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ABSTRACT

Public transit is an essential infrastructure enabling access to employment, healthcare, education,
and recreational facilities. While transit accessibility is important in general, some segments of the
population critically depend on it. However, existing paradigms for public transit design do not
explicitly consider equity, which is often added as an additional objective post hoc. This design
methodology hampers systemic progress toward equitable transit infrastructure. We present a math-
ematical formulation for transit network design that explicitly considers different notions of equity
and welfare. Our formulation is a mixed-integer linear program based on a (linearized) piece-wise
linear utility function that quantifies the utility a passenger reaps from the installed network com-
pared to the use of a personal vehicle. We study the interaction between network design and different
concepts of equity and showcase trade-offs based on real-world data from a metropolitan city in the
United States of America.

1 Introduction

Public transit enables people to access employment, healthcare, education, community resources, and recreation.
An efficient public transit system helps members of communities interact with one another and aids the growth and
expansion of businesses [Federal Highway Administration, 2003]. Public transit is not only important for individuals;
it plays two essential roles in ensuring justice to society: first, it distributes social and economic benefits, and second,
it links the capabilities of the people, thereby enhancing what they can accomplish as a society [Beyazit, 2011, Harvey,
2010].

While access to transit infrastructure is vital in general, it is a more critical need for some people than others, i.e., a
section of the population depends on public transit for their basic requirements (e.g., access to employment) more so
than others [Tan et al., 2020]. Indeed, in urban areas with low ridership, a higher percentage of passengers come from
lower income levels due to fewer alternatives than those earning higher incomes [Tan et al., 2020]. The importance
of public transit for the lower-income population can be further understood from the glaring statistic that 90% of
the public assistance recipients do not own private vehicles and must rely on public transit for basic needs [Federal
Highway Administration, 2003]. As a result, it is imperative that policymakers design public transit infrastructure
equitably by explicitly taking into account the diverse requirements (and dependencies) of people who use transit.

In this paper, we investigate the problem of transit network design from the lens of equity. We start with a clean
slate, i.e., we assume that a transit designer has the scope to optimize a network from scratch. We point out that such
optimization is typically infeasible in practice as most cities must optimize resources given the current network. How-
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ever, we believe that a fundamental analysis of transit design that explicitly focuses on equity and fairness is critical
to shaping our future understanding of the intersection of network design and equity. We start with a background of
related work on equity in transit and a brief overview of existing approaches to optimize transit network design.

1.1 Background

Different forms of equity in transit: While it is well-understood that equitable transit is eminently desirable, it is not
easy to precisely define what equity means in this context. Rock et al. [2014] as well as Behbahani et al. [2019] present
a comprehensive overview of different philosophical trains of thought affecting the design of public transportation and
point out that different notions of equity naturally lead to different outcomes. The major ethical theories relevant
to public transportation are utilitarianism, egalitarianism, and sufficientarianism, each of which provides different
guiding principles [Van Wee and Geurs, 2011]. Utilitarianism, broadly, focuses on maximizing the aggregate utility
of a population [Sen, 1979]. On the other hand, egalitarianism requires that all people are treated equally [Rock et al.,
2014]. The principle of sufficientarianism states that the distribution of a public good should be such that all recipients
are sufficiently placed to meet their individual needs, even though the distribution might not be equal.

The concept of egalitarianism is particularly relevant to our context as it builds on the principle of social equality.
There are several conceptualizations of egalitarianism. For example, the Rawlsian view of egalitarianism (or justice,
as Rawls [2004] referred to it in his seminal work) essentially posits that the distribution of public goods must improve
the utility of the least advantaged population group [Rawls, 2004]. Litman [2017] explored how egalitarianism applies
explicitly to public transit in one of the most comprehensive works on transportation equity and planning [Litman,
2017] and proposed two forms of equity based on egalitarianism: horizontal equity, which focuses on equality of
distribution irrespective of any attributes (e.g., income) of the individuals receiving the public good; and vertical
equity, which is based on recognizing groups of people might have varying needs and favoring certain groups of
people based on such attributes. Several policy guidelines have been designed that recognize these notions of equity
and the need for designing equitable transit systems by construction [Litman, 2017, Federal Highway Administration,
2003, The Transit Center, 2021].

In this paper, we choose to explore the two most widely known and well-understood notions of equity in our analysis,
i.e., the utilitarian view and the Rawlsian view. The model described in Section 2 can easily accommodate other
notions of equity. We do not explore sufficientarianism in depth as it has been criticized in prior work in ethics [Casal,
2007] and transportation [Martens et al., 2014], since it is practically impossible to justify a strict sufficiency threshold.
This challenge can be overcome by using the concept of prioritarianism, i.e., using priority scores, as in our approach.

