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Abstract

Despite the recent success of representation learn-
ing in sequential decision making, the study of
the pure exploration scenario (i.e., identify the
best option and minimize the sample complex-
ity) is still limited. In this paper, we study multi-
task representation learning for best arm identi-
fication in linear bandits (RepBAI-LB) and best
policy identification in contextual linear bandits
(RepBPI-CLB), two popular pure exploration set-
tings with wide applications, e.g., clinical trials
and web content optimization. In these two prob-
lems, all tasks share a common low-dimensional
linear representation, and our goal is to leverage
this feature to accelerate the best arm (policy)
identification process for all tasks. For these prob-
lems, we design computationally and sample ef-
ficient algorithms DouExpDes and C-DouExpDes,
which perform double experimental designs to
plan optimal sample allocations for learning the
global representation. We show that by learning
the common representation among tasks, our sam-
ple complexity is significantly better than that of
the native approach which solves tasks indepen-
dently. To the best of our knowledge, this is the
first work to demonstrate the benefits of represen-
tation learning for multi-task pure exploration.

1. Introduction

Multi-task representation learning (Caruana, 1997) is an
important problem which aims to learn a common low-
dimensional representation from multiple related tasks. Rep-
resentation learning has received extensive attention in both
empirical applications (Ando et al., 2005; Bengio et al.,
2013; Li et al., 2014) and theoretical study (Maurer et al.,
2016; Du et al., 2021a; Tripuraneni et al., 2021).
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Recently, an emerging number of works (Yang et al., 2021;
2022; Hu et al., 2021; Cella et al., 2022b) investigate repre-
sentation learning for sequential decision making, and show
that if all tasks share a joint low-rank representation, then
by leveraging such a joint representation, it is possible to
learn faster than treating each task independently. Despite
the accomplishments of these works, they mainly focus on
the regret minimization setting, where the performance is
measured by the cumulative reward gap between the optimal
option and the actually chosen options.

However, in real-world applications where obtaining a
sample is expensive and time-consuming, e.g., clinical
trails (Zhang et al., 2012), it is often desirable to identify
the optimal option using as few samples as possible, i.e., we
face the pure exploration scenario rather than regret mini-
mization. Moreover, in many decision-making applications,
we often need to tackle multiple related tasks, e.g., treatment
planning for different diseases (Bragman et al., 2018) and
content optimization for multiple websites (Agarwal et al.,
2009), and there usually exists a common representation
among these tasks, e.g., the features of drugs and the
representations of website items. Thus, we desire to exploit
the shared representation among tasks to expedite learning.
For example, in clinical treatment planning, we want to
identify the optimal treatment for multiple diseases, and
there exists a joint representation of treatments. In this case,
since conducting a clinical trial and collecting a sample
is time-consuming, we desire to make use of the shared
representation and reduce the number of samples required.

Motivated by the above fact, in this paper, we study represen-
tation learning for multi-task pure exploration in sequential
decision making. Following prior works (Yang et al., 2021;
2022; Hu et al., 2021), we consider the linear bandit set-
ting, which is one of the most popular settings in sequential
decision making and has various applications such as clin-
ical trials and recommendation systems. Specifically, we
investigate two pure exploration problems, i.e., represen-
tation learning for best arm identification in linear bandits
(RepBAI-LB) and best policy identification in contextual
linear bandits (RepBPI-CLB).

In RepBAI-LB, an agent is given a confidence parameter
§,anarmset X := {x,...,x,} C R?and M tasks. For
each task m € [M], the expected reward of each arm & € X
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is generated by x ' 0,,,, where 6,,, € R? is an underlying
reward parameter. There exists an unknown global feature
extractor B € R%** and an underlying prediction parameter
Wy, such that 8,, = Bw,, for any m € [M|, where M >
d > k. We can understand the problem as that all tasks
share a joint representation f(x) := B x for arms, where
the dimension of f () is much smaller than that of . The
agent sequentially selects arms and tasks to sample, and
observes noisy rewards. The goal of the agent is to identify
the best arm with the maximum expected reward for each
task with confidence 1 — 9, using as few samples as possible.

The RepBPI-CLB problem is an extension of RepBAI-LB
to environments with random and varying contexts. In
RepBPI-CLB, there are a context space S, an action space
A, a known feature mapping ¢ : S x A — R? and an un-
known context distribution D. For each task m € [M], the
expected reward of each context-action pair (s,a) € S x A
is generated by ¢(s,a)'0,,,, where 6,, = Bw,,. We can
similarly interpret the problem as that all tasks share a low-
dimensional context-action representation BT ¢(s,a) €
RE. At each timestep, the agent first observes a context
drawn from D, and chooses an action and a task to sample,
and then observes a random reward. Given a confidence
parameter d and an accuracy parameter ¢, the agent aims to
identify an e-optimal policy (i.e., a mapping S — A that
gives suboptimality within ¢) for each task with confidence
1 — 6, while minimizing the number of samples used.

In contrast to existing representation learning works (Yang
et al., 2021; 2022; Hu et al., 2021; Cella et al., 2022b),
we focus on the pure exploration scenario and face several
unique challenges: (i) The sample complexity minimization
objective requires us to plan an optimal sample allocation
for recovering the low-rank representation, in order to save
samples to the highest degree. (ii) Unlike prior works which
either assume that the arm set is an ellipsoid/sphere (Yang
et al., 2021; 2022) or are computationally inefficient (Hu
et al., 2021), we allow an arbitrary arm set that spans R4,
which poses challenges on how to efficiently schedule sam-
ples according to the shapes of arms. (iii) Different from
prior works (Huang et al., 2015; Li et al., 2022), we do not
assume prior knowledge of the context distribution. This
imposes additional difficulties in sample allocation plan-
ning and estimator construction. To handle these challenges,
we design computationally and sample efficient algorithms,
which effectively estimate the context distribution and em-
ploy the experimental design approaches to plan samples.

We summarize our contributions in this paper as follows.

* We formulate the problems of multi-task representation
learning for best arm identification in linear bandits
(RepBAI-LB) and best policy identification in contex-
tual linear bandits (RepBPI-CLB). To the best of our
knowledge, this is the first work to study representation

learning in the multi-task pure exploration scenario.

* For RepBAI-LB, we propose an efficient algorithm
DouExpDes equipped with double experimental de-
signs. The first design optimally schedules samples to
learn the joint representation according to arm shapes,
and the second design minimizes the estimation er-
ror for rewards using low-dimensional representations.
Furthermore, we establish a sample complexity guar-

antee O( A]\g k ), which shows superiority over the base-

line result O( Aﬂf ‘? ) (i-e., solving each task indepen-
dently). Here A:;:inn denotes the minimum reward gap.

» For RepBPI-CLB, we develop C-DouExpDes, an algo-
rithm which efficiently estimates the context distribu-
tion and conducts double experimental designs under
the estimated context distribution to learn the global
representation. A sample complexity result O( Ai’f)

is also provided for C-DouExpDes, which significantly

outperforms the baseline result O( ”i 32 ), and demon-

strates the power of representation learning.

2. Related Work

In this section, we introduce two lines of related works, and
defer a more complete literature review to Appendix A.

Representation Learning. The study of representation
learning has been initiated and developed in the supervised
learning setting, e.g., (Baxter, 2000; Ando et al., 2005; Mau-
rer et al., 2016; Du et al., 2021a; Tripuraneni et al., 2021).

Recently, representation learning for sequential decision
making has attracted extensive attention. Lale et al. (2019);
Jun etal. (2019); Lu et al. (2021b); Huang et al. (2021) study
linear bandits with a hidden low-rank structure (e.g., bilinear
bandits), which is very related to the problem of represen-
tation learning. Yang et al. (2021; 2022); Hu et al. (2021);
Cella et al. (2022b) consider multi-task representation learn-
ing for linear bandits with the regret minimization objective.
Yang et al. (2021; 2022) assume that the arm set is an ellip-
soid or sphere. Hu et al. (2021) relax this assumption and
allow arbitrary arm sets, but their algorithms that build upon
a multi-task joint least-square estimator are computationally
inefficient. Cella et al. (2022b) design algorithms that do
not need to know the dimension of the underlying represen-
tation. There are also other works (Lu et al., 2021a; 2022;
Pacchiano et al., 2022; Zhang & Wang, 2021; Cheng et al.,
2022; Agarwal et al., 2022) which investigate representation
learning for reinforcement learning.

Different from the above works which consider regret mini-
mization, we study representation learning for (contextual)
linear bandits with the pure exploration objective, which
brings unique challenges on how to optimally allocate sam-
ples to learn the feature extractor, and motivates us to design
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algorithms based on double experimental designs.

Pure Exploration in (Contextual) Linear Bandits. Most
existing linear bandit works focus on regret minimization,
e.g., (Dani et al., 2008; Chu et al., 2011; Abbasi-Yadkori
etal., 2011). Recently, there has been a surge of interests in
the pure exploration objective for (contextual) linear bandits.
For linear bandits, Soare et al. (2014) firstly apply the ex-
perimental design approach to distinguish the optimal arm,
and establish sample complexity that heavily depends on
the minimum reward gap. Tao et al. (2018) design a novel
randomized estimator for the underlying reward parame-
ter, and achieve tighter sample complexity which depends
on the reward gaps of the best d arms. Fiez et al. (2019)
provide the first near-optimal sample complexity upper and
lower bounds for best arm identification in linear bandits.
For contextual linear bandits, Zanette et al. (2021) develop
a non-adaptive policy to collect data, from which a near-
optimal policy can be computed. Li et al. (2022) build
instance-optimal sample complexity for best policy identi-
fication in contextual linear bandits, with prior knowledge
of the context distribution. By contrast, our work studies
a multi-task setting where tasks share a common represen-
tation, and does not assume any prior knowledge of the
context distribution.

3. Problem Formulation

In this section, we present the formal problem formulations
of RepBAI-LB and RepBPI-CLB. Before describing the
formulations, we first introduce some useful notations.

Notations. We use bold lower-case letters to denote vec-
tors and bold upper-case letters to denote matrices. For
any matrix A, ||A| denotes the spectral norm of A, and
Omin(A) denotes the minimum singular value of A. For
any positive semi-definite matrix A € R% >4 and vector
x e R, ||lz|a := VaT Az. We use polylog(-) to denote
a polylogarithmic factor in given parameters, and O() to
denote an expression that hides polylogarithmic factors in
all problem parameters except d and e.

Representation Learning for Best Arm Identification
in Linear Bandits (RepBAI-LB). An agent is given a
set of arms X := {x1,...,x,} C R? and M best arm
identification tasks. Without loss of generality, we assume
that X spans R?, as done in many prior works (Fiez et al.,
2019; Katz-Samuels et al., 2020; Degenne et al., 2020). For
any € X, ||| < L, for some constant L,. For each task
m € [M], the expected reward of eacharm x € X isz ' ,,,,
where 0,,, € R? is an unknown reward parameter. Among
all tasks, there exists a common underlying feature extractor
B € R¥*, which satisfies that for each task m € [M],
6,, = Bw,,. Here B has orthonormal columns, w,, € R*
is an unknown prediction parameter, and M > d > k. For

any m € [M], ||w,|| < L, for some constant L,,.

At each timestep ¢, the agent chooses an arm = € A’ and
a task m € [M], to sample arm @ in task m. Then, she
observes a random reward r, = ' 0,,, + 1, = | Bw,,, +
1, where 17, is an independent, zero-mean and sub-Gaussian
noise. For simplicity of analysis, we assume that E[n?] =
1, which can be easily relaxed by using a more carefully-
designed estimator in our algorithm. Given a confidence
parameter 6 € (0, 1), the agent aims to identify the best
arms x;, := argmax,cy ' 0, for all tasks m € [M]
with probability at least 1 — §, using as few samples as
possible. We define sample complexity as the total number
of samples used over all tasks, which is the performance
metric considered in our paper.

To efficiently learn the underlying low-dimensional repre-
sentation, we make the following standard assumptions.

Assumption 3.1 (Diverse Tasks). We assume that
M
Umin(% Zm:l wmwr—;) = Q(%)

This assumption indicates that the prediction parameters
w1, ..., wys are uniformly spread out in all directions of
R*, which was also assumed in (Du et al., 2021a; Tripura-
neni et al., 2021; Yang et al., 2021), and is necessary for
recovering the feature extractor B.

For any distribution A € Ay and B € R%F et
A(X B) :=>""  Mx;)B"z;x B. For any task m €
[M], let

SN LGt VO
m = argmin max .
' AEAy TEX\{z},} (x5, — )7 0,,)?

Here A7, denotes the optimal sample allocation that min-
imizes prediction error of arms (i.e., the solution of G-
optimal design (Pukelsheim, 2006)) under the underlying
low-dimensional representation.

Assumption 3.2 (Eigenvalue of G-optimal Design Matrix).
For any task m € [M], omin(A(XY,, B)) > w for some
constant w > 0.

This assumption implies that the covariance matrix
A(A},, B) under the optimal sample allocation is invert-
ible, which is necessary for estimating w,,,. Note that
the quantities introduced in Assumptions 3.1 and 3.2, i.e.,
Omin (17 ng:l w,,w,)) and oy, (A(XE,, B)), are both

defined on the low-dimensional subspace, which scale as k
instead of d.

Representation Learning for Best Policy Identification in
Contextual Linear Bandits (RepBPI-CLB). In this prob-
lem, there are a context space S, an action space .4, a feature
mapping ¢(-,-) : S x A — R? and an unknown context dis-
tribution D € As. Forany (s,a) € SxA, ||¢(s,a)| < Ly
for some constant Ly. An agent needs to solve M best
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policy identification tasks. For each task m € [M], the ex-
pected reward of each context-action pair (s,a) € S x Ais
¢(s,a) " 0,,, where 0,,, € R? is an unknown reward param-
eter. Similar to RepBAI-LB, there exists a global feature
extractor B € R** with orthonormal columns, such that
for each task m € [M], 0,, = Bw,,. Here w,, € RF
is an unknown prediction parameter, |w,,| < L., for any
m € [M],and M > d > k.

At each timestep t, the agent first observes a random context
s¢, which is i.i.d. drawn from D. Then, she selects an action
a; € A and a task m € [M], to sample action a; in context
s¢ under task m. After sampling, she observes a random
reward r; = @(s¢,at) O + 10 = d(54,a¢) " Bwy, + 14,
where 7, is an independent, zero-mean and 1-sub-Gaussian
noise.

We define a policy 7 as a mapping from S to A. For each
task m € [M], we say a policy 7, is e-optimal if

Eiwp |max (§(s,a) = §(s,7m(s)) 0| <.

Given a confidence parameter 6 € (0, 1) and an accuracy
parameter ¢ > 0, the goal of the agent is to identify
an e¢-optimal policy 7, for each task m € [M] with
probability at least 1 — §, and minimize the number of
samples used, i.e., sample complexity.

We also make two standard assumptions for RepBPI-CLB:
Assumption 3.1 and the following assumption on the context
distribution and context-action features.

Assumption 3.3. There exists some A € A 4 such that

Omin (Z Ma)Esup [¢(87G)¢(S,a)—r}> >y

acA

for some constant v > 0.

Assumption 3.3 manifests that there exists at least one sam-
ple allocation, under which the expected covariance matrix
with respect to random contexts is invertible. This assump-
tion enables one to reveal the feature extractor B, despite
stochastic and varying contexts. Note that Assumption 3.3
only assumes the existence of a feasible sample allocation,
rather than the knowledge of this sample allocation.

It is worth mentioning that in this work, we do not assume
that we can sample arbitrary vectors in an ellipsoid/sphere
as in (Yang et al., 2021; 2022), or assume that each arm
(action) has zero mean and identity covariance as in (Tripu-
raneni et al., 2021). In contrast, we allow arbitrary shapes
of arms (actions), and efficiently allocate samples accord-
ing to their different shapes. Moreover, we do not assume
prior knowledge of the context distribution as in (Huang
et al., 2015; Li et al., 2022). Instead, we design an effective

scheme to estimate the context distribution, and carefully
bound the estimation error in our analysis.

Below we will introduce our algorithms and results. We
defer all our proofs to Appendix due to space limit.

4. Representation Learning for Best Arm
Identification in Linear Bandits

In this section, we design a computationally efficient algo-
rithm DouExpDes for RepBAI-LB, which performs double
delicate experimental designs to recover the feature extractor
and distinguish the best arms using low-rank representations.
Furthermore, we provide sample complexity guarantees that
mainly depend on the underlying low dimension.

To better describe our algorithm, we first introduce the no-
tion of experimental design. Experimental design is an im-
portant problem in statistics (Pukelsheim, 2006). Consider
a set of feature vectors and an unknown linear regression pa-
rameter. Sampling each feature vector will produce a noisy
feedback of the inner-product of this feature vector and the
unknown parameter. Experimental design investigates how
to schedule samples to maximize the statistical power of esti-
mating the unknown parameter. In our algorithm, we mainly
use two popular types of experimental design, i.e., E-optimal
design, which minimizes the spectral norm of the inverse
of sample covariance matrix, and G-optimal design, which
minimizes the maximum prediction error for feature vectors.

4.1. Algorithm DouExpDes

Now we present our algorithm DouExpDes, whose pseudo-
code is provided in Algorithm 1. DouExpDes is a phased
elimination algorithm, which first conducts the E-optimal
design to optimally schedule samples for learning the feature
extractor B, and then performs the G-optimal design with
low-dimensional representations to eliminate suboptimal
arms.

