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Abstract

Learning to control unknown nonlinear dynamical systems is a fundamental problem in
reinforcement learning and control theory. A commonly applied approach is to first explore the
environment (exploration), learn an accurate model of it (system identification), and then compute
an optimal controller with the minimum cost on this estimated system (policy optimization).
While existing work has shown that it is possible to learn a uniformly good model of the
system (Mania et al., 2022), in practice, if we aim to learn a good controller with a low cost on
the actual system, certain system parameters may be significantly more critical than others, and
we therefore ought to focus our exploration on learning such parameters.

In this work, we consider the setting of nonlinear dynamical systems and seek to formally
quantify, in such settings, (a) which parameters are most relevant to learning a good controller,
and (b) how we can best explore so as to minimize uncertainty in such parameters. Inspired
by recent work in linear systems (Wagenmaker et al., 2021), we show that minimizing the
controller loss in nonlinear systems translates to estimating the system parameters in a particular,
task-dependent metric. Motivated by this, we develop an algorithm able to efficiently explore
the system to reduce uncertainty in this metric, and prove a lower bound showing that our
approach learns a controller at a near-instance-optimal rate. Our algorithm relies on a general
reduction from policy optimization to optimal experiment design in arbitrary systems, and may
be of independent interest. We conclude with experiments demonstrating the effectiveness of our
method in realistic nonlinear robotic systems'.

1 Introduction

Controlling nonlinear dynamical systems is a core problem in robotics, cyber-physical systems,
and beyond, and a significant body of work in both the control theory and reinforcement learning
communities has sought to address this challenge (Slotine et al., 1991; Astrom & Wittenmark, 2013;
Sutton & Barto, 2018). In many real-world scenarios (Shi et al., 2019; Ljung, 1998; Nguyen-Tuong
& Peters, 2011; Brunke et al., 2022), the dynamics of the system of interest is unknown, or only a
coarse model of them is available, which significantly increases the challenge of control—mot only
must we control such systems, we must learn to control them. While a variety of methods exist
to address this challenge, a commonly applied approach is to first perform system identification,
learning an accurate model of the system’s dynamics, and then use this model to obtain a controller.
Despite its promising potential, there are still several fundamental questions that must be answered
to make this approach practically effective.
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Which parameters are most relevant to learning a good controller? Beyond some special
cases, little work has been done characterizing how the estimation error from system identification
translates to end-to-end suboptimality in the resulting controller of our nonlinear systems. In
particular, certain parameters of the system or regions of the state space may be irrelevant to
learning a good controller, and coarse estimates of these parameters would suffice, while other
parameters may be critical to learning a good controller, and we must therefore estimate these
parameters very accurately in order to effectively control the system. In the context of this work,
where nonlinearities are considered, the heterogeneity of the parameters is further accentuated. For
instance, around a point of equilibrium, some system parameters might be completely inactive,
having no impact on the dynamics (see the example in Section 1.1 for an illustration of this).

How can we best explore so as to minimize uncertainty in relevant parameters? FEven
if we are able to determine which parameters are most important for obtaining a good controller
on the true system, it is not obvious how to use this information. How can we direct our system
identification phase in order to focus on learning these parameters as quickly as possible, without
spending time estimating the parameters of the system less critical for control? This is fundamentally
a question of exploration. While it is known in linear systems that random excitation will efficiently
explore (Simchowitz et al., 2018), exploration in nonlinear systems is significantly more challenging
since, in order to excite all parameters of interest, non-trivial planning may be required to ensure
all relevant states are reached (as is the case in the example considered in Section 1.1).

We address both these questions in a particular class of nonlinear systems parameterized as:
Tpi1 = AcP(Th, up) + wh. (1.1)

Here x;, € R% denotes the state of the system, u;, € U C R% the input, wy, ~ N(0,02, - I) random
noise, ¢(-,-) € R% a (possibly nonlinear, known) feature map, and A, € R%*%¢ the (unknown)
system parameter. Systems of this form are able to model a variety of real-world settings (Shi et al.,
2021a; O’Connell et al., 2022; Boffi et al., 2021; Song & Sun, 2021; Richards et al., 2021)?, and
have been the subject of recent attention in the reinforcement learning community (Mania et al.,
2022; Kakade et al., 2020; Song & Sun, 2021), yet the aforementioned questions have remained
unanswered. Towards addressing this, in this work we make the following contributions:

1. For systems of the form (1.1), given some cost of interest which we wish to find a controller to
minimize, we (a) formally characterize how estimation error translates into suboptimality in the
learned controller, under the certainty equivalent control rule and (b) provide a lower bound on
the loss of any (sufficiently regular) control rule learned from 7" rounds of interaction with (1.1).

2. Motivated by this characterization, we present an algorithm which achieves the instance-optimal
rate, with controller loss matching our lower bound. To the best of our knowledge, this is the first
statistically optimal algorithm in the setting of nonlinear dynamical systems. Our algorithm relies
on a generic reduction from policy optimization to optimal exploration in arbitrary dynamical
systems (not necessarily of the form (1.1)), which may be of independent interest.

2In real-world settings, ¢ is typically (1) from physics (i.e., the system structure is known but some parameters
such as drag coefficient are unknown (Slotine et al., 1991)), (2) learned using representation learning or meta-
learning (O’Connell et al., 2022; Richards et al., 2021), and/or (3) from random features (e.g., any sufficiently regular,
smooth nonlinear system f(z,u) can be modeled by (1.1) using N random features up to a 1/v/N error (Rahimi &
Recht, 2008)).



3. We present numerical experiments on several realistic nonlinear systems which illustrate that our
approach—efficiently exploring to reduce uncertainty in parameters most relevant to learning a
controller—yields significant gains in practice.

Our work builds on the recent work of Wagenmaker et al. (2021), which addresses a similar set of
challenges in the linear dynamical systems setting—we extend this work to the nonlinear setting.
To further motivate our approach, we consider the following example.

1.1 Motivating Example

To motivate the need for effective exploration, °
we consider a simple 1-D system with nonlinear g 7 :’: :’j :’
dynamics given by: 50
10 *E > -'— Task-Driven Exploration (Ours)
Tpe1 = a1Th + a2up + Z ai+2¢i(xh) + wp § 4 =@~ Random Exploration
i—1 § 3 =88~ Uniform Exploration
where ¢;(x) = max{1—100(x—c;)?,0} for some ”E 2
c;. We choose a1 = 0.8,a0 = 1, and a3 = § 1
... = a2 = —3. We assume aj.;2 are unknown, 0
(¢:)12, is known, and set 30 40 50 60 70 80 90

Number of Episodes

st =(z—c1)* +1007" - u?
cost(x, u) = (2 —e1)" + v Figure 1: Performance on Motivating Example

With this choice of cost, the optimal controller

will attempt to direct the state @ to the equilibrium point ¢; and maintain this position. Note
that, with our choice of ¢;, ¢;(x) # 0 only when x is very close to ¢;. This renders the parameters
a4.12 irrelevant to learning the optimal controller, since ¢s, ..., ¢19 will be inactive if we are playing
optimally, but learning as is critical to performing optimally, as its value significantly changes the
dynamics at the goal state.

We illustrate the result of running on this system in Figure 1, comparing our proposed approach
(Task-Driven Exploration, Algorithm 1) to the approach which chooses uy ~ N(0,02) (Random
Exploration), and the approach proposed in Mania et al. (2022) (Uniform Exploration) which
seeks to explore so as to estimate ai.12 uniformly well. As can be seen, neither of these latter
two approaches are able to learn a good controller, while our approach easily finds a near-optimal
controller. The failure modes of each of these approaches is somewhat different. Here Random
Exploration fails since the chance of reaching the point x; ~ c; is extremely small if the input is
random noise—reaching c¢; requires playing a particular sequence of actions which are very unlikely
to be played if uy, is chosen randomly. The Uniform Exploration approach does, in contrast, plan
and, given enough time, is guaranteed to estimate all parameters accurately. However, as it aims to
estimate all parameters uniformly well, it will attempt to estimate a4.12 accurately despite their
irrelevance to control, which will slow down the rate at which it is able to estimate a3. Only our
approach, which both plans and takes into account the cost while exploring, is able to reach as
enough times to efficiently estimate it, and learn a good controller.

This example illustrates that it is critical both to explore efficiently, and also to let the objective—
learning a good controller—guide this exploration. We emphasize that the behavior in this example
is only exhibited in nonlinear systems—though taking into account the task while exploring in linear
systems is known to yield provable improvements (Wagenmaker et al., 2021), even playing random
noise allows every direction to be learned in such systems. In nonlinear systems, however, this is
not the case—one may fail to learn completely unless careful planning is performed.



2 Related Work

Online learning and control. Recently, there has been increased interest in studying online
learning and control from a learning-theoretic perspective, largely for settings with linear systems
such as online LQR or LQG with unknown dynamics (Abbasi-Yadkori et al., 2011; Simchowitz et al.,
2018, 2019; Mania et al., 2019; Cohen et al., 2019; Dean et al., 2020; Yu et al., 2020a; Wagenmaker
& Jamieson, 2020; Simchowitz & Foster, 2020; Simchowitz et al., 2020). In the nonlinear setting,
(Foster et al., 2020; Oymak, 2019; Sattar & Oymak, 2022) provide formal guarantees on system
identification in several different classes of nonlinear systems, yet they only consider noiseless
systems, or systems that are significantly easier to excite than (1.1) (rendering the problem of
exploration significantly easier). Kakade et al. (2020) study systems of the form (1.1), but consider
only the regret minimization problem. While their bounds would yield a polynomial complexity via
an online-to-batch conversion, our characterization is significantly tighter. The most relevant work,
Mania et al. (2022), proposes an active learning approach to identify unknown parameters in (1.1),
with the goal of minimizing the Euclidean distance in the parameter space. However, as we show,
learning a uniformly good model could be significantly worse than learning a model with the goal
task in mind. Also very related to our work is Wagenmaker et al. (2021), which seeks to answer a
similar set of questions as what we consider: performing system identification in order to learn a
good controller. This work is restricted to the setting of linear dynamics, however, and does not
address the additional complexity of exploration in nonlinear systems.

System identification, dual control, and iterative learning control. There is a large body
of classical work in system identification (Ljung, 1998), and our work can be seen as an instance of
active system identification. While a variety of approaches have been proposed which study similar
problems (Mehra, 1974; Gerencsér & Hjalmarsson, 2005; Katselis et al., 2012; Manchester, 2010;
Rojas et al., 2007; Goodwin & Payne, 1977; Lindqvist & Hjalmarsson, 2001; Gerencsér et al., 2007),
then tend to only consider linear systems, or lack rigorous theoretical guarantees. Recently deep
learning approaches have also been applied in system identification (Shi et al., 2019; Nguyen-Tuong
& Peters, 2011; Brunke et al., 2022; Williams et al., 2017; Shi et al., 2021b). In these works, the
system identification phase is separate from the downstream controller design. Instead, in the control
community, estimating parameters while simultaneously or iteratively optimizing for performance
has been formulated as a dual control problem (Feldbaum, 1960; Mesbah, 2018) or an iterative
learning control problem (Bristow et al., 2006). However, both settings focus on stability, robustness,
or asymptotic convergence whereas our work quantifies the end-to-end suboptimality gap with a
statistically optimal algorithm.

Model-based reinforcement learning. This paper falls into the broad category of model-based
reinforcement learning (MBRL), where an agent explores the environment to learn a model and
then computes an optimal policy using the learned model. On the empirical side, deep MBRL
has made exciting progress in many domains (Kaiser et al., 2019; Yu et al., 2020b; Chua et al.,
2018). Several task-aware methods have been designed to improve MBRL’s performance, such as
uncertainty-aware policy optimization (Yu et al., 2020b; Chua et al., 2018) and active exploration
to reduce model uncertainty (Nakka et al., 2020), yet these works lack formal guarantees. On the
theoretical side, a variety of different model-based approaches exist (Osband & Van Roy, 2014; Sun
et al., 2019; Agarwal et al., 2020; Zhou et al., 2021; Zanette & Brunskill, 2019; Azar et al., 2017;
Song & Sun, 2021); however, the majority of these consider restricted settings such as tabular or
linear MDPs. Of particular interest is the work of Song & Sun (2021) which presents a result in



systems of the form (1.1). While they show that polynomial sample complexity is possible, our
results yield a significantly tighter characterization.

Adaptive nonlinear control. Adaptive nonlinear control also seeks to control an unknown
nonlinear system with parametric uncertainties (Slotine et al., 1991; Astrém & Wittenmark, 2013).
In particular, the key idea of model-reference adaptive control (MRAC) bears affinity to this paper,
in that the adaptation law in MRAC adapts unknown parameters in a task-aware manner, by
relating the tracking error with the estimated parameter in a closed loop. In fact, the parameter
estimation error in MRAC converges only when necessary, i.e., when the task is “rich” enough
(the formal condition is called persistent excitation (Astrom & Wittenmark, 2013; Slotine et al.,
1991)). There are two main differences between MRAC and our work. First, adaptive control does
not explicitly optimize a cost function. The objective of adaptive control is often tracking error
convergence and Lyapunov stability, whereas our framework allows general cost functions. Moreover,
adaptive control theory typically focuses on asymptotic convergence, but we give non-asymptotic
optimality guarantees. Second, adaptive control has by and large been limited to specific system
classes (e.g., fully-actuated systems (Astrém & Wittenmark, 2013; Richards et al., 2021)) and policy
classes (e.g., policy to directly cancel out the matched uncertainty (O’Connell et al., 2022; Boffi
et al., 2021)), whereas our framework allows more general systems and policy classes.

3 Preliminaries

Notation. ||-|lop denotes the operator norm (matrix 2-norm), || -||¢ the Frobenius norm, and || -||as
the Mahalanobis norm, defined as ||z|y := V& T Mz for M = 0. vec(A) denotes the vectorization
of matrix A. By(A;r) = {4 : |A- A, <r}. [H] ={1,2,...,H}. Ax denotes the set of
distributions over set X. We let S¢~! refer to the unit ball in d dimensions and S% (resp. S ) the
set of positive semi-definite matrices (resp. positive definite matrices) in R4*?. We let E4[-] denote
the expectation over trajectories induced on system with parameter A, and E4 ,[-] the expectation
induced when policy 7 is played. Throughout, O(-) denotes standard big-O notation, (5() hides
additional logarithmic factors, and we use < informally to highlight key parameters in an inequality.

Setting. In this work, we are interested in systems of the form (1.1). We consider the episodic
setting, where episodes are of length H, and assume that each episodes starts from a given state x.
We also assume || A||op < By for some known B4 > 0. We note that the setting considered here
encompasses many real-world systems of interest in robotics and control (e.g., (O’Connell et al.,
2022; Song & Sun, 2021; Shi et al., 2021a; Richards et al., 2021) and Section 6).
The goal of the learner is to find a policy (controller) 7 = (,)F_, which achieves minimal cost
n (1.1), for the cost defined by some (known) function (costp (-, )i, with costy, : R%= x U — R,
For a given policy 7, we define the expected cost on system A as

H
Zcosth(:ch, uh)] .

h=1

J(m;A) =FEgx

We consider the following interaction protocol:

1. Learner interacts with system (1.1) for T episodes, at every episode playing an exploration
policy Texp € Iexp.



2. After T episodes, the learner proposes a policy 7y € II*.
3. The learner suffers cost J(7p; Ay).

The goal of the learner is therefore first to explore and, after T' episodes of exploration, to propose
its best guess at the optimal controller for (1.1), 77. Here we take Iley, to be a (known) set of
admissible exploration policies (for example, policies with bounded input power), and IT* a (known)
set of admissible control policies. We assume that policies in II* are deterministic, but allow for
randomized policies in Ilex,. Policies may be either open- or closed-loop. Note that we do not
assume II* = Ilex,—in general Iley, need not be equal to IT*.

System Notation. Before proceeding, we introduce several additional pieces of notation. First,
we let 7 denote the space of all possible state-input trajectories, 7 C (R% x /) x R%  and, for
any T € T, let T1.;, denote the first h states and inputs in T. Second, for any policy 7, we denote

H

Aaz i =Fax | > d@n un)d(@n,up)’
h=1

the expected covariance induced by playing 7 on system A. In particular, we set Ay := Ay, . We
also denote A := I;, ® A the Kronecker product of I;, and A. Finally, we let €2 denote the set of
all possible covariance matrices induced by playing mixtures of policies in Ileyp:

Q= {ErwlAs] 1 we A},

where Apy,,, denotes the set of distributions over Ilexp.

3.1 Regularity Assumptions

In order to make learning in (1.1) tractable, we need several regularity assumptions. We first
introduce assumptions on the boundedness of the feature map ¢, the boundedness of the cost, and
the achievable minimum eigenvalue.

Assumption 1 (Bounded Features). For all z € R% and u € U, we have ||¢(z,u)||2 < By.

Assumption 2 (Bounded Cost). There exists some Teost(Ax) > 0 such that, for all A € Bp(Ax; Teost (Ax))
and all m € II*, we have I[:?,A,,r[(ZhH:1 costy (2, un))?] < Leost -

Assumption 3 (Uniform Feature Excitation). There exists w € A, such that Amin(Ereypw[Arey,]) >
Al for some A5, > 0.

We remark that these assumptions have appeared before in work on systems of the form (1.1)
(Mania et al., 2022; Kakade et al., 2020). In order to precisely quantify the optimal rates of learning,
we require that our system satisfy certain smoothness assumptions. First, we require that ¢(-,-) is
differentiable in its second argument.