The current state of public transit in the United States (U.S.): Despite the well-understood need for equitable
public transit [Litman, 2017, Beyazit, 2011, Harvey, 2010, Rock et al., 2014, Behbahani et al., 2019], principled
approaches to design equitable transit have received considerably lesser attention. We hypothesize that this gap is
largely due to the lack of understanding of the interaction between transit network design and various notions of
equity and fairness. As a result, existing public transit infrastructure often shows stark inequities. For example, a
study on four major metropolitan areas in the U.S. found that low-wage workers have poorer access to employment
opportunities via public transportation [Stacy et al., 2020]. Also, millions of elderly and people with disabilities have
poor access to transit in the U.S. [DeGood, 2011].

Inequity can also exist in terms of the quality of transit. For example, in several counties in the U.S., affordable transit
is built around poor infrastructure (longer travel times, no access to high-occupancy lanes, and narrow stops). In
contrast, more expensive options are designed around comfort. As a result, while predominantly black passengers ride
the former option, the majority of the passengers in the latter mode are white [Spieler, 2020]. Large transit agencies
in the U.S. are mandated by the Title VI of the Civil Rights Act of 1964 [The Transit Center, 2021], which dictates
that considerable change to existing infrastructure (e.g., fares and service frequency) must not have a disproportionate
impact on people based on race, color, or national origin. However, these guidelines are narrow and lack robust
instructions for implementation [The Transit Center, 2021].

Transit network design: The design of transit systems is a well-studied topic in transportation optimization. However,
because of the complexity of real-world transit operations, there is no single transit system design problem. Instead,
the design of transit systems is decomposed into a sequence of problems that consider incrementally operational
considerations [Desaulniers and Hickman, 2007, Schobel, 2012]. For example, the first problem is to design the
physical infrastructure network (e.g., where to install bus lanes), followed by the design of the operational network
(i.e., line planning) [Borndorfer et al., 2007, Schobel, 2012], to more nuanced problems such as frequency setting and
pricing [Bertsimas et al., 2020], and finally crew and fleet scheduling [Haase et al., 2001]. By and large, transit system
design literature is concerned with a utilitarian guiding principle—the maximization of ridership. While there are some
exceptions to this view [Camporeale et al., 2017, Jiang, 2021, Rumpf and Kaul, 2021, Camporeale et al., 2019], the
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efficiency and equity trade-offs of large-scale transit infrastructure networks remain insufficiently understood. Other
approaches such as Camporeale et al. [2019] model equitable network design, however, their solution approach uses
a metaheuristic, without any performance guarantees. We present a deterministic abstraction for network design with
an exact solution method.

1.2 Contributions

Our contributions are three-fold: 1) We introduce an mixed-integer linear programming (MILP) formulation for the
design of transit networks that quantifies efficiency versus coverage trade-offs, accounting for the heterogeneous need
for transit infrastructure. Our main technical ingredient is the design and linearization of a piece-wise linear utility
function that quantifies the utility reaped by passengers due to the installed network, as compared to the alternative: the
use of personal vehicles. We emphasize that modeling this via an MILP (as opposed to a non-linear integer program) is
particularly attractive from a scalability point of view. 2) We evaluate network design using showcase our formulation
by using real-world data from a city in the south of the U.S., namely Chattanooga. 3) We present both qualitative and
quantitative insights on the effects and trade-offs of using different notions of equity in network design. We expect
that this study will serve as a starting point to make public transit design more equitable and fair for sections of society
that need it the most.

2 Models for Transit Network Design

In this section, we introduce our models for transit network design. Our models have identical solution spaces: a
collection of binary decision variables indicating the parts of the network to be installed (subject to a budget constraint),
together with real-valued variables quantifying the utility that residents who use public transit reap from the installed
network. However, they differ with respect to their objective functions, which reflect different models of social welfare.
We, therefore, refer to these objective functions as social welfare functions: they measure the social welfare induced
by a particular transit network design under a particular notion of welfare.

We focus on a simplified abstraction that captures the basic nature of network design—simultaneously connecting
various pairs of nodes in a network—without the level of domain detail reserved for full-blown transit planning (e.g.,
capacities, frequencies, number of transfers). This choice enables us to run comprehensive experiments shedding
light on fundamental efficiency versus coverage trade-offs in a way that is more tractable and involves fewer model
parameters. However, we note that our social welfare functions (our main modeling contribution) can be implemented
similarly within more operational models of line planning, e.g., [Borndorfer et al., 2007]). As mentioned in Section 1.1,
obtaining tractable models and algorithms for a transit network design is an active area of research in and of itself.

