 1Bl )
where V}, and Vk are, respectively, the top-k eigenvectors of the input matrix M and the perturbed
matrix M := M + E. Applying (2), together with concentration bounds which say that the
spectral norm of a random matrix G with i.i.d. N(0,1) entries satisfies |G|ls = O(v/d) w.h.p.
(e.g. Theorem 4.4.5 of Vershynin (2018)), one can obtain a bound on the Frobenius distance of
||Mk — My||r < O((kl'S\/a-i- Uk_”:}ﬁ_l \/E\/&)\/T) w.h.p. when o, — o1 > Q(\/ﬁ) (see e.g.
Appendix C of Mangoubi and Vishnoi (2022) for details). Theorem 2 improves (in expectation) on
this bound by a factor of k£ when e.g. o, — o141 = Q(o%).

O’Rourke et al. (2018) provide eigenvector perturbation bounds for matrices M:=M+E
when the input matrix M is a deterministic low-rank matrix of rank r > k and the matrix F is a
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random matrix. In particular, their Theorem 18 improves w.h.p. on the deterministic bound (2) for
certain inputs M of sufficiently low rank and random matrices F. If one directly applies their bound
to the setting when E is a Hermitian Gaussian random matrix (e.g., by plugging in their bound in
place of (2) in Appendix C of Mangoubi and Vishnoi (2022)), one obtains a bound on the quantity
| M}, — My||r. Theorem 2 improves (in expectation) on the resulting bound by a factor of k-5
whenever e.g. o, — o1 > Q(Vd).

While we do not know if our bound in Theorem 2 is tight for every input matrix M, we do
verify that it is tight for every k < d, up to factors of (log d)°¢'°8¢ hidden in the O notation (see
Section G for details). Theorem 2 may be of independent interest to other applications where matrix
perturbation bounds are used.

2.2. Eigenvalue gaps

To prove Theorem 2, we view the addition of complex Gaussian noise to the matrix M as a matrix-
valued Brownian motion. Towards this end, let W (¢) € C?*? be a matrix where the real part and
complex part of each entry is an independent standard Brownian motion with distribution N (0, t1;)
at time ¢, and let B(t) := W (t) + W (t)*. Define the Hermitian-matrix valued stochastic process
®(t) as follows:

O(t) := M + B(t) vt > 0. 3)

Atevery time t > 0, the eigenvalues v, (%), . . ., va(t) of ®(¢) are real-valued and distinct w.p. 1, and
(3) induces a stochastic process on the eigenvalues and eigenvectors. The evolution of the eigenval-
ues can be expressed by the following stochastic differential equations (SDE) (Dyson, 1962):
dyi(t) = dBii(t) + B X i U Vi € [d),t >0, )
where the parameter 5 = 2 for the complex case (8 = 1 for the real matrix Brownian motion)
(Figure 1). It is well known that, with probability 1, a solution to (4) exists and is unique when
coupled to the underlying Brownian motion B(t). Moreover, the paths traversed by the eigenvalues
are continuous on all ¢ € [0, c0) and do not intersect at any time ¢ > 0 (4) (see e.g. Anderson et al.
(2010); Inukai (2006); Rogers and Shi (1993)).
The corresponding eigenvector process ui(t), ..., uq(t), referred to as the Dyson vector flow,
is also a “diffusion” and, conditional on the eigenvalue process (4), is given by the following SDE:s:

dB;; .

We use (5) to track the utility over time. Letting ®(¢) = U (¢)I'(¢)U(¢)* be a spectral decomposition
of the Hermitian matrix ®(¢) at every time ¢ where I'(¢) is a diagonal matrix of eigenvalues at time
t and U(t) a unitary matrix of eigenvectors. We now define the rank-k matrix W(¢) to be the
Hermitian matrix with any eigenvalues A1 (t) > --- > A4(t), where \;(t) = ;(¢) for i < k and
Ai(t) = 0 for i > k, and with eigenvectors U (t): ¥(t) := U(t)A(t)U(t)* for all t € [0, T], where
A(t) = diag(A1(t), ..., Aa(t)).

Using (5) to obtain SDEs for W(¢), and integrating these SDEs, we obtain a formula for the
utility B[ My — Myl[3] = E[|W(T) — ©(0)|3] (Lemma 19): E[|[ 1 — My 3] =

d T ()=, (£))2 Xi(H)=X;(t) )2
O< L S B [ Gt + TE [(Z#i i) }d’f)- ©)
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Figure 1: One run of a simulation of the eigenvalues 7 (t) > - -+ > 74(t) of Dyson Brownian, in the
real case (left) and the complex case (right) with initial condition 71 (0) = --- =4 =0,
for d = 6. In the complex case, eigenvalue repulsion is stronger and the gaps between the

eigenvalues are not as small as in the real case.

After simplifying (6), we are left with terms which are a time-integral of E [W} . To bound
i j

these terms, we wish to show that at any time ¢ the gaps 7;(t) — ;(¢) of Dyson Brownian motion
are large with high probability.

We first show, in the following lemma, that one can reduce this task to the problem of bounding
the gaps of a Dyson Brownian motion initialized at the 0 vector. In the following, we define Wy :=
{(xl,...,xd) ERd:xl > Zl’d}

Lemma 3 (Eigenvalue-gap comparison Lemma)  Ler () = (£1(t),...,&q(t)) and ~(t) =
(v1(t), ..., 74(t)) be two solutions of (4) coupled to the same underlying Brownian motion B(t),
starting respectively from initial conditions £(0),~v(0). Assume that &(0) — &4+1(0) < 7;(0) —
vi+1(0) for all 1 < i < d. Then, with probability 1, &;(t) — &+1(t) < vi(t) — vir1(t) forall t >
andall 1 < i <d.

The proof of Lemma 3 appears in Section D and an overview appears in Section 3. Anderson et al.
(2010) show a different eigenvalue comparison theorem (their Lemma 4.3.6) which says that if £
and ~y are two coupled Dyson Brownian motions with initial conditions satisfying &;(0) < ~;(0) for
all ¢ € [d], then with probability 1, &;(t) < ~;(t) at every ¢ > 0. However, this does not imply
the gaps of 7;(t) are at least as large as the corresponding gaps of &;(¢) since we could have that
Yi(t) = vig1(t) < &(t) — &y (t) evenif &(t) < ~;(t) for all i; see also Erdds et al. (2011); Landon
and Yau (2017); Lee et al. (2016) for results about the eigenvalues of Dyson Brownian motion and
their gaps from non-zero initial conditions.

Lemma 3 implies that it is enough to show the following high probability lower bound on the
gaps of the eigenvalues of the GUE random matrix.

Lemma 4 (Eigenvalue gaps of Gaussian Unitary Ensemble (GUE)) Let A := G + G* where G

is a matrix with i.i.d. complex standard Gaussian entries, and denote by 01, . . . ,ng the eigenvalues
of A. Then

1 1
P (m — i1 < sb\/;i> <s+ 71600

forall s > 0, and for all 1 < i < d, where b = (log d)*1°¢1°8 ¢ and L is a universal constant.
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The proof of Lemma 4 is presented in Section E and an overview appears in Section 3. We note that
the term dl% in Lemma 4 can be replaced by d% for any universal constant C' > 0. Thus, Lemma 4
says that for any s > d~ (where C can be taken to be any large universal constant), the probability
that any gap 7; — n;+1 of the GUE random matrix is < o (%) is O(s®). The s dependence is
important to our analysis of the Frobenius-distance utility in Theorem 2, where we wish to bound
the time-average of the second moment of the inverse gaps E [m} . Lemma 4 allows us to
bound this term by O(d). We use it to bound the utility in (6) by O(kd), thus implying the bound in
Theorem 2.

The distribution of the gaps of the GUE in the limit as d — oo was studied e.g. in Dyson and
Mehta (1963); Tao (2013); Arous and Bourgade (2013), and was also studied non-asymptotically in
e.g. Nguyen et al. (2017). However, to the best of our knowledge, we are not aware of a previous
(non-asymptotic in d) lower bound on the gaps of GUE random matrices which scales as small
as O(s?). For instance, Nguyen et al. (2017), which studies eigenvalue gaps of Wigner random
matrices with sub-Gaussian tails—a more general class of random matrices which includes as a
special case the GUE random matrices—show a bound of P (m —Nit+1 < ﬁ) < O(s?) for any

s > d~¢ where C' > 0 is a universal constant (Corollary 2.2 in Nguyen et al. (2017), which they
can extend to the complex case). On the other hand, we note that Nguyen et al. (2017) focus on
matrix universality results that apply to a larger class of random matrices than the GUE random
matrices, and that our bound includes additional factors of (log d)'°¢1°2¢ hidden in the O notation.

Finally, we note that many results in the random matrix literature rely on explicit determinantal
formulas that are only available for complex-valued random matrices (see e.g. Ratnarajah et al.
(2004); Johansson (2005); Leake et al. (2021)). While it is possible to simplify the proof of our
eigenvalue gap bounds by viewing the eigenvalues of complex Dyson Brownian motion as a deter-
minantal point process, our proofs avoid determinantal methods to allow our results to generalize to
the real case. Indeed, Lemma 3 applies to both the real and complex versions of Dyson Brownian
motion and the proofs of Lemma 4 and Corollary 24 can be extended to the real case with minor
modifications. The main difference is that, for the real case, we would get a term s (which is
= s7%1 for 3 = 1) on the r.h.s. of Lemma 4 in place of the term s> which appears in the complex
version of these results.

3. Overview of the proof of Theorem 2

We bound the Frobenius-distance utility || A, — My,||p, where M := M +G +G* and G is a matrix
of i.i.d. standard complex Gaussians. For simplicity, we assume 7' = 1 in this section.

3.1. Bounding the utility of the Gaussian mechanism with Dyson Brownian motion
3.1.1. THE PREVIOUS APPROACH BASED ON DYSON BROWNIAN MOTION

To obtain their bounds, Mangoubi and Vishnoi (2022) also view the addition of (real) Gaussian
noise as a continuous-time matrix Brownian motion ®(t) := M + B(t). The eigenvalues ~;(t)
and eigenvectors u;(t) of ®(¢) evolve according to the same SDEs (4), (5) as in the complex case,
but with parameter 5 = 1. To bound the utility of the rank-k approximation M, letting ®(t) =
U)T(t)U(t)" be a spectral decomposition of the symmetric matrix ®(¢) at every time ¢ > 0, they
define a new rank-k matrix-valued stochastic process ©(t) := U(t)S,U ()T whose eigenvalues are
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fixed to be the top-k eigenvalues of the input M at every time . Using the evolution equations (5)
for the eigenvectors u;(t), they obtain an SDE for the matrix-valued process O(t) and integrate this
SDE to get an expression for the expected utility:

F

2
[ S Sy = ) st O] @

E[|6(T) - 0(0)|}] = 1B {HJOT Ly 2 = A 5B ()] (1) + s ()] <t>>]!2]

+E

where \; := o; fori < kand \; := 0 for ¢ > k. The idea is that, roughly speaking, each differential
% (uz(t)u;r (t) +u;(t)u; (t)) adds noise to the matrix independently of the other terms
at every time ¢ since the stochastic derivatives of the Brownian motions, dB;;(t), are independent
for every i, j,t and independent of the w;(s) for all current and past times s < ¢. This allows the
contribution of each of these terms to the (squared) Frobenius norm of the first term on the r.h.s. to
add up as a sum of squares. Integrating (7) via Ito’s Lemma (restated in our preliminaries as Lemma

6), they obtain an expression for the utility as a sum-of-squares of the ratios of the eigenvalue gaps:

term

2] _ «d (T (Ai—);)? Xi—A;j 2
E[16(7) - 00)I%| = St fi B [T i aitare| + TE [(Z#i o) }dt' ®

To bound the gap terms ;(t) —v;(t) in (8) forall 4, j < k, i # j, they use Weyl’s inequality (restated
here as Lemma 11), a deterministic eigenvalue perturbation bound which says that ~;(t) — ~;(t) >
7i(0) —;(0) — || B(t)||2 for all t. Thus, since || B(t)||2 = ©(v/d) w.h.p. forall ¢ € [0, T], they must
require that all gaps in the top-k eigenvalues of M satisfy 7;(0) — v;4+1(0) = 0y — 0441 > Q(Vd)
for every ¢ < k. Simplifying (8), they show that

: U‘M’“ ) M’“wa] ~E[|6(T) - 0(0)|7] < O (Vivdz2%—)

Ok—0k+1
under their assumption that o; — ;1 > Q(v/d) for every i < k.

3.1.2. OUR APPROACH

To bound the utility of the Gaussian mechanism without any assumptions on the eigenvalue gaps
o; — 0441 fori # k, we would like to prove bounds on the gaps +;(¢) — ~;(t) which hold even when
initial gaps ;(0) — v;(0) = 0; — 0;4+1 may not be Q(v/d). Unfortunately, since || B(t)||2 > Q(V/d)
w.h.p. fort = Q(1), we cannot rely on deterministic eigenvalue bounds such as Weyl’s inequality, as
this would not give any bound on 7;(t) —; 1 (t) unless o;— ;41 > Q(v/d). To bypass this difficulty
we would ideally like to obtain probabilistic lower bounds on the eigenvalue gaps ~;(t) — ~i+1(t)
which hold for any initial conditions on the top-k eigengaps of v(0).

To see what bounds we might hope to show, note that if (0) = 0 then ~y(¢) has the same joint
distribution as the eigenvalues 7y, . .., 74 of the rescaled GOE (GUE) matrix v/t(G 4+ G*) where
GG is a matrix of i.i.d. real (complex) Gaussians. This joint distribution is given by the following
formula (Dyson and Mehta, 1963; Ginibre, 1965),

_1xd 2
FOns o ma) = g5 Ty I = mylPe 2 2, ©)

1\ 2 . ..
where Rg = [[];; [ni — n;|Pe 2 i dny - - - dng is a normalization constant.

8
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From the repulsion factor |n; — 7,41 \5 in the joint distribution of the eigenvalues (9), (and noting
that the average eigenvalue gap of the standard GOE/GUE matrix (G + G*) is @(ﬁ) w.h.p. since

|G+ G*[l2 = Q (\/&)), roughly speaking one might expect that the GOE/GUE eigenvalue gaps
satisfy

P (7% —Ni+1 < ﬁ) =0 (fos zﬁdz) = O(s"1h)

for all s > 0, where 8 = 1 in the real case and 8 = 2 in the complex case. Assuming we can obtain
such a bound, we would like to apply these bounds to bound the expectations of the terms on the
r.h.s. of (8). The terms on the r.h.s. of (8) with the smallest denominator, and therefore the most

challenging to bound, are the terms E {%} . Assuming for the moment that we are able
to show that
P (7(t) = visa(t) < s¥E) < P4, (10)

then we would have the following bound for terms with denominators of order r:
_1 3 _1
E [mmmmmr] = P (6 = () <577 ) ds < (§)° 5757 s

For the terms of order » = 2, the r.h.s. of (11)is fooo 57%(6+1)d3 = o0 in the real case where 8 = 1.
To bypass this problem, we observe that when the Gaussian noise is complex the integral on the
r.h.s. of (11) becomes [ s72Bt g = O(1) since 5 = 2 in the complex case. Thus, while in the
real case one expects the gaps to be small enough that their inverse second moment [E m}
is infinite, in the complex case the repulsion between eigenvalues allows the gaps to be large enough
that the inverse second moment is finite. This motivates replacing the real Gaussian perturbation in
the Gaussian mechanism with Complex-valued Gaussian noise (Algorithm 1).