DouExpDes uses a rounding procedure ROUND (Allen-
Zhu et al., 2017; Fiez et al., 2019), which transforms a
given continuous sample allocation (design) into a dis-
crete sample sequence and maintains important proper-
ties (e.g., E-optimality and G-optimality) of the design.
ROUND({(g;, Q:) ?;17 A, ¢, N) takes n/ arm-matrix pairs
(q1,Q1), ..., (qn, Q) € X x R¥*d 4 distribution X €

Niq,....q,}» @ rounding approximation parameter ¢ > 0,
180d’

and the number of samples N such that N > ¢z as inputs.
It will return a sample sequence s1,...,sy € X, which cor-
respond to feature matrices Sy,...,Sy € {Q1,...,Qn },

N . . . .
and ) =1 S has similar properties as the covariance matrix

of the inputted design N 27;1 A(gi)Q; (see Appendix B
for more details).
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Algorithm 1 DouExpDes (Double Experimental Design)

1: Input: X, §, rounding procedure ROUND, rounding ap-
proximation parameter ¢ := and the size of sample
batch p := %(Q)d.

2: Let A¥ and p¥ be the optimal solution and the optimal
value of the E-optimal design optimization:

E,

n
o | wowal)
ain (S @oeal)

Z1,...,%, < ROUND({(z;, z;x, )}7 LAE ¢ p)
‘)el,m + X forany m € [M]. §;
for phaset =1,2,... do
T, (q<1+<> " > kLS L, max{22t Ley.
polylog(¢, p 7p,k: Ly, Ly, 2 5 , 1)1, where ¢; is an
absolute constant
7. By < FeatRecover(Ty, {Z;}ic[y))
{Xt+l,m}m€[M] <~ )
EliLowRep(t, X', {X; m tmem

2t2 forany ¢t > 1

AN A

, 6, ROUND, ¢, By)

9: if |Xi1.m| = 1, Vm € [M] then

10: return X, ; ,, for all tasks m € [M]
11:  endif

12: end for

The procedure of DouExpDes is as follows. At the begin-
ning, DouExpDes performs the E-optimal design with raw
representations, to plan an optimal sample allocation A” for
the purpose of recovering the feature extractor B (Line 2).
Then, DouExpDes calls ROUND to convert the E-optimal sam-
ple allocation A into a discrete sample batch &, . . ., Ty,
which satisfies that

-1

D)=z 0o ewoma)

Next, DouExpDes enters multiple phases, and maintains a
candidate arm set X} ,,, for each task. The specific value of
T; in Line 6 is presented in Eq. (8) of Appendix C.2.

In each phase ¢, DouExpDes first calls subroutine
FeatRecover to recover the feature extractor B. In
FeatRecover (Algorithm 2), we repeatedly sample
Z1,...,Zp in all tasks, and construct an estimator Z for
&= Zf\il 0,0, , which contains the information of underly-
ing reward parameters (Line 9). Then, we perform SVD on
Z and obtain the estimated feature extractor B (Line 10).

Then, DouExpDes calls subroutine E1iLowRep to eliminate
suboptimal arms using low-dimensional representations. In
EliLowRep (Algorithm 3), we conduct the G-optimal de-
sign with the reduced-dimensional representations BTz
and obtain sample allocation AS, for each task (Line 2). We
further use ROUND to transform A into a sample sequence

Algorithm 2 FeatRecover(T, {Z; }ic[y))

: for task m € [M] do

1

2:  forround j € [T] do

3 for arm ¢ € [p] do

4: Sample Z;, and observe random reward a,,, ; ;
5: end for

6 Oy — (O @] ) Y ®icun i

7 end for

8: end for 3 )

9 Z A MT Zm 1 OMJ (OmJ)T -

o @)t

10: Perform SVD decomposition on Z, and let B be the
top-k left singular vectors of Z

11: return B

Algorithm 3 ELiLowRep(t, X,{Xn hnear, 0, ROUND,C, B)

1: for task m € [M] do
2: Let A¢ and p& be the optimal solution and the opti-
mal value of the G-optimal design optimization:

argmin max

. 2
||BT@-a)|
A€Ax x,x’'€Xp,

AN B)- !

3 N [max(32(1 402G log(422M) 159k}
4: Zm,15-++r2m,N. —

ROUND({(Q:Z,B x;x] B)}",AS ¢, N,,)
5:  Sample the arms 2z, 1,...,2m,N,, € X, and ob-

m

serve random rewards 7y, 1, - .., "m,N,,

6: LetZz,;:= BTz, j forany j € [N,]

T Wy, (Z;V"i Zm, Jz;rn,j)_l E;VH Zm,jTm,;

8: ém — me

9 X X\ {xeX, | X, (2'—x)0,, >
2-t

10: end for

11: return {f&}me[M]

Zm,1s- -, Zm,N,,, Which satisfies that
max ||z — @' |[fsxm pro v gy
z,2' EXm (Zj:l Zm,jZm 4 )

<(1+¢) nax |z — w'II?NW ST AG (@) BT we] B) L
After sampling this sequence, we build estimators w; ,,
and étﬁm for the underlying prediction parameter w,, and
reward parameter 6,,,, respectively (Lines 7-8). Then, we
discard the arms that show large gaps to the estimated opti-
mal arm for each task (Line 9).

4.2. Theoretical Performance of DouExpDes

In this subsection, we provide sample complexity guarantees
for DouExpDes. To formally present our sample complexity,
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we first revisit existing results for conventional single-task
best arm identification in linear bandits (BAI-LB).

For a single-task BAI-LB instance with arm set X € R¢
and underlying reward parameter & € R?, the instance-
dependent hardness is defined as (Fiez et al., 2019)

2
(E:L=1 )\(mi)wim?)fl
(z* —x) 7 0)? ’

™ — ||

p°(X,0):=min  max
Ay weX\{x*}

and the best known sample complexity result is

O(p°(X,8) log(3)) = O(mlog(%)) (Fiez et al.,

2019). Here =* := argmax,c , ' 0 denotes the best arm,
and A, = mingex\ (z+}(x* — x) "6 refers to the mini-
mum reward gap.

It can be seen that a naive algorithm for RepBAI-LB is to run
an existing single-task BAI-LB algorithm (Fiez et al., 2019;
Katz-Samuels et al., 2020) to solve M tasks independently.
Then, the sample complexity of such naive algorithm is

O(f: p°(X,0,,)log ((?)):O (ﬁi log <(15>) 1)

m=1

where Ayin 1= ming, e zen\{ex,} (Th, — x)'0,, de-
notes the minimum reward gap among all tasks. In the
following, we take Eq. (1) as the baseline to demonstrate
the power of representation learning.

Now we state the sample complexity for DouExpDes.

Theorem 4.1. With probability at least 1 — 0, algorithm
DouExpDes returns the best arms x?, for all tasks m € [M],
and the number of samples used is bounded by

L IBT (, _w)”i()\,B)—l 1
O min  max lo ( )
S AELxmeX\(w,) ((x

)T 0,,)? 5
+ (pP)2dk* L2 L2 D log* ;)) )
A Mk 1 EN2 412712 4 1
—O(Azminlog (5) + (pP)2dk* L2 L2 D log (5) :

L4
where D := max{3—, 7% }.

Remark 1. In Theorem 4.1, the factors
that have implicit dimensional dependency include

. IBT @5, )13 g1
MINXeAy MAXgpeX\{z},} ~ (@5 —x) T 0.m)2

which scale as k, % and d, respectively.

,wandpE,

In our sample complexity bound (Eq. (2)), the first term,

M . IB" (2, —=)|, -
Zm:l MINXeA » MAXge 1\ {27, } ((m*mfm)‘rl;(,:j];) -
O(-ME), represents the hardness of M k-dimensional lin-

Alin
ear bandit instances with arm set {B'x : * € X'} and

underlying reward parameters wy, . . ., wys. This term only

depends on the reduced dimension k, instead of d. In other
words, it is an essential price that is needed for solving M
low-dimensional tasks, even if one knows the feature extrac-
tor B. The second term (p¥)2dk*L2 L2 D, which depends
on the raw dimension d, is a cost paid for learning the fea-
ture extractor. Note that since this term does not contain
M , the cost for learning the underlying features is paid only
once, rather than for all tasks.

When M > d > k, the first term dominates the bound,
which only depends on the low dimension k. This in-
dicates that algorithm DouExpDes effectively learns the
low-dimensional representation, and exploits the intrinsic
problem structure to reduce the sample complexity from
O(A]\g—fi log()) (i.e., learning each task independently) to

only O( A]V{ % log(4)). Our result corroborates the benefits

of representenltion learning for multi-task pure exploration.

Technical Novelty. We highlight the novelty in the anal-
ysis of Theorem 4.1 as follows. (i) Prior low-rank ban-
dit works (Jun et al., 2019; Lu et al., 2021b) use arbi-
trary sample distributions to recover the low-dimensional
subspace, and their results depend on the eigenvalue of
an arbitrary sample distribution || X 1|, where X =
[, ..., 2(@)] is a collection of arbitrary d; arms from
the arm set. By contrast, we utilize the E-optimality of
the sample batch x1,...,Z, to obtain an optimized de-
pendency p¥ ~ minga) ey | X1, which is the
best one can achieve at the subspace recovery stage. (ii)
If one naively applies existing single-task BAI-LB anal-
ysis (Fiez et al., 2019; Katz-Samuels et al., 2020) in the
estimated subspace B,, one can only obtain a sample
complexity || B, (x — ac')||? de-

o1 A (@) Bl @i By) !

pendent on By, but this is not a valid upper bound. To

tackle this challenge, we connect the low-dimensional sam-

ple complexity under the estimated subspace || B, (x —
12 3

x )H(ZLI Mo (@) BT @l By)-1 with that under the true sub-

space ||BT (z — :c’)||?Z _,, and drive

i A (zi) BTz B)
a tight sample complexity.

Lower Bound Conjecture. We conjecture that the lower
bound for RepBAL-LB is Q(X-M_ p5(X,8,,)log(1)).
We describe the preliminary idea below.

First, the lower bound for single-task BAI-LB with
arm set X’ and underlying reward parameter 8,, is
Q(p° (X, 0,,) log(})) (Fiez et al., 2019). If the global fea-
ture extractor B is known, then the RepBAI-LB problem
will reduce to M k-dimensional BAI-LB instances with
arm set {BTx : € X'} and underlying reward parame-
ters wi, . .., wys. Therefore, we conjecture that the lower
bound for RepBAI-LB is Q(Zﬁle p%(X,0,,)log(5)),
which is the cost of solving M k-dimensional BAI-LB in-
stances. However, it is challenging to rigorously analyze
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Algorithm 4 C-DouExpDes (Contextual Double Experimen-
tal Design)

1: Input: §, ¢, ¢(-,-), regularization parameter v > 1,
rounding procedure ROUND, rounding approximation
parameter C = and the size of sample batch p :=
|' c2 (1+<)

ﬁv
polylog(( M,d,k,Lg, L,, - V, ;, l)],
Where co 18 an absolute constant.

2 2r4 ~
Ty + [0 Lo 10g2 (24| D )

for 7 € [T)) do
Observe context s, and randomly sample an action
D+ DU{s,}

end for

Let /\g and pg be the optimal solution and the optimal

value of the E-optimal design optimization:

min H E Aa
AEA 4

RSN A

[@(s.a)(s.0)"]) |

8: {ai}ie[p]%ROUND({(aa E‘;Nﬁ [QS(Sa a)¢(57 O’)T] )}a€A7

AZ,¢,p)
cs(1 K*L3 LY,

9: T < [ ol +]C\/[)y252 pOlleg(C d k L¢7 wy Vs, 1,7
%, 1)1, where c; is an absolute constant

10: B + C-FeatRecover(T, {@i}ie)

1 N o [EEERE) jogt (kL )]

12: {ém,N}me[M] — EstLowRep(N,V,ﬁ)

‘= argmax,c 4 (-, a)' 0,, y for all

13: return 7, ()
tasks m € [M]

the independence of these M k-dimensional instances and
drive the summation in our conjectured lower bound. We
leave the formal lower bound proof for future work.

When M > d > k, Theorem 4.1 matches our conjectured
lower bound, which implies that algorithm DouExpDes per-
forms as well as an oracle that knows the low-rank represen-
tation B in advance.

5. Representation Learning for Best Policy
Identification in Contextual Linear Bandits

In this section, we turn to contextual linear bandits. Differ-
ent from prior contextual linear bandit works, e.g., (Huang
et al., 2015; Li et al., 2022), here we do not assume
any knowledge of context distribution. As a result, our
RepBPI-CLB problem faces several unique challenges: (i)
how to plan an efficient sample allocation for recovering
the feature extractor in advance under an unknown context
distribution, and (ii) how to construct an estimator for the
feature extractor with a partially observed context space.

We propose algorithm C-DouExpDes, which first (i) effi-
ciently estimates the context distribution and conducts ex-

Algorithm 5 C-FeatRecover(T’, {a; }ic[p])

1: for task m € [M] do

2:  forround j € [T] do

3: for arm ¢ € [p] do

4 Observe context s sample action @; in task

m,j,i°

m, and observe reward a( )

m,J,t
5: Observe context s( ) ;» sample action @; in task
m, and observe reward ozgn) i
6: end for ,
7: Le uz;mw = (s En)j,pdi),\ﬁe [p] vee{1,2}
. 5() © T\- GING
8: gm N ( (z)m s z¢m,j,i) ! ¢m ,Jst Ay ,J,2°
Ve e {1, 2}
9: end for
10: end for u oA A
1: Z « ﬁ m=1 22j=1 Bm,j(em,j)T

12: Perform SVD decomposition on Z, and let B be the
top-k left singular vectors
13: return B

Algorithm 6 EstLowRep(N, v, B)

1 X, 0 < I forany m € [M]
2: for task m € [M] do

3:  for timestep t € [N] do

4 Observe context sy, ¢

5: (¢ — ATZMAX, 4 HET(ﬁ(Sm?t, a)||2;n1t71
6 Sample action a,, ¢+, and observe reward 71;,,,7t
7 Zm,t < 2m,t—1+

BT¢(Sm7t’ am,t)d)(smﬂh am,t)TB

8: Wyt E;ﬁt Zi:l BT¢(sm,T, ) T'mr
9: ém,t — Bzi:m,t
10:  end for

11: end for

12: return {ém,N}me[M]

perimental designs under the estimated context distribution,
and then (ii) builds a delicate estimator for the feature ex-
tractor using instantaneous contexts. Moreover, we also
establish a sample complexity guarantee for C-DouExpDes,
which mainly depends on the low dimension of the common
representation among tasks.

5.1. Algorithm C-DouExpDes

Algorithm 4 presents the pseudo-code of C-DouExpDes. At
the beginning, C-DouExpDes uses T samples to estimate
the context distribution D (Lines 3-6). Then, it performs
the E-optimal design under the estimated context distribu-
tion D, and obtains an efficient sample allocation )\g for
the purpose of recovering the feature extractor B (Line 7).
Further, C-DouExpDes calls the rounding procedure ROUND
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to transform )\g into a sample batch @y, . .., a,, such that

M=

|
<(1+4¢) H (p > A(a)

acA

E,p [¢(s.3,)8(s.3)7]) "

.
I
-

E,p [@(s,0)6(s,0)7]) 7"

The specific values of p and 7" in Lines 1, 9 are provided
in Eq. (19) of Appendix D.1 and Eq. (29) of Appendix D.2,
respectively.

Next, C-DouExpDes runs subroutine C-FeatRecover to
estimate the feature extractor B using the sample batch
ai,...,a,. In C-FeatRecover (Algorithm 5), we repeat-
edly sample @y, . . ., d, in all tasks with random contexts. In
Lines 4-5, we sample this batch twice, and the superscripts
(1) and (2) denotes the first and second samples, respec-
tively. After sampling, we carefully establish an estimator
Z for the reward parameter related matrix - Zﬂ]\f . 0..0,,,

using instantaneous context-action features ¢( m 5 ai)T.
We then perform SVD decomposition on Z to obtain the
estimated feature extractor B (Lines 11-12).

Then, C-DouExpDes calls subroutine EstLowRep, which
adapts existing reward-free-exploration algorithm in
(Zanette et al., 2021) with low-rank representations to esti-
mate 0,,,. In EstLowRep (Algorithm 6), we employ the esti-
mated representation BT ¢ (s, a) to sample the actions with
the maximum uncertainty under the observed contexts. Af-
ter that, we construct estimators W,y  and ém,t for the pre-
diction parameter w,,, and reward parameter ém (Lines 8-9).
At last, C-DouExpDes returns the greedy policy with respect
to the estimated reward parameter ém n for each task.

5.2. Theoretical Performance of C-DouExpDes

Next, we establish sample complexity guarantees for algo-
rithm C-DouExpDes. In order to illustrate the advantages
of representation learning, we first review existing results
for traditional single-task best policy identification in con-
textual linear bandits (BPI-CLB). For a single BPI-CLB
instance with context-action features ¢(s,a) € R? and re-
ward parameter 0 € R, the best known sample complexity
is O(d log( )) (Zanette et al., 2021; Li et al., 2022).

Apparently, if one naively solves the RepBPI-CLB problem
by running single-task BPI-CLB algorithms to tackle M
tasks independently, one will have a sample complexity

Md? 1
0 < log ( ))
e? 0
which heavily depends on the raw dimension d of context-
action features. The goal of representation learning is to

leverage the common representation among tasks to alleviate
the dependency of dimension and save samples.

