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ABSTRACT. We provide a David extension result for circle homeomorphisms
conjugating two dynamical systems such that parabolic periodic points go to
parabolic periodic points, but hyperbolic points can go to parabolics as well.
We use this result, in particular, to prove the existence of a new class of weld-
ing homeomorphisms, to establish an explicit dynamical connection between
critically fixed anti-rational maps and kissing reflection groups, to show confor-
mal removability of the Julia sets of geometrically finite polynomials and of the
limit sets of necklace reflection groups, to produce matings of anti-polynomials
and necklace reflection groups, and to give a new proof of the existence of Suf-
fridge polynomials (extremal points in certain spaces of univalent maps).
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1. INTRODUCTION

The nicest and best understood classes of dynamical systems are the ones with
uniform hyperbolicity. In rational dynamics, it means that a map admits a confor-
mal metric in a neighborhood of its Julia set with respect to which it is uniformly
expanding. The next simplest class of rational maps are parabolic maps, they have
parabolic cycles but no critical points on their Julia sets. Due to the existence of
parabolic cycles, such maps are not uniformly hyperbolic, but still enjoy a weaker
property of expansiveness on their Julia sets. In the parallel field of Kleinian groups,
the concept of hyperbolicity translates into compactness of a certain manifold (or
orbifold) with boundary (the “convex core”), and Kleinian groups satisfying this
condition are called convezr co-compact. The analogue of parabolic rational maps
in this world are given by geometrically finite Kleinian groups. Such groups may
also have parabolic fixed points. Also, recently a new area of Schwarz reflection
dynamics has been developed which combines features of both rational maps and
Kleinian groups in a single dynamical plane, and the notion of geometric finiteness
has a natural meaning in this setting as well (see [LLMM18a, LLMM19]).

In general, many topological, dynamical, and analytic properties of hyperbolic
dynamical systems are shared by their parabolic counterparts. However, in the ab-
sence of uniform expansion, one often needs to develop more elaborate techniques
to study parabolic systems. The current paper grew out of concrete problems in
conformal dynamics that necessitated direct passage from hyperbolic conformal dy-
namical systems to parabolic ones in a sufficiently regular manner. Such a surgery
procedure first appeared in the work of Halssinsky in the context of complex poly-
nomials [Hai98, Hai00, BF14]. It was shown there that hyperbolic polynomial Julia
sets can be turned into parabolic Julia sets via David homeomorphisms, which
are generalizations of quasiconformal homeomorphisms. In the present work, we
carry this philosophy further by developing new analytic tools, namely, a David
extension theorem for dynamical circle homeomorphisms (based upon results of
J. Chen, Z. Chen and He [CCH96], and Zakeri [Zak08]) and a surgery technique
using the David Integrability Theorem, that gives rise to a unified approach to turn
hyperbolic (anti-)rational maps to parabolic (anti-)rational maps, Kleinian reflec-
tion groups, and Schwarz reflection maps that are matings of anti-polynomials and
reflection groups.

At the technical heart of the paper lies a theorem that guarantees that a gen-
eral class of dynamically defined circle homeomorphisms can be extended as David
homeomorphisms of the unit disk. More precisely, let f and g be two expansive cov-
ering maps of the unit circle that have the same orientation, have equivalent Markov
partitions, are analytic on the defining intervals of the corresponding Markov par-
titions, and admit piecewise conformal extensions satisfying certain natural con-
ditions; see conditions (4.1) and (4.2) below. Let h be an orientation-preserving
homeomorphism of the circle that conjugates f to g. Then, our main result, The-
orem 4.9, states that h has a David extension to the unit disk, provided it takes
parabolic periodic points of f to parabolic periodic points of g, while hyperbolic
(i.e., repelling) periodic points of f can go to either hyperbolic or to parabolic
periodic points of g. The following result is a special case of Theorem 4.9.

Theorem A (Blaschke product—circle reflections). Consider ordered points ag =
@gi1,a1,-..,aq on the circle S', where d > 2. For k € {0,...,d} let f|

(ak,ak+1)
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be the reflection along the circle Cy that is orthogonal to the unit circle at the
points ag and ag41. Moreover, let B be an anti-holomorphic Blaschke product of
degree d with an attracting fixed point in ). Then there exists a homeomorphism
h: S' — S! that conjugates Bls: to f, and has a David extension in D.

A particular case of the above theorem, where B(z) = Z? and the points ag, a1, as
are the third roots of unity, was proved in a recent work [LLMM19, Lemma 9.4]. The
proof given in [LLMM19] relies upon arithmetic properties of the conjugacy h. In
contrast, the proof of Theorem A is purely dynamical, and can be applied to a broad
range of situations. The piecewise analytic (rather than globally analytic) nature of
the map f and the matching of hyperbolic periodic points of B to parabolic points
of f pose the main complications in the proof that cannot rely on the standard
quasiconformal machinery.

A combination of Theorem A together with a surgery technique devised in Sec-
tion 7 permit us to construct conformal dynamical systems by replacing the at-
tracting dynamics of an anti-rational map on an invariant Fatou component by
piecewise defined circular reflections. Implementing this strategy, we are able to
convert anti-rational maps to Kleinian reflection groups and to Schwarz reflection
maps in a dynamically natural way. A precursor to the birth of this general ma-
chinery is a concrete construction carried out in [LLMM19], where the Julia set of a
cubic critically fixed anti-rational map (an anti-rational map with all critical points
fixed) was shown to be homeomorphic to the classical Apollonian gasket (the limit
set of a Kleinian reflection group) and to the limit set of the Schwarz reflection
map associated with a deltoid and an inscribed circle. More generally, a dynami-
cal correspondence between Apollonian-like gaskets (associated to triangulations of
the Riemann sphere) and a class of critically fixed anti-rational maps was set up in
the same paper. A further generalization appeared in [LLM20], where a bijective
correspondence between kissing reflection groups (groups generated by reflections
in the circles of finite circle packings) with connected limit sets and critically fixed
anti-rational maps was established using Thurston’s topological characterization of
rational functions. Using the surgery technique designed in the current paper, one
can transform each critically fixed anti-rational map into a kissing reflection group
such that the Julia set of the former is homeomorphic to the limit set of the latter
under a global David homeomorphism. The next theorem presents a direct con-
struction of a map from the class of critically fixed anti-rational maps to the class
of kissing reflection groups.

Theorem B (From anti-rational maps to kissing groups). Let R be a critically
fixed anti-rational map. Then, there exists a kissing reflection group I' such that
the Julia set J(R) is homeomorphic to the limit set A(T") via a dynamically natural
David homeomorphism of C.

(See Theorem 8.1 for a precise version of Theorem B.)

As another interesting application of the main extension Theorem 4.9, we pro-
duce a new class of welding homeomorphisms. A welding homeomorphism is a
homeomorphism of the circle that arises as the composition of the conformal map
from the unit disk onto the interior region of a Jordan curve with a conformal map
from the exterior of this Jordan curve onto the exterior of the unit disk. Previ-
ously known examples of welding homeomorphisms include quasisymmetric home-
omorphisms [LV60, Pl60], circle maps that extend to David homeomorphisms of
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the sphere [Dav88], weakenings of quasisymmetric homeomorphisms that are suffi-
ciently regular [Ham91], and some quite “wild” homeomorphisms [Bis07]. We prove
here that a circle homeomorphism that conjugates two expansive piecewise analytic
maps (under conditions (4.1) and (4.2)), each of whose periodic points is either sym-
metrically parabolic or hyperbolic, is a welding homeomorphism (see Section 5 for
the definitions). These homeomorphisms are composed of David homeomorphisms
and their inverse; see Theorem 5.1.

Let us now elaborate on the background and history of the various problems
that motivated the development of the David Extension Theorem 4.9. Along the
way, we will also give informal statements of some of the main results.

Conformal removability of certain Julia sets was known from the works of P. Jones
[Jon91] and P. Jones—S. Smirnov [JS00]. In [Jon91] it is shown, in particular, that
the boundaries of John domains are conformally removable. As a consequence,
Jones obtained that the Julia sets of subhyperbolic polynomials are conformally re-
movable. In [JS00], the authors extended these removability results to the bound-
aries of Holder domains, and, in particular to the Julia sets of Collet—Eckmann
polynomials. However, these techniques do not yield removability of polynomial
Julia sets with parabolic periodic points as these Julia sets have cusps.

A Kleinian reflection group is called a mecklace group if it is generated by re-
flections in the circles of a circle packing with 2-connected, outerplanar contact
graph (see Remark 6.8 for the definitions and Figure 2 for an example). Similarly
to Julia sets of parabolic polynomials, limit sets of necklace groups have intricate
geometric structure, see, e.g., Figure 2; indeed, limit sets of necklace groups also
have cusps. Nevertheless, we are able to use our main result, Theorem 4.9, to show
that connected Julia sets of geometrically finite polynomials as well as limit sets of
necklace groups are conformally removable.

Theorem C (Removability of limit and Julia sets).

e Limit sets of necklace reflection groups are conformally removable.
e Connected Julia sets of geometrically finite polynomials are conformally
removable.

Moreover, we produce an example of a conformally removable Julia set, called
the pine tree, which is a Jordan curve with both inward and outward cusps; see
Figure 1. Examples of this kind seem to be rare as the techniques of [Jon91] and
[JS00] do not apply directly to such sets. If, instead, a Jordan curve has only inward
cusps (in a precise sense), then the region bounded by the curve is a John domain
so [Jon91] would imply the conformal removability of the curve.

The proof of Theorem C is given in Section 9, more precisely in Theorems 9.1
and 9.2, respectively. In fact, the proofs of the two removability statements have a
common philosophy. We topologically realize the limit set of a necklace group or the
Julia set of a geometrically finite polynomial as a (sub-)hyperbolic polynomial Julia
set (which are known to be Wll-removable), and then construct a global David
homeomorphism that carries this (sub-)hyperbolic polynomial Julia set to the limit
or Julia set in question. This, combined with Theorem 2.7, which states that the
image of a Wh!-removable compact set under a global David homeomorphism is
conformally removable, leads to the desired conclusion. In fact, we are unaware of
an intrinsic proof of Theorem C. It is also worth mentioning that these removability
results contrast with recent works by the fourth author [Ntal9, Nta20b], where he
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FIGURE 1. The pine tree Julia set. The Julia set of R(z) =
42°4+8—3(1—/3)
(1—v/3)234+8+4V/3
and outward cusps.

is a conformally removable curve with both inward

shows that the standard Sierpiniski gasket as well as all planar Sierpinski carpets
are not removable for conformal maps. The classical Apollonian gasket (which is
the limit set of a Kleinian reflection group) contains a homeomorphic copy of the
Sierpinski gasket. This suggests that the Apollonian gasket is non-removable as
well, but it still remains an open question.

We now turn our attention to the next application of our David extension and
surgery theory. The concept of mating of two conformal dynamical systems goes
back to Klein’s Combination Theorem, and was brought to a new level in the seminal
work of Bers on the simultaneous uniformization of two Riemann surfaces, which
allows one to mate two Fuchsian groups to obtain a quasi-Fuchsian group [Ber60].
A significantly more difficult theorem of W. Thurston, called the Double Limit The-
orem, provides a sufficient condition to ‘mate’ two projective measured laminations
(or, two groups on the boundary of the corresponding Teichmiiller space) to obtain
a Kleinian group [Thu98, Ota0l]. Later on, Douady and Hubbard introduced the
notion of mating of two polynomials to produce a rational map, which can be seen
as a philosophical parallel to the combination theorems in the world of rational
dynamics [Dou83]. Each of the aforementioned mating constructions attempts to
combine two similar conformal dynamical systems to produce a richer conformal
dynamical system. Often it is not hard to mate two conformal dynamical sys-
tems topologically, but uniformizing the topological mating (i.e., endowing it with
a complex structure) lies at the core of the problem.

In [BP94] (see also [BF14, §7.8]), S. Bullett and C. Penrose used iterated al-
gebraic correspondences to introduce a notion of mating of the modular group
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PSL(2,Z) and certain quadratic polynomials. Also, in [BH00] S. Bullett and
W. Harvey used quasiconformal surgery to construct a holomorphic correspondence
between any quadratic polynomial and certain representations of the free product
C5 x C3 of cyclic groups (of orders 2 and 3) in PSL(2,C).

Recently, novel perspectives and techniques were introduced to bind together
the actions of two different types of conformal dynamical systems; namely, an anti-
rational map and a Kleinian reflection group, in a single conformal dynamical sys-
tem [LLMM18a, LLMM18b, LLMM19,LMMZ20]. In particular, various examples of
matings of Nielsen maps of Kleinian reflection groups and anti-rational maps were
discovered, and these matings were realized as Schwarz reflection maps associated
with suitable quadrature domains (see Section 10 for precise definitions). In this
paper we introduce a unified framework for these ‘hybrid’ matings, prove a general
theorem that ensures the existence of matings for a large class of Kleinian reflec-
tion groups and anti-polynomials, and illustrate the mating phenomena with a few
explicit examples.

FIGURE 2. The limit set of a necklace group on the boundary of
the Bers slice of the regular ideal 9-gon reflection group.

Theorem D (Mating reflection groups with anti-polynomials). A postcritically
finite, hyperbolic anti-polynomial of degree d and a necklace group of rank d + 1
are conformally mateable if and only if they are topologically mateable.

All previously known examples of conformal matings of postcritically finite anti-
polynomials with necklace groups, namely, matings of quadratic postcritically finite
anti-polynomials with the ideal triangle reflection group [LLMM18a, LLMM18b],
and matings of % with all necklace groups of rank d+ 1 [LMM20], are easily recov-
ered from Theorem D (see Subsection 11.1). To illustrate the power of this theorem,
we construct first examples of conformal matings of anti-polynomials and necklace
groups, neither of which has a Jordan curve Julia/limit set (see Subsections 11.2
and 11.3).
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Since the topological mating of a necklace group I' and a postcritically finite
anti-polynomial P is not defined on the whole 2-sphere, one needs to build a novel
realization theory to prove Theorem D. The principal difficulty in this theory arises
from the mismatch between the quantitative behavior of the Julia dynamics of a
hyperbolic anti-polynomial and the limit set dynamics of the Nielsen map of a re-
flection group. Indeed, the former has only hyperbolic fixed points on its Julia set,
while the latter has parabolic fixed points on its limit set, which renders purely qua-
siconformal tools inapplicable to this setting. This problem can be tackled in two
steps. One can use W. Thurston’s topological characterization theorem to construct
an anti-rational map R that is a conformal mating of P and another anti-polynomial
Pr such that the Julia dynamics of Pr is topologically conjugate to the limit set
dynamics of the Nielsen map of I'. The existence of such an anti-polynomial Pr
follows from [LMM20] or [LLM20] (making use of Poirier’s realization of Hubbard
trees by anti-polynomials [Poil0, Poil3]), while conformal mateability of P and Pr
follows from a general mateability criterion proved in [LLM20]. Subsequently, we
apply Theorem A and our David surgery tools to conformally glue the reflection
group dynamics into suitable invariant Fatou components of R. This produces the
desired conformal mating of I' and P, which turns out to be the Schwarz reflec-
tion map associated with finitely many disjoint quadrature domains. The proof of
Theorem D is carried out in Section 10, we refer the reader to Theorem 10.20 for
a precise statement. The mating construction is illustrated with various explicit
examples in Section 11, see Figures 9, 10, 12, and 14.

While the Extension Theorem A is sufficient for the purpose of mating anti-
polynomials with necklace reflection groups, the general extension Theorem 4.9
yields a mating result for partially defined conformal dynamical systems on the
closed unit disk. More precisely, we show that any two expansive piecewise analytic
covering maps of the unit circle admitting conformal extensions satisfying conditions
(4.1) and (4.2) can be mated conformally, as long as each of their periodic points
is symmetrically parabolic or hyperbolic. (We allow ourselves to match parabolic
and hyperbolic points in an arbitrary way). This is stated as Theorem 5.2.

The final application of our hyperbolic-parabolic surgery theory concerns certain
extremal problems in spaces of univalent functions. It is well-known that extremal
points of the classically studied space ¥ of (suitably normalized) schlicht functions
on the exterior disk D* := C \ D are the so-called full mappings; i.e., f is an
extremal point of ¥ if and only if C\ f(D*) has zero area [Dur83, §9.6]. These
extremal points play an important role in the study of coefficient bounds for the
space X (the analogue of the Bieberbach Conjecture/De Brange’s Theorem is still
open for class ¥), but the purely transcendental nature of these extremal maps add
to their complexity. For each d > 2, the compact subspace X7 C ¥ consists of maps
in ¥ that extend as degree d + 1 rational maps of C with the maximal number of
critical points on S!. The union of these subspaces in dense in ¥. The extremal
points f of 3% correspond to maps with the maximal number of singular points on
f(S'): d+1 cusps and d — 2 double points. This allows one to describe the ‘shape’
of extremal maps of ¥ in terms of certain combinatorial trees with angle data,
which we call bi-angled trees. Using the tools developed in this paper, we give a
new proof of the following result that recently appeared in [LMM19].

Theorem E (Extremal points for schlicht functions). Extremal points of ¥ are
classified by bi-angled trees with d — 1 vertices.
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We refer the readers to Theorem 12.8 for a precise formulation of Theorem E.
Let us also remark that while the problem of classifying the extremal points of X7
is a non-dynamical one, the proof of Theorem E makes essential use of the dy-
namics of Schwarz reflection maps associated with the members of 37. With this
perspective, the classification problem becomes a problem of realization and rigid-
ity of certain Schwarz reflection dynamical systems. In fact, the desired Schwarz
reflection maps are realized using David surgery techniques developed in the paper.
On the other hand, rigidity of such Schwarz reflection maps is a consequence of
conformal removability of their limit sets.

Acknowledgements. The authors would like to thank Malik Younsi for posing
the question on removability of limit sets of Kleinian reflection groups, and for
a motivating discussion. The third author thanks the Institute for Mathematical
Sciences, and Simons Center for Geometry and Physics at Stony Brook University
for their hospitality.

2. PRELIMINARIES ON DAVID HOMEOMORPHISMS

2.1. David Integrability Theorem. Recall that if U C C is an open set and
p € [1,00], a measurable function f: U — C lies in the Sobolev space W,oP(U) if
f e Lr (U)and f has distributional derivatives lying in LY (U). We say that a

loc loc

function f: U — C lies in WLP(U) if f € Wi)’f(U) and the quantity

[ fllwre@y = I fllze@)y + 1D fllr @)

is finite. Here, D f denotes the differential matrix of f and || D f||»() denotes the
LP norm of the operator norm of D f. Moreover, the LP spaces are with respect to
the Lebesgue measure of C.

Consider sets U;, @ € {1,2}, and suppose that each of them is an open subset of
either C or C. We say that a measurable function f: U; — U, lies in Wi)’f(Ul — Us)
if it lies in Wli)’cp(Ul) in local coordinates. Consider the derivative D g, 4,)f of f,
regarded as a map between the Riemannian manifolds (Uy, dy, p1) and (Us, da, p2);
here d;, u; are the Euclidean metric and measure if the set U; is a subset of the
plane and d;, u; are the spherical metric and measure, if U; is a subset of C. Note
that in planar coordinates the derivative D(g4, 4,)f is just a multiple of the Eu-
clidean differential Df. We say that f € WYP(U; — Us) if da(f,0) € LP(Uy; p1)
and D4, 4,)f € LP(Uy;p1). We note that if the point at oo does not lie in the
closure of any of the sets U; and Us then the space WP(U; — Us) coincides as
a set with W1P(Uy), since the Euclidean and spherical metrics of U; and Uy are
comparable. In all cases we will be using the simplified notation VVﬁ)’Cp(Ul) and
W1P(Uy), whenever if does not lead to a confusion.

An orientation-preserving homeomorphism H: U — V between domains in the
Riemann sphere C is called a David homeomorphism if it lies in the Sobolev class
Wl’l(U) and there exist constants C, a, Ky > 0 with

loc
(2.1) c({z €U :Kg(z) > K}) <Ce ¥ K> K,.
Here o is the spherical measure and Ky is the distortion function of H, given by
1
Kn(z) = .F ||

B 1_|,UH|7
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where
0H/0z
HE =
0H/0z
is the Beltrami coefficient of H. By condition (2.1), K is finite a.e. and pupy takes
values in D a.e. Condition (2.1) is equivalent to

(2.2) c({z €U |un(z)|>1—e}) < C'e /5, &<e,

where €', d’, ey depend only on C, a, Ky. Moreover, another condition equivalent
to (2.1) is the exponential integrability of Kp:

/ exp(pKp)do < oo
U

for some p > 0, where p and « are related to each other. Hence, David homeo-
morphisms are also called homeomorphisms of exponentially integrable distortion.
The theory of such mappings has been developed to a great extent over the past
decades. We direct the reader to [AIM09, Chapter 20] for more background.

We list some properties of David homeomorphisms. Let H: U — V be such a
map. First, H and H~! are absolutely continuous in measure:

o(H(E)) =0 ifandonlyif o(E)=0

for all measurable sets E C U; see [AIM09, Theorem 20.4.21]. Second, H satisfies
the change of coordinates formula

(2.3) /gdoz/gOH~J}§da
1% U

for all non-negative Borel measurable functions g on V, where Jf; is the spherical
Jacobian of H.and Jgy is the usual Jacobian determinant. This result is due to
Federer [Fed69, Theorem 3.2.5, p. 244] and holds in much more general settings. In
particular, (2.3) implies that J§ # 0 a.e.

The main result in the theory of David homeomorphisms is the following integra-
bility theorem. If U is an open subset of C and 1: U — D is a measurable function
such that (1 + |u|)/(1 — |u|) is exponentially integrable in U, then we say that p is
a Dawvid coefficient in U or just a David coefficient if U is implicitly understood.

Theorem 2.1 (David Integrability Theorem, [Dav88], [AIM09, Theorem 20.6.2,
p. 578]). Let pi: C — D be a David coefficient. Then there exists a homeomorphism

~

H:C — C of class € WH1(C) that solves the Beltrami equation
OH  OH
oz Mo
Moreover, H is unique up to postcomposition with Mobius transformations.

The David Integrability Theorem is a generalization of the Measurable Riemann
Mapping Theorem [AIM09, Theorem 5.3.4, p. 170], which states that if ||ue <
1, then there exists a quasiconformal homeomorphism H : C->C (thus, of class
W12(C)) that solves the Beltrami equation

OH  OH
oz Mo

The uniqueness part in Theorem 2.1 also holds locally and we have the following
factorization theorem.
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Theorem 2.2 ([AIM09, Theorem 20.4.19, p. 565]). Let Q2 C C be an open set and
f,9: Q = C be David embeddings with

Hf = Hg

1

almost everywhere. Then fo g™t is a conformal map on g().

We note that, unlike the theory of quasiconformal mappings, the inverse of a
David homeomorphism is not necessarily a David map. The following simple ex-
ample is given in [Zak04, p. 123]. The homeomorphism ¢: D — D defined by

4 1 4
0\ 10

) = fogli/ 11°

is a David map but its inverse is not a David map. Indeed Ky(re??) ~ log(1/r),

which is exponentially integrable near 0, but K4-1(re'®) ~ log(1/r)?, which is not
exponentially integrable near 0.

2.2. David extensions of circle homeomorphisms. We will need an extension
result for David maps, which is a generalization of the well-known extension of
Beurling and Ahlfors [BA56]. Let h: S! — S! be an orientation-preserving homeo-
morphism. We define the distortion function of h to be

. R |h(627ritz) _ h(Z)‘ ‘h(6727rit2) _ h(Z)|
pn(z: 1) = { [h(e272) — h(=)[" Th(e2Ttz) — h(z)] } ’

where z € S! and 0 < ¢t < 1/2. We define the scalewise distortion function of h to
be

on(t) = ma i (5, 1),
z€St

where 0 < ¢t < 1/2. If py(t) is bounded above, then the function h is a quasisym-
metry and has a quasiconformal extension on D, by the theorem of Beurling and
Ahlfors. Zakeri observed in [Zak08, Theorem 3.1], by applying a result of [CCH96],
that there is a growth condition on py(t) that is sufficient for a homeomorphism h
of the circle to have a David extension in the disk.

Theorem 2.3 ([CCHY96, Theorem 3],[Zak08, Theorem 3.1]). Let h: S' — S! be an
orientation-preserving homeomorphism and suppose that

pr(t) = O(log(1/t)) as t— 0.
Then h has an extension to a David homeomorphism h:D —D.