Assumption 4 (Smooth Nonlinearity). For all x € R% and w € U, ¢(x,u) is four-times

differentiable in w. Furthermore, va)d)(m, Wop < Le, Vi € {1,2,3,4}, z € R%, and u € U.

We also require that the class of admissible control policies, IT*, has the following parametric
form:

I = {x% . 6 c R}

and that the parameterization is smooth in the following sense.



Assumption 5 (Smooth Controller Class). 78 (ty.,) is four-times differentiable in @ for all T € T

and h € [H]. Furthermore, va)wg('tl:h)Hop < Lg for Vi€ {1,2,3,4}, 0 cR% andtc T.

Assumption 5 is satisfied for commonly considered classes of controllers, such as linear controllers,
but is also satisfied by more complex classes such as neural network controllers. While the learner
may propose any 7 € II*, we are particularly interested in the certainty equivalence decision rule
(i.e., the learner decides 7 as if the estimated system is the actual one), defined as:

7 (A) =7 for 6,(A) :=arg ming pae J (7% A). (3.1)
To ensure that 7, (A) is well-defined and sufficiently regular, we make the following assumption.

Assumption 6 (Unique Optimal Controller). We assume that the global minimum of J(w%; A,),
0.(Ay), is unique, and that V37 (7%; As)lo=6,(a,) = 0.

In general, the policy optimization problem in (3.1) may not be computationally tractable. As we
show in Appendix D, the globally optimal decision rule of (3.1) can be replaced with a locally optimal
decision rule (i.e. m.(A) a local minimum of J(m; A)). Furthermore, Assumption 6 can be replaced
by assuming the differentiability of 6,(A) with respect to A for A near A,. For ease of exposition,
in the main text we assume that Assumption 6 holds and that 7, (A) is defined as in (3.1). With
these definitions and under Assumptions 1, 2, 4 and 5, we can show that J(7?; A,) is differentiable
in 6 and, combined with Assumption 6, that 0,(A) is differentiable in A, for A € Br(A.;7r9(Ax))
and some 7g(A,) > 0. We let L,, denote an upper bound on the norm of the derivatives of 8,(A).
We always take Bg, Leosts Ly, Lo, Ly, > 1. Additional discussion on the setting of 7,(A) and the
scaling of rg(A,) and L, is given in Appendix D.

4 Optimal Exploration in Nonlinear Systems

In this work, we are interested in characterizing the instance-optimal rates of learning a controller
7 € IT* which minimizes the loss J(m; A,). The following result, a generalization of Proposition 8.2
of Wagenmaker et al. (2021) to nonlinear systems, is the starting point of our analysis, and precisely
quantifies how estimation error translates to controller loss.

Proposition 1 (Informal). Under Assumptions 1, 2 and j to 6 and on the system (1.1), we have
T (m(A); Ar) = T (m(As); Ar) = [[vec(As = A)[3ya,) + O™ (| Ax — Al2)
for
H(AL) = VAT (me(A); Ad)|a=a,
and where O*(-) hides factors polynomial in the regularity parameters of Assumptions 1 to 6.

The quantity H(Ay) := V4T (mx(A); Ay)|a=a,, referred to as the model-task Hessian in Wagen-
maker et al. (2021), corresponds to the curvature of the loss of the certainty-equivalence controller
me(A) around A < A,. It precisely quantifies how estimation error in each coordinate of A,
translates into suboptimality of the controller—providing an answer to our question of which
parameters are most relevant to learning a good controller—and reduces the problem of minimizing
the controller loss to estimating A, in a particular norm. The following result gives a bound on this
estimation error, ||vec(A, — E)H%L(A*).



Proposition 2 (Informal). Consider interacting with (1.1) for T episodes, and let

T H
tNT
:ZZ¢ wlmuh $h7uh)

t=1 h=1
denote the observed covariates and

= argmmZlewhH mhv“%)”%

t=1 h=1

the least-squares estimate of A,. Recalling that Ap = 14, ® A7, we have, with high probability:

Ivec(Ax — A)|3,04,) S 0% - tr(H(A)AZY).

4.1 Algorithm and Upper Bound

Proposition 2 motivates our algorithmic approach: explore to collect covariates A7 minimizing
tr(H(A,)AL"). There are two primary challenges to achieving this: we do not know H(A,), as it
depends on the (unknown) parameter A, and, even if we did know H(A,), it is not clear how to
explore so as to collect data minimizing tr(H(A*)A;l). We address both of these challenges with
our main algorithm, Algorithm 1.

Algorithm 1 Optimal Exploration in Nonlinear Systems (informal)

1: inputs: episodes T, (costh)thl, confidence J, control policies IT*, exploration policies Ilexp
2 AL« 0, bp  [log, T/8], Ty + 2

3: for(=1,2,3,...,¢4r do

4: Compute estimate of model-task Hessian: H; H(;[Z)

5 Run DYNAMICOED on ®,(A) + tr(H, - A1) to learn exploration policies II; C Heyp
6 Rerun each policy in II, N, = [Ty/ |Hgﬂ times, denote collected data D,

7 Estimate A,: A = argminy, S D (@nirunan)e, 1Th+1 — Ap(xp,up)|)3

return 7p « m,(ATT) € IT*
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Algorithm 1 proceeds in epochs of exponentially increasing length. At each epoch it first
approximates H(A,) by computing the model-task Hessian of the estimated system, AL, Using
this approximatiom of H(A,), it seeks to explore to minimize tr(’H(Ag)ATl). This exploration
routine is encapsulated in the DYNAMICOED (dynamic optimal experiment design) function, an
adaptive experiment-design routine inspired by recent work in reinforcement learning (Wagenmaker
& Jamieson, 2022) and described in more detail in Section 5. DYNAMICOED returns a set of
exploration policies, II;, which we run to collect data ©,. As we will show, the collected covariates,

Ag = Z{j:l Z(uhywh)egl ¢(mha uh)(b(wh? uh)T’ Sa’tiSfy
tr(H(ADA;Y) ST, - mingeq tr(H(ADAY),

which implies that DYNAMICOED collects data minimizing tr(’H(/TE)AZl) at a near-optimal rate.
Given the data ©y, we form the least-squares estimate of A, 21\”1, and the process repeats. After
running for T episodes, the certainty-equivalence controller on the last estimate obtained, T =
T (A1) is returned. The following result bounds the suboptimality of 77 as compared to 7(A,).



Theorem 1. Under Assumptions 1 to 6, if T > Cpoly - max{1, reost (Ax) 2, 70(Ax) "2}, then with

probability at least 1 — 0, Algorithm 1 explores with policies in ey, at every episode, runs for at

most T episodes, and returns Tp € I1* satisfying:
O

T (71 Ax) — T (me(A)); Ay) < 7 21613 tr (H(A)A™!) - Clog

6dy d¢ n Cpoly
5} T3/2

where we recall Q is the set of possible expected covariates on (1.1), C is a universal constant, and

C'poly = pOIY(d¢7 dg, H, Ba, B¢7 L¢7 Lg, Leosts Lix, s 0w, 0'17;17 ﬁa log %)

Theorem 1 shows that Algorithm 1 is able to explore so as to optimally minimize the exploration
loss tr(’H(A*)A;l), up to a lower-order term scaling as 7~3/2 and polynomially in system parameters.
While Propositions 1 and 2 together show that collecting data which minimizes tr(H(A,)Az') is in
some sense fundamental to minimizing the cost of the certainty equivalent controller, it is not clear
that this is necessary. In the following section, we show that this is indeed the case.

Remark 4.1 (Comparison to TOPLE Algorithm of Wagenmaker et al. (2021)). Algorithm 1 bears
many similarities to the TOPLE algorithm of Wagenmaker et al. (2021), which performs an analogous
task-driven exploration routine, but in the setting of linear dynamical systems. As noted in
Section 1.1, the key challenge present in the nonlinear case compared to the linear is that, while
in the linear case random noise will excite every direction, in the nonlinear case, the learner must
actually traverse the system in order to reach the states that will excite the nonlinear modes.
Though the overall structure of Algorithm 1 is similar to TOPLE, this added challenge requires a
much more powerful exploration routine, encapsulated in the DYNAMICOED function and described
in more detail in Section 5.

Remark 4.2 (Computational Efficiency of Algorithm 1). The primary computational burden of
Algorithm 1 is in the computation of H (A*)—which involves differentiating 7, (A?)—the computation
of m, (A1) and the DYNAMICOED subroutine. In general, if we define 7, (A4) as in (3.1), it may not
be efficiently computable, as it involves solving a possibly non-convex optimization problem. However,
as we show in Appendix D, we can instead set 74 (A) to correspond to a local minimum rather than a
global minimum of the loss, which will render it efficiently computable (though note that Theorem 1
will still in this case only bound the suboptimality of 77 as compared to m.(A,)). We discuss the
computational efficiency of DYNAMICOED in more detail in Section 5, but note that in general it
may not be computationally efficient as it relies on calls to the LC? algorithm of Kakade et al. (2020),
which requires access to a computational oracle. Despite these computational challenges, in Section 6
we demonstrate that in practice, by making several reasonable approximations, Algorithm 1 can be
implemented efficiently, and that this efficient implementation performs very well on realistic systems.

4.2 Lower Bounds on Learning Controllers

Our goal is to show that, up to constants and lower-order terms, the bound given in Theorem 1 is not
improvable, regardless of which controller estimate we use. To obtain such lower bounds, we need
several additional assumptions. In particular, we require that the loss J(7?; A) grows quadratically
in the distance 6 is from 6,(A), and strengthen Assumption 3 to ensure (1.1) is sufficiently easy
to excite. Formal statements of these conditions are given in Appendix F. Our lower bound is as
follows.



Theorem 2 (Informal). Under Assumptions 1 to 6 and the additional regularity assumptions
mentioned above, as long as T' > Chy,, for any wexp € An,,,, we have

: ~ oh - Cp
m%ln IgréaB“); EQT"‘A;weXP [j(ﬂ(©T>7 A) - j(ﬂ*(A)7 A)] 2 37T : lrxrlelg tr(H(A*)A 1) - W
for By := Br(A,; O(T~5/%)), EornAwerp ] = Erexprtwexp EDr~Amery 1] the expectation over tragjec-

tories generated by running policies ™ ~ wexp on system A for T episodes, T any mapping from
observations to policies in I1I*, and Cy, some value scaling polynomially in problem parameters.

Note that this lower bound holds for any A, and mapping ¢, as long as our assumptions are met.
Up to constants and lower-order terms, the scaling of Theorem 2 matches that of Theorem 1—both
scale with minpecq tr(H(A,)A~!)—which implies that Algorithm 1 is indeed optimal (under certain
additional regularity conditions). To the best of our knowledge, this is the first result characterizing
the optimal statistical rates for learning in nonlinear dynamical systems. We emphasize that
Theorem 2 holds for any decision rule 7—it does not require that we use the certainty equivalence
decision rule. As Algorithm 1 does rely on certainty equivalence, this result also implies that the
certainty equivalence decision rule is optimal for (certain classes of) nonlinear dynamical systems.

The proof of Theorem 2 builds on the work Wagenmaker et al. (2021), which shows a similar
result for linear dynamical systems. It critically relies on our quadratic decomposition of the
controller loss in Proposition 1, which reduces the problem of obtaining a lower bound on controller
loss to a lower bound on estimating A, in the H(A,) norm. Given this, the result can be obtained
by applying lower bounds on regression in general norms.

5 Optimal Experiment Design in Arbitrary Dynamical Systems

We turn now to the DYNAMICOED routine, which is the key algorithmic tool we use to prove
Theorem 1. DYNAMICOED is a general reduction from policy optimization to optimal experiment
design in arbitrary dynamical systems, and is an extension of a recently proposed approach for
experiment design in linear MDPs (Wagenmaker & Jamieson, 2022). This section may be of
independent interest.

To illustrate the generality of this reduction, in this section we consider the following system:
Lh+1 :fh<xh7’u’h7wh>7 h:1727"'7H7 (51)

where xj, € X C R% denotes the state, uj, € U C R% the input, and wy, € R% the noise. We take
the dynamics ( fh)hH:1 to be unknown and arbitrary. We assume there is some known featurization of
our system that is of interest, ¢(x,u) — R%, and an experiment design object on this featurization,
@ : Rde*d¢ — R. Our goal is to collect some set of trajectories {T;}7_; which minimizes ®:

T H
O( 7 - Sim1 Dot D@, uf) P, up) ).
As an example, if ®(A) = logdet(A), this reduces to D-optimal design, and if ®(A) = tr(H - A~1),
the setting considered in Section 4, this reduces to weighted A-optimal design. As before, we assume
we have access to some set of exploration policies Ileyp, and define A; and €2 as in Section 3, but

with respect to this new feature map ¢ and system (5.1). We also define Q to be the space of all
possible covariance matrices:

ﬁ = {Zthlgb(wh,uh)d)(a:h,uh)T s xp € X,up €U, Vh € [H]}

To facilitate efficient experiment design in this setting, we will make the following assumption on .
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Assumption 7 (Regularity of ®). ® is reqular in the following sense:
1. ® is conver, differentiable, and f-smooth in the norm || -|| (with dual-norm || - |«):

IVAD(A) - VaA®(A). < 8- [|A— A'l, VA,A €.

2. There exists some M < 0o satisfying sup , .g SUPgze x ueus |p(x,u) T VAP(A)p(xz,u)| < M.

The key algorithmic assumption we make is access to a regret minimization oracle on (5.1).

Assumption 8 (Regret Minimization Oracle). Let cost,(x,u) = ¢(x,u) Qnp(xz,u) for some
Qn € R¥%>xd sych that | > costp(xp,up)| < 1 for all xp, € X, up € U. We assume we have access
to some learner Ag which is able to achieve low regret on costs {costy (-, -)}E_, with respect to policy
class Hexp. That is, with probability at least 1 —0:

T H
Z Ef x, [Z costy, (x}, uh)
t=1 h=1

for some Cr >0, pr >0, and a € (0,1), and where 7 is the policy Ar plays at episode t.

< Cr-logh* L.T0

H
-T. in E t
 oin By Lz_l costp(zn, up)

Note that the regret minimization algorithm satisfying Assumption 8 may be arbitrary. For
example, for linear systems, we could apply provably efficient algorithms for the Linear Quadratic
Regulator (Simchowitz & Foster, 2020; Mania et al., 2019); for nonlinear systems of the form (1.1)
we could apply the LC? algorithm of (Kakade et al., 2020); for more general settings of reinforcement
learning with function approximation, algorithms such as BILIN-UCB (Du et al., 2021) or E2D
(Foster et al., 2021) could be applied. In practice, though they may not formally satisfy the guarantee
of Assumption 8, deep RL approaches could be used. We have the following result.

Theorem 3. Fiz T >0 and denote R :=sup, 5, lIA — A’||. Under Assumption 7, and assuming
we have access to a learner Ag satisfying Assumption 8 with a« = 1/2, DYNAMICOED runs for T
episodes on (5.1), and with probability at least 1 — & collects data {(x],, u},)}nem)eqr) Satisfying

N 2 2T 1/2 4T
1 t ot ¢ iNT . BR?*log T + HM (Crlogf® 2L + 31log!/? A1)
®<T | ;;¢(mh’uh)¢(mh’uh) TR P < T3

where R =sup, o,cq[|A — Al

Theorem 3 shows that, given access only to a regret minimization oracle, it is possible to solve
experiment design problems on arbitrary dynamical systems. The requirement that o = 1/2 is for
expositional purposes only—we generalize this result to arbitrary « (and more general feature maps)
in Appendix C. Under certain conditions, it can be shown that, if the exploration policies DYNAMI-
COED runs to collect © are rerun, the newly collected data satisfies a similar guarantee as Theorem 3.
This lets us run DYNAMICOED to learn an approximate solution of minacq ®(A), and then rerun

the learned policies as many times as desired to collect additional data approximately minimizing .

5.1 Overview of DynamicOED Algorithm

DyNAMICOED is inspired by recent work on experiment design in reinforcement learning (Hazan
et al., 2019; Zahavy et al., 2021; Wagenmaker & Jamieson, 2022; Wagenmaker & Pacchiano, 2022),
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and can be seen as an extension of the FWREGRET algorithm of Wagenmaker & Jamieson (2022)
to arbitrary systems. We refer the reader to Wagenmaker & Jamieson (2022) for a more in-depth
discussion of the FWREGRET algorithm, and briefly sketch its extension to arbitrary systems here
(see Appendix C and Algorithm 4 for precise definitions).

Algorithm 2 Dynamic Optimal Experiment Design (DYNAMICOED, Informal)

1: input: objective ®, episodes T', confidence 9, regret algorithm A, exploration policies Ilexp

. 2/3 1/3 1
2: Set K < O(T*3),N « O(T3), yp 25
/] P = p(al " up ™) for (@), u)™) the state-input at step h of episode k of iteration n

3: Play any 7exp € Iexp for K episodes, set Ag < % Zle ZhH:1 ¢lz,0(¢l}?0)‘r

4: forn=1,2,...,N do

5: Compute derivative of ®(Ay,_1), =,  VAP(A)|a=A,

6 Run Ag on cost cost}(z,u) ¢ 17 - ¢(z,u) " (E,)p(z,u) for K episodes
n kn,  k,
T Ap = (1=m)Apa+ - S ket et &, (0,")"
8

N K H L kn, k
: return % Ym0 2kt o1 Pn " ( hn)T

Conceptually, DYNAMICOED runs a variant of conditional gradient descent on the objective ®(A).
At each iteration, n, it computes the gradient of the loss at the current iterate, =, <~ VAP(A)|a=A,, ;-
To run a standard gradient descent algorithm on this objective, we would simply update A,,_1 by
taking a step in the direction =,,. However, our objective is to minimize ® over the constraint set,
Q. Thus, rather than taking a step in the direction Z,,, we wish to take a step in the direction of
steepest descent within the constraint set.