Now we present the sample complexity for C-DouExpDes.

Theorem 5.1. With probability at least 1 — 9,
C-DouExpDes returns an e-optimal policy T, such

that By p [maXaEA(¢($7a) - ¢(57ﬁ771(5))T0m} < ¢ for
each task m € [M), and the number of samples used is

~ [ M (k? L? E*L8 L2
O( (k +’Yk w) + 9 w)

g2 vie2

Remark 2. In this result, only factor 1/ has implicit di-
mensional dependency, which scales as . The first term

w is a cost of identifying opt1ma1 policies for M

tasks with k-dimensional features B ' ¢ (s, a). The second
4r8 714

term — %5 is a price paid for learning global feature ex-
tractor B and does not depend on M. This indicates that we
only need to pay this price once, and then enjoy the benefits
of dimension reduction for all M tasks.

When M > L > k, this result becomes O(Agf) and
only depends on the low dimension k, which implies that
C-DouExpDes performs as well as an oracle that knows the

underlying low-rank subspace B. This sample complex-
Md2 )

ity significantly outperforms the baseline result O(
(i.e., solving M tasks independently), and demonstrates the
power of representation learning.

Analytical Novelty. Below we elaborate the nov-
elty in the proof of Theorem 5.1. (i) We carefully
bound the deviation between the context-action
features under the estimated context distribution
E, 5l¢(s,a;)¢(s,a;)"] and those under the true
context distribution Ep[¢(s,a;)p(s,a;)"]. We further
bound the distance between Ep[¢(s,a;)p(s,a;) "] and
the context-action features under actual instantaneous
contexts ¢(s n?] i dl)q’)(sgﬁ)’j_i, a;)". (ii) We leverage the
E-optimality of the sample batch ai,...,a, to bound

>
([0 ¢>fﬁ)ﬂ¢£ﬁ)]1 )74 Then we establish a concen-

tration inequality for |Z — 37 Y., _1 00,5, || using the
T
bounded ||( qbgﬁ)] lqbn?J ;)Y and matrix Bernstern

inequality w1th truncated noises. (iii) Furthermore, we
decompose the prediction error ¢(s,a) " (8, — 6,,) into
three components, including the sample variance and bias of
Wy, ¢, and the estimation error of B. This prediction error
is bounded via self-normalized concentration inequalities
with the reduced dimension k.

6. Experiments

In this section, we present experiments to evaluate the em-
pirical performance of our algorithms.

In our experiments, we set § = 0.005, d = 5, k = 2 and
M € [50,230], where k divides M. In RepBAI-LB, X is
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Figure 1. Experimental results for RepBAI-LB and RepBPI-CLB.
The two figures compare the sample complexities of our algorithms
with the naive algorithms which treat each task independently.

the canonical basis of R?. In RepBPI-CLB, we set ¢ = 0.1,
|S| = 5 and |A| = 5. D is the uniform distribution on S.
For any s € S, {¢(s, a)}ac.4 is the canonical basis of RY.
In both problems, B = [I; 0], where Ij, denotes the k X k
identity matrix. ws,...,wys are divided into k groups,
with % same members in each group. The members in the
i-th group (i € [K]), i.e., W(ar/k)x (i—1)41s - - - > WM/ k) x i
have 1 in the i-th coordinate and 0 in all other coordinates.
For any m € [M], 0,, = Bw,,. We vary M and perform
50 independent runs to report the average sample complexity
across runs.

For RepBAI-LB, we compare algorithm DouExpDes with
the baseline IndRAGE which runs the state-of-the-art single-
task BAI-LB algorithm RAGE (Fiez et al., 2019) to solve
M tasks independently. Figure 1(a) shows the empirical
results for RepBAI-LB. From Figure 1(a), we can see that
DouExpDes has a better sample complexity than IndRAGE,
and as the number of tasks M increases, the sample com-
plexity of DouExpDes increases at a lower rate than that of
IndRAGE. This demonstrates that DouExpDes effectively
utilize the shared representation among tasks to reduce the
number of samples needed for multi-task learning.

For RepBPI-CLB, our algorithm C-DouExpDes is compared
with the baseline IndRFLinUCB, which tackles M tasks
independently by calling the state-of-the-art single-task
BPI-CLB algorithm Reward-free LinUCB (Zanette et al.,
2021). As presented in Figure 1(b), C-DouExpDes achieves
a significantly lower sample complexity than IndRFLinUCB.
In addition, the slope of the sample complexity curve of
C-DouExpDes with respect to M is much smaller than that
of IndRFLinUCB, which validates that C-DouExpDes enjoys
a lighter dependency on dimension in multi-task learning.
These empirical results match our theoretical bounds, and
corroborate the power of representation learning.

7. Conclusion and Future Work

In this paper, we investigate representation learning for pure
exploration in multi-task (contextual) linear bandits. We

propose two efficient algorithms which conduct double ex-
perimental designs to optimally allocate samples for learn-
ing the low-rank representation. The sample complexities
of our algorithms mainly depend on the low dimension of
the underlying joint representation among tasks, instead of
the raw high dimension. Our theoretical and experimental
results demonstrate the benefit of representation learning
for pure exploration in multi-task bandits. There are many
interesting directions for further exploration. One direction
is to establish lower bounds to validate the optimality of our
algorithms. Another direction is to extend this work to more
complex (nonlinear) representation settings.
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Appendix

A. Related Work

In this section, we present a full literature review for two lines of related works, i.e., representation learning and pure
exploration in (contextual) linear bandits.

Representation Learning. The study of representation learning has been initiated and developed in the supervised learning
setting, e.g., (Baxter, 2000; Ben-David & Schuller, 2003; Ando et al., 2005; Maurer, 2006; Cavallanti et al., 2010; Maurer
etal.,, 2016; Du et al., 2021a; Tripuraneni et al., 2021). A most related work is (Tripuraneni et al., 2021), which proposes
a method-of-moments estimator for recovering the feature extractor, and establishes error guarantees for transferring the
learned representation from past tasks to a new task.

Recently, representation learning for sequential decision making (bandits and reinforcement learning) has attracted extensive
attention. We first introduce several works on low-rank bandits, which is a very similar topic to representation learning
for bandits. Lale et al. (2019) study linear bandits with a hidden low-rank structure, and provide a regret bound dependent
on the eigenvalue of the action distribution covariance. Jun et al. (2019); Lu et al. (2021b) also investigate low-rank linear
bandits (bilinear bandits), and design algorithms which run traditional linear bandit algorithm LinUCB (Abbasi-Yadkori
et al., 2011) in the estimated low-dimensional subspace. Lattimore & Hao (2021) consider an instantiation of low-rank
bandits, called bandit phase retrieval. Huang et al. (2021) study a large family of bandit problems with non-concave reward
functions, including low-rank linear bandits. They design a stochastic gradient-based algorithm that achieves an improved
regret bound over those in (Jun et al., 2019; Lu et al., 2021b).

Now we introduce related works on representation learning for bandits. Yang et al. (2021; 2022) study multi-task representa-
tion learning for linear bandits with the regret minimization objective, and assume that the action set at each timestep is
an ellipsoid or sphere. Hu et al. (2021) further relax this assumption and allow arbitrary action sets, but their algorithms
equipped with a multi-task joint least-square estimator are computationally inefficient. Cella et al. (2022a;b) also investigate
the problem in (Yang et al., 2021) and propose algorithms which do not need to know the dimension of the underlying
representation. Qin et al. (2022) study multi-task representation learning for linear bandits in a non-stationary environment,
and develop algorithms that learn and transfer non-stationary representations adaptively.

There are also other works studying multi-task representation learning for reinforcement learning (RL). Lu et al. (2021a; 2022)
consider multi-task representation learning for linear MDPs, where the agent learns a shared representation function from a
given function class. Pacchiano et al. (2022) investigate multi-task RL with a joint low-dimensional linear representation,
and design a computationally efficient algorithm using a bilinear optimization oracle. Zhang & Wang (2021) consider
multi-task (multi-player) RL in tabular MDPs, where the relatedness of MDPs are measured by the similarity of reward
functions and transition distributions. Cheng et al. (2022); Agarwal et al. (2022) study multi-task representation learning and
representational transfer for low-rank MDPs, where multiple low-rank MDPs share a common state-action feature mapping.

Different from the above works which consider regret minimization, we study representation learning for (contextual) linear
bandits with the pure exploration objective, which imposes unique challenges on how to optimally allocate samples to learn
the feature extractor, and motivates us to design algorithms based on double experimental designs.

Pure Exploration in (Contextual) Linear Bandits. Most linear bandit studies consider regret minimization, e.g., (Dani
et al., 2008; Rusmevichientong & Tsitsiklis, 2010; Chu et al., 2011; Abbasi-Yadkori et al., 2011). Recently, there is a surge
of interests in pure exploration for (contextual) linear bandits, e.g., (Soare et al., 2014; Tao et al., 2018; Xu et al., 2018; Fiez
et al., 2019; Katz-Samuels et al., 2020; Degenne et al., 2020; Jedra & Proutiere, 2020; Du et al., 2021b; Zanette et al., 2021;
Li et al., 2022). For linear bandits, Soare et al. (2014) firstly apply the G-optimal design to identify the best arm, and provide
a sample complexity result that heavily depends on the minimum reward gap. Tao et al. (2018) design a novel randomized
estimator for the underlying reward parameter, and achieve tighter sample complexity which depends on the reward gaps of
the best d arms. Du et al. (2021b) further extend the algorithm in (Tao et al., 2018) to develop a polynomial-time algorithm
for combinatorially large arm sets. Xu et al. (2018) propose a fully-adaptive algorithm which changes the arm selection
strategy at each timestep. Fiez et al. (2019) establish the first near-optimal sample complexity upper and lower bounds
for best arm identification in linear bandits. Katz-Samuels et al. (2020) further extend the algorithm in (Fiez et al., 2019)
and use empirical processes to avoid an explicit union bound over the number of arms. Degenne et al. (2020); Jedra &
Proutiere (2020) develop asymptotically optimal algorithms using the track-and-stop approaches. For contextual linear

12
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bandits, Zanette et al. (2021) design a single non-adaptive policy to collect a dataset, from which a near-optimal policy can
be computed. Li et al. (2022) build the first instance-dependent upper and lower bounds for best policy identification in
contextual linear bandits, with the prior knowledge of the context distribution. By contrast, our work studies multi-task best
arm/policy identification in (contextual) linear bandits with a shared representation among tasks, and does not assume any
prior knowledge of the context distribution.

B. Rounding Procedure
In this section, we introduce the rounding procedure ROUND in detail.

Let X+ := X U A denote the union space of arm set X’ and action space A. There are n arms or actions p1,...,p, € X™
and n positive semi-definite matrices Q1,...,Q, € Si, where Q; represents the feature of arm or action p; for any i € [n].
Denote P := {p1,...,pn} and Q := {Q1,...,Qx}.

The rounding procedure ROUND({(p;, Q:)}7_1, A, ¢, N) (Allen-Zhu et al., 2017; Fiez et al., 2019) takes n arm-matrix
or action-matrix pairs (p1,Q1), ..., (pn,Qn) € X' x S%, a distribution XA € Ap (or equivalently, A € Ag), an
approximation parameter ¢ > 0, and the number of samples N which satisfies that N > 1§2d as inputs. Roughly speaking,
it will find a N-length discrete arm or action sequence whose associated feature matrices maintain the similar property (e.g.,

G-optimality and E-optimality) as the continuous sample allocation .

Formally, ROUND({(p;, Q:)}?_1, A, (, IN) returns a discrete sample sequence s1,...,Sn € PN associated with feature
matrices S1,..., Sy € QV, which satisfy the following properties:

(1) If A is an E-optimal design, i.e., A is the optimal solution of the optimization

n -1
g§<ZM@WJ :
21 \i=1

then Sy, ..., Sy satisfy that

-1

N n -1
Y5 <u+o<NZM@wJ
j=1 i=1

(ii) If X is a G-optimal design, i.e., for a given prediction set ) C R?, X is the optimal solution of the optimization

. 2
amin max |yl a@ne)

then S1, ..., Sy satisfy that

2 2
m 1 < m —-1.
maxlvlizy, sy = A Omalvliy s vene)

We implement ROUND by setting 7% = N, k = r = N and z;] = (31, 7°(Q:)Q:) 2 Qi(X1, 7*(Q:)Q;) = for
any ¢ € [n] in Algorithm 1 of (Allen-Zhu et al., 2017). Note that Algorithm 1 in (Allen-Zhu et al., 2017) only needs to
access the feature matrix x;x, rather than the separate feature vector x;, which allows us to apply it to our problem. We
refer interested readers to (Allen-Zhu et al., 2017) and Appendix B in (Fiez et al., 2019) for more implementation details of
this rounding procedure.

C. Proofs for Algorithm DouExpDes
In this section, we provide the proofs for Algorithm DouExpDes.

Throughout our proofs, we use Ly to denote the upper bound of ||0,,|| for any m € [M]. Since 8,,, = Bw,, for any
m € [M], we have that ||0,, || < || B||||wm|| < [|wm|| < Ly, and thus Ly < Ly,

13
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C.1. Sample Batch Planning
Recall that

n —1
AP :=argmin Ax; :clw;r
AEA X <z§: ( )

and

n 1
E :
= Imin ANx;)x;x,
p min (gl (:c)w:q)

are the optimal solution and the optimal value of the E-optimal design optimization, respectively (Line 2 in Algorithm 1).
Z1,...,T, is an arm sequence generated according to sample allocation A¥ via rounding procedure ROUND (Line 3 in
Algorithm 1).

Let
T
1

]

Xbateh i= |- )
=T
Lp
and

+ 5T AT
Xbatch = (Xbatch Xbatch) Xbatch'

According to the fact that X spans R, the definition of E-optimal design and the guarantee of ROUND, we have that
X, o Xbateh is invertible.

Now, we first give an upper bound of || X . ||.

Lemma C.1. It holds that

(1+ Q)"

1 X el < )

Proof of Lemma C.1. We have

-1
”Xl;;tchH = H (Xl;;tchXbalCh) XbTatch

—1 —1
:\/ (Xl;l;tch Xbatch) thgtch Xbatch (X};;thbatch) H

i) |

I
Y
=
§\

8
|
N~

|

IN

—

+

o
N

S ]
INgE

>

&)

8

g

8

*4
~
|
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C.2. Global Feature Extractor Recovery

For clarity of notation, we add subscript ¢ to the notations in subroutine FeatRecover to denote the quantities generated
in phase t. Spec1ﬁcally, WE USE ¢, m ;. i» Ht m,j» £t and Bt to denote the random reward, estimator of reward parameter,

estimator of - Zl 1 0:,0,}, and estimator of feature extractor in phase ¢, respectively.

For any phase ¢t > 0, task m € [M], round 5 € [T;] and arm ¢ € [p], let 7t,m,j,; denote the noise of the sample on arm ; in
the j-th round for task m, during the execution of FeatRecover in phase ¢ (Line 4 in Algorithm 2). The noise 7, j,; is
zero-mean and sub-Gaussian, and has variance 1. 1, ;; is independent for different ¢, m, j, 4.

For any phase ¢ > 0, task m € [M], round j € [T}], let @t j = [t.m 1>+ Qtm.jp) - Then, we have that

0 R .
0157’”;] - )(batchatﬂﬂd7
and

Zy =

MTt Z Zat m.j et mJ) _le;lch(le';tch)T'

m=1 j=1
Lemma C.2 (Expectation of Z;). It holds that

1 & .
= Mm;emam.