In fact, Zakeri discusses the extensions of homeomorphisms H of R that com-
mute with the function z — z + 1. These homeomorphisms arise as lifts of circle
homeomorphisms h under the universal covering map z + ¢27%*. Then he simply
takes the Beurling—Ahlfors extension H of H to the upper half-plane and observes
that [CCH96, Theorem 3] implies that under the condition of Theorem 2.3, trans-
lated to the homeomorphism H of R, the map H is a David map of the upper
half-plane. Finally, the extension H descends to a David extension h of h in D, as
it is pointed out in [Zak08, p. 243].
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Remark 2.4. If h: S' — S! is an orientation-preserving homeomorphism that is
real-symmetric, i.e., h(Z) = h(z) for z € S!, then the David extension of h that
is given by Theorem 2.3 has the same property. Indeed, let H denote the lift
of h to the real line, under the universal cover z > €27, The real-symmetry
of h is equivalent to the condition H(1 — z) = 1 — H(z) for all z € R. Let H
be the Beurling-Ahlfors extension of H. The Beurling-Ahlfors extension operator
is equivariant under precomposition and postcomposition with linear maps of the
form z — az+0b, a > 0, b € R. That is, if 7} and T5 are such linear maps, then the
Beurling-Ahlfors extension of To 0 H 0T} is the map Th oH oTh; see [Zak08, p. 246).
In our case, this implies that I;T(l —z)=1- I;T(z) for all z in the upper half-plane.

Equivalently, the extension h of h to the disk D is real-symmetric, as claimed.

2.3. Composition with quasiconformal maps. We also discuss the invariance
of the David property under quasiconformal maps. Recall that a quasidisk is the
image of the unit disk under a quasiconformal map of C. A domain Q c Cis a
John domain if for each base point zg € €2 there exists a constant ¢ > 0 such that
for each point z; € Q there exists a simple path « joining zg to z; in 2 with the
property that for each point z on the path v we have

disty (2, 09) > clength, (7]12,2,))s

where 7], .,] denotes the subpath of v whose endpoints are z and z;. Here we
are using the spherical distance and spherical length. Intuitively, John domains
can have inward cusps but not outward cusps and they are a generalization of a
quasidisks, which cannot have any cusps at all.

Proposition 2.5. Let f: U — V be a David homeomorphism between open sets
UV cC.

(i) Ifg: V — Cisa quasiconformal embedding then g o f is a David map.

(ii) If W C C is an open set and g: W — U is a quasiconformal homeo-
morphism that extends to a quasiconformal homeomorphism of an open
neighborhood of W onto an open neighborhood of U, then f o g is a David
map.

(iii) If W C C is an open set, and g: W — U is a non-constant quasiregular
map that extends to a quasiregular map in an open neighborhood of W, then
the function

_9(fog)/0z
HIer = a(f 0 g)/0z
is a David coefficient in W.

(iv) IfU is a quasidisk, W is a John domain, and g: W — U is a quasiconformal

homeomorphism, then f o g is a David map.

Note that (ii) and (iii) imply that if p is a David coefficient and g is a quasicon-
formal or quasiregular map, then the pullback ¢g*pu is also a David coefficient. The
proposition actually requires a David map f with uy = p; however, there is always
such a map f given by Theorem 2.1.

The proof relies partially on [HK14, Theorem 5.13], which concerns the compo-
sition of Sobolev functions with Sobolev homeomorphisms. We quote below some
special instances of the theorem that we will use.
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Theorem 2.6 ([HK14, Theorem 5.13]). Let Q1,5 be open subsets of C and let
F: Q1 — Qs be a homeomorphism with F € VVli)cl(Ql) and Jp # 0 a.e. We set
Kp = |DF|?/Jr a.e. in ;.

(i) If Kp € LL (1) and g € W2 (Q), then go F € W, ().

(i) If Kp - |DF||== € L/ 79(Q4) for some ¢ € (0,1) and g € WL 5(),

then go F € I/Vlicl(Ql)
Moreover, we have the usual chain rule:
D(go F)(z) = Dg(F(z)) o DF(2)

for a.e. z € Q.

Recall that || Df]|| denotes the operator norm of the differential Df of f and the
LP spaces are with respect to the Lebesgue measure of C.

Proof of Proposition 2.5. (i) First, we reduce the assertion to the case that U and
V are planar sets. If U =V = (E, we precompose f and we postcompose g with
suitable isometries of C so that f and g fix the point at co. Thus, we may assume
that f: C — C is a David map and ¢g: C — C is a quasiconformal map. If U,V
are strict subsets of (E, by precomposing and postcomposing f and g with suitable
isometries of @ we can assume that U,V C C.

We note that if f: U — V is a David homeomorphism, then exp(pKy) € Li, .(U),

loc
so Ky € Ll (U). By Theorem 2.6 (i), we obtain that if g € VV&S(V), then go f €
1,1
W, (U) and

D(go f)(z) = Dg(f(2)) o Df(2)
for a.e. z € U.
Suppose that g is K-quasiconformal as in the statement, so that g € VV&DC2 (V)
and

IDg(w)||* < K Jg(w)

for a.e. w € V. Note that Df(z) exists for a.e. z € U and Dg(w) exists for a.e.
w € V. Since f~1 is absolutely continuous, it follows that the set of z € U such
that Dg(f(z)) does not exist has measure zero. Hence, for a.e. z € U we have

ID(g 0 £)(=)I2 = Dg(£(2)) o DG < IDg(f (DI DF(2)]?
< KK (2)J,(f(2)J5(2) = KE(2)Jyos (2).

It follows that Kgof < KKy a.e. and thus Kgos is exponentially integrable, as
desired.

(ii) As in (i), by suitable compositions with isometries of C, we may assume that
U,V,W are planar sets. In this case, if g is K-quasiconformal, then

| Dgl|*¢

g

< K||Dg| == < K.J; /.

It is known that J - 9 is locally integrable for a small § > 0; see e.g. [AIM09, Theorem
13.4.2, p. 345]. Hence, | Dg|>~/J, € L/ (W). On the other hand, if f is a

loc

David homeomorphism, then f € W 2 5(U) for all ¢ > 0 by [AIM09, (20.69),

loc

p. 557]. By Theorem 2.6 (ii), it follows that fog e W2 (W).

loc
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Next, we wish to show that

/ exp(pK yoq) do < 00
w

for some p > 0. Arguing as in (i), we have Ko, < KK;(g(w)) for a.e. w € W. By
changing coordinates, we have

/ eXP(PKfog)dJS/ exp(pK - Ky og)do
w w

= [ explos - K gw)) 5 ()75 9w dor(w)

B /Uexp(pK Ky (2) g () do(2)

< ([ ewlapic - K12 a0(2)) v ([ 55117 aoto)) "

where 1/¢ +1/¢' = 1. The second factor is finite if ¢’ > 1 is sufficiently close to
1, since g~ ! is quasiconformal in a neighborhood of U by assumption; see [AIMO09,
Theorem 13.4.2, p. 345]. The first factor is also finite for a sufficiently small p > 0,
since f is a David homeomorphism.

(iil) We show, first, that the Beltrami coefficient

- O(fog)/0z
19~ 9(f 0 9)/0=

is defined a.e. in W and takes values in D. If w € W is not a critical point of
g, then there exists a neighborhood O of w in which ¢ is quasiconformal. By (ii)
we conclude that f o g is a David map in O. Therefore, fifo4 is defined in O and
takes values in D. Since g is quasiregular and non-constant, it has at most countably
many critical points in W. It follows that f1fog and Kyog = (14 |trogl)/(1 — |tfogl)
are defined a.e.

Next, we will show that K .4 is exponentially integrable. First, we reduce to the
case that g is holomorphic. Suppose that g is K-quasiregular in a neighborhood Z of
W. By the measurable Riemann mapping theorem, there exists a K-quasiconformal
homeomorphism g of C such that UG = fig X z- Moreover, the map h = go(g)~! is
holomorphic in 7 = 9(Z) and we set W= g(W). We note that Kfog = Kfonog <
KKyon(g(w)) as in (ii). The exact same computation of (ii) implies that since

J% 1 (2)7 do(z) < oo
/W 9
for some ¢’ > 1 by the quasiconformality of g, it suffices to show that
/N exp(pK fop) do < o0
1%

for some p > 0. Thus, we have reduced to the case that g: W — U is holomorphic
and has a holomorphic extension to a neighborhood Z of W.
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Let wo € Z and let O(wg) C O(wp) C Z be an open neighborhood of wg. As in
(ii) we have

/ exp(pK og) do < / exp(pI 1 (g())) TS ()7 (w) ™ dor(w)
O(wo)NW O(wo)NW

IN

1/q
( [ explanky(gw)) g5 w) da<w)>
O (wo)NW

1/q
- ( / 77 (w)'= do(w)>
O(wo)
1/q
- ( / exp(pK s (2)) do<z>>
g(O(wo))NU

1/q'
- ( / 7 () do<w>> 7
O(wo)

where 1/¢ + 1/¢' = 1. For each choice of ¢’ there exists a p > 0 so that the first
factor is finite, since f is a David map on U. We claim that the second factor is
finite if the neighborhood O(wy) of wy is sufficiently small and ¢’ is sufficiently close
to 1.

By using an isometry of C we assume that wy = 0 and we set O = O(wp). If O
is a sufficiently small neighborhood of the origin then the spherical Jacobian and
the spherical measure are comparable to the Euclidean ones. Therefore, it suffices
to show that

/ Jy(w) P dw < oo
o

for a sufficiently small § > 0 and a sufficiently small neighborhood O of the origin.
Suppose that g is m-to-1 at the origin for some m > 1. Then there exists a
neighborhood O of the origin and a conformal map ¢ on O with ¢(0) = 0 such that
g(w) = ¢(w)™ for all w € O. We have J, = |¢'|> = m?|¢|*"?|¢/|>. By shrinking
the neighborhood O, we may have |¢/| ~ 1 and |¢(w)| = |w| for all w € O. Hence
Jy(w) ~ |w|*™=2 for w € O. Now, we have

/Jg(w)_‘;dw:/ |w|~0m=2) duy,
o o

which is finite for all small § > 0, as desired.
Summarizing, we have proved that each point wy € Z has a neighborhood O(wy)
in Z such that

/ exp(pKfoq) do < oco.
O(wo)NW

Since W is a compact subset of Z, we can cover it by finitely many neighborhoods
O(wyp) of points wy € W. We conclude that

/ exp(pKfoq) do < o0,
w

as desired.
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(iv) As in (ii), it follows that fog € Wlicl (W). In order to obtain the exponential
integrability of Ko4, we only have to justify that

(2.4) /U J7(2)7 do(z) < oo

for some ¢’ > 1, close to 1.

In order to prove this, we need the notion of a uniform domain. An open set
Q C C is a uniform domain if there exists a constant ¢ > 0 such that for any
two points a,b € ) there exists a continuum E C € that connects them with
diam(F) < c|a — b| and the set

U Bz, e min{|z — al, [z — b}),

zeE
which is called a c-cigar, is contained in €. A bounded uniform domain is also a
John domain. Other uniform domains include quasidisks and annuli bounded by
two quasicircles. We direct the reader to the work of Martio and Véisdld [MV8S§]
and the references therein for more background on uniform and John domains.

The desired condition (2.4) follows from a result of Martio and Vaisald [MV88,
Theorem 2.16], which implies that a quasiconformal map from a bounded uniform
domain onto a John domain has Jacobian lying in L'*¢ for some small ¢ > 0. The
quoted result does not apply immediately to ¢!, since the quasidisk U, which is a
uniform domain, is not necessarily bounded as a subset of the plane.

In order to apply the result, we first precompose and postcompose g with suitable
isometries of C so that the point at oo lies in W and U, and g fixes co. Next, we
remove from W a closed ball B C W that contains co. The set W \ B is still a
John domain, with a constant that is possibly different from the constant of W.
We note that W\ B is a John domain even if we use the Euclidean rather than
the spherical metric in the definition of a John domain. Moreover, U \ ¢g(B) is a
uniform domain since it is an annulus bounded by two quasicircles. Now the map
g t: U\ g(B) - W\ B satisfies the assumptions of [MV88, Theorem 2.16], so
Jy—1 € L'(U \ g(B)) for some € > 0. This implies that

/ Js‘;,l(z)l""E do(z) < o0
U\g(B)

since the Euclidean and spherical measures are comparable in the bounded set
U\ ¢g(B). Finally, we also have

/ J;’,l(z)HE do(z) < 0o
9(B)

for a possibly smaller € > 0 by the local regularity of the Jacobian of a quasicon-
formal map; see [AIM09, Theorem 13.4.2, p. 345]. |

2.4. David maps and removability. A compact set £ C Cis conformally re-
movable if every homeomorphism f: C — C that is conformal on C \ E is a Mobius
transformation. We also say that E is locally conformally removable if for every
open set U C @, not necessarily containing E, every homeomorphic embedding
U — C that is conformal on U \ E is conformal on U. It is an open problem
whether every removable set is locally removable.
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While quasiconformal maps preserve the quality of conformal removability, it is
not clear whether David homeomorphisms do so. However, they interact with a
stronger notion of removability; namely, removability for the Sobolev space W1,
A compact set E C C is removable for W11 functions if every continuous function
f:C = R that lies in Wl’l(@ \ E) lies actually in Wl’l(@). Equivalently, E is
removable for W! functions if for every open set U, not necessarily containing E,
every continuous function f: U — R that lies in WHH(U \ E) lies in WH(U). The
last assertion is discussed before Definition 1.2 in [Nta20a]. Hence, in the case of
removability for Sobolev spaces the notions of removability and local removability
agree.

Theorem 2.7 (Conformal removability). Suppose that E C Cisa compact set
that is removable for W functions and f: C — C is a David homeomorphism.
Then f(E) is locally conformally removable.

We will prove this using the following auxiliary result.

Lemma 2.8 (David removability). Suppose that E C Cisa compact set that is
removable for Wh' functions, U C C is an open set, and g: U — C is a home-

omorphic embedding that is a David map in U \ E. Then g is a David map in
U.

Note that the set E is not necessarily contained in U.

Proof. By precomposing and postcomposing g with suitable isometries of @, we
may assume that E and g(F) do not contain the point at co and g(co) = co. Since
g is a David map on U \ E, by definition, we have

/ exp(pKy) do < oo
U\E

for some p > 0. By [Ntal9, Theorem 1.3], the set E' must have measure zero, since
it is removable for W' functions. Hence, we have

/ exp(pKy) do < oo.
U

It suffices to show that g € VVlicl U).

We claim that if V is a bounded open subset of U, then | Dg| € L'(V \ E). We
have

|Dg(2)|| = Kg(z)l/QJg(z>1/2

for a.e. z € V' \ E. Note that K, € L*(V \ E) since exp(pK,) € L'(V'). Moreover,
J, € LY(V \ E) since by the change of coordinates formula (2.3) (expressed in
Euclidean coordinates) we have

/ Jg(z)dz = Area(g(V \ E)) < oc.
V\E

Here we used the normalization g(co) = oo. It follows that ||Dg| € LY(V \ E) as
desired.

Summarizing, if V' is a bounded open subset of U containing U N E, then the
map g lies in WH1(V \ E) and is continuous on V. Since E is removable for the
space W1 by assumption, we have g € WH(V). We conclude that g € W5} (U),
as desired. g
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Remark 2.9. In the proof we used [Ntal9, Theorem 1.3], which asserts that if a
compact set E is removable for WP functions, where 1 < p < oo, then it must
have measure zero. We note that if a set is W''-removable then it is also W1-2-
removable and if a set is W12-removable and has measure zero, then it is also
conformally removable (by Weyl’s lemma). However, the non-removability of sets
of positive measure for conformal maps (which can be proved using the Measurable
Riemann Mapping Theorem) does not imply in a straightforward way the non-
removability of sets of positive measure for W2 and W' functions. Hence, we
employ [Ntal9, Theorem 1.3].

Proof of Theorem 2.7. Let U C C be an opensetand h: U — Chea homeomorphic
embedding that is conformal in U \ f(F). Our goal is to show that h is conformal
on U. Consider the map g = ho f. Since f is a David map and h is conformal on
U\ f(E), by Proposition 2.5 (i) it follows that g is a David map on f~1(U) \ E.
By Lemma 2.8 we conclude that g is a David map on f~1(U).

Note py = piy on f~H(U) \ E because h is conformal. Since E is removable for
WLl functions, it must have measure zero by [Ntal9, Theorem 1.3]. Therefore,
pg = gy a.e. Finally, the factorization Theorem 2.2 implies that h = go f~! is
conformal, as desired. (I

Boundaries of John domains are removable for W' functions. This was proved
by Jones and Smirnov [JS00, Theorem 4]. In fact, something stronger is true:

Theorem 2.10. Let {2;}icr be a collection of finitely many, disjoint John domains
in C. Then \J;c; 98 is removable for WL functions.

A similar statement is discussed without proof in [JS00, p. 265]. It can be proved
using [Nta20a, Proposition 5.3] as follows.

Proof. Proposition 5.3 from [Nta20a] implies that for each i € I, if f is a continuous
function on Q; that lies in WH1(Q;), then f|L is absolutely continuous on L N §;
for almost every line L, in the sense that f maps sets of linear measure zero to sets

of linear measure zero. Hence, if f is continuous in C and f € W1(C \ Uier 9%),
then f is absolutely continuous on almost every line. It follows that f € Wh1(C),
since boundaries of John domains have measure zero. [

By combining [JS00, Theorem 4] with Theorem 2.7, we have the following result.

Theorem 2.11. Suppose that 2 C C is a John domain and f: C — C 4s a David
homeomorphism. Then, f(0S2) is conformally removable.

3. EXPANSIVE COVERING MAPS OF THE CIRCLE

Let f,g: S' — S! be covering maps of degree d > 2, having the same ori-
entation. Then under some expansion assumptions there exists an orientation-
preserving homeomorphism h: S' — S! that conjugates the map f to g. Our goal,
under suitable assumptions on the covering maps f and g, is to extend the conju-
gating homeomorphism h to a David self-map of the unit disk. This is the content
of Section 4. The conditions on f and g will be in terms of a Markov partition
associated to f and g. In particular, we will give conditions in the special, but very
interesting case that one of the maps is z — 2% or z — z%. In this section we discuss
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the notion of an expansive covering map of the circle and the notion of a Markov
partition associated to such a map.

—

If a,b € S', we denote by [a,b] and (a,b) the closed and open arcs, respectively,

—_—

from a to b in the positive orientation. The arc (b, a), for example, is the comple-

mentary arc of [a,b]. We also denote the arc (a,b) by int [a,b]. We say that two
non-overlapping arcs I,.J C S! are adjacent if they share an endpoint.

Definition 3.1. A Markov partition associated to a covering map f: St — Stis
a covering of the unit circle by closed arcs Ay = [ag, ar+1], k € {0,...,r}, r > 1,
that have disjoint interiors and satisfy the following conditions.
(i) The map fr = flint 4, 1 injective for k € {0,...,r}.
(i) If f(int Ag) Nint A; # 0 for some k, j € {0,...,7}, then int A; C f(int Ay).
(iii) The set {aog,...,a,} is invariant under f.
We denote the above Markov partition by P(f;{ao,...,ar}).

Note that by definition the points aq,...,a, are ordered in the positive orien-
tation if r > 2; if r = 1, there is no natural order. Moreover, (ii) and (iii) are
equivalent under condition (i).

We provide some more definitions. Let f: S' — S! be a covering map and
consider a Markov partition P = P(f;{ao,...,ar}). We can associate a matrix
B = (bkj)z,j:o to P so that by; = 1 if fr(Ax) DO A; and by; = 0 otherwise. In the
case by; = 1 we define Ay; = fi'(A;). fw = (ji,...,5n) € {0,...,7}", n €N,
k €{0,...,r}, and once A, has been defined, we define Ay, = fk_l(Aw) whenever
brj, = 1. A word w = (j1,...,4n) € {0,...,7}", n € N, is admissible (for the
Markov partition P) if bjj, = --- = bj,_,;, = 1. We also define A, = 0 if w is
not admissible. The length of a word w = (ji,...,Jn) € {0,...,r}" is defined to
be |w| = n. Tt follows from properties (i) and (ii) that for each n € N the arcs A,
where |w| = n, have disjoint interiors and their union is equal to S!. Inductively, we
have A,; C A, for all admissible words w and j € {0,...,r}. If A,; is non-empty,
we say that A,; is a child of A, and A, is the parent of A,;. Thus, A, has
at most r + 1 children. We direct the reader to [Lyu20, Section 19.14] for more
background on Markov partitions.

Definition 3.2. A continuous map f: S! — S! is called expansive if there exists a
constant § > 0 such that for any a,b € S* with a # b we have |f°"(a) — f°"(b)| > §
for some n € N.

We now list some important properties of expansive maps of S*. Let f: S' — S!
be an expansive covering map.

(E1) For all n € N the map f°" has finitely many fixed points.
(E2) Let P(f;{ao,...,ar}) be a Markov partition. Then

lim max{diam A,, : |w| = n, w admissible} = 0.
n—oo

(E'3) Suppose that the degree of f is d > 2. Then there exists an orientation-
preserving homeomorphism h: S' — S! that conjugates f to either the map
g(z) = 2% or the map g(z) = 2%, depending on whether f is orientation-
reversing or orientation-preserving, respectively. Moreover, h is unique up
to rotation by a (d + 1)-st root of unity if g(z) = Z% or a (d — 1)-st root of

unity if g(z) = 2.
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Property (E2) can be proved easily using [PU11, Theorem 3.6.1, p. 143]. Prop-
erty (E3) is a consequence of (E2). A more general statement for expansive self-
maps of a compact manifold can be found in [CR80, Property (2), p. 99]. A refined
version of property (E3) that we will need for our considerations is the following
lemma. Its proof is straightforward, based on property (E2), and is omitted.

Lemma 3.3. Let f,g: S' — St be expansive covering maps with the same orienta-
tion and P(f;{ao,-..,a,}), P(g;{bo,-..,b.}) be Markov partitions. Consider the
map h: {ag,...,a.} = {bo,...,b.} defined by h(ar) = by for k € {0,...,r} and

suppose that h conjugates the map f to g on the set {ao,...,a,}, i.e.,
h(f(ax)) = g(bx)
for k € {0,...,r}. Then h has an extension to an orientation-preserving homeo-

morphism of S' that conjugates f to g on S'.

Suppose that a is a periodic point of a covering map f: S' — S!. That is, there
exists a minimal n € N such that f°"(a) = a. The number n is called the period of a.
We note that if f°™ is orientation-preserving, then it maps an arc of the form (21, a)
to an arc of the form (z3,a). We say that f°" is the first orientation-preserving
return map to the periodic point a and n is the orientation-preserving period of a.
If f°" is orientation-reversing, then it maps an arc of the form (z1,a) to an arc of
the form (a, z2). In the latter case, f°2" is orientation-preserving, it maps an arc of
the form (z1,a) to an arc of the form (23, a) fixing a, and 2n is the smallest integer
with that property. In this case f°2" is the first orientation-preserving return map
to the periodic point a and 2n is the orientation-preserving period of a. We denote
by f, the first orientation-preserving return map to a. In what follows we suppress
the term “orientation-preserving” and the term “first return map” always refers to
the first orientation-preserving return map.

We define the one-sided multipliers A(a™),\(a™) of f at a to be the one-sided
derivatives of the first return maps, if they exist:

fa(z) —a fa(z) —a

A + = ! + = 1 — 1 —_—
() = Jala™) ;lﬁn‘lL z—a z1—1>r¢rzl+ z—a and
zZ€(a,zq)
_ _ . fa(z)_a . fa(z)_a
A = {/ = 1 =7 =1 JeNT
(a7) = fala™) é:ﬁmﬁa) z—a e z—a
2€(zq,a

where 2y # a is any point on S'. Observe that A(a™*), A(a™) are always non-negative
real numbers, since f, maps the circle to itself with positive orientation.

We extend this definition to preperiodic points. If a is a preperiodic point of f,
then there exists a minimal m € N such that f°™(a) is periodic. We define

Aa™) = A(f"(@)*)
if f° is orientation-preserving and

Aa™) = A(f"(@)F)
if f°™ is orientation-reversing. We also define the orientation-preserving period
of the preperiodic point a to be equal to the orientation-preserving period of the
periodic point f°™(a).

If f is expansive, we obtain some extra information about the one-sided multi-

pliers.
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(E4) Suppose that a is a periodic point of f. If the one-sided multiplier A(a™)
exists, then A(a®) > 1.

Indeed, if the conclusion of the statement were not true, then some orbits would be
attracted to the periodic point a and this would contradict the expansivity of f.

Next, we give two general classes of expansive maps of the circle. We denote
by D* the complement of the closed unit disk D in the Riemann sphere C. For a
Euclidean circle C in the plane, the bounded complementary component of C' will
be denoted by Int C. This is not to be confused with the interior of an arc I of S!,
which is denoted by int I. The distinction will be clear from the context.

Ezample 3.4 (Blaschke products). Consider a Blaschke product

d
B(Z)ZBMH =6 7
i=1

1—-7¢z

where 0 € R, d > 2, and ¢1,--- ,cq € D. Then, B: D — D and B: D* — D* are
branched coverings of degree d, and B : S* — S! is a degree d covering.