The challenge is that the constraint set in our setting, €2, is unknown, as it depends on the
expectation over trajectories induced on the unknown dynamics ( fh){jzl, and therefore we cannot
directly compute this steepest descent direction. The key observation is that the computation of
this steepest descent direction is equivalent to solving:

H
argmin Ejp . Z o(xp, uh)T(En)d)(wh, up)

Texp EHexp h=1

This is simply a policy optimization problem, however, and can be solved approximately by Ag
under Assumption 8. Thus, in the call to Az on Line 6, we approximate the steepest descent
direction, and on Line 7 update A,_; in this direction. Convergence of this procedure to the optimal
value, minpcn ®(A), can then be shown by the standard analysis of conditional gradient descent.
We remark that, under Assumption 7 and Assumption 8, this argument is completely generic and
does not require that our system, (5.1), exhibit any additional properties.

5.2 From Theorem 3 to Theorem 1

In Algorithm 1, our goal is to collect covariates, Ai}, such that tr(?—[(ﬁﬁ)[&};) is as small as possible.
To achieve this, we apply DYNAMICOED to the objective ®,(A) = tr(?—[(gg)./\_l), with Assumption 8
instantiated by the LC? algorithm of Kakade et al. (2020). By the guarantee given in Theorem 3,
after running for a number of episodes N which scales polynomially in problem parameters,
DyNAMICOED will collect covariates Ay such that ®,(3Ax) < 2 minacq ®¢(A), which implies

tr(H(ﬁZ)A;Vl) < % - minaco tr(H(AY)A~1). By rerunning the policies DYNAMICOED used to
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collect this Ay for Ty/N additional times, we can ensure tr(H(ﬁE)Ai}l) < Tiz ‘Minp o tr(?—[(//l\f)./v&_l)
as desired.

We remark that the LC? algorithm requires access to a computation oracle. As the focus
of this work is primarily statistical, we leave addressing this computational challenge for future
work. Furthermore, as we show in the following section, computationally efficient, sampling-based
implementations of our approach are very effective in practice. We remark as well that the objective
we ultimately care about minimizing is tr(#(A,)A~1). As we show, by including a small amount of
uniform exploration, we can ensure that 7—[(24) is not too far from H(A,), and so the suboptimality
incurred optimizing tr(?—[(ﬁe)./v&_l) instead of tr(#(A,)A™!) only contributes to the lower-order
terms of the final guarantee in Theorem 1.

6 Experimental Results

Finally, we demonstrate the effectiveness of our proposed approach (Algorithm 1, the Task-Driven
Exploration method in Figures 1 to 3) on several systems motivated by robotic applications. We
compare Algorithm 1 with an approach that plays uj, ~ AN (0,02 - I) (Gaussian Exploration), and
an approach inspired by Mania et al. (2022) (Uniform Exploration), which seeks to estimate A,
uniformly well, playing inputs that reduce ||ﬁ — Aullop-

To benchmark the performance of these approaches, we consider an affine system with dynamics
corresponding to that of a simplified 3-D drone (i.e., 3-D double integrator with a gravity term), and
a nonlinear system with dynamics corresponding to that of a 2-D car. For both systems, we choose
H = 50, and plot the value of J(7y; Ay) — J (w4 (Ay); Ay) for T, the certainty-equivalence controller
computed on the estimate of the system obtained at time ¢t. For the drone, we let II* be the class of
linear-affine feedback controllers, and for the car, IT* is a set of nonlinear controllers with dimension
4. While the optimal controller for the drone can be computed in closed-form, for the car we rely
on a sampling-based routine to find an approximately optimal controller. The model-task hessian
H(ﬁg) is computed via automatic differentiation. For the exploration policies of Task-Driven
Exploration and Uniform Exploration, Ilep, we rely on MPC-style sampling based methods.
For all approaches, we require that E r,,, [ZhH:1 lun||3] < 2 for some 42 > 0 and all Teyp € Hexp.
On all examples, we implement DYNAMICOED with A a posterior sampling-inspired version of
the LC? of Kakade et al. (2020). Figures 1 and 3 shows performance averaged over 100 trials, and
Figure 2 over 200 trials. Additional experimental details can be found in Appendix G.

As illustrated in Figures 1 to 3, our approach yields a non-trivial gain over existing approaches
on all systems. In particular, in Figures 2 and 3 it improves on the sample complexity of existing
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approaches by roughly a factor of 2—for example, in the drone system, reaching excess controller
cost of 10 after less than 20 episodes, as compared to over 40 episodes for existing approaches.

Our implementation is very modular, and any piece (for example, the parameterization of Iexp
and IT*, the policy optimizer, or the exploration routine) can be easily replaced with other procedures.
Our results therefore highlight that, even when using, for example, a possibly suboptimal policy
optimizer, exploring so as to minimize uncertainty in the model-task hessian yields a non-trivial gain.
We expect that this would hold true regardless of the policy optimizer used—the model-task hessian
will adapt to the structure of the policy optimizer, inducing the exploration that will minimize
parameter uncertainty most relevant to the given optimizer. Integration of our approach with deep
model-based RL approaches is an interesting direction for future work, but we believe the approach
will scale to these settings as well.
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A Technical Tools

Lemma A.1. Let w; ~ N(0,1y,) for alli € {1,2,...,n}. Then,

(ZH'M&) ] < n? - poly(dz).
=1

E

for ¢ an absolute constant.

Proof. We first bound

n

(D lwill2)® < n-max i[5 < n- Y a5,

1=1 %
The result then follows since we can bound the E||w;||5] < poly(d) for w; ~ N(0,I) and ¢ an

absolute constant. O

Lemma A.2 (Lemma 1.4 of Wagenmaker et al. (2021)). Assume A, B € S, |A — Blop < €, and
€ < Amin(B). Then

€

Amin(B)(Amin(B) =€)

JA™ = B op <

A.1 Martingale Regression in General Norms

For the following two results, we consider the martingale regression setting of Wagenmaker et al.
(2021) (referred to as the MDM setting). In particular, we consider observations of the form

Yr = (K", 2¢) + Wy, (A.1)

for y, € R, unknown parameter u* € R% w, | Fi_1 ~ N(0,02,), and z; F;_1-measurable, for
a filtration (F)t>1. This setting therefore encompasses general stochastic processes where the
observations are linear—the evolution of z; could be arbitrary.

We consider the setting where we interact with (A.1) for T steps, collecting observations
{(z4,yt)}t_;, and then form the least-squares estimate of p*:

T
n= (Z ztz;r> Zztyt.
t=1 t=1

We also denote Xt := Zzzl zyz, . The following results characterize the estimation error of i in
the M-norm and 2-norm.

Proposition 3 (Theorem 7.2 of Wagenmaker et al. (2021)). Fiz any matrices ' € Si‘;, M e Si‘*,

with M # 0. Given a parameter B € (0,1/4), define the event
€= {lI¥r = Tllop < BAmin(T)}
Then, if £ holds, the following holds with probability at least 1 — d:

~ 6d _
I = w3 < 5(1+C) - o log = - tx(MT )
where ¢ = 263?Apax(T)tr(T71).
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Proposition 4 (Lemma E.1 of Wagenmaker et al. (2021)). On the event
Eop = {Amin(E1) > AT, By < TP},

then we have that with probability at least 1 — d:

P log1/6 + d,, + logdet(Tr/A + I
Hu—ulleC'aw\/ B1/0 4 dy M,g LA+ 1)

A.1.1 Connection Between (1.1) and (A.1)

We will apply the results Proposition 3 and Proposition 4 in the setting of (1.1) in order to obtain
estimation bounds on A,. As the setting of (1.1) has vector observations, we briefly describe here
how it can be mapped into the setting described above.

Recall that (1.1) evolves as
Thi1 :A*¢(mh,uh)+wh, h=1,...,H,

for x; € R%, ¢(x,u) € R%, and A, € R%*9% We assume that x; is some fixed starting state. As-
sume that we have run for T" episodes, and collected observations {(z},u!, =}, ... ,wz, uz, :zzf1 +1) thl.
Now let p* := vec(Ay). Furthermore, for any ¢, h, and ¢ € [dg], let t = (¢,h,i) and 2z =
[0d¢(i71)7 qb(a:z, u%), 0d¢(dw,i)] € R%%s where 0, denotes the zero vector of length d. Then we see

that

[@h1)i = (1", 20) + [wh]i.
Setting y¢ = [}, 1]i and we = [w}];, it is clear that this follows the observation model of (A.1) with

dy = dgdy and T = dTH. It is also straightforward to see that the measurability assumptions of
the setting of (A.1) are satisfied by this.

B Proof of Main Result

Theorem 4 (Full Version of Theorem 1). Assume Assumptions 1 to 5 and 13 hold. Then if

T Z pOly (d¢7 dm7H7 BA7 B¢7 L¢7 L97 LCOSt7 LW*70w7 0'1_7017 ﬁ,log %) - max {17 Tcost%A*)Q’ 7,9(1]24*)2} ’
(B.1)

with probability at least 1 — &, Algorithm 3 plays exploration policies Texp, € Ilexp at every episode,
runs for at most T' episodes, and the controller T returned Algorithm 3 satisfies, with probability at
least 1 —§:

2
Tw

de dqj Clot
T +

j(%T; A*) - j(ﬂ*(A*)§ A*) < ) T3/2

- min H(A)ATY) - C1
61 tr( (Ay) ) Clo
for C' a universal constant and

Cpoly = p01y <d¢7 d:l:v H7 BA7B¢7 L¢7L97LCOSt7 LTI'*a Ow, 0'1:717 ﬁv log %) .
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Algorithm 3 Optimal Exploration in Nonlinear Systems (Full Version of Algorithm 1)

1: inputs: number of episodes to run 7', cost function (costh)thl, confidence 4, control policies
IT*, exploration policies Ileyp
Al « anything, lp + [logy T/8]
for =1,2,3,...,¢4r do

Ty + 2%, 60 < /802

Compute estimate of cost matrix: Hy < H(A?)

I1; + LEARNEXPII(Hy, 10, 0p, Ag, lexp) (Algorithm 7), with Ax the LC? algorithm (Kakade
et al., 2020)

Rerun each policy in I, Ny = [Ty/|11,|] times, denote collected data ®,

Estimate system parameters

© ® 1

H
A = argjninz > [@h 1 — Ad(@n, un)ll3

h=1 (zpy1,un,2n)EDp

10: return 7p ¢« m,(ATH)

Proof. Let & denote that the good event of Lemma B.3 holds at round ¢ which, by Lemma B.3,
occurs with probability at least 1 — 65,. By our setting of d, = §/12¢2, we have that the total failure
probability of & for all £ is bounded as

Henceforth we assume that £ := Ny&, holds. Let A= EZT“, and A~ = Alr,

Before proceeding to the main proof, we note that the conclusion that Algorithm 3 only explores
with policies in Ileyp, follows from the definition of LEARNEXPII and LC3. Note that LEARNEXPII
only interacts with (1.1) through calls to DYNAMICOED, which itself only interacts with (1.1)
through calls to Ag, instantiated in Algorithm 3 by LC32. Inspection of the LC3 algorithm in
Kakade et al. (2020) reveals that LC? only interacts with (1.1) by playing policies in Ieyp, from
which the conclusion follows.

Bounding the Number of Episodes. Denote T eoed = |ITy|. Note that by construction we always
have NngPEd > Ty. By Lemma B.2, as long as (B.1) is met, we can bound the total number of
episodes collected up to and including round ¢ by 47 for ¢ € {{p,lr — 1}. We therefore, in the
following, will make use of the fact that

c-T<NK,<c-T

for ¢ € {€p,¢r — 1} and absolute constants ¢, ¢’. Furthermore, it also follows from this that the total
number of episodes run by Algorithm 3 is bounded by

AT, =4 - 2MosT/8l < 3. % =T,

so Algorithm 3 runs for at most T episodes.
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Approximating the Controller Loss. Let res(Ay) := min{1, reost (As), ro(As)}, for reost (Ax)
as in Assumption 2 and re(Ay) as in Assumption 13. By Lemma D.2, under Assumptions 1, 2, 4, 5
and 13, as long as A € Bp(Ax;Test(Ax)), we have

T (Fri A) — T (me(A); A < |lvee(A — A 3,4,
+poly(Lx,, | Asllop: L Los Leost 0> H. da) - | A — A3,
Furthermore, we can bound
Ivec(A — A,)|3,4,) = l[vec(A — A Iz, + vec(A — A,) T (H(AL) — H(A ))vec(A — A,)
< (A= A0 THIAT) (A= A + A7 = A2 1H(A0) = H(AT) fop-

Bounding the Hessian Estimation Error. On &, by Lemma B.3 and as long as (B.1) is met, we
have (note that at the final epoch, the plug-in estimator H(A™) is given as input to DYyNAMICOED):

60 ~_ % 6dgd
2 ALY . o2 zl¢
[vec(A — A I, (A- ) S N, Toed Irxnelgtr <7—[(A ) ) Oy 10g 5
+ poly (dy, d B, By, log —— I IH (A7) Tepy 1
o T ) » 10 op» :
POy » )\:nm 4 ¢ g i g 0 N€2T
< 2.
ST R (H(A JA ) © 5
T 1
+ poly d¢,dw,)\* BA,B¢,log ,H, ||7-[( lop, log — 5) 72

where the last line uses that NgTTf;fd is within a constant of T', and that T ;;’d can be bounded by

1 1 T
poly <d¢,dm, . BA,B¢,log , H, log 5)

min

by Lemma B.3. By Lemma B.4 we can bound

~ . y 2dgd ~
. k-1 . -1 ¢ — -
RHGI?ZH (H(A A ) < Inin 2tr (H(AOA™Y) + X8 |H(AL) — H(AT)]op

min

and by Lemma D.3, under Assumptions 1, 2, 4, 5 and 13, and as long as A= € B (A Test (Ay)), we
can bound

[H(A) — H(A)lop < Oly (L, [| Aullops Leps Loy Leosts 0"y H, das) - | A~ — Aulop-
Let

1 _ T
Clot = pOIy (L’fr*u BA7 Bd)u Ld); L07 LCOSt7d:l:7 d¢7 2\ ; Ow; O-wlv Ha ||H(A*)”Op7 IOg 5)

min

denote some lower-order constant, whose precise polynomial dependence may change from line to
line. On &, by Lemma B.3 we can bound

HE - A*HOpv ”A\i - A*Hop < Clot (B~2)

1
VT
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and so assuming the burn-in (B.1) is met, we can bound Hg* —Ayllop < %rest(A*) and Hg— Alop <
%rest(A*). This then implies that

~_ 1
| H(Ax) — H(A ) |lop < Clot - ﬁv

so in particular we can bound

1 1 ~ T
poly | dg, de, ~—, Ba, By, H,1og —, ||H(A7)||op, log —
A Ow 1)

min

1 1 T
S pOIy <d¢7 d:m )\*7) BA7 Bd))H) log ’ HH(A*)HOp)log ) .

min o 0

We have therefore shown that

. C . <1 9 6dzdg
: — : < —. .
J(7r; Ay) — T (me(Ay); Ay) < 1an€13 tr (H(A*)A ) oy, log 5

~ - 11,
+ Gl (13- Al + 13" = Ay + 73 + 1+ 13 = Al

C ) <1 9 dedqb Clot
< = ’
ST Irxnelg tr (%(A*)A ) Ow log 5 T3/2’

The final result follows from using Lemma D.4 to bound
[H (A llop < poly([|Axllop, By, Lo, Lo, Leost, L., 0w s H,dz).
O
Proof of Theorem 1. The proof of Theorem 1 is identical to that of Theorem 4, the only difference

being that we replace Assumption 13 with Assumption 6. However, by Proposition 6, the conditions
of Assumption 13 are met when Assumption 6 holds. O

B.1 Supporting Lemmas

Lemma B.1. Under Assumptions 1 and 3, the system (1.1) satisfies Assumptions 11 and 12 with

H
PY(T)  Ig, @ Y plah, uf)p(af,uf)", D=dHBj,
h=1
dy  dpdy, and where xf (resp. wf) denotes the state (resp. input) at step h of trajectory .
Furthermore, it satisfies Assumption 10 with Ag instantiated with the LC? algorithm of Kakade
et al. (2020) and

CR:C-H\/d¢(d¢+dm+BA)-10g(1+B¢H/Jw), pR:3/2, a:1/2
for a universal constant C.

Proof. That Assumption 12 is satisfied is immediate under Assumption 3. It is clear that ¥ (T) €
Si‘bd”’. To obtain a bound on D, we only need to bound the trace of ¥ (T):

H
tr((v)) = Y tr(la,) - tr(B(af, uf)) (e, uf)) ")
h=1
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H

=dg ) _|lp(xf, uf))l3
h=1

< d.HBj

where the inequality holds under Assumption 1.