2.1 Preliminaries

Let G = (V, A) be a directed graph with lengths £ : A — R>( representing the underlying network on which a transit
network may be installed (e.g., we may install dedicated bus lanes or other transit-related infrastructure on an existing
road network). Let |V| and | A| be denoted by m and n, respectively. There are costs ¢ : A — R associated with
installing each arc as part of the transit network, as well as a budget B € R>( which may not be exceeded. We assume
arcs are uncapacitated. In this way, the solution space consists of all subsets Az C A forming a circulation® and for
which } 4 ca < B.

Let D = {(0,d) € V x V : 0 # d}. For each ordered pair (o, d) € D, which we refer to as an origin-destination pair,
let b,q € N>( represent the number of people who want to travel from o to d in a fixed time window (e.g., the morning
rush hour). We refer to the collection b = (bod)(o’d)ep e N™(n=1) a5 the travel demand profile. We assume that the
demand profile is independent of the transit network design; our goal is to analyze how the design can best serve a
given demand profile. A social welfare function w reflects the utility induced by a given transit network design under
a particular notion of welfare. In this case, social welfare reflects the aggregate (cumulative) level of service a transit
network design offers, given the travel demand profile.

We define level of service not as a binary quantity—given Ar C A and an origin-destination pair (0, d), is it possible
to travel from o to d using only the arcs in Ap?—but as a “smoother” quantity—given Arp C A and an origin-
destination pair (0,d), how “good” is the travel from o to d using only the arcs in Ag? Here, we define “good” with
respect to the level of service offered by an existing alternative: the use of personal vehicles. We choose to model the
level of service in this manner as low-income households have lower rates of private car ownership, and mode choice
against public transit is often driven by long travel times compared to using a private vehicle [O’Toole, 2018].

2which is to say “mass” is conserved at every v € V. This ensures transit routes are self-rebalancing.
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Given an origin-destination pair (o, d), let £, € Rx(, where R = R U {cc}, denote shortest path distance (with
respect to £) from o to d in A, where ¢¥; = oo if and only if there is no path from o to d in A. We assume G is strongly
connected, so in fact £%, < oo for all (0, d). Similarly, let £,4(Ar) € R>( denote shortest path distance from o to d
in Ag, and note that, depending on Ag, it may very well be the case that £,;(Agr) = co. For example, this trivially
holds if Ag = 0. In any case, note that {,q(Agr) > %, forall Ap C A and all (o, d).

Let « € R>; be a model parameter reflecting the extent to which passengers tolerate detours; we define « as a
multiplicative factor of the shortest path distance £ ;. Given Ar, we assume each passenger who wants to travel from
o to d reaps unit utility if {oq(ARr) = £, zero utility if {,q(ARr) > « - £}, and otherwise reaps utility that interpolates
linearly between the points (¢%,,1) and (o - £%,,0). In this way, the passenger utility functions are piece-wise linear
functions that capture their level of service relative to their shortest path (which we assume they take if they use a
personal vehicle). More formally, for each (0,d) € D we have u,q : 2 — [0, 1] where

~ LedlAR) o e < (A 0
Uod(AR) 1{ Z(o-1) T ey T = oa(Ar) < - Loy M

0, otherwise.

Given Ap C A, let u(Agr) = (uoa(AR))(0,0)ep € [0, 1]*(»=1) be the utility profile. Then, a social welfare function
w : [0,1]"" 1) — R takes the utility profile u(Ag) (and implicitly the travel demand profile b) to compute
some aggregate measure of social welfare. For example, an aggregate measure of social welfare could simply be the
cumulative welfare across all origin-destination pairs.

The remainder of this section is organized as follows. In Section 2.2 we present a mixed-integer linear programming
model describing the solution space. In Section 2.3 we introduce two families of social welfare functions which,
in addition to the utility profile u(Ag) and travel demand profile b, also implicitly consider a priority profile p =
(Pod) (0,dyep € (0, 1]*(™=1) that orders origin-destination pairs by level of service priority. For example, we may set
p to favor network designs that best serve marginalized communities. An extension of the Rawlsian social welfare
function is presented, as well, that assists in leftover resource allocation for budgets. Lastly, in Section 2.4, we describe
a data-driven heuristic technique to reduce the size of our model.