Suppose further that B has a parabolic fixed point at 1 € S!'. By the theory of
parabolic fixed points [Mil06, §10], there exists a basin of attraction of the point 1,
i.e., an open set of points whose iterates under B converge to 1. Since the action of
B in D is conjugate under the map z — 1/Z to the action of B in D*, it follows that
the basin of attraction is symmetric with respect to the unit circle, and in particular
it intersects both D and D*. Then, by the Denjoy—Wolff theorem [Mil06, Theorem
5.4], we conclude that the successive iterates B°" converge, uniformly on compact
subsets of D (respectively, on D*), to the constant function z — 1. Note that if
B’(1) = 0, then there are at least two attracting directions to the parabolic fixed
point 1, and hence at least two immediate basins of attraction of 1. Hence, if
B"(1) = 0, then the Fatou set of B must have at least two components, so its Julia
set must be equal to S'. We remark that if B”(1) # 0, then the Julia set of B
would be a Cantor set contained in S!.

According to the Riemann-Hurwitz formula, B has (d—1) critical points (counted
with multiplicity) in each of D and D*. Thus, B has no critical point on the Julia
set. By [DU91, Theorem 4], it follows that if B”(1) = 0, then the map B: S* — S!
is expansive.

A particular example of such a Blaschke product is

(d+1)2%+ (d—1)
(d—1)z4+ (d+1)
The point 1 is a parabolic fixed point of B and B”(1) = 0.

B(z) = , d>2.

Ezample 3.5 (Circle reflections). Consider ordered points ag = ag41,a1,.-.,aq, d >
2, on the circle S!. Let fj be the reflection along the circle Cj, that is orthogonal to

the unit circle at the points az, and axy1. Set Ay = [ax,arr1] CSY, k€ {0,...,d}.

We will assume that the points ag, ..., aq satisfy the following condition.
(%) length((ak, ax+1)) <7 for ked{0,...,d}.

We now define a map f: S' — S! by z — fi(z) for z € Aj. Since f(Ay) =
U 2k Ay, it follows that f is an orientation-reversing covering map of degree d
with fixed point set {ag, - ,aq}. Moreover, condition (x) guarantees that |f'| > 1
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on S' with equality precisely at the fixed points ay. It will follow from Lemma 3.7
below that f is an expansive map.

Ezample 3.6 (Hybrid). Let d € N, d > 2, and a; = e@'1, j € {0,1,...,d}, be the
fixed points of the map z — z%. We select some adjacent pairs

{aji aj 41}, {4, 45,41,

where the indices are taken modulo d + 1. For each selected pair {a;,,a;,+1}, k €
{1,...,m}, let Cy be the circle that is orthogonal to the unit circle at the points a;,
and aj,11. If Aj = [aj,a;41] C S, j €{0,1,...,d}, we can define a map f: S' —
S* by setting it to be the reflection on A;,, k € {1,...,m}, in the circle Cy, and on
the remaining arcs A; to be the map z — z?. The map f is an orientation-reversing
covering map of degree d whose fixed point set is {ag, -+ ,aq}. Moreover, we have
that the map f is piecewise C!, and its set of non-differentiability is contained in
{aj,,aj,41,...,a4,,a5,+1}. The one-sided derivatives of f exist at each point of
non-differentiability and the map f is C' on each closed arc 4;, j € {0,1,...,d}.
Moreover, |f’| > 1 on A;, j € {0,1,...,d}, with equality only at the endpoints of
A, ke {l,...,m}. It will follow from Lemma 3.7 below that f is an expansive
map.

Lemma 3.7. Let f : S' — S! be a piecewise C' covering map that has one-
sided derivatives at points of non-differentiability, it is C* on the closure of each
complementary arc of the non-differentiability set, and such that
(i) f has finitely many fized points, and each non-differentiability point is fized,
(ii) |f'| > 1 on S, where at points of non-differentiability we assume that the
magnitudes of both one-sided derivatives are > 1, and
(iii) if ¢ € St is not a fized point of f, then |f(¢)| > 1.

Then, f is expansive.

Proof. We only provide a sketch of the proof, since it is elementary. We denote by
d: St x St — [0, 7] the length metric in S' and by X the finite set of fixed points of
f. First, using the assumption (iii), one can show that there exists § > 0 such that
if 29 € St and d(f°"(20),¢) < & for all n > 0, and some ¢ € X, then zg = (. In other
words, an orbit of a point zg that is not a fixed point cannot stay for all times near
a fixed point. Now, consider two points z1, 29 € S! such that d(f°"(z1), f°"(22))
remains small, say less than 7, for all n > 0. There are two main cases.

If fom0(z1) is a fixed point of f for some ng > 0, then f°™(z3) remains near a fixed
point of f for all times n > ng. By the previous, we must have f°™0(z1) = f°"0(zy).
Without loss of generality ng > 1. By assumption, d(f°(0=1(z;), foo=1(z,)) <
n. If 1 is chosen suitably, then by (ii) f is injective on an arc containing f°(0=1(z)
and fo(0=1(z,). Hence, fo"0=1(z) = fo(mo=1(z,). Inductively, z; = 2z5. The
same conclusion holds if f°°(z3) is a fixed point for some ng.

The other case is that f°(z1) and f°"(zq) are not fixed points for all n >
0. Then, they actually have to stay away from the d-neighborhood of the fixed
point set X infinitely often, by the first paragraph. Property (iii) implies that
Aot (z1), £2 N (25)) > Ad(f°™(21), f°"(22)) for some definite factor A > 1,
whenever f°"(z1) and f°"(z2) are not in the é-neighborhood of X. If either
fo(z1) or f°(zg) is d-close to X then we still have d( o+ (z;), fo"+1)(z,)) >
d(f°™(z1), f°"(22)) by (ii). Since the first alternative occurs infinitely often, we
obtain a contradiction, unless z; = zs. O
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Remark 3.8. For piecewise C? maps, assumptions of Lemma 3.7 can probably be re-
laxed. Namely, it should be sufficient to assume that all periodic points are topolog-
ically repelling on both sides (compare [Man85]). Moreover, if the map has negative
Schwarzian derivative (for piecewise C® maps) this assumption is satisfied automat-
ically by Singer’s Theorem (see [CE80]), except at points of non-differentiability,
and the generalization of the lemma to this setting looks straightforward.

We end this section with a known result for hyperbolic Blaschke products that
we will use later.

Lemma 3.9. Let B be a holomorphic (resp. anti-holomorphic) Blaschke product of
degree d > 2 that has an attracting fixed point in . Then there exists a quasisym-
metric map h: S' — S! that conjugates the map B to the map f(z) = z¢ (resp.

f) =7

Here, an anti-holomorphic Blaschke product is the complex conjugate of a Blaschke
product.

Proof. The proof is based on the fact that a conjugacy h between two expanding
maps of S! that are of class C? is quasisymmetric; see [Lyu20, Proposition 19.64].

Since the Blaschke product B has an attracting fixed point in D, it follows that
B is hyperbolic, so B°™ is expanding for some m € N (see [CG93, Lemma 2.1]). By
property (E3), there exists an orientation-preserving conjugacy h between B and
f. Note that h also conjugates B°™ and f°™. By the above fact, the conjugacy
between B°™ and f°™ is quasisymmetric. O

4. DAVID EXTENSIONS OF DYNAMICAL HOMEOMORPHISMS OF THE CIRCLE

Let f,g: S' — S! be covering maps of degree d > 2 having the same orienta-
tion and consider Markov partitions P(f;{ao,...,a,}) and P(g;{bo,...,b.}). Let
h:{ag,...,ar} = {bo,...,b.} be the map defined by h(ar) = by for k € {0,...,7}
and suppose that h conjugates the map f to g on the set {ag,...,a,}. If the
maps f and g are expansive, then we know from Lemma 3.3 that h extends to an
orientation-preserving homeomorphism h: S' — S' that conjugates the map f to
g. That is, h(f(2)) = g(h(z)) for all z € S!. In this section, under some assump-
tions, we will extend the map h to a homeomorphism of the unit disk D that is a
quasiconformal or a David map. Our main extension result is Theorem 4.9 and its
proof will be given in Subsection 4.2.

To illustrate the technical difficulties of the proof of Theorem 4.9, we consider
the following example. Let Ci,...,C4 be circles that bound disjoint disks and
are orthogonal to the unit circle. Define f to be a degree 3 covering map of S
that is piecewise the reflection on the circles C;, i € {1,...,4}. Similarly, define
another covering map g, corresponding to some other circles C1,...,C} with the
same properties. The maps f and g are conjugate to each other and to z — z°. The
conjugacy between f and g can be constructed implicitly as follows. Consider a
quasiconformal map h from the ideal 4-gon defined by the circles C; and contained
in D onto the ideal 4-gon defined by the circles C/, such that h preserves the cusps.
Then h can be extended by reflections to a quasiconformal map of D. It follows from
the theory of quasiconformal maps that h extends to a homeomorphism of S! that is
quasisymmetric and conjugates f to g. Note that h takes the parabolic fixed points



DAVID EXTENSIONS, WELDING, MATING, AND REMOVABILITY 23

of f to the parabolic fixed points of g. However, if one wishes to study the conjugacy
between Z3 and £, then such a reflection argument cannot be implemented. Instead,
we study directly the conjugating homeomorphism h: S' — S', and prove certain
bounds for its scalewise distortion (a quantity defined in Subsection 2.2). These
bounds imply, by Theorem 2.3, that there exists a David extension of h in ID. The
bounds for h are proved by studying carefully the local behavior of f and z — z°
near parabolic and hyperbolic points and then use dynamics to spread around the
estimates to all points of the circle.

Before formulating Theorem 4.9, we describe the assumptions on the maps f, g
and the Markov partitions P(f; {ao,...,ar}), P(g;{bo,---,b:}). We will give the
definitions using the notation associated to the map f.

4.1. Markov partitions of dynamical covering maps. Define Ay = [ag, agt1]
for k € {0,...,7r} and recall that fr = flinta, is injective by the definition of
a Markov partition. We assume, that fi is analytic and that there exist open
neighborhoods Uy, of int A and Vj, of fi(int Ag) in the plane such that fx has a
conformal extension from Uy onto V. We still denote the extension by fr. We
impose the condition that

(4.1) U U; C Vi,
0<j<r
(k,7) admissible
for all k € {0,...,r}. We also require that
(4.2) fr extends holomorphically to neighborhoods of aj and a1
for each k € {0,...,r}.

Ezxample 4.1 (Power map). Let f: S' — S! be the map z + 2% or z ++ z%. Then
for any Markov partition P(f;{ao,...,a,}) both conditions (4.1) and (4.2) are
satisfied. Indeed, if f(z) = 2% on S', then f has an analytic extension to C. If
f(2) =z%on S', observe that f(z) = 1/z%, so f has an analytic extension to C\ {0}.
We denote the extension by f. Condition (4.2) holds trivially. For k € {0,...,r}
let Uy an open sector with vertex 0 and angle subtended by the arc Aj. Since f
is injective on int A by the definition of a Markov partition, it follows that f is
conformal on Uy,. We set Vi, = f(Uy). If A; C f(Ax), then U; C V. This shows
that (4.1) is satisfied.

Ezample 4.2 (Blaschke product). The map

(d+1)2%+ (d—1)
(d—1)z4+ (d+1)
has a Markov partition that satisfies both conditions (4.1) and (4.2). Such a Markov
partition is P(B;{ao,...,a24-1}), where ag,...,az4—1 are d-th roots of 1 and —1
with ap = 1. Here, in condition (4.1), the set Uy, k € {0,1,...2d — 1}, is an open
sector with vertex 0 and angle 7/d, whose boundary contains the points aj and

ak+1, indices taken modulo 2d; the sets Vj are the upper half-plane for even k and
the lower half-plane for odd k. Condition (4.2) is trivially satisfied.

B(z) =

Ezample 4.3 (Circle reflections). Consider ordered points ag, . . . , ag on the circle S*

such that length((m)) <7 for k € {0,...,d}. If fi is the reflection along the
circle C}, that is orthogonal to the unit circle at the points ax and agy1, then the
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conformal extension of f is not the reflection along Cj, (which is anti-conformal).
Instead, it is the reflection along Cj, composed with a reflection in the unit circle,
so that the resulting map is conformal. (Note that reflections along circles that
intersect orthogonally commute.) The map f, is a Mobius transformation, so (4.2)
is trivially satisfied.

Suppose now that f; is the reflection along C; for all [ € {0,...,d}. In this way,
we define a covering map f of S! of degree d, as in Example 3.5. Note that the
circles C; bound disjoint disks and the points ag, . .., aq are fixed points of f. We fix
k €{0,...,d}. The map f; maps Int Cy conformally to its exterior. We consider
a large open ball By containing all circles Cy, I € {0,...,d}, and we define V}, to
be the intersection of the exterior of C with Bj. It is important that Vj is planar
and oo ¢ V.. Now, we simply define Uy = f, ' (Vi). It is immediate now that (4.1)
is satisfied.

Ezample 4.4 (Hybrid). Consider the hybrid map f from Example 3.6. This map
satisfies both conditions (4.1) and (4.2). Indeed, reflections in circles orthogonal to
the unit circle can be treated similarly to the previous Example 4.3. For the map
z — 2%, the conformal extension is z +— 1/2%. If Ay, is an arc on which the map f is
z = 2%, the set Uy in condition (4.1) is the smallest open sector with vertex 0 that
contains int(Ay), intersected with an annulus {1/R < |z| < R} with sufficiently
large R > 1.

Definition 4.5. Let a € {aog,...,a,}. We say that a is parabolic on the right
(resp., on the left) if A(a™) =1 (resp., A(a™) = 1) and a is an isolated fixed point
of f,. Likewise, a is hyperbolic on the right (resp., on the left) if A(a™) > 1 (resp.,
Aa™) > 1).

For convenience, we say that a™ is parabolic (resp., hyperbolic) if a is parabolic
(resp., hyperbolic) on the right. Similarly, we say that a™~ is parabolic (resp., hy-
perbolic) if a is parabolic (resp., hyperbolic) on the left.

We observe that if f is expansive, then by property (EF4) and property (E1)
(4.3) each of a™,a” is parabolic or hyperbolic

for all a € {ao,...,a,}. Equivalently, A(a™) > 1 and f, is not the identity map for
all a € {ag,...,ar}.

In the case of parabolic points there is a further distinction. If a = ax, k €
{0,...,7}, and a™ is parabolic, then condition (4.2) implies that the first return

map f, has a holomorphic extension valid in a complex neighborhood of [a, zg] for
some point zo € S'. We denote the extension by f;. The map f;" is not the
identity map, so there exists a Taylor expansion

() =z+clz=a) +0((z — )V ?)

where ¢ # 0 and N is a non-negative integer. The number N + 1 is called the
multiplicity of f;F at the parabolic point a*, and it is invariant under conjugation.
Abusing terminology, we also say that N + 1 is the multiplicity of a*. We denote
the multiplicity by N(a™) + 1. Similarly, we define the multiplicity N(a~) + 1 of
a~, in the case that a~ is parabolic.

From the theory of parabolic fixed points (see e.g. [Mil06, §10]) there are N(a™)
attracting directions and N(a™) repelling directions for the holomorphic germ f;t.

—

Note that f;% maps the arc [a, zo] into S!, since it is an extension of f,. This implies
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that either all points of [a, z9] are attracted to the point a under iteration of f,, or
they are repelled away from a. We say that [a, z9] defines an attracting or repelling

s

direction for f,, respectively. Similarly, [z0,a] defines either an attracting or a
repelling direction for f,, which has a holomorphic extension f, in a neighborhood

of [z0,a]. A trivial consequence of the expansivity of f is that

(4.4) if a™* is parabolic then [a, 20| defines a repelling direction for f, and
. if @™ is parabolic then m defines a repelling direction for f,.

Definition 4.6. Let a € {ao,...,a,}. We say that a is symmetrically parabolic
if @™ and a~ are parabolic with N(a¥t) = N(a™). In this case we denote this
common number by N(a). We say that a is symmetrically hyperbolic if a™ and a™
are hyperbolic with A(a®) = A(a™). In this case we denote by A(a) the common
multiplier.

Remark 4.7. If f is orientation-reversing and a € {ao,...,a,} is a periodic point
with odd period, then it is automatic from condition (4.2) and from condition (4.3)
that a is symmetrically hyperbolic or parabolic. Indeed, suppose that the period
of a is an odd number n € N. The first return map f, is f°2" in this case. Since
f°™ is orientation-reversing, by the chain rule we have:

Ma®) = (£2)(a®) = (f")'(a7) - (f") (@*) = (F7*") (a7) = Aa™).
Moreover, for points z lying in an arc [a,/_z;] we have
o fd(2) = fi o f7(2).

By condition (4.2), f°™ has a holomorphic extension to a complex neighborhood

U of a possibly smaller arc [a, 2] that we denote by (f°*)*. The uniqueness of
analytic maps implies that

(fo) o fi(z) = fa o (f") ()
for all z € U, assuming that U is sufficiently small so that the holomorphic maps
involved are defined on U. The map (f°")7 is injective near a since its derivative
at a is non-zero by condition (4.3). It follows that (f°™)" conjugates f,' to f, near
a. Therefore a™ is parabolic (resp. hyperbolic) if and only if a~ is parabolic (resp.
hyperbolic) and the multipliers A(a™), A(a™) are necessarily equal to each other

by the conjugation. Moreover, if at is parabolic, then the multiplicity of a™ is a
conjugation invariant, so it is equal to the multiplicity of a~. Our claim follows.

Ezample 4.8. The Blaschke product B(z) = (222 +1)/(23 + 2), which is a special
case of Example 4.2, has two fixed points on S!, which are 1 and —1. The point
1 is symmetrically parabolic, while the point —1 is symmetrically hyperbolic with
multiplier 9.

If f(z) = 2%, which is equal to 1/2¢ on S', and wy, k € {0,...,d}, are the fixed
points of f, then f/(wy) = —d for k =0,...,d. Since f is orientation-reversing, for
each fixed point the first return map in this case is f°2. Thus all multipliers of the
first return map at the points wy are equal to d2. It follows that all fixed points of
f are symmetrically hyperbolic.

If, instead, a, . . ., aq, d > 2, are ordered points on S* and for each k € {0,...,d}
the map fr = f| is the reflection along the circle that is orthogonal to S*

(ak,ak+1)



26 M. LYUBICH, S. MERENKOV, S. MUKHERJEE, AND D. NTALAMPEKOS

at a; and agy1, then f'(af) = f'(a; ) = —1. Indeed, f; is conjugate to the
reflection of the top half of the unit circle along the real line, i.e., fi is conjugate to
Z. Restricted to the circle, this map is equal to the map z +— 1/z, so the derivative
at the fixed points &1 is —1. For all fixed points the first return map is again f°2,
so all multipliers are equal to 1. Moreover, since d > 2, the map f°2 cannot be the
identity map on any arc (ay,ar+1). Therefore, all points ay, k € {0,...,d}, are
symmetrically parabolic, in view of Remark 4.7.

In the hybrid case of Example 3.6, if a, k € {0,1,...,d}, is a fixed point such
that on one side of it the map f is the reflection in the circle orthogonal to the
unit circle and on the other side it is z + 2%, then ay is symmetrically hyperbolic.
Indeed, it is easy to see that the first return map is f°? and the multiplier is d > 2.

We now state the main extension theorem.

Theorem 4.9. Let f,g: S' — S! be expansive covering maps with the same ori-
entation and P(f;{ao,...,a.}), P(g;{bo,...,br}) be Markov partitions satisfying
conditions (4.1) and (4.2). Suppose that the map h: {ao,...,ar} — {bo,...,br}
defined by h(ay) = bg, k € {0,...,r}, conjugates f to g on the set {ao,...,a,} and
assume that for each periodic point a € {ag,...,a,} of f and for b = h(a) one of
the following alternatives occur.

®/P—H/P) There exists j1 > 0 such that if a™ is parabolic then b* is parabolic
with p~*N(a®) = N(bT), and if a™ is hyperbolic then b* is hyperbolic
with A(a®™)* = \(b¥).

#-P) at and a~ are hyperbolic and b is symmetrically parabolic.

Then the map h extends to a homeomorphism h of D such that 7L|Sl conjugates f
to g and hlp is a David map. Moreover, if the alternative (H—P) does not occur,
then h|p is a quasiconformal map and h|s: is a quasisymmetry.

Remark 4.10. We note that the alternative (H/P—H/P) allows a™ (resp. bT) to be
hyperbolic and a~ (resp. b~ ) to be parabolic and vice versa. In fact, (H/P—H/P)
covers the following cases:

e a~ is hyperbolic and a™ is hyperbolic
e a~ is hyperbolic and a™ is parabolic
e a~ is parabolic and a* is hyperbolic
e o~ is parabolic and a™T is parabolic
The only restriction is that the multiplicities and multipliers of the points a* and
b* have to be related by the same number g, which depends only on the point a.

Remark 4.11. Tt is conceivable that by means of the smooth distortion techniques
(see [AMvS93]) Theorem 4.9 can be extended to the piecewise C? setting described
in Remark 3.8. Moreover, this looks straightforward under the negative Schwarzian
derivative assumption.

The essential assumption in Theorem 4.9 is that parabolic periodic points of f
must be mapped to parabolic points of g. On the other hand, hyperbolic points can
be mapped to either hyperbolic or parabolic points. We remark that not all points
need to be checked, but only the boundary points {ao, ..., a,} of the Markov pieces.
The theorem holds if one strengthens the two alternatives to one of the following
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symmetric alternatives, in which the left and right multipliers and multiplicities are
the same:

(S-I) a is symmetrically hyperbolic and b is symmetrically hyperbolic.
(S-II) @ is symmetrically parabolic and b is symmetrically parabolic.
(S-III) a is symmetrically hyperbolic and b is symmetrically parabolic.

A special case of Theorem 4.9 is the following statement.

Theorem 4.12 (Power map). Let f: S' — S be an expansive covering map of
degree d > 2 and let P(f;{ao,...,ar}) be a Markov partition satisfying conditions
(4.1) and (4.2), and with the property that ay, is either symmetrically hyperbolic or
symmetrically parabolic for each k € {0,...,r}. Then there exists an orientation-
preserving homeomorphism h: S* — S! that conjugates the map z — z% or z — ¢
to f and has a David extension in D.

Proof. Using property (E3), we obtain an orientation-preserving homeomorphism
h: S' — S! that conjugates the map z +— 2% or z +— z% to f. Consider the induced
Markov partition {h=1(ag),...,h " (a,)}. By Example 4.1, this Markov partition
satisfies (4.1) and (4.2). We now apply Theorem 4.9 to the map h. O

As an application of Theorem 4.12 we have the following theorem.

Theorem 4.13 (Blaschke product—Circle reflections). Consider ordered points
ag = 441,01, --,aq on the circle S*, where d > 2. Fork € {0,...,d} letf|(a )
k>Qk41

be the reflection along the circle Cy, that is orthogonal to the unit circle at the points
ar and apy1. Moreover, let B be an anti-holomorphic Blaschke product of degree d
with an attracting fized point in D. Then there exists a homeomorphism h: S* — S*
that conjugates Bls: to f and has a David extension in D.

Proof of Theorem 4.13. We first treat the special case B(z) = z¢. Suppose first

that we have length((ag,ar+1)) < m for all k& € {0,...,d}. In Example 3.5 we
proved that f is expansive. Consider the Markov partition P(f;{ao,...,aq}). In
Example 4.3 we verified that conditions (4.1) and (4.2) hold. Finally, in Example
4.8 we proved that if d > 2, then the fixed points ag, & € {0,...,d}, are all
symmetrically parabolic. Therefore, Theorem 4.12 gives the desired conclusion.
Suppose now that length((a;, a;+1)) > 7 for some i € {0,...,d}. Note that this
can only be the case for one value of 7. Then there exists a Mobius transformation
M of D such that length((M (ar), M (ar+1))) < m for all k € {0,...,d}. Consider
the map F = Mo foM~'. Then F|(m) is the reflection along the circle

M (C}) that is orthogonal to the unit circle at the points M (ay) and M (agy1). By
the previous case, the map F' has a David extension in D, that we still denote by
F. By Proposition 2.5 (i) and (ii) with U =V = W =D, the map Mo Fo M is
a David map that extends f, as desired.

Next, let B be a general anti-holomorphic Blaschke product of degree d with
an attracting fixed point in . By Lemma 3.9 there exists a quasisymmetric map
hy:S' — S! that conjugates B to z — z%. We extend this map to a quasiconformal
map of D that we still denote by hy. By the previous, there exists a homeomorphism
hy: St — S' that conjugates z — z¢ to f and has a David extension in . We
also denote the extension by hy. Then hy o by conjugates on S' the map B to f.
Moreover, by Proposition 2.5 (ii) hg o h; is David map on D. O
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Another special case of Theorem 4.9 is the following theorem.

Theorem 4.14 (Hybrid-Circle reflections). Let ag = agy1,a1,...,aq be fived
points on the circle S' of the map z — 2%, where d > 2, and f be a hybrid map as
in Example 3.6. Moreover, for k € {0,...,d} let g|(h be the reflection along

Qf,ak41)
the circle Cy that is orthogonal to the unit circle at the points ay and apy1. Then

there exists a homeomorphism h: S' — S! that conjugates f to g and has a David
extension in D.