Proof of Lemma C.2. Z; can be written as

1 N
2 =3, > O Bimg)” — X Xouen) "

m=1 j=1
M T [t m, i1
. + T + + T
MT Z Z batch : [at,m,j,h s 7O‘tvm7j71)} (Xbalch) Xbatch(Xbatch)
tm=1 j=1 a X
Lt m,j,p
_legm + 77t,m,j,1
. T T Tiyw+ T + + T
MTt Z Z batch : [3’31 O + Ntym,j, 1y« -+ Ly Om + nt,m,j,p} (Xbatch) - Xbatch(Xbatch)
m=t= (& O + Tem,jp
[ (i'lTem + 77t7m,j.,1)2 w2y 1 0m + Nt,m, 5,1 )(55' O + Ntm.jp)
Z Z - - (X+ )T
MTt batch T T 9 batch
m=1j=1 (@) Om + Nemjip) (B O+ Nemjin) - (Z,) O + Ut,m,j,p)
+ + T
- Xbatch(Xbatch)
i i (Z]0)* -+ & 0,3) 0,
Xbatch .. o o
T MT, m=1j=1 z0,2) 0, - (T,60,)’
2$1 ant m,j,1 e (Eiramnt,m,j,p + :E;;romnt,m,j,l
+ PP PP
&1 Omtitsm.jp + & Omllem g1 - 22, O le,m, j.p
[ (nt,m,j,1)2 o MmN m, g, T N LT
+ e e e 5 (Xbatch) - Xbatch(Xbalch) . 3)
LMt,m, 5,10t m,5,p (M,m.5.p)
Then, taking the expectation on Z;, we have
M T (@] 0m)* - & 0,T) 6,
T + + T
Zt _MT Z Z Xbatch : o U +1q4 (Xbatch) - Xbatch(Xbatch)
tm=1j=1 z) 0,20, - (z)00)

15



Multi-task Representation Learning for Pure Exploration in Linear Bandits

M T, [ (2] 6,,)* - &]0,)0,
Z Z detch e e U (‘)(b-i‘_dtch)—r
MTf m=1j=1 Z,00mT) 0, - (T 0)?
M T (%] 6,,
M Z Z batch [irefm s 753;—0m]T(Xt;:tch)T
m=1 j=1 :i;)ram
1 M T
Z ZXbatchde[Che 0 detch(Xbatch)T
MTt m=1j=1
M T
m=1j=1
1 M
_ T
=37 2 Om®
m=1

Recall that for any t > 0, §; := 2t2

For any phase ¢ > 0, define events

96 || Xirl|” L Lo log (122) g <16pMTf,>

& = Z, —E[Z,]|| < 7
=4 12~ ElZi| - 5t
and
£ .= ﬂ,filgt.
Lemma C.3 (Concentration of Z;). It holds that
6
Pr[&] > -.
CEE
Proof of Lemma C.3. According to Eq. (3), we have
M T 2£Iemnt,m,j,l e aéiremnt,m,j,p + -’i;;remnt,m,,j,l
Zt ZZ batch T .”7T T
m=1j= Tq omnt,m,j,p + T, omnt,m,j,l t Zﬂjp Om’r]t,m,j,p
25131 mnt m,7,1 e iremnt,m,j,p + igemnt,m,j,l
1171 mnt myjp T x emnt m,j,1 Qfgamnt,m,j,p
(Me,m.5,1) T Mg Nmgp (Mem.51)* o Memg 1 emgp .
+ , _E , (ngwh)
Nt,m,j1Mt,m,jp " (Mt,m.5,p) Nt,m,j1Mt,m,jp " (Mt,m.5,p)
Define the following matrices:
1 21 6,,11m 5.1 e B O jp + By Ot m i
Apmj = ,
T MT; | - _ _
CE Ontim g + ) Ot 22, 0t
f
A= Z > Avmi

m=1 j=1
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2
1 (M,m.j.1) S Nemg 1 Mem g
Cyi =
FLLLZY )
MT; . . C. ( . )2
Nt,m, 3,17 ,m,5,p Nt,m,5,p
M T,
Ct = E E Ct,m.,j'
m=1 j=1

Then, we can write Z; — E[Z;] as
Z, — E[Z)] = X\ (Ar —E[A] + C, — E[CY]) (X b)) T
and thus,

12 — E1Z)]| < || Xifanl” (4¢ — ELAL]| + [[C: — E[C]]) - Q)

Next, we analyze ||A; — E[A;]|| and ||C; — E[C}]]|. In order to use the truncated matrix Bernstein inequality (Lemma E.2),
we define the truncated noise and truncated matrices as follows.

Let R > 0 be a truncation level of noises, which will be chosen later. For any ¢t > 0, m € [M], j € [Tt] and i € [p], let
Tem,ji = NMt,m.j,i 1{|Me.m,j,:| < R} denote the truncated noise. Then, we define the following truncated matrices:

~Tp =~ ~Tp ~ ~Tp ~
N 1 221 Ot g1 s B O Tlm jp + ®p Omilem, g1
At,m,j = T ce -
t |=Tp = ~Tp = ~Tpg =
Z1 O0mlltm,jp + Tp Omilemjn - 22, O )tm.j.p
M T
Ay = E E At,m.,ja
m=1 j=1
(” . )2 Pt =t .
~ 1 Nt,m, 4,1 Nt,m, 5,17t ,m,5,p
Cyn i = 5)
myj
MTy = = S y2
t,m,5,17¢,m.5,p (71t,m.j,p)
M T
Ct = E E Ct,m,j
m=1 j=1

First, we bound || A; — E[A]|. Since forany t > 0, m € [M], j € [T;] and i € [p], |jt,m ;.| < Rand |2 0,,| < L, Ly,
we have [|A; ., ;| < MT -2pLyLoR.

Recall that for any t > 0, m € [M], j € [T;] and i € [p], 7. m,;,; is 1-sub-Gaussian. Using a union bound over i € [p], we
have that for any ¢t > 0, m € [M], j € [Tt] with probability at least 1 — 2p exp(—%z), [0¢,m.5,i] < Rforalli € [p]. Thus,

with probability at least 1 — 2p exp(—£ ) | Atmjll < 577 - 20LaLoR.

Then, we have

”]E[At,m)j] - E[At,m,j]H < HE [At,m,j -1 {HAt,m,j” > 2pL LGR}] H

9Ly LoR
<E At 1 { I Aem sl = 2o Y
2pLaLoR 2pL,LoR
—| | ZEZ2z0t A, | > ZPzeott
2 Al > 2

9L, LR 9L, LoR
+ |:<||At,m,j|| - M) -1 {”At,m,jH > TTt

2pL,LyR 2pL,LoR /Oo 2pL,LoR
_2PLa Lol b4, | > 2PEetelt pr (A, || - PLalelt 1},
MTt r |:|| t, 1]” = MTt + o r || t, -,]” MTt >z €
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9pL,LoR R2\  2pL.Le /00 9L, Loy
< Phalelt o, v Pr|||A,, | > ZL2e=oY |
=~uT, P eXp( > )t J, T (Al > =

2 x40 2 2 T 9/ y2
c2Lalolt o) (B0 2L wpexp (L ) d
=M, pep( 2) MT, P €xXp 9 Yy

WLLR R2 225 T R?
2PLatolt o - (87 T L
<M p-exp (= T, PR P

2pL. Lo 1 R?
= .9 - al )
MT, D (R+ R) exp( 5 >

Let &' € (0,1) be a confidence parameter which will be chosen later. Using the truncated matrix Bernstein inequality

. 2pMT, 1 / 2pLy Loy /2log( 257 )
(Lemma E.2) withn = MT;, R = ,/2log ( ) nPr[||Atm || > 3777 - 2pLaLoR] < 8", U = T, ,
4-2pLaLoy/2log( 22575 Y10g(22)  4-2pLy Loy /2log( 223772 ) log(22) 2pLoLo-24/2log( 225 7L) 5
o2 =MT,U? 1= T + T *Zand A = NI, T

we have that with probability at least 1 — 24/,

4-2pL,Loy/2log (QPMTt) log ( ) 4-2pLyLgy/2log (2pMT1> log (%1/9)

A, —E[A]| <
4 - Bl < T + e

8- 2pLo Loy [210g (2417 ) log (32)

< T (6)

Now we investigate |C; — E[C}]||. Recall that in Eq. (5), for any t > 0, m € [M], j € [T}] and i € [p], [ft,m.j.i| < R.
Then, we have ||C; ;|| < 377 - PR®.

Recall that for any ¢ > 0, m € [M] and j € [T] with probablhty atleast 1 — 2pexp(— ) ].

Thus, with probability at least 1 — 2p exp(—T), 1Cm. 1 < W - pR?%. Then, we have

[ECums) =BGl < [E[Crms 1 {iCumst = 2]

pR
E | ICumyl- 1 {1Cumsl = 212}

pR pR? pR pR?
> > —
=E [MT {”C’*’”J” = MTtH K”C’”’”” MT) {C“"J' MT, H

_ pR? pR / pR?
P {HctmjuMT]Jr [ 1G> x| o

pR? R? 2p /°° dy?

< - 2p- - Pr |||Cym.; d

< e (<) 4 o [y 1l > |
pR2 R2 2p /OO y2

< 2p- - 2 -2 )d

ST, %P eXp< 9 +MTt i Y-cpexp | —5 | dy
pR? R? 2p R?

< .9 . = .9 - o

=mT, P eXp( 2 ) T, PP\ T

2
P -2p - (R2+2) exp (—R2>

Using the truncated matrix Bernstein inequality (Lemma E.2) with n = MT}, R = /2log <2pMTf) nPr[||Ctm il >
1 2 p210g(2pMTt) 2 32 . 4p210g(w)log(—’,’) 4p210g(M)log<z_—f) .
o PR <0 U = —F 0 = 4p. T = 7T + T 2 and A =
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p2-2log(250L)

T, a7 We have that with probability at least 1 — 2¢’,

4-2plog (szTt) log (%) 4-2plog (QPMT‘) log (%)

C; —E[C]] <
1C [Cll T, + MT,
8- 2plog (QPMT‘> log (%)
< (7N
MT,
Plugging Egs. (6) and (7) into Eq. (4), we have that with probability at least 1 — 44/,
1Z: — E[Z)|| < || Xl (14c — E[A]] + |C — E[C)
B 8 2pL, Loy [210g (2257 10g (%) | 3o (2257 108 (32)
batch /7MTt MTt
_9% | X || PLo Lo log (22) log ((2PMT,
VMT, S\ )
Letd' = 5’ . Then, we obtain that with probability at least 1 — &
96| X | Lo Lelog( L) iepMT
2. - ElZ)| <——— log  —2= )
MT; 0t
which implies that Pr [£;] > 1 5’
Taking a union bound over all phases ¢t > 1 and recalling J; := %, we obtain
£]21-3 Pr[&]
t=1
S
o 2
=6
1= 4
t=1
o1
- 2
O

For any matrix A € R™*" with m > n, let 0yyax(A) and oy (A) denote the maximum and minimum singular values of
A, respectively. For any ¢ € [m], let 0;(A) denote the i-th singular value of A.

For any matrix A € R™*" with m > n, let A denote the orthogonal complement matrix of A, where the columns of A |
are the orthogonal complement of those of A. Then, it holds that AAT + A AI = I,,,, where I, is the m x m identity
matrix.

According to Assumption 3.1, there exists an absolute constant ¢y which satisfies that Jmin(ﬁ S
Urnin(Jw Z 9 OT) C]g .
Lemma C.4 (Concentration of B,). Suppose that event € holds. Then, for any phase t > 0,

192 ||XbatchH kaxLe 10g (%) 16pMTt
log .
MT, < Ot >

BLBH
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Furthermore, for any phase t > 0, if

-192% 8% (1+ Q)® (pP)2k* LLLZL? L 1
T {68 922 . 82 ( +2C) (p")*k* Ly L} w.max{22t7 3}.1%2( 6p)
cgM w

3
19216 -8 (1+ )2 pPk2pL2LoL., L1 1
log? 9 8(1+¢)2 p"k*pLi Ly -max {2t Z£ L. — . log op ) ®)
o w ¢ Ot

then

1

w
< — .
min { 8kLyLy 201+ C GL2 }

Proof of Lemma C.4. From Assumption 3.1, 01 (E[Z}]) — 0%11(E[Z]) = Omin(5 Z OmOT

7 m) > <. Using the

k

Davis-Kahan sin # Theorem (Bhatia, 2013) and letting 7} be large enough to satisfy || Z; — [Zf] | < 5%, we have
HB BH 1Z: — E[Z]]
(E[Z1]) — ok41(E[Z1]) — [ Z: — E[Z]|
S* 12, — E[Z]|
16
(a) 192 HXbatch ‘ kpLq Lo log (Ttp) | 16pMT;
o -
Co MTt 8 515

where inequality (a) uses the definition of event £.
Using Lemma E.3 with A = 192||Xb“°‘;‘0| hplolo log (%p), B= % and kK = min{m7 7T }, we have that if

€o

192 || X kpL,L 1 1 L?
1og2< | Xt | FpL 910g<6p>.6p.max{8kLme \/1+(,6 })

2
2174
MT, >68 (192 ||X atChH kaxLe log (15617>> . max { (SkLme .9t /1 +7<_)27 6wl2/w } .
t

Co (St 5,3

3T nd—011
thenHBt)J_BH gmln{SkLILthm, 6%}.

According to Lemma C.1, we have || X} || < \/%.

Then, further enlarging M T}, we have that if

192% - 82 (1 2R LAL3L2 L} 1
i, > 8871928 +C) (p")*KA LG LY, .max{22t’ g}.10g2< 6p>
w

c0

3
19216 -8 (1 + ¢)2 pPk2pL2LyL,, 2] 1 16
10g2< (L+0)2 p"k*pLiLg -max{Qt, m},,log< p>>7
w

€o

then

1 w
8kL,Ly - 2t\/I+C 6L3} '

HEL_BH < min{
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C.3. Elimination with Low-dimensional Representations

For clarity of notation, we also add subscript ¢ to the notations in subroutlne EliLowRep to denote the quantities generated
in phase ¢. Specifically, we use the notations B, Xt s )\tGm, pt s Ne.ms {Z6mi Vie[Nym]> ATtmai Fie [Ny m]> Wem and

0t7m to denote the corresponding quantities used in E1iLowRep in phase t.

Before analyzing the sample complexity of E1iLowRep, we first prove that there exists a sample allocation A € JAGY
such that Y7, A(z;) B, ;x] By is invertible, i.e., the G-optimal design optimization with B is non-vacuous (Line 2 in
Algorithm 3).

For any task m € [M], let

|B 'z, — B x|?

Tm (X0, M) BT @iz B)

* oL
A, i=argmin max

Aehy zEX\{z},} ((-’Brn - ;C)T0m)2

Ay, is the optimal solution of the G-optimal design optimization with true feature extractor B.

Lemma C.5. For any phase t > 0 and task m € [M), if | B] B, || < giz> we have
Omin (Z Afn(wl)ﬁjmleﬁt> > 0.
i=1

Proof of Lemma C.5. For any task m € [M], let A,, := Y"1 | A% (x;)z;x; . Then, for any phase ¢ > 0 and task m € [M],
we have

Z)\,m B Tix; Bt B;A,m_ét
=B (BB" + B, B[)A,, (BB" + B, B]) B,
=B/ BB"A,,BB'B, + B/ BB"A,,B, B B,
+B'B,B/A,BB'B,+B/B, B/ A,,B, B] B,.
Hence, we have
Trnin (Z X ()BT :Bi:c;rBt> > min (Bj BBTAmBBTBt) — Tmax (BJ BBTAmBlBIBt)
i=1

o (Bj BLBIAmBBTBt) — T (Bj BLBIAmBlBIBt)
= Omin (BJB) Omin (BTAmB) Omin (BTBt> - HBIBtH ||Am||
- HBTBLH Al - || B B 1140

o2 (BTB) Omin (BT A, B) 73HBTBLHL2

(a) (

where inequality (a) uses the fact that By BB B, + B/ B B B, = B] (BB + B, B])B, = B/ B, = I, and
thus, 02, (B B) =1—||B] B_|.

[)e-slBrm.

min (

Then, we have

" w2 w
Omin Z)\ (wz)B T Bt Z 36? wfg

Let |Bf B, | < gz

i=1

_w
)
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>0,
where the last inequality is due to w < L2 < /18L2. O

Next, we bound the optimal value pfm of the G-optimal design optimization with the estimated feature extractor B,.

Forany Z C X, let Y(Z) :={x — 2’ : Vx, o’ € Z, x # «'}. Recall that in Line 2 of Algorithm 3, for any phase t > 0
and task m € [M],

G . AT, 112
= B .
pt,m AIénAnX yegtiﬁ}im) || t y”(zn NE ) T, mTBf) 1
Lemma C.6. For any phase t > 0 and task m € [M],
e < 4k

Proof of Lemma C.6. For any phase t > 0 and task m € [M], we have that /'\A,’Lm C X and y(;%t,m) CY(X).
For any fixed A € Ay,

max By’

’yey(Xt,m)

. o1 < 3, y|? . .
> )\(ml)BtTmlm:rBt) = yIE%;aZ};(() HBt y”(z )\(zi)BtTmim:Bt) !

_upT o 2
=|| B, (w 332)”( 1)\(wi)éywim:3t)71

2
T T
< (HBt T ”(Z" Azi) BT ;2] ) 1+ ”B ! H(ZEL=1 )\(wi)BtTwiw;rBt)71>

T 2 T2
§2H-Bt ml”(z;mj] A(wi)B:mlmrét)_l + QHBt m2||(z;¢:1 )\(Z'L)B;rmzm;rét)_l

5T 2
<4max | B, s @) Brewr B

where x) and «), are the arms which satisfy that y = @] — x) achieves the maximum value
3T 41|12
maxyey(x) HBt y”(z

A(zl)B:mlwrﬁt)_l '

Since B; x € R”, according to the Equivalence Theorem in (Kiefer & Wolfowitz, 1960), we have

2 —
AréuAn maXHB :cH( " Ne)BT el B k.

Therefore, we have

2
Ak 4)\%11&1 ;neagc(HB :BH( 1>\(mi)1§?w¢m?Bt)_l

_ T 2
=4 Imnea))(( ||Bt m”(Z:L:l A/(mi)B:miz?Bt)_l

> B yl? ) o
% v WBivliisn veosresrs)

> min max ||B/ yl?

n - o o\—1
AEA X yey(Xt m) (Zi:l )‘(wi)BtTm'im:Bt)
:pt,ma
where X’ := argminy 5 , maxgex | B/ z|? X - O

(X7, M@ B wix] B)~

Now we analyze the estimation error of the estimated reward parameter étym = Bt'u?t,m in E1iLowRep.

For any phase t > 0, task m € [M] and arm j € [Ny ], let & ,,, ; denote the noise of the sample on arm 2 ,,, ; for task m,
during the execution of E1iLowRep in phase ¢ (Line 5 in Algorithm 3).
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For any phase ¢t > 0, define events

Neom Ny
L T H 5T T H 5T
Fi = {y B, E B, zim,jzt,m,; Bt E B, zim,j - &tom,j

j=1 j=1

<

N An2M .