2.2 Solution Space

We extend a standard uncapacitated multi-commodity flow formulation [Ahuja et al., 1988] with additional decision
variables and constraints that quantify the level of service, as given by (1). In particular, we have installation variables
x € {0,1}™ indicating the installed network (referred to as Ar C A in Section 2.1), connectivity variables y €
{0, 1}™(»=1) indicating the origin-destination pairs to be connected, flow variables f € {0,1}" (=1 delineating

the paths through which said connectivity takes place (with f2¢ denoting the flow on arc a for the pair (0,d) € D),

length variables ¢ € RZ(On_l) recovering the lengths of said paths (referred to as (£,4(AR)) (o,q)ep in Section 2.1), and

utility variables u € ]RZ(O"_D quantifying the level of service they offer (referred to as u(Ag) = (woa(AR))(0,0)ep in

Section 2.1). We maximize social welfare defined by the following set of constraints P:

> cata < B, (20)
acA
S owa= Y ., VieV (2b)
acst (i) a€d— (i)
DR DR A
acst (i) a€d (i)
Yo (1{i=o) — L{i=a}) ; V(o,d) € D,i eV (2¢)
f2% < 2a, V(o,d) € D,a € A (2d)
loa =Y Lo~ f3°, Y(o,d) € D (2e)
acA
loa < (- Loa) * Yod, Y(o,d) € D (2f)
Uog = — éod
T -
Lo
(a—1)
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«

— (1 = You) , V(o,d) € D (2g)
z € {0,1}™,
y € {0,137,
e (0,1,
eeRYY,
we[0,1]"" Y

where, forany i € V,let§7(¢) and 5~ (i) denote the outgoing and incoming arcs of ¢ in G, respectively. Constraint (2a)
ensures the design remains within budget. Constraints (2b) ensure mass conservation at every node. Constraints (2c)
are flow constraints ensuring a path from o to d whenever the origin-destination pair (o0,d) € D is served. Con-
straints (2d) ensure flows can only use installed arcs. Constraints (2e) recover the lengths of the paths through which
origin-destination pairs are connected. Constraints (2f) ensure said lengths are “tolerable” (given the model parameter
a € R described in Section 2.1). Lastly, constraints (2g) implement the utility function from equation (1).

The reader might observe some differences between (1) and how it is implemented in P (the set of constraints), and
that the constraints £oq < (a - £};) - Yoa and Log = >, c g la - f2e for all (o0, d) might lead to the infeasibility (under
P) of solutions that are otherwise admissible under the abstract model described in Section 2.1. This is by design, as
we aim to model (1) with only linear constraints. We now show that P is a correct formulation.

Lemma 2.1. Let Ar C A be any solution to the abstract model in Section 2.1. Then, there exists a solution
(z,y, f,4,u) € Pwithu=u(Ag).

Proof. Setx, = lifandonlyifa € Ag. Clearly Y, cs+ ;) Ta— 2 qes-(s) Ta = Oforalli € Vand 3- 4 caza < B.
Moreover, for each origin-destination pair (o, d), set yoq = 1 if and only if l,q(Ar) < a - £, If you = 1, set
log = log(AR) and fgd = 1 if and only if arc a € A is in the shortest path from o to d in Ar (breaking ties
arbitrarily). This assignment clearly satisfies all constraints involving (o, d), and moreover leads to (1) coinciding (in
the case where ¢}, < (,q(ARr) < « - £},) with its implementation in P. This shows that u,q = u.q(Ar) Whenever
Yoa = 1. Conversely, if y,q = 0, set u,q = €,q = 0 and fgd = 0 for all a« € A. This assignment clearly satisfies

all constraints involving (o, d). Moreover, note that u,q(Agr) = 0 by (1). This shows that u,q = u.q(Ar) whenever
Yoa = 0. Therefore, (z,y, f,¢,u) € P and u = u(Ag). O

The idea behind the proof of Lemma 2.1 is to offer no connectivity whatsoever (and hence offer zero utility) to the
origin-destination pairs that, although connected by a solution A C A to the abstract model in Section 2.1, find the
level of service offered by said connectivity to be intolerable (and hence, by (1), already have zero utility). In this way,
we avoid any infeasibility under P while maintaining u = u(Ag). A partial converse to Lemma 2.1 is as follows.

Lemma 2.2. Let w : [0,1]""~Y — Rs be any monotonic increasing function®. Let (z,y, f,¢,u) € P maximizing
w(u). Then, there exists a solution Ar C A to the abstract model in Section 2.1 with u = u(Ag).