Proof. In Examples 3.6 and 3.5 we proved that f and g are expansive. The Markov
partitions P(f;{ao,...,aq}) and P(g;{ao, ..., a,}) satisfy (4.1) and (4.2) by Exam-
ples 4.4 and 4.3. Finally, in Example 4.8 we saw that each point ay, is symmetrically
hyperbolic or parabolic for f and symmetrically parabolic for g. Therefore, by The-
orem 4.9, the identity map on the set {ag,...,aq} extends to a homeomorphism
h: D — D that conjugates f to g on S! and is a David map in D. O

4.2. Distortion estimates and proof of Theorem 4.9. We will need some
preparation in order to prove Theorem 4.9. We will formulate most of the state-
ments in this subsection using the notation associated to the map f and the Markov
partition P(f;{ao,...,a,}). The map f is assumed, throughout, to be an expan-
sive covering map of S!, satisfying conditions (4.1) and (4.2). As already remarked,
conditions (4.3) and (4.4) follow automatically from expansivity, so they will be
assumed. The analogous results hold, of course, for the map g, which satisfies the
same assumptions. Moreover, the expansivity of f and g and Lemma 3.3 imply that
the map h: {ag,...,a,} = {bo,...,b.} from the statement of Theorem 4.9 extends
to an orientation-preserving homeomorphism of S! that conjugates f to g. It is also
implicitly assumed that if a* is parabolic, then b* = h(a™) is also parabolic, as in
the assumptions of Theorem 4.9.

Using condition (4.1), we can define Uy; = f, '(U;) for k,j € {0,...,r}, when-
ever (k,j) is admissible; recall the definitions given after Definition 3.1. Note that
Uk; C Uy and f, maps conformally Uy; onto Uj;. Inductively, for each admissible
word w we can find open regions U, with the following properties:

(i) Uw; C Uy, if (w, j) is admissible, and

(ii) fr maps conformally Uy, onto U,, if (k,w) is admissible.
If w=(k1,...,ky) is admissible, we define f,, = f, o--- o fi, on the set [J{Uy; :
0 <j <r, (w,j) admissible}. It follows that f,, maps conformally U,; onto Uj.
Observe that for each admissible word w the open arc int A,, is contained in U,
and is a preimage of one of the arcs int Ay, k € {0,...,r}, under some iterate of
f. Note that fi|int 4, ,, where (w,j) is admissible, is just a restriction of the n-th
iterate f°".

We let F, be the preimages of Fy; = {ao,...,a,} under n — 1 iterations of f and
Fy = 0. Observe that F,, D F,,_ for each n € N. Indeed, F; D f(F}) by condition
(iii) in Definition 3.1, hence Fy = f~1(Fy) D f~Y(f(F1)) D Fi, so the conclusion
follows by induction. We define the level of a point ¢ € | J,,~; F» to be the unique
n € N such that ¢ € F,, \ F,—1. B

We say that a finite collection of non-overlapping arcs I,...,1I,, C S!, m € N,
consists of consecutive arcs if every arc I; shares at least one endpoint with another

wj )
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arc I, j # 1. If all arcs in the family are open, after renumbering, we may assume

that I; = (x;_1,2;) for some points z; € S', j =0,1,...,m.

For each n € N, the set S' \ F,, consists of consecutive open arcs. For practical
purposes we will use the terminology complementary arcs of F, to indicate the
family of the closures of the components of S'\ F,,. Hence, all complementary arcs
of F,, are closed arcs. Note that the complementary arcs of Fj, are the arcs A,
where w is an admissible word with |w| = n; see the comments after Definition 3.1.

Let X,Y be metric spaces. We say that a homeomorphism ¢: X — Y has
bounded relative distortion if there exists M > 1 such that for any sets A, B C X
we have

4 d.1am A < d.1am »(A) < Md.lamA.
diam B ~ diam ¢(B) diam B

In this case we say that ¢ has relative distortion bounded by M. Note that this
implies that ¢ is an n-quasisymmetry with n(t) = Mt. The inverse ¢! of a homeo-
morphism ¢ of bounded relative distortion also has bounded relative distortion. In
what follows, if we say that a map ¢ has bounded relative distortion, it is implicitly
understood that ¢ is a homeomorphism.

An important consequence of expansivity is the following lemma. Recall the
definition of the orientation-preserving period of a periodic point a € {ao,...,a,},
given in Section 3.

Lemma 4.15. Let a € Fy be a periodic point with orientation-preserving period
equal to q, n € N, and A be a complementary arc of F,, having the point a as an
endpoint. Then A contains at least two and at most (r + 1)? complementary arcs

Of Fn+¢]'

Proof. We first treat the upper bound. By the definition of a Markov partition, if
A is a complementary arc of F,, then A contains at most r + 1 complementary arcs
of F, 41, or else, A has at most r + 1 children; see the comments after Definition
3.1. Therefore, A contains at most (r + 1)¢ complementary arcs of F, 4.

Next, we prove the lower bound. There exists an admissible word (j1,...,7n)
such that A;, D Aj,;, D -+ D Aj,. ;. = A. Consider the corresponding regions
Uj, D Ujijy D+ D Ujy g

We argue by contradiction. Suppose that the arc A does not contain two comple-
mentary arcs of F, 4. Then A is itself a complementary arc of F},,. It follows that
there exist jni1,...,ntq € {0,...,7} such that A= A; ; =---=A4; ;.. By
applying f°("~1, we see that A;, = A; .., = = Aj, ..., = A’ and that A’
is a complementary arc of F;. We define ' = f°(®~1(a), and note that a’ has
orientation-preserving period equal to ¢, since it is contained in the orbit of the
point a.

By the definition of the regions U,,, where w is an admissible word, it follows
that the map f° maps Uj, . j,,, conformally onto Uj, , and A;, . ;. . onto A4; . .
However, the orientation-preserving period of a’, which is an endpoint of A;
is ¢. This implies that A;, . ;... C 4j,,,, and therefore j, = jn1q and A;, ;... =
Aj, = Aj,.,- It follows that Uj, ... C Uj, ., and that the orientation-preserving
period of the other endpoint b’ of A’ is a multiple of q.

Summarizing, the map F = (f°?|y, = )~' maps conformally U := Uj,,, onto

n+q n+q
V=U;,. which is a subset of U. Moreover, I has two fixed points a’ and b’

n---jn«l»q

~Jntq?
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in U and F extends holomorphically to a neighborhood of @’ and ¥, by condition
(4.2). Each of @’ and b’ is either attracting or parabolic, by condition (4.3).

We note that U is necessarily a hyperbolic subset of C. Indeed, otherwise, the
conformal map F' would have to be a loxodromic Mobius transformation with only
two fixed points, one of which is attracting and the other is repelling. This is a
contradiction. Since U D V and U is hyperbolic, it follows by Montel’s theorem
that the sequence of conformal maps F°™, m € N, has a subsequence that converges
locally uniformly to a holomorphic map F,,on U.

If a’ is an attracting fixed point, then all points near a’ are attracted under
iterates of F' to a’. If o’ is a parabolic fixed point, then by condition (4.4) the arc
A’ defines an attracting direction for F, so all points of A’ near a’ are attracted
to a’ under iteration of F. It follows that F., is identically the constant function
z — a'. However, the same conclusions hold for the fixed point V', so Fi, has to be
the function z — b’. We have arrived at a contradiction, because a’ # b'. O

4.2.1. Local estimates near hyperbolic and parabolic points. We are first going to
establish local estimates near hyperbolic preperiodic points. Recall that all points

of Fi = {ao,...,a,} are preperiodic by condition (iii) in Definition 3.1. Before
proceeding to the next lemma, recall the definition of the one-sided multipliers
A(a?) and the orientation-preserving period of a preperiodic point a € {aq, ..., a,},

given in Section 3.

Lemma 4.16 (Hyperbolic estimates). Suppose that a € Fy, a™ is hyperbolic, and
let ¢ € N be the orientation-preserving period of a. For each p € N, zg € St with
zo # a, and for all sufficiently large No € N there exists a constant L > 1 such that

the following is true. If Ir,...,I, C [a,zo] are consecutive complementary arcs of
F,, n>1, and a is an endpoint of I, then for each i € {1,...,p} we have
(4.5) L7\ (a*)™™9 < diam I; < LA(a*)™"/4,

Moreover, if n > Ny, the map f°"~No) has relative distortion bounded by L on

P _ 1. The analogous statements hold if a~ is hyperbolic and I, ..., I, C [z, a].

Intuitively, the last statement of the lemma says that using dynamics one can
blow up with bounded distortion complementary intervals of F,, near a hyperbolic
point to complementary intervals of Fl,.

Proof. For any N; € N there exists a constant L > 1 so that (4.5) holds for
n < Nj. This is trivial since there is only a finite number of complementary arcs
of F,, n < Ny. Hence, we will find bounds only when n is sufficiently large.

Suppose first that a is a periodic point. Consider the first return map f, = f°9.
By condition (4.2) f, has a holomorphic extension valid in a complex neighborhood
of [a, z1] C [a, 2] for some point z; € S*, 2; # a. We denote this extension by f,F.
Since a™ is hyperbolic, we have A(a™) > 1.

By the Koenigs linearization theorem (see [Mil06, Theorem 8.2]), there exists a

conformal map ¢ defined in a neighborhood U of [a, z1] such that ¢(a) = 0 and
(4.6) $(fa (2) = Ma")g(2)

—

for all z € U. Later, we are going to shrink the arc [a, z1] and the neighborhood U
appropriately.
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We let Ny € N be an integer sucﬁ_tﬂat there are p consecutive complementary
arcs of Fy, that are contained in [a, z1] and one of which has a as an endpoint.
The existence of Ny follows from the expansivity of f and property (E2). For each
j€{l,...,q— 1} we also consider the p consecutive complementary arcs of Fi,;

that are contained in [a, z;] and one of which has a as an endpoint. In total, we
fixed gp arcs J;, 1 € {1,...,qp}. Suppose that n > Np.
Consider the arcs Iy, ..., I, as in the statement of the lemma, which are comple-

mentary arcs of F,,. For each i € {1,...,p} we have I, C J/*, J; C [a, z1]. Hence,
(fh)em(I;) = J; for some I € {1,...,qp}, where m = |(n — Noy)/q]. Note that ¢ is
bi-Lipschitz on .J; and on I; with a uniform constant, since all arcs are contained in
a fixed compact subset of U. In combination with the conjugation relation (4.6),
we obtain

diam J; = diam (f,")°™ (1;) = diam ¢((f,)°™ (1))
~ Ma™)™ diam ¢(I;) ~ A(a™)=No)/4 diam ;.
It follows that we have
diam I; ~ A(a™)™"/4,

since the arcs J, I € {1,...,qp}, and the integer Ny are fixed.
Now, if I C Ule I; is any arc, then the preceding argument shows that
diam f°7™(I) = diam (f)°™(I) ~ A(a™)™/9 diam I.

Since n > Ny, there exists k € {0,1,...,g—1} such that n— Ny = gm+k. By condi-
tion (4.2), the maps f, f°2,..., f°(¢=1 have analytic extensions in a neighborhood

of the arc [a, 21], after possibly shrinking the arc. Moreover, the derivatives of these
extensions are non-zero at a since A\(at) # 0. It follows that f, f°2,..., f°@=1) are

bi-Lipschitz in [E,_\zl]. Since f°1™(I) C U, Ji C la, 1], we have
diam fe(=No) (1) = diam fo*(f°™(I)) ~ diam f°7™(I) ~ A(a™)"/? diam I.
Therefore, if I, J C |J!_, I;, we have

diam fo(n=No)(T) _ diam [
diam fo(n=No)(J) = diam J’

showing that f°("~No) has bounded relative distortion. This completes the proof in
the case that a is periodic. Note that the constants in all above inequalities depend
on Ny.

If a € Fy is a preperiodic point and a™ is hyperbolic, then there exists a smallest
k € {0,...,7} such that f°*(a) is periodic and f°*(a™) is hyperbolic. Observe that

the map f°F is bi-Lipschitz in an arc [a, z;]. The map f°* takes the complementary

arcs I1,..., I, C [a, z1] of F, to complementary arcs of F,,_, aslongasn > r+1 >
k + 1. It follows by the previous case of periodic points that

diam I; ~ diam fo*(I;) ~ A(f*(a™)) =R/ ~ \(aT) V4,

This also holds trivially for n < r 4 1, since there are only finitely many comple-
mentary intervals of F,, for n < r + 1.
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Let Ny be a sufficiently large integer corresponding to the relative distortion
bounds near the periodic point f°*(a). The bounds of the relative distortion for
the point a follow in the same way, if one observes that for any I C (J?_, I; we have

diam fo(=No)(I) ~ diam fo+E—No) (1) = diam fom—No)(foF(T))
and then uses the relative distortion bounds near the periodic point £°%(a). O
We prove analogous estimates near parabolic points.

Lemma 4.17 (Parabolic estimates). Suppose that a € Fy and a* is parabolic.
For each p € N, zg € S' with zy # a, and for all sufficiently large Ny G/I_\I\there
exists a constant L > 1 such that the following is true. If Ir,...,I, C [a,zo] are
consecutive complementary arcs of F,, n > 1, and a is an endpoint of Iy, then for
each i € {1,...,p} we have

(47) Lilnfl/N(aJr) S diamll S Ln*l/N(aJr)
and
(4.8) L' YNED < diam I < Lp~ /N

fori e {2,...,p}. Moreover, if n > Ny, the map fon=No) has relative distortion
bounded by L on \J/_, I;. The analogous statements hold if a~ is parabolic and

Il,...7Ip C [Zo,a].

Recall that N(a®) + 1 is the multiplicity of a parabolic point a*. Also note that
we only obtain relative distortion bounds for the arcs I, ..., I,, but not for the arc
I,. This contrasts the hyperbolic case in Lemma 4.16, in which we also had relative
distortion bounds for I;.

Proof. As in the proof of Lemma 4.16, we will only find bounds for sufficiently large
n. Also, the case of preperiodic points is treated exactly in the same way, so we will
only focus on periodic points here. Suppose that a is periodic and a™ is parabolic.

We consider the map f., which is a holomorphic extension of f, in a complex

neighborhood of some arc [a, z1] C [a/,\zo]. Since (f;F)(a) =1 and a is an isolated
fixed point of f; by condition (4.3), it follows that near a we have

(4.9) fFz) =a+(z—a)+c(z — a)N(a+)+1 +O((z - a)N(a+)+2>7

where ¢ # 0 and N(a™) + 1 is the multiplicity of a*. By [Mil06, Lemma 10.1]
we deduce that there exists a constant M > 1 such that if a backwards orbit
wo — wy + wy —> -+ under (f;F)71 converges to a, then for all sufficiently large
m € N we have

1 1

y < lwom —al < Momss

—1
(4 10) M W

o

Recall that by condition (4.4) the arc [a, z1] defines a repelling direction of the

parabolic point a. Equivalently, the inverse orbit of the point w € [a, 2] under
(f;5)~! converges to a. Therefore, (4.10) holds for all inverse orbits of points in

[a, z1].

Let Nyp € N be an integer such that there are p consecutive complementary
arcs of Fy, that are contained in [a, z1] and one of which has a as an endpoint.
As in Lemma 4.16, the existence of Ny follows from the expansivity of f. Let
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n € N, n > Ny. Suppose that I1 = [a,w,] is a complementary arc of F, as in the
statement of the lemma. If n — Ng = gm +k, k € {0,...,¢q — 1}, m € NU {0},
from (4.10) we have

1 N 1
(= Vo)) 7V = /NG

Note that there are only g possible backward orbits w,,, n € N, under f;, where

a

|wy, — a| ~

wy, is an endpoint of a complementary arc [a, wy,] of F,, and hence we may have
(4.10) for all n € N. This already proves the first inequality in the statement of the
lemma.

The second inequality is more subtle and follows from the relative distortion
bounds on (J!_, I; that we claim below.

Claim. Let s € N and suppose that K7, ..., Ky C [a, z1] are complementary arcs of
F,, and a is an endpoint of K;. If Ny is sufficiently large, then for n > Ny the map
fe(m=No) has bounded relative distortion on U;_, K; with constants independent
of n.

We postpone the proof of the claim for the moment. The claim implies that
diam /; _ diam fetn=No)(r;)
diamI; = diam fo(n=No)(I)

fori,5 € {2,...,p}. The arcs fo(n=No)([;), fo(=No)([;) are complementary arcs of
Fn,, so the ratio of their diameters is comparable to 1, with constants depending
on Ny. Therefore, diam I; ~ diam I; for i,j € {2,...,p}.

Let Iy = [m, Wy, b € F,,, and let w,_1 = f;F (wy,). Consider the arc [a, w,_1],
which is a complementary arc of Fj,_,. By Lemma 4.15 the arc [a, w,_1] contains

at least two complementary arcs of F),, one of which is [m Therefore, I is
contained in [wy,, w,—_1], which contains at most (r + 1)¢ — 1 complementary arcs
of F,, by Lemma 4.15. Since [wy,w,_1] contains a uniformly bounded number
of complementary arcs of F,, including I, we have diam Iy ~ diam [w,,, w,_1] by
the Claim. It follows that diam I; ~ diam [m] for i € {2,...,p}. If nis
sufficiently large, then diam [m} = |wy, — wp—1|. Therefore, by the Taylor
expansion of f;" at a in (4.9) and by (4.10), we have
1
/N (@h)+1

forie{2,...,p}. O

: +
diam I; ~ |wy, — wn_1| = |wn — i (wn)| = |wy, — a|VE@H ~

Proof of Claim. Consider the map f, that is holomorphic in a neighborhood of its
parabolic fixed point a. For this map there exists a repelling petal P, which is an

open set in the plane, that contains a neighborhood of a inside the arc (a, z1]; this

is because all points of (a, z1] near a are attracted to a under iterations of (f;)~?
by condition (4.4).

By the parabolic linearization theorem [Mil06, Theorem 10.9] there exists a con-
formal embedding a: P — C, unique up to a translation of C, such that

a(ff (2)) =1+a(2)
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for all z € PN (f,)~1(P). Moreover, the domain «(P) contains a left half-plane H.

7

By shrinking (a, z1], we assume that the above conjugation holds in (a, z;] and that

—_

a((a, z1]) C H. Since f;” maps (a, z1] C S! to an arc of the circle S, by symmetry,
we have that a((E,?l]) is an interval on the negative real axis, contained in H. In
particular, the distance between 04(6;1]) and OH is positive.

We let Ny € N be an integer such that there are s consecutive complementary
arcs of Fly, that are contained in [5771] and one of which has a as an endpoint.
The existence of Ny follows from the expansivity of f and property (E2). For each
je{l,...,¢g— 1} we also consider the s consecutive complementary arcs of Fi,;
that are contained in [E,_\zl] and one of which has a as an endpoint. We discard

from these collections all arcs that have a as an endpoint. In total, we have g(s—1)
fixed arcs J;, l € {1,...,q(s — 1)}. Suppose that n > Nj.

Consider the arcs Ki,..., K as in the statement of the claim, which are com-
plementary arcs of F,,. For each i € {2,...,s} we have K; C (a,z1]. Hence,

(fF)e™(K;) = J, for some | € {1,...,q(s—1)}, where m = | (n— Ny)/q|. Consider
the corresponding arcs K, = a(Kj;) and J] = a(J;). We then have J| = K/ +m by
the conjugation.

Note that U?Sl_l) J] is contained in a fixed ball B(z, R) with B(z,tR) C H for
some fixed ¢ > 1, since the distance between U?isl_l) J| and OH is positive and we
have discarded all unbounded arcs. Using Koebe’s distortion theorem, we see that
a~! has bounded relative distortion on U?Sfl) J/. Now observe that |J_, K/ is
contained in B(x —m, R) and B(z — m,tR) is contained in H. Koebe’s distortion
theorem implies in this case that o' has bounded relative distortion on |J;_, K.
Since the inverse of a map of bounded relative distortion has the same property, we
conclude that « has bounded relative distortion on | J;_, K.

By the conjugation, the map (f;)°™, restricted to |J;_, K;, is the composition
of a~!, the translation to the right by m, and «. Since all maps involved have
bounded relative distortion, we conclude that (f;7)°™ = f°4™ has bounded relative
distortion on (J;_, K;.

Since n > Ny, there exists k € {0,1,...,q — 1} such that n — Ny = gm +
k. By condition (4.2), the maps f, f°2,..., f°(4=1) have analytic extensions in a

neighborhood of the arc [a, 21|, after possibly shrinking the arc. Moreover, the
derivatives of these extensions are non-zero at a since A(at) # 0. It follows that

£y f°2%, ..., f°la=1) are bi-Lipschitz in [a,/71]. Since fo1™(|JI_, K;) is contained in
[a, z1], we conclude that fo("=No) = fok o foam hag hounded relative distortion on
Uf:z K;. U

Corollary 4.18. Suppose that a € Fy. For each p € N, zy € S' with zy # a, there

exists a constant L > 1 such that the following is true. If Ir,..., I, C [a,z] are
consecutive complementary arcs of F,,, n > 1, and a is an endpoint of I, then we
have

diamI; > L™ 'diamI; and L' diam I; < diam I; < Ldiam I;.
fori,je{2,...,p}.

So far, we have established diameter bounds for dynamical arcs, i.e., comple-
mentary arcs of F},. In the next very technical lemma we prove estimates for the
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diameter of a non-dynamical arc I, located near a point a € F;. Recall that
h:S! — S! is an orientation-preserving homeomorphism that conjugates f to g, by
Lemma 3.3.

Lemma 4.19 (One-sided estimates). Suppose that a € Fy, q is the orientation-
preserving period of a, and b = h(a). For each p € N with p > 2, z5 € S!
with zy # a,/@ii M > 1 there exists L > 1 such that the following is true. If
L,...,I, C [a,20] are consecutive complementary arcs of F,, n > 1, and a is an
endpoint of I, then for each closed arc I C S' with

P
Ic|JIi and diamI > M~ diam I,
i=1
the following alternatives occur. We let k € NU {0} be the smallest integer such
that a complementary arc of Fnir not having a as an endpoint intersects I and
Il € NU {0} be the smallest integer, if there exists one, such that there exists a
complementary arc of Fyipy1 having a as an endpoint and not intersecting 1. If
no such l exists, it is set to be oco.
e Ifat is parabolic, then
diam I
L71 k —a—1 < <L k —a—1
(n+k) ~ k+min{l+1,n} ~ (n+k) ’

where « = 1/N(a™*). If, in addition, b™ is parabolic, the same estimates
hold for the arc h(I), if we replace o by B =1/N(bT). Namely,

_ 4 diam h(I) 5
LY n+k)F 1< < L(n+k)~ "1
(n+k) ~ k4 min{l+ 1,n} — (n+k)
In particular, if a™ and bt are both parabolic, then
diam h(I)

diam I

L2(n+k)* P < < L*(n+k)*=P.

e Ifa™ is hyperbolic, then
L™'\(a™)™% < diam I < LA(at)™ /4
and k < L. If, in addition, b* is hyperbolic, then
L7INBF) ™™ < diam h(I) < LA(bT) ™4

and if bt is parabolic, then

_ g diam h(I) g
Lt k)P < < L(n+k)=F-1
(n+F) ~ k+min{l +1,n} ~ (n+F) ’
where 3 =1/N(bT).
The corresponding estimates hold for a= and b~.

Proof. First, we note that it suffices to prove the statements for sufficiently large
n. Indeed, if n < Ny for some Ny € N, then diam I; ~ 1 and diam h(I;) ~ 1 for ¢ €
{1,...,p}, as there are only finitely many complementary arcs of F,, n < Ny. Since
diam I 2 diam I3, we have diam I ~ 1. By the continuity of the homeomorphism
h, we have diam h(I) ~ 1. This shows that the estimates in the case that a™ or b*
is hyperbolic hold with constants depending on Ny. Moreover, if kg is a sufficiently
large integer, then the complementary arcs of F), 1, are small enough by property
(E2), so that the arc I, whose diameter is comparable to 1, is not contained in any
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complementary arc of Fj,4x,. Hence, I intersects at least two complementary arcs
of Fy 1k, and k < kg, where k is the integer that is defined in the statement of the
lemma. Since k and n are bounded, we also obtain the desired estimates in case
at or bT is a parabolic point.

Another reduction is to assume that a is a periodic point of f. Otherwise, if
a is strictly preperiodic, one can obtain the desired estimate using the fact that
an iterate of f that maps a to a periodic point is bi-Lipschitz on Ule I;, if n is
sufficiently large, as in the proof of Lemma 4.16. We will split the proof into the
two basic cases.