An SDE for a rank-t matrix diffusion with dynamically changing eigenvalues, to track the
utility under small initial eigengaps. Unfortunately, for the highest-order terms, of order r = 4,
the r.h.s. of (11) is [;° s~ 180 ds = oo even in the complex case where § = 2. To get around
this problem we replace the fixed eigenvalues \; = o; for ¢ < k, of the rank-k stochastic process
©(t), with eigenvalues \; () which change dynamically over time where at each time ¢t > 0 we set
Ai(t) = ~i(t) for i < k and A\;(t) = 0 for ¢ > k, in the hope that this will lead to cancellations
in the highest-order terms. This gives us a new rank-k stochastic process ¥ (t) := U(¢)A(t)U(¢)*
with dynamically changing eigenvalues A(t) := diag(A1(t), ..., Aq(t)). Since W(T) = M, and
W(0) = My, our goal is to bound || M}, — My ||z = || ¥(T) — ¥(0)|| . Roughly speaking, this would
lead to cancellations in the terms on the r.h.s. of (8) at every time ¢ > 0: the second-order terms
would be reduced to constant terms

i) =2 (1) _ ()= (1) _ 1
(i (1) —; (#))? (i (1) —; (#))?

fori # j i,j < k, and fourth-order terms would be reduced to second-order terms, e.g.,

(i) =vit1(t))* _ 1
(i) =vi+1@®)* T () —ri+1(1))?

Qi) =Xita (8))?
(7 (£) =vir1 (1))

for ¢ < k. This would allow us to obtain a finite bound for the expectation on the r.h.s. of (8).
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Towards this end, we first use the equations for the evolution of the eigenvalues (4) and eigen-
vectors (5) of Dyson Brownian motion to derive an SDE for our new rank-k process W (¢) (Lemma
18 and (43)):

d¥(t) = Sy Mi(t)d(ua(t)up (1)) + (X)) (wi(t)uf () + dhi(t)d(uwi(t)u; (1), (12)

where

" ui(t)u*.(t)dBi‘-(t)—‘ru-(t)uf;(t)dB:.(t) (ui(t)u:f(t)—u'(t)u*.(t))dt
d(uwi ()i () = Zjri =0, e G E=TI0)

and where d\;(t) is given by (4). The last term d\;(¢)d(u;(t)w}(¢)) in (12) vanishes as it consists
2
only of higher-order differential terms. Applying It6’s lemma to compute the integral H fOT dU(t) HF

for the change in the (squared) Frobenius distance, we get (Lemma 19 and (44) in the Proof of
Theorem 2),

2 Xi(D)—X;(1))?
B (T) - 9O} = [ aw )|, < [T E[Sh, 5, S0 ar]

T d Xi(6)=X; () )2 T —k 2
T E{ L (T o) }d”fo i1 B {(Z#i ) }dt' (13)

Plugging in our choice of \;(t), we get (Equations (45) and (51) in the proof of Theorem 2),
T 2 k(T (a(£))? 1)
|57 @@, < S BB (5 + S 3 Se) | + TE[ (Ssiser )

2
vi(t) 1 2
H S 5t ) |+ B[S ) | (14)
If we can prove the conjectured gap bounds (10), we will have from (11) that

d

1
E [wi(t)—vj(t))?} S e

for all 4 # j and, more generally, that

E {(%‘(t)—w(t))l(w(t)—%»(t))} = tmin((i—J('i)Q,(é—r)Q)
for all i« # j, £ # r. Moreover, if we assume a bound only on the k’th eigenvalue gap of M,
Ok — Ok41 = Q(\/E) (without assuming any bounds on the other eigenvalue gaps of M), we have
by Weyl’s inequality that v (t) — yg+1(t) > ok — ok1 — || B(t)||2 = Q(0; — 0i41). Plugging these
conjectured probabilistic bounds, together with the worst-case Weyl inequality bounds for the k’th
gap Vi (t) — yx+1(t) > Q(o; — 0i41), into (14) gives (Equation (54) in the proof of Theorem 2)

e [ 36 = | 4900}, <0 (st

(ox—0k41)?

3.2. Bounding the eigenvalue gaps of Dyson Brownian motion

To complete the proof of Theorem 2, we still need to show the conjectured bounds in (10) (or at
least show a close approximation to these bounds). We do this by proving Lemmas 3 and 4, and
present an overview of their proofs in this section. We start by recalling a few important ideas and
results from random matrix theory.

10
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3.2.1. USEFUL IDEAS FROM RANDOM MATRIX THEORY

Starting with (Dyson and Mehta, 1963; Ginibre, 1965), many works have made use of the intuition
that the eigenvalues of a random matrix tend to repel each other, and can be interpreted in the
context of statistical mechanics as a many-body system of charged particles undergoing a Brownian
motion. These particles repel each other with an “electrical force” arising from a potential that
decays logarithmically with the distance between pairs of particles (see e.g. Rodriguez-Lujan et al.
(2014)). The dynamics of these particles are described by the eigenvalue evolution equations (4)
discovered by (Dyson and Mehta, 1963), where the diffusion term d~;(t) = dB;;(t) describes
the random component of each particle’s motion and the terms O describe the repulsion
between particles; the parameter 3 can be interpreted either as the strength of the electrical force, or
equivalently, as the (inverse) temperature of the system.

Dyson and Mehta (1963) showed that from the evolution equations (4) one can obtain the joint
distribution of the eigenvalues of Dyson Brownian motion at equilibrium (9). If one initializes the
matrix Brownian motion with all eigenvalues at 0, at every time ¢ the matrix Brownian motion is
in equilibrium (after scaling by %) and equal in distribution to a GOE or GUE matrix scaled by

V/t, and thus (9) gives an explicit formula for the joint distribution of the eigenvalues of the GOE
random matrix (for the real case 5 = 1) and GUE random matrix (for the complex case 5 = 2).

In the limit as 5 — oo (with appropriate rescaling), the temperature of the system can be thought
of as going to zero, and the solution to the evolution equations (4) converges to a deterministic
solution with particles “frozen” at ;(t) = Vitw; with probability 1 for some wy,...,wy € R. It has
long been observed (Ginibre, 1965; Girko, 1985) that the gaps w; — w;+1 between these particles is,
roughly, % in the “bulk” of the spectrum (i.e., the set of eigenvalues with index cd < i < d — cd
for any small constant c), while the particles have larger gaps near the edge of the spectrum.

More recently, Erd6s et al. (2012) showed (restated here as Lemma 26) that with high probabil-
ity, the eigenvalues 1 of the GOE/GUE random matrices are “rigid” in the sense that each eigenvalue
n; falls within a small distance O(min(i,d — i + 1)_%d_é) of the zero-temperature eigenvalue w;,
where min(i,d — ¢ + 1)_%d_% is the average eigengap size in the region of the spectrum near w;:

; — wi| < O(min(i,d — i+ 1)"3d"5 log(d)°®°ed),  Vie[d, whp.  (15)

3.2.2. OUR RESULTS ON EIGENVALUE GAPS OF DYSON BROWNIAN MOTION

Overview of proof of Lemma 3. Recall that in Lemma 3 we are given two solutions y(¢) and
&(t) with any initial conditions v(0), £(0) € W;, and a coupling between +(t) and £(¢) is defined
by setting the underlying Brownian motion which generates each process in (4) to be equal at every
time ¢ > 0. To prove the lemma, we must show that whenever the initial gaps of v(0) are > the
corresponding initial gaps of £(0), v;(0) — vi+1(0) > &;(0) — &+1(0), with probability 1 the gaps
of () remain > the gaps of the coupled process £(t) at every time ¢ > 0.

The idea behind the proof of Lemma 3 is to consider the net “electrostatic pressure” on each gap
7i(t) — vit1(t)— that is, the difference between the sum of the forces from the eigenvalues 7;(t) for
J ¢ {i,i+ 1} pushing on the gap ;(t) — vi+1(t) from the outside to compress it, and the force from
the repulsion between the eigenvalues v;(¢) and 7,11 (¢) pushing to expand the gap. More formally,
this net pressure is d (7;(t) — vi+1(t)) = dvi(t) — dvi+1(t) and, thus, we can compute it using (4):

dyi(t) — dyia(t) = dBii(t) + 254 ﬁ _<dBi+1,i+1(t) 2 i1 #dfw(t)) - (16)

11
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Ideally, we would like to show that at any time where all the gaps of () are at least as large as all
the gaps of {(t), we have d~;(t) — dy;41(t) > d&(t) — d&;+1(t). This in turn would imply that the
gaps of () expand faster (or contract slower) than the corresponding gaps of £(t), and hence that
the gaps of (¢) remain larger than those of £(¢) at every time ¢ > 0. Unfortunately, the opposite
may be true: if the eigenvalue gap ~;(t) — ~;+1(¢) is much larger than the gap &;(¢) — &+1(t) then
the repulsion between 7;(t) and ;41 (¢) pushing to expand the gap ;(¢) — ~;+1(t) is much smaller
than the repulsion pushing to expand the gap &;(t) — &;+1(%).

To solve this problem, we prove Lemma 3 by a contradiction argument. Towards this end, we
first define 7 := inf{t > 0 : &(t) — &+41(t) > vi(t) — vit1(t) for some i € [d]} to be the first
time where for some i, the size of the i’th gap &;(t) — &+1(t) becomes larger than the i’th gap
vi(t) —vit+1(t) of v(t). We assume (falsely), that 7 < oo and show that this leads to a contradiction.

Since the initial gaps of y(0) are at least as large as those of £(0), and since the trajectories ~(t)
and £(t) are continuous w.p. 1, by the intermediate value theorem there must be an ¢ € [d] such that

YiT) = Yig1(7) = &i(T) = &iva(7), (17)

and the other gaps at time 7 satisfy v;(7) — vj41(7) > &;(7) — &j41(7) for j € [d]. Plugging (17)
into (16), we obtain the difference in net electrostatic pressure on the i’th gap of v and ¢ at time 7:

(d7i(7) = v (7)) = (d&i(7) = A1 (7)) = Zjiin1 5 — aegm 20 (18)

The Brownian motion terms d B from (16) cancel as we have coupled the processes v and & by set-
ting their underlying Brownian motions B(t) to be equal. The terms "/i(T)_}Yi—&-l(T) and &(T)_ZHI )
arising from (16) which describe repulsion between the i’th and ¢ 4 1’th eigenvalues cancel by (17).
Thus, we are only left with the forces from the other eigenvalues pushing to compress the ¢’th gap
of £(7) and ~(7) from the outside, which allows us to then show that since the gaps of y(7) are at
least as large as the corresponding gaps of £(7) at time 7, the r.h.s. of (18) is > 0 (Proposition D).

Next, we would like to show that (18) implies that the ¢’th gap of £ does not become larger
than the 7’th gap of ~y at time 7, leading to a contradiction. Unfortunately, (18) is not sufficient to
show this, since, if (dvy;(7) — dyi+1(7)) — (d&;(7) — d&;+1(7)) = 0 we might have that the second
derivative of the gaps of ~y, (d%7;(7) — d?v;41(7)) is strictly smaller than the second derivative of
the gaps of &, (d2&;(7) — d?&;11(7)). To overcome this problem, we observe that, since the gaps of
~(7) are at least the corresponding gaps of £(7) at time 7, the only way the r.h.s. of (18) could be
0 is if all the gaps of (7) are equal to the corresponding gaps of £(7). In this case, the gaps would
be equal at every time ¢ since solutions of Dyson Brownian motion are unique w.r.t. the underlying
Brownian motion which defines our coupling (see e.g. Anderson et al. (2010), restated as Lemma
7). Thus, without loss of generality, we may assume that there is at least one j such that the j’th
gap of (7) is strictly greater than the j’th gap of {(7). This in turn implies the r.h.s. of (18) is
strictly > 0, and hence the ¢’th gap of v becomes strictly larger than the i’th gap of £ in an open
neighborhood of the time 7. This contradicts the definition of 7, and hence by contradiction, we
have 7 = oo, and therefore the gaps of y(¢) are > the corresponding gaps of £(t) at every time
t>0.

Overview of proof of Lemma 4. Roughly speaking, Lemma 4 requires us to show the conjectured
lower bound of P (m —Nig1 < ﬁs) < 3 for any 7 and s > 0, when 7y, . .., ng are the eigenvalues
of the GUE random matrix. As a first approach, we would ideally like to integrate the formula for

12
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the joint eigenvalue density f(n) (9) over the set A(s) := {77 EWg:ni— i1 < ﬁs}:

_1Nd 2
P (77i ~ i1 S ﬁs) - RL2 f{UGWd:m—mHSﬁS} [Te<; ne —mjle 2 L= M dn. 19)

Unfortunately, we do not know of a closed-form expression for the d-dimensional integral (19).
To get around this, we observe that, given any 7 such that n; — 7,41 < %s, if we can somehow

find a map ¢ : Wy — W, such that the term |¢(n)[i] — ¢(n)[i + 1]| > L|n; — nia

other terms (|¢(n;) — ¢(ne)| for (j,¢) # (4,7 + 1) and e 2 Z32:1’73) in the joint density remain
unchanged, then we would have that f(¢(n)) > s% f(n). Moreover, roughly speaking, one might
hope that, since ¢ expands one of the gaps by % and leaves all the other gaps unchanged, the map ¢
would be invertible and the Jacobian determinant of such a map would satisfy det(J,(n)) > 1 for
all » € W;. This in turn would imply that the r.h.s. of (19) would satisfy

, and all

P (= mi1 < ) = 8 [ago F0) 5dn < 8° [y ) F) L5 det(Jy(m)dn < 8°. (20)

The last step holds since ¢ is injective and f is a probability density, implying the integral is < 1.

Unfortunately, one can easily see that there does not exist a map ¢ which expands the i’th gap
term |n; — 1,41/ in the joint eigenvalue density (9) by %, but leaves all other terms unchanged. This
is because, to expand |n; — ;41| but leave the other gap terms unchanged, one would, e.g., have to
translate the other eigenvalues 7); for j < ¢ aside by an amount (% — 1)|n; — ni4+1]. To circumvent
this problem, we instead consider a different map ¢ : Wy — W, which, roughly speaking, expands
the eigenvalue gap 7; — 7,41 by a factor of %, leaves all other gaps unchanged, and translates the
eigenvalues of 7); for j < ¢ to the left by an amount %(m — 7i+1) to make room for the expanded
eigenvalue gap (see equations (121)-(123) for the full definition of ¢). Since 7; = @(\/&) w.h.p.,
when e.g. |, — nit1| > @(ﬁ) this would decrease the exponential term in the joint density by a
factor of _ _ .

o3 i @mlil-n)? o 3 @mlil-n)vVa o 53 YA i

~e 2

For i < O(1), this is not an issue as then one has ¢! = O(1) and, hence,

t >0 (3
(Lemma 35). Roughly speaking this fact, together with a bound on the Jacobian determinant of ¢
(Proposition 33 which says det(J4(n)) > 1) and since ¢ is injective (Proposition 32), allows us to
use the above map ¢ to show that (20) holds whenever the 7’th eigenvalue gap is near the edge of
the spectrum (i < O(1)).

To bound ~v; — ;41 for ¢ > Q(l), which are not near the edge of the spectrum, we will use
the rigidity property of the GUE eigenvalues (15) ((Erd6s et al., 2012); restated here as Lemma
26). Roughly, this rigidity property says that none of the eigenvalues 7; fall more than a distance
b = O(log(d)'°8'°84) = O(1) from their “zero-temperature” locations w;. Hence, 1); € [a, ] for all
1—b<j<i+b,wherea :=n;_p > w; — 62v/dand b := Nith < Wi + b2V/d w.h.p.