Proof. First, for any origin-destination pair (o, d) with y,q = 1 and l,q = o - £%,, we set yo,q = 0 and update all
variables involving (o, d) accordingly. This preserves both feasibility and optimality (since u does not change). Now,
set Ap = {a € A:x, =1}. Clearly Ag C A forms a circulation and EaeAR cq < B. Next, we claim that for any
origin-destination pair (o, d), yoq = 0 if and only if £,4(AR) > « - £} ,. First, suppose y,q = 0 and assume by way of
contradiction that £,4(AR) < c-£%,. Then, we can set yoq = 1, fgd = 1 for all arcs a € Ag along a shortest path from
oto d in Apg (this does not violate the constraints fgd < z, for all (0, d) and a), and update £,4 and u,q accordingly.
By our assumption that {,4(ARr) < « - £, this does not violate the constraint £oq < (o - £%,) - Yoa and therefore
preserves feasibility while yielding u,q > 0, contradicting optimality. Conversely, suppose {oq(Ar) > o - £, and
assume by way of contradiction that y,q = 1. Then, the constraints ¢,; = ZGGA Ly - fgd and loq < (a - £},) are
incompatible, contradicting feasibility. Next, we claim that for any (o, d) with y,q = 1, the edges {a € Ap : fo¢ =1}
form a shortest path from o to d in Ag. If not, we can set ¢ = 1 for all arcs a € Ag along a shortest path from o to d
in Ag (this does not violate the constraints f{fd < z, for all (o,d) and a) and f{fd = 0 elsewhere, and update ¢,; and

uoq accordingly. This preserves feasibility while increasing u,q4, contradicting optimality. Therefore, P implements
() and u = u(ARg). O

3we say w is monotonic increasing if, for any « = (21,2, ..., 2Zn), ¥ = (y1,92, .-, yn) € [0,1]" with ; < y; foralli € [n]
and at least one inequality strict, we have w(z) < w(y).
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The following is immediate.

Theorem 2.3. Let w : [0, 1]"("_1) — R>g be any monotonic increasing function. Then, Ar C A is a solution to the
abstract model in Section 2.1 maximizing w(u(Ar)) if and only if there exists (x,y, f,{,u) € P maximizing w(u)
withu = u(Ag).

Proof. Follows from Lemma 2.1 and Lemma 2.2. O

2.3 Social Welfare Functions

We now describe three social welfare functions that aggregate level of service at the origin-destination level, as quan-
tified by the utility profile u computed in Theorem 2.3, while implicilty accounting for the travel demand profile b
and the priority profile p. For any origin-destination pair (o, d), we say the priority-adjusted utility of a passenger
traveling from o to d i pog - Uoq € [0, 1]. Then, if b,y € N is the number of people who want to travel from o to d,
their total priority-adjusted utility is boq - (Pod * Uod) € [0, boa). A priority-adjusted utilitarian social welfare function
computes the sum of priority-adjusted utilities. Therefore, the maximum priority-adjusted ridership problem is

max > bod* (Pod * thoa)- 3)
(z,y,f,lu)EP (o.d)eD

Note that the objective function in (3) is monotonic increasing®, and so Theorem 2.3 is applicable. Similarly, the
maximum priority-adjusted coverage problem is

(z,y, f Z u)€P (o%;gD(l pOd) tod: (4)
The max-min nature of the formulation is based on the Rawlsian view of egalitarianism, i.e., we seek to maximize
the utility of the least advantaged population group. While the objective function in (4) is not monotonic increasing
as required by Theorem 2.3, we can make it so by including a small multiplicative factor of the objective function of
(3). In fact, this combination of the two welfare functions leads to a family of maximum priority-adjusted trade-off
problems, denoted by

Z bod pod uod) +

e GP{
(Tyf w (0,d)eD

1—7)- min (1 — poa) - o } 5
(1—=7) (Ofg)lrelp( Pod) * Uod Q)
where v € (0,1]. In this way, the parameter « captures the priorities of the network planner by considering the
trade-off between the two views of social welfare.

It is important to observe that the max-min nature of (4) does not consider the welfare or utility of other groups
once the maximin of the worst off is obtained. An extension of this, lexicographic maximization (leximax) [Chen
and Hooker, 2023], alleviates the issue of leftover resources in the original max-min formulation by considering the
welfare of all disadvantaged individuals. This process is done by iteratively solving a series of optimization problems
for k = 1,2,...,|D|. The process starts by setting Dy = D. For notational ease, we refer to an arbitrary origin-
destination pair as (od);, where i is a quantifier. Now, at the kth iteration, let

(od), = argmin(l — pog) - Uod- (6)
(0,d)EDy

That is, (od)y, is the origin-destination pair that sets the “floor” in the kth iteration and is removed from the objective
in subsequent iterations. Formally,

Dy = Di-1 \ {(od)k-1}, @)

Here, Dy, refers to the origin-destination pairs that remain in the objective function after the kth iteration. We ensure
the utility of the origin-destination pairs removed throughout the iterative process is conserved by collecting the value
Lod) = U(od)s 3

and enforcing the constraint
U(od)y = t(od)s 9)

“we assume without loss of generality that boq, poq > 0 for all (0,d) € D.