Case 1. a™ is parabolic. We let & € NU {0} be the smallest integer such that
a complementary arc of F,, ;1 not having a as an endpoint intersects I. We will
reduce to the case that k = 0. If £ > 1, there exists a complementary arc J of
F, 4,1 that has a as an endpoint and contains I. By passing to the next level, we
obtain consecutive complementary arcs Ji,...,J, of Fj, 1, which are the children
of J, so p < r+ 1 by Lemma 4.15, such that I is not contained in J;. By
assumption, we have diam I > diam I5. Inequality (4.8) from Lemma 4.17 implies
that diam Iy ~ n~2"! and diam Jy ~ (n + k)=~ 1. Since n=*71 > (n + k)=>71, it
follows that diam I 2 diam J. Therefore, we have reduced to the case that

p p
(4.11) Ic|JL, diamIzdiaml,, In|JILi#0, and k=0.

i=1 =2

We let | € NU{0} be the smallest integer such that there exists a complementary
arc of F,1; that has a as an endpoint does not intersect I. If such an integer does
not exist, we set [ = co. In the latter case we have I D Iy, since IN{JV_, I; # 0. It
follows from (4.7) and (4.8) in Lemma 4.17 that

n~% ~diam I; < diam [

P
< diam I; + Zdiam L<n “+(p-—1n2tan
=2

Hence diam I ~ n~%"! . min{oco,n}. Similarly, if = 0, then I; NI = () and
IcU_, L, so

P
n~* ! ~diam I, < diam I < Zdiam[i o
i=2

Hence, diam I ~n~>"1 . min{1,n}.

Suppose now that 0 < ! < co. Recall that g is the orientation-preserving period
of a. Consider m € Nsuch that ! = g(m—1)+s, s € {1,...,¢}. Note that g(m—1) <
I < gm. Set Jy = I; and let J; C Jy be the complementary arc of Fj,1, that has a
as an endpoint. Then, by Lemma 4.15, Jy \ J; contains at least one complementary
arc of F,4, and is contained in the union of at most (r + 1)? — 1 complementary
arcs of F, 4. It follows from (4.8) in Lemma 4.17 that diam(Jo\ J1) ~ (n+q) "> L.
Inductively, we let J; C J;_; be the complementary arc of F},;, that has a as an
endpoint. Again from Lemma 4.17 we have diam(J;_1 \ J;) ~ (n + jq)~*"*. We
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note that

Ui cre JumnmyUs
j=1 j=1 1=2

Since diam I > M ~!diam I, we have

m—1

Zdlam - 1\J)+d1am12§d1amI<Zd1am -1\ Jj) —I—Zdlaml

j=1 j=1 =2

It follows that

diam I ~ Z(n +jg) !
§=0

n+l4+1
~ / e de T — (Il +1) 21— 1+ (1 +1)/n)")

- (I+1)/n, if 1+1<n
N 1, if I4+1>n"

The conclusion now follows.

Next, we show that if bT is parabolic, it satisfies the same estimate. Note that
by (4.11) we have h(I) C J!_, h(I) and k(1) NUY_, h(I;) # 0. If we had that
(4.12) diam h(I) 2 diam h(1ls),

then we would have the desired estimate (for £ = 0) by following the above argu-
ment. Hence, our goal will be to establish inequality (4.12).

We consider the family of complementary arcs of F}, 1, that are contained in I;,
i €{1,...,p}. We denote these arcs by K;, i € {1,...,p"}. Note that each one of
I; contains at most (r +1)? such arcs by Lemma 4.15, so p”" < p(r +1)9. Moreover,
by Lemma 4.15 I; contains at least two complementary arcs of F,,44. Let K1 C I
be the complementary arc of Fj,1, that has a as an endpoint and Ky C I; be its
adjacent arc. Lemma 4.17 implies that

diam o ~ n~ @1 ~ ~(n+q)” o=l ~ diam Ko ~ diam K;
for all 4 € {2,...,p"}. U INK; # (), then we necessarily have K, C I, since

INUY_, I # 0. Otherwise, if IN Ky = (), we have I C Uﬁiz K;. Therefore, in both
of the above cases, since diam I 2 diam K5, we have

diam K ~ diam K», where K =1In|]JK; c |JK:.

The importance of these conditions is that on Uflz K; and on Uf;z h(K;) we
have relative distortion bounds for the maps f°(»=o) and g°(»=No) respectively, by

Lemma 4.17. These distortion bounds are not available on Uf;l K; and Uf;l h(K;).
By Lemma 4.17, for all sufficiently large Ny € N, if n > Ny, we have

diam £~ No)(K) ~ diam f~No) (K3).
Since f("_NO)(KQ) is a complementary arc of Ny + ¢, we may assume that

diam f"~No)(K) ~ diam f~No) (k) ~ 1
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with constants depending on Ny. Using the continuity of A and the conjugation,
we obtain

diam ¢~ No) ((K)) ~ diam ¢ "N h((K3)) ~ 1.
Using again the distortion bounds from Lemma 4.17 and enlarging Ny if necessary,
we conclude that

diam h(K) ~ diam h(K>).

Since I D K, we have diam h(I) > diam h(K>). Finally, by Lemma 4.17, we have

diam h(K>) ~ (n+ ¢q) 7?7t ~n=P~! ~ diam h(I,).

Altogether, we have diam h(I) = diam h(I3), i.e., (4.12) holds, assuming that n >
Np. This completes the proof of Case 1.

Case 2. at is hyperbolic. We have diamI; ~ A(at)™"/4 for i € {1,...,p} by
Lemma 4.16. Since

P
M~ diam I < diam [ < diam I;,
i=1
it follows that diam I ~ A(a*)*n/q with constants depending on p and M.

Let k € NU {0} be the smallest integer such that a complementary arc of F,, 1
not having a as an endpoint intersects I. If k > 1, there exists a complementary
arc J of F, 11 that has a as an endpoint and contains /. By passing to a further
level, we obtain consecutive complementary arcs Ji,...,J, of Fy, 1y, which are
the children of J, so p’ < r + 1, such that I is not contained in J; and I C
Uf;l Ji. Inequality (4.5) from Lemma 4.16 implies that diam J; ~ \(a™)~(»+k)/4,
so diam I < A(at)~(+k)/4. However, diam I ~ A(a™)~"/9. Therefore, k < C for
some uniform constant C' > 0.

Suppose that b+ is also hyperbolic. By Lemma 4.16, for all sufficiently large
Ny € N, if n > Ny then f°"=No) has bounded distortion on Ule I;. Tt follows that

diam fe=No) (1) > diam fom=No)(L,).

Note that fo("=No)(I,) is a complementary arc of Fy,. If Ny is fixed, then we may
assume that diam f°(»=No)(I,) ~ 1. By continuity, this implies that

diam h(feMm=No (1)) ~ 1,
or equivalently

diam ¢°"=No) (h(I)) ~ 1 ~ diam ¢°" =N (h(L,)).

Since b7 is hyperbolic, using Lemma 4.16 and enlarging Ny, we may also have that
g°(™~No) has bounded distortion on | Ji_, h(I;). Therefore, we obtain

diam h(I) ~ diam h(I3).
By (4.5) we have

diam h(I5) ~ A(b+) "/,
Hence, diam h(I) ~ A\(b*)~"/9, as desired.

Suppose now that b is parabolic. In this case, we cannot apply distortion

estimates near bt so we will first pass to some further subdivisions. Consider the
consecutive complementary arcs Ji, ..., Jy of Fy, 1, such that I is not contained in

Jyand I C Uf;l J;. Since k is uniformly bounded, we have diam J, ~ A(a®)~"/9 ~
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diam I by (4.5) and diam h(Jo) ~ n=P~! ~ diam h(I) by (4.8). If we replace n
with n 4+ k and the arcs I; with the arcs J;, we have I C Ule I;, diam I ~ diam I5,
and I NJY_, I; # 0. By arguing as in Case 1 (see (4.12)), it suffices to prove that

diam h(I) 2 diam h(I3).

We can now proceed as in Case 1. We consider the family of complementary
arcs of F,y, that are contained in I;, ¢ € {1,...,p}. We denote these arcs by
K, i e {1,...,p"}, where p”" < p(r 4+ 1)9. Let K; C I; be the complementary
arc of Fy, that has a as an endpoint and Ko C I; be its adjacent arc. By
Lemma 4.16, we have diam Iy ~ diam K ~ diam K; for all ¢ € {1,...,p”}. Since
diam I ~ diam I, ~ diam K>, we have

p// p//
diam K ~ diam Ky, where K =1n|]JK;c ] K.
1=2 =2

The argument now continues exactly as in Case 1, using distortion bounds to blow
up the arcs Ky and K to arcs of large diameter. On | J!_; K; the distortion bounds

come from Lemma 4.16 and on Uf; h(K;) we use Lemma 4.17. The proof is
complete. ([

4.2.2. Conformal elevator and completion of proof of Theorem 4.9. Our first goal
here is to start with an arbitrary arc I C S' and map it conformally and with
bounded relative distortion, by applying a suitable iterate of f, to an arc I’ that
is located “near” a point a € Fj. This procedure is referred to as the conformal
elevator and is described more precisely in Lemma 4.20. Once the arc I is blown
up to the arc I’ that is near a € Fy, then one can apply the diameter estimates
from Lemma 4.19. However, there is a basic dichotomy. Either I’ contains the
point a, or I’ lies only on one side of a. Each of these cases is treated separately in
Lemma 4.21 and Lemma 4.22, respectively. Finally, using the latter two lemmas,
we conclude the proof of the main Theorem 4.9.

Lemma 4.20 (Conformal elevator). There exists M > 1 such that for any non-
degenerate closed arc I C S! there exist n € N, m € NU{0}, a € F1, and z € S!
with zg # a such that one of the following alternatives holds.

(i) The arc I' = fo™(I) contains the point a € F}.
(ii) There exist consecutive complementary arcs In,...,Ip, p < M, of Frim
with

p p
Ic\JL and In|JL#0

=1 =2

such that the arcs 17 = f°™(I),..., 1, = f°™(I,) are consecutive comple-
mentary arcs of F, that contain the arc I' = f°™(I), the point a is an
endpoint of I,

P P
U I C la,z0] or U I C [z0,a], and
i=1 i=1

diam I’ > M~ diam I.
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Moreover, in both cases f°™ and g°™ have relative distortion bounded by M on I
and h(I), respectively, and

diam I’ > M~ 'diam I.

Proof. Recall that Ay, k € {0,...,r}, are the complementary arcs of F}. For each
k€ {0,...,r} we define :42 CC Ag to be a closed arc with the property that each
of its endpoints is separated from the corresponding endpoint of Ay by one arc of
F,. Here, ¢ € N is chosen so that Ak contains all points of F5 that lie in int Ay
and moreover each point of F5 in Ak is separated from the endpoints of Ak by at
least one complementary arc of Fy,. The existence of such a ¢ follows from property
(E2). Indeed, as ¢ — oo, the endpoints of the arc ANk converge to the endpoints of
the arc Ay, since the diameters of the arcs A, |w| = ¢, tend to 0. Hence, we can
achieve that ;4\; contains in its interior all points of F» that are contained in int 1/4\;j
Moreover, any point of z € F5 N Ay has positive distance from the endpoints of Ay.
Using again the fact that the diameters of A4,,, |w| = ¢, tend to 0 as ¢ — co, we may
achieve that there are arbitrarily many consecutive arcs A, |w| = g, separating z
from the endpoints of ;lvk

If I contains a point of Fj, there is nothing to show, since we are already in
alternative (i) of the lemma. Hence, we assume that I does not intersect F;. Then,
by property (E2) there exists a largest integer [ > 1 such that the arc I is contained
a nested sequence of arcs A;; D Aj;, D -+ D Aj .5, = A. By the choice of [,
the arc I must contain a point ¢ € Fj1;. Consider the corresponding regions
Uj, DUjj, D---DUj .4 = U and the map ¢ = fou=1 = = fj1...ji_1, Which maps

U conformally onto U;,. We denote by A the preimage of A]l under ¢ and observe
that ¢(c) € Fy. The basic dichotomy arises from whether I C A or not.

Case 1. I C A. Then o(I) C A\; Since A CC A C U, by applying Koebe’s
distortion theorem to the conformal map qﬁ_l\;r, we see that ¢ has uniformly
g1

bounded relative distortion on I. Moreover, since ¢(I) C AcC Uj,, we can apply
again Koebe’s distortion theorem to f |Ujl and conclude that fo¢ = f°! has bounded
relative distortion on I. The point a = f°!(c) lies in Fy, so we have arrived to
alternative (i), with m = [. Using the conjugation between f and g, we can perform

the same combinatorial analysis and show that ¢°” has bounded relative distortion
on h(I).

Case 2. [ is not contained in A. By the choice of g, there exists at least one
complementary arc of Fy, that separates ¢(c) € F; from the endpoints of ;1; Since
¢(I) is not contained in ;1;“ we conclude that there exists a complementary arc of
F, that is contained in ¢( )n Aﬂ

Suppose that A = [21,22] and without loss of generality z; has the smallest
level among the two endpoints, equal to m +1 € N. We note that m + 1 < [,
since A is a complementary arc of Fj. The arc Aj, = ¢(A) consists of a uniformly
bounded number of complementary arcs of F;. Hence, A is the union of a uniformly
bounded number of consecutive complementary arcs of Fy4;_1 that we denote by
Ii,...,I,. We number them so that I; has z; as an endpoint. Note that by the
previous discussion, there exists ig € {2,...,p} such that I;, C I. In particular,
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INUl,I; #0. Weset n=q+1—1—m > ¢ and we claim that alternative (ii)
holds with the defined m,n and the arcs I;.

If m = 0, then the level of 2; is 1, thus a = z; € Fj, and there is nothing
to be proved. So we assume that m > 1. Consider the arc A; ; , which is a
complementary arc of F),, and its endpoints have level at most m. It follows that
Aj, ;. contains the arc A and the point z; in its interior. Let ¢ = f°(m~1 and
note that ¢ maps conformally U, onto U;, . Since ¥(z1) € F; and ¥(A) is a
complementary arc of F;_,, 1, the other endpoint ¥ (22) of 1(A) has level k, where
2 <k <Il-—m+1. Note also that ¥(z1) € Fh Nint 4, , so ¥(z1) € ;1—;;, by the
definition of ;1;; .

If & < g, then 9(z2) cannot be contained in the interior of a complementary arc
of F, that separates the endpoints of ;1;; from the endpoints of A;, . Therefore,

P(z2) € ;1;; and ¥ (A) is contained in ;1;;

Ifk>qg+1,thenl—m+12>¢g+ 1, so the complementary arc ¥(A) of Fj_,,41
cannot contain in its interior a point of level ¢ or less. Thus, the arc ¥(A) cannot
intersect the interior of the complementary arcs of F, that separate the endpoints
of A;, from the endpoints of A;, . In this case, we also have that (A) C A;, .

It follows as in Case 1 that fo¢ = f°" has bounded relative distortion on
UY_, I;, which is contained in ¢)~*(4;, ). The same conclusion holds for g, using
the same combinatorial analysis. Moreover, since I;, C I, we have

diam f°™(I) > diam f°™(I;,).
The point a = f°(z1) lies in F, and the arc f°™(A) = J/_, f°™(1;) is contained

in [a, zo] or in [zg,a] for some zy # a. Since iy # 1, by Corollary 4.18 we conclude
that

diam f°™(I;,) ~ diam f°"(I3).
This proves the desired inequality
diam f°™(I) 2 diam f°™(I5).

Finally, we prove the last statement of the lemma. In both cases, by the relative
distortion bounds of f°™ we have

diam f°"(I) diamg};

Since A C U C Uj,, we have
diam f°™(I) S diam;l;n
diamI "~ diamUj, |

Let My = max{diam A;/diam Uk, : k1,ke € {0,...,r}}. Then we have
diam f°™(I) 2 My diam I,
as desired. 0

Lemma 4.21 (One-sided distortion). Let I,.J C S! be adjacent closed arcs each of
which has length t € (0,1/2). Suppose that alternative (i) of Lemma 4.20 occurs
for the arc I U J and consider points a € Fy and b= h(a) as in Lemma 4.20.
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o If a™ is hyperbolic and b* is hyperbolic, then
diamh(I) 1
diamh(J) —

o Ifa* is parabolic and b* is parabolic, then
diamh(I) 1
diamh(J) —

o Ifa* is hyperbolic and b* is parabolic, then

diam h(J) diamh(I
{ diam h((l)) diam h((J)) } S log(1/1).

Proof. Let m,n,p be as in Lemma 4.20 (ii) and set I' = f°™(I) and J' = fo™(J).
Moreover, let Iy, ..., I, be complementary arcs of Fj,4p,, n > 1, such that TUJ C

P L, (TUJ)nU, L # 0, and set I) = fo™(I;) for ¢ € {1,...,p}. Since
f°™ has bounded distortion on I U J, we have diam I’ ~ diam.J’. Moreover,
diam I’ > diam I} and diam J’ > diam ;. We will work in the proof with a™

and bT, so J/_, I, C [a,z). We have I' N UL, I/ # 0 or J' N, 1] # 0. If

i=2 1 i=2 1
J'NUY_, I # 0 and I’ is not contained in the arc between J’ and the point a, then
I’ also has this intersection property. Hence, by reversing the roles of I’ and J' if
necessary, we assume that I’ is closer to the point a than J’, i.e., I’ is contained
in the arc between J' and a, and that J' N JY_, I/ # 0. We note that since g°™
has bounded relative distortion on h(I) U h(J) it suffices to derive the conclusions
of the lemma for the arcs h(I') and h(J').
First, suppose that a™ and ' are hyperbolic. Since diam I’ ~ diam J’ > diam I},

we can apply Lemma 4.19 to each of the arcs I, J’. We obtain
diam I’ ~ diam J' ~ \(aT)™™/9,

where ¢ is the orientation-preserving period of a. Since b™ is hyperbolic, it follows
from the same lemma that

diam h(I') ~ diam h(J') ~ A\(b*) /4.

Next, suppose that a™ and ' are parabolic. We will apply again Lemma, 4.19.
We let k; be the smallest integer such that a complementary arc of F}, 1, not having
a as an endpoint intersects I’. Similarly, we define ks, corresponding to J'. Since
J'nN Uf:g I! # (), we conclude that ko = 0. Moreover, let I; be the smallest integer
such that there exists a complementary arc of Fj,4x,+1, having a as an endpoint
and not intersecting I’, and Il be the corresponding integer for J'. Since I’ and .J’
are adjacent and I’ is between J' and a, it follows that k; = ls. By Lemma 4.19

we have, since k1 = Iy and ky =0,

n~* T min{k; +1,n} ~ diam J’ ~ diam I’ ~ (n + ki)~ ' (ky + min{l; + 1,n}).
If k1 +1 > n, then we obtain

n" e~ (ky+ 1) Yy +min{ly + 1,n}) < (k1 + 1) Nk 4+ n) < (b + 1)

It follows that n = k1 + 1. So, in any case 0 < k; < n. Therefore, from Lemma
4.19 we conclude that
diam h(I") ~ b diam h(J")
diam I’ diam J’
which implies that diam h(I") ~ diam h(J").
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Finally, suppose that a™ is hyperbolic, but b* is parabolic. First, note that
diam I’ ~ diam J' ~ A(a™)™™ by Lemma 4.19. According to the very last inequality
in Lemma 4.20 (ii), we have diam I’ > diam = t. Hence, A(a*)™™ 2> ¢. This
implies that log(1/t) = n, since t < 1/2 by assumption. Since b is parabolic, by
Lemma 4.19 we have, as in the previous paragraph, that there exist k1, ko,l1,l2 €
NU {0, 00} with ks = 0 and k; = I3 such that

diam h(I') ~ (n + k1) "?~Y(ky + min{l; + 1,n}) and
diam h(J") ~n= P~ min{k; + 1,n}.
Moreover, k7 is uniformly bounded by Lemma 4.19, so
diam h(I') ~n P min{l; + 1,n} and diamh(J') ~n 7" min{k, + 1,n}.
It follows that

diam h(J') diam h(I’)
< n < log(1/t).
maX{diamh(I’)’diamh(J’) Sn S log(l/t)

The proof is complete. O

Lemma 4.22 (Two-sided distortion). Let I,J C S* be adjacent arcs each of which
has length t € (0,1/2). Suppose that alternative (i) of Lemma 4.20 occurs for the
arc I' U J and consider points a € Fy and b = h(a) as in Lemma 4.20. Then we
have

diam h(I)
—_— L~ 1.
diam h(J)
under condition (H/P—H/P) for the points a,b, and
diam h(J) diam h(I)
< log(1/t).
{diamh([)  Tam () § ~ 108/

under condition (H—P) for the points a,b.

Proof. We let I' = f°™(I) and J' = f°™(J), where m is as in Lemma 4.20. We
have diam I’ ~ diam J’ by the relative distortion bounds of f°™. We note that
since ¢°™ has bounded relative distortion on h(I) U h(J) it suffices to derive the
conclusions of the lemma for the arcs h(I') and h(J’).

Py

Without loss of generality, suppose that J' C [a, 2] and I’ = Kt U K~, where

KT C [a,20] and K~ C [29,a]. We may assume that I’, J" are sufficiently small
arcs, so that K™ UJ’ is contained in a complementary arc of F; and K~ is contained
in a complementary arc of Fy. Indeed, if I’,J’ have diameters comparable to 1,
then by continuity, h(I'), h(J') also have diameters comparable to 1 and, thus, to
each other.

We let n — 1 € N be the largest integer such that there exists a complementary
arc Jy of F,_; having a as an endpoint and containing J’. Then, there exists

p <7+ 1 and consecutive complementary arcs Ji,Js,...,J, C [a, 2] of F},, which
are the children of J{, such that J' C [J!_, J! and J' N J}_, J! # 0. We note that

diam I’ U J" > diam Jj, so diam J’ = diam J{. In view of Corollary 4.18, we also
have diam J’ > diam J}. Similarly, we can also find consecutive complementary
arcs Ki,...,K, of F,, such that K~ c U2, K;, K- nU/L, K; # 0, and
diam K~ 2 diam K, and consecutive complementary arcs K1+ e ,K;; of F,,
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such that K+ c 2, K7, KT NP2, K" # 0. and diam K+ > diam K for some
ni,ny € Nand pi,ps <r+ 1. We are exactly in the setting of Lemma 4.19.

We first suppose that the alternative (H/P—H/P) holds for the points a
That is, there exists p > 0 such that if e is parabolic, then b* is necessarily
parabolic with 1N (a*) = N(b*) and if a* is hyperbolic, then b* is hyperbolic
with A(a®)* = \(b%). Our goal is to prove that in all of these cases we have

diam h(J') ~ (diam J')* and
diam h(K*) ~ (diam K*)*,

+ 1+
bE.

These imply that
diam h(I") ~ diam h(K ™) + diam h(K ™) ~ (diam K )" + (diam K~ )"
~ (diam I")* ~ (diam J')* ~ diam h(J),

which is the desired conclusion.
Suppose that a™ and b+ are hyperbolic. Then by Lemma 4.19 we have

diam J’ ~ X(aT)™™% and  diamh(J') ~ A(b*) "7 ~ A\(at)7#"/9 and
diam KT ~ Aat)™/% and diam h(KT) ~ A(bT)7"2/9 ~ \(aT)7H"2/1,
It follows that
diam h(J") ~ (diam J')* and
diam h(K 1) ~ (diam K)*.
If = and b~ are hyperbolic, then with the same argument we have
diam h(K ™) ~ (diam K ~)*.

Next, assume that a* and bT are parabolic. Consider k,I € N U {0,00} as
in Lemma 4.19 corresponding to J' and and ks,l> corresponding to K*. Since
J'NUP_, J! # 0, we have k = 0. Similarly, ko = 0. Moreover, since a is an endpoint

of K*i,:\?velhave Iy = co. Therefore, if we set a™ = 1/N(a™) and g+ = 1/N(bT),

we have

diam J' ~n~® 'min{l +1,n} and diamh(J') ~n? min{l +1,n}, and
diam K+ ~n;*" and diamh(K*) ~n;?"

We have diam J" ~ diam(I") 2 diam(K ). Therefore,

(4.13) 712_“+ <pot ol min{l +1,n}

Note that by the relative position of K+ and J’, and the definition of I, there exists
a complementary arc of Fj,.; having a as an endpoint and being contained in K.

This, combined with (4.7) in Lemma 4.17, gives (n—i—l)’o‘+ < n;aJr. This inequality
and (4.13) imply that  + 1 2 n. Therefore,

diam J' ~n~®"  and diamh(J) ~n " ~pore’
It follows that
diam h(J') ~ (diam J')* and
diam h(K™) ~ (diam K )",
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If = and b~ are parabolic, with the same argument we have
diam h(K ) ~ (diam K ~)*.

Finally, we treat the alternative (H—P). Suppose that a* and a™ are hyperbolic
(with possibly different multipliers) and b is parabolic. We can apply Lemma 4.19
and obtain

diam J’ ~ X\(a™)™™/% and diamh(J") ~ n " min{l + 1, n},
diam K ~ Mat)™™/% and diamh(K*) ~ n567 and
diam K~ ~ X(a")™™/% and diamh(K~)
where 3 = 1/N(b). Without loss of generality we suppose that diam KT <

diam K, which implies that diam K~ ~ diam.J’. From these we deduce that
ng 2 n1 and ny ~ n. The first condition implies that

diam h(I') ~ diam h(K ).
and the latter condition implies that
diam h(K~) ~n="
Altogether, we have

diam h(.J")

QML) =t min{l + 1, 1),
Gam h(r) =" min{i+ Lo}

This implies that

e diam h(J’) diam h(I’) <n
* diam h(I’) " diamh(J’) | ~

Finally, the inequality diam J’ > diam J = ¢ from Lemma 4.20 implies that n <
log(1/t). O
Proof of Theorem 4.9. Let I,J C S' be adjacent closed arcs, each of which has
length t € (0,1/2). Under the condition (H/P—H/P), we obtain
diam h(I) ~ diam h(J)
by Lemma 4.21 and Lemma 4.22. Therefore,
pa(t) = 1.