To show that Assumption 10 is satisfied in this setting, we have by Theorem 6 that with
probability at least 1 — §, LC? has regret bounded as (using that cmax < 1 in the setting of
Assumption 10):

1
RTSC-H\/d¢'(d¢+dm+BA+10g5)-T‘log(l—f—quHT/Uw)

for C' a universal constant. We can therefore take o = 1/2, pg = 3/2, and

Cr = C' Hy[dg(dg + dy + Ba) - log(1 + ByH/ow).
L]

Lemma B.2. Let T; denote the total number of episodes collected by Algorithm 3 at round ¢. For

1 T,
o BA,B¢,log Hlog ;) (B.3)

min

Ty > poly <d¢7 dgy ~—

on the success event of Lemma B.3, we have 2T, > Ty and

~

-1

2Ty >

.

1

<.
Il

Proof. Recall that Ty = 2¢ and N, = [Tg/Tgoed] for TZOed = |IIy|. By Lemma B.3, T can be bounded
as

Ty < NI + (16 + 2log Tp°d) T

and Tg’ed can be bounded as

1 1 T,
T2 < poly (dd),dm, xS BA,B¢,log . H,log ; ) (B.4)

Note that we can bound

T; < N;TP* + (16 + 210g T TP
< T+ (17 + 2log TP T

1 T,
< T; + poly <d¢,dw, ,Ba, Bg,log —, H,log K)
Ow

AX 0

min

From this it is immediately obvious that 27, > T} as long as (B.3) is satisfied.

To show the second conclusion note that, by our choice of T; = 2¢, we have that T, > Zf;ll T,
so it therefore remains to show that

-1
1 T;
Ty > Zpoly <d¢,dm, . BA,B¢,log , H,log — )

i=1 min 0
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However, we can bound

Ty

min min

=1

so a sufficient condition is

1 Ty
. BA,B¢,log Hlog 6) log Ty

min

TZ Z pOly <d¢)7 d:l:a

which we see is met when (B.3) holds. O

Lemma B.3. Consider running Algorithm 7 with weight matriz H, parameter N , and confidence 0§,
and rerunning each policy in gy N < N times. Then, under Assumptions 1 and 3, with probability
at least 1 — 66:

- min tr (’HA_I) o2 log Ldmd(b

A— A3 <
”VGC( *)HH — NTout AEQ w 5

1 N\ 1
+ poly (dd)’dma )\,:nm BA>B¢710g , H, HH||Opleg 5 ) ’ W
where A denotes the least-squares estimate of A, obtained on the data generated by rerunning Ioyt.
In addition, we have

1
€T )\* \/N

min

N
1A — A.|lr < poly (d¢,d , B, By, 0w, H,log 5)

Furthermore, we have

1 N
Tous < POIY ddh Aoy ~— * , Ba, B¢, log H 1Og
)‘mm 0

and the total number of episodes collected by this procedure is bounded by NTyu + (16 + 21log(Tout)) -
Tout, f01“ Tout = |Hout|-

Proof. By Lemma B.1, the assumptions of Lemma C.6 and Lemma C.7 are met, so we can therefore
apply these results in our setting. By Lemma C.6, the event ., occurs with probability at least
1 — 9. Throughout the remainder of the proof we union bound over the success event of Lemma C.7
and Eexp, which together occur with probability at least 1 — 44.

Let
NTout NTout H
=Y W) =1, @ Y Y (@, up)d(), up) "
t=1 t=1 h=1

denote the features returned by rerunning every policy in Il N times. By Lemma C.7, we then
have that:

_ Vo /Bt log(1 + 8y NTow) + 8log1/8
HA N - Z Ellout ﬂ'

o» = VN - 6272dd log BY
=8

*Amin (N ’ ZWGHoutA”) :
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Applying Proposition 3 with £ the event that the above conclusion holds and T" := N - ZwenoutAﬂv
we obtain that, with probability at least 1 — § (using the mapping to the martingale regression
setting described in Appendix A.1.1):

_ dyd
Ivee(A — AR < 5(1+€) - % log = - ix(H )

for ¢ = 268?Amax(I)tr(I'™1) and B as defined above. Since |¢(z, u)||2 < By under Assumption 1,
we have ||[Az]l2 < Bi, so we can upper bound Apax(T') < NToutBi. By Lemma C.7, we can also
bound (using that D = d;tHBi by Lemma B.1):

1
N - 6272d, H B3 log S5

tr(I1) <

Combining these and using that

1 1 N
Tout < poly <d¢,,dm, e BA,B¢,log , H,log 5) (B.5)

as shown in Lemma C.8 (and using our bounds on Cz and pgr in Lemma B.1), we can therefore
bound

N\ 1
¢ < poly <d¢,d$, N BA,B¢,log , H,log 5) N

Using that tr(HT 1) < || H|lop - tr(T'~1), and the bound on tr(l"_l) given above, it follows that

1

6d,d
Ivee(d — 4,), < 50% log =2 tx(HT') + poly (dqs,dw, o

1 N
)\* BA7B¢710g H ||’HH0p710g 5)

min

Finally, by Lemma C.7, we can bound

- min tr(HA™Y).
NToy  wig tr(HA™)

tr(HT 1) <

By Lemma C.8, we can bound the total number of episodes collected by Algorithm 7 by (16 +
2 log(Tout>) “Tout-

Bound on Frobenius Norm Error. By Lemma C.7, we can lower bound

< 68N
Amin(A) > N - 6272dqdg H Bj log ——
Furthermore, since ||¢(x,u)||2 < By, we always have ||./KHOp < NT,.B2, which implies A <

N ToutBi - I. By Proposition 4, we then have that with probability at least 1 — § (again using the
mapping to the martingale regression setting described in Appendix A.1.1):

log1/8 + dydg + log det( Tout v 1 +1I)
H;{\ B A*”F < C. u 6272dyd g H log >5~

N - 6272ddg H B3 log S~

1 N 1
< poly (dd”dw’ A BA’B¢7Uw7H 10g 5) ﬁ

min
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Lemma B.4. Under Assumption 3, for any H,H', we can bound

. . 2dgd
min tr(HA™!) < min 2tr(H' A7) + =2 ¢

0 0 NI = H lop-
AcQ Ae Ahin

Proof. We have

min tr(HA™!) = min tr(H' A1) + tr((H — H)A™Y)
Acg AcQ
< min tr(H' A7) + |H — H|op - tr(A™H)
AcQ

Under Assumption 3, we know that there exists some A’ € Q such that )\min(A’ ) > N, We can
then bound

min tr(H' A~ + |7 — H ||op - tr(AT)

~—

AcQ
. / 1 1 AN\—1 ! 1 1 AN—1
<mintr(H'(ZA+ -A)7) +[[H —Hlop - tr((zA+ A7)
Acq 2 2 2 2
. 71X —1 / dwd¢>
< min 2tr(H' A7) +2|H —H HOP'T
AeQ min
which proves the result. ]

C Experiment Design in Arbitrary Dynamical Systems

In this section we generalize somewhat the setting of Section 5. In particular, our goal will now be
to collect some set of trajectories ® = {7;}/_;, which minimize

1 T
@ (T ;zb(rt))

for some general feature mapping ¥ : 7 — R%, & : R? — R, and T = (X x U) x X the space of
possible state-input trajectories, T = (xo, wo, 1, ..., THg—1,ug—1,€H) € T. We will assume that 1)
can be decomposed additively as

H

PY(T) =) hn(an, un).

h=1

In Section 5 we considered the special case where 1y, (x,u) = ¢(x,u)p(x,u)"; in this section 1p
could instead be any arbitrary mapping.

As before, we will be interested in defining optimal exploration with respect to some set of
exploration policies, Ileyp. Let

Qy = {Ernw[Ex[tp(T)] : w € Am}

denote the space of expected value of 4(T) for mixtures of policies in Ieyp,. To distinguish elements
A € Q from elements in Qy,, we will let I' = E ., [Ex[1)(T)]] refer to elements of £, and in particular
define 'z := Ez[¢(7T)] (where it is assumed that the expectation is collected over trajectories on
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(5.1)). We will usually denote unnormalized sums of features, e.g. Zthl P (ty), with 3. We also
define £, to be the space of all possible combinations of 1(T):

Qy 1= {Erau[th(1)] : we AT}
We generalize Assumption 7 and Assumption 8 as follows.

Assumption 9 (Regularity of ®). We make the following assumptions:
1. ® is convez, differentiable, and -smooth in the norm || - ||:
|Vr®(T) — Ve d(I). < 5T -T|, VI, ey,
for || - ||« the dual norm of || - ||.

2. There exists some M < oo satisfying

sup sup (Vr®(T'), ¢ (1))| < M.
reﬁw TeT

Assumption 10 (Regret Minimization Oracle). Let costy(T) = (Qn,¥n(T)) for some Qp € RY,
and cost(T) = Zle costy (T) the total cost of trajectory T. We assume we have access to some
learner Ag which, in the setting when |cost(T)| < 1 for all T € T, is able to achieve low regret on
{costy, (-, ) HL | with respect to policy class Hexp. That is, with probability at least 1 — §:

T
T
ZEfﬂrt [cost(ty)] =T - inf I [cost(T)] < Cr -logh® 5 T

mell
t:l exp

for some Cr >0, pr >0, and o € (0,1), and where 7, is the policy Ar plays at episode t.

Algorithm 4 Dynamic Optimal Experiment Design (DyYNAMICOED)

1: input: objective ®, number of episodes T' (OR number of iterates N, episodes per iterate K),
confidence §, regret minimization algorithm Ax, exploration policies Ileyp
2: Play any policy Texp € Ilexp for K episodes, collect trajectories Do = {T0}E |, set Ty <
1K
K135 ()
3: forn=1,2,...,N do
1
5: Run A on cost

1 _ -
—(En, ¥n(xh,up)) for =, Vr®([)|r=r,_,

th(T) <
costy, (T) i

for K episodes, collect trajectories ©,, = {Tg}le, denote policies run as 11,
6:  Tpt (1= 7)ot + 1K P00 o(T))
7: return (N + 1)KT v, UN_I1,, UN_ D,

We define DYNAMICOED as in Algorithm 4. We then have the following generalization of
Theorem 3.
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Theorem 5 (Full Version of Theorem 3). Let Assumption 7 hold, and assume that we have
access to a learner Ag satisfying Assumption 8. Fiz N, K > 0. Then, with probability at least
1 — 9, DYNAMICOED runs for at most (N + 1)K episodes, and collects a dataset satisfying

D = {{Tp o Yo satisfying

1 e R%(log N +1 INK
‘I’<K<N+1>ZZ¢<TZ>)—min a(r) < MR Uoa N + )+M.<0R10ng6.Ka—1

= ey 2(N+1)

8log(4N/0)
)

_ . _ /
where R = SUPE prcy,, IT —T|.
In this work we are particularly interested in the case where ¥(T) € Sj_w. We encapsulate this in
the following assumption.

Assumption 11 (Matrix Experiment Design). We assume that ¢ (T) € Sjlf and that, for allTt € T,
tr(¢(t)) < D for some D > 0.

The following corollary instantiates Theorem 3 under Assumption 11 with objective ®(T") =
tr (H(I' 4+ o)), the objective considered in Algorithm 1.

Corollary 1. Consider the objective
O(T) = tr (H- (T +Tp) ")

and assume that H = 0 and Assumption 10 holds with « = 1/2 and Assumption 11 holds. Fiz N, K,
let T := (N + 1)K, and consider running Algorithm /J on this objective and with these choices of N
and K. Then Algorithm J will run for at most T episodes, and, with probability at least 1 — &, will
return data satisfying

T -1 4 —1y3
1 8D | H||op [Ty " |l
T < — . mi L+Ty) ! op
tr H<t§:1¢(rt)+ o) <z Fegiptr(’ﬂ( +To)~ ') + TV 1+ 1)

. 8D||Hlop|ITg 1|2, (log'/? 4L + Cg logP® 2I')
TVK

C.1 Proof of Theorem 3 and Theorem 5

Lemma C.1 (Lemma C.1 of Wagenmaker & Jamieson (2022)). Consider running Algorithm 5 with
some convez function f that is 3-smooth with respect to some norm || - ||, assume that y, € Y for
some Y and all n, and let R := sup, yez y |z — yl|. Then for N > 2, we have

. BR%(log N + 1) -
flann) —min f(z) < == 77y N+1;6”

Lemma C.2 (Lemma C.2 of Wagenmaker & Jamieson (2022)). When running Algorithm 5, we
have

1 N
ZN+1 = N1l (Zlyn+zl) .
n=
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Algorithm 5 Approximate Frank-Wolfe
1: input: function to optimize f, number of iterations to run NV, starting iterate a;
2: fort=1,2,...,N do
3: Set v, n%rl
4: Choose y,, to be any point such that

vf(zn)Tyn < min Vf(zn)Ty + €n
yez

o

Znt1 < (1= )20 + Yn¥Yn
6: return Ty

Proof of Theorem 3. By our assumption on Agr, Assumption 8, we have that, at round n, with
probability at least 1 — d/2N,

K INK

E Er,[cost™(Ty)] — K - ilr_}f E, [cost” (T)] < Cr logh® 5 K*
mellexp
k=1

where we have used that, under Assumption 9 and by the definition of cost} (), |cost™(T)| < 1 for
all T € 7. This implies that

1 _ ) . 2NK .
?ZEMK:H,@D(W»] <M. inf By lcost”(t)] + MCr logl* = - K L

TFGH X
=1 exp

Furthermore, by Azuma-Hoeffding and under Assumption 9, we have that, with probability at least
1—0/2N,

K K
Z 0, (Th)) K}; 1En ()| < \/8]\/[210Ig((4N/(5).

k:

This implies that

K

% (S b(te)) < M- inf By [costn(r>]+M-(cngpR?Ka—lJr W)
=1 ﬂ'EHexp

(C.1)
Note that
(En, ¥(t1)) = (Vr®(T)|r=r,, ¥ (7)),
and that for any T' € €, we have
(Vr®(T)|r=r,,T) = Erno[E[(Vr ®(T)|r=r,,, % (7))]]

for some w. This implies that

Fierg¢<vr‘1>(F)|r:rn,, )= if ErwEx{(Vr®(T)lr-r,, % (t))]]

= inf E;[(Zn, (1))

7T€Hexp
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=M - inf E;[cost"(T)].
ﬂ'EHexp

By (C.1) above, we have that

1 X
e kzzl¢(Tk)

is an approximate minimizer of M -su E[cost™ ()], with approximation tolerance M (Cig logPR 28K
pp Prelexp ) pPp 5

Kot 4 W). We can therefore apply Lemma C.1 with

4N
o= M. (CR g K gty 81g<K/6>>

to get that

P(Tn+1) — Aoin o(I') < PR (log N +1)

€Q¢ - 2(N+ 1)

o (CR togre 2NEpeamt 8log(;§N/5)> |

The result then follows since 'y 41 = m Zg:() SR Y(T}}) by Lemma C.2.

O]

Proof of Corollary 1. By Theorem 5, for any setting of NV and K, we have that with probability at
least 1 — §:

N K -1
tr | H (K(Nl_’_DZZQb(TZ) —i—I‘o) —%rggtr (H(T +Ty)™ 1)

n=0 k=1

_ BR?logN  MCglogh™ K Y 8log &
- N+1 K1-o K

which implies

minpecq tr (H(F + FQ)_l)

N K -1
tr H(ZZMTQHTF()) — -

n=0 k=1
BR?log N  MCx logP® % M 1 /8log %
~ T(N+1) TVK T K

This gives

N K -1 . 1
H(T +T
tr ”H(§ ) ¢(T2)+Tro> Smmrentr(T( + o)

n=0 k=1

BR2logT M (3log"/? 2L 4 O logP® 2F)
T(N + 1) T\/E :
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It then remains to bound R, 3, and M. By Lemma D.6 of Wagenmaker & Jamieson (2022), we
have that

Vr®(T)[L] = —tr (H(I‘ 4 To) 'L + I‘o)_l) .
We can then compute the second derivative as, using Lemma D.6 of Wagenmaker & Jamieson
(2022):

VEO(IDET] = & [—tr (BT + To 4+ ¢5) 1+ T 4 ¢) 1) |

Tt
= tr (H(r + L)' + L)~ 'T(T + 1"0)_1)

+tr (’H(I‘ +To) ' + To) " 'T(T + FO)*l) .
Recall that M is any bound on

sup sup [(Vr®(T), ¢(1))|.
F€ﬁ¢ TeT

By the above computation of the gradient, we can bound this as

sup sup (Vr®(T'),¢(1))| < sup sup ‘tr (H(I‘ + I‘O)fld)(r)(l" + 1"0)71)‘
Fe@d) TeT [‘eﬁw TeT

< [ HlloplITg 13, - sup tr(2(T)) (C.2)
TeT
< D[ HloplT5  [135-

To bound 3, by the Mean Value Theorem it suffices to bound the operator norm of V%@(I‘). Using
the expression above, we can bound this as

Csup [VER(D)[eh(t1), 9(w2)]| < 2l[HopTo 13, - sup  tx(TT)
F,F€Q¢ F,FEQ¢

< 2D?|H[lop|Tq " oy

Finally, it’s straightforward to bound R < 2D. Putting all of this together gives the result. O

C.2 Collecting Full-Rank Data

Algorithm 6 Minimum Eigenvalue Maximization (MINEIG)

1: input: scale N, confidence 9§, regret minimization algorithm Ax, exploration policies Ileyy
2: for j =1,2,3,... do

1 1 —1/18
3: Nj <— [2j/3-| — 1,Kj < (223/31,1}' < (Nj + I)Kj,Aj < T] / ,(5]' <— 4;%
4 X;,11; + DYNAMICOED(®, N, K, 0;, Ag, Hexp) for ®(T) = tr((T + A, - 1)71)
5 i Ain(S5) > 12544Ddy log 2XCE2T) then
6: break
7: return II;

In this section, we consider the setting where 1 (T) € Sﬁlf’, and our goal is to collect {T;};

such that ¥ ( % Z;le 1(7¢)) > 0. For this to be achievable, we need the following assumption, a
generalization of Assumption 3.
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Assumption 12 (Full-Rank Data). Consider ¥(t) such that ¥(t) € Si‘b. Then we have
supreq,, Amin(I') 2 AL, for some Ap;, > 0.

min

Throughout this section we also assume that Assumption 10 is satisfied with o = 1/2 (though
all results generalize in a straightforward way for o # 1/2). We have the following result.