To apply this rigidity property, we define a new map g : Wy — W, where g(n) leaves all
eigenvalues 7); outside [a, b] fixed. And g(n) expands the i’th eigengap by a factor of 1: g(n)[i] —
g(m)[i +1] > (1 —ni11). To “make room” for the expansion of the i’th gap without changing the
locations of the eigenvalues outside [a, b], it shrinks the eigengaps inside [a, b] by a factor of 1 — «

13
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1

where v := (1 — 1)ZE < b3 whenever ) € A(£) because 7; — ;1 < sb%/a ifn e A(%)

(See (107)-(110) for the definition of g). Thus, roughly, for all n € A(§),

gy, lotl=atia)? e DU W DOy S I,

The first inequality holds since the product has O(b?) “repulsion” terms w > (1—a)?

where £, j € [i — b, + b] and one term ‘9(”)|E7] n(z)l[\lﬂw > 4. Replacing g with ¢ and A(s) with
A($) in (20), and plugging in (21) we get, roughly, that for all s> 0andalli € [d],

P (ms = mit < ghgs) = L) f)dn < 8° [y o) F() x L4Bdet (T, (m)dn < s>, (22)

This completes the proof overview of Lemma 4. To conclude, we note that one can convert the
expectation bound in Theorem 2 into the following high-probability bound using the approach sug-
gested in Appendix E of Mangoubi and Vishnoi (2022):

P(||My — My||p > sVEVd) < O(e™®)

for s > 0. However, here there is an additional difficulty since the eigenvalue gaps of Dyson Brow-
nian motion only satisfy high probability lower bounds with polynomial decay, but not exponential
decay. To overcome this, we believe one can use an approach similar to the proof of Lemma 4 to
show that the joint density of the GUE eigenvalues (9) implies that whenever roughly |i—j| > Q(l),
the gaps 7; —1;+1 and 1); —n; 1 are (nearly) independent random variables in the sense that roughly

P((yi () =vi+1(t) < 2)x (v () —vi+1(8) < y)) = P((7i(t) —7i+1(t) < 2)XP(y; (1) —vj+1(t) <)

for z,y > 0. It then follows that with a probability that decays exponentially in d, all but O(1) of

the GUE eigenvalue gaps satisfy 7; — n;.1 > Q (ﬁ)

4. Conclusion

We present and analyze a complex variant of the Gaussian mechanism for rank-k covariance matrix
approximation under (e, §)-differential privacy. Our analysis leverages the fact that the eigenvalues
of complex matrix Brownian motion repel more than in the real case, and uses Dyson’s stochastic
differential equations governing the evolution of its eigenvalues to show that, after any time ¢ > 0,
the eigenvalues of the matrix M perturbed by complex Gaussian noise have large gaps of size
Q (5%) with high probability 1 —O(s?). We believe the decay rate 1—O(s?) in our eigenvalue gap
bound is tight, as its derivative has the same exponent 8 = 2 which appears in the joint eigenvalue
density formula (9) for the complex GUE random matrix.

We suspect our techniques can also be useful for other matrix approximation problems. For
instance, one may consider the more general problem where one is given a covariance matrix M
and a function f : R?¢ — R9*? (e.g., the matrix exponential), and the goal is to find a rank-k
symmetric matrix Y~ which minimizes ||Y — f(M)| r under (e, d)-differential privacy. While the
bounds presented in Theorem 1 are nearly tight, it may be possible to obtain stronger bounds when
the input matrix M has additional structure; we leave this as a future direction.
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Appendix A. Preliminaries
A.1. Brownian motion and Ito calculus

In this section, we give preliminaries on Brownian motion and Stochastic calculus (also referred to
as It6 calculus). A Brownian motion W () is a continuous process that has stationary independent
increments (see e.g., (Morters and Peres, 2010)). In a multi-dimensional Brownian motion, each
coordinate is an independent and identical Brownian motion. The filtration F; generated by W (t)
is defined as o (Us<;o (W (s))), where o(2) is the o-algebra generated by €2. W (t) is a martingale
with respect to F;.

Definition 5 (Ito Integral) Let W (t) be a Brownian motion for t > 0, let F; be the filtration
generated by W (t), and let z(t) : F; — R be a stochastic process adapted to F;. The Ité integral
is defined as

/0 L AW (@) = lim Z 2(iw) x [W((i + 1w) — W (iw)).

The following lemma (Itd’s Lemma) generalizes the chain rule of deterministic derivatives to stochas-
tic derivatives and allows one to compute the derivative of a function f (X (¢)) of a stochastic process
X (t). We state It6’s Lemma in its integral form:

Lemma 6 (It6’s Lemma, integral form with no drift; Theorem 3.7.1 of Lawler (2010)) Let f :
R™ — R be any twice-differentiable function. Let W (t) € R™ be a Brownian motion, and let
X (t) € R™ be an It6 diffusion process with mean zero defined by the following stochastic differential
equation:

t) = fj Ry (1)AW; (1), 23)
=1

for some It6 diffusion R(t) € R™ ™ adapted to the filtration generated by the Brownian motion
W (t). Then for any T > 0,

s - sxon = [ 303 (5
i=14=1

>

We note that the above version of It6’s Lemma ( Lemma 6) is given for real-valued variables. We

apply It6’s Lemma to complex matrix-valued stochastic processes, we will separate the real and
imaginary parts of the Itd integral and apply It6’s Lemma separately to each part.

f(X(t))> Rie(t)dWi (1)

M: ><\

2 <6X X, X(t))> Rij(t)Rie(t)dt.

1¢=1

1j

A.2. Dyson Brownian motion

In this section, we give additional results about the existence, continuity, and related properties of
Dyson Brownian motion. Let O(d) denote the space of d x d real orthogonal matrices, and U (d) the
space of d x d complex unitary matrices. The following lemma, which guarantees the existence and
uniqueness of solutions to the eigenvalue (4) and eigenvector SDE’s (5), is known — see Theorem
2.3(a) in Bourgade and Yau (2017) and Lemma 4.3.3 in Anderson et al. (2010) for solutions of

19



MANGOUBI VISHNOI

just the eigenvalue process for any 8 > 1. While the solutions are random processes, the outcome
of these solutions can be shown to be unique when coupled to the underlying Brownian motion
processes driving the SDE. Such a coupling is referred to as a “strong solution” to the SDE (see e.g.
Lawler (2010)).

Lemma 7 (Existence and uniqueness of solutions to Dyson Brownian motion) Consider anyl >
To > O0and B € {1,2}. Let {y(t)}icjo,ry) © Wa be a continuous initial path for (4) and let
{u(t) hejo,rp) S U(d) if B = 2 (or {u(t) }repo,m) € O(d) if B = 1) be a continuous initial path for
(5). Then there exists a unique strong solution for the system of SDEs (4) on all of [0, T]. Moreover,
there exists a unique strong solution on all of |0, T| for the system of SDEs comprising (4) and (5).

In particular (by the definition of strong solution) the existence of strong solutions implies that the
paths of Dyson Brownian motion are almost surely continuous on [0, o). This fact will be useful in
proving our gap comparison theorem for coupled solutions of Dyson Brownian motions (Lemma 3).
The following result shows that the paths of Dyson Brownian motion are continuous with respect to
their initial conditions:

Lemma 8 (Continuity w.r.t. initial condition; Proposition 4.3.5 in Anderson et al. (2010)) Let
~ be a strong solution to (4) for any initial condition v(0) € W,. Then, at any time t > 0, v(t) is a
continuous function of the initial condition v(0).

The following lemma is known; see Theorem 1.1 in Inukai (2006) and also Rogers and Shi (1993).

Lemma 9 (Non-collision of Dyson Brownian motion for 5 > 1) Let v be a solution to (4) with
any initial condition y(0) € Wy. Let T := inf{t > 0 : ~;(t) = v;(t) for some i # j} be the first
positive time any of the particles in y(t) collide. Then if 3 > 1, P(T < 00) = 0.

A.3. Matrix inequalities

The following lemmas will help us bound the gaps in the eigenvalues of the Dyson Brownian mo-
tion:

Lemma 10 (Theorem 4.4.5 of Vershynin (2018), special case ') Let W € R¥ withi.i.d. N(0,1)
entries. Then ,
P(|W |2 > 2Vd + s) < 2¢~°

forany s > 0.

Note that Lemma 10 also applies to complex Gaussian matrices Wy +iW5 where Wy, W have i.i.d.
real N (0, 1) entries, since ||W + iWa|l2 > ||W12.

Lemma 11 (Weyl’s Inequality (Bhatia, 2013)) If A, B € C%**“ are two Hermitian matrices, and
denoting the i’th-largest eigenvalue of any Hermitian matrix M by o;(M), we have

0i(A) + 04(B) < 0;(A+ B) < 0;(A) + 01(B).

Lemma 12 (Spectral norm bound (Theorem 4.3 of Mangoubi and Vishnoi (2022))) For some
universal constant C, and every T' > 0, we have,

a2
P ( sup || B(t)|]2 > TVd + a)) <e Y12,
te[0,T
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A.4. Davis-Kahan Sin-Theta theorem

The following lemma gives a deterministic bound on the change to the subspace spanned by the
top-k eigenvectors of a Hermitian matrix when it is perturbed by the addition of another Hermitian
matrix. Let A and A be two Hermitian matrices with eigenvalue decompositions

A= UAU* = (I, Un) ( A N ) ( g; ) 24)
A= OAD" = (0, 0 ( b ) ( Ui ) 25)
2 2

(although when we apply the Sin-Theta theorem we will only need the special case where A= A).

Lemma 13 (sin-O Theorem (Davis and Kahan, 1970)) Ler A, A be two Hermitian matrices with
eigenvalue decompositions given in (24) and (25). Suppose that there are o > 3 > 0 and A > 0
such that the spectrum of A1 is contained in the interval [o, (] and the spectrum of A, lies entirely
outside of the interval (o« — A, B + A). Then

* T T |A_A|
o — oo < A2 A

where ||| - ||| denotes the operator norm or Frobenius norm (or, more generally, any unitarily invari-
ant norm,).

Appendix B. Differentially private rank-% approximation: Proof of Theorem 1

Proof [Proof of Theorem 1]

Privacy. The real Gaussian mechanism, M + /T(W; + W{), where W7 is a matrix with i.i.d.
N(0,1) entries, was studied in Dwork et al. (2014) and shown to be (g, ¢)-differentially private for

T = m()iﬁ. Our Algorithm 1 is (g, §)-differentially private since it is a post-processing of the
real Gaussian mechanism. This is because any post-processing of an (e, §)-differentially private
mechanism (which does not have access to the original input matrix M) is guaranteed to be (g, 6)-
differentially private (see e.g. Dwork et al. (2006a), Dwork and Roth (2014)). To see why Algorithm
1 is a post-processing of the real Gaussian mechanism, observe that

M=M+G
=M+W+W*
=M + (Wy + Wai) + (W1 + Wai)*
=M + Wy + W, + [Wai+ (Wai)*].
Utility of complex matrix M, implies Utility of real matrix Y. Let M = VXV be a diago-
nalization of the real symmetric input matrix M with eigenvalues o1 > --- > 04 > 0. Let M} =

VS,V be a (non-private) rank-k approximation of M, where 3;, = diag(o1,...,0%,0,...,0).
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Suppose we can show an upper bound on || M, — My ||, where M, is the complex matrix in Algo-
rithm 1.

Let Ry, := {A € R : rank(A) < k} denote the set of real d x d rank-k matrices. Since
Y = Real(V3,V*), we have that Y € argmianmk{HMk — Z||r}. This is because Real(VE,V*)
is a matrix of rank at most k and the real and imaginary parts of V3,V are orthogonal to each other
in the Frobenius inner product. Thus, since Y € argminZGmk{HMk — Z||r} and M}, € Ry, is also

in the set of real-valued rank-k matrices, we have that

IMy = Y| p < || My — M| p.
Therefore, we have

1Y = Myllp < | My =Y ||+ || My — My||p < 2||My, — My]|p. (26)

Plugging in our bound for \/ E[|| M}, — My||%] from Theorem 2 into (26), we get that

1/E[||Mk—YH%]<O(\/Q LI 105(5)).

Ok — Ok+1

Appendix C. Complex Gaussian perturbations: Proof of Theorem 2

C.1. Defining the stochastic process on the space of rank-% matrices

At every time ¢, let ®(t) = U(t)['(t)U(t)* be a spectral decomposition of the symmetric ma-
trix ®(¢), where I'(¢) is a diagonal matrix with diagonal entries v1(t) > --- > ~4(t) that are
the eigenvalues of ®(t), and U(t) = [u1(t),...,uq(t)] is a d X d unitary matrix whose columns
ui(t), ..., uq(t) are an orthonormal basis of eigenvectors of ®(¢). Atevery time ¢, define ¥ (¢) to be
the symmetric matrix with any eigenvalues A1 (t) > - - - Ag(t), where A(t) := diag(A1(¢), ..., Aq(t)),
and with eigenvectors given by the columns of U (¢):

U(t) = URARUR)*  Vtelo,T).

For all ¢, will fix A\;(¢) = ~;(t) fori < k and \;(t) = 0 for all i > k.

C.2. Preliminary results
For every a@ > 0, let E, be the “bad” event that either supyepo,r |1B(#)ll2 > 4T (Vd + @)
or supyefo ) Btz > 4vE(Vd + @), or infyy<rcricicari(t) — vir1(t) < d%f%- In the

following, we set a = 20 log% (o1+7T)and ty = W The following Lemma shows that
1

kd)
E,, occurs with very low probability:

Lemma 14 (Probability of “bad” event occurring) For every T' > 0 and every o > 0, we have,
P(Ba) < dymei% 1 .
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Proof

te[0,T) t€[0,to]

1\/£>

; (1) — A < Y-
o (toﬁsl:lg,flsm%(t) ") < G0 7a

P (Ea> <P ( sup || B(t)[2 > 4\/T(\/a+a)> +P ( sup || B(t)||2 > 4vEo(Vd + a))

Lemmas 22, 12 _1,2 T
8 R
< 4+/Te + 7600

Lemma 15 [fa > 20 log% (01 + T), then we have

E[®(T) — w(0)|[7] < 4E[|[¥(T) — ®(0)[|F x 1] +d.

&Y

Proof

E[|¥(T) = w(0)[|7] < 4E[¥(T) — ()| x L] +4E[|U(T) = ¥(O)[F x 1 ]. Q27

() = C)|r = [UTTR(TU(T)* = U(O)LR(0)U(0)|| ¢
< UDTR(DUT)*||r + (U 0)LL(0)U(0)"]| #
< [UMTT)UT) ||F + IUOT0)U0)F
= [2(D)]F + 12(0)]|
= [[M + B(T)|[r + [|M||F
< 2[[M|[r + |[B(T)|[r-
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Therefore,
E[[9(T) = ¥(0)|[7 x 15,] <E[2|M|r + |B(T)||lr)* x 15, ]
< E[(16]|M||F + 41 B(T)|IF) x 1]
= 16||M|[}: x P(Eo) + 4E[| B(T)||% x 1p, ]
< 16]| M]3 x P(Eq) + 4VAE[|B(T)|3 x 1]
= 16 M3 x P(E.) + 4\/&/ S BB > 5)ds

= 16||M||% x P(Ey) + 4Vd P(T||W |3 > s)ds
4T(f+a)2
¥
= 16||M||% x P +4Vd Wl > Y2 | ds
IM][5 x P(Eq) 6T(da)? (H 2 T
VRN
= 16| M||% x P(E, D +avd [ 2 ( ) ds
16T (Vd+a)?
. oo —(2—2vd+4d
= 16||M||% x P(Ey) 4+ 4Vd 2 (T vt >ds
16T(\/E+a)2
< 16| M||% x P(E,) + 4Vd 9¢~(2r+4d) 4
16T (Vd+a)?
= 16||M||% x P(E,) + 4Vde™ 4d/ 2e 7T ds
16T (Vd+a)?