Designing Equitable Transit Networks A PREPRINT

in all subsequent iterations. Intuitively, we enforce that the OD pair that achieves the least utility in one iteration
achieves at least the same utility in subsequent iterations and remove it from the objective function, thereby (po-
tentially) enabling the optimization approach to find a higher lower bound (i.e., a higher floor). If there are two or
more origin-destination pairs that achieve the minimum min,q)ep, (1 — pod) + Uod, We break ties by priority score,
choosing the OD pair with the higher priority score. Thus, extending the Rawlsian formulation in order to maximize
the welfare of the worst off, then the second worst off, and so forth. This considers the welfare of all disadvantaged
orgin-destination pairs by solving this sequence of optimization problems using our MILP.

2.4 Generating Origin-Destination Data and Model Size Reduction

Although the description of P involves polynomially many variables and constraints, it is still a very large formulation.
To see this, note that we require flow variables (denoted { f%},¢ 4) for each origin-destination pair (o, d). Therefore,
even if m = ©(n), we require ©(n?) variables. This is already computationally challenging for graphs with n ~ 100
(requiring in the order of a million variables), and becomes completely intractable for more realistic-sized graphs with
n = 1000 (requiring in the order of a billion variables). Moreover, accounting for all kinds of origin-destination pairs
(as opposed to focusing on the ones with the highest travel demand) is necessary given the equity focus of our work.

To handle this difficulty, we propose the following conceptual approach to reduce the size of our model compared
to explicitly modeling the entire road network. Recall that our goal is to generate data capturing a city’s ground-
truth travel pattern. One of the most critical needs of public transit is to enable access to employment. To capture
travel patterns related to employment, we use the Longitudinal Employer-Household Dynamics Origin-Destination
Employment Statistics (LODES ) data [U.S. Census Bureau, 2019], which is publicly available from the United States
Census Bureau and captures the number of people traveling across census blocks for employment. We use this data
to generate origin-destination data at the level of census tracts, i.e., our data is an aggregation of travel profiles across
census tracts for employment (we describe the number of origin-destination pairs in section 3). To generate the
underlying road network, we construct a graph whose vertices are denoted by the geographic centroid of each tract,
and the edges represent the straight-line distance between the centroids. >

2.5 Priority Scores

We use the notion of priority scores to capture the need for transit, i.e., some sections of the community depend on
transit more than others. We point out that the specific formulation of the score is outside the scope of our work; we
leverage prior work [Currie, 2004, 2010] and use car ownership and household income as proxies for priority. First, we
gather data pertaining to average household income and for all census tracts from the American Community Survey
Data (ACS) [U.S. Census Bureau, 2020a,b]. We divide the spread of each attribute (e.g., income) into bins and assign
a score (between 0 and 1) based on the percentile of the bin, i.e., the lowest bin is assigned a score of 0.1, and the
highest bin is assigned a score of 1 — € for some small ¢ > 0. Then, for each census tract, we compute the sum of
its car ownership score and income score. For example, assume that a tract falls in the second lowest bin concerning
car ownership (i.e., a score of 0.2) and the lowest bin concerning income (i.e., a score of 0.1). The cumulative score
for this census tract would be 0.3. Finally, we normalize the resulting scores across all tracts to create our proxy for
priority. While this process gives us a priority score for each census tract, we still face two challenges. First, recall
that our model captures priority at the origin-destination level. Second, analyzing the effect of network design on a
large number of tracts (each with its own priority score) is cumbersome. To tackle these challenges, we label each
origin-destination pair with the priority score of the origin.

This assignment is based on the notion that we want to capture the need for transit at when residents travel fo the place
of employment. Second, we create a set of priority classes by uniformly binning the range of priority scores; we refer
to these partitions as priority groups. Each origin-destination pair, therefore, falls within one of these priority groups.
It is important to note that our algorithm is agnostic to any binning of the origin-destination pairs into groups, as the
optimization is performed at the level of OD pairs. However, the resulting average utility within a group naturally
depends on the grouping. Choosing the number of groups (or the methodology used for grouping) is outside the scope
of our work, and we emphasize this must be done in partnership with policymakers, city planners, and social scientists.

Sour framework can easily incorporate other notions of distance, e.g., computed through a mapping software.
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Figure 1: Chattanooga, Tennessee, Hamilton County

3 Experiments

3.1 Experimental Setup

Our implementation uses Python 3.10.6 and Gurobi 10.0.0 [Gurobi Optimization, LLC, 2022]. Our implementation
and data are available as part of the supplementary material. For our experiments, we set k = 5, i.e., we divide the
range of priority scores into 5 distinct groups. Each origin-destination pair is therefore mapped to one of the groups.
We also set @ = 2, i.e., we set the passenger’s detour tolerance to at most a factor of 2. We observe that the MILP solver
can (at times) converge to solutions with high optimality gaps. To tackle this, as we iteratively increase the budget,
we warm-start the solver with the solution from the last iteration. As the previous iteration uses a lower budget, its
solution always remains feasible for subsequent iterations. Using the warm-start strategy, we generate experimental
results to an optimality gap of 10~%. All experiments were run on a Linux system having 112 Intel(R) Xeon(R) Gold
6238R CPU @ 2.20GHz and 512 GB of RAM.