Lemma C.3. Under Assumptions 10 to 12, running Algorithm 6 we have that with probability at
least 1 — 6, it will terminate after collecting at most

1 N
poly (dd,, = , D, Cr,logP? 5)

episodes, and return policy set I such that

68N
0

Amin (3 renT'n) = 6272Ddy, log

Furthermore, if we rerun each policy in 11 once, the resulting features 3 will satisfy, with probability
at least 1 —§/N:

68N
o

Amin () > 6272Dd, log

Proof. By Lemma C.4 and our choice of N; and K; in Algorithm 6, we have that if \; < m“‘ and

O - - 1 )\fnln
7/ > 0 <<D)\j (D’ 4 Cr - logh® 5j)> d > : (C.3)

then )\mm(Ej) Z Ad

;. It follows that, with probability at least
2o (C.3) holds, and

1 —4;, the if statement on Line 5

AX IN(2 + 32T;
min . 7% > 12544 Ddy, log N2+ 32T5) (C.4)
Ady, 5
-1/18

By our choice of \; = T , a sufficient condition to ensure \; < 3 m“‘ , (C.3), and (C.4) is

~ dy \'"® (D', 1 A \”? Dy, NT;
T >0 min DCr» - logPR — . min -1 J )
o (max { (Afmn> ’ < dyp > < RO Ty > Afmn *®75

Since Tj = [27/3][221/3] € [27,4 - 27, it follows that the if statement on Line 5 will be met after
running for at most

~ d¢ '8 D4)‘¢nm PR 1 )‘:nm 572 Dd2 N
O(“"{(A;m) (" ) (Do g 5 ) S8 on g (€9

episodes.

By Lemma C.5, if Apin(2;) > 12544Dd¢ log and we rerun all policies in II;, then we
will collect data E such that Apin (%) > )\mm( )5 w1th probability at least 1 — §/2N. As the if

(2+32T )
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statement on Line 5 will only be true once this is met, it follows that, with probability at least
1 —¢/2N, rerunning all policies in II; once, we will collect data 3 which satisfies

)\min(E) Z

1 2N (2 2T; N
5)\min(2]’) > 6272Dd¢ log (_ggj) > 6272Dd¢ log 686 .

The lower bound on Apin (), cir I'x) follows analogously from Lemma C.5.
The result then follows noting that the failure probability of running DYNAMICOED is at most

)
2 gz =02
j=1

C.2.1 Supporting Lemmas

Lemma C.4. Under Assumptions 10 to 12, consider running DYNAMICOED on the objective

O(T) =tr(T+A-1)7h

with N = [2/3] — 1 and K = [2%/3], for some A\ > 0 and i. Let T := (N + 1)K . Then if X < fgl—lz‘
and
1/3 < O —2/ 3 1 1 Alnin
P

with probability at least 1 — ¢,

Proof. Applying Corollary 1 with H = I and T'o = A - I, we have that, with probability at least
-4

T —1 -
} : 1 8DAN3  8DA2(log!/? T 4+ C logP® 1)
P(te) +TA- 1 < — . mi T N1 5 5
tr ( (T¢) A ) T Frénr:ptr(( A0+ TN+ 1) + VR

1 ) 1 24 D4\ 3 24D)\_2(10g1/2 % + O logP® %)
7 iy e((C A D7) + =+ 3

IA

where the second inequality follows since
T — [2i/3‘| [22i/3‘| <4. 21‘

which implies N + 1 = [2¢/3] > T3 /41/3 and K = [22/3] > T?/3/42/3_ 1f T satisfies (C.6), then
we can bound

24D*\~3  24DA"%(log"? L + Cr logP® 1) 1 dy
st T4/3 T AN
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*
min

Furthermore, under Assumption 3 there exists some I' € {2y, such that I = A5, - I, so we can upper

bound

d
. .y <« B9
Fnelgznwtr((r-i-)\ )< G

min

and we can lower bound

. 1
1
tr (Z Y(Te) +T>"I> = Amin (31 P (1)) + TA

t=1
Thus,
1 1 2dy d TN
T ) LT STl = Awn (;wm)) 2 Sgoe —Th
It follows that if \ < i‘*;j:, then we have
S N
Amin (; ¢(Tt)> >T- Idy
which proves the result. ]

Lemma C.5. Consider running some policies (WT)Zzl, for m; Fr_1-measurable, and collecting
covariance X = Zle (7). Then under Assumption 11, as long as

2+ 32T

Amin(E7) > 12544Dd,y, log
with probability at least 1 — 6, if we rerun each (WT)zzl, we will collect features S such that

=~ 1
/\min(ET) 2 iAmin(zT)-

Furthermore,

T
1
/\min (Z I‘7I'7-> Z 5)\min(2T)'
T=1

Proof. This follows from applying Lemma D.7 of Wagenmaker & Jamieson (2022) to the matrix
%ET. Note that while Wagenmaker & Jamieson (2022) considers the setting of linear MDPs, the
proof of Lemma D.7 of Wagenmaker & Jamieson (2022) does not make use of the linear MDP
assumption, and the proof therefore extends immediately to our setting. Furthermore, though
it is not explicitly stated, the lower bound on )\min(ZZﬂ I',.) is also proved in Lemma D.7 of
Wagenmaker & Jamieson (2022). O
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Algorithm 7 Learn Minimizing Exploration Policies (LEARNEXPII)

1: input: H, iterates bound N , confidence ¢, regret minimization algorithm Ag, exploration
policies Ilexp
fori=1,2,3,... do

N; « [21/3] = 1, K; < [2%/3],T; « (N; 4+ 1)K;, 6; < 643>

HMINEIG — MINEIG(NTZ, 5Z,AR, Mexp) ’

Run policies in HMINEI(, [T; / T | | times, set T to collected features

®(T) + tr(H(T +T; 'TH)~1)

I‘;W, II§,, < DYNAMICOED(®, N;, K;, 0, Ar, Heyp)
if
jinlaxi |H{\'IINEIG| S TZ (0‘7)
16Dl T o) My | 10DPlnl(T"T) 08 2+ Crlog™ ) _
T;(N; + 1) TiVK; -
(C.8)
2 . o
H) - D\/2Ti\/Sdy log(1 + 8y/2T5) + 8log 1/5 - <o (M (T, +T9) )
)\min (P + I‘Z)
(C.9)
1 , .
D+/2T; \/8d¢ log(1 4+ 8+/2T;) + 8log1/§ < 5 min (Chw + T0) (C.10)
9: then -
10: Tou = Ty + T Tous = Mg U (U7 M0l )
11: return I'g, Iout

C.3 Rerunning Policies

In this section, we build on the analysis of the DYNAMICOED algorithm to show that, not only
do the features collected by DYNAMICOED approximately minimize ®, but that, under certain
conditions, if we rerun the policies that DYNAMICOED ran to collect this data, we will collect a
new set of features which also approximately minimizes ®.

In particular, we specialize this argument to objectives of the form ®(T") = tr(HI'~!). LEARN-
ExPII (Algorithm 7) proceeds by first calling MINEIG to collect full-rank data, using this data as
a regularizer of ®(I"), and the running DYNAMICOED on this objective. After meeting a certain
termination criteria, it terminates, and returns the policies it has run over its operation.

Lemma C.6. Let £, denote the event that, for all i =1,2,3,..., the success event of MINEIG
and DYNAMICOED occur, and

. . 68N
)\min(FO) > [,1—%/|H1\/IINEIG|-| : 6272Dd¢ log

Then if Assumptions 10 to 12 hold, P[€exp] > 1 — 4.

Lemma C.7. Consider rerunning each policy in oy N < N times, and let T denote the obtained
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features. Then, if Assumptions 10 to 12 hold, with probability at least 1 — 30, on the event Eoxp:

N \/&z,,, log(1 + 8v/NTyu) + 8log 1/5
< .

HF - N ZWEHOutFﬂ'

)\min (N . Zﬂenoutrﬂ) )

op VN - 62724y log BN
(C.11)
N - 6272Ddyy log 6iN < min { i (V- e, Pr) Amin(D)] (C.12)
and
tr (7—[ > r )71) < 12 -min tr (K1) (C.13)
m€llout™ T = Tout TeQ ’

fO?” Tout = ’Hout‘~
Lemma C.8. On the event Eexp, under Assumptions 10 to 12, we can bound
1 N
Tout S pOIy <d¢7 )\*77 D7 CRalong (5> .

min

Furthermore, the total number of episodes collected by Algorithm 7 is bounded by (16 + 2log(Tout)) -
Tout-

C.3.1 Supporting Lemmas and Proofs

Lemma C.9. Under Assumption 11, for any I' = Er,[¥(T)] and H = 0 we can bound
tr(HTY) > D71 - tr(H).
Proof. By Von Neumann’s Trace Inequality we can lower bound

tr(HT ™) > Apin (D7) - tr(H) = ||T||5L - tr(H).

op
By our assumption that tr(¢(t)) < D, we can bound ||I'||op < D, which proves the result. O

Lemma C.10. Assume tr(y(t)) < D for all T. Let I'x denote the time-normalized features
obtained by playing policies {ﬂk}ﬁil, where my, is Fi_1-measurable. Then, with probability at least
1-9,

_ D\/8d¢ log(1 + 8VK) + 8log1/5
_— K .

1 K
7 2 Tm— T
k=1

Proof. This follows from an argument identical to the proof of Lemma C.4 of Wagenmaker &
Jamieson (2022). While Wagenmaker & Jamieson (2022) considers the setting of linear MDPs, we
note that the proof of Lemma C.4 of Wagenmaker & Jamieson (2022) nowhere relies on the linear
MDP assumption. The result stated here then follows identically as Lemma C.4 of Wagenmaker &
Jamieson (2022), after normalizing 1 (T) by D. O

op
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Proof of Lemma C.6. By Lemma C.3, the failure probability of running MINEIG at round i is
8; = 6/8i?, and by Corollary 1 the failure probability of DYNAMICOED at round i is also bounded
by &; = 6/8i2. It follows that the total failure probability of running MINEIG and DyNAMICOED is
bounded by

RS

S
Lo 82 —
=1

Furthermore, by Lemma C.3, we have that rerunning all policies in H{\,IINEIG, we will obtain features
I' satisfying, with probability at least 1 — §;/NT;:

68N

Amin(T) > 6272Dd,;, log 5

1

Repeating this [T;/|I1§, pc|] times and union bounding, we have that

; ; 63N
)\min(FO) > [n/|H1\'IINEIG|—| '6272Dd1,b log o

with probability at least 1 — §/NT; - [T/ g1 > 1 — §/N. O

Proof of Lemma C.7. Let Iyiygi, Lo, i, Iy denote the policies and features obtained on the
round at which Algorithm 7 terminates. Let Ty, = |Ilg,| denote the number of episodes of
DyNAMICOED on the terminating round, and Ny, Kpy the corresponding values of N; and K.
Throughout the proof we make use of the fact that at termination of Algorithm 7, all of (C.7)-(C.10)
are met.

Proof of (C.11) and (C.12). By Lemma C.10 we have that, with probability at least 1 — ¢:

Hf N Ter,, Ie|| < DVN T /8y Tog(1 + 8/ NTow) + 810g 1/5.

On &exp, by Lemma C.3, we can bound

1 NT,
[Izviveic| < poly (dw, =D Cr, logP® ($out)
min

and, furthermore, we can lower bound

68N
Anin (X ety T ) = 6272Ddy log =

Since IynEie € Hout, it follows that

68N
)
Combining these, we therefore have that, with probability at least 1 — ¢:
VNTow /8y log(1 + 8y/NTow) + 8log 1/6
N - 6272d log BN

Amin (N - ren,. Tn) > N - 6272Ddy log

Hf‘ - N Z7"61_[out L
op

S >\min (N ’ ZWEH011tF7T) )

In addition, also by Lemma C.3, we have that with probability at least 1 — 4§/ NTpy N >1— §, that

- N
Amin(I') > N - 6272Dd,, log 685 .
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Proof of (C.13). By Corollary 1, on €y, we have that:
minpeq tr (H(F + Tf;l]._‘())_l)

®(Tp) = tr (”H, (The + 1“0)—1) <

wa
8D H|opll (T, To) " Hl5p | 8D Hlopll(Tr,'To) |12, (log!/? He + Cp logP® 2
wa(wa + 1) wa\/ wa

Since Tt satisfies (C.8), we can bound
8D M lop | (T, To) 113, | 8DIIHlopll(T5,'To) " [13(log"? T + CrlogP® ) 1
TfW(NfW + 1) Tty Ky 2
It follows that

minpeg tr (H(T+75,'To) ™) 1

B(Tgy) < ™ +52(Crw)
. (I, < 2. minren ™ (H;F 1 To) ). (C.14)
fw
By Lemma C.10, we have that, with probability at least 1 — 9:
[ et Fr = (Caw +To) ) < D\/ﬁ\/gd,p log(1 + 8y/Tout) + 8log 1/6.
Since (C.10) is satisfied and |[II{; g < T3, we have
D/ T[Sl o (1 + 8/ Tow) + 81081/ < Auin (T + T).
By Lemma A.2 it follows that
2

H (Crem Tr) ™ = (Try + To) ™ < D\/Tout\/de, log(1 + 8v/Tous) + 8log 1/6 -

)\min (Ffw + 1-\0)2 '

O

This implies that

tr (H (Zwenomrw)—l) <tr (7—[ (Tt + r0)71>

2
+ tr(H) - Dy/Tous /8y 1og(1 + 8y/Tour) + 8log 1/ - .
)\min (Ffw + FO)
Now if
2
tr(H) - D\/Tout\/Sd,/, log(1 + 8/ Tput) + 8log1/6 - 5 < tr (’H (P + I‘o)fl) ,
)\min (Ffw + FO)

(C.15)

we can bound this all by
4
-1 . —1p -1

< 2tr (7—( (T + o) ) < g mintr (K0 + 7, To) )
where the last inequality follows from (C.14). However, note that (C.15) since (C.9) holds. Finally,
note that

Tout = Thw + [T/ Mvimerc| T Mvivec| < 2Tk + [Mvigie| < 3Tk
12

where the last inequality follows since (C.7) holds. We can therefore upper bound % <
Putting this together proves the result.

O]
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Proof of Lemma C.8. To bound Ty, it suffices to show that (C.7)-(C.10) are satisfied for sufficiently
large T;.

On Eexp, by Lemma C.3, we can bound
: 1 NT;
|H’{\41NEIG| < poly <d¢, )\*7’ D, Cr,logl® 51> ,
min
so to ensure (C.7) is met it suffices that
1 N
T; > poly (dw, )\*7, D,Cxr, long 5) .

On &exp, we have

' ] ; : 68N
Amin(The + T8) > Anin(Th) > [T/ || | - 6272Ddy, log —
Which also implies
H(Tz‘_lré)iluop = Tl < TZ . 1 < ’H1\"IINEIG’

Amin(T9) ™ [T3/ Myl 1 6272Ddy log BN ™ 6272Ddy log BN
Furthermore, by Lemma C.9 we can lower bound

)7 = te(#) > )
B D(Ti + (ﬂ/’H’{WINEIGH |H7iVIINEIG|) ~ 3DT;

tr(?—[( éw—i-ﬁ[‘%

Combining these and using that N; = (9(Ti1/3) and K; = (9(Ti2/3), it is easy to see that (C.8)-(C.10)
will be met once

1 N
——,D,Cg,log’® = | .
)\* ) ’CR’ Og 5)

min

T; > poly <d¢,

The bound on Tyy; then follows since T; = [2/3][22/3] € [2%,4 - 27], s0 it can be at most a constant
larger than the sufficient condition before terminating.

Let i* denote the round that Algorithm 7 terminates on. Note that at round i, MINEIG runs
for at most |11}y g/ DYNAMICOED runs for at most 7} episodes, and we run for an additional
[T /1T wpre |1 - T ngre | episodes on Line 5. In total, then, the number of episodes Algorithm 7
runs for is bounded by

i* "

(2
Z(TZ + |HiVIINEIG| + {ﬂ/’HRIINEIGH ’ ‘H%VIINEIGD <2 Z(Tl + |Hi\41NEIG|)
i=1 i=1

*

7
< 1675 + 2 Z ‘HMINEIG‘
=1

where the last inequality follows since T; € [2¢, 42Z] Now note that, since Algorithm 7 only terminates
once (C.7) is met, we will have max;—1__ |IEnpe| < Ti. This implies that 2y 7 [T pel <
20Ty < 2log(Ty+) - Ti». Bounding T < Tiyt gives the result.

O
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D Smooth Nonlinear Systems

In this section we restrict to the nonlinear regulator system of (1.1). Our goal will be to show that,
under our assumptions, the nonlinear regulator system exhibits certain smooth behavior. As we
have assumed

I = {z% . 6 c RY},

it will be convenient to define J(0;A) := J(n%; A) and 6,(A) = 6,. For the remainder of this
section, we will typically use € in place of 7. In addition, when considering radius terms such as
ro(A,) and reost (Ay), to simplify results we assume that rg(A,) < 1 and 7¢est(Ax) < 1. Note that this
does not change the validity of the result since, for example, if a result holds with A € Bp(A,;r) for
some r > rg(A,), it also holds for A € Bp(A,;r9(Ax)). Throughout this section, we let V, f(z)[A]
refer to the directional gradient of f(x) in direction A.