16T (Vd+a)?
2T

= 16||M||% x P(E,) + 4Vde 44T e~
= 16||M||% x P(Ey) + 4Vde 44T e 8(Vd+e)®
< 16| M|F x P(Eq) +1

1,2 T
16| M ||% x (4\/7?e s+ dGOO) +1

Lemma 14

T
< 16do? x <4ﬁe_8a + d600> +1

T

< 74+ 2 (28)

—_

where W is a matrix with i.i.d. N(0,1) entries, and Y ~ (0, 3). The last inequality is because
a > 20log? (doy + T) and 02 < d!%. Plugging in (28) into (27) completes the proof. [ |

The following lemma will be useful in bounding the gaps v;(t) — 7;(t) fori < k < j.

Lemma 16 (“‘Worst-case” eigenvalue gap bound) Whenever ;(0) — ~;41(0) > 8/T/d for ev-
eryi € Sand T > 0 and some subset S C [d — 1], we have that for any o > 0,

U { inf () = yit1(t) < 1(%’(0) —7i+1(0)) — a)} C E,.

ics LteloT] 2
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Proof [Proof of Lemma 16] Since, at every time ¢, ®(t) = M + B(t) and 1 (t) > -+ > 74(t) are
the eigenvalues of ®(t), Weyl’s Inequality implies that

%i(t) = Yi+1(t) 2 %i(0) = %41 (0) = [[B()[l2, vVt €[0,T],1 € [d]. (29)
Therefore, (29) implies that

U { inf () —vis1(t) < %(%(0) —7i+1(0)) — a)}

icS t€[0,T]
Eq. (29) 1
C U $7i(0) =3i41(0) = sup 2[|B(#)]|2 < 5 (7(0) = 7i41(0)) — @)
= t€[0,T]
1 1
=U { sup [[B(t)ll2 > 7 (%(0) = 7i+1(0)) + Qa)}
ies (t€[0,T]
1
- U { sup ||B(t)||2 > 2\/T\/g+a)}
icS te[0,T 2
1
= { sup [|B(t)||l2 > 2VTVd + a}
te€[0,T] 2
= E,.

The first inequality holds by (29), and the second inequality holds since the statement of Lemma 16
assumes that v;(0) — v;11(0) > 8V/TV/d. [ |

The following proposition provides a crude bound on the Frobenius distance over the very short
time interval [0, to], which we will use to “jump-start” our more sophisticated bound on the much
longer interval [tg, T):

Proposition 17 Suppose that o, — 041 > ATd + 20v. Then for every 0 < tq < 1 we have
[ (to) = (O)||r x 15, < Vio (2VE(Vd + ) + 801)
with probability 1.

Proof At every time ¢ > 0, let U (¢) denote the d x k matrix consisting of the first & columns of
U (t). Further, let ' (¢) denote the k x k matrix consisting of the first & rows and columns of T'(¢).

W (to) — ¥(0)||F = [|Uk(to)Tk(to)Ur(to)” — Ur(0)I'r(0)Ur(0)* ||
< NUk(t0)T k(o) Uk (to)"™ — Uk(to) Ui (0)Uk(to)*|| F
+ Uk (t0) P (0) Uk (to)™ — Uk(to) 'k (0)Ux(0)" || p
+ | Uk (t0) ' (0)Ux(0)" — Uy (0)T'k(0)Ur (0)* || »
< [|Uk(t0)[I5 % [Tk (to) — Tr(0)||
+ Uk (to)ll2 x [[Tk(0)]l2 X |Uk(t0)" — Ux(0)*[|
) = Uk(0)[|p x [[Tk(0)]l2 X [|Uk(0)*[|2
) = Te(0)[[F + o1 [|Uk(t0)” — Uk(0)*[|F + 01Uk (to) — Uk (0)||
) = Tk (0)|[F + 201 || Uy (to) — U(0)|| F, (30)

(

+ [|Uk(to
= ||l (to
= ||l (to
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where second equality holds since ||Ug(t)||2 = 1 for all ¢ > 0, and since ||[I';(0)|2 = o1 since
I',(0) = M.

By Lemma 13, we have

. . Lemma 13 ||<I>(t0) — (I)(O)HF
[Uk(t0)Ug (to) — Ur(0)U; (0)[[F < Y£(0) — Yr+1(t0)

_ | B(to) || F 31)

Y%(0) = Y41 (to)

By Weyl’s Inequality (Lemma 11), we have that, whenever the event Eg occurs,

Lemma 11
Yer1(to) < 41(0) + | B(to)ll2
< 11(0) + 2vE0(Vd + a)

= 01 + 2VE(Vd + @) (32)

where the second inequality is by the definition of the event Eg. Thus, (32) implies that

(0) — Yealto) S A(0) — ops — 2V/Eo(VA + )

= 0% — o1 — 2Vt (Vd + @)

(0% — Okt1)- (33)

where the second inequality holds because o), — o1 > ATVd 4 2ccand T > 1 > to. Thus,
plugging (33) into (31), we have that whenever the event E, occurs,

Uk (t0) Uy (to) — Uk (0)U (0)|[F < 2B(to)llr (34)
Ok — Ok+1
< 4— WM’ (35)
O — Ok+1

where the second inequality is by the definition of the event Eg We also have (by, e.g., Inequality
(27) in Mangoubi et al. (2022)) that

Uk (to) — U (0)|F < ||Uk(t0) Uy (to) — Ux(0) U (0) || p- (36)

Therefore, plugging in (36) into (34), we get that, whenever the event Eg occurs,

Uk(to) — U0 < WP/ + ) 7)
Ok — Ok+1
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Plugging in (37) into (30) we get

Egq. (30)

W (to) = W(0)[|r x L <

Eq. (37)
<

<V x [|B(to)

<Vk x 2vto(Vd+ ) + 20
<VE x 2/to(Vd + a) + 20

<VE x 2/to(Vd + ) + 201

< 2VtoVE(Vd

= Vio2VE(Vd + a) + 801),

1Tk (o) —

Tk (to) —

Le(0)llF x Lge +201]|Uk(to) = Ur(0)llF x 15,
4/t (Vd + a)

Ok — Ok+1

4/to(Vd + )

Ok — Ok+1
4/to(Vd + )
! Ok — Ok+1
4/th(Vd + )
Y op — ot

4/to(Vd + )

\/g—i-a

Fk(O)HF x 1 Ag + 201

||2 X ILA& + 204

+a) + 801/t
(38)

where the fourth inequality is by the definition of the event Eg, and the fifth inequality holds by our

assumption that o, — 041 > AT+/d + 2« and since T > 1.

C.3. Proof of Theorem 2

Lemma 18 (Itd derivative du;(t)u;(t)) Forallt € [0,T],

a(us ey (1)
1
= 2w —ym
B Z dt

) =@ OO — it

w3 ()AB; (1) + oy (6)u] (D)AB (1))

*

(1))-

The proof of Lemma 18 is given in Section F.2 and is an adaptation of the Proof of Lemma 4.1 of
Mangoubi and Vishnoi (2022) to the setting of complex matrices.

Define Aij(t) = ’)/i(t)

— 7;(t) for all i,j € [d] and all ¢ > 0. Fix any € R4, define

Hij (t) = max(Aij (t), 7’]1‘]') fori < ] and Mg (t) = Mg (t) for¢ > j Further, define the following
matrix-valued It6 diffusion Z,)(t) via its Itd derivative dZ,,(1):

d
= ST - A()

i=1 j#i

d
+D 0> () = A1)

i=1 j#i

dZy(t)

1
i (t)
dt
(t)

(ui(@)uj (@) dBij (1) + uj(t)u; (1)dBj;(t))

u; (t)u)

(2

(t), (39)

with initial condition Z,,(0) := ¥(0). Thus, Z,(t) = ¥(0) + [; dZ,(s) for all ¢ > 0. We then inte-
grate dZ, (t) over the time interval [0, T'], and apply It6’s Lemma (Lemma 6) to obtain an expression
for the Frobenius norm of this integral. In the following, we fix 7;; = 0 for all 4, j.
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Lemma 19 ForanyT >ty > 0,

e [T [N ult) = A0
E(12,(1) = Zyfto)llz] = 32 ] E L2 En
T o1 Ai(t) — Xj(t) i
+T ; E ; (; 20 dt

The proof of Lemma 19 is a slight modification of the proof of Lemma 4.5 in Mangoubi and Vishnoi
(2022), to accommodate the fact that \;(¢) varies over time (which is in contrast to Mangoubi and
Vishnoi (2022) where ); is constant), and the fact that our matrices have complex-valued entries.
The proof of Lemma 19 is given in Section F.1. We now proceed to the proof of Theorem 2.

Proof [Proof of theorem 2] In the following, we set ty =
derivative of W(t) := % N (t)u; (t)u (t):

)

1
(= We first compute the Ito

I
&M&

@
Il
,_.

dw(t) (i) + dXi() (ui(t)ug (£) + d(ui(B)uz (1)) — Ai(t)ui(t)u; (t)

Il
AM&

N
Il
—_

Ai(t)d(ui(t)u (1)) + (ANi()) (ui(t)u; (1) + dXi(t)d(wi(t)ui (t)).  (40)

From Lemma 18, we have that, for all ¢ € [0, T,

* — ;
d(u;(t)u; (1)) = JZ;: Yi(t) — v;(t)

dt o
+;WW(“’“)W(” i ()5 (1)). (41)

(ui () (£)dBi; (t) + u;(t)u; (£)dBj;(t))
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For all i < k, we have that A\;(t) = 7;(t) for all ¢ > 0. Thus, by (41), we have that

d; (t)d(u;(t)u; (1))
= dy;(t)d(ui(t)u; (1))
Eq. (41) d;(t) { M(ui(t)u;(t)dBij(t) + uj(t)uf(t)dB;‘j ®))
j#i 1
dt £(8) — o ()t
"2ttty — OO a0 )
_ d%i(t) wi (B u* ” w;(t)u; *
- J; Wl(t) — ’yj(t)( Z(t) J(t)dBZ] (t) + J(t) 7 (t)dBZj (t))
2 )~y O O )
1 1 * Ny s (P .
B i (dBii(t) ' ; Yi(t) — v (t) dt) %i(t) — v (t) (wilt)u5(D)dBi () + uj (i (B ()

+ <dBii<t> D e dt) B O ) — w03 0)

_ ; (dBu(t)dBm (t)+2 ; e )dt dB;; (t)) O wi () (t)
+ 2 (dBu(t)dBu (t) +2 ; = dtdB}; (t)) =Y (t)us(t)
2 1 .
* ; (dBu(ﬂdt +2 ; 0= ) ) Gy 0 — w0 )
=0, Vi < k, 42)

where the last equality holds since, for all 7,5 € [d], the Ito differentials dB;;(t)dB;;(t) and
dB;;(t)dB;;(t) vanish because dB;;(t) and dB;;(t) are uncorrelated with mean zero, and the Ito
differentials dB;;(¢)dt and (d¢)? vanish because they are higher-order terms. Therefore, plugging
in (42) into (40), we have that

d
A () L SN () d(wa(#)ud (£))) + (AN () (us () (£)) + A (8)d (s () (1))
=1

k
D i) d(ui () () + (dNa(8) (wi (£ (¢)) + dXi(t)d (s () (1))
=1
(42

Eq.

k
LS n) sty (1)) + (A() (ui () (1), (43)
i=1
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where the second equality holds since \;(¢) = 0 for all ¢ > k and all ¢ > 0. Therefore, we have

B[l - \If(tow% x ﬂEc}

2
~E / ui(t)uf (4) + (@A) (0] x 1,
to =1 F
2
<E /0 > wi(B)u(2)) . ILE]
2
wi(t) x]lE&]
to 4= 1 F
T d 2
<E | [ S a@dan o) x ﬂE]
0 ;= F
d 2
& || [ @nmmou
to =1 F

Lem. 16 2
<'E [Hzn <T> ~ Zy(to)} x 1 5,

t)u; (t)

2
X]lEg
F

()2
[Eremoer, |

i= 1]7&

Oil

Lem. 19
<

d Ni(t) = A (t) ’
+7T | E Z(ZW) x L | dt

2
] ; (44)

Where the last inequality holds by Lemma 19. Plugging in \;(t) = ~;(¢) for ¢ < k and \;(¢) = 0
for i > k into (44), we have
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E [H\I’(T> - wo)n% x 1 ;j

Aj(1))?
e[Sy 07 ] "

to i= lj;éz
K A1) = Ay(t) Co
+TtOE ;(;(%(t)_%(t)) dt+E /tO;d)\ ()Fx]lEg

dt
to i=1 >k
+T TEzk: ) ;juz%—(t) zan dt
to i=1 \j#i:j<k %i(t) = ;(t) >k (vi(t) —;(1))? Fa
2
/ Z i dEB)| x 1E3]
o j=1 F

to i>k

T
<32 [Z(kz#—z(t»g)xlﬁ,&

2 2
1 i(t)
Har | > {(#”@%() - (t)> X Ip | +E (Pk o %(tw) X IIEQ} dt
2
/ Z (dA ) x ﬂE] ~ (45)
to ;=1 .