3.2 Area of Interest

The geographical area under consideration is Chattanooga, Tennessee, Hamilton County with a population of about
366,000. We consider a total of 46,008 origin-destination pairs for Hamilton county. We choose a smaller city as
small cities have comparatively lower budgets available for transportation and incur significantly greater losses per
trip compared to larger cities [Kearney et al., 2015]. As a result, the need to provide equitable transit under strict
budget considerations is critical. As we point out earlier, we perform experiments at the spatial granularity of census
tracts; the proposed approach, however, could use any spatial discretization. Figure 1 shows the geographical area of
Chattanooga, Tennessee, Hamilton County divided into census tracts. The centers of census tracts are connected by
the set of edges, A, and the installed network prescribes the set of edges to activate to serve the set of origin-destination
pairs, D, subject to the budget constraint.

3.3 Demand Distribution

In Figure 2, we present the distribution of the travel demand among the priority groups in Chattanooga, Hamilton
county. In our analysis, “priority group 1” is the highest priority group.

3.4 Results

Note that the Rawlsian view of social welfare dictates that the max-min formulation is agnostic between serving less
or more origin-destination pairs if the solution is unable to serve every pair; this is intuitive given the very nature of the
max-min formulation. As a result, we plot the results starting from the least budget at which the max-min formulation
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Figure 3: Average Utility and Gain based on the Utilitarian Formulation: Chattanooga, Hamilton County, TN

can start serving everyone with some utility (the average utility in the max-min formulation is O for lower budgets).
While the utilitarian formulation results in solutions with positive average utility for budgets less than this threshold,
we plot results for the utilitarian formulation in the same budget range as the max-min formulation here in the main
body of the paper for the sake of comparison. The highest budget that we use is the least budget with which all origin-
destination pairs can be served through their shortest path, i.e., increasing the budget after this threshold makes no
difference in the solutions. We plot our findings with respect to different fractions of this highest budget.

With respect to the leximax social welfare function, we perform experiments for select budgets that fall within the
budget range used for the Rawlsian and Utilitarian experiments. The leximax social welfare function is run and
plotted for iterations k = 1,2, ..., |D|, where |D| is the number of OD pairs in the network and the result presented is
for a single budget.

3.4.1 The Effect of Accounting for Priority

We begin by considering the following question: how does the explicit consideration of priorities affect the average
utility given a view of social welfare?

Utilitarian formulation: We begin by comparing the average utility across the origin-destination pairs with and
without the notion of priority (i.e., by treating all origin-destination pairs with the same priority), given the utilitarian
objective. We present the results in Figure 3. To visualize the difference made by accounting for priorities in our model,
we plot the relative gain in average utility for each priority group when heterogeneous priority scores are considered
compared to treating every origin-destination pair with the same priority. We observe that at lower budgets, most
priority groups have a drop in average utility when priorities are explicitly modeled (notice most lines below O in
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Figure 5: Results of Leximax Formulation when optimizing across 80% of the budget range: Chattanooga, Hamilton
County, TN

the right-most plot of Figure 3 are at lower budgets). This loss occurs as the cumulative gain in utility (while not
accounting for priorities) offsets any potential gain from considering the notion of priorities and maximizing the utility
of groups with higher priority. Also, accounting for priority does not make a difference at higher budgets, as all groups
can be served efficiently. However, with moderate budgets, we observe that accounting for priorities can significantly
benefit groups with high priority.

Rawlsian formulation: We plot the results from the Rawlsian formulation in Figure 4. Similar to the utilitarian
formulation, we observe that priorities do not make any difference at higher budgets, as all origin-destination pairs can
be served efficiently. However, for lower budgets, explicitly accounting for utilities can provide significant gains to
the priority group that needs public transit the most. It is important to note that the group that needs transit the most
often gains at the expense of the other groups.