.

By (22 BT mem sy ) | 18 ( ) vim € [M), vy € y(Xt,m)} ©)
and

F = m?ilft

Lemma C.7 (Concentration of the Variance Term). It holds that

5
PriF]>1-—.
2
Nt.m £ > .
Proof of Lemma C.7. Let 3 ,,, := Zj:t'i B, 2 . jZt.m ;' Bi. Then, we can write
-1
Nt,nL Nt,7n Nt,7n
T4 AT T A AT TH -1 AT
Yy B > B zim;zim,; B > B zim Cmsi= Yy BE B i S
=1 =1 i=1

For any phase ¢t > 0, task m € [M] and arm j € [Ny .,], B, 3¢ m and {zt,m’j};\[:t’f" are fixed before the sampling in
EliLowRep, and the noise &; ,, ; is 1-sub-Gaussian (Line 5 in Algorithm 3). Thus, we have that for any ¢t > 0, m € [M]
and j € [Ny ],y  BeS g B Zim - Emj is (YT By, B/ z1,m,;)-sub-Gaussian.

Using Hoeffding’s inequality and taking a union bound over all m € [M] and y € y(&m), we have that with probability

atleast 1 — 524,
Nt m
> Y BBz b
j=1
Nt m
: A 2 4n2M
<,|2 Z (yTBt2t7,1,LB;zt7m7j> -log < >
=1 ¢
Nt, m
: N A A1 A 4n2M
=2 vTBE Bz 2umy  BiS By - log ( )
j=1
Nt m
P A . - 4o~ An2M
= 120"BE; ) | B D 2zt zm;  Bi | T By - log ( 5, )
j=1

PPN 4n2 M
\/2yTBt2t7,1nB;y~log( 5, )

2
2log (4n M>’
Sim 0y

=[5y

which implies that
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Taking a union bound over all phases ¢ > 1 and recalling §; :=

%, we obtain

o

Pr(F]>1-> Pr[F]

~+
—

Y
_

\
(]
o | S

o~
Il
—

o
42

I
M

o~
Il
_

(Y%
—_
\
| >

O

Lemma C.8 (Concentration of ét,m). Suppose that event £ N F holds. Then, for any phase t > 0, task m € [M] and

Yy e y(-)?t,m);

Proof of Lemma C.8. For any phase t > 0, task m € [M]and y € y(;%t,m),

yT (ét,m - om) :yTBtuA)t,m - yT (BtBtT + Bt,lBt—,rL) Om

Here, W, ,,, can be written as

Nt.nL

N § T T
Wim = Bt Zt,m,j2t,m,j Bt
J=1

Nit,m

_ AT ) T
= E By ztm,jZt,m,; Bt
j=1

Nt,m

5T T
E B, zim,jzt,m,; B
=1

Nt,m

5T AT TH
=B, 0, + E By ztm,jZt,m,; Bt

Jj=1

Nt,m

> T T
+ E B, zim,jztm,; Bt
j=1

:yTBt (wt’m — B;ram) — yTBt,J_BtTJ_Bm'

—1
Nt,?n
T
> Bzt Tim.g
Jj=1

Ny

A T T
Z Bt Zt,m,j - (zt,mg' 0771 +€tam:j)
j=1

1
Nt,m
AT
E B, zim,j
j=1

Ny

5T TH 5T
E B, zt,m,j - Ztm,j Bt 1By 1 0m

Jj=1

(Zt,m,jT (BthT + Et,LB;,rL) 0,, + ft,m,j)

—1
Nim
5T
E By ztm,j - §t,mj-
=1

Jj=

Plugging Eq. (11) into Eq. (10), we can decompose the estimation error of ét’m in EliLowRep into three parts as

y' (étm - Bm) =y' B,

N I Nem
> T TA ST TA 5T
E B, ztm,jZt,m,; Bt E By ztm,j - Zt,m,; B, 1By | Bwn
j=1 j=1
Bias
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—1
Nim Nim
TA § : T TR § : T TR T
+v Bt Bt Zt,m,j2t,m,j Bt Bt Zt,m,j ft,m,j —-vY Bt,LBt7Lme .
j=1 j=1 N
Estimation error of B,
Variance

Taking the absolute value on both sides, and using the Cauchy—Schwarz inequality and definition of event F (Eq. (9)), we
have
’y—rét,m - yTem‘
Nt,m

T TH T
< ’ -1 g Bt Zt,m,j * Rt,m,j Bt,LBt,LB'wm
Jj=1

T
B, y” Ne,m BT TH
(Zj:l B, zt,m,jzt,m,j Bt) .

(Z;V;im szt,m,jzt,m,y'TBt)
R 4n2M . .
+ HBT H ) . 1]210 ( ) +’ TB, B Bw,,
ty (Zj\]:t’lm BtTZf,,m,jzt‘m‘jTBt) 1 g 5t y t,L t, L
VI BTy
(a) + C t Y ( " )\tGm(aci)-B;r:viacht)7
2 .
- \ Nt,m

vy
\/TC tY ( n )‘S'm.(wi)'B:wiw;rBt)71 An2 M .
+ , 2l —5— ) +2Lalu HBMBH

, M

1

Nt,m
T T
L B Y B
j=1

Nitm /T e -1
(Zj:l B, zhmdztﬂijBt)

=

T
(b)mHBt yH n G (2).Bla,z! B -t N
( i=1 t,m( 1) t i&; t) T
< - .LwLwHBt,LBH.m
t,m

)

157y
V1I+¢ t Y ( F:l)‘ﬁm(wi)'};:wmjéz)ﬂ

vV Nt,m
V(|87 Libu | BB Vi

NG, (@) B wia] By) "
T g iy
(s AE @) B @il BT

\V4 Nt,m

_|_

An2M )
210g< n )+2LwaHBt1BH

An2 M .
210g< "5 )+2Lsz HBLBH

t
05, - 21og (22230
\V Nt,m

gm - 2log (4";M)

< (1+g)-k-p§m.LwLwHBLBH + +2LwLwHBLBH

© ) \/(1 +Q)-p .
<V(L+¢)-4k% - Ly Ly, HBLBH + +2L,L, HBLBH

Nt,m

AT T2 L L ! + L jorr L

- T QkLyLy - 20T +C 0 4-20 Y 8kLyLy - 2814 C
_ 1 N 1 N 1

4.2t 4.2t 4.0t

1

<—.

<o

Here inequality (a) is due to the guarantee of rounding procedure ROUND and the triangle inequality. Inequality (b)
uses Lemma E.5, and inequality (c) follows from Lemma C.6. Inequality (d) comes from Lemma C.4 and N ,,, :=

2
max{[32 - 22/(1 + ()¢, log(4M )], 150k}, O

For any task m € [M] and arm x € X, let A, () := (x, — x) " 0,,, denote the reward gap between the optimal arm x,
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and arm « in task m. For any phase ¢t > 0 and task m € [M],let Z; ., ;== {z € X : A, (z) <4-27'}.
Lemma C.9. Suppose that event £ N F holds. For any phase t > 0 and task m € [M],

Zl?:n S Xt,ma
and for any phase t > 2 and task m € [M],
')et,m g Zt,m~

Proof of Lemma C.9. This proof follows a similar analytical procedure as that of Lemma 2 in (Fiez et al., 2019).
First, we prove &, € X;,,, for any phase ¢ > 0 and task m € [M] by contradiction.

Suppose that for some ¢ > 0 and some m € [M], =}, is eliminated from )ét,m in phase ¢. Then, we have that there exists
some &’ € X, ,,, such that

(@' —x) 0, > 27"
Then, we have
(@ = @) 0 =@ —@3) Ot — (@~ @3)T (O — O
>(x' —x),) O — 27
>27t - 27"
which contradicts the definition of =,. Thus, we obtain that ), € Xt,m for any phase ¢ > 0 and task m € [M].
Next, we prove /’\A,’t,m C Z; ,, for any phase ¢ > 2 and task m € [M], ie., eachx € é?tm satisfies that A, () < 4-27¢,

Suppose that there exists some phase ¢, some task m and some x € /'?t,m such that A,,,(x) > 4 - 27, Then, in phase
t—1 > 1, we have

(€}, — ) Or_1,m =(x}, — @) 0,

@5 ~2)" (6 —01-1m)

>z, —x) 0, —27 1
>4.97t —o=(t=1)
:2*(75*1)’

which implies that = should have been eliminated from /'\A,’t,m in phase ¢ — 1, and contradicts our supposition. Thus, we
complete the proof. O

C4. Proof of Theorem 4.1
Before proving Theorem 4.1, we first introduce a useful lemma.

For any task m € [M], let

Tk T 2
i} ) ||B Ty, B wH( n )\(wi)BTwim:B)_l
A, '=argmin max 5 )
AeA, zEX\{z%,) ((zx, —x)T0,)
and
T % T 2
. ) ||B Lo B ZB”( n )\(mi)BTwim;rB)_l
Pr, = min  max 5
Al weX\{x},} (xz, —2)70,,)

Ay, and py, are the optimal solution and the optimal value of the G-optimal design optimization with true feature extractor
B, respectively.
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Lemma C.10. Suppose that event £ N F holds. For any task m € [M] and y € R,

1104

By .1 < BT B
|| y” 1= H y||(27:1 )\;*n(ml)BTwzm;rB) 1 ka .ot

( /\*(w) mmTB)

Proof of Lemma C.10. We first handle the term (37, \*, (z;) B] x;z] B;) ™"

For any task m € [M], we have
i=1

n N . . . T
=3 A (@) (BtTBBTmi n B;BLBImi) : (BtTBBT:ci n B;BLBIQ:Z)

=1

n . . T . . T
=3 () < (BJBBTa;i) : (BtTBBTxi) + (BtTBBTa:i) : (B;BLBI%)
1=1

+ (B:BLBICI:Z) : (BJBBT@-)T + (BIBLBI:BZ.) : (B;BLBI:EZ-)T>

-

1 AE (@) (BIBBT@) : (B:BBTmi)T n i A5 () ( (B:BBT@) : (B:BLBI@-)T

.
I

. N T “ N T
+ (BJBLBI%) : (BtTBBT:ci) + (B;BLBI%) : (B;BLBIaci) >

Let P, := S0 M\ (z)(B/ BB ;) - (B/ BB x;)T. Let Q, := S0 M, (z:) (B BB x;) - (B BiB] x;)" +
(B/B,Blz;)- (B/BB x,)" + (B/B.B|x;) (BB, B]z;)"). Then, we have S i (z) B 2] B, =
P+ Q.

From Assumption 3.2, we have that for any task m € [M], S1_, X%, (z;) BT ;2] B is invertible. Since B, B is also
invertible, we have that P; is invertible. According to Lemmas C.4 and C.5, we have that Y7, A% (x;) B, @] B, is also
invertible. Thus, we can write (Y7, A%, (@) B, @;x] B;)~" as follows.

n —1
(Z Nop(a) B @] Et> —P '~ (P+Q) ' QP

i=1

Hence, for any task m € [M] and y € R?, we have

—1
||Bt—ry||?2n:1 A* (iﬂ7)Bt—rm1mTB,)7l ( ) (Z )\Tn -’.Uz B xr; :I: Bt) BtT'y

(B?y)T P 'Bly-— (ny)T (P,+Q) 'QP'Bly. (12

Term 1 Term 2

From Lemma C.4, we have

e R
Hlll'l ——, & mmns —m—m—, 5 .
8k-20y/T+C 6L2f = 8k-2t" 6L2

Since BTB,B, B+ B"B; B B =B"(B,B] + B, B/ )B = BB = I, we have ¢
B, B>

B'B) =1-

mm(
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Thus, we have

1 w

2 2
AT 3y 5T :
Umin(Bt B) = 1-— HBt7J‘BH Z \/1 —mln{w, 36_[,%} > 0,

which implies that B: B is invertible.

Now, we first analyze Term 1 in Eq. (12).

. T .
Term 1 = (Bjy) P By

N . T . N
- (BJBBTy n B;BLBIy> P! (BtTBBTy + B;BLBIy)

- (BIBBTy) " p (BtTBBTy) + (BtTBBTy) "p (B:BLBIy)

Term 1-1 Term 1-2

. T . . T .
+(B/B.Bly) P (B/BBTy)+(B/B.Bly) P (B/B.Bly).

Term 1-3 Term 1-4

In the following, we bound Terms 1-1, 1-2, 1-3 and 1-4, respectively.
First, we have

n

—1
T R T R
SN () BTBBT%)-(B;BBTmi) > B/BBTy

m
1=1

Term 1-1 = (BTBBT

—

-1
<B B(Z)\* )BT zz TB) (BJB)T> B/BBTy
—1
(BTBBTy T( BTB ) (ZA;(%)BT%@B) (B,TB)_lBtTBBTy

)
(BTBBTy)
)

2
= HBTyH(Zg;l A5 (zi)BTaiz] B)~

We note that since BtTBBTBt + B;BLBIBt = BtT(BBT + BLBI)B BTBt = I, 0

(1%?3)71

(575) -

mln

= 1A - ! .
oumn(BIB) —\1_||BTB. |’

R 2
1- HBtT BLH . In addition,

Then, second, we have
T/ N\ 7!
Terml-zz(BjBBTy) 3 A (@) (B:BBTwi)~(B;BBTxi) ) BB By
i=1
T —1
(BTBBT ) < (Z/\ x;)B :c-xZTB> (EJB) ) B B.Bly
. T . S\ T [ -t -1 .
:(BtTBBTy> ((BJB) ) S A (z)B zx] B (BJB) B/B.Bly
=1
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—1
n R 1 R
=(BTy)' <Z)\:n(a:i)BT:viwiTB) (BtTB) B B,Bly
i=1
1

1 .
<2L, - - ~HB;BLH~2L;C
1 BtTBLH
<4L2.l. 1 . 1
- w 1_( 1 )2 8k - 2t
k-2
1 1 1
<4[2. . e
- w 1_3 8k-2
1
L2
" kw2

Third, we have

3

Term 1-3 = (BtTBJ_BIy)T ( A () (B:BBT@) . (B:BBT;Q)T> h B BBy

i=1

n

A?BLBIy)T (( ) ) (Z (x;)B z;x, B)1 (B:B)%B;—BBT:U

_ (B;BLBIy)T (BJB (En: /\:‘n(;cZ-)BTmiw;rB> (B:B)T>_1 B/BBy
(

-1
R -1 . T n
((BtTB) BtTBLBIy> (Z )\:n(:l:i)BTa:imiTB> BTy

i=1

1 - 1
< 2~HBJBLH~2LI~—~2L:£
R w
1 B;BLH
<4L2.l. 1 . 1
- w 1 1 2 8k-2¢
7(8k~2f)
§4L2.l. 1 . 1
1
L2
kw2t

Finally, we have

Term 1-4 = (BTBLBIy)T (i \E () (B:BBT:BZ-) : (B:BBT:Ei) T) h BB By

—1

. T(. i ; T .
( ;BLBIy) (BjB( Xt ()BT :nTB> (BIB) ) B/B,Bly

A>T T\ BT ! * T - AT\ BT T
-(B/B.Bly) ((B/B) Z)\ 2)B 2 B| (B[B) B/B.Bly

1. T n -1 ) -1
<(BT B) B/ BLBIy> (ZA,H(@)B T TB> (BtT B) B/B,Bly,
=1
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2

1 - 1
s orm an|
. w
1 BtTBlH
2
1 1 1
< .
= 2Lx | 1 2 8k ot w
(sp20)
2
< (21, 1 1 1
1— 3 8k- 21 w
1
__ L
 4k2w - 22t
Thus, we have
. T .
Term 1 = (B:y) P 'By
T 2 212 L?
<||B yH (S0, A (@) B e B) N T ot T a . 92
3L2
T T
< HB yH T AE, (z;)BTx; x B)71 + kw - 2t : (13)

Next, we investigate Term 2. In order to bound Term 2, we first bound the minimum singular value of P; and the maximum
singular value of Q.

Since P, = B B(>.", \*(z;) BT x;z] B)(B; B)T, we have
Urnln(Rf) Omin (BTB)
- HBTBLH Jw

(1 82k2 92t )
>34,
4

Y

Since. Q= B/B(Y!, \(x:)B x;z] BL)(B/B.)" + B/B.(Y! X(z;)Blzx] B)(B/B)T +
B:Bl(zyﬂ A*(mi)BIwiw;'—BL)(B:BL)T, we have

Umax(Qt) §3Li t BJ_H

<min 3L 2
- 8k-2t7 2 |~

Then, we can bound Term 2 as
R T
Term 2 = (BtTy) (P,+Q) ' QP By

<||Bry|" |2 v @0t 1@l 1B
4L3,‘ “ Omax (Q1)

" Omin (P; + Q) - Omin (Pr)

< 4L2 - opmax (Q1)

" (Omin (P¢) — Omax (Qt)) - Omin (Pr)
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2
AL - Ské

<__Tx 8k2'

o o)
8L4

== 14
kw? -2t 14

Plugging Egs. (13) and (14) into Eq. (12), we have

3L2 8L:
2 T T T
||B y||( A (@) Bl ww] B) 7 <HB ?JH T AL (z) BTzl B) 1t kw -2t " kw? .ot
114
T i
<[|B yH(z (@B el B) LT o2 gt

Below we prove the sample complexity for algorithm DouExpDes (Theorem 4.1).