This implies that the map h: S! — S! is quasisymmetric and has a quasiconformal
extension in D.

If condition (H—P) is also allowed for some periodic points a € Fj, then by the
same distortion lemmas we obtain instead

pi(t) S log(1/1).

By Theorem 2.3 we have that h has a David extension in D. (I
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5. DAVID WELDING

A homeomorphism h: S' — S! is a welding homeomorphism if there exists a
Jordan curve J and conformal homeomorphisms H; from D onto the interior of J

~ —_ 1 —
and Hs from C\ D onto the exterior of J so that h = Hy o Hy, where H; and

va are the homeomorphic extensions of Hy and Hs to the closures of D and C \ﬁ,
respectively. The Jordan curve J is called a welding curve that corresponds to h.
We note that in general the curve J is not unique up to Md&bius transformations.
However, if there is a welding curve J corresponding to the welding homeomorphism
h that is conformally removable, then J is unique up to Mobius transformations.

The goal of this section is to prove the existence of a new class of welding
homeomorphisms.

Theorem 5.1. Let f,g: S' — S be expansive covering maps with the same ori-
entation and P(f;{ao,...,ar}), P(g;{bo,...,br}) be Markov partitions satisfying
conditions (4.1) and (4.2). Assume that each periodic point a € {ag,...,a,} of
f and each periodic point b € {by,...,b,} of g is either symmetrically hyperbolic
or symmetrically parabolic. Then any conjugating homeomorphism h: S' — St be-
tween [ and g is a welding homeomorphism and the corresponding welding curve is
unique up to Mobius transformations.

Theorem 5.1 will be derived from the proof of the following mateability result
for piecewise analytic circle coverings of S'. This mateability theorem is a direct
implication of Theorem 4.9.

Theorem 5.2 (Mating piecewise analytic circle maps). Let f,g: St — S! be expan-
sive covering maps with the same orientation and P(f;{ao,...,ar}), P(g;{bo,...,br})
be Markov partitions satisfying conditions (4.1) and (4.2). Suppose that the map
h:{ag,...,ar} — {bo,...,b.} defined by h(ay) = by, k € {0,...,r}, conjugates f
to g on the set {ag,...,a.} and assume that each periodic point a € {ao,...,a.} of
f and each periodic point b € {bg,...,b.} of g is either symmetrically hyperbolic or
symmetrically parabolic. Then f and g are conformally mateable, so that for each
k €{0,...,r} the point a, is mated with the point by, = h(ag).

Recall that by condition (4.1), f and g have conformal extensions in open neigh-
borhoods of the arcs (ag,art+1) and (bg,br+1), k& € {0,...,r}, respectively. The
conformal mateability of f and g in this theorem means that there exist a Jordan
curve J, a partition of J into open arcs Ji, and a map R that is analytic in an
open neighborhood Wy of Ji, k € {0,...,r}, such that R is conjugate to f on
Wi NInt(J) and conjugate to g on Wy N Ext(J); here Int(J) and Ext(J) denote
the interior and exterior open regions of the Jordan curve J, respectively. The map
R need not be defined in the entire sphere, although it might extend analytically
to open sets that are larger than Wj. However, the proof given below shows that
if f and g are restrictions of Blaschke products, then the map R that realizes the
mating is analytic everywhere and hence it is rational.

Proof. By Lemma 3.3 h extends to a homeomorphism of S', conjugating f to
g. Let P(z) be the map z +— 2% or z 7%, depending on whether f and g
are orientation-preserving or orientation-reversing, respectively. By Theorem 4.12
there exist orientation-preserving homeomorphisms h;: S* — St i € {1,2}, that
conjugate P to f and g, respectively, and have David extensions in ID. Note that
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hs and h o h; conjugate P to g. By the uniqueness part in property (E3), we may
precompose ho with a rotation so that it agrees with h o hy. This will guarantee
that the point aj is mated with by = h(ay) for each k € {0,...,r}, through the
construction below.

We define a Beltrami coefficient p in the sphere as follows. In D we let p be
the pullback of the standard complex structure under the David homeomorphism
hi. In C \ D we let u the pullback of the standard complex structure under map
hy = (1/Z) o hy o (1/Z). By Proposition 2.5 (i) and (i) (which also hold in the
orientation-reversing setting), this map is a David homeomorphism. Therefore,
is a David coefficient on C.

By the David Integrability Theorem 2.1 there exists a David homeomorphism H
of C with g = . Consider the map

R_ Hohi'ofohioH ', in H(D)
N HoﬁgogoﬁgoH_l, inH(@\D).

The two definitions agree on H(S'). Since f and g are not globally defined in D, we
have to further restrict the domain of R to small neighborhoods of the open Jordan

axes Ji = (A7 (@) by ans1)) = H (g (00)), iy (bks1)), b € 0,7}, We
claim that J; has an open neighborhood W} in which R is analytic. Moreover, we
claim that R is conformally conjugate to f in Wi, N H (D) and conformally conjugate
to g in WkﬁH(@\ﬁ).

By Theorem 2.2, the map hjoH ! is conformal in H (D) and the map hooH™1is
conformal in H (((A] \ D). This proves the claims regarding the conformal conjugacy.

By (4.1) f extends conformally to a neighborhood of the arc (ax,ar+1) and g
extends conformally to a neighborhood of the arc (by,bx,1). This implies that R
extends to a homeomorphism in a neighborhood Wy, of Ji that is conformal in Wy, \
H(S'). Since S! is removable for W11 functions (e.g., it bounds a John domain),
we conclude from Theorem 2.7 that H(S!) is locally conformally removable. This
implies that R is conformal in Wj. O

Proof of Theorem 5.1. From the proof of Theorem 5.2, we see that the map hy oH™!
is conformal in H (D) and the map hy o H~! is conformal in H(C \ D). Therefore,

h=hyohi!=(hgo H Yo (hyo H )"

This implies that the conjugating homeomorphism h between f and g is a welding
homeomorphism. Moreover, the welding curve H(S') of h is conformally removable
by Theorem 2.7, since it is the image of the unit circle under a David homeomor-

phism. O
FEzxzample 5.3. For an illustration, consider the Blaschke product
228 +1
B(z) = —/——
()= 2

which is expansive on S' by Example 3.4. Moreover, there exists a Markov partition
P(B;{ag,...,as}) satisfying (4.1) and (4.2) by Example 4.2, where ag,...,as are
the 3-rd roots of 1 and —1. The point 1 is a symmetrically parabolic fixed point of
B and —1 is a symmetrically hyperbolic fixed point. Finally, we define a bijective
map h: {ao,...,as} — {ao,...,as} that preserves the orientation of S' and maps
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1 to —1 and —1 to 1. It is easy to see that h conjugates B to itself on the set
{agp,...,a5}. By Theorem 5.2, we can mate the Blaschke product B with itself so
that the point 1 is mated with —1 and the point —1 is mated with the point 1. In
this case, since B is analytic in the entire disk, the mating is realized by a rational
R; see the comments after the statement of Theorem 5.2. One can in fact compute
this rational map, after doing some normalizations and obtain the formula

R(z) = 423 +8 —3(1 —/3) .

(1-+/3)23+8+4V3
The Julia set of R is shown in Figure 1. It is a Jordan curve with both inward and
outward cusps. These cusps arise from the mating of the parabolic point 1 with
the hyperbolic point —1. Note that this is a conformally removable Jordan curve,
since it is the image of the unit circle under a David homeomorphism.

6. REFLECTION GROUPS AND SCHWARZ REFLECTION MAPS

In this section, we will collect some preliminaries on Kleinian reflection groups
and Schwarz reflection maps associated with quadrature domains.

6.1. Kleinian reflection groups. We denote by Auti(@) be the group of all
Mobius and anti-Mobius automorphisms of C.

Definition 6.1. A discrete subgroup I' of Aut™ (@) is called a Kleinian reflection
group if I is generated by reflections in finitely many Euclidean circles.

Remark 6.2. 1) For a Euclidean circle C, consider the upper hemisphere S C
H? := {(x,y,t) € R® : t > 0} such that S N OH?® = C; i.e., C bounds the
upper hemisphere S. Note that the anti-Mobius reflection r with respect to C
extends naturally to reflection in S, and defines an orientation-reversing isometry
of H3. Hence, a Kleinian reflection I' group can be thought of as a 3-dimensional
hyperbolic reflection group.

2) Since T is discrete, by [VS93, Part II, Chapter 5, Proposition 1.4], we can and
will always choose its generators to be reflections in Euclidean circles Cq,--- , Cy41
such that for each 7, the closure of the bounded component of C\ C; does not
contain any other Cj.

Definition 6.3. Let I' be a Kleinian reflection group. The domain of discontinuity
of T, denoted Q(I"), is the maximal open subset of C on which T acts properly
discontinuously (equivalently, the transformations in I" form a normal family). The
limit set of ', denoted by A(T'), is defined by A(T') := C \ Q(T).

Recall that for a Euclidean circle C, the bounded complementary component of
C' is denoted by Int C'. A circle packing is a connected collection of oriented circles
in C with disjoint interiors (where the interior is determined by the orientation).
Up to a Mdbius map, we can always assume that no circle of the circle packing
contains oo in its interior; i.e., the interior of each circle C' of the circle packing can
be assumed to be the bounded complementary component Int C.

Definition 6.4. A kissing reflection group is a group generated by reflections in
the circles of a finite circle packing (with at least three circles).
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Combinatorially, a circle packing can be described by its contact graph, where
we associate a vertex to each circle, and connect two vertices by an edge if and only
if the two associated circles intersect. By the Circle Packing Theorem, every con-
nected, simple, planar graph is the contact graph of some circle packing. According
to [LLM20, Proposition 3.4], the limit set of a kissing reflection group is connected
if and only if the contact graph of the underlying circle packing is 2-connected (i.e.,
the contact graph remains connected if any vertex is deleted).

Let T" be a kissing reflection group generated by reflections in the circles Cy, - - -,
Cd+1. Set

R d+1
Fr=C\ [ JmtC; [ J(C;nCy)
i=1 £k
Proposition 6.5. Let " be a kissing reflection group. Then Fr is a fundamental
domain for the action of T on Q(T).

Proof. Let Pr be the convex hyperbolic polyhedron (in H?) whose relative boundary
in H? is the union of the hyperplanes S; bounded by the circles C; (see Remark 6.2).
Then, by [VS93, Part II, Chapter 5, Theorem 1.2], Pr is a fundamental domain for
the action of I' on H3. It now follows that 71 = PrN€Q(T") (where the closure is taken
in Q(I')UH?) is a fundamental domain for the action of I on Q(T') [Mar16, §3.5]. O

To a kissing reflection group I', we can associate a piecewise anti-Mobius reflec-
tion map pr that will play an important role in the paper.

Definition 6.6. Let I" be a kissing reflection group generated by reflections (7‘1)?;"11

in circles (01)1211 We define the associated Nielsen map pr by:

d+1 ~
or: U IntC; — C
i=1
z+—1i(z) if z € Int C;.

Definition 6.7. Let I be a kissing reflection group generated by reflections in the
circles of a finite circle packing C1,--- ,Cyqy1. We say that I' is a necklace group if

(1) each circle C; is tangent to C;11 (with ¢ + 1 taken mod (d + 1)), and
(2) the boundary of the unbounded component of C\ |J; C; intersects each C;.

Remark 6.8. Necklace groups can be characterized as Kleinian reflection groups
generated by reflections in the circles of a finite circle packing whose contact graph
is 2-connected and outerplanar; i.e., the contact graph remains connected if any
vertex is deleted, and has a face containing all the vertices on its boundary. Neck-
lace groups can be compared with complex polynomials with connected Julia set.
Indeed, the connected Julia set of a polynomial is the boundary of a simply con-
nected, completely invariant Fatou component, namely, the basin of attraction of
infinity. Similarly, as we will shortly see, the limit set of a necklace group is the
boundary of a simply connected, invariant component of its domain of discontinuity
(compare [LLM20, Theorem 1.2]).

We conclude this subsection with the definition of the regular ideal polygon
reflection group, which will play a central role in the rest of the paper.
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FIGURE 3. The rational map f semiconjugates the reflection map
1/z of D to the Schwarz reflection map o of § .

—)
]D)—)

Definition 6.9. Consider the Euclidean circles Cy,--- ,Cg41 where C; intersects
St at right angles at the roots of unity exp ( 27”6'l$; D) exp ( 2617113 ). By [VS93, Part II,

Chapter 5, Theorem 1.2], the group generated by reflections in these circles is
discrete. Therefore, it is also a necklace group, and we denote it by I'4;1. Moreover,
denoting the reflection map in the circle C; by p;, we have the following presentation

Lap1={p1,-+ ,pa+1:pl =+ =paq =1).

To ease notations, we will denote the Nielsen map of 'y 1 by pg. Note that py
restricts to a degree d orientation-reversing covering of S'.

6.2. Quadrature domains and Schwarz reflections.

Definition 6.10 (Schwarz Function). Let © C C be a domain such that oo ¢ 9
and int Q = Q. A Schwarz function of Q is a meromorphic extension of z|sq to all
of Q. More precisely, a continuous function S : Q — C of Q is called a Schwarz
function of Q if it satisfies the following two properties:

(1) S is meromorphic on €2,

(2) S(z) =7z on 09.

It is easy to see from the definition that a Schwarz function of a domain (if it
exists) is unique.

Definition 6.11 (Quadrature Domains). A domain Q C C with co ¢ 99 and
int Q = Q is called a quadrature domain if Q admits a Schwarz function.

Therefore, for a quadrature domain €2, the map ¢ := S : Q — C is an anti-
meromorphic extension of the Schwarz reflection map with respect to 92 (the re-
flection map fixes 9Q pointwise). We will call o the Schwarz reflection map of
Q.

Simply connected quadrature domains are of particular interest, and these admit
a simple characterization (see [AS76, Theorem 1]).

Proposition 6.12 (Simply Connected Quadrature Domains). A simply connected
domain Q C C with oo ¢ 0Q and int Q = Q is a quadrature domain if and only if
the Riemann uniformization f: 1D — Q extends to a rational map on C.

In this case, the Schwarz reflection map o of Q is given by f o (1/z) o (flp)~*
Moreover, if the degree of the rational map f is d, then o : 0= 1(Q) — Q is a
(branched) covering of degree (d — 1), and o : o= (int Q) — int Q¢ is a (branched)
covering of degree d.
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Remark 6.13. If  is a simply connected quadrature domain with associated Schwarz
reflection map o, and M is a Mobius transformation, then M () is also a quadra-
ture domain with Schwarz reflection map M oo o M1,

7. A GENERAL DAVID SURGERY

This section is devoted to the proof of a technical lemma, that will serve as
a motor for much of the rest of the paper. The result is sufficiently general to
allow us to construct various kinds of conformal dynamical systems by replacing the
attracting dynamics of an anti-rational map on suitable invariant Fatou components
by Nielsen maps of ideal polygon groups.

We denote the Julia set of a(n) (anti-)rational map R by J(R). Recall that a
rational map is called subhyperbolic if every critical orbit is either finite or converges
to an attracting periodic orbit.

Lemma 7.1. Let R be a subhyperbolic anti-rational map with connected Julia set,
and fori € {1,--- k}, let U; be an invariant Fatou component of R such that R|ay,
has degree d;. Then, there is a global David surgery that replaces the dynamics of
R on each U; by the dynamics of pq,|p, transferred to U; via a Riemann map.

More precisely, we will show that there exists a global David homeomorphism ¥,
and an anti-analytic map F', defined on a subset of @, such that F|yy,) is confor-
mally conjugate to pg4,|p, and F' is conformally conjugate to R outside the grand
orbit of Uf;l U (U;).

Proof. For i € {1,2,...,k}, let ¢, : D — U; be a Riemann map. Note that since R
is subhyperbolic, each U; is the immediate basin of attraction of an attracting fixed
point. Hence, the Riemann map ¢; conjugates a degree d; anti-Blaschke product
B;, with an attracting fixed point in D, to R. In particular, B; is expanding
(with respect to some conformal metric) on its Julia set S'. Since connected,
subhyperbolic Julia sets are locally connected [Mil06, Theorem 19.7], we have a
continuous extension ¢; : St — AU, semiconjugating B; to R.

By Theorem 4.13, there is a topological conjugacy H; between B;|si and pg,|st
that continuously extends to H; : D — D as a David homeomorphism.

We now define a new map R by modifying the map R as follows:

5 gio (H 'opy0oH)og; ", iU \intT;, i=12,...,k,
" \R, inC\UL,U,

where T; = ¢; (H; " (T°(T4,41))), and T°(T'g,41) is a regular ideal (d;+1)-gon in D.
The fact that H; 1o pa, o H; = B; on S' combined with the semiconjugacy relation
¢; 0 B; = Ro¢; on S' imply that the piecewise definitions of the map R match

ontlnuously Thus, R is a continuous orientation-reversing map of C \ U _,intT;
onto C. If w; is the pullback to U;, ¢ € {1,2,---,k}, of the standard complex
structure on D by the map H; o ¢; ', then we have (§|Ui\Ti)*(pLi) = [;.

We now use the dynamics of R to spread the complex structure out to all the
iterated preimage components of U;, i € {1,2,---,k}, under all the iterates of
R. Everywhere else we use the standard complex structure, i.e., the zero Beltrami
coefficient. This way we obtain an R-invariant measurable complex structure p on

C.
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We will now argue that p is a David coefficient on @; i.e., it satisfies condi-
tion (2.1). We say that an iterated preimage component U’ of U; (i € {1,--- ,k})
has rank r = r(U’) if r is the smallest non-negative integer j such that ROJ(U’) U;.
By subhyperbolicity of R, the closures of at most finitely many iterated preimage
components of U; may intersect the critical orbits of R. Let m be the maximum of
the ranks of the iterated preimage components of U; (i € {1,--- , k}) whose closures
intersect the critical orbits of R. We denote the iterated preimage components of
U; (i € {1,---,k}) of rank at most (m + 1) by Vq,---, V.

Since R is subhyperbolic and J(R) is connected, each U; is a John domain
[CG93, §7, Theorem 3.1]. By part (iv) of Proposition 2.5, the map H; o ¢; '
U; — D is a David homeomorphism, and hence, u is a David coefficient on U;, for
i€ {l,---,k}. Moreover, since y is defined on a preimage component U’ of U; by
pulling back p|y, by R it follows that

o = (Hl og;to ROT(U')) (1olp),

where g is the trivial Beltrami coeflicient. By part (iii) of Proposition 2.5, u
satisfies condition (2.1) on U;. It now follows that u satisfies condition (2.1) on
Ué‘:1 V; with some constants M, o, g9 > 0.

It remains to check the David condition on the union of the rest of the preimage
components of U;. If U’ is an iterated preimage component of U; (1 = 1,2,... k)
of rank larger than (m + 1), then it lands on a rank (m + 1) component in time
n(U’) = (r(U’) —m — 1) univalently. In other words, n(U’) is the first landing time
of U’ in Ué’:l Vj. By our choice of m, there is a neighborhood of the closures of
the rank (m + 1) components that is disjoint from the postcritical set of R. Hence,
by the Koebe distortion theorem, Ro"U") 6 Ay is an L-bi- Lipschitz map between
7 U’ and V;, for some absolute constant L > 1 and a rank (m + 1) component
V;, where A\y/(z) = diamU’ - z is a scaling map. This implies that, given any
0 < e <eg,

oc({zeU": |u(z)| > 1—¢}) < L*(diamU")?0 ({z € Vj: |u(2)] > 1 —€}).

Moreover, since all the Fatou components U’ are uniform John domains [Mih11,
Proposition 10], it follows from [Ntal8, p. 444] that there exists a constant C' > 0
such that

(diam U")? < Co (U),

for all preimage components U’ of V.
Therefore,

o ({z e C: |ulz)| > 1 —e})

!
Z c{zeU": |uz)>1-¢}) —|—Zo {zeV;:|u(z)| >1—¢})

r(U")>m+1
l
<<L2C<Za( ) ) Y o({ze Vi |uz)] > 1—¢})
U’ j=1

< (LZCIO‘ <@) + l) Me= /5, & <eg,.
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Theorem 2.1 then gives us an orientation preserving homeomorphism ¥ of C
such that the pullback of the standard complex structure under ¥ is equal to p.

We now proceed to show that the map F' := ¥o RoU1is anti-analytic. This is
the desired map that replaces the dynamics of R on each U;, i = 1,2,..., k, with
the dynamics of the Nielsen map pg; .

We will show that if V is an open set in C \ Ule int 7; on which R restricts
as a homeomorphism, then F' is anti-analytic on W(V'). This will imply that F' is
anti-analytic away from its critical points. Hence, by the Riemann removability
theorem and the continuity of F', we can conclude that F' is anti-analytic on the
interior of its domain of definition. R _

To this end, let V' be an open set in C\ Ule int T; such that R|y is a home-
omorphism. Since FFo U = ¥ o E, it is now enough to show that ¥ o R is an
orientation-reversing David homeomorphism on V. Indeed, if both ¥ and ¥ o R
are David homeomorphisms on V with opposite orientation, since both of them
integrate u, we can apply Theorem 2.2 to obtain that F is anti-analytic on ¥ (V).

Since each U; is a John domain, Theorem 2.10 tells us that Ule oU; is Whl-
removable. Therefore, by Lemma 2.8, it now suffices to show that ¥ o R is an
orientation-reversing David homeomorphism on V' \ Ule ouU;.

Note that by construction, R is anti-conformal on V \ Ule U;. Hence, by part
(ii) of Proposition 2.5, ¥ o Ris an orientation-reversing David homeomorphism on

P
VA Uiz Ui
Now let us look at V' N (Ule Ui). Let us set V; :=V NU;, fori € {1,---,k}.

We can factorize ¥ o R on V; as follows:
(7.1) \IJOEZ(\I/ogbioHi_l)o(pdioHioqﬁi_l).

Since ¢, Land pa, are conformal and anti-conformal (respectively), the composition
pa; o H; o ¢i_1 is an orientation-reversing David homeomorphism by parts (i) and
(ii) of Proposition 2.5. By the same proposition, the map H; o qbi’l is also a David
homeomorphism. Moreover, both the maps ¥ and H; o ¢; !integrate p. Therefore,
by Theorem 2.2, we conclude that ¥ o ¢; o H[l is anti-conformal. By part (i) of
Proposition 2.5 and Relation (7.1), we now have that Wo R an orientation-reversing

David homeomorphism on each V;, and hence on V' N (Ule Ui). This completes

the proof of the fact that ¥ o Ris an orientation-reversing David homeomorphism
on V\ UL, aU;. O

8. DAVID SURGERY FROM ANTI-RATIONAL MAPS TO KISSING REFLECTION
GROUPS

An anti-rational map is called critically fized is all of its critical points are fixed.
Each fixed critical point c of a critically fixed anti-rational map R lies in an invariant
Fatou component U,. If the local degree of R at ¢ is k, then R|y, is conformally
conjugate to Eth. In particular, there are k + 1 fixed internal rays in U.. The
Tischler graph of R is defined as the union of all fixed internal rays in the invariant
Fatou components. Clearly, this graph contains the postcritical set of R. It can be
seen as a natural generalization of Hubbard trees of postcritically finite polynomials
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to the context of critically fixed maps. According to [LLM20, Lemma 4.9], the
planar dual of the Tischler graph of a critically fixed anti-rational map is simple
and 2-connected.

The goal of this section is to show that there is a global David surgery that turns
a degree d critically fixed anti-rational map R into a kissing reflection group I' of
rank d + 1.

Theorem 8.1. Suppose that the Tischler graph of a critically fixed anti-rational
map R is dual to the contact graph of the circle packing defining a kissing reflection
group I'. Then there exists a David homeomorphism of C that conjugates R 7(r) to
priam)-

Proof. Let I' be generated by reflections in the circles Cy,---,Cyqy1. We denote
the connected components of the fundamental domain Fr by Py,---,Pr. Note
that each P; is a topological (d; + 1)-gon with vertices removed, for some d; > 2,
i€ {1l,---,k}. Thus, the faces of the contact graph of the underlying circle packing
are topological (d;+1)-gons, ¢ € {1,---,k}. Since the Tischler graph of R is dual to
this contact graph, it follows that R has k invariant Fatou components Uy, - -+ , Uy
such that R|sy, has degree d;.