We first have the following result, which shows that under our assumptions, the controller loss is
differentiable.

Lemma D.1. Under Assumptions 1, 2, 4 and 5, for any A satisfying A € Bp(Ax;re(Ay)), the
controller loss J(0; A) is four-times differentiable in @ and A. Furthermore, we can bound

IV5'V5"7(8: A)llop < poly (1 Allop, Bo Ls Lo, Lost, 02’ H, do)
fori,j €{0,1,2,3,4} satisfying 1 <i+j <3.
In this section, we generalize Assumption 6 to the following.

Assumption 13. We assume there exists some rg(Ay) > 0 such that, for all A € Bp(Ay;re(Ay)),
0.(A) satisfies:

* VoJ(0; A)lg=p,(1) =0,

o 0,(A) is three-times differentiable in A, and we can bound ||V£?9*(A)HOp < Ly, for some
Ly, >0 andic€ {1,2,3}.

The first condition requires that 6,(A) corresponds to a stationary point of the loss. This will be
met, for example, by choosing 6,(A) to be a minima (local or global) of J7(0; A). It is not obvious,
however, that the first and second condition can be simultaneously satisfied. In the following we
show that, assuming ng (0; Ay)lo—g, (4,) is full-rank (which will be the case, for example, when
0.(A,) is a strict local minimum of J(7%; A,)), there always exists some 6,(A) satisfying both
conditions of Assumption 13, with L., scaling polynomially in problem parameters, and rg(A,)
scaling inverse polynomially in problem parameters. Note that this definition of m,(A) is general
enough to capture settings where the global minimum of 7 (7; A) cannot be efficiently computed—it
suffices to take 7, (A) a local minimum of the loss.

Proposition 5. Assume that Assumptions 1, 2, 4 and 5 hold and that Amin(VgT (8; Av)lo=0, (4,)) >
0. Let rg(Ay) > 0 be some value satisfying

1
)\min(vzj(9§ A*) ’0=0*(A*))

—1
TO(A*) = min Tcost(A*)apC)ly ( , HA*||Op7 Bd)a Ldn Lo, Lcos‘mo';lp H, dm)

Then there exists some function 0,(A) such that, for all A € Br(Ax;re(Ay)):
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* VoJ(0; A)lg=0,(1) =0,

e 0,(A) is three-times differentiable in A,
and it suffices that we take
Lz, = poly ( ! ;
)‘min(vgj(& A*)’B:G*(A*))

While Proposition 5 shows that there exists some 0,(A) satisfying Assumption 13, it does not
directly give a recipe for constructing such a map. The following result shows that under a mild
additional assumption, the minimizer of the loss satisfies Assumption 13.

HA*HOp? Bd)a L¢7 L07 LCOSt7 0-17;17 H7 dm) .

Proposition 6. Let
0.(A) := argmin J(0; A).
OcRo
Then under Assumptions 1, 2 and j to 6, there exists some rg(Ax) > 0 and L, < oo such that
0.(A) satisfies Assumption 13.

The scaling of L, in Proposition 6 can be shown to match that of Proposition 5, but in general
rg(Ay) could be smaller than the value of rg(A,) given in Proposition 5. In particular, in the setting of
Proposition 6, we can only show that 7¢(A,) scales with minggp, e, (a,):r) J(6; Ax) — T (0x(Ax); As)
for some r > 0 which scales inverse polynomially in problem parameters. While we can show
that J(0; A,) — J(0.(A,); A,) scales inverse polynomially in problem parameters, including in

Amin(VyT (05 Ay)|g—g, (a.)), for 6 approximately a distance of r from 6,(A,), it is possible 7 (8; A,)
has some local minimizer 8 arbitrarily far away from 0, (A,), such that J7(0’; A,) and J(04(A,); Ay)
are arbitrarily close, in which case A*, and therefore rg(A,), could be arbitrarily small. The failure
mode here is that, while 8,(A,) may be the global minimum of 7 (0; A,), for A arbitrarily close to
A,, the global minimum of J7(6; A) could instead be near €', which would render the map 6,(A)
discontinuous.

By making further assumptions on J(0; A,) which exclude this case, we can obtain a value of
ro(Ay) scaling similarly to in Proposition 5. For example, in the following, we show that under the
assumption that J(6; A) is convex, this holds.

Proposition 7. Assume that there exists some reony(Ay) > 0 such that, for all A € Bp(Ay; reonv(As)),
J(0; A) is conver in 0, and set

0.(A) = argmin J(0; A).
6cRe

Then we have that 0, satisfies Assumption 13 with
ro(4) = min { reom (), o (4.),

1
poly
( mm(v j(e A )’9 0. (Ay) )
and it suffices that we take

—1
HA*||0po¢vL¢>L07Lcost>0'z_vl’Hv dm) }

1
L., = poly ,
(Amin(vzj(a; A*)’H:H*(A*))

HA*HOpa B¢a Ld)) LG) LCOSt7 0-17)1) H7 da:> .

Note that, if J(0;A) is p-strongly convex in @ for all A near A,, we can lower bound
/\min(vzj(o; A*)’H:H*(A*)) > b
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Approximating the Controller Loss. In order to efficiently direct our exploration, it is
convenient to derive a quadratic approximation to the controller loss. The following result shows
that, under our assumptions, this is indeed possible.

Lemma D.2 (Formal Version of Proposition 1). Under Assumptions 1, 2, 4 to 5 and 13, for
A € Bp(Ay; min{reost (Ax), r0(Ax)}), we have

T(0.(A); A,) — T(0,(AL): A) < vec(A — A)TH(A)vec(A — A,) + M[A— A A— A, A— Al
for some tensor M such that
IMIA - A, A— A, A= Alllop < poly(La,., | Adllop, Bg: L Lo, Leost 0", H, d) - | A — A,[3,.

In practice we do not know H(A,) and must estimate it. The following result shows that the

~

distance between H(A,) and H(A) can be bounded.

Lemma D.3. Under Assumptions 1, 2, /, 5 and 13, and if A € Bp(Ay; min{reost(A,), 79(A)}),
we can bound

HH(A*) - H(A\)Hop S pOIY(LW*y HA*HOp? Bd)a Ld)? L07 LCOS’D7O-17;17 H7 dm) : ||A\_ A*Hop-

D.1 Proof of Smoothness of Nonlinear System

We let fy, () denote the density of the noise (which, by assumption, is simply an isotropic Gaussian
density). We let fag(-) denote the density over trajectories induced by playing controller 8 on
system A. We will overload notation somewhat and let fag(xp+1 | T1.n) denote the density
over xjy1 induced by playing controller 8 given trajectory Ti.,. Note that fag(Tpi1 | Tin) =

fw(@ni1 — Ap(x], 79 (t1.4))) and

H
fao(t) =[] fae(@nir | Tun).
h=1

Throughout this section we let « (resp. u}) denote the state (resp. input) at step h of trajectory
T. Under our regularity assumptions (Assumptions 1, 2, 4 and 5) and since the noise is Gaussian,
we can swap derivatives and integrals, which we make use of throughout the following proofs.

Proof of Lemma D.1. Let cost(t) denote the cost of trajectory T. Then we have
J(0;A) = /COSt(T)fAﬁ(T)dT.

Let A; := A+ tlAf + tgAf + tgA? and 0 = 0 + slA? + SQAg + 53Ag, for some Af and A?,
which we assume satisfy ||AZ||op, ||A?|]0p < 1. Rather than differentiating 7 (6; A) with respect to
or A, we will differentiate 7 (6s; A¢) with respect to some x1,x9, 3, x4 € {t1,t2,1t3, 1, S2,53}. Note
that, for example,

d
16,7 05 Ad)li=s=0 = Va7 (6, 4) (A,

i.e. the directional gradient of (@, A) with respect to A in direction A4, and that this similarly
holds for gradients with respect to other ¢;, s;, or higher-order derivatives. Thus, if we can show
that J(0s; A¢) is differentiable with respect to any x1,x9,x3, x4 € {t1,1t2,1t3, 1, S2, 3}, and this
holds for any choice of A, A?, then we have that 7(0, A) is four-times differentiable with respect
to @ and A. Furthermore, we can bound the operator norm of V47(6, A), by bounding the value
of d%lj(Hs; Ag)|t=s=0 for all A‘f‘ satisfying HA{‘HOp < 1 (and we can similarly bound the operator
norm of the higher order derivatives of (6, A)).
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J(0; A) is Differentiable. Let x1,x9, 23,24 € {t1,12,t3, 1, 52,53} We have

d d

EJ(OS;At) = difnl /COSt(T)fAt,Os (T)dT
fa,0,(T) d
Fa0.(T )dxlfAt,es( T)cost(t)dt

— /dxl log fAt’gs (T) . COSt(T)fAt,Bs (T)dT'

Differentiating this gives

d d
d—xzd—xlj(es,At /longt’gs( ) - cost(T)fa,.0,(T)dT

:/<d10gf“tv ( )) (fmlogfm,es('r))  cost(T) fa,.6, (T)dT
/da; dzy log fay.6,(T) - cost(T) fa,,6,(T)dT,
and

S 0 - / (a5 1os fAt,esm) (a5 08 00,(0)) (5108 fap0.(5) ) cost(m) (e

lngAt, I:gchtyes C A yUs

d d d

d d d

PP el G fa4.0.(T) - cost(T) fa, 6, (T)dT

(G tow a0,(0)) (1108 1,0.(0)) - cont(r) a0, (1)

The fourth derivative of J(0; A) can be similarly calculated by differentiating T%di@ﬁj (Os; Ay);
we omit it for brevity. We have

H

10g fa,,0.(t) =1og [ [ fare. (i1 | T1n)
h=1

H
=Y log fu(@hy — Asp(af, 7% (t1.1)))
h=1

H
1 ]
= sl — Awlai, 7% () I+ C
h=1 w

for some C' which does not depend on ¢ or s. Given that ¢(x,u) is four-times differentiable in w
and 7, °(Ty.p,) is four-times differentiable in & (which hold by Assumption 4 and Assumption 5), it
is clear that log fa, e, (T) is four-times differentiable in ¢; or s;, regardless of the choice of AZA or Af.
This proves the first result.
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Norm Bounds on Gradient. Note that

H

d 1
I 10g f4,,0,(T)|t=s=0 = Y (@ — Ag(af, ) (tin) | - Al (@], ) (Tin)),
h=1"%
d 1
15, 108 fa,,6.(T)lt=s= Z (@ — Ag(af, m (tin)) | - AVud(af, 7 (Trn)) - Vorp, (Trn) - A7
7 h=1 'w

Furthermore, differentiating these expressions further with respect to t; or s; will simply yield
higher-order derivates of ¢(x,u) and 772(1'1:;1). Using the norm bounds on the gradient of ¢(x,u)
and 7 (7t1.,) given in Assumption 4 and Assumption 5, and the norm bound of ¢(z,w) given in
Assumption 1, we can then bound

H
IV5V§ 10g fa0()llop < poly([Allop: By, L, Lo, o) - D (1+ @1 — Ap(@F, 7 (t1n))|2)
h=1
for i,7 € {0,1,2,3,4} satisfying 1 < i+ j <4 (where we have used the fact noted above that, to

bound the operator norm of VS)V(QJ) log fa,(T), it suffices to bound the directional gradient in
every direction). It follows that we can bound

VYV T(0; 4) o
H

4
< poly (|| Allop, B, L, Lo, 03') - / <Z(1 +[[@h 1 — A¢(wﬁ,7r2(n;h))|!2)> - cost(T) fa,p(T)dT

h=1

(a)
< poly([|Allop, By, L, Lo. 73 ) \//Cost(T)QfA,e(T)dT

H

8
/ <Z<1+||wz+l—A¢<m;,7rz<n:h>>||2>> Jao(x)dr

h=1
) B
< pOIY(”AHopv B¢>7 Ld)a Lo, Leost, Ow ,H, dw)

where (a) follows from Cauchy-Schwarz, and (b) follows from Lemma A.1 and Assumption 2, since
we have assumed A € Bp(Ay; reost(Ax))- O

Proof of Proposition 5. Existence and Differentiability of 6,. By Lemma D.1 we have that
J(0; A) is four-times differentiable in its arguments. By the Implicit Function Theorem, since

Amin(V5T (8; Ad)lo=,(4,)) > 0 by assumption, we have that there exists some rg(A,) > 0 and
unique function 9*(A) defined on Br(A,;7rg(Ax)) such that Ve T (6; A)lg—g,(4) = 0, and 6,(A) is
three-times differentiable (note that, while the Implicit Function Theorem is typlcally stated to give
that the resulting function is only one-time differentiable, it can be extended to k-times differentiable,
assuming the implicit equation is k-times differentiable (Dieudonné, 2011)).

By Lemma D.1 and the continuity of eigenvalues, it follows that for A close enough to A,,
we have Amin (V27 (6; A)lg=s,(4)) > FAmin (V2T (0; Ay)lo=6,(4,)) > 0. We can therefore apply the
Implicit Function Theorem as above to any A satisfying this, to get that there exists some unique
0,(A’) defined for all A’ near A such that Vg7 (0; Al)|e:0~*(A') =0 and 0,(A’) is differentiable. By

the uniqueness of 6,(A) on Br(Ax;7(Ax)), it follows that any 6,(A’) defined in this way must be
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identical to 0,(A) on Br(A.;rg(AL)) (assuming the regions on which they are defined overlaps).

We can therefore define 6, (A) to simply be the extension of 8,(A) to all such 6,(A), defined for all

A near A, such that Anin(V3T (05 A)le—s, (1)) > FAmin (V3T (0; Ay) o= 0.(A,)), and will have that

0. (A) is three-times differentiable and satisfies Vo J(0; A)|g—g, (1) =0 for all such A.

We then choose rg(A.) to be defined such that, for all A € Br(A,;79(AL)), we have Anin (V5T (0; A)|o—p, (1)) >

3Amin (V3T (0; A.)lo=e,(4,))- By Lemma D.1, we know that V§.7(6; A) is continuous and further-

more we know that eigenvalues are continuous. Using the gradient bounds given in Lemma D.1 to

bound the Lipschitz constant of V3.7 (6; A), it follows that we can take

1
)\min(vzj(a; A*) |9:0*(A*)) ’

~1
TB(A*) = pOly < HA*HOp»quaL¢7L9,Lcostao-z_u1)Ha dw) .

Bounding Norm of Gradients. Fix A € Br(A.;79(Ax)). We know that 6,(A) satisfies
VoJ(0; A)lg=g,(a) = 0.

We wish to differentiate 0,(A) with respect to A, and bound the magnitude of up to the third
derivative. Similar to the proof of Lemma D.1, we let Ay := A + tlA{‘ + tgA‘Q4 + tgAg‘ for some Af‘
satisfying [|A#|lop < 1. As noted in the proof of Lemma D.1, we have

d

G0 (A0l = Va0, (A)[A])

(and similarly for higher-order derivatives). Thus, to show the result, it suffices to show that 6,(A;)
is differentiable in 1, to, t3 for all Af‘, and to bound the magnitude of this derivative for all Af‘ with
A4 |op < 1. We have

d
1, V0T (0 Ad) oo, (11— = 0

= VaVoT (0;A)g=p,(a)a=a[A]] +V5T(0; A)lgp, (a) - Vab(A)[A]] =0 (D.1)

=:G1(A,Af)

which implies
Va0 (A)AL] = — (V3T (6:; A)lg—p,(a) - G1(A, A

which is well-defined since we have assumed that V3.7 (8; A)|g—p, (4 is full-rank, and 7 is differen-
tiable in both its arguments by Lemma D.1. To compute the second derlvatlve of 8,, we differentiate
through (D.1) which gives

d
TR (G1(Ae, Al + V3T (0; At)lo—p, (a,) - VaBx(Ae)[AT]) |,_, =0
d
= — (G1(A, AY) + V5T (6; Ag)lo—s, (4,) - VAOL(A)AL]) |,y

diy

=G (A,A4 AL)
VT (0; A)|g=g, (4) - VA6 (A)[AT, AS] =
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Note that Ga(A, A, A4') involves at most a third-order derivative of J(8;A) and first-order
derivative of 0,(A), both of which we know exist by Lemma D.1 and what we showed above. This
then further implies

-1
V40.(A) AL, AS] = — (V3T (0; A)lep,(a)) - G2(A, AL, AD),

which is well-defined since we have assumed that V3.7 (6; A) lo—6, (4) is full-rank. Finally, we compute

d
ditg (GQ(At7 A1147 A124) + V%j(@, At)‘@zﬂ*(At) ' v?ﬁla*(At)[Afﬂ A?]) ‘t:O =0
d
- o (GQ(Atv A1147 A124) + v(%j(gv At)\e:e*(At) : V1240*(A) [Afv A?]) ‘t:O

dts

=G3(A,AL, AL AL
+ V3T (0; A)lop, (a) - VAOL(A)[AL, A, Af] = 0.

Note that G3(A, Af!, A2, Ad') involves at most a fourth-order derivative of 7(8; A) and second-order
derivative of 6,(A), both of which we know exist by Lemma D.1 and what we showed above. We
therefore have

-1
V340 (A)AL, AL AL = —(VET(0; A)loa,(a)) - G3(A, AL, AL AL

which is well-defined since we have assumed that V3.7 (0; A)|g_g, (4) is full-rank. As each of these
expressions is defined for all choice of A}, the differentiability of 6,(A) follows.