Bounding the second moment of the inverse gaps: By Corollary 24 we have that for every
1<i<j<d,

P({fyi(t)—fyj(t) (j—z)xsb\\[f}ﬁf?c> < s Vs > 0,t > 0. (46)
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Thus, fort < T,

1
8 lmw — 02" RE]

1 o Vit
0 =707 X ﬂ{%’(t)—%'(t) < (j—1)x M} X g

<E

/Oo P({ ! > }mE’C>ds+ b*d
- s « . N9,
(jbj‘;% (vi(t) = vis1(2))? — (j—1i)2t
~ [ B0 = <570 Br)as + o

G l B “ (j —i)%t

J—1

- I\ A fe b?d
) /<> P () —ven() <573 B ds

J—1

3
Eq.<(46) 00 bZd 2 _§d bzd
~ T <o 2
< La \Gom) e
(G—i)%t
3
_o3( wd NP v
T2 \G—r) T ed T G—0n
(G—i)2t

_ 3 b N b2d
T2 02 (-0

b2d
=3 ' 47
(-0 47)

Thus, for any tg > 0,

T 1 T 1
I S e R
T b2d
=7 to (J - i)Qt
b%d
= SW log(t)|£]
b2d
(J —1)?

dt

=3 x (log(T") — log(to))-

2
Bounding the term E [H S S @) 1) %c} Fori > k, d\(t) — 0. For
i < k, we have \;(t) = ~;(¢) and thus,
(dAi(8))ui(t)ui () = (dya(t))u ()ug (t)

1 *
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Thus
T d 2 T k 2
. / (dAi@®)uit)u; (t)| < Lge | =E /KEXMAWMQWAQ x1%]
o =1 F to =1 P
T _k 2
=E /to ; (dBm(t) +2j§:¢ (D _%(t)dt) u;i(t)u; (t) ] X 1 e
T _k 2
< 3E / S ity (HdBi(1)|| ﬂ@c]
to = . <
T k 1 2

To bound the first term on the r.h.s. of (48) we note that since dB;;(t) are i.i.d. for all t > 0, we
have if we plug in f(X) := | X|% = 2%, Z | X7 into Ito’s Lemma (Lemma 6) that

/ Zul (#)dBu(t) 2

2
X ]-E‘c / Zuz dB“( )
to ;1 F to ;=1 F
Lemma6 Z/ |Uz ||th
(T —to)d. (49)
To bound the second term on the R.H.S. of (48), we have
T k 1 2
E / wi(t)u (D)dt]| % 1p,
to ;%‘: %i(t) = 7;(t) " Fa
Tk 1 ? T
<E / 3 wi ()l (¢) dtx/ 20t x 1,
to (=1 5z i) = (1) to
) , ]
Tk 1
— (T = to)E / w(Bur@)| dtx 1
to ; ; Yi(t) —5(t) .
- 1 ) -
— (T —to)E / w(®ur @) dtx 1
to ; ;%(t) 75(t) .
- - , 9 -
— (T - to)E / — ) wu @R x 1 |
to ; ; i) —;(t) F Fa
i 2
1
— (T —to) / = ) 1. |a (50)
to i=1 (]7&1 ’Y’L( ) Vj(t)) Ea
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where the first inequality is by the Cauchy-Schwartz inequality, and the second equality holds since
(ui(t)u;(t), ue(t)uy(t)) = 0 forall i # £. Therefore, plugging in (49) and (50) into (48), we have

2
1
S?)( —to)d+6 —to /tOil (;M) XILE'& dt. on

2
Bounding the term E {(Z#i m) X ILE&] : Consider any subset S C {1,...,d}. Then

2
1
E ),
(jegj# 7ilt) = %’(U) e

1
Je;:;éz fegl;;ﬁz (a(t) =1 ) (at) — (1)) 119&]

1
frnd Z Z E |:(j . 2)(€ _ Z)’Yb(t.)]:’l}/g(t) > Pyi(t)_,ye(t) X RE&]

JES,j#£i LS 0 )
1 1
= > > E 1
) —1 t (L) — E¢
jesari tesig U= —1) [”; ETIOINEAOEMN0
1 1 1

= Y BT P Gy | | Gy

JES,jF1 LeESLFi g

2 2 X )<3b2f+3b2f>

jES,j#i LeS E;ﬁz

_12b2d >y m

b iesi#i tes e;ez

d 1 1
=126"— Y — :
t |7 — 1] |0 — i
JESj#i teS i

1
< 1252g E —logd
b sz lJ =l

Eq. (47)

d
< 12b2¥ log? d. 52)
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Completing the proof:

E ||[W(T) - U(to)[[3 x Lg |
Eq. (45), (51) T 2
q p 32/t0 {Z (lc—i—z())Q)x]lE&] dt

i=1 i>k

2 2
SN B ) ) g
war [l5 (Z <<>—w>) tep | B (Z (%(t)—w(t))z) e |

to =1 i<k Vil ik

2
1
+3(T — to)d + 6(T — to) /0“ (Z(t)_%(t)> x Lgg | dt.

i#i Vi

Eq.S(SZ) 32/tT {Z (k+ZH2())2> X lﬁg] dt

i=1 >k

2
2d o 7i(t) ‘1
+4T 2125 log?d + E (Z(%(t)_ ‘())2) L, | dt

to =1 i~k 5

d
+3(T—t0)d+6(T—t0/ Zmb? log? d

to j=1
T k
< 32 / E i+ ] 16 dt
2
Ok
+ 486%Tkd(log T — log o) log® d + 16 de
to ]gc (Uk—0k+1)\/T\/g

+ 3(T — to)d + 6(T — t9)126%kd(log? d)(log(T') — log(to))

< 32T <k2 + 16kd0’%>
(Uk - 0k+1)2
ok
(Uk - Uk+1)2
+3(T — to)d + 6(T — t9)126%kd(log? d)(log(T') — log(to))
2

1 2
+ 4862 Tkd(log T — log to) log? d + %d (T —to)

1
5 10*6%kdT (log d)log(o1 +T), (53)

(o — 0o k+1)
where the last inequality of (53) holds because — logtg < 20 log(d) since ty = m >
1

God) T 40%1{%(01 T Moreover, the third inequality of (53) holds because Lemma 16 implies
1

that, since o, — o1 > VTV d + 40 log% (o1 + T), whenever E€ occurs, we have

—_

(o) — Op1) — ) > iﬁ\/& Vi >0,

| =

Y(t) = We+1(t) > (o — Op41) — @) >

[\
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because o = 20 log% (o1 + T). Therefore, plugging in (53) into Lemma 15, we have that

E[[|9(T) — (0)|%]
Lemma 15 2 T
AB[[(T) = W(O0) [} X 1gy) +d+

T
< 16E[|W(T) - W(to)l[} X 1] + 16E[| ¥(to) — W(0)[} x 1] +d+ -

g )1106[12de702 (log® d) 4 16E[||¥(to) — T (0)||% x Lz ] +d + -5
>< A
B (ok —orr)? ° B R 200
1 02
< -10°0%kdT ——E— (log® d) + E[|| ¥t 0)[|% x 1 4.
<3 (or —orn)? (log 1w (t0) = W(O)[[F x 1]
Lemma 17 ]
< 40%%&%(@3 d) + 40°
2 (Ok — Ok+1)
2
< 10°62kdT— 5 (log? d) log (o1 + T), (54)

( Ok — Uk:+1)

where the fifth inequality holds by Lemma 17 since ty = m.
1

Appendix D. Eigenvalue gap comparison result: Proof of Lemma 3

Proposition 20 Consider any strong solutions vy, & to (4), for any 5 > 1. Suppose that for some
i € [d] and at some time t > 0,

Yi(t) = vig1(t) = &i(t) — Eia(t) >0 (55)
and
Vi) = vit1(t) = &(t) — &) >0 Vi€ [d—1]. (56)
Then
di(t) — dyipa(t) > d&i(t) — A& (t). (57)

Proof First, note that for any numbers b > ¢ > 0 and all « > 0 we have that

1 1 1 1
— = S — 58
a+b b at+c ¢ (58)

Bounding the repulsion forces when j > ¢ + 1: For any 7 > ¢ + 1 we have that by (58) (setting

a=i(t) —vit1(t), b = viy1(t) —v;(t), and ¢ = &11(t) — &;(t), and noting that (56) implies that
b>c>0sincej > i+ 1),

1 1

Vilt) = Yig1 (8) + (Yir1 (1) — (1)) i1 (t) — i (t)
1 1
70 () - @0 60 Gl &) 9
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Plugging in (55) into (59), we get that
1 1
Yi(t) = Yir1(t) + (Virr (8) — % () v (1) —5(0)
1 1
Z G G () + G () - §0)  &nl) - &)
Simplifying (60), we get
1 _ 1 S 1 _ 1
Yi(t) —vi(t) v (t) — v () T &i(t) = &(t) L (t) — &5(F)
Bounding the repulsion forces when j < i: Next, consider any j < i. Then by (58) (setting

a=i(t) —vit1(t), b =7v;(t) —vi(t), and ¢ = &;(t) — &(¢) into (58), and noting that (56) implies
that b > ¢ > 0 since j < 1), we get

(60)

Vji>i+1. (61)

1 1
%) = %)+ (3i(t) — v (®) () — %)
1 1
— . 62
ZE0 -6+ i) - ®) &0 - &0 ©»
Then plugging in (55) into (62), we have
1 1
¥i() = 7i() + (i(t) =31 (®) (1) — (D)
1 1
CHH -G+ GO —En®) &0 - &) ©3)
Simplifying (63), we get
1 — 1 > 1 — 1 Vi < i. (64)
Yi(t) —vi(t) v () — () T &) —&(t)  Lva(t) = &5(t)
Therefore, (61) and (64) together imply that
1 1 1 1 . ..
WO =50 -0 - GO -60 & &0 A +(16}5 )

Bounding the gap derivative: By (4) and (65) we have that
dvi(t) — dyita ()

Eq. (4)
=" |dB;(t)+ 8 dt | — | dBit1,i+1(t) + 8 —dt
( i 'Yz 7]() ) ( e #lZJrl 72+1() 7]() )

1 1
= dBi(t) = dBiyiia(t) + fdt ) -
Eq. (65) 1 1
> dBii(t) — dBisrig1(t) + Bdt >

jEld\{i,i+1} &) -0 &) -0

:(dB” —1—6%&:@ ) — @U )—(de‘+1,z‘+1 +6];1§Z+1()§9() )
= d&;(t) — d&iqa(t).
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This proves (57) and completes the proof of the proposition. |

Proposition 21 Consider any strong solutions v, & to (4), for any 8 > 1. Suppose that for some
i € [d] and at some time t > 0,

Yi(t) = vig1(t) = &) = &a(t) >0 Vie[d—1]. (66)

Then
dvi(t) — dyita(t) = d&i(t) — d&iva(t) Vi€ [d—1]. (67)

Proof
dy;(t) — dvyiga ()

Eq. (4) . S _ L N S
/- ( (dBM(t) +8 %;l 0 = dt) (de+1,z+1(t) + 5j7%;1 Y1 () — (t)dt>

1 1
dB;;i(t) — dBip1i41(t) + Bdt >

Eq.:(65) B
Fe[d\{i i+1} gl(t) - éj (t> §i+1<t) - ‘Sj (t)

= d&i(t) — d&ia(t).

Proof [Proof of Lemma 3] First, we note that since by Lemma 8 at every time ¢ > 0 the strong
solution () is a continuous function of the initial conditions ~y(0), without loss of generality we
may assume that that the initial eigenvalue gaps of  are strictly greater than the corresponding
eigenvalue gaps of &:

€i(0) = &4+1(0) <i(0) — 7i+1(0) 1<i<d. (68)

We prove Lemma 3 by contradiction. Let 7 := inf{¢t > 0 : & (¢)—&+1(t) > ~vi(t)—7i+1(t) for some i €
[d]} to be the first time where the size of the i’th gaps “cross” for some i € [d] (in other words 7 be
the first time when the conclusion of Lemma 3 fails to hold).

Assumption towards a contradiction: Suppose (towards a contradiction) that 7 < oo. By definition
of strong solutions, strong solutions to stochastic differential are almost surely continuous on [0, co),
we have that both -y and £ are almost surely continuous on [0, 00). Therefore, since 7 < oo, by the
intermediate value theorem, we must have that, for some ¢ € [d] i’th gap of £ and the ¢’th gap of
~ are equal at the time 7, and that at this time 7 all the other gaps of ~ are at least as large as the
corresponding gaps of &:

Yi(T) = Yir1 (1) = &(T) — Eia (1), (69)
Yi(T) = Yj41(7) = &5(7) = §a(T) Vi€ [d—1]. (70)
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Moreover, by Lemma 9 we have that, almost surely, the particles of Dyson Brownian motion do not
collide with each other on all of (0, c0). Therefore, we have that, almost surely,

%i(t) = vi+1(t) >0Vt € (0,00), i € [d—1] (71)
fz(t) — &1 (t) >0 vVt € (0, OO), 1€ [d — 1]. (72)
Therefore, plugging in (69), (70) and (71) into Proposition 20, we have that
dvyi(7) — dvig1(m) > d&i(7) — d&iva (7). (73)
Next, we consider two cases: when d;(7) — dyiy1(7) > d&(7) — d&+1(7), and when dv;(7) —
dyig1(7) = d&i(7) — &1 (7).
Case 1, dv;(7) — dvit1(7) > d&;(7) — d&41(7):  For any w € Wy, define the “drift” function

=8 o

A VT W

(74)

Then we have that

(d7i(t) = dviga(t)) = (d&i(t) — d&iya (1)) (75)

(dB“ +5§%( 5o %( ) t) — (dBi—H,i—H +6];§r1 %H()%()dt)]

(dez —i—ﬁ; 5]( ) t) — (de'+1,z'+1 +B]§H Mdt)]
= i (Y(t)) — i1 (7(2)) — (i(€(t)) — pi1(£(1)))-

From (71), all the gaps of « and ¢ are strictly greater than zero at time 7. Therefore, since + and ¢
are almost surely continuous on [0, c0), we must have that, p(+(¢)) and p(£(t)) are also continuous
onall of t € (0,00).

Since d; (1) — dyi+1(7) > d&;(7) — d&i+1(7), we have by (75) that

i (y(7)) = pi 1 (7(7)) = (i(€(7)) = pig1(&(7))) = (dvi(7) — dyiga (7)) — (d€i(7) — d&ira (7))
> 0. (76)

Eq. (4)

Therefore, since u(~y(t)) and p(£(t)) is almost surely continuous on (0, o), by (76) we must have
that there exits some open interval Z C (0, co) containing 7 such that

(dyi(t) — dyigr(t) — (d&i(t) — d&iva(t)) > 0. vt el (77)
Consider any ¢ € Z such that ¢ > 7. Then
(Yi(t) = vi1(t) — (&i(t) — &i+1(2))
B [(35(8) = i1 (1) — (&(8) — G ()] = [(1i(7) = 71 (1) = (E(7) = Eiga (7))
= [ (@0(s) = driea(s) - (&) ~ ()

E (77)
* (78)
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Therefore (78) implies that there exits some 7/ € Z where 7/ > 7 such that

’}/Z'(t) — Yi+1 (t) > gz(t) — fi—i-l(t) Vr<t<rt.
Therefore 7 # inf{t > 0 : & (t) — &+1(t) > 7i(t) — vi+1(¢)} for any @ € [d]. This contradicts the

definition of 7. Therefore, by contradiction our assumption that 7 < oo is false.

Case 2, dv;(7) — dvi41(7) = d&(7) — d&41(7):  Consider the system of stochastic differential
equation for the process ;(t) — vit+1(t):

) e () B
dfyl (t) d’YH—l (t) (de 7 + 6 ]z#:z 71( ) 7]( ) t)

— (dBi—l-l,H-l(t) + 5 Vi € [d] (79)

1
2 =0 dt)

and the system of stochastic differential equation for the process &;(t) — &;+1(¢):

dmw—%i@fﬂ“ﬁw” +8 Q
o %3 &) - 5;()

_ (dBHMH +B8 > m ) Vi € [d]. (80)

J#i+1

Then we have that

0= (dyi(7) — dvit1(7)) — (d&i(7) — d&iy1(7))

Eq. 4 B .
_ [(BE% )=t )dt) (ngil Yit1(7) —Vj(T)dt)]
1
{(Bg (1) = &l(7 )dt) B (Bj;ézi;ﬂ fH_l(T)—fj(T)dt)] . (81)

But we also have from (69) that ~;(7) — vi4+1(7) = &(7) — &+1(7) and from (70) that ;(7) —
YVj+1(7) = &(1) — 41 (7) for all j € [d — 1]. Thus, the only way for the r.h.s. of (81) to be equal
to zero is if we have &(7) — &41(7) = 7i(7) — vi41(7) for all i € [d — 1]. Therefore, since the
&i(1) = &+1(1) = %i(7) — Yiga (1) forall i € [d — 1].

Moreover, by Lemma 7, for any initial conditions v(7) and £(7), the processes v and £ have
unique strong solutions on (0, o0). Therefore, since the stochastic differential equation (4) for y and
& are invariant to spatial translation, we must have that

Git) = &ivr(t) = %it) —vipa () YVt =70 €ld]. (82)

By (82), we have that 7 = inf{t > 0 : &(t) — &4+1(t) > 7i(t) — vit1(¢) for some i € [d]} = oo
This contradicts our assumption that 7 < oo. Therefore, by contradiction our assumption that
T < oo is false.
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D.1. Showing gaps are uniformly bounded below over time with high probability

Lemma 22 Let y(t) = (71(t ) e ,'yd( )) be a strong solution to (4), with initial condition ~(0) =
(0,---,0). Then for any t 0 > g and any T' > 0 we have

1 Vit T
A PO S P
¥ <t0<t<1%‘1fi<z<d’y (8) =71 (t) < 10 bﬁ) = 7600 (83)

for any d > Ny where Ny is a universal constant.