Applying Lemma 7.1 to the Fatou components Uy, --- , Uy, we obtain a global
David homeomorphism ¥ and an anti-meromorphic map ¢ on a subset of C such
that o is conformally conjugate to pg,|p on W(U;), i € {1,--- ,k}, and topologically
conjugate to R| gy on ¥(J(R)) (the conjugacy ¥ maps the dynamical plane of R
to that of o). It follows from the proof of Lemma 7.1 that the domain of definition

of o is ¥ (@ \ Ule int E), where each T; C U; is a vertices-removed topological

(d; + 1)-gon with vertices at the landing points of the (d; + 1) fixed internal rays

of R in U;. It follows from the construction that the domain of definition of o is
d+1

naturally homeomorphic to U Int C;. We denote these (d + 1) Jordan domains
i=1

by €1,--+,Q441 such that ; corresponds to Int C; under the canonical homeo-
d+1

morphism between the domain of definition of ¢ and U Int C;. In particular, the
i=1

domain of definition of o is connected, and its interior is the union of (d+1) disjoint

Jordan domains. Moreover, o fixes the boundary of each of these domains point-

wise. Thus, by definition, each of these Jordan domains is a quadrature domain,

and o restricts to each such domain as its Schwarz reflection map.

By [LLM20, Corollary 4.7], the map R carries each face of its Tischler graph onto
the closure of its complement as an orientation reversing homeomorphism. Since ¥
conjugates R|7(r) to olw(7(r)), it follows that o carries W(J(R)) N€2; univalently
to ¥(J(R)) \ Q.

By Proposition 6.12, there exist rational maps ¢;, j € {1,---,d+ 1}, such that
¢; : D — € is a conformal isomorphism. Furthermore, by the same proposition,
the map o : 071(Q;) — Q; is a (branched) cover of degree (deg¢; — 1). Since
U(J(R)) is completely invariant under o, we conclude by the previous paragraph
that deg¢; =1, j € {1,---,d + 1}. Thus, each ¢; is a Mdbius map. It follows
that each 2; is a round disk, and a\@ is simply the reflection map in the boundary

circle C;» = 0€);. Our labeling of the domains §2; also guarantees that the contact
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graph of the circle packing {C7,---,Cj, } is planar isomorphic to that of the circle
packing {C1,---,Cy41}-

Let T be the group generated by reflections in the circles C!. The above discus-
sion implies that o = pr/, and the David homeomorphism ¥ conjugates Rz g to
pr |A(F’)-

We will now show that there exists a quasiconformal homeomorphism ¢ of the
sphere that conjugates I' to IV by conjugating the reflection in C; to the reflection in
C%, j€{l,---,d+1}. In particular, such a ® would conjugate pr|ar) to prv|ar)-
In light of Proposition 2.5 (part i), this would imply that ® ! o ¥ is the desired
global David homeomorphism conjugating R (g to pr|a(r)-

The existence of such a quasiconformal map & follows from general rigidity
results for geometrically finite Kleinian groups [Tuk85, Theorem 4.2]; however, in
our situation, we will give a more direct argument.

Lemma 8.2. There exists a quasiconformal homeomorphism ® of the sphere that
conjugates pr|ary to pro|am)-

Proof. First, we claim that there exists a K-quasiconformal homeomorphism ¢ of
the sphere that takes the fundamental domain of I' onto that of I''. Moreover,
the map ¢ carries cusps to cusps preserving their labels. Note that cusps on the
boundaries of the fundamental domains are naturally labeled as they are the points
of intersections of the underlying labeled circle packings.

Indeed, we start by defining ¢ on the boundary of each connected component P of
the fundamental domain Fr of T" so that ¢ is a bi-Lipschitz map onto the boundary
of the corresponding component P’ of Fr.. Such P and P’ are topological polygons,
say n-gons, with each side being an arc of a geometric circle. Moreover, the vertices
of P and P’ are cusps, i.e., they are common to two tangent circles.

Let v be a vertex of P and v’ be the corresponding vertex of P’. Let a_, ay be
the two sides of P that intersect at v, and a’_, o/, be the corresponding two sides of
P’. Let 8 be the arc of a circle that is orthogonal to ar— and ., and is contained in
a small neighborhood of v intersected with P. Let 3 be an arc defined similarly for
v'. If we define such arcs 8 and 8’ for each vertex v of P and v’ of P’, respectively,
the components P and P’ decompose into disjoint topological triangles T,, and T},
where v and v’ run over all vertices of P and P’, respectively, as well as 2n-gons,
which we denote by D and D', respectively (see Figure 4). The triangles T, and
T! have each one cusp at v, respectively v/, and the other two angles being right
angles. The polygons D and D’ are right angled 2n-gons, in particular they are
quasicircles.

For each v, we define p: T, — T to be the unique conformal map that takes
vertices of T, to the vertices of v’ so that v goes to v’. Note that since T, and T,
have right angles at the vertices of S and (', respectively, the map p: § — 3’ is
bi-Lipschitz. Also, by a simple direct computation or a special case of [Ward2], we
conclude that ¢ is also bi-Lipschitz on each of the other two sides of T, mapping it
to the corresponding two sides of T7.

For each side ¢ of the 2n-gon D, other than the n sides 5 where the map ¢ was
already defined, we define ¢ to be the scaling map that takes ¢ to the corresponding
side ¢’ of D’. Such maps ¢: 6 — ¢’ are bi-Lipschitz. We now have ¢ defined on
the whole boundary of D and this map takes it to the boundary of D’. Since
the polygons D and D’ are right angled, and so are quasidisks, the map ¢ has a
quasiconformal extension to a map between D and D’. Thus, we constructed a
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FIGURE 4. The decomposition of each component of the funda-
mental domain into topological triangles (red) and topological 2n-
gons (white) is shown.

quasiconformal map for each component P of the fundamental domain Fr, taking
it to the corresponding component P’ of the fundamental domain Fr.

To obtain a global quasiconformal map ¢, we observe that it is already defined
on each circle Cj, j € {1,2,--- ,d+1}, and ¢ takes it onto the corresponding circle
Cj‘. Moreover, from the definition of ¢, we conclude that ¢: C; — C;» is bi-Lipschitz
for each j € {1,2,...,d + 1}. Thus, ¢ has a quasiconformal extension into each
disk D; bounded by Cj, j € {1,2,...,d+1}, mapping it onto the disk D} bounded
by C]/». Since circles are removable for quasiconformal maps, the claim follows.

Now, we use the reflection groups I and I to redefine the map ¢ so that for the
new map ®, we have

O(A(T")) = A(T""), and ® o pro @' = pp on A(TY).

We may and will assume that the circles C1,Cy, ..., Cy41 are ordered so that the
radii are non-increasing, and let v; be the reflection in Cj. Also, let v} be the
reflection in the corresponding circle C’J(. In D;, we redefine the map ¢ so that it
is equal to

Vo PoT.
The new map, which we denote by (1, is still K-quasiconformal and it agrees with
@ outside of Dj.

We next redefine the map ¢ in the largest disk in the complement of the closure
of the doubled fundamental domain Fr U v (F(I')). We then argue inductively,
and, provided a map ¢;, i € N, was already defined, we define ;1 by changing
; on the largest complementary disk of the closure of the union of the successive
images of the fundamental domain similar to obtaining ¢ from ¢ above. Note that
on any copy of the fundamental domain Fr under a group element v € I', the map
 is only redefined finitely many times in this construction.

In this way we obtain a sequence of normalized K-quasiconformal maps (¢;);>1.
By the standard compactness argument for uniformly quasiconformal maps, a sub-
sequence converges to a K-quasiconformal map ®. The map ® agrees with the
original map ¢ on the fundamental domain of I" since each ¢;, i € {1,2---}, does.
By the construction, the map ® takes the limit set A(T") of the group I' onto the
limit set A(T”) of TV since the limit sets A(T') and A(T”) are the complements of the
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unions of reflected copies of the fundamental domains under the respective groups.
Moreover, ® conjugates the action of v; on the domain of discontinuity of I' to the
action of 7/ on the domain of discontinuity of I'. By continuity, ® o; o o1l = v;

on C, for j€{l,---,d+1}. Hence, ® conjugates pr|ar) to pr|amr)- O

As mentioned before the proof of the lemma, the map ®~! o ¥ is the desired
global David homeomorphism conjugating R gy to pr|ar). g

Note that the Tischler graph of a critically fixed anti-polynomial has a vertex at
00, and this vertex lies on the boundary of each face of the Tischler graph. Hence,
the planar dual of the Tischler graph of a critically fixed anti-polynomial has a face
containing all the vertices on its boundary; i.e., the planar dual is outerplanar. By
[LLM20, Theorem 1.2], the contact graph of the circle packing defining a kissing
reflection group I' is 2-connected and outerplanar if and only if ' is a necklace
group. Thus, if the Tischler graph of a critically fixed anti-polynomial P is dual to
the contact graph of the circle packing defining a kissing reflection group I', then
I" is a necklace group. With these observations on mind, we now record a useful
corollary of Theorem 8.1.

Corollary 8.3. Suppose that the Tischler graph of a critically fixed anti-polynomial
P is dual to the contact graph of the circle packing defining a necklace reflection
group I'. Then there exists a David homeomorphism of C that conjugates Rz (r) to
prlam)-

8.1. Connections with known results. Let us now mention connections of The-
orem 8.1 with some recent works on critically fixed anti-rational maps and kissing
reflection groups.

In [LLMM19, §10], the existence of the David homeomorphism of Theorem 8.1
was proved in the special case where I' is the classical Apollonian gasket reflection
group and R is a cubic critically fixed anti-rational map (with four distinct critical
points). (More generally, it was done for a class of Apollonian-like gaskets.)

Critically fixed anti-rational maps were classified in terms of their Tischler graphs
in [Gey20] and [LLM20]. Furthermore, in [LLM20][Theorem 1.1], a dynamically
natural bijection between the following classes of objects were established:

e {Critically fixed anti-rational maps of degree d up to Mdbius conjugacy},

e {Kissing reflection groups of rank d + 1 with connected limit set up to QC
conjugacy}.

The bijection is such that the contact graph of the circle packing defining a kissing
reflection group I is dual to the Tischler graph of the corresponding anti-rational
map R. Moreover, if R and I" correspond to each other under this bijection, then
the dynamics of R on the Julia set J(R) is topologically conjugate to the action
of the Nielsen map pr on the limit set A(T"). Particular occasions of this bijection
had been earlier exhibited in the aforementioned case of Apollonian-like gaskets
(corresponding to triangulations) [LLMM19] and in the case of the correspondence
between critically fixed anti-polynomials and necklace groups [LMM20, Theorem B]
(also compare [LLM20, Theorem 1.2]).

Note that all periodic points of a hyperbolic anti-rational map on its Julia set
are repelling, while the Nielsen map of a kissing reflection group has parabolic fixed
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points on the limit set. Hence, the aforementioned conjugacies cannot be quasisym-
metric; i.e., they cannot admit a quasiconformal extensions to the Riemann sphere.
Theorem 8.1 shows that these conjugacies extend as a David homeomorphisms of
the sphere.

Combining Theorem 8.1 with the bijection results mentioned above, we have the
following result.

Corollary 8.4. Let I' be a kissing reflection group of rank d + 1. Then, there
erists a degree d critically fized anti-rational map R such that Rz gy is conjugate
to pr|ay by a David homeomorphism of C.

Moreover, if T is a necklace group, then R can be chosen as a critically fized
anti-polynomial.

9. CONFORMAL REMOVABILITY OF JULIA AND LIMIT SETS

9.1. Conformal removability of limit sets of necklace reflection groups.
An application of Theorem 2.11 and Theorem 8.1 is the following conformal remov-
ability result for limit sets of necklace reflection groups (see Figures 2 and 5 for
examples of such limit sets).

Theorem 9.1. Let I' be a necklace group. Then, the limit set A(I") is conformally
removable.

Proof. By Corollary 8.4, there exist a degree d critically fixed anti-polynomial P
and a David homeomorphism ¥ of C such that U(J(P)) = A(T). Since the basin
of infinity of a hyperbolic polynomial is a John domain, it follows by Theorem 2.11
that A(T") is conformally removable. O

9.2. Conformal removability of geometrically finite polynomial Julia sets.
We recall that a rational map R is said to be geometrically finite if its postcritical
set intersects the Julia set J(R) of R in a finite set, or equivalently, if every critical
point of R is either preperiodic, or attracted to an attracting or parabolic cycle.
The main result of this section is the following.

Theorem 9.2. Let P be a geometrically finite polynomial of degree d > 2 with
connected Julia set J(P). Then J(P) is conformally removable.

We remark that special cases of Theorem 9.2 were already known in the 90s.
Indeed, conformal removability of connected Julia sets of subhyperbolic polynomials
was proved by Jones [Jon91]. In fact, it was shown there that in the subhyperbolic
case, the basin of infinity is a John domain, which implies conformal removability
of the Julia set. On the other hand, when a polynomial has parabolic cycles,
the basin of infinity is no longer a John domain. However, for the polynomial
P(z) = z% + 1, the whole Julia set is the boundary of the immediate basin of
attraction of a parabolic fixed point. In this case, it was shown in [CJY94] that
the parabolic basin is John, and hence the corresponding Julia set is conformally
removable.

The proof of Theorem 9.2 is indirect. We first realize the connected Julia set of a
geometrically finite polynomial P as that of a subhyperbolic polynomial @, whose
Julia set is known to be W' l-removable. We then use our David surgery technique
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to construct a global David homeomorphism that carries the Julia set of @ onto
the Julia set of P. The proof is completed by invoking Theorem 2.11.

For the first step, we need to recall some basic facts from polynomial dynamics.
Let Py be the space of all monic, centered, holomorphic polynomials of degree d;
ie.,

Po:={P(2) =2+ a4229"%+ -+ a1z24+ap: ag, - ,a4_ € C}.

Two distinct members of Py are affinely conjugate if and only if they are conjugate
via rotation by a (d—1)-st root of unity. The filled Julia set and the basin of infinity
of a polynomial P are denoted by KC(P) and Bu(P) respectively.

If P is a monic, centered, polynomial of degree d such that J(P) is connected,
then there exists a conformal map ¢p : D* — B, (P) that conjugates z%|p- to
Pl (p), and satisfies ¢’5(00) = 1. We will call ¢p the Béttcher coordinate for
P. Furthermore, if OK(P) = J(P) is locally connected, then ¢p extends to a
semiconjugacy between z%|s1 and P| g(p)- The external dynamical ray of P at
angle 6 (the image of the radial line at angle 6 under ¢p) is denoted by Rp(6).

Our immediate goal is to associate a postcritically finite polynomial (in Py) to
each geometrically finite member of P, (with connected Julia set). To this end, we
first recall the notion of polynomial laminations.

Definition 9.3. Let p € Py be such that J(P) is connected and locally connected.
We define A\(P) to be he smallest equivalence relation on R/Z that identifies s,t¢ €
R/Z whenever the external dynamical rays Rp(s) and Rp(t) land at a common
point on J(P). We call A(P) the lamination of P.

Proposition 9.4. Let P € P, be geometrically finite with connected J(P). Then,
A(P) satisfies the following properties, where the map mq : R/Z — R/Z is given by
0 do.

(1) A(P) is closed in R/Z x R/Z.

(2) Each equivalence class A of A\(P) is a finite subset of R/Z.

(3) If A is a A(P)-equivalence class, then mg4(A) is also a A(P)-equivalence
class.

(4) If Ais a A\(P)-equivalence class, then A — mg(A) is consecutive preserving';
i.e., for every connected component (s,t) of R/Z\ A, we have that (ds, dt)
is a connected component of R/Z \ mg4(A).

(5) A(P)-equivalence classes are pairwise unlinked; i.e., if A and B are two dis-
tinct equivalence classes of A(P), then there exist disjoint intervals 14, Ip C
R/Z such that A C I4 and B C Ip.

(6) (R/Z)/)\(P) >~ 7(P), and ¢p descends to a topological conjugacy between
mq : (R/Z)//\(P) — (R/Z)/)\(P) and P: J(P)— J(P).

(7) Ity C (R/ Z)/)\( P) is a periodic simple closed curve, then the corresponding
return map is not a homeomorphism.

L This notion, which is slightly more general than that of being cyclic order preserving, is
required to handle the case when A is formed by the arguments of the external rays landing at a
critical point of P.
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(8) If ¢ is a critical point of P on the Julia set J(P), then ¢5'(c) C Q/Z, and
¢p' () = ma(pp'(c)) has some degree § > 1. Every other equivalence class
of A(P) maps injectively onto its image equivalence class under mg.

Proof. First note that by [DHO7, Exposé X, §1, Theorem 1] (also see [TY96, The-
orem Al), the Julia set J(P) is locally connected, and hence A(P) can be defined
following Definition 9.3. The first five properties now follow from [Kiw04, Theo-
rem 1]. Moreover, local connectivity of 7 (P) implies that the Bottcher coordinate
of P extends continuously to a surjection ¢p : R/Z — J(P) that semiconjugates
mg to P. By definition, the equivalence classes of A(P) are precisely the fibers of
this map ¢p, from which property (6) follows. Property (7) follows from the fact
that P has no Siegel disk. Finally, the last property is a consequence of geometric
finiteness of P; more precisely, of the fact that each critical point of P on J(P) is
strictly pre-periodic. O

Following [Kiw04], we say that an equivalence relation A on R/Z is a Real lami-
nation (not to be confused with rational laminations; see [Kiw01, §1]) if it satisfies
conditions (1)—(5). Moreover, if a Real lamination A satisfies condition (7), it is
called a Real lamination with no rotation curves. An equivalence class A of \ is
called a Julia critical element if the degree of the map mg : A — my(A) is greater
than one. Finally, a Real lamination \ is called postcritically finite if every Julia
critical element of A is contained in Q/Z. Using this terminology, Proposition 9.4
can be restated as follows.

Corollary 9.5. Let P € Py be geometrically finite with connected J(P). Then,
A(P) is a postcritically finite Real lamination (with no rotation curves).

The following folklore result can be easily derived from Kiwi’s theory of polyno-
mial laminations, though it was not explicitly stated in [Kiw04].

Theorem 9.6. For a postcritically finite Real lamination A (with no rotation
curves), there exists a monic, centered, postcritically finite polynomial Q with A(Q) =

. In particular, J(Q) = (R/Z)/)\.

Proof. To prove this result, one needs to work with a more general definition of
laminations (than the one given in Definition 9.3) involving prime end impres-
sions. For some @) € Py with connected Julia set, the lamination A(Q) is defined
as the smallest equivalence relation on R/Z that identifies s,t € R/Z whenever
Imp(s) N Imp(t) # @ (where Imp(¢) stands for the impression of an angle t € R/Z
on the Julia set J(Q), see [Kiw04, Definition 2.3]). Clearly, if J(Q) is locally con-
nected, then every impression is a singleton, and this definition agrees with the one
given in Definition 9.3.

Since A is a Real lamination with no rotation curves, [Kiw04, Lemma 6.34,
Theorem 1] guarantees the existence of a monic, centered polynomial @ with con-
nected Julia set such that each cycle of @ is either repelling or superattracting, each
bounded Fatou component of () contains a unique element in a critical grand orbit,
and A(Q) = A. In particular, every critical point of @ in its Fatou set is eventually
periodic. (At this point, it is unclear whether J(Q) is locally connected, which is
why the more general definition of A\(Q) is necessary here).

Now, it follows from postcritical finiteness of A that each critical point of @ on
its Julia set J(Q) lies in the impression of some rational (i.e., preperiodic under
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mg) angle. By [Kiw04, Corollary 1.2], the impression of a preperiodic angle is
a singleton, and hence, every critical point of @ on J(Q) is strictly preperiodic.
Therefore, @ is postcritically finite. In particular, J(Q) is locally connected, and
the Bottcher coordinate of ) extends continuously to R/Z to yield a topological
conjugacy between

mq : (R/Z)/,\(Q) - (R/Z)/)\(Q) and Q@ : J(Q) = J(Q).
This completes the proof. ([

Finally, combining Property (6) of Proposition 9.4 with Corollary 9.5 and The-
orem 9.6, we obtain the following result that allows us to associate a postcritically
finite polynomial (in P,4) to each geometrically finite member of Py (with connected
Julia set).

Corollary 9.7. Let P € Py be geometrically finite with connected J(P). Then,
there exists a postcritically finite polynomial Q € Py such that \N(Q) = A(P). In
particular, Q|7 (q) is topologically conjugate to P|z(p).

Remark 9.8. 1) Invariant laminations of complex polynomials were first defined in
a slightly different language by Thurston (see [Thu09, §11.4]).

2) Theorem 9.6 is an instance of realization results in complex dynamics. Real-
ization of postcritically finite maps with prescribed combinatorics was first proved
by Thurston (see [DH93]), which was used by Hubbard, Bielefeld, and Fisher to
classify critically pre-periodic polynomials using co-landing structure of suitable
external dynamical rays [BFH92|, and by Poirier to classify postcritically finite
polynomials in terms of their Hubbard trees [Poil0]. An alternative way of con-
structing critically pre-periodic polynomials with prescribed laminations is to study
the connectedness locus of Py from ‘outside’; i.e., to approximate such polynomials
from the shift locus (see [Kiw05]).

We are now prepared to prove the main theorem of this subsection.

Proof of Theorem 9.2. By conjugating P with an appropriate conformal linear map,
we may assume that P € P,;. Furthermore, replacing P by a suitable iterate, we
can assume that each periodic Fatou component of P is fixed.

The first step of the proof is to reduce the map P to its rigid model. Roughly
speaking, the rigid model of P is a geometrically finite (but not necessarily postcrit-
ically finite) polynomial of the same degree, whose Julia dynamics is topologically
conjugate to that of P, and whose Fatou critical points have the simplest possi-
ble dynamics in a suitable sense. To make this precise, let us first note that the
Blaschke product

k
(k+1)z +(k—1)7 -
(k—1)zF 4+ (k+1)
has a parabolic fixed point at 1, and k — 1 distinct repelling fixed points on S!.
Moreover, By has a unique critical point in I; namely, at the origin.
By [McM, Proposition 6.9], one can perform quasiconformal surgeries on the

Bk(z) =

Fatou set of P to produce a degree d geometrically finite polynomial ﬁ7 called the
rigid model of P, such that the following properties hold true.

(1) There exists a global quasiconformal map 1 conjugating P|zpy to ]3|J(13);

in particular, each periodic Fatou component of P is fixed.
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(2) The restriction of P to each fixed Fatou component is conformally conjugate
to z¥|p (if the corresponding Fatou component of P is the immediate basin
of attraction of an attracting fixed point) or By|p (if the corresponding Fa-
tou component of P is an immediate basin of attraction of a parabolic fixed
point), where k > 2 is the degree of the restriction of P to the corresponding
Fatou component.

(3) If cis a critical point of P contained in a Fatou component, then there is a
least n > 0 such that ﬁon(c) lies in a fixed Fatou component U. Moreover,
P°"(¢) is the unique critical point of P in U.

In particular, each Fatou component of ]3, except for the immediate basins of the
parabolic fixed points, contains a unique element in a critical grand orbit.

Since the property of being conformally removable is preserved under global
quasiconformal maps, it now suffices to prove that J (13) is conformally removable.

By Corollary 9.7, there exists a postcritically finite polynomial @) € P, such that
Q|7 () is topologically conjugate to ﬁ|3(ﬁ). By construction, each periodic Fatou
component of @ is fixed, and the restriction of @) to each fixed Fatou components
is conformally conjugate to z*|p, for some k& > 2. Also note that the topological
conjugacy between the Julia sets of () and P induces a bijection between their fixed
Fatou components.

Let Vi,---,V; be the fixed Fatou components of () such that the correspond-
ing Fatou components of P are parabolic. Recall from Example 4.2 that for any
k > 2, the expansive covering map By|s: admits a Markov partition satisfying condi-
tions (4.1) and (4.2). Hence, by Theorem 4.12, there exists a topological conjugacy
between z¥|s1 and Bylg: that extends as a David homeomorphism of D. One can
now repeat the arguments of Lemma 7.1 to replace the power map dynamics on the
Fatou component V; by the dynamics of By,, where k; is the degree of @) restricted
to the component V;, for all ¢ € {1,--- ,1}. This yields a geometrically finite poly-
nomial @ and a global David homeomorphism H such that H carries J(Q) onto
J (@), and conformally conjugates @ to @ outside the grand orbit of Ul_,V;. On
the other hand, the restriction of Q on H(V;) is conformally conjugate to By, |p. By
construction, the map @ satisfies condition (2). Thanks to [McM, Proposition 6.9],
possibly after performing quasiconformal surgeries on the Fatou set of @, we can
further assume that Q satisfies condition (3). By Proposition 2.5 (i), we still have
that H(J7(Q)) = J(Q), where H is a global David homeomorphism.