Note that the above expressions for V 40, (A)[Af], V40, (A)[Af, A4l], and V30, (A)[Af, Asl, AL
all depend on at most a fourth derivative of 7 (6; A), as well as (V3.7 (0; A)|g—g, (4)) " The norm
bounds are then a direct consequence of Lemma D.1.

O

Proof of Proposition 6. By Lemma D.1 we have that J(6;A) is four-times differentiable in its
arguments. Since we have assumed V3.7 (6; Ai)le=6,(4,) = 0, by the Implicit Function Theorem

(Dieudonné, 2011), it follows that there exists some 7, > 0 and mapping @(A) such that, for all
A€ Br(As;rg), VoI (0; A)|9:§(A) =0, and O(A) is three-times differentiable.

Our goal is now to show that 6(A) = 6,(A) for A close enough to A,. By the continuity of
eigenvalues, [J(0; A), and 0(A), we have that there exists some r and ry such that, for all 8 €
Br(0,(AL);r) and A € Br(Ay;ry), we have V3.7 (0; A) = 0 and, furthermore, 0(A) € By(0,(A,);7/2)
for all A € Br(As;7p). This implies that 6(A) is strict local minimum of 7 (6; A) and, in particular,
that

T(0;A) > T((A); A), VO € By(0.(AL);r), 0 # B(A).

Let A* := minggg, g, (4,);r) J (05 Ax) — T (0+(As); Ax) and note that, since we have assumed the
global minimum of 7(@; A,) is unique, we have A* > 0.

Fix some A € Bp(As;ry) and assume that 6(A) is not the global minimum of 7(6; A). This
implies that 6,(A), the global minimum of 7(8; A), is outside of B2(0.(A,); 7). Furthermore, by
the continuity of J(0; A), we have, for some L, L’ > 0,

T(0.(A); Ar) < T(0.(A); A) + L|A — As|lr
< J(0(A); A) + L|A— Alr
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< J(0(A); A) + 2L A — A lp
< J(04(AL); Ay) + 2L[|A — Al|lp + L||6(A) — 6.(AL)|2
< T(0.(A0); A) + L'||A— Alp.

This implies that

L'rg > L'|A = Al = T(0:(A); Ar) — T(0+(A,); Ay) = A%,
However, for ry small enough, this is a contradiction. Thus, it follows that g(A) is the global
minimum of 7 (8; 4), so (A) = 6,(A).

The result then follows since we already have that 5(A) is three-times differentiable and satisfies
VoJ (6, A)|0:§(A) = 0, and by taking rg(A,) to be the minimum of ry and ry. The boundedness of
L, follows as in the proof of Proposition 5.

O

Proof of Proposition 7. Note that, by convexity and the KKT conditions, the solutions to arg ming pa, J(60; A)
are described by

VoJ(0; A)lo—s,(a) = 0.

Thus, an equivalent definition for 6,(A) is that it satisfies V7 (0; A)|g—g, (4) = 0. Assumption 13
can then be shown to hold by an argument analogous to Proposition 5. O

Proof of Lemma D.2. Let A(t) =tA+ (1 —1t)A, and g(t) := J(0,(A(t)); A,). By Lemma D.1 and
under Assumption 5, we have that both J(68; A) and 0,(A) are three-times differentiable for all
A=1tA+ (1 —t)A,,t € [0,1], so it follows that g(¢) is three-times differentiable in ¢. We can
therefore apply Taylor’s Theorem to expand g(1) about the point t = 0 to get:

9(1) = g(0) + Vo T (0; Ax)lo=6, (A,) - VaOx(A)|a=a, [A— A,]
+ Va0.(A) hoa, V3T (0 A)lo—b, (4.) VAO«(A) a=a, [A — A, A= A,
+ VoT (0; A=, (4,) - V40(A)| aca, [A— Ay, A— A
+ VAT (0:(A); A amn[A — Ay, A— A, A= A

where A’ = A(t') for some ' € [0, 1]. Under Assumption 13, we have that Vo7 (8; As)|g=0,(a,) = 0,
which implies that, plugging in the definition of g(1) and ¢(0),

j(e*(la\)a A*) = j(e*(A*), A*) + VAO*(A”X:A*VgJ(a, A*)|9:9*(A*)VA9*(A)|A:A* [2{\_ A*,A\_ A*]
+ V3T (0.(A); A a—a|A— A, A— A, A— A,

‘We can bound
|V?4j(0*(A); As)|a=ar [A\_ Ay, A- Ay, A- A < HV‘ZJ(O*(A); A a=alop - ||A\_ A*ng

The expression for V3 J(04(A); Ay) contains up to the third derivative of both J(8;A,) and
0.(A). By Lemma D.1 and under Assumption 13, since A" € Bp(As; min{reost(As), ro(Ax)}) by
construction, we can then bound

||V?;1._7(0*(A); A*)|A=A’||0p < pOly(Lﬂ*, ||A*H0pa Bd)v Lan Lo, Leost, Uq:,la H, dw)-

The result follows by the definition of H(A,). O
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Proof of Lemma D.5. Recall that H(A) = V4T (6.(A); ‘Z)‘A:E' To prove this, we will use that this
is differentiable by Lemma D.1, and will apply Taylor’s Theorem.

First, note that by Taylor’s Theorem we have
VAT (0:(A); A)|_5 = VAT (0:(A); Al a=a. + VAT (0(A); Al [A — Al

for A’ =tA+ (1 —t)A, for some t €[0,1]. The third derivative of J(0,(A); A) will involve up to
the third derivative of both J(0; A) and 6,(A), so using Lemma D.1 and Assumption 13, since
A" € Bp(Ay; min{reost (Ax), 70(Ax)}) by assumption, we can bound

V3T (05(A); A) | a—ar[A — Allop < POLY(La,, || Axllops By Ly Loy Leost, 0oy Hy d) - || A — Aullop-

Next, we wish to relate V47 (0,(A); A)|a—a, to VAT (04(A); Ay)|a=a, = H(A,). Again applying
Taylor’s Theorem, we have

VAT (0.(A); A)laca, = VAT (0:(A); A)|aca, + VaVAT (0(A); A)| aca, a—an[A — Al
for A” =tA+ (1 —t)A, for some t € [0,1]. By Lemma D.1 and Assumption 13, we can bound
IV 4 VAT (0.(A); A aza,, wr=ar[A = Allop
< POly(Ln,. | Axlops L Lo, Leosts o' H, de) - [ A = Auflop-
The result follows. O

Lemma D.4. Under Assumptions 1, 2, 4, 5 and 13, for all A € Bp(A.; min{rcost(Ax), 70(Ax)}),
we can bound

HH(A)Hop < pOIY(HA*HOpa Bd): Lqﬁa Lg, Lcosta L7r*7 0_;1’ H: dm)

Proof. Recall that H(A) = V4T (0.(A); A\)|A:E' The bound then follows from Lemma D.1 and
Assumption 13. O

E High-Probability Regret Bounds in Nonlinear Systems

In this section, we modify the proof the main result of Kakade et al. (2020) slightly to show a high
probability regret bound for LC3. For the sake of brevity, we omit details that are identical to the
proof given in Kakade et al. (2020). We will need the following assumption.

Assumption 14 (Bounded Cost). We assume that, for all trajectories t, we have cost(T) < cmax.

We adopt the notation used in this work, modifying somewhat the notation from Kakade et al.
(2020). In particular, we let J(m; A) denote the expected cost of playing policy 7 under system A,
and we set

t H

s=1 h=1

denote the covariates obtained by the first ¢ episodes of LC? (plus a regularizer). We let ©* denote
the policy played at episode ¢ of LC3. For a policy set II, we define regret as

well

T
Rr(Il) == Z J(r* A) — T - min J (; Ay).
t=1
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We will also denote 7, := argmin_r; J(7; Ay).

In addition to these notational changes, we modify LC3 slightly to use the parameter

Bt := VAB4 + \/8dzlog 5 + 8log(T det(X;) det(Xo)~1/6)

in the construction of the confidence set, BALL'.

Besides the aforementioned changes, in the following proofs we adopt the same notation as
Kakade et al. (2020). We have the following result.

Theorem 6. Under Assumptions 1 and 14 and with any policy class 11, with probability at least
1 — 68, LC? has regret bounded as

1
Rr(Il) < C - cmaxH\/dg - (dp + dz + Ba + log 5) T -log (14 BeHT /0ow)
for a universal constant C.

Proof of Theorem 6. By Lemma E.2, we have that the event £ holds with probability at least 1 —§.
We therefore assume £; holds for the remainder of the proof.

By the definition of the confidence set in LC3, on & we have that A, is the in confidence set for
all t <T. It follows that on &1,

T

Ry = Z [j(WtQ A*) - j(ﬂ'*; A*)}

—~
Q
~
~
Il
=

[M]=

[J(ﬂt; Ay) — T (my; ﬁt)}

-+
Il

1

b
<

—~
=

N

H
Cmax - Ea, i [Z min {;H(A* — AYY - @(@n, up) 2, 1}] (E.1)

h=1

-
Il

1

where (a) follows from the optimistic property of LC? when A, € BaLL!, and (b) follows from
Lemma E.1. On &1, we have

1(Ax = A (@n, un) |2 < |(Ar — AV 2ol Z; b, un) 2
< (4. = A9 lo + (A = AV ) - 172 (s un) 2
< 26| (an, up) |1

where the last inequality follows from the definition of BALL® since Al € BaLr! by construction,
and by the definition of £;. This gives

T H 2!
(B1) < Cmax - Ba, ot [Z min {Uqu(ach, up)llg 1 1}] .

t=1 h=1

By Lemma E.3, with probability 1 — § we can bound this as

9% BT T H
< 2 NS min {g(ah, uh) g1, 1} +HemasHy/Tlog 175,
Tw
t=1 h=1

(a)

50



By Cauchy-Schwarz, we can bound (a) as

2¢ BT T H
(a) < 2P /T Zme{Hq’) xh,uh)Hz 1,1}.

o
w t=1 h=1
We have

T H
ZZmln{qu xh, ul) ||2 }H < Zmln{ZHd) ), uj) H2 ~1, }

t=1 h=1
< 2H log(det(27) det(3g) ™)

where the last inequality uses Lemma B.6 of Kakade et al. (2020). Putting all of this together, we
have shown that with probability at least 1 — 29, we have

2 max T
Ry < ZemaxP~ V/2H log(det(7) det(Xg) 1) + demax H/T log 1/6.

w

It remains to bound 87 and log(det(Zr)det(Xo)™1). We have 3¢ = A, so det(Xg) = \do.
Furthermore, if ||¢(x,u)|2 < By, then we can bound det(Xr) < (A + B%TH)dd’. Putting this
together we have

log(det(Er) det(0) ') < dg - log(1 + BZTH/A).

Recalling that

= VAB4 + 0w/8dz 10g 5 + 8log(T det(X7) det(Xg)~1/6)

we can similarly bound

BT /0w < VABa/ow + \[8dy log 5 + 8dy - log(1 + BYTH/) + 810g(T )

< VABA/Ow -1—0\/al;c +dglog(l1 4+ BT H/X) +log1/6.

Choosing A = 02, completes the proof. O

E.1 Supporting Lemmas

Lemma E.1. Under Assumption 14, we can bound

me{n(A —A)qb(mh,umz,l}].
h=1

Proof. Following the proof of Lemma B.3 of Kakade et al. (2020), and adopting the same notation,
we have

\-7(77;*’4*) - j(ﬂ- A) < Cmax IE:'A*7

T(mi AL) him, Vi { L4, - A(enu )]

Under Assumption 14 we have Ay, < c; ... Plugging this in gives the result. O
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Lemma E.2. Let 8¢ := V/AB4 + 04+/8dy log5 + 8log(T det(X;) det(Xo)~1/5) and let & denote

the event
< ﬂt} :
op

& = {VtST : H(At_A*) »/2

Then running LC3 we have P4, [E1] > 1 — 6.

Proof. The proof of Lemma B.5 of Kakade et al. (2020) shows that with probability at least 1 — ¢,

H (A*— A,) zi/QHOP < VA Aullop + e \/8dg 1og 5 + 8 log(det(Xy) det(Xq) /).

The result then follows from this, since ||A4|[op < Ba, and a union bound. O

Lemma E.3. With probability 1 — §, we have

T H (25t 93T T H ' .
Y By [me{a\|¢(;ch,uh)uztl,1} < U—Zme{Hd)(wh,uh)Hz;l,l}
t=1 h=1 w

W =1 h=1

+4H+\/Tlog1/s.

Proof. This is an immediate consequence of Azuma-Hoeffding, since Zthl min {i—ﬁt (T, un)l| 51, 1} <
w t

H almost surely, and from upper bounding

{25 ¢t 26" ¢t
min § = g(a}, uf) 1,1 < = min { | p(af, up) 01}
Tw ¢ Ow ¢
O
F Lower Bounds on Learning in Nonlinear Systems
In this section, we assume that 8, and 7, correspond to the global minimizer:
0.(A) :=argmin J(0; A), m(A):=argminJ(m; A). (F.1)

0cR% mell*

Here we formally state the additional assumptions needed in Section 4.2, and provide a formal
version of Theorem 2.

Assumption 15. There exists some r,(As) > 0 such that, for all A € Bp(Ax,r,(AL)), m(A) is
unique and, furthermore, there exists some pu > 0 such that

T(6; A) > T(6.(A); A) + 56 — 6*(A) 3.

Assumption 15 will be satisfied in cases where 7 (7%; A) is strongly convex in @, but may hold even
when this is not the case. Intuitively, it requires that our controller class is not overparameterized—
moving 6 away from its optimal value will cause the loss to increase. We will additionally make the
following regularity assumptions on policies in Iley, and their induced covariates set, €2.

Assumption 16. There exists some XA > 0 such that, for each A € 2, we have A\pin(A) > A.
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Assumption 16 requires that every exploration policy we consider excites all directions in ¢
space (in contrast, Assumption 3 only assumes there exists some distribution over policies in ey,
which excite all directions). We remark that this assumption is relatively mild if Assumption 3
holds. As we show in Appendix C.2, under Assumption 3, a mixture over policies, w, satisfying
Amin(Ez~w[Az]) > 0 can be learned using only a number of samples scaling polynomially in problem
parameters. Given w, a policy class Iley, satisfying Assumption 16 can be obtained by simply
mixing w with every other exploration policy. We are now ready to state our main lower bound.

Theorem 7 (Formal Version of Theorem 2). Under Assumptions 1, 2, 4, 5, 13, 15 and 16 and if
7, is defined as in (F.1), as long as T > Chy, for any wexp € A, , we have

2 C
. ~ . X — b
min Max Bo 4w, [J (7(D1); A) = T (1(A); A)] 2 oo - min tr(H(A) A D=7
for Br :={A : |A—- A3 < ded¢/(gdwTH)5/6}, Eo~Awenp ] = Errwexp [EDr~ax[]] denotes
the expectation over trajectories generated by running policies m drawn according to wexp on system
A for T episodes, T any mapping from observations to policies in IT*, and

C, = poly (ddn de, H, HA*Hopa By, Ly, Lo, Leost; L, Uw701;17 ia i’ Tcostl(A*)’ re({ﬁl*)’ rﬂ({q») .

Proof of Theorem 7. This proof follows immediately from Lemma F.1, by lower bounding the
right-hand side of (F.2) by the min over all policies in II. O

Lemma F.1. Under Assumptions 1, 2, 4, 5, 13, 15 and 16 and if Oy is defined as in (F.1), as long
as

T> pOIY(HA*Hopa Ldn Lo, Lr,, Leost Ows 0'17;17 B¢>7 H,dg, d¢a A_la H_17 rcost(A*)_lv TG(A*)_lv ru(A*)_l)v
for any wexp € A1, we have

— C
(A Erman (A7) = 5 (F2)

Sl

min max Eo,aw., [7(0(D7); A) — T (0.(A); A)] >
) AGBT

for By :={A : |A—A||% < 5dydg/(ANTH)?/®}, where Ep .~ Awenp '] = Enmwexp [EDr~ax|-]] denotes
the expectation over trajectories generated by running policies m drawn according to wexp on system
A for T episodes, and

Clb = pOly(||A*”Op7 Ld)a L97 Lﬂ'*v LCOSta U’uh 0-17;17 Bd)) H) dil:v dd)vA_ly ,u_17 TCOSt(A*)_I) TG(A*)_17 TM(ASt)_l)'

Proof. This result is a direct consequence of Theorem 6.1 of Wagenmaker et al. (2021)—to obtain
the result we must only verify that the assumptions of this result are met. We verify each assumption
below.

Verifying Assumption 3 of Wagenmaker et al. (2021). Part 1 of Assumption 3 of Wa-
genmaker et al. (2021) is met by Assumption 15 within diameter r,(A,). Furthermore, under
Assumptions 1, 2, 4, 5 and 13 and by Lemma D.1, the additional parts of Assumption 3 of Wa-
genmaker et al. (2021) are also met with diameter min{rcost(Ax), 79(Ax)} and smoothness constant
pOIY(HA*Hopv qua LG; L7r*7 LCOSt7 0'17;17 H7 dsc)
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Verifying Assumption 4 and Assumption 5 of Wagenmaker et al. (2021). Assumption 4
of Wagenmaker et al. (2021) is immediately met by Assumption 16. Furthermore, Assumption 5 is

(dg), and Ceoy = 0.