Proof of Theorem 4.1. According to Lemmas C.3 and C.7, we have Pr[€ N F] > 1 — §. Below, supposing that event £ N F
holds, we prove the correctness and sample complexity.

We first prove the correctness.

For any task m € [M], let t*, denote the first phase which satisfies |X; ,,,| = 1. Let t, = max,, e[ t,, denote the total
number of phases used. For any task m € [M], let Ay, min := MiNge (22 } (€5, — @) T 6, denote the minimum reward
gap for task m. Let A, := mil,,e[p] Amin,m denote the minimum reward gap among all tasks.

From Lemma C.9, we can obtain the following facts: (i) For any task m € [M], the optimal arm w will never be eliminated.
(ii) ¢, < [log(x )]+ 1, and thus, ¢, < [log(x>— —)| + 1. Therefore, after at most [og( x> )] + 1 phases, algorithm

m min Anmin

DouExpDes will return the optimal arms «},, for all tasks m € [M].

Now we prove the sample complexity. In the following, we first prove that the sample complexity of algorithm DouExpDes
is bounded by O( 24~ “log(671) + (pP)2dk*L2L2 Dlog*(6~1)).

in

Recall that p = i‘;d and ¢ = 10 Then, summing the number of samples used in subroutines FeatRecover and E1iLowRep
in all phases (Line 4 in Algorithm 2, Line 5 in Algorithm 3), we have that the total number of samples is

ZPMTt+ Z iNtm

m=1 t=1

4
*g p- O( 1+¢)°%(p )2k4L§L3max{22t Ly }lg <§)>
w? t

log? ( (1 +¢) pPkpL,Lg max { 2¢, Lo log ia
5, 5,
o

m 2
£330 (204 s 5M)+g;)

m=1t=1
O(log(AL1))

4 -1
- Z O(( EN2kAdr2L2 max{Q%7 Lg}logQ (leg((SAmm)) .
w

t=1
-1
10g2 (pEdemLO max {Amllrﬂ L} log(?mln) log <d10g(6Armn)>> >
w

M Olog(A} )

+) > o (22tp§fm log ( 5 +k (15)
m=1 t=1
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4
:0(( et {02, LB | (B0l

min?’ w2 5

-1
log2 (pEk‘deLg max {Amlln, w} log(?mm) log (d IOg((sAmin) )) )

2
+0 (MkAm?nl (M 1°§(Amm) )) .

O

Next, we prove that the sample complexity of algorithm DouExpDes is bounded by
= 1B (2, —)[I 5, - _ _
O(Zi\n/[ 1 MINxeA maXgex\{z*,} ((a:;;lfm)Te!:n()Afz2 ' log (& 1) +(p )2dk4LiL12uD 10g4(5 1))

m

From Eq. (15), we have that with probability 1 — ¢, the number of samples used by algorithm DouExpDes is bounded by

M 1Og(Am mm)

Og( mln)
< > k4dL2L9max{22t r} > Z 22fp§fm+Mk>. (16)

t=1 m=1

Forany Z C X, Y(Z):={x—a': Ve,2' € Z, x # 2’} and V},(Z) := {z}, —x : Ve € Z, x # x},}. Then, we
have that for any task m € [M] and phase ¢ > 2,

12 G (9t\2 . T, (12
(2 ) Ptm = (2 ) ArénAnX ye;n(?\;jm) ||Bt y”(Z:L:l A(mi)B:mim;rBt,)71
2 A
<(2)° max |By[?., N

YEV(Xem) (L (@) Bl @i By)

1

(a) 2 ~
< (2t BT X o
=<(2) yemx Byl . @oBreer B

(b)

t T 2
<) s BTV, s o srear s
© 112
<4 2t BT 2 3 x
() <ye§£?§t,m> e o e L e
T 2
_, [ omeyiczen BYlis x@oBTenrs) L 1L
(4-2-t)° w2k
T 2
21|16 I8 y”( A (@)B @ B)" 1113 -2
max
- YEY;, (Zem) (y76,,) w2k
T 2
<116 max - yH( Py A (@) B a2l B) 1115 - 2
a YEV L (X) (y70,,)° w2k
HBTZ‘/||2 —1 4 ot
e 7-17 )\ i BT i TB 11L '2
94 (16 min  max (i (ac)2 =2/ B) + "; . a7
AEA X yEY; (X) (y70,,) w?k

Here inequality (a) is due to ;%t,m C Z;,, (from Lemma C.9). Inequality (b) uses the fact that for any y = x; — x; €
V(Zi,m), we can write y = (x}, — x;) — (), — x;), and the triangle inequality. Inequality (c) follows from Lemma C.10,
and inequality (d) is due to that for any y € Y (Z¢ ), y'0,, <4-27t (from the definition of Z; m). Equality (e) comes
from the definition of A},.
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Let L := log?(126Rui) ) og? (P kdL, Ly max{ALL | L} 28@uin) 1og(102Auin) y) plygging Eq. (17) into Eq. (16),
we have that with probability 1 — 4, the number of samples used by algorithm DouExpDes is bounded by

mlog(A ) n2 1 log(A L)
Mlog(A o 5
SN 2%pf log ( g; i mm)) + Mklog(ALL) + (p")2k*dL2L3 max{22t7 ;} L
m=1 t=1 =1 w
1 A T 2
O i Og(zmm‘r‘) ”B yH(ZLl )‘(wz‘)BTwim:B)71 + Li ) 2t 1 2M 10g(Am mm)
= min max - 10,
— — A€Ax yeY;, (X) (yTem)2 w2k & )
M n2 log(A i)
* Mlog(Am Inln) L FEN\21.4 2712 2t L4
+ mz::lpl,m log ( 5 + Mklog(A_1) + ; (p”)°k*dLz Ly max {2 , wg} L
BTy|? _
@O l . || y||(2?:1 /\(mi)BTwiw:B) ' 2M10g(Am mm) 1
= min max 3 : IOg : log(Am mln)
— XA yeY;, (X) (yTO0pm) J
ML n?Mlog(A 1) n2M log(A,})
L? -log(A
+ (pP)2kAdL2 L3 maX{Am?n, Lz - 10g(Aunin) mm)}.L>,
w

where equality (a) uses Lemma C.6.

When L, = w = O(1), we have that with probability 1 — §, the sample complexity of algorithm DouExpDes is bounded by
2

M 1By S 4
~ n x; Tix, 1 L 1
O( min  max (Eiy Moo Blee/ B) log <5> + (p¥)?k*dL2 L2 max {Amfn’ }10 <5> )
w?

L XD yeY;, (X) (y76,,)°

D. Proofs for Algorithm C-DouExpDes

In this section, we present the proofs for Algorithm C-DouExpDes.

D.1. Context Distribution Estimation and Sample Batch Planning

Define A% and p% as the optimal solution and the optimal value of the following E-optimal design optimization:

-1
/\rgiAnfl <Z)\ Esp (s,a)¢(s,a)—r}> . (18)

Lemma D.1. Ir holds that

ph <

A

Proof of Lemma D.1. The optimization in Eq. (18) is equivalent to maximize the minimum singular value of the matrix
ZQEA )\(a)ESND [¢(S7 a)d)(sv a)T] .

Thus, AL is the optimal solution of the following optimization:

max Omin (Z Ma)Egp (s,a)(ﬁ(s,a)T]) .

acA

Using Assumption 3.3, we have

Omin (Z /\gEsN'D [¢(Sa a)¢(3’ a)T]> > .

acA
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Then, we have

<Z ABE,p [9(5,0)8s. M)

acA
1

Omin (ZQGA )\gESND [¢(8v a)¢(87 a)T])

<

A

Define event

K= B [#(5.0)0(5,0) ] = Eep [p(5.0)0(s,0) || € ——="7,

Lemma D.2. It holds that

Furthermore, if event K holds and

322(1 +¢)%L4 20d|.A
TO:’V 2 ¢10g2< (5| |> >

[E,p (605,05, 0)7] = Eonp [0(5, 0)(s,0) | <5

we have that for any a € A,

Proof of Lemma D.2. For any (s,a) € S x A, ||¢(s,a)p(s,a)T| < %8 Then using the matrix Bernstern inequality

(Lemma E.2) and a union bound over a € A, we have that with probability 1 — 2 for any a € A,
log (10~2(;1|A\) 4L?¢ log (10~2(;1\A|>
B, [B1:)(5,0) ] ~ Bon [6(5,0)9 T
I 7 > 322(1 + €)2 2 L4 log? (20‘”““‘) we have
H]ESND [¢(S a’)¢(85 a)T} - ESND [¢(S7a)¢(8a a)T:I H S 4(1:_ C)a
which completes the proof. O
Define event
P
0 0 _ 40dMT
;C = { Z¢( ( ?],z’ai)(ﬁ ( )7],17 l ZE9ND 5 ai)(ﬁ('s?ai) } < 8L \/>1 < 6 ’
i=1

VYm € [M], Vj € [T], V¢ € {1,2}}.
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Lemma D.3. It holds that

1)
>1— -,
Prf]>1 3

Furthermore, if event L holds and

2 5 (19)

322(14¢)°Ly, ., (40dMT
p= log ;
we have that for any m € [M], j € [T and ¢ € {1,2},

i=1 L+ C)

‘ _ ‘ - _ - pv
Z(ﬁ(sgn),j,iaai)(b 'En)j i i) ZESND (s ai)(ﬁ(s?ai)—w H §74( .
Here, the value of T is specified in Eq. (29).

Proof of Lemma D.3. For any (s,a) € S x A, ||¢(s,a)p(s,a)T| < Li. Then, using the matrix Bernstern inequality

(Lemma E.2) and a union bound over m € [M], j € [T] and ¢ € {1,2}, we have that with probability 1 — g, for any
m € [M],j€[T]and ¢ € {1,2},

p
_ _ _ 10 - 4dMT 10 - 4dMT
S b(sh) s an (st ) ZESND [B(s,a:) (s, a:) "] §4Li\/plog(5>+4L§,log(6)
i=1
<ot o (27

In addition, if p > 322(1 + ¢)>» 2L} log® (22T we have that

40dMT pv
2

<
8L¢\/z310g< : )_4(

14¢)
and thus,
% 0 5O pv
a; a_’L Esw a; , Qg T < 1 A\
;(ﬁ( 7],z7a)¢ m,j,i Z ’D 5 a)¢(8 a) :IH — 4(1+<-)
which completes the proof. O

For any task m € [M], round j € [T'] and ¢ € {1, 2}, let

and
(@) = (@) )Tel ) L@l )T

m,j m,j

Lemma D.4. Suppose that event K N L holds. Then, for anym € [M], j € [T] and £ € {1,2},

(1+0)

&0 +H <9
@] = g
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Proof of Lemma D.4. We first assume that ((1)(@) )T<I>(€)

. 18 invertible. In our later analysis, we will prove that as long as

T} and p are large enough, (i’(e) )T<I>( ) is invertible.

Forany m € [M],j € [T]and £ € {1,

@] =

- et

In addition, we have

Cmin ((@(@) ) (I,(f) )
=0Omin Z¢ m]“ a)

(
(
;

(5)

M@\

Esp [¢(s,a:)P(s

> Umln

=1

M=

=Omin ES~D (s,a;)P(s,

Il
_

7

ST o\ ane(s,

a] i@

1=

M*@H

> Omin ESND (s,a;)p(s,
=1
d)(S m,7,i? 71)¢ ] 7
=1
P
zo—nun ZESND 5 &i)¢(57

Il
—

Mm

¢ mJ17 ’L ,j’b’

i=1

m]'L7

(s,a;) (s,

m,j

2}, we have

H @(f Tq)(f).)fl(q,;?j)TH

f £) 14 4 14 4
\/H O )Te) @) Tel (@) Tel )|

0 y-
)|

- ! . (20)
o (@071,

a; )T>

;) +§p:¢ s ae(s?, a7 ZEM b(s, a)p(s, aﬂ)

;) ) (s5). an) (st a ZEM (s, a ¢(s,c‘zq¢)T]H

) ém $(5,38(5,3)" i o 8000020

pany
zp:ESND (s,a:)p(s,a;) "]

a;) ) o [B(5,8:)p(s,0:) ] —Zp;Eé b [#(s,a:)0(s.a)" ]

;) ZESND (s, a:) ¢>(Saaz‘)T]H

df]) - i [Esnp [¢(s, ai)p(s,a:) "] — B, p [p(s, ai)(s,a:) ]|

a;) ZESND (s, a ¢(8aaz‘)T]H

aiﬂ) B 4(1pi 0 4(1]9:i ¢)’ @D

p
i (z B, [0

where the last inequality uses Lemmas D.2 and D.3.

In the following, we analyze oyin (> 5,

ROUND, we have

(ZESND (s, a qb(s,di)T]) <(1+¢) (P

E, p [#(s,a;)p(s,a;)"]). According to the guarantee of the rounding procedure

D Ap(@E

acA

(s, a)(b(&@f])
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<(1+¢) (pZAE E, 5 (Sa)¢(s,a>T]> :

acA

which implies that
p
Omin (Z ]ESN'f) [¢)(S7 a”i)d)(‘g’ a’i)T]>
i=1
Umln (Z >\E gND (57 0,)(?(87 a)T]>

acA

= 1 T Camm < Z /\E aND [¢(37 a)¢(57 a)T]

acA
Z )‘E SND (S a’ Z )‘E s~D (57 a)¢(85 G/)T} >
acA acA
> C<o—mm (ZA Eswp [¢><s,a)¢<s,a)T])
acA
Z NE(@)E,  p [¢(s,a) Z A (a)Esop [@(s,a)9(s,a) H)
acA acA
> ( =2 Na) [E,Lp [0(s,0)(5,0)T] — Eap [b(5,a)(s5,0) ] II>
acA
@ p 14
> vV —
fie (- mvg)
3pv
> 22
T4(1+¢) (22)
where inequality (a) uses Lemmas D.1 and D.2.
Plugging Eq. (22) into Eq. (21), we have
0) \T g0 3pv pv pv
omin (@47 @0)) 22 -
(®ns) 0+ 10+ 110
pv
= . 23
4(1+¢) @)
Equations (21) and (23) show that if Ty, and p are large enough to satisfy that
||Es~ﬁ [(1)(3 a)¢(s a)T] —Esup [(i) ]H < ﬁ for any a IS A and
_ 0 _ .
|0y (st @) plstn s a) T — z;l EM [¢><s a)e(s,a)]| < sl forany m € [M], j € [7] and
Cedl, 2}, respectively, then we have that (‘I’%), )T<I'£n) j is invertible.
Continuing with Eq. (20), we have
@) <2 a+9
v
O

D.2. Global Feature Extractor Recovery with Stochastic Contexts

In subroutine C-FeatRecover, for any m € [M], j € [T],4 € [p] and £ € {1, 2}, let sfﬁ)J ; and nff)J ; denote the random
context and noise of the ¢-th sample on action @; in the j-th round for task m, respectively. Here, the superscript £ € {1, 2}

refers to the first sample (Line 4 in Algorithm 5) or the second sample (Line 5 in Algorithm 5) on an action a.

37



Multi-task Representation Learning for Pure Exploration in Linear Bandits

In C-FeatRecover, for any m € [M], j € [T], 4 € [p] and £ € {1,2}, let agﬁ)’j — [a(z)

o). = (@) ) el Recallthat Z = 1 M S0 60820

m,j m,j

Lemma D.5 (Expectation of Z). It holds that
| M
_ T
= — E 0..0,,.
m=1

Proof of Lemma D.5. Z can be written as

L SN g (6@
_ N(1 N(2)\T
Z _MT Z Zem,]‘(am,j)
m=1 j=1
(1)
LS g) et @) (2) 2)
:7T Z Z((I)m,j)+ : |:am] 1 ) & J p:| (((I)m j) )
m=1j5=1 (1)
Ym,j,p

m,j7,17

(0) ]T

R and then,
+Js

o

(A(55050:30) 70 ) (B(532)101) 0 ) o (580 15a1) ) (D5 0 3) " O0m)

BT\ (0680, )700) (06200070 (B30 70,) (8052000700

¢(3$)g 1 a1) " O, - 7753)3 1T 777(7?]‘ 1° d)(sgb?j,l’ 1) O . .. ¢(Sg?j,1’ a1) " O, - ,'77(13)] »T 777(71)]' 1 ¢(S1(73?j,p7 Z‘p)—rgm
+ . .. .
- 1 2 - - 2 1 2 -
¢(S£n)j,p’aP)T0m 777(717)3,1 + 777(71?]@ ' ¢(S£n?j,1’ @1) O ... qb(sgn?jm’aP)TOm 777(71?];? + 777(7%)],1) b(s ( ,)Ml’ ap) " O,
PE! 1 2
"77(71)] 1 "71(71)j 1 R "77(71)j 1 177(71)] p (2) T
+ . . (@) (24)
(1) (2) (1) (2)
g™ gt e Thngp Thngp
For any task m € [M], j € [T],i € [p]. the sample on action a; in the first round (i.e., S’En)] ; and nm ;) is independent of

(2)

hugy .)- Hence, taking the expectation on Z, we obtain

that in the second round (i.e., s and nm

]:
lstn)s51) O ) (@(sry1,01) O ) -

(
G apfemj'(wsﬁi?j,p @) Om) . IR apﬂem)'(qs(s&i?j,py ap) O

1 M T ¢( ¢ ?;717 a )Tgm
=37 O D E[(@))T el @) ; EC
m=ti= ¢(857117)j,p7 dp)Tam,

21 6,,(0,,) (@7)7

3
I
—
<
Il
—

38

(#0552)1:01) T 0m ) (D542, 1) 701

’IJ( ) ((<I>(2) )T,I,(Q) )



Multi-task Representation Learning for Pure Exploration in Linear Bandits

Define event

vvMT 1)
Lemma D.6 (Concentration of Z). Suppose that IC N L holds. Then, it holds that

Pr[Q]Zl—g.

d
G:= {||z _E[Z]|| < 256(1 +¢) Ly Lo log (%*) log (IOOpMT> } '

Proof of Lemma D.6. Define the following matrices:

1 1
D, ; = m(‘l’gn?jﬁ

(A58 @) T0m) (S50 10) 70 ) v (D) 1001) O ) (D587 ,0,)T0m)
(¢(5£rlz?j,pvdp)T0m> <¢(3g?j,1va1)T0m) (¢(s£7]7:?j,p7al))—r07n> (¢(5i?j,pvap)T07n)
M T

D:=)Y > "D,

m=1 j=1
1 1

1 _ 2 2 1 2 _
o(s')),1.a1) 76, - nfn?7,1+nfn?]7 B2 1) O B 1) T, - nfn,’],pmfn?], D, 0ap) O

1 — 2 ' 1 2 — o 1 — 2 . 1 2 _
¢(an?j,p’ a’P)Tam ,'77(71)j 1 + nfn?j,p ’ ¢(S£n?j,1’ al)Tam e ¢(S$n?j,p7 aP)Tem n’SrL)j p + nr(n)] p ¢( ’ETL)] P’ a )Tem

M T
B3 Y B
m=1 j=1
(1) (2) (1) )
Fo. = 1 M+ L mag i magp D\ T
m,j MT( m,]) . : m,_]) )
1) ( ) 1) (2)
nm,] ¥4 ’7” _77 e nm,] y4 T}’!n,],p
M T
Fi=> 2 Fu,
m=1 j=1
From Eq. (24), we can bound || Z — E[Z]|| as
1Z - E[Z]| <||D - E[D]|| + | E - E[E]| + [|F — E[F]||. (25)

Similar to the proof of Lemma C.3, in order to use the truncated matrix Bernstein inequality (Lemma E.2), we define the
truncated noise and some truncated matrices as follows.