Proof By Weyl’s inequality (Lemma 11), we have that for any z > %,

1 t 1
P (%‘(t) Yip1(t) < dlb\[d for some t € [z z+ dQOO} €ld— 1])
Lemma 11 \[ 1
< IP)(%’(Z)—%H( ) < d10 \[+QHB( )||2 for some ¢ € {z z+ d200] [d_1]>

]P’(%( ) —Yit1(2) < dio b\\[f 4d200\/g for some t € [z z+ d2100} ) [d—l])

1
+P ( sup  ||B(t)|2 > Qdmox/&)

t€10, 2505]
Lemma 12 1 t 1 1
< P (fyl(z) —Yix1(2) < dwb\éﬁ + 4W\/& for some t € {z z+ d200] €ld— 1])
1
+ 1000
2z , 1
g]P’(%(z)—%H(z) < 054 for some i € [d—l]) +W
d—1 2 /7 1
< i:1P %i(2) = 7iv1(z) < d0pvg) T qio00
Lemma 4 d-1 2 3 1
= (dm) + (/1000
1
< 997 (84)
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where the third Inequality holds by Lemma 12 whenever d > Ny for some sufficiently large univer-
sal constant Ny, and the sixth inequality holds by Lemma 4. Thus, we have,

1 Vi
] . A < —
g (tostélirfl,flsxd%(t) 7i1(f) < g b\/3>
1 t
- <’yi(t) —Yip1(t) < dlb\/d for some t € [tg,T],i € [d — 1])
1Vt 1
< o . A < -
=P U 1 (ot () =i (t) < 5 ovg € (2,2 + =55
ze[tO,T}mmZ

. 1 Vit 1

< > IP)(lg.lid%(t)_%—H(t) S B [z,z+d200]>

z€to, TN 5 Z

< > 998

z€to, TN 5 Z

1
200

< dVT x 2998

< T

= 600"

|

D.2. Gaps between not necessarily neighboring eigenvalues
Proposition 23 Suppose that X1, ..., X, are (not necessarily independent) random variables sat-

isfying P(X; < s) < F(s) forall i € [r|, where F : R — R is some nondecreasing function.
Then

P (Z X; < ;7’3> < 2F(s). (85)
=1

Proof Let E be the “bad” event that [{i : X; < s}| > §. Choose J uniformly at random from
{1,...,r}. ThenP(J € {i: X; < s}|E) > 1. Therefore,

P(X; < s) = P(X; < s|E) x P(E)
P(J € {i : X; < s}|E) x P(E)
1

P(E).
Thus, P(E) < 2P(X; < s) But {3_/_; X; < irs} C E. Therefore,
T
1
P (Z X; < 2rs> <P(E) <2P(X; < s) < 2F(s),
=1

where the last inequality holds since P(X; < s) < F(s) foralli € [r]. [ |
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Corollary 24 (Gaps between not-necessarily neighboring eigenvalues)
Let y(t) = (71(d), . ..,v4(t)) be a strong solution of (4) starting from any initial v(0) € Wy. Then
forevery i, j € [d] and every o > 0,

Vi
P () —vi(t) < (j—1i) xs
({%() () < (5 —1) oV
Proof Let £(t) = (£1(d),...,&q(t)) be a strong solution of (4) starting from £(0) = (0,---,0).
Further, let E be the event that inf; <;<71<i<q &i(t) — &iy1(t) < ﬁf%'
Since £(t) = (&1(t),. .., &4(t)) have the same joint distribution as the eigenvalues of v/#(G +
G*) where G is a d x d matrix with i.i.d. complex standard Gaussian entries, by Lemma 4 we have

that,
P ({&(t) —&ip1(t) < sb\\//%} N E> <25 V¥s>0,V1<i<d (86)

}mEg)gs?’ Vs> 0,t> 0.

Define Xy := & 1¢(t) — &e41(t) forall £ € {1,...,5 — i}. Then using the fact that by Lemma 3
all the eigenvalue gaps of ~(¢) are at least as large as the corresponding gaps of £(), and plugging
(86) into Proposition 23, we have that

P ({%(t) — () < (j — i) X 52;\%} N Eg)

R ({@(t) — &) < (j— 1) 2&} mEC>

= Vi
=P X;<-(j—1) xs—=pNE°
(o000

Lemma 23, Eq. (86)
<

483,

Redefining b to be 4 times the original value of b completes the proof. |

Appendix E. Eigenvalue gaps of Gaussian Unitary Ensemble: Proof of Lemma 4
E.1. Eigenvalue ridgidity

Denote by 71, . .., g the eigenvalues of the GUE random matrix— that is the matrix G + G* where
each entry of GG is an independent standard complex Gaussian. The eigenvalue gaps of the GUE
satisfy a rigidity property ((Erdds et al., 2012); restated here as Lemma 26). Roughly, for every
i € [d] the i’th eigenvalue 7); does not deviate by more than polylog(d) times the average gap size
7; — Ni+1. More formally, for every i € [d] we define the “classical” eigenvalue location w; to be
the number such that

o0
L pl@)dr =i—1, 87
713
where p(z) = 5=\/max(4— 22, 0) is the semi-circle law. For convenience, we also define
Wyl = —2+/d (that way, the locations of the wir1 < wg < --- < wyp are symmetric about

0).
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Proposition 25 The classical eigenvalues w; satisfy

29Vd —3d75(i —1)8 <w; < 2vd—d 5(i — 1)3 v1gigg, (88)
d5(d—i+1)5 —2Vd<w; <3d7s(d—i+1)5 —2Vd vg <i<d (89)
Moreover, their gaps satisfy
d~ 8 min(i,d —i+1)73 <w; — w1 < 2rd smin(i,d—i+1)"3  VY1<i<d, (90)
Proof For every x € [—2, 0], we have
S VIT IS ple) < 52T F 2 1)

Furthermore, since p(z) is symmetric about 0, for every x € [0, 2|, we have

1 1
—V2—z<pr) < —2V2—2x. (92)
27 2
Thus, (91) implies that,
/ p(s)ds > / —Va+2ds=-(zr+2)2
-2 -2 2 2
and that

x xT 1
/ p(s)ds§2/ 2—\/$+2ds:2(ﬂz+2)%.
2 227

Then for every i € [d] we have

di%ig_Q 1 2 2 7
/_2 p(z)dr < %2(d7§i§ —2)t5 < 7 93)
and
30~ 3i% 2 13 ) s i
> 2(3d73i3)0 > 2
/_2 p(x)dz > 27T2(3d 393)7 > pi 94

Since p(x) is nonnegative, [, p(s)ds is nondecreasing in x. Therefore, from (93) and (94), we
have by the definition of w; (Equation (87)) that

A5 d—i+1)5—2< L <30 3(d—i+1)5 -2 VI<i<d+l, (95)
Vd
which proves (90). Moreover, since the density p(x) is symmetric about 0, (95) implies that
2—3d—%(z‘—1)%g%gQ-d—%(i—n% Vi<i<d+l, (96)

which proves (89). Since p(x) is nonincreasing on [0,2] we also have that for all 2 < i < % +1,

Wi Wit 1 B 1 Eg 00 9
Vd  Vd T dxpw) T dev2-w T d d_%(i—l)%
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and that, forall 1 < < % +1,

Wi Wit 1 Eq. (92) 1 Eq. (96) 1 T2 1
ﬁ_\/g_dx (@1 > 2dL =0 2 QQZﬁd 37 3. (98)
P\Wi+1 7V Wi+1 2d%1/3d7§’i§
Therefore,
L T I S matit ve<i< i 99
R 6 3 P . 6 3 — .
\/3 7 < wp—wipr < ™ ) <1< 5 (99)
Moreover, plugging in i = 2 to (88) plugging in the fact that w; = 2+/d, we have that
476 <w) —wy <376, (100)
Therefore (99) and (100) together imply that,
Eq. (98) Eq. (97) d
%d‘%i‘% < Wi —wip < ArdTEiT3 0 V1<i< 5L (101)
Finally, since the density p(x) is symmetric about 0, (101) implies that
d~ s min(i,d —i+1)75 < w; —wieg < 2rd s min(i,d —i+1)73 V1 <i<d,
which proves (90). |

Lemma 26 (Eigenvalue rigidity of GUE (Theorem 2.2 of Erdds et al. (2012))) There exist uni-
versal constants C' > 1 and c1, co, Ng > 0 such that for every L € {01, 10log(lod)

T0(log Tog )2 d)Q} and every
d > Ny,

1

P (3j € [d]: Inj —wj| > (log d) %" min(j,d — j +1)75d"7)) < C exp[—(log d)2- s 1% ],

E.2. Bounding the eigenvalue gaps of the GUE matrix

In this section, we prove high-probability bounds for the eigenvalue gaps of the GUE random matrix
(Lemma 4).

Step 1. Define the rigidity event E and prove that it holds with high probability (Use Lemma 26).
Set L := max(% loglog(C), c1,1); thus, L is a universal constant. Define the event E as follows:

E = {Elj € [d] : [n; — wj| > (logd)*'e"8d min(j, d — j + 1)_%d_%)}c‘

Then (replacing the universal constant Ny with a universal constant such that max ( % loglog(C),c1) <

% and Ny > e%), we have by Lemma 26 that
- 1
]P’(Ec) < Cexp[—(log d)(:ngoglogd] < exp[_(logd)2loglogd] < exp[—(log d)2] < d logd < W’
(102)

for all d > Ny, where Ny is a universal constant. Define b := 105(log d)”1°81°84_ Further, define
wj = n;j = +oo forall j < dand w; =n; = —oo forall j > d.
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Step 2. Consider any € W; such that the event E holds. Define ji, := max(i — b2, 1) and
Jmax := min(i + b2, d). Define the following quantities:

1 -1
* Umin = Wj, — 350°d 8 min(i,d — )73

=

1l .. N —
* Umax = Wi, + 3502d 76 min(i, d — 0)

W=

1oL N
* bmin 1= Wjar — 3—1062d_6 min(i,d — 1)

wl—=

L 12 9—1 . /. o —
* Dmax = Wjpax T 300°d" 6 min(i, d — 1)

Proposition 27 Suppose that the event E occurs. Then for all b*> < i < d — b? we have

)
S| S
%‘,_.
&.

p
Miob2 — Mirp2 > B%b%ré min(i,d —i)"3 > — b2 (103)

and ;... € [amin, Gmax) and nj... € [bmin, bmax-

Proof Without loss of generality, we may assume that i > b? (since otherwise we have 7;_p2 —
Nitp2 = 00), and that i < % (since the GUE matrix G and —G have the same distribution and hence
the eigenvalue distribution of the GUE is symmetric about 0).

If E occurs, then by the definition of the event ¥ we have

Ni—b2 — Mitb2 = Wi_p2 — Wipp2 — 2b(i — [’2)7%617%
Prop. 25
> b2 xdoi 3 —2b(i — b2)"3d 6
1

>b2xdéz’§—2b( ! )3 d %
= 262
o 1.1 a5 1 1
S b2 xd i3 —23b3i 54
29
z%b%z—%r%,

where the third inequality holds since 557 <@ — b2 because i > b? 4 1 > 4, and the last inequality
holds since b > 106. This proves (103).

Moreover, by the definition of the event F/, we also have that

Mi—g2 — wi—p2] < b(i — b%)75d 75

< 3052d—%¢—% (104)

where the second inequality holds since 2’@ < i—b?because i > b2+ 1 > 4, and the last inequality
holds since b > 10°. Thus, (104) implies that 7, .. € [@min, Gmax)-
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Again, by the definition of the event E, we also have that

Mite2 — Witp2| < b+ 52)7%657%

where the last inequality holds since b > 10°. Thus, (105) implies that 7;,.,, € [bmin, bmax]-

(105)

Then, whenever the event E occurs, we have that ;... € [@min, @max] and 7., € [bmin, bmax]-
b

m
Consider any a, b such that anin < a < apax and by < b < byax. Define the sets
° So(a7 b) = ﬂ{n E Rd : njmax = a? njmin = b}’
o S3(a,b;y) :={n € R%:n; —mis1 =y} N So(a,b) for any y < SWI\/E, and

o Sy(a,b) :={neR:n; —ni1 > syNSo(a,b).

Step 3. Define an injective map from the “bad” set S5 to the good set Sy, which, roughly speaking,
shows that the good set has a much bigger volume and a much larger probability density than the

1
bV/d’
its Jacobian J,(n) satisfies det(Jy(n)) > 1 forall n € R, and

bad set. Forany y < s

f(77) 2 o o2
Tl = OV x v,

for any n € S3(a, b; y). Towards this end, we consider the map ¢ : W; — W; such that

9(77)[3] =1; VJ Qé [jmaX7jmin]
g(n)[jmax] = Mjmax — @5

gl =gl + 1+ 1 —a) x (mj —nj+1)  YJ € [Jmax, Jmin] \{7}

ol = g+ 11+ (2 = ) 2 ) x P ),

%(ni_ni+1)+28b%\/&

where o := —a

Proposition 28 Suppose that b < i < d — b>. Then the following properties hold for g:
* g is injective.
* g(n) [jmin] = njmin = b7

47
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s gm)i] —gm)[i +1] > 8b41\/a, and hence

i — Mi+1 4 .
S =gl <8V (= ma) =80TV x y (i

foranyn € Ss(a,b;y) and any y < 88[]4\/3.

gl =gl +1] = A = a)(n; = nj41)  Vj € [d]. (112)

Proof
Injectivity: To prove that g is injective, we note that, given any vector z € R¢ we can solve for the
unique 1 € Wy such that g(n) = z whenever such a value of 7 exits.

First, we solve for 1; — n;4+1 by solving the quadratic equation (110) for 7; — 1,11, and noting
that 1; — n;4+1 > 0 (and hence we have a unique solution for 7; — 1;11, whenever this solution
exists). This gives us the value of 7; — 1,41 in terms of g(n)[i] — g(n)[i + 1].

. 2mi—nip1) 420~
Next, we use plug in the value of 7; — 1;+1 to compute o = =————24¢ and for every j €

b—
[Jmax, Jmin), plug in this value of « to (109), to solve for 7; — 1,11 in terms of g(n)[j] —g(n)[j +1].
Finally, n;_ .. = a we can compute each 1; = a + %2}" ! ne — Mes1 for each j € [Jmax +
1, jmin]. Thus, given any vector z € R? we can solve for the unique n € R? such that g(n) = z

whenever such a value of 7 exits. Therefore, g is injective.
Showing that g(n)[jmin] = b:

Jmax 1

9(M)[Jmin] = a + Z g(n (m[¢+1]

(= ]mm
9 1 b—a— (n —niy1)
a+(s(" 1) ¥ 8b4\/3>x b—a
I 3 (1 —a) x (n; —nj41)
ZE[jminajmaX}\{i}
=b.