Given that these assumptions are met, the result follows noting that, if we run for T episodes,
then the effective horizon is d,TH (using the mapping from the setting of (1.1) to the martingale
regression setting described in Appendix A.1.1). Note that the final bound scales with % instead of
dmﬁ as we are able to bring the dH factor into the Aﬂexp term, since Ay, is not normalized by

dypH. O

H2B?
met by Lemma F.2 with ceoy = 1, Leoy (05, 7%) = —5-2

Lemma F.2. Under Assumption 1, for any policy distribution w € Ap,,, and A, A', we have

23
HB¢

]ET('NUJ[AAJF] = EwNw[AA/,W] + pOIY( ) ”A A/HF I

'LU

Proof. We will prove that the desired bound follows for a particular m € Ilexp, which immediately
implies that it holds for w € Aq,,,. By definition we have

H
-/ (Z ¢<mz,uz>¢<wz,uzf> far(o)d
h=1

and

::

fax(T H A(@f1 | @, wp)mn(uj, | @),

Fix some v € S%~1 and note that, given the expression above, we have

H
T Appw = / S (0T g, uf))? - fan(r)dr
h=1
It follows that

Vav AAﬂv—/Z a:h,uh) -Vafar(t)dT

- / S (07 B wE)? - Fan (1) log fn (T
=1

As in the proof of Lemma D.1, we have, for any A,

H
1
Valog fan(OIA] = Y —-@F 1 — Ad(af, up) - Ae(af, uf),
h=1 W
so we can bound
H
IValog fax(T)|lop < Z g1 — Ad (g, up)|l2-

o4



Furthermore, we can also bound (v'¢(zf,uf))? < Bi. We therefore have

H
Va0 At rollop < HIS / Sty — AG(E, uf) o - far(t)dT
h=1

HQB(:;’)
S 0_2 ' pOIy(dm)

w

where the last inequality follows from Lemma A.1. It follows from the Mean Value Theorem that

H?B?

v " Aa v —v Ay o] < = . poly(dy) - || A — A'|p.
w
As this holds for all v € 41, it follows that
H?B3
1A= A rllop < =5 poly(da) - [|A = Allr.
w

G Additional Experimental Details

In this section, we provide additional details on our experimental results presented in Section 6. All
experiments were run on a machine with 56 Intel(R) Xeon(R) CPU E5-2690 v4 @ 2.60GHz CPUs,
and 64GB RAM. All code was implemented in PyTorch.

G.1 Details on Problem Settings and Controller Parameterizations

We first expand on the precise definitions of the systems considered. As noted in Section 6, for
the drone and car examples we set H = 50, and for the system of Section 1.1 we set H = 10. In
addition, for all examples the noise is distributed as wy, ~ N (0,0.1-1). In all cases we set 72 = 10H
(where 7? is a bound on E,_, [Zthl u, up)), and we therefore let Iley, denote the set of all policies

satisfying Eq,,, [Zthl ul up) < A2
G.1.1 System of Section 1.1 (Figure 1)

The dynamics for this system are given by
10
Tpp1 = O.S:Bh + up — Z 3(}')2(:1}h) + wy,
i=1
for ¢;(x) = max{1 — 100(z — ¢;)?,0}, and cost(x,u) = (x — c1)? + 100! - u?. We set
c1 =10,c0 = —14,¢c3 = —11,¢c4 = —8,¢c5 = —5,¢c6 = —2,c7 = 1,cg§ = 4,c9 = 7.

This then corresponds to a system in the form (1.1) with

A, =108,1,-3,...,=-3], o&(xz,u)=[z,u,di(x),...,d10(x)]
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For this system, we parameterize our controller class IT* as, for any 7% € IT* with parameter ),

() = 01z + Z Oi119i(x) + O12.

=1

Note that the form of this controller lets us simply “match” the parameters of the system, and
cancel undesirable parameters. Given this, for this system we let m,(A) be the controller which sets
01.11 to cancel the dynamics of the system A, and set 612 = ¢; = 10.

See Appendix G.1.3 for details on the computation of H(A) on this system.

G.1.2 Drone System (Figure 2)

The dynamics of this system are given by

10001 0 0] 00 07 F 0T
010 0 01 0 0 0 0 0
001 0 0 01 0 0 0 0
Ti=1g 00 1 o0 ol o1 o of"™t| o |Twr (GD
000 0 1 0 0 01 0 0
000 0 0 1] 0 0 01 | —0.98,

Here we interpret [x];.3 as the z,y, and z positions, respectively, and [x]4.¢ as the z,y, z velocities.
This system is therefore equivalent to three double integrator systems, with an affine term (which
we interpret as “gravity”) affecting only the z coordinate. We set the cost to

de
0.1
cost(x, u) =5 ; T4 [u)3 + [u]3

This then corresponds to a system in the form (1.1) with

10001 0 O O 0 O 0
010 0 01 0 0 0 O 0
001 o0 o0 01 0 0 O 0
000 o0 1 0 0 01 O 0
000 0 0 1 0 0 01 —098

For this system, we parameterize our controller class IT* as, for any 7 € IT* with parameter 6,
mh(x) = 0w + 67

where B,flb € R3%6 ig the state-feedback portion of the controller, and OZHS“ € R3 is an offset term.
It can be shown that the optimal controller for a system of the form (G.1) can be parameterized in
this way Yu et al. (2020a). Furthermore, the optimal parameters can be computed in closed-form.
As such, for this system we set m,(A) to be with the optimal parameters, computed using this
closed-form solution.

In addition to computing the optimal controller in closed-form, we can also compute the cost of
a controller, J(m; A), in closed-form. To compute H(A) in this example, we then simply apply the
torch.autograd.functional.hessian function to J(m«(A); A).
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G.1.3 Car System (Figure 3)

The dynamics of this system are given by

1001 0 0 0 0 0

01 0 010 0 0 0

100 1 0 0 O 0.1-cos([zp]5) O
Thl=10 0 0 1 0 0% |01 -sin(fzs)s) 0| TWr (G-2)

00 0 0 1 01 0 0

00 0 0 0 1] I 0 0.1]

where [x]5 denotes the 5th element of x;. Here we interpret [xy]; as the x position, [xp]e as the y
position, [xp]s as the x velocity, [xp]4 as the y velocity, [x,]5 as the angle of orientation (that is,
the direction the car is facing), and [x;] as the angular velocity. The first control dimension, then,
corresponds to the “gas”, the power given to the car to move forward or backward, and the second
control dimension corresponds to altering the direction of the steering wheel. Similar to the drone
system, we set the cost to

0.1- I+ viv{ + vovy
||01 -1+ 'Ul’Uir + 'UQ'U;HOP

r
u

cost(z, u) = [ ]TQ L‘ﬂ with Q =

for some vy, vy. To write this in the form of (1.1), in order to make the problem more challenging
we choose an overparameterized ¢(z,u):

oz, u) = [z, u, cos([z]s), sin([x]s), [ulr - cos([z]s), [u]s - sin([z]s), [u]z - cos([@]s), [ul2 - sin([x]5)]

and set
1 0 01 0 0 0 0 O OO0 O 0 0 0]
01 0 01 0 O O O 0O O 0O 0 O
A — 0 0 1 O 0 0 0 0O 00OO0O1 0 00O
710 0 0 1 0 0 0 0 00O O 01 00O
0 0 O 0O 101 0 O 0O0 O 0 00
0 0 O 0O 0 1 00100 O 0 0 0]

For the car system, the controller class II* is a hierarchical controller parameterized by some
0 € R*. This controller first uses PD control to compute a “goal input”, the direction we would like
to modify the state in, as:

Ugoal (L) = —01[x] 1.2 — O2]x]3.4.

Given the underactuated structure of the system in (G.2), we cannot directly push the state in the
direction of ugea (). Instead, we set u to the following:

et [202]

sin([x]5)
_93([w]5 - 6g0al(w)) - 04["13}6

Given the complex form of this controller and the dynamics, there does not exist a closed-form way
to set @ optimally. Instead, for this system, we rely on a simple random search procedure to compute
m(A). To find an optimal controller for system A, we randomly sample parameters €, compute

for Bgoal(m) = tan_l([ugoal(m)b/[ugoal(m)]1)'
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the cost they incur on system A, and then set m,(A) to the randomly generated controller with
lowest cost. Note that this procedure is not differentiable, but we require m,(A) is differentiable. To
remedy this, in situations where a differentiable m,(A) is needed (in particular, in the computation
of H(A)), rather than returning a single controller, we return the softmin distribution over all
controllers sampled, weighting each controller by its estimated cost. As the softmin distribution can
be differentiated, this parameterization of m,(A) is differentiable.

For this system, there does not exist a closed-form expression for 7 (7; A) and, as such, to compute
J(m; A), we simply perform many roll-outs of policy 7 on system A and average the cost. Given this
and the search-based implementation of 7, (A) outlined above, we found that computing the hessian
H(A) using the torch.autograd.functional.hessian as in Appendix G.1.2 was very memory-
intensive. Instead, we computed the Jacobian G(A) := V4 J (mx(A’); A)| a/=4, and then, in place of
H(A), we use G(A)G(A)T. To compute G(A), we use the torch.autograd.functional.jacobian
function. While using G(A)G(A)T in place of H(A) is not justified by our theoretical analysis, if
we are in settings where m,(A) is not precisely the minimum of 7 (7; A) (which will likely be the
case here since we are relying on a sampling-based implementation of 7, (A), which will incur some
small error), then we argue that this is a reasonable metric to use. In particular, in this setting, the
approximation of J (77*(//1\); A,) given in Proposition 1 should have an additional first-order term of
the form G(A) vec(A, — A). As we can upper bound

G(A) Tvee(A, — A) <y /IIvec(Ae = D)2 4 oy

optimizing for the metric G(A)G(A)" instead of H(A) can be seen as minimizing the first-order
Taylor-approximation of the excess loss. Intuitively, this metric quantifies the sensitivity of the
loss to particular parameters in A,, and in practice we found that optimizing this metric produced
significant improvements over existing methods. The implementation of the example from Section 1.1
relied on this same approximation.

G.2 Implementation Details

For all methods considered, our implementation follows the basic structure of Algorithm 1: at every
epoch, we explore so as to minimize some exploration objective, form an estimate of A, on the
collected data, and then compute 7, (A;) on our estimate. Our main experimental results (Figures 1
to 3) show the loss of m(ﬁt) as the time horizon ¢ increases. For each method, to collect an initial
set of data, we begin each trial by exploring randomly for some fixed number of episodes (10 for
the drone example, 100 for the car example). The first point in each plot then corresponds to the
performance after this initial random exploration. Each aspect of our implementation is modular,
and any given component can be easily replaced. Below we highlight our implementation of the
exploration routine, and choice of exploration objective, for the various approaches we consider.

G.2.1 Implementation of DynamicOED

Implementing the exploration procedure, DYNAMICOED, requires access to a regret minimization
oracle. While in principle the LC? algorithm of Kakade et al. (2020) could be applied to this problem
to give such an oracle, the LC? algorithm requires access to a computation oracle which is not
clear how to implement in practice. To remedy this, we implement a Thompson Sampling-inspired
modification to the LC3 algorithm of Kakade et al. (2020).

The primary computational challenge of implementing the LC? algorithm is the computation of
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the optimistic policy:

argmin min JP(7; A)
m€llexp, AEBALL!

where J°P(7; A) denotes the exploration cost that is minimized in LC? (i.e. the expected cost on
the cost function cost}(x,u) + 17 - d(x,uw) " (E,)P(z, u) set in DYNAMICOED), and BALL' the
confidence set for A, at iteration t.

To avoid solving this optimization, we adopt a Thompson Samphng inspired variation of this
procedure. In particular, at iteration ¢, we sample A~ N (At, A ) Standard Thompson Sampling
would then compute arg min cp,  JP(m; Ay), but even this can be challenging, so we instead rely
on a sampling MPC-inspired approach. Given that we are at state x; and have played inputs
ug,..., U, 1, we aim to approximately solve the following optimization:

min g costﬁ(a:h/, Up)
uh,uh+1,...,uH€Rdu

(G.3)

H
S.t. Thi1 = At¢ mh, ’th 72“’
h=1

To solve this approximately, we sample many possible u randomly, compute the value of the objective
of (G.3) on the trajectories induced by these u, and finally choose the input that minimizes this
objective. Rather than playing the entire sequence of chosen inputs, however, we simply play the
first input in the sequence, observe the new state on the actual system, and re-solve (G.3) on this
new state. Note that the implementation of LC?3 used for the experiments given in Kakade et al.
(2020) relies on a similar Thompson Sampling-based approximation to the LC? algorithm.

G.2.2 Implementation of Uniform Exploration

The goal of the procedure we have referred to as Uniform Exploration is to collect data which
will result in the estimation error, || A, — A |lop, being minimized, the goal of the method given in
Mania et al. (2022). It can be shown that this is equivalent to maximizing Apin (A7), so this method
reduces to choosing inputs that maximize A\pin(A7). To implement this procedure, we rely on the
same sampling-based MPC approach as we outlined above, with the primary difference being that
instead of minimizing the objective of (G.3), we choose the inputs that maximize

H
Amin (At + > d(@n, un)d(wn, uh)T> ;

where A; denote the covariates we have obtained so far at iteration ¢. While very similar in spirit to
the algorithm of Mania et al. (2022), the implementation details are somewhat different than the
algorithm proposed in that work. We found that in practice our implementation performed better
than directly implementing (a sampling-based variant of) the algorithm from Mania et al. (2022),
and all reported results for Uniform Exploration are therefore on this version.

G.2.3 Exploring via Cost Minimization

A natural point of comparison to our methods would be to forsake the system identification phase
entirely, and simply run standard policy optimization algorithms such as TRPO or PPO (Schulman
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Figure 4: Performance on drone with LC? Exploration

et al., 2015, 2017), to obtain a controller 7. The primary difficulty with these approaches in the
settings we consider is that these algorithms are on-policy, meaning that they primarily roll out
trajectories using their current estimate of the optimal policy, 7;, and using the collected data to
do policy improvement on 7;. In contrast, our setting is off-policy, in the sense that the learner
must explore by playing policies in Iley,, but return some policy in IT*. Since in the settings we
consider Iley, # IT*, on-policy approaches are simply exploring very differently, and therefore cannot
be compared with directly.

This is particularly an issue in our setting where stability may come into play. Indeed, it may be
the case that some controller in IT* will destabilize the system, and cause the norm of the state
to increase exponentially in h. Inducing such trajectories significantly improves one’s ability to
perform system identification as the signal-to-noise ratio also then increases exponentially. However,
to induce this trajectory with a state-feedback controller, the power of the input played by this
controller will also increase exponentially in h. Since we choose Il.y, to include only policies with
bounded power, this is not a fair comparison (and, furthermore, is likely not an algorithm one would
want to run in practice).

While direct comparison with such approaches is therefore not possible, it is possible to compare
against algorithms that, instead of collecting data that minimizes or maximizes objectives such as
tr(HA ™) or Apin(A), instead simply aims to play policies minimizing 7 (7; A). In principle, such
algorithms are similar to approaches such as TRPO in how they perform their exploration—both
collect data by aiming to minimize the actual cost we are attempting to find a controller to minimize.

To implement this approach, we rely on a sampling-based MPC algorithm similar to that
described in Appendix G.2.1, but where the goal is now to solve

min J(m; A).
mE€llexp
Note that the key difference between this approach and approaches such as TRPO is that we still
only play 7 € Ilexp. Using this objective to induce exploration, we then simply estimate A, on this
collected data, and return W*(A\). The results of this approach on the drone system are given in
Figure 4 (with this cost minimization approach denoted as Cost Minimization Exploration). As
this illustrates, this approach is significantly worse than Algorithm 1, and is also outperformed by
Uniform Exploration or Random Exploration when the number of episodes is large enough.

G.3 Additional Results

Finally, in this section we present versions of Figures 1 to 3 with error bars in Figures 5 to 7. In all
figures, errors bars denote one standard error.
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Figure 5: Mean excess controller loss on instance of Section 1.1 with error bars
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Figure 6: Mean excess controller loss on drone with error bars
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Figure 7: Mean excess controller loss on car with error bars

61



	Introduction
	Motivating Example

	Related Work
	Preliminaries
	Regularity Assumptions

	Optimal Exploration in Nonlinear Systems
	Algorithm and Upper Bound
	Lower Bounds on Learning Controllers

	Optimal Experiment Design in Arbitrary Dynamical Systems
	Overview of DynamicOED Algorithm
	From lem:fwregret to thm:main

	Experimental Results
	Technical Tools
	Martingale Regression in General Norms
	Connection Between (1.1) and (A.1)


	Proof of Main Result
	Supporting Lemmas

	Experiment Design in Arbitrary Dynamical Systems
	Proof of lem:fwregret and lem:fwregretapp
	Collecting Full-Rank Data
	Supporting Lemmas

	Rerunning Policies
	Supporting Lemmas and Proofs


	Smooth Nonlinear Systems
	Proof of Smoothness of Nonlinear System

	High-Probability Regret Bounds in Nonlinear Systems
	Supporting Lemmas

	Lower Bounds on Learning in Nonlinear Systems
	Additional Experimental Details
	Details on Problem Settings and Controller Parameterizations
	System of sec:motivatingexample (fig:motivating)
	Drone System (fig:drone)
	Car System (fig:car)

	Implementation Details
	Implementation of DynamicOED
	Implementation of Uniform Exploration
	Exploring via Cost Minimization

	Additional Results