Let R > 0 be a truncation parameter of noises which will be chosen later. For any m € [M], j € [T],7 € [p] and £ € {1, 2},

4 L 4
let 77'577,)_] [ 77'571?], {‘7]( )

noises:

g 1| < R} denote the truncated noise. Furthermore, we define the following matrices with truncated

~ 1 1
Em,j = m(ésrz,)j)+'
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d’(sg?j,l’ a1) " O, - 777(3); 1T ﬁg)j 1° ¢(3£3?j,17 1) O ... ¢(82?j,17 a1) " O, - 777(73)] pT 77571)] 1 d’(sgjw ap)Tem

1 _ 2 . . 2) 1 _ 2 . .a 2)
qb(sgn) ap)Tgm ) 777(71?]& + 777(717)3,17 ’ (b(sgm)j,l’ ) O, ... ¢(S£n?j,p’ aP)TOm ’ 777(717)],17 + 777(7%)3717 b(s ( ?]710’ aP)TGm

»0,P?
2 T
(@2)%)
. M T ~
E= EE:‘IDWLJ
m=1j=1
(1) =2 (1) =2
Tyin - 11 e Tl T
~ 1 m,j,1 m,j,1 m,j,1 m,j,p
Frj=——(®0))* . . (@27
oMT T ) @) ) @) ™
nm,Jp nmm nmdp nm,j’p

Recall that from Lemma D.4, we have that for any m € [M], j € [T] and £ € {1,2}, |[(® 7ﬁ)])+|| <2 (1:—1,0. Let

By =2,/
We first analyze || D — E[D]||. Since |(;b( mj Z, a;) 0, < L¢L9 for any m € [M],j €[T),i € [p|and ¢ € {1,2}, we
have that | Dy || < 347 - pLoLeB3 and [| 2 ST E[D2 || < MT - 37k - p*L2L3BS = yir - pL2L3B for

any m € [M]and j € [T)].

Let ' € (0,1) be a confidence parameter which will be chosen later. Using the matrix Bernstein inequality (Lemma E.2),
we have that with probability at least 1 — ¢”,

2L2L2B3log (22)  4pL4LyB2 log (22
D — E[D]|| <4 P Liyly Do g(6)+ pLyLe B3 log (5)
MT MT
_8-4pLy L B3 log (24)
- VMT

(26)

Next, we bound || E — E[E]||. Since \qb( Eﬁ)jl,az)TO | < LyLg and \77m”| < R for anym € [M],j€[T),ie€ [p]and
¢ € {1,2}, we have that ||E,, ;|| < 527 - 2pRLsL¢B2 and HZ T E[EZ ] - 4p* R?L3 L3 By, for any

m € [M]and j € [T].

m=1 H — 1\/IT

Since 17( ) is 1-sub-Gaussian for any m € [M],j € [T],¢ € [p] and ¢ € {1,2}, using a union bound over ¢ € [p] and

m,])

E e {1, 2} we have that for any m € [M] andj € [T, with probability at least 1 — 4p exp(—%z), |7],(f?j7i| < R for all

€ [p] and ¢ € {1,2}, and thus, || E,, ;|| < 577 - 20RLy Ly B3 . Then, we have
HE ~ElB|
2pRL¢LgB(I)
mj ]]- | m]H MT
2pRL¢L9B2
<E [nEm,jn {1 > 2o 10
2pRL¢LgB(% 2pRL¢LgB§> 2pRL¢LgB% 2pRL¢LgB§>
—g |22R20200 4 )y > e 0Pe Ul g | (B, |- 20020 ) 1 ) B, | > 200
2P {12 2P | | (18- 20 1B, = 2ol
9pRLsLoB2 9RLsLo B2 /°° 9pRLsLeB2
_PRo 0B polig, | > Do 0P Pr ||| B || = 2205070 o g
MT r || aJ” = MT + 0 r H 7]” MT > T
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9pRLyLyB2 R*\  2pL,LyB2 /°° 9pLsLoBly
<2PiLoLobs AU L 2PReteBe [Tp g s 2PReD0DRY
STMT prexp |\ = )+ = [ P |lBmsll > = y

2pRLy Lo B2 R\ | 2pLyLyB3 /°° y>
<0070y T [y -2 )d
ST prop (= )+ =y [ ew (= ) dy

2pRLsLgB2 R? ZLLB 1 R?
<WRLoLeBy (_2> | loleBy 1 <_)

MT MT R 2
2pL¢LgB¢, 1 R2
=————4p- | R+ —= - .
MT TR)P( T3
Using the truncated matrix Bernstein inequality (Lemma E.2) with n = MT, R = 2log <4p MT),
U - 2pL¢LeBgMilog(4”5ﬂ), 52 (2pL¢LgB§,.M/2’;og(4%#))2’ . 4\/(2pL¢LgB?p 21351(;%”))2 log(24) n
4-2pLy Lo B3 /2 log( 42T ) log( 24 2pLgLeB2-2,/2log( 42T / . .
Proto”e MgT( )tos(3) and A = 220707 T o(%57) '%,We have that with probability at least 1 — 26,

8-2pLyLygB3/2log (4PMT) -log (%—‘fl)
VvVMT

I1E - E[E]| < 27

Now we investigate ||F' — E[F]||. Since |77mj ;0 < Rforany m € [M], j € [T],i € [p] and £ € {1,2}, we have that

1Pl < w7 - pR2B and |00, 7L B [F2 || < - p*R*BS.

Recall that for any m € [M] and j € [T], with probability at least 1 — 4p exp(—%) \nm il < Rforalli € [p] and
¢ € {1,2}, and thus, ||F,,, ;|| < 577 - pB3 R?. Then, we have

B2R2
R
pBZR2
<E | IFo sl 1 {1l 2 2327

pB32 R? pB32 R? pB2 R? pB2 R?
— . > O — . >

pB2 R? pB32 R? o pB2 R?
- ) > E2ett l —
ror P 1Bl 2 08 | [P (1) - P > 2] o

HE[Fm,j] - E[ij] H <

pBg I? R?\ | 2pBj / °° pBiy?
< Ap - _ Pr||F,, ; d
STur PP\ T ) T J, YT 1o il > =3 | W

B2R2 R2 2 B2 oS} 2
gp i -4p - exp (—2>+ P <I>/ y-4pexp(—y2> dy

MT MT
pB2 R? R? 2pB3 R?

< Ap - = Ap =

i AN R Ve 2
pB3

P 2 R?
=T -dp - (R —|—2) exp (—2) .

pB2. 210g(4pMT)
MT ’

Using the truncated matrix Bernstein inequality (Lemma E.2) withn = MT, R = /2log (4”M T) U=

pB2.2log( 24T
o2 — (PBe g( ))’724

we have that w1th probability at least 1 — 24,

pBé~2-2]og(4p5#) 5
MT MT>

(pB2- 210g(4p1blT))2'105(%7) + 4'PBi'210g(ﬁ)'log(%) and A =

4pMT 2d
8-pB2 - 210g( L ) -log (24)

(28)
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Plugging Egs. (26)-(28) into Eq. (25), we have that with probability at least 1 — 5¢,
1Z —E[Z]|| <||D - E[D]|| + |[E - E[E][| + |[F — E[F]]|
64pL Lo B2 log (4PMT> log (24 )
< .
h vVMT

Let ' = 2%. Recall that Bg := 2 (HO . Then, we obtain that with probability at least 1 — g

1Z - E[Z]|| <

256(1 + () Ly Lo log (294) o (100pMT>
vvVMT & ) ’

which implies that Pr[G] > 1 — 2. O

According to Assumption 3.1, there exists an absolute constant ¢y which satisfies that amin(% 2%21 wmw;)

Tmin(F Somet OmOy) > L.
Lemma D.7 (Concentration of B). Suppose that event G holds. Then,
2048(1 + ¢)kLy Lo log (232) <135(1 + C)dL¢MT)
log .
covVMT

515 <

vé

Furthermore, if

68 - 20482 - 962(1 + C)2K LALZL2 2048 - 135 - 96 - 50 - 5(1 + ¢)2k2d? L3 Ly L, N
cAv2e2M log” cov2d3e ’ 29

we have

BLB| < Gotroas
H = 96klog (38) Ly L,

Proof of Lemma D.7. First, we have that o(E[Z]) — 0411(E[Z]) = omin(77 ZM 0.,0,,) > <. Letp := [32%(1 +
()?v~2L} log® (424MT)]. Then, using the Davis-Kahan sin 6 Theorem (Bhatia, 2013) and letting Tt be large enough to

satisfy that || Z — E[Z]| < £%, we have
Z —-E[Z
HB BH | ]|
(E[Z]) — ox1(E[Z]) - [|Z - E[Z]]|
S* 1Z - E[Z]]|
512(1 + ()kLgyLglog (332) o (100pMT>
covVMT & o
_512(1 + )k Ly Lo log (%) 100MT 2-32°(1+ ()L <40dMT)
< log 5 log
covVMT o v )
512(1 + ¢)kLy Ly log (24) 2100 - 322 - 40%(1 + ¢)d*L MPT?
< log
covvV MT v263
2048(1 + ()kLy Lo log (294) log <135(1 + C)dL¢MT> '
covVMT vé
Using Lemma E.3 with A = 2048(1 + ()kcy 'v =1Ly Lg log (%), B = W and Kk = ——5~———, we have

96k log( 2 )Ly L’
that if
68 20482 - 96%(1 + ¢)? /<:4L41;2L2

2,22
cgrie
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50d 5N 2048 - 135 - 96(1 + ¢)*k*dL3 Ly L., 50d 5N
log? log® log® 5 log (| — Jlog| —= | |,
e 5 cov?de 1) )

£

then BT B|| < ——&—~——.
H &L = 96klog( 3N )Ly Ly

Further enlarging MT', if

_ 68 20482 - 96%(1 4 ¢)*k* L L3 L2, g (2048-135-96-50-5(1+§)2k2d2LgLaLwN>
og )

cir2e? cor263e

then

BLB| < Gotioa s
H = 96klog (38) Ly L,

D.3. Estimation with Low-dimensional Representations

Lemma D.8. In subroutine EstLowRep (Algorithm 6), for any m € [M] and t > 0, we have

det (f}/[ + Ztrzl BTd)(Sm,‘rv a7rL,T)¢(S7n,T7 af’m,‘r)TB> t
log < klog (1 + )

det (yI) vk
Proof of Lemma D.8. This proof uses a similar idea as Lemma 11 in (Abbasi-Yadkori et al., 2011).
It holds that

det (7] + Zf—:l BT(b(Sm,n A, ) D(Sm,r am,T)TB)
det (yI)

log

. . k
<Trace("/[+zi=1 BT¢(57n,-r7a7n,7)‘;b(snz,'manl,T)TB) )
k

<log
,yk

Trace /VI + Z Trace (BT¢(Sm,77 am,‘r)¢(8m,7; am,‘r)TB)
vk

<wk+zT BT ¢5mr )

=klog

2

=klog

<klog (1 )

Lemma D.9. In subroutine EstLowRep (Algorithm 6), for any m € [M] and t > 0, we have

vk

e W e P e
D [gleajf $(s,a) s, | =P W8 (s.0) 2 n

Proof of Lemma D.9. This proof is similar to that of Lemma 6 in (Zanette et al., 2021).
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m

For any m € [M] and t > 0, since X,,, ;41 = X, ¢, we have E;jt -3
a € A, we have

}t+1' Hence, for any m € [M],t >0, s € S and

¢(57 a)TBEr_n}tBT(ﬁ(sv (l) 2 ¢(57 a’)TBEr_n}tJrlBT(p(Sa a)’

which implies that

|56t

[7sts,..

>
»-l b}
m,t m,t+1

Therefore, for any m € [M] and t > 0, we have

T T
B [ma [B 600, | > B [ma |87 00, |

m,t+1

O

In subroutine EstLowRep, for any m € [M] and t > 0, let &, ; denote the noise of the sample at timestep ¢ for task m

(Line 6 in Algorithm 6).
H = {
(’YI+ZtT:1 BT¢(S77L,T7am,‘r)¢(Sm,rvam,‘r)TB)_
t )
klog|1+— | +2log( =), Vme [M],Vt>0,.
vk 1)

Lemma D.10 (Martingale Concentration of the Variance Term). It holds that

Pr[?—[]zl—g.

Define event

<

t
Z BT¢<sm,T7 am,r)gm,r
T=1

1

Proof of Lemma D.10. Let §’ be a confidence parameter which will be chosen later. Since B is fixed before sampling
(Sm.r, Gm,r) for all m € [M] and 7 > 0, using Lemma E.7, we have that with probability at least 1 — ¢’, for any task
m € [M]andt > 0,

t
Z BT¢(Sm,Ta am,‘r)gm,j

T=1 ('YI"FZtT:l BT¢(5m,T7am,7')¢(5m,7-7am,r)TB)71
1
det (’YI + Z::l ET¢(£TI’L,T, am}T)d)(sm,Ta am,T)TB) ’
<2log -
det (vI)2 - ¢/
o (et (14 2 BTmr ena)$omaan) TB)\
=08 det (1) s <5’)

(@ t 1
<klog 1+ka + 2log 5]

where inequality (a) uses Lemma D.8.

Letting 6" = g, we obtain this lemma. O
Define event
N
L AT
7= { Lo x| Eote 0], | <
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2

1 / 5 5 ol 5
- e e BT e
1 2 10g<6) + 4log(6> +4<t§=12n€aj(HB qb(st,a)‘zt_ll+210g<5>> }

Lemma D.11. It holds that

Pr(J]>1-

| &>,

Proof of Lemma D.11. Using Lemma E.8, we can obtain this lemma.

Lemma D.12. Suppose that event KN LN GNH N T holds. For any task m € [M], we have

2k log (1 + %) | 8log (2)

Eswp [I&a} ‘¢(sva)T <ém,N - 0m> ‘:l < |2 N N

~ N ~
(HBIBH VNE + \/klog (1 + vk> +2log (Z) + ﬁ) + HBIBH .
Furthermore, if

N = ed

{42 -26% 242 -2 (k? + kyL3) log’ (WW

then

Proof of Lemma D.12. For any task m € [M] and ¢t € [N],

t
" —1 AT
W, t :zm,t § B ¢(377L,Taam,7')rm,7'

T=1

t -1y
= <’YI + Z BT¢(sm,'rv am,'r)¢(sm,‘ra am,T)TB> Z BT¢)(Sm,T7 am,'r) ((b(sm,'m am,T)Tem + gm,j)

T=1 T=1

t

. 1
= <’YI + Z BT¢(Sm,T7 am,T)¢(5m,T; am,‘r)TB> Z BT(ZS(STTL,T’ am,r)'

T=1 T=1

(d)(sm,‘m am,T)TBBTam + ¢(8m,'ra am,T)TBLBIBm + gm,j)

t —1
+ Yy <'YI + Z BTQS(SmJ'a am,T)d)(Sm,Ta am,T)TB> BTOm

T=1

t —1
- (’YI + ZBT¢(57TL,7'7am,7)¢<8m,T7am,T)TB> BTOm

=1

. ~1
=B, + (’y[ + ZBTqb(sm,T,am’T)qb(sm,T,am,T)TB?> .