Eho(v]viiz)(g)) (111): Since y < sm and n € Ss(a,b;y), we have that n; —n;11 =y < b4\[ Thus
y >

gmlil —gm)li +1] = (i(m —nip1) + 28[341\/Zi> oma— (i —min)

b—a
1 1
> QW X 3
_ 1
8b4Vd’
Hence,
T~ Tl < 864Vd x (m; — ip1) = 864V x v, (113)

gmli] —gm)li+1]
which proves (111).
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Showing (112): By (110), we have

g(m)li] - (i —it1) 2{)3@) L b a—b(i%a— i+1)
= (2 — Mit1) 21) X L
T \s " ovd) 2
1
> g( nz-i—l)
> (M — Mig1)
2 (1 ) ( anrl)

where the second-to-last inequality holds since s < 1. Thus, (112) holds for j = ¢. Moreover,
(112) holds for all j € [jmax, Jmin)\{7} by (109) and (112) holds for all j ¢ [jmax, jmin] by (107).
Therefore (112) holds for all j € [d]. [ |

Step 4. Bounding the Jacobian determinant of the map g.

Proposition 29 (Jacobian determinant of g) Ify < Sm and n € Ss(a, b;y), we have that

1
det >

ety(m) > 5-
Proof Consider the map h : W; — R?, where h(n)[j] = nj — Nj+1 for j € [jmin, jmax — 1] and
h(n)[j] = n; for j € [1,d]\[Jmin, jmax — 1]. Then for every A € W; by (107)-(110), we

max —Jmin?

have that )
D901 (8]0 _ o
A, =0 VlFGIF (114)
dgoh (M) P
8A]~ - (1 - a) Vi = J 7é 1, )€ [Jmlnvjmax]
dgoh Y (A)i] 2 1 1
- V= _Z 9 o ;
aAl S b\/&(b—a) s(b—a) (77 77+1)
> 1
2s
Dgoh A . o
T =1 \V/] ¢ []mln)]max]-

where the inequality holds since s < %, b < 1,and (7, —ni+1) < b—a. Moreover, since 1, —7;4+1 <

%(ni_ni-Fl )+2ﬁ <
b—a -

(b—a )b4f mforj € [jminvjmaxfl}\{i},
and 7’th entry > - 55» and all other diagonal entries equal to = 1. Moreover, if one exchanges the i’th
row and column of J o, 1 (A) with its first row and column, by (114) the resulting matrix is a d x d

1 1 ) _
SW because y < 5353 7d and n € S3(a,b;y), we also have that o =
Thus, Jgoh 1(A) has diagonal entries 1 —av > 1—
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upper triangular matrix with the same determinant as .J,oj,-1(A). Thus, by Sylvester’s formula, the
determinant of J,,;-1(A) is equal to the product of its diagonal entries, and hence

jmax _jmin_2
det(Jyon-1(A)) > — ) x 1

1
: (1 (- a)iVd

vV
7N
o
|
| =
N~~~
%)
f=2}
V)

— 115
16s (115)
where the fourth inequality holds by Proposition (25) we have that b — a > \%.
Hence,
det(Jy(n)) = det(Jgon-10(1)) = det(Jyop-1(h(1)) X Jn(n))
= det(Jgop-1(h(n)) x det(Jn(n))
— det(Jpop1 (h(n)) x 1
Eq. (115) 1
> 1o .0
- 16s
where the third equality holds since J;(n) is the bidiagonal matrix with diagonal entries 1 and
entries —1 above the diagonal, and this matrix has determinant 1. |
Step 5. This step is a mean-field approximation for far-away eigenvalues.
Lemma 30 (Mean field approximation for far-away eigenvalues)
|2
I1 In; — e <2, (116)

S 2 =
je[jmin,jmax]y eg[ﬂmm_2b7]max+2b] |g(77)[.7] g(n) [6”

Proof Consider any j € [jmin, jmax| and any r > 2b. Then, if € E, by the definition of the event
FE we have that ]

T [ S 117

|77J 77]-‘1-7“‘ WZ P (117)

for some p > 0. Moreover, from (109) and (110) that

(g 5] = g)F +r]) — (nj = nj+r)| < (b —a)

_3771 Ni+1 854\/g
1

204V/d

<

(118)
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where the last 1nequa11ty holds since y < s
¢ € R where [¢| <

50 f Thus, by (117) and (118) we have that for some

%4[, we have

1 2
[nj — njer < Ir5va T Pl
gl = gl + 711> = |rgs +p +¢I?

<(1+1><1)2
- r b4
1 1)\?
:(1+T><b4), (119)

where the second inequality holds since |(| < 0 41 73 and p > 0. Therefore, we have

75 — nel
11 A lg(m)[3] — g(n)[€]]?

je [jmin7jmax} €§§ [jmin _2b7]tnax+2b]
Eq. (119)

< H H( rX1>2

Le []mm:]mux]r 2b

S (eb%).jmax_.jmin
= (eb%)2b2
1

—= eb

> 2,
where the second inequality holds since ]%_, (1 + 1) = d + 1 and hence that .1 + +1)>
(d + 1)% for every k > 1. Plugging in x = b*, we have [['_,(1 + %) > (d+ 1) o >

a0

(d_ logw)léglogd) ] ]

Step 6. Bounding the density ratio to show that (f o) O((Vdlogd)? x y?).

Lemma 31 Foranyy < 88b41\/3 and any n € Ss(a, b;y), we have that

< 50(86%Vd)? x 42,

- 1 1 .
Proof Since n; — m+1 < v because y < 5351 7a and n € S3(a,b;y) , we also have that

_ 2mnie) 250 <
b—a = (b—

a;b et Therefore,

1 1

where the last inequality holds by Proposition (25) we have that b — a > %.
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f(n) I e —mil* 33 mR-gmie?)

% H ‘779‘ _776‘2

i1 — 2
je[jmin,jmax}, Z¢[]mln_2b7]max+2b] |g(77)|:j} g(n) [6”

Eq. (112), (111), Lemma 30 . . . .
S (8b4\/g X y)2 X (1 —_ a)]maxfjmin‘i’Qb X e%(]max*]min+26)a(b*a)><2\/a X 2

< (8b4\/g X y)2 X (1 — a)3b2 X e%(jmax_jmin-‘v-Qb)Oé(b—a)><2\/E % 2
< 2e3(80*Vd)? x 3>
< 50(86*Vd)? x 4/,

where the first inequality holds since |7, < 2v/d whenever 7 € F, and the third inequality holds

sincel —a>1-— b% by (120) and since a(b — a) < m by (118). [

Step 7. Dealing with the eigenvalues near the edge of the spectrum.

In this step, we extend the results of the previous steps to the eigenvalues which are near the
edge of the spectrum.

Suppose that i < 2b2. In place of the map g, we instead consider the map ¢ : Wy — W, such
that

o(mlil=mn;  Vi>i (121)

. d()[i] = ni +g(‘— ' )+2# (122)
it = Ni+1 S i — Mi+1 8[)4@-

dmil = ol + 1+ (nj —nj+1) Vi< (123)

Proposition 32 Suppose that i < 2b2. Then the following properties hold for ¢:
* ¢ is injective.

s o(m)i] — d(n)[i +1] > 8{141\/3, and hence

i — Ni+1 A \
OV (g =) = 8OV 124
S0 — ol +1] = Vi x (i = nis1) = 86"Vd x y (124)

foranyn € Ss(a,b;y) and any y < SWI\/E’

o] — el +1] =n; —mj+1 Vi€ ld]. (125)
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Proof

Injectivity: To prove that g is injective, we note that, given any vector z € R? we can find the unique
1 € Wy such that g(n) = z whenever such a value of ) exits. We can do this by solving the system
of linear equations given by (121)-(123): First, we note that by (121), we can solve for 7; for all
j > 4. Then we can plug in the value we found for 7,4 into (122) to solve for ;. Finally, we can
use (123) to solve for n; for all j < 7 recursively, starting with 7;_1.

iho(vlvgg (124): Since y < 88[;41\/& andn € Ss(a, b;y), we have that n; —n;11 =y < sﬁ. Thus,
y ’

gmlil —gmi +1] = g(m —Niv1) + 28{141\/&

1
>2—
~8b4Vd
S 1
~ 8b4Vd
and, hence,
i — Ni+1 4 4
. . SSB\/gX Th’—’fh‘l:Sb\/ng,
g — 9l + 1 O = i)
which proves (124).
Showing (125): By (122), we have
()l — g(m)li +1] = > )42
a\n g\n s i Ni+1 8[]4\/&
1
> ;(m Nit1)
Z M — Mit1

where the last inequality holds since s < 1. Thus, (125) holds for 7 = i. Moreover, (125) holds for
all j # i by (122). Therefore (125) holds for all j € [d]. [ |

Proposition 33 (Jacobian determinant of ¢) Ify < sﬁ and n € Ss(a, b;y), we have that

det(Jy(n)) = .

S

Proof Consider the map h : W; — R?, where h(n)[j] = nj — Nj+1 for j € [jmin, jmax — 1] and
h(n)[j] = n; for j € [1,d]\[Jmin, jmax — 1]. Then, for every A € W; by (107)-(110), we

max —Jmin

have that 1( 0
dpoh™(A)[f] .
8¢oh*1(A)[€] _ .

53



MANGOUBI VISHNOI

dpoh HA)i] 2

8Ai 8’
Thus, Jyop-1(A) has diagonal entries 1 for j # i and i’th entry = % Moreover, if one exchanges
the ’th row and column of J.p,~1(A) with its first row and column, by (126) the resulting matrix
is a d x d upper triangular matrix with the same determinant as Jy.,-1(A). Thus, by Sylvester’s
formula, the determinant of .J,.;,~1(A) is equal to the product of its diagonal entries, and hence

det(Jpop-1(A)) = > x 1= 2. (127)

s s
Hence,

det(Jy(n)) = et(J¢oh 1on (1)) = det(Jyop-1(h(n)) X Jn(n))
= det(Jyop-1(h(n)) x det(Jn(n))
(

= det(Jyop-1(h(n)) x 1
Eq. (127) g

)
S

where the third equality holds since J;(n) is the bidiagonal matrix with diagonal entries 1 and
entries —1 above the diagonal, and this matrix has determinant 1. |

Lemma 34 (Mean field approximation, edge case)

n; — nel®
I | : <2, (128)
_ 2
je[jminajmax]a Kg[jmin_Zbyjmax‘f‘Qb} |¢(77)[]] ¢(n)[€]|

Proof Consider any j € [jmin, jmax] and any r > 2b. Then, if € E, by the definition of the event
E we have that

1
= Njyr| =r——=+ 129
nj — Njtr] 2V (129)
for some p > 0. Further, from (121)-(123) we have that
. . 2 1
[(e(mi] — o(m)j +7]) = (nj — Mjr)| < ;(m —Ni+1) + QM
1
< —F= (130)
264\/d
where the last inequality holds since y < sﬁ. Thus, by (129) and (130) we have that for some
1
¢ € Rwhere [(| < seiva We have
1 2
iy = Pt

6] = el + 71> = |rglz +p+CP2

2
:<1+1><1) , (131)
T
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where the second inequality holds since |(] < e f and p > 0. Therefore, we have
H Inj — 1)
§€jmin max], éé[jmin—zb,jmxnb] [e(mli] — (mle]?

2
Eq.(§131) H H (1 LY 1)

£€[jmin,Jmax] r=2b

IN

( % )]max_]mm
(e% )2[12

1
b

v

e
2,
where the second inequality holds since []%_, (1 + 1) = d + 1 and hence that e, +

(d + 1)% for every k > 1. Plugging in k = b%, we have [[/_y(1 + 1) > (d+ 1) %

1
1 \3 1
d log(d>loglogd — ¢ ®3

Lemma 35 Forany y < SWI\/Q and any n € S3(a,b;y), we have that

< 4(86%Vd)? x o2,

Proof

f) I me=ni® 1Y p-smi?)
(<t 0jelimn—26 jmantae] 1P = (M

n; — nel?
X .
je[jminyjmax}y égmin_2b7jmax+2b] |¢(n) []] - ¢(n) [6] ’2

Eq. (125), (124), Lemma 34 2
< (864Vd x )2 x 1 x * sV <2Vl

< (8[14\/& x y)? x ei? X 2
< 4(86*Vd)? x ¢,

where the first inequality holds since || < 2v/d whenever 1) € E.

Step 8. Completing the proof.
Proof [Proof of Lemma 4]

";‘Hﬁ

AVARAY

Bulk case (b < i < d — b%): By Proposition 28 we have that g is invertible. Therefore, since f is

a probability density,
Amax bmax Sm
f(g(n))det(Jy(n))dndydadd < | f(n)dn = 1.
Amin bmin 0 S3 (CL,b;y)QE Wd
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Therefore,

e [l 7t Fom)
= /amm /mm / Sa(aby)E f( ) det(Jy(n)) x f(n)dndydadd

- a
Amin min SS a b; y QE 50(8b4f) X y 28 n n y
Amax bmax 4 1
> e x — x f(n)dndydadb
o ‘/amin /bmin ‘/0 S3(a,b;y)ﬁE 5082 25 f(n) n y

1 Gmax bmax Sﬁ
=—— dndydadb,
10083 [lmin /l;min /0 Sg(a,b;y)ﬁE f(n) n y

where the second equality holds by Lemma 31 and Proposition 29. Therefore,

Amax bmax SSb%\/E
/ / / f(n)dndydadb < 100s”. (132)
Amin ‘min S3 a,b y)
Hence,
lP’( <5 )<1P>({ <1 }OE)+IP’(EC)
i TNkl =S =) S i — i+l =8
i — Mi+1 804/d i — Mit1 861/

f(n)dn + P(E°)

I
=

NEWg : ni—nit1 SSW }ﬂE

Gmax bmax
/ / / f(n)dndadb + P(E°)
QAmin mm newd C i n2+1<88b4f }ﬂEﬂ{WGWd : ijin =, Mjmax :b}

Gmax bmax 8b4\/3
/ / / f(n)dndydadbd + P(E°)
Amin bmin 0 S3((l,b;y)ﬂE
Eq. (132)

< 100s® 4 P(E°)
Eq. (102)
< 100s® + —oo

41000

Redefining the universal constant L (and hence redefining b), we get that

1 1
P <77i —Niy1 < SB\/E> < s34 71000 Vs >0

which proves Lemma 4 for any b? < i < d — b?.

Edge case (min(i, d — i) < b?): Since the joint density of the eigenvalues (9) is symmetric about 0,
without loss of generality we may assume that i < b2.

The proof of Lemma 4 for the edge case i < b? follows exactly the same steps as for the bulk
case (b2 < i < d — b?), if we replace the map g with the map ¢, Proposition 28 with Proposition
32, Lemma 31 with 35, and Proposition 29 with Proposition 33. |
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Appendix F. Extensions of prior results to complex matrices
F.1. Proof of Lemma 19

Proof [Proof of Lemma 19; modification of the proof of Lemma 4.5 in Mangoubi and Vishnoi
(2022), for complex matrices] By the definition of Zn(t) we have that

T
Zy (T) - Zn(to) = dZn(t)

Sy Dl (O (0B 1)+ 500 (0455,0)
to =1 ji i s T
T dt .
_/to ;;(Ai(t) MO ey )
Therefore, we have that
1Z(T) = Zy(t0) I
2
<3/, Z %3 N = N0 (O (DB ) (0 ()55 1) )
2
dt .
/0 = 1j;éz B )\J(t))max(Agj(t%U%)ul(t)uz (t) P (133)

The first term on the r.h.s. of (133) (inside its Frobenius norm) is a “diffusion” term—that is, the
integral has mean 0 and Brownian motion differentials d B;;(t) inside the integral. The second term
on the r.h.s. (inside its Frobenius norm) is a “drift” term— that is, the integral has non-zero mean and
deterministic differentials d¢ inside the integral. We bound the diffusion and drift terms separately.