Leximax formulation: We present the results for the leximax formulation in Figure 5. As we must vary the number of
iterations for a fixed budget, we plot the results for 80% of the total budget; our findings are, however, generalizable.
Also, for ease of visualization, we plot the aggregated utility instead of the utility of each group; moreover, our
findings pertain more to the iterative optimization scheme of the leximax formulation than to the notion of priorities.
We observe that iteratively solving the optimization problem can result in an increase in the resulting objective value.
However, we point out two interesting findings. First, note that during successive iterations, the gain from “raising
the floor,” i.e., improving the worst utility that any origin-destination pair can achieve, might come at the cost of
a reduction in the average utility of all the ODs. We show this finding in Figure 5b. This observation is simply a
consequence of the max-min formulation which only maximizes the minimum utility that an OD pair can achieve.
However, we hypothesize that this finding has interesting policy implications, i.e., the trade-off between the decrease
in average utility at the cost of improving the utility of the worst-served OD pair. Second, after a few iterations, the
overall utility of the OD pairs does not change much, even though the utility of the OD pairs that remain as part of the
objective value seems to continuously increase. At first glance, this finding is counter-intuitive; however, it is merely
an artifact of the Leximax formulation. Note that the average utility of the OD pairs can increase even if the installed
network does not change—as the worst OD pair (in terms of utility) is removed, the average utility of the remaining
OD pairs goes up automatically.

Key Takeaways: Our observations are particularly relevant as we hypothesize that cities typically operate within
moderate budget ranges, i.e., not too low for the quality of service to be poor but not high enough to provide everyone
with public transit that is as good as using private vehicles. Our findings suggest that understanding which sections
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Figure 6: (a) (b)The gain in average utility compared to a utilitarian baseline, and (c) Percentage of people served by
the utilitarian baseline in Chattanooga, Hamilton County, TN.

of a city need public transit critically and accounting for such priorities during planning can improve accessibility for
residents who depend on transit more than others. Moreover, using a Rawlsian view of welfare at low budgets can
particularly benefit groups that need transit the most, keeping in mind their gain can be at the expense of other groups.
The leximax formulation can be deployed after the Ralwsian formulation in order to remove the problem of leftover
resources for a single budget. We emphasize that we do not prescribe one conceptualization of equity over another.
The challenge of choosing a notion of equity and computing priority scores are outside the scope of our work and must
be determined by policymakers and social scientists.

3.4.2 Comparing Against the Current Operational Paradigm

Having observed the role of accounting for priority groups within each formulation, we now evaluate how different
views of social welfare compare against the current operational paradigm of network design, i.e., maximizing ridership.
We show the gain in utility with respect to the baseline for the Rawlsian formulation with and the without priorities.®
The question we seek to answer is: how do the proposed models perform relative to the “business-as-usual” model
for maximizing ridership?

We show the result in Figure 6. We observe that the Rawlsian formulation results in a loss of average utility for all
priority groups when priorities are not considered (Figure 6 (a)). At first glance, this finding looks counter-intuitive as
it is against the very purpose of the Rawlsian formulation. However, this behavior is as expected because the Rawlsian
formulation, by construction, results in a network that serves every origin-destination pair with some utility. The
baseline paradigm of maximizing ridership achieves higher cumulative utility by sacrificing service to some origin-
destination pairs. We show the percentage of pairs served by the baseline in Figure 6(c). However, when priorities are
considered, the regions of the city that need transit the most can gain with respect to the current operational paradigm
(Figure 6(b)).

Key Takeaways: Our findings suggest that while a Rawlsian view of social welfare results in serving every origin-
destination pair, the solutions can result in lower cumulative utility with respect to the standard operational paradigm,
especially when the notion of priorities is not considered. The average utility of the priority group that has a critical
need for transit can improve by considering priorities. However, this gain comes at the cost of other priority groups.
On the other hand, the utilitarian view (shown in Figure 3(c)) can lead to a higher cumulative utility by sacrificing
service to some regions of the city.

Policymakers can use our findings based on their domain expertise and requirements. For example, suppose there
is a strict requirement to provide at least some level of public transit service (e.g., bus lines) to every region of the
city. In that case, the Rawlsian formulation can be a natural choice for network design. On the other hand, if transit
planners seek to maximize ridership using a utilitarian view of welfare, some additional form of service (e.g., through
micro-transit or travel vouchers) can be provided to regions not served by the designed network directly. However, the
policy implications are outside the scope of our work.

4 Conclusion

We present a mathematical formulation for transit network design that explicitly considers different notions of equity,
welfare, and priority. Our formulation is a mixed-integer linear program based on a piece-wise linear utility function.

SNote that the comparison of the utilitarian formulation with the baseline is already shown in Figure 3(c).
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Our experimental results demonstrate that considering the various degrees of needs of the residents is critical to serving
people who need transit the most. Our results also show that a utilitarian objective can achieve higher cumulative utility
by sacrificing service to a small subset of origin-destination pairs. However, a Rawlsian view of welfare can be used
to ensure that all regions are served (given at least some minimum budget), albeit at the cost of lower average utility.
We hope our approach will help as a stepping stone for understanding the intersection of transit network design and
social welfare considerations.
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