=1

t
Z BT¢(sm,T> am,T)d)(Sm,T» am,T)TBLBIme
T=1

45



Multi-task Representation Learning for Pure Exploration in Linear Bandits

t

¢ -1
+ (71 + Z BT¢(Sm,T; am,‘r)‘b(sm,‘ra am,T)TB> Z BT(p(Sm,‘m am,‘r)fm,j

T=1 T=1

=1

+ —1
- (71 +) " BT ¢(sm.r i ,r)D(Sm.rs am,T)TB> B'0,,.

Hence, for any task m € [M],t € [N] and (s,a) € S x A,

B(s,a)’ (ém,t - em) =p(s,a) By, — ¢(s,a)" (BBT + BLBI) 0,,
=¢(5,0)" B (W, — B'60,) — ¢(s.0) BLBI6,

)

t —1
:¢(57 a)TB <'YI + Z BT¢(5m,T7 am,7’)¢(£m,7’; am,‘r)TB> :

T=1 T=1

t -1y
—+ ¢(Sa a)TB (’YI + Z BT¢(Sm,T; am,T)‘b(Sm,Ta am,T)TB> Z BT(p(Sm,‘rv am,‘r)gm,j
1

t
—Y(s,a)'B (7”2 B ¢(5m,7, Gm,r)P(5m.rs am,TfB) B'6,,—(s,a)' BLB| Bw,y,.

T=1

For any m € [M], let ¥,,0 := ~I. For any m € [M] and t > 1, let %,, = ~I +
31 BT (s, m ) $(5m,r, 0 r) T B.

Taking the absolute value on both sides and using the Cauchy—Schwarz inequality, we obtain that for any m € [M], ¢t € [N]
and (s,a) € S x A,

$(5,0)7 (81— 0,

t
<|BTo6 0, |3 BT ¢mrsam)d(smrs amr) " BLB] Bw,
EnL,t =1 2:”171
t
+ BTt )|, |3 BT $smrs )
mt |l r=1 2—1t

waf[BTet o, [B7eu],

m,t m,t

+ ’cﬁ(s,a)TBLBIme‘

(a)
<

-1
m,t

t
BT¢(S»G)”2_1 Z ‘¢(sm,7,am,T)TBlBIme’ : HBTd)(Sm,Taam,T)
mit =1

+ HBTd)(S’a)Hz* \/klog (1 T 72) +2log (Z)
+y HBTqb(s,a)Hwt . \% . HBmmH n HBIBH LyLu

S LI N L P o LA
et T=1

-1
2N
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+ HBT¢(8,G)HE_1 \/klog (1 + jk) +21o0g (Z)

+ V7L HETqb(s,a)’ o HBIBH LsLa
m,t

(b)
<

B ¢(s,a)

L

+HBT¢(8,G)HE_1 \/k’log <1+th€> +2log (2)

+ 7L HBT(p(s,a)Hyl " HBIBH LsLa
m,t

_ HBT(ﬁ(s,a)’ <HBIBH LoLy - Vik + \/klog (1 + vtk) +2log (Z) + WL9>

=L
+||BLB| Lot
where inequality (a) uses the triangle inequality and the definition of event , and inequality (b) is due to Lemma E.6.

Taking the maximum over a € A and taking the expectation on s ~ D, we have that for any task m € [M],

£ gy 6000 (s 02)

T
| <o | |87 o0, |

: N 5
( BIB‘ LyLo - VNE+ \/klog <1+ 7k) +2log <5> +ﬁLe>

+ HBIB ‘ LoLy. (30)

According to Lemma D.9, E;p [maxaeA HBT(}b(s, a)

1} is non-increasing with respect to ¢. Hence, we have

B [ma BT 0000, |

where inequality (a) is due to the definition of event 7.

In addition, we have

>

t=1

N
2
- R
B ¢(5t,at)HE:1 <G| NV ; HBT(ﬁ(St’at)Hz;jl
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g) . det (’yI + Zivzl BT ¢(Sm.rs 7 )P (Smrs amJ)TB)

= ©8 det (1)

(b) N

g\/QNk; log (1 + ) (32)
vk

where inequality (a) uses Lemma E.9, and inequality (b) is due to Lemma D.8.

Combining Eqs. (31) and (32), we have
A 1 5 5 N 5
E,. HBT , H <— | 2,/1og 2 dlog (2) +4( ([2Nklog (14 =) +21og 2
D [gleajt( é(s,a) s | SIN g5+ ogl5)+ klog [ 1+ " +2log { 5

® 1 5 5 N 5

< el el _ Z

SoN <4log (6) + 4log (5> +4 <\/2Nklog <1+ fyk> + 2log (6)))
1 N 5

=~ (2\/2Nk10g (1 + ’Yk> + 8log (5>>

2klog (14 35)  slox (2)
N * N ’

2

=2

(33)

where inequality (a) uses the Cauchy—Schwarz inequality.

Furthermore, plugging Eq. (33) into Eq. (30) and using v > 1, we have that for N > 1 and vk log(2N) > 1,

E,.p [glea} 6(s.0)7 (6,0 — 6, H (34)

2k log (1 + %) N 8log (%)

<|2
- N N

(HBIBH LoLyVNE + \/k log (1 + AL) +2log (?) + \ﬁLf;) + HBIBH LoLu
Y

12vklog (3 X R
<\f\;’]§vm (HBIBH LyLyVNE + 2V log <5N) + ﬁLg) +|[BIB| oL,

5
_ (24K +12vEy Ly) log® (2V)
B VN

+ 24k log <5§V> HBIBH LoLy. (35)

Using Lemma E.4 with A = 24k + 12/kyLg, B = % and k = £, we have that if

g
1

v o 264 (24 + 12/F7Ly)* log? (2224kL12VRTLo)

Bk E—

S

(24k+12yE7Lg) log” (2)
VN

Further enlarging IV, if

then

I
o

4 (240(k++kyL
422612472 (I 4 kL) log! (FREEe))

= , (36)
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then

(24k + 12y/kvLg) log® (21V)
VN

€
< -.
— 4

. 5T < 5
According to Lemma D.7, we have HBM_BH < —%klog(%)L(ﬁLw .

Thus, setting IV as the value in Eq. (36), and continuing with Eq. (35), we have

€

~ 9
Esn ’ ) T (07 - Om) 7= 5"
P {Ifea}f $(s:0)" (O 172

<<y
— 4

D.4. Proof of Theorem 5.1

Proof of Theorem 5.1. Combining Lemmas D.2, D.3, D.6, D.10 and D.11, we have that Pr[NLNGNHNT] >1-4.
Suppose that event XN L NG NH N T holds.

First, we uses a similar analytical procedure as that in (Zanette et al., 2021) to prove the correctness.

Using Lemma D.12, we have that for any task m € [M],
Esop |:Igleaj\( ‘(ﬁ(‘saa)—r (ém,N - am) ‘:| < %

Forany m € [M] and s € S, let ,,,(s) := maxae.4 |(s,a) T Oy — )] and 7%, (s) := argmax, 4 ¢(s,a)T O,,.
For any m € [M] and s € S, we have

¢(S, 7?"m(S))TOm Z¢(57 7fl'm(s))Tém,N - 5m(5)
(@)

>(5, 75, (5)) O v — B (s)
2¢(sv 7r:n(s)>—r0m - Qﬂm(s)a
where inequality (a) is due to that 7, (s) is greedy with respect to ém, N-

Rearranging the above equation and taking the expectation of s on both sides, we have

Esvp Igleaj‘( (‘Z’(Sv a) — ¢(5,ﬁ'm(s)))—r 0| < QESNDwm(S)] <e.

Now we prove the sample complexity. Summing the number of samples used in the main algorithm of C-DouExpDes and
subroutines C-FeatRecover and EstLowRep (Line ?? in Algorithm 4, Lines 4-5 in Algorithm 5 and Line 6 in Algorithm 6),
we have that the total number of samples is bounded by

To +2MTp + MN

L4 d KALALZL? kdLyLoL,N\ L3 dMT
=0 (;z’log2 ( |A> R i <¢ o ) A ()
14

0 v2e? voe 2 )
(k2 + kyL3) log* (A/Erke )
ey o = 5

_o FLALGLY | o (JARdLoLeLuNY L, ., (dMT
o v2e2 o8 vie .ﬁOg )
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g (5

+ M- =

- (K*LYLGLE, M (k* + kyL3)
=0 vie2 + g? ’

E. Technical Tools

In this section, we provide some useful technical tools.

Lemma E.1 (Matrix Bernstern Inequality - Average, Lemma 31 in (Tripuraneni et al., 2021)). Consider a truncation level
U>0.If{Z,...,Z,} is a sequence of di X dy independent random matrices and Z| = Z; - 1{||Z;|| < U} for any
i € [n)], then

n

>z

i=1

>t—A| +nPr[|Z]| > U],

‘Z(Zg )

1
zt‘| gPr[
nia

where A > ||E[Z;] — E[Z]]|| for any i € [n].
In addition, for t > A, we have

> t—A} < (dy + ds) exp (_112(75—A)2A)> )

20Un(t—
202 + 3

where
> El(Z -E[Z]))(Z, - E[Z])"]

i
=1

ZE (Z; - E[Z]) " (Z] - E[Z]])]

}
{ |

Lemma 31 in (Tripuraneni et al., 2021) gives a truncated matrix Bernstern inequality for symmetric random matrices. Here
we extend it to general random matrices.

7

n

S E[ZZ]")

i=1

Lemma E.1 can be obtained by combining the truncation argument in the proof of Lemma 31 in (Tripuraneni et al., 2021)
and Theorem 6.1.1 in (Tropp et al., 2015) (classic matrix Bernstern inequality for general random matrices).

Lemma E.2 (Matrix Bernstern Inequality - Summation). Consider a truncation level U > 0. If {Z1, ..., Z,} is a sequence
of d1 x dg independent random matrices, and Z! = Z; - 1{|| Z;|| < U} and A > ||\E[Z;] — E[Z]]|| for any i € [n], then
Jor T > 2nA,

r[ Z(Z — 27‘1 (dl—i—dg)exp( le 227-T>+nPr[||ZZ-||2U],
i=1 3
where
o —max{ z) " (z; - E[Z]))]|, ZE[(Z{ - E[Z])(Z; -E[Z]))"] }
<max{ AA zn:ﬂ«:[zng] }

Furthermore, we have

rl (Z; —

>

<dé+nPr||Z;| >U].

> 4\/02 log <d1§dQ> +4U log (dl;rd2>
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Proof of Lemma E.2. Using Lemma E.1 and defining 7 := nt, we have that for 7 > nA,

(1 —nA)?

Pr —
2U(t—nA)
202 + -3

) +nPr(|z| = U].

Z (Z; — E[Zi])

> 7‘] <(di + d2) exp (-

If 7 > 2nA, then T — nA > $7 and we have

n 1.\2
Pr ||1> (2 —E[Z])|| > 7| <(di + da)exp —7(221 +nPr[||Z;|| > U]
i=1 202 4+ (37)
3
<(dy+d LT Pr(|Z;] > U 3
<(d1 + d») exp —Z'm +nPr(||Z;]| = U]. (37

Plugging 7 = 44/02 log (%) + 4U log (%) into Eq. (37), we have
di+d di+d
24\/0210g< “(; 2) +4U10g< 1; 2)

| 160 log (45582) 4 1607 log? (43%) + 320 log (£:422) /o g (15%2)
<(di +da)exp | —=-

4
207 + 1 <4UW ditds) | 4172 log (dlgd2)>
+nPr([|Z| = U]
1
<(dy + d2) exp (—4 -4log (

=5 +nPr[|Z:] > U].

Pr

Z (Z; - E[Zi])

dy + doy

=2)) +nprllz] > 0)

Lemma E.3. Forany A,B > 1, k € (0,1) and T > 0 such that log (22) > 1 and log(BT) > 2, if
B

T 68A4%log” (42)

K2 ’
then
A log(BT) <
—lo K.
JT g <
2 1002 ( AB
Proof of Lemma E.3. If T = w, we have
A A 68A2Blog® (4B
. log(BT) :—KABIOg 02g (%2)
VT V68Alog (42) K

:m (log (68) + log (A:f) + log (10%2 (%f)))

Sm (1og(68) +2log <Af) +2log </:B>>
Sm (log(68) log (?) +4log (?))

<K.

‘ =
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Let f(T) = % log(BT). Then, the derivative of f(T') is

_ 2A— Alog(BT)
B 2IVT

If log(BT') > 2, then f'(T) < 0, and thus f(T') is decreasing with respect to T

F(T)

. 6842 log? (AL
Therefore, if T > %, we have

A
—log(BT) < k.

VT

Lemma Ed4. Forany A, B > 1 and x € (0,1) such that log(ATB) > 1 andlog(BN) > 4, if
264 A%log* (42
N> og" (57)
> o

then )
Alog” (BN) <x

VN

4 22 4 AB
Proof of Lemma E4. If N = %, we have kvV/N = 262Alog2(%), and

261 A2Blog* (AL
Alog? (BN) =Alog? ( og (%)

K2

26%42B A*B*
§A10g2< = '/§4>

<36Alog? (

AB\\?
~36 (10g (26) + o (27 2
<104 (1o 2008 (A2 1 (42)

=36 (log (26) 4 1)* Alog? <‘L:B)

AB
<262 Alog? ()
K

=xVN,

26AB
K

Alog?(BN) <
VN =

Let f(N) = %\/%31\’). Then, the derivative function of f(N) is

and thus

_ 4Alog(BN) — Alog®>(BN)  Alog(BN) - (4 — log(BN))
B 2NVN B 2NVN '

If log(BN) > 4, then f'(N) < 0, and thus f(N) is decreasing with respect to V.

26* A% log* (4E)
22 o8 )

f'(N)

2
Alog“(BN) <

Therefore, if N > , we have N K.
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Lemma E.5. Forany z1,...,x, € R*, we have
n
Z ”m7||(21;1 mim?)*l < Vnk.
j=1

Proof of Lemma E.5. 1t holds that

-1
n n

TSRS SH o ot I
= i=1

Jj=1

IN
S

n n -1
E T § e T X
. wj T;x; Z;
i=1

=1

IN
S

n n -1
. E Trace zr:;r E a:lm;'— T;
j=1 i=1

n -1
— 'r T
= |n- E Trace | x;x E T,

n n -1
= |n - Trace Zm] T(Zagm)

n - Trace (I},)

=Vnk

Lemma E.6. Forany x1,...,x, € R* and v > 0, we have
n
2 12501y, 2wy S VR
]:

Proof of Lemma E.6. It holds that

n n n -1
Z ”mj”(vHZ?:l wiaT)”" :Z a:]T (71+me¢j> T,
Jj=1 i

IN
3
[]=
B
_'
/o~
2
~
+
()=
8
8
=
~—
|
8
<

j=1 i=1
n n -1
_ T T
= |n E Trace | x; 'yI—|—E T;T; x;
j=1 i=1

-1

— n.ZTrace z;x (7[+wa>

1

= |n- Trace szc (7[+Z$x>
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n 1

< |n-| Trace Zw]w (’714‘2% >

j=1

N —1
+Trace | v (WI + wa?)

i=1

n -1 n -1
= |n - Trace Xzscjsr:jT 7]+me> +7<7[+Zwim1>

j=1 =1 =1

n -1
= | n - Trace I + Zw] <7] + Zwmf)
i=1

\/n - Trace (I,)

=\/7T,

where inequality (a) is due to that (yI 4+ .7, z;@; ) is a positive definite matrix. O

Lemma E.7 (Self-normalized Concentration for Martingales, Theorem 1 in (Abbasi-Yadkori et al., 2011)). Ler {F;}52, be
a filtration such that for any t > 1, the selected action X € RF is F;_1-measurable, the noise 1 € R is Fy-measurable,
and conditioning on F,_1, 1, is zero-mean and R-sub-Gaussian. Let Vi € R*** be a positive definite matrix and let
V, = 22:1 X; X, foranyt > 1. Then, for any § > 0, with probability at least 1 — 8, for all t > 1,

ZX i

Lemma E.8 (Reverse Bernstein Inequality for Martingales, Theorem 3 in (Zanette et al., 2021)). Ler (X, F,Pr[]) be a
probability space and consider the stochastic process { X} adapted to the filtration {F;}. Let E;[X:] := E[X¢|Fi—1] be
the conditional expectation of X given Fy_1. If 0 < X; < 1 then it holds that

2
1 1 T 1
Pr ZEtXt 112\ /log (5 ) + 4| 4loe | 5 ) +4 D Xy +2log 5 <.

t=1

< 2R?%1 (
(V0+‘/t) 1 det(%)

—_

Lemma E.9 (Elliptical Potential Lemma, Lemma 11 in (Abbasi-Yadkori et al., 2011)). Let {X;}:2, be a sequence in R,
Let Vy be a k x k positive definite matrix and let V; = Vy + 22:1 X; X, < 1. Then,

we have that

V 1

” det(V;,)
X% <21 .
ZH t”‘/t—l —_ Og det(%)

t=1

Lemma E.10 (Moments of Sub-Gaussian Random Variables, Proposition 3.2 in (Rivasplata, 2012)). For a o>-sub-Gaussian
random variable X which satisfies

E [exp (1X)] < exp (“ L

) Y eR,
we have that for any integer n > 1,
n 2\ %5 n
E[X|" < (20) 0T (3),

where T'(n) := (n — 1)! for any integer n > 1.
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