Bounding the diffusion term: We first use It6’s Lemma (Lemma 6) to bound the diffusion term
in (133). The idea is to apply Ito’s Lemma separately to the real and complex parts of the integrand.
Define

1 . () 4w ()t ($)ABE (s
ﬂ;;'w Dl a1 o)y (4 ()ABu(5) g ) () ()
forall t > 0.
Then
d X (t ZR(&" i) () B i) (8) + Qery (i) (A B(;5 (t) vt >0,
where ()~ A ()
Ai(£) — At .
Ry iz (t) := (max(|Aij(t;|7Uij)Ui(t)Uj (ﬂ) [, 7]
e () — A0
Ai(t) — At )
Q(Zr)(ij)(t) = (maX(Aij(t)|’77ij)uj(t)ui (t)> [&ﬂ?
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and where we denote by either Hy, or H[{,r] the (¢,7)’th entry of any matrix H. Thus,

d

dXZr ZR or) 2])( )dB(z])< )+ Q(Zr)(ij ( )dB(z])< ) vt >0,
j=1

= Z (Rery(i5) () +Z(R(ery(ij) (1))] x [R(dByi5y()) +1Z(d B (t))]

d

= > R(Rer)(ijy())R(AB(ijy (1)) +iZ(Rery(ij) (1)) R(d B (1))

7=1

FAR(Rery(i5) (1)) Z(dB(i5) (1)) — Z(Reryijy (1)) Z(d Bz (1))
d
+ 3 R(Query i) )R(AB (1)) + iZ(Q(ery i) (1)) R(AB(; 5 (1))
j=1

FIWR(Qer) (i) (D)) Z(AB(5 (8) — Z(Qery (i) (1) L(AB(5(t).  (134)

Our goal is to bound E[|| X (T') — X (to)||%]. Towards this end, let f : R99 :— R be the function
which takes as input a d x d matrix and outputs the square of its Frobenius norm: f(Y) := ||Y]|% =
PO Z?:1 Yl? for every Y € R?*¢. Then

8 2 it (4,4) = (., B)
aY;jaYagf(Y) B {0 otherwise. (133)
Then by (134) we have
2
T
IX(T) = X(to) | = |>_ [ dXe(t) (136)
Ly M0 F
Eq(134) ? T d 2
ZZR (er) i) ())R(ABij (1) + / DD T(Rryij) (1) R(AB(ij (1))
to pr j=1 F o gy j=1 r
T d 2 T 2
[ S R OTWBa®)| + | [ 3 3 TRy ()T Bz (1)
0 ¢r j=1 P 0 ¢r j=1 F
T d 2 2
S R O)RWAB, @)+ / 5" Qi (DR (1)
to gp j=1 P to gp j=1 P
T d 2 2
to Lr j=1 F to Lr j=1 F
(137)

Since all of the terms on the r.h.s. of (136) are entirely real or imaginary for all ¢ > 0, we can
apply Itd6’s Lemma (Lemma 6) individually to each of these terms. The proof to bound each of these
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eight terms is identical (if we replace R with Z, R with @, and/or dB(;;)(t) with dB(;, (t))), since
R(dBj(t)), R(dB(*ij)(t)), Z(dBi; (1)), (dB(w)( )) are equal in distribution. Thus, without

2
loss of generality, we only present the proof of how to bound the term ‘ ft:g Z;l:l R(R(ery(ij) (1)) R(dBy5) (1)) HF

Towards this end, define

Then we have,

2

[ 8 SRR O1R(AB 1)

to g =1

F

— E[f(Y(T)) - f(Y (to))

1t6’s Lemmi (Lemma 6)

/to e (ayaﬁf W))) RUR tr) (o) (1) R(ABes 1)

! /t Z Z Z (aY,]aYaB f(Y(t))> R(B(ery(i5) (1)) R(R(er) (ap) (t))dt]

=0+E

where the third equality is It6’s Lemma (Lemma 6), and the last equality holds since

T( o
- Vto <8Ya5f (Y(t))> R(R(er)(ap) (1)) R(dBer (1)) | =0,

for each 4,7, o, € [d] because d By, (s) is independent of both Y (¢) and R(t) for all s > ¢ and the
Brownian motion increments d B, s(s) satisfy E[ [ dBag(s)] = E[Bas(7) — Bas(t)] = 0 for any
T > 1.
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Thus, plugging (135) into (138), we have

2

/ ZZR Rery(ij) (1)) R(dBij(t))

o g =1

F

[ S errr

to br i,
/ (( Ai(t) = A4()]
o gy iy

max (|2 (1)],7:5)
| i

i ()]
max

| mij)?
(max (1A;(t
A

i) = A; (1))
max(!Azg( )|7771])

ui(t)u
d 2
oy ) A )

fter max( A2() 1722])’

iZ ()2
;éz

li=1j ( )s 772])

Eq‘(13i),(139) [

=E

max |Aw

t) = A (1)]
[Aij ()], 7mi5)

R
| 771])

*

J

(t)

=2 E

to

T
E

to

<4

J

where the sixth equality holds because (u;(t)u}(t), ue(t)u
last equality holds because [|u;(t)u}(t) 4 u;(t)u; (t)||F =

5R (uz(t)u

ui(t)u

u; ()]

I

))]Zdt]

*
J

*
J

(t))) [m]) dt
®)

) 12 7’]) dt
dt]
(U)

e
:

2
(t)HF dt]

2
*
J

®)

F

2
*
J

F

F

*

(139)

*

»(t)) = 0 forall (i,7) # (£,h), and the
2 for all ¢ with probability 1.

Thus, plugging (138) into (136) (and recalling that, from the discussion after (136), the bound

we derive in (138) holds without loss of generality for all e

ight terms in (136)), we have that

2
1 . )
/0;;;’/\1@) )\j(t)|maX(’Aij(8)|,Uij)(Ui(S)uj(s)dBU( s) + uj(s)u; (s)dB (s)) )
= [|X(T )—X(tO)H%
"k - A1) 140)
= fo Z:z?é: ( ) 771]) (
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Bounding the drift term: To bound the drift term in (133), we use the Cauchy-Shwarz inequality:

:
/5> >SN0 = X0 AR RLC0 )

i <]
g ;;g;nmxAQ(;Zpuxa@u>idtxtjrmt
SYi e e

:
-1 [ 2|5 gy 0]
:

1 8 (Sl o]
_ tjg; EQHQQZ%Qf%ﬂ)awxw@uw%w
il R

where the first inequality is by the Cauchy-Schwarz inequality for integrals (applied to each entry
of the matrix-valued integral). The third equality holds since (u;(t)u; (t), u;(t)uj(t)) = 0 for all
i # j. The last equality holds since |lu;(t)u}(t)||% = 1 with probability 1. Therefore taking the
expectation on both sides of (133), and plugglng (140) and (141) into (133), we have

E (|12, (T) = Zy(to)|I},] <32 -

L ) = \i(1)
E%m A0, >]dt

J
2
+7 Ed: ( ~A(0) )> dt. (142)

=1 ) 771]
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F.2. Proof of Lemma 18

Proof [Proof of Lemma 18] To compute the stochastic Ito derivative d(u;(¢)u;(t)) we apply the
Dyson Brownian motion equations (5). For any ¢ € [0, T'], we have

d(ui()ui (£)) = (ui(t) + duq(8)) (ui(t) + dui(£))* — wi(t)u; (1)

S R S
- ( 052 -0 T 2 G 07 1“))
dBy(t) . 5 At *_u. o
X (u +§m 5@ 2 G =P ’(t)) i
0+ 32 oy O 09B(0) + a0 0423 0)

dt .
: ; RN

dB;; (t)dB;(t) (£t
F 2 2 B ot ey

—1(0)pa(t) = p2(t)i(t) + —pa()pa(t) — ui(t)u; (2), (143)

dByj
where we define ¢1(t) = 3,4, W%u] (t) and p2(t) := 32,4 Wul(t) The terms

©1(t)3(t) and p2(t)p3 (t) have differentials O(dB;;dt), and o2 (t)5(t) has differentials O(dt?);
thus, all three terms vanish in the stochastic derivative by Ito’s Lemma 6 (applied separately to the
real and imaginary parts of these terms). Therefore, (143) implies that the stochastic derivative
d(u;(t)uf(t)) satisfies

* — ;
d(us (£)uf (1)) = ; () — 7 (0)

dt i}
"2 G - e

(ui(t)uj (£)dBij (t) + u;(t)u; (£)dBj;(t))

iz (il
T2t dBw(%? oy
-3 o O 4B () (0 (B 1) - > R RSl
e muxwu}f(n
=3 O OB + O OB0) - 3 o0
> O . (144)
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where the second-to-last equality holds since all terms dB;;(t)dB},(t) with j # ¢ in the sum

Dt bt o tﬁfﬁg;?ﬁgﬁ(?w( o) u;(t)uj(t) vanish by Ito’s Lemma 6 since they have mean 0 and
are O(dB;;(t)dB;,(t)); we are therefore left only with the terms j = ¢ in the sum which have dif-
ferential terms dB;;(t)dB;;(t) which have mean dt plus higher-order terms which vanish by Ito’s
Lemma 6. Therefore (144) implies that

A (i (1) = 3 —

25,0 — @ D B0 i DABG )

_ 32#: ()—W(u"(t)“f (t) = uj(t)uj(?))-

Appendix G. Tightness of the upper bound in Theorem 2
In this section, we show that the upper bound in Theorem 2 is tight up to lower-order terms.

The case when & = d: To see why our bound in Theorem 2 is tight when k& = d, one can plug in

o441 = 0 into the r.h.s. of our utility bound which gives a bound of \/E[||M — M||%] < O(dVT).
Since M —M = (G+G*) x+/T where G has complex Gaussian entries, we have that | M — M| =
O(dv/'T) w.h.p. from standard matrix concentration bounds.

The case when £ = 1: To see why our bound is tight when & = 1, consider the case when M

has top eigenvalue o and all other eigenvalues 092 = --- = g4 where o7 is very large (o7 — 00)

and = ¢ for any constant ¢ > 0. In this case, the eigenvalue repulsion terms m in the
i j

eigenvalue evolution equations (4) are higher-order which scale as a% as o1 — oo. Thus, from (4)

we have that

01—02

01—01+ g1 (145)

with probability 1 as o3 — oo, where g1 ~ N(0,T).
In a similar manner, we have that the terms W in the eigenvector evolution equations

(5) are higher-order terms which scale as % as 01 — oo. Denote by vy, ..., v the eigenvectors of
1

M and v, the top eigenvector of M. Thus, we have from (5) that

d

al(ﬁl—vl)%Zgixcxvi (146)
=2

with probability 1 as 01 — oo where ga,...,94 ~ N(0,T). Thus, from (145) and (146) we have

that
R d
My — Mi||p = ||61010F — oro1vil|p = 4| Y g7 x 2 = O(Vd x eVT)
=2

with probability 1 as 01 — oo. In other words, for o1 large enough we have that H]\Zfl — Mi||p =

G)(\/&Ul”_la2 \/T) w.h.p.
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The case when 1 < k£ < d: The above example, which was given for k£ = 1, can be generalized

toany k < d by setting M to have top-k eigenvalues 01 = - - - = 0y, and the remaining eigenvalues
Ok41 = = 04, and taking o;, — co where Uk+1k o = ¢ for any constant ¢ > 0. In this case, we
get that, for oy, large enough, || M), — My||r = ©(VEkVd=—2—+/T) w.h.p. Thus, for any k < d,

O —0k
our bound is tight up to factors of (log d)'°8'°8? hidden in the O notation.
Appendix H. Eigengap-free utility bounds in a weaker Frobenius norm metric

The following steps can be used to extend our main result in Theorem 2 to obtain eigengap-free
utility bounds on the weaker Frobenius metric || My — M||% — || My, — M||%:

1. Applying Ito’s lemma to the weaker Frobenius norm metric:

N 2
When bounding the stronger utility metric HM r — My HF in the proof of Theorem 2 we apply

Ito’s lemma to the function f(Y) = ||Y||%. If we only wish to bound the weaker utility
metric |[My — M||% — ||M}, — M||%, we can instead apply Ito’s Lemma to the function
g(Y) := ||Y — M]||%. Then we have

R T
|88 = MIE = [ M= M = g(¥(1) = g(W(0)) = [ g(w(®)ar

- /UT ;““I’( 1) TV2g(Y)AU(t) + (Vg(¥))Tdw(t) dt,

where the last equality is by Ito’s lemma, and where

Vg(¥)[if] = 5—g(Y) = 2¥; = 2My;,  and (147)
ij
2 a 2 for (7’7.]):(0576)
—qg(Y) = .
Vg(¥)lij,af) = angaYaﬁ ) {O otherwise.

2. Canceling the eigengap terms: The extra term —2M/;; in the first derivative (147) leads to
cancellations of the terms in the utility bound which depend on the eigenvalue gap. More
specifically, writing M = "% | ~;(0)u;(0)u?(0), we have

[ / Tg(@(t))dt] ~E [ [ @) T () + (Vo) dw () dt]

5~ 0ult) = ()
/0 i= 1]751 % t> _7J<t))2dt
k
—2%; L D) 00, w0
MO=NO S 0 o
+2ZZ 0 7 2 (0 {a(0)ui 0), we(tyu (1))
i= ljyéz J (=1
d
+E /OTWg(Y))TZ(d&(t))(ui(t)u:(t)) | (148)
=1
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where the second equality holds since E[Mideij] = 0 because M;; is a constant.

The term E UOT(Vg(Y))T S (AN (1)) (i (t)ud (1)) dt} = O(kd) in (148) can be bounded
using the same steps as (48). Thus, we have

E l/OTg(\Il(t))dt]

4= ilt) = Nt

L ) = (@)
S -7 T =

d Ai(t) — Nj(t d

L2 0

()= xn0)? & (A () = Ai(t)) x %(t)
(1) = (1)) 21';1@;1; (yi(t) = ;(1))?

+ O(kd)

+ O(kd)

— TS (i () — 7 (t))? T
- EUO ; ,Wdt}+EV{) H(t)dt
= O(kd),

where the second equality is obtained by making small-¢ approximations 7;(¢) ~ ~;(0) and
u;(0) ~ u;(t), and H(t) are the higher-order terms which remain after making these approx-
imations.

. Bounding the higher-order terms: More specifically, the higher-order terms are

d
ZZ—“Z «3 1) (e )i (8), st (6) dt
= 1]752 )) /=1
d d
#2303 PR Y 0(0) (w015 0) = w0y 0. w0 1)
i= 1]751 /=1
d i(t)
= 2ZZW (7(0) — ~i(1))dt
i=1 j#i
d d
£y ))2XZW W (0) — w(Bui (), w(a () dt, (149)
i= 1#%

where the first equality holds since (u;(t)u; (t), we(t)uy(t)) = 0 for £ # i, and (u;(t)u; (1),
ui(t)ui(t)) = 1.
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To bound the first term on the r.h.s. of (149), we use the fact that the two-time joint distri-
bution of Dyson Brownian motion, f(v(0), (%)), is symmetric in the sense that it depends
only on the quantities {|v;(t) — 7;(0)|}1<i j<d (see e.g. Tao (2012)), which implies that

d )\z t)—M;i(t .
E[Zizl >t m X (7i(0) — 7i(t))dt] = 0. The second term can be bounded in a
similar manner.

After bounding these higher-order terms, one gets the eigenvalue gap-free bound

B[N, — M|lp — My — M{| ] < E(|N — M3 — | My~ M|%] < O(Vkd),

since | My, — M||p > ||[M}, — M|z > 0 and since (a — b)? = a® + b*> — 2ab < a® — b? for
anya > b > 0.
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