It is now easy to see from the above construction of @ that @| 7) is topologically
conjugate to P\ 7 P), and this conjugacy extends to a global topological conjugacy

between Q and P such that the conjugacy is conformal on the Fatou set of Q
(compare [McM, Proposition 6.10]). According to [Jon91], the basin of infinity
B (Q) of the posteritically finite (hence, subhyperbolic) polynomial @ is a John
domain. Hence, Theorem 2.11 combined with the fact that 0B (Q) = J(Q)
yield that H(0Bx(Q)) = J(Q Q) is conformally removable. It follows that Q is
Mébius conjugate to P, and J(P) is a Mobius image of J(Q). Hence, J(P) is also
conformally removable. O
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10. MATING REFLECTION GROUPS WITH ANTI-POLYNOMIALS: EXISTENCE
THEOREM

The goal of this section is to apply our result on David extensions of circle
homeomorphisms to the theory of mating in conformal dynamics.

10.1. Necklace groups and Bers slice. For the purposes of mating necklace
groups with anti-polynomials, it will be important to work with groups equipped
with labeled generators (compare Remark 10.21). Moreover, the conformal conju-
gacy class of the action of a necklace group on the unbounded component of its
domain of discontinuity will play no special role in the mating theory. Hence, we
may freeze the ‘external class’ of the necklace groups under consideration. We now
formalize this by defining a space of representations of the necklace group I'y 41 (see
Definition 6.6).

Definition 10.1. Let I be a discrete subgroup of Auti(@). An isomorphism
f : Fd+1 —T
is said to be weakly type-preserving, or w.t.p., if

(1) &(g) is orientation-preserving if and only if g is orientation-preserving, and
(2) &(g) € T is a parabolic Mébius map for each parabolic Mobius map g €
Layr

Definition 10.2. We define

D(Cyp1) := {€ : Tqpy — [| T is a discrete subgroup of Aut*(C),
and ¢ is a w.t.p. isomorphism}.

We endow D(T'411) with the topology of algebraic convergence: we say that a
sequence (£,)22, C D(T'y4+1) converges to & € D(Ty41) if &, (p;) — &(pi) coefficient-
wise (as n — oo0) for i € {1,--- ,d+ 1}.

Remark 10.3. Let & € D(T'441). Since for each i € Z/(d + 1)Z, the Mdbius map
pi © pi+1 is parabolic (this follows from the fact that each C; is tangent to C;y1),
the w.t.p. condition implies that £(p;)o&(p;11) is also parabolic. As each £(p;) is an
anti-conformal involution, it follows that £(p;) is Mobius conjugate to the circular
reflection z — 1/Z or the antipodal map z — —1/Z. A straightforward computation
shows that the composition of —1/Z with either the reflection or the antipodal
map with respect to any circle has two distinct fixed points in @, and hence not
parabolic. Therefore, it follows that no £(p;) is Mdbius conjugate to the antipodal
map —1/Z. Hence, each £(p;) must be the reflection in some Euclidean circle C;.
Thus, I' = £(T'y4+1) is generated by reflections in the circles Cq, -+ ,Cqyr1. The
fact that £(p;) o £(psy1) is parabolic now translates to the condition that each C; is
tangent to C;4q (for i € Z/(d+1)Z). However, new tangencies among the circles C;
may arise. Moreover, that £ is an isomorphism rules out non-tangential intersection
between circles C;, C; (indeed, a non-tangential intersection between C; and Cj
would introduce a new relation between &£(p;) and £(p;), compare [VS93, Part II,
Chapter 5, §1.1]). Therefore, I' = £(T'y4+1) is a Kleinian reflection group satisfying
properties (1) and (2) of necklace groups.

Recall that D* = C \ D.
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Definition 10.4. Let Belr,,, denote those Beltrami coefficients p invariant under
Igt1, satisfying 4 = 0 a.e. on D*. For a Beltrami coefficient 4, let 7, : C — C
denote the quasiconformal integrating map of p normalized so that 7,(z) = z +
O(1/z) as z — oo. The Bers slice of T' is defined as

B(Cat1) := { € D(Las1) : 3 p € Belp,,, such that {(g) = 10907, " Vg € Tapr}.

Remark 10.5. There is a natural free PSLo(C)-action on D(I'4y1) given by conju-
gation, and so it is natural to consider the space AH(T'g41) := D(T441)/PSL2(C).
The following definition of the Bers slice, where no normalization for 7,, is specified,
is more aligned with the classical Kleinian group literature:

(x) {£€AH(T441): 3 p € Belp,, such that {(g) =7,090 lel Vgelg}

Our Definition 10.4 of S(T'44+1) is simply a canonical choice of representative from
each equivalence class of (x), and will be more appropriate for the present work.

Proposition 10.6. [LMM20, Proposition 2.23] The Bers slice B(T'gy1) is precom-

pact in D(Tay1), and for each & € B(Tat1), the group £(Tat1) is a necklace group.

Definition 10.7. We refer to B(T'q41) C D(T4+1) as the Bers compactification of
the Bers slice (T 441).

Remark 10.8. We will often identify & € S(Ig4+1) with the group T' := £(Ty41),

and simply write I' € 5(Ty+1), but always with the understanding of an associated
representation £ : I'yy; — T'. Since £ is completely determined by its action on

the generators p1,--- , pgr1 of I'yy1, this is equivalent to remembering the ‘labeled’
circle packing Cy,---,Cqy1, where (p;) is the reflection in the circle C;, for i €
{1,---,d+1}.

For I € 8(T'44+1), the unbounded component of the domain of discontinuity Q(I")
is denoted by Qo (T"). We set K(T') := C\ Qoo (T"). We further denote the union of
all bounded components of the fundamental domain Fr by T%(T'), and the unique
unbounded component of Fr by I1%(T). Finally, we set II(T") := II9(T").

Note that a Kleinian group is said to be geometrically finite if its action on H?>
admits a fundamental polyhedron with finitely many faces (see [Marl6, §3.6] for

many equivalent definitions).

Proposition 10.9. Let T' € S(Tyy1). Then the following hold true.
(1) Qoo(T) is simply connected, and I'-invariant.

(2) 09 (T) = A(T); in particular, int (T') = Q(T') \ Qe (T).

(3) A(T) is connected.

(4) All bounded components of Q(T") are Jordan domains.

Proof. Except for the last one, all the statements follow from [LMM20, Proposi-
tion 2.28].

For the last statement, first note that by the proof of Proposition 6.5, the index
two Kleinian subgroup of I' is geometrically finite, and hence, its connected limit set
A(T) is locally connected [AM96]. Hence, each component of Q(I")\ Qoo (T') is simply
connected with a locally connected boundary. The fact that such a component U
is Jordan follows from the fact that OU C A(T") = 00 (T). O

Remark 10.10. We note that since the groups on the Bers boundary 08(I'y41) are
reflection groups, they are all geometrically finite. Thus, the boundary of the Bers
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slice of an ideal polygon reflection group is considerably simpler than Bers slices of
Fuchsian groups. Indeed, the boundary of the Bers slice of a Fuchsian group (except
for the thrice punctured sphere group) necessarily contains degenerate groups; i.e.,
groups that are not geometrically finite (see [Ber70]).

F Qoo (T)

]

FIGURE 5. Left: The circles C; generate a necklace group I'. The
Nielsen map pr is defined piecewise on the union of the closed
disks Int C;. The fundamental domain F = Fr (for the action
of T on Q(T')) is the complement of these open disks with the
singular boundary points removed. The connected components of
F are marked. Right: The unbounded component of the domain of
discontinuity Q(T") is Qoo (T"). The boundary of Q4 (T') is the limit
set A(T"). Every point in Q(T") escapes to F under iterates of pr.
The dynamics of pr on the limit set A(T") is topologically conjugate
to the Julia dynamics of the cubic anti-polynomial depicted in
Figure 7.

Proposition 10.11. [LMM20, Proposition 2.31] Let ' € 8(Tys1). The map pr
is orbit equivalent to I' on (E; i.e., for any two points z,w € @, there exists g € T’
with g(z) = w if and only if there exist non-negative integers mi,ng such that
prt(2) = pr* (w).

Remark 10.12. Note that although pr is not defined on int Fr, the expression pP™(z)
makes sense for z € int F when n = 0 (with the convention that pf? = id).

Proposition 10.13. LetT' € f(T'yy1). Then, the following hold true.

(1) T9(T) is connected.
(2) K(T) = | pr™(T0(T)).
n>0
(3) A(T) is completely invariant under pr.
(4) IfU is a connected component of int K(I') containing a component of T9(T),
then pr|gy is topologically conjugate to pg|s:, for some d’ > 2.

Proof. 1) This follows from the fact that T" is generated by reflections in the circles
of a finite circle packing with 2-connected and outerplanar contact graph.

2) Recall that Fr = T%(T) U T%T). Since Qu(T) D M%) is an invariant
component of Q(T), it follows from Proposition 6.5 that

Q) \ Qe (I) = T (T(T)).
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Proposition 10.11 now implies that

QD Qe (1) = [ o™ (1))

n>0
As Q) \ Qoo(T) is also I-invariant, we have that
9 () \ Qoo (I) = A(I).
Hence,

K(I) = AT) U (QI)\ QD) = [ o™ (TO(D)).

n>0

3) Complete invariance of A(T") under pr follows from I'-invariance of the limit
set.

4) If Y is a connected component of int K(I') containing a component of T°(T),
then UNTO(T) is a topological (d’ +1)-gon (with vertices removed), for some d’ > 2.
Choose a quasiconformal homeomorphism & : TO(Ty 1) — U N TO(T) preserving
the vertices. By iterated Schwarz reflections (and quasiconformal removability of
analytic arcs), we obtain a quasiconformal homeomorphism « : D — U conjugating
par to pr. Since U is a Jordan domain (by Proposition 10.9), the quasiconformal
homeomorphism & extends continuously to a topological conjugacy between pg |st
and pr|ou. 0
Proposition 10.14. [LMM20, Proposition 2.36] Let T' € B(T'441). There exists a
conformal map ¢r : D* — Qo (T) such that

(10.1) pa(2) = ¢pt o proér(z), for € D* \ int TI(T gy 1).

The map ¢r extends continuously to a semiconjugacy ¢r : St — A(T') between pg|s:
and pr|ay, and for each i, sends the cusp of Ol(Tqy1) at C; N Cyyy to the cusp
of 8H(F) at C;NCiyq.

The Nielsen map pg of the group Iy 1, restricted to the limit set S', admits the
Markov partition

u} 27id

P(pd; {17ed2+1 -

Note that the expanding map
z7%: St = S
or equivalently,
m_q:R/Z —R/Z, 0 — —db

also admits the same Markov partition with the same transition matrix (identifying
S! with R/Z). By Lemma 3.3, there exists a homeomorphism

Eq:St = st

conjugating pg to z¢ (or m_g) with £;(1) = 1.
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10.2. Conformal mating. We will now define the notion of conformal mating of
the Nielsen map of a necklace group and an anti-polynomial. Our definitions follow
the classical definition of conformal matings of two (anti-)polynomials, which we
recall below (we refer the readers to [PM12] for a more extensive discussion on
conformal mating of polynomials).

Let us first introduce some terminologies. We denote the Julia set of an anti-
rational map R by J(R). The filled Julia set and the basin of infinity of an anti-
polynomial P are denoted by IC(P) and Bu(P) respectively.

Let P be a monic, centered, anti-polynomial of degree d such that J(P) is
connected and locally connected. Denote by ¢p : D* — B (P) the Bottcher
coordinate for P such that ¢»(co) = 1. We note that since OK(P) = J(P) is
locally connected by assumption, it follows that ¢p extends to a semiconjugacy
between z — z%|s1 and P|7(p).

10.2.1. Conformal mating of anti-polynomials. An anti-rational map R : C — C of
degree d > 2 is said to be the conformal mating of two degree d monic, centered,
anti-polynomials P; and P, with connected and locally connected filled Julia sets
if and only if there exist continuous maps

1’2}’1 :K(Pl)%@and{/;g:lC(Pg)—)@,
conformal on int K(Py), int K(P2), respectively, such that
(1) W1 (K(P) Ua(K(Py) = C,
(2) Qﬁz oPF; :ﬁowi, for i € {172}7 and

(3) ¥1(a) = 12(b) if and only if a ~; b, where the equivalence relation ~; on
K(Py) U K(P) is generated by ¢p, (s) ~1 ¢p,(35) for all s € St.

10.2.2. Conformal mating of a necklace group and an anti-polynomial. Let T' €
B(T441) be a necklace group generated by reflections in circles Cq,- -+ ,Cyq41. By
Proposition 10.14, there is a natural semiconjugacy ¢r : St — A(T") between pgls:
and pr|z(r) such that ¢r(1) is the point of tangential intersection of Cy and Cgy1.
Recall also that £; : S' — S is a topological conjugacy between pg|s: and z +— 7%|g1.

Definition 10.15. We define the equivalence relation ~ on K(I') UIC(P) generated
by ¢F(t) ~ ¢p(5d(t)) for all t € S'.

Definition 10.16. Let I' € 8(I'44+1), and P be a monic, centered anti-polynomial
such that J(P) is connected and locally connected. Further, let Q C C be an open
set, and F : Q — C be a continuous map that is anti-meromorphic on 2. We say
that F'is a conformal mating of I' with P if there exist continuous maps

Yp : K(P) — C and ¢r : K(T') — C,

conformal on int IO(P), int ("), respectively, such that

(1) ¥p(K(P) Utr (K(T) = C,
(2) @ =C\ ¢ (TO0)),

(3) ¥po P =Foyp on K(P),
(4)

(5)

tropr = Foyr on K(T') \ int T(T), and

3
4
5) Yr(z) = ¢Yp(w) if and only if z ~ w where ~ is as in Definition 10.15.
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The following lemma connects the study of conformal matings of reflection groups
and anti-polynomials to the theory of quadrature domains.

Lemma 10.17. If F : Q — Cisa conformal mating of I' and P, then each
component of ) is a simply connected quadrature domain, and F' is the piecewise
defined Schwarz reflection map associated with these quadrature domains.

Proof. As all but finitely many points of T%(T") are contained in int K(T'), injectivity
of Yr|in¢ x(ry implies that ¢r can introduce at most finitely many identifications on

TO(T). In fact, these identifications may happen only at the singular points of

OTO(T"). Tt follows that = C \ ¢r(T9(I)) has at most finitely many connected
components, say 1,---,€);, and they satisfy the conditions

(1) intQ; = Q, fori € {1,---,1}, and
!

(2) Q= U Q; = C\ ¢r(int T°(I)).

Since I' € B(T'441), the set TO(T") is connected by Proposition 10.13. Hence, each
Q; is simply connected. Possibly after conjugating F' by a M&bius map, we can also
assume that oo ¢ 98, for i € {1,---,1}. Finally, as pr fixes 9T°(I") pointwise, it
follows that the anti-meromorphic map F'|o, continuously extends to the identity
map on 0f);, for each i. We conclude that each component €2; is a simply connected
quadrature domain, and F’ \Qf is the Schwarz reflection map associated with 2,. O

10.3. A general mateability theorem. Let I' € 5(I'411). By [LMM20, Theo-
rem B, Remark 5.13], there exists a unique monic, centered, critically fixed anti-
polynomial Pr of degree d such that

pr: AT) = AT) and Pr:J(Pr)— J(Pr)
are topologically conjugate (see Figures 5 and 7); and
(10.2) (€a x E)(A(I)) = A(Pr),

where A(T") (respectively, A(Pr)) is the equivalence relation on R/Z determined by
the fibers of ¢r : R/Z — A(T') (respectively, of ¢p. : R/Z — J(Pr)). Moreover,
the topological conjugacy $ : A(T') — J(Pr) satisfies

(10.3) H(r(t) = ¢ (Ea(t), t €S

Thanks to Lemma 7.1, the question of mateability of an anti-polynomial P and
the group I' can be reduced to the question of mateability of the pair of anti-
polynomials P and Pr. The main idea is to pass from the conformal mating of
two anti-polynomials to that of an anti-polynomial and a necklace group by gluing
Nielsen maps of ideal polygon groups in suitable invariant Fatou components of
anti-rational maps.

Proposition 10.18. Let P be a monic, postcritically finite anti-polynomial of de-

greed, and T € B(Lys1); i.e., T is a necklace group. Then, T and P are conformally
mateable if Pr and P are conformally mateable.
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Proof. We suppose that R is a conformal mating of Pr and P. Then, by definition
(see Subsection 10.2.1), there exist continuous maps

Vp. : K(Pp) — C and ¢p : K(P) — C,
conformal on int IO(Pr), int I(P), respectively, such that
(1) ¢pe(K(Pr)) Uyp(K(P)) = C,

(2) QEPF obPr= R?vl/)Pr on IC(PF)7
(3) Ypo P =Rovyp on K(P), and
(4) Jpr (a) = QZp(b) if and only if a ~1 b, where the equivalence relation ~; on

K(Pr) U K(P) is generated by ¢p.(s) ~1 ¢p(3) for all s € S.
In particular, R is a postcritically finite (hence, subhyperbolic) anti-rational map.

Let U;, 1 € {1,--- ,k}, be the components of int JC(I") containing the components
of T°(T). By Proposition 10.13(part 4), pr|ay, is topologically conjugate to pg, |s:
(for some d; > 2), and hence is a degree d; expansive orientation-reversing covering
of OU;. Under 9, the boundaries of these components U; are mapped to the bound-
aries of invariant (bounded) Fatou components Tj’l, e ,ﬁk of Pr such that Pr| T,

is topologically conjugate to % |g1. Thus,

Ui == ¢p. (Usi) C ¥p. (K(FT))
is an invariant Fatou component of the anti-rational map R. Moreover, the map
R|au, is topologically semiconjugate to z%|g1.

We will now glue the dynamics of prly, in each U;. This will be done in two
steps. We first glue the Nielsen map of the regular ideal (d; + 1)-gon group in
U;, and then quasiconformally deform it to the Nielsen map pr|y,. To achieve the
first goal, note that Lemma 7.1, applied to the Fatou components Uy, -+ , Uy of R,
provides us with a global David homeomorphism ¥; and an anti-analytic map F
(defined on a subset of @) such that F} is conformally conjugate to pg, |p on ¥y (U;)
(i € {1,---k}), and topologically conjugate to R|;ry on ¥1(J(R)). Let us set

k
0 :=C\ | JWi(Th),
i=1
where T; is as in the proof of Lemma 7.1. Note that since at most finitely many
points on various VW1 (7T;) may touch, the domain of definition of Fy is Q;. We now
choose quasiconformal homeomorphisms from the topological (d; + 1)-gon ¥y (U;)\
Q) onto the topological (d; +1)-gon U; NT°(T) that preserve the vertices. We then
pull back the standard complex structure on U; N T°(T") by this quasiconformal
homeomorphism to U1 (U;) \ @1 (i € {1,---,k}), spread it by the dynamics to
all of int Uy (¢p.(K(Pr))), and put the standard complex structure on the rest of
the sphere. The Measurable Riemann Mapping Theorem now gives us a global
quasiconformal homeomorphism W, that is conformal on int W1 (¢p(K(P))), and
conjugates F} to a continuous map F : U5(Qy) — C that is anti-analytic on U (€);).
By construction, setting ¥ := Wy 0o ¥; and Q := Uy(£2;), we have that F : Q — C
is conformally conjugate to prly, on ¥(U;) (i € {1,---,k}), and topologically
conjugate to R|s(g) on ¥(J(R)).
We will now argue that F' is a conformal mating of I" and P. To this end, let us
set _ R
LZJP IZ\IIOT,/JPIIC(P)*)(C.
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Note that since R = R on ¢p(K(P)) and ¥ is conformal on ¢p(int K(P)), it follows
that ¢p is conformal on int IC(P) and ¢p o P = F opp on K(P).
We now set

Yr = Totp, 09 : AT) = U(J(R)).
Then, ¢r o pr = F otr on A(I'). By our construction of F, we can extend 9r|x(r)
to a conformal map

Y int K(T) — ¥ ({/?pr (int IC(PF)))

such that ¢p(T9(T)) = Ule U(T;), and ¢r o pr = F op on K(') \ int T°(T"). Tt
also follows that

and
vp(K(P) Jur (M) = (¢p(K(P) | (K(Pr)) ) = C.

Thus, F satisfies conditions (1)—(4) of of Definition 10.16. It now remains to
verify condition (5).

To this end, let us first choose z = ¢r(t) € A(T") and w = ¢p(Eq(t)) € T(P), for
some ¢t € S'. Then,

Yr(z) = (Fodp, 0 9)(¢r (1) = T (W (Gr (Ea(1))) = U (p($p(Ealt))) = dp(w).

Thus, ¢r(z) = ¥ p(w) whenever z ~ w.
Conversely, let

¥r(z) = Yp(w)
for some z € A(T') and w € J(P). By definition of ¢r and 1 p, and the fact that

¥ is a homeomorphism, the above implies that ¥ p.($(2)) = ¢p(w). Hence, there
exists s € S! such that

'6('2) = ¢Pr(s)a w = (bP(g)'
Now set t = £;'(s). Then,

9(z) = ¢p(Ea(t)) = H(¢r(t)) = z=¢r(t).

Therefore, z = ¢r(t) and w = ¢p(E4(t)); and hence, z ~ w. The proof is now
complete. |

In order to apply the above proposition, we quote a mateability result for anti-
polynomials from [LLM20].

Proposition 10.19. [LLM20, Proposition 4.21] Let P and Q be marked anti-
polyno-mials of equal degree d > 2, where P is postcritically finite, hyperbolic, and
Q s critically fized. There is an anti-rational map that is the conformal mating
of P and Q if and only if K(P) U K(Q)/ ~1 is homeomorphic to S?, where the
equivalence relation ~1 on K(P) U K(Q) is generated by ¢p(s) ~1 ¢q(3) for all
s € Sh

We are now ready to prove a precise version of Theorem D. The equivalence rela-
tion ~ appearing in the statement below is the one introduced in Definition 10.15.
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Theorem 10.20 (Criterion for Mateability). Let P be a monic, postcritically fi-
nite, hyperbolic anti-polynomial of degree d, and T € B(Lys1); i.e., T is a necklace
group. Then, P and T' are conformally mateable if and only if K(P)UK(T)/ ~ is

homeomorphic to S?.

Proof. It is obvious from Definition 10.16 that if P and I" are mateable, then IC(P)U
K(T')/ ~ must be homeomorphic to S?.

For the converse, let us assume that K(P) U K(I')/ ~ is homeomorphic to S?.
It is easy to check using the definitions of ~ and ~1, and Relation (10.3) that
the topological spaces K(P) U K(T")/ ~ and K(P) U K(Pr)/ ~1 are homeomor-
phic. In particular, X(P) U K(Pr)/ ~1 is homeomorphic to S?. Hence, Proposi-
tion 10.19 implies that the anti-polynomials P and Pr are conformally mateable.
The desired conclusion that P and I' are conformally mateable now follows from
Proposition 10.18. O

Remark 10.21. In the statements of Proposition 10.18 and Theorem 10.20, being
mateable depends on the representation £ : I'y;1 — I' (or equivalently, the label-
ing of the circles Ci,--- ,Cyt1, where (p;) is the reflection in the circle C;, for
i e {l,---,d+1}). Indeed, the lamination A\(Pr) of the anti-polynomial Pr is
determined by the lamination A(T") of the group T' (via relation (10.2)), and the
lamination A\(T") depends on the choice of the conformal map ¢r, which, in turn, de-
pends on the labeling of the circles C1,- -+, Cyy1 (see Proposition 10.14). Roughly
speaking, different representations give rise to different ways of gluing the limit set
of I' with the Julia set of an anti-polynomial, and the choice of gluing determines
whether a conformal mating exists.

For example, in light of Proposition 10.18 and [LLM20, Corollary 4.22], it is
easy to see that the anti-polynomial P;(z) = z° — %E (see Figure 6) is conformally
mateable with the group I' from Figure 5 with the labeling of the underlying circle
packing shown in Figure 5(left). However, if we consider the same group I' with
a different labeling of the underlying circle packing such that the circles Cy and
C}4 touch at a point (note that this amounts to looking at a different element of
B(T4+1)), then it is no longer conformally mateable with the anti-polynomial Py
since with this new marking of the generators of T', the quotient space K(P;) U
K(T)/ ~ is not homeomorphic to S?.

11. MATING REFLECTION GROUPS WITH ANTI-POLYNOMIALS: EXAMPLES

The goal of this section is to illustrate Proposition 10.18 and Theorem 10.20 by
producing various examples of matings of anti-polynomials and necklace reflection
groups. While these results guarantee the existence of conformal matings of suitable
anti-polynomials and necklace reflection groups, in general, it may be hard to find
explicit Schwarz reflection maps realizing the conformal matings.

However, there are two ways to achieve this in low degrees. The first one,
implemented in [LLMM18a, LLMM18b, LMM20], is to study the dynamics and
parameter spaces of specific families of Schwarz reflection maps, and recognize such
maps as matings of anti-polynomials and reflection groups. In Subsection 11.1, we
will indicate how the examples studied in these papers fit in our general mating
framework.
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In the opposite direction, to explicitly characterize the conformal mating of a
given necklace group and an anti-polynomial, let us first recall that by Lemma 10.17,
the conformal mating is a piecewise defined Schwarz reflection map associated with
a finite collection of simply connected quadrature domains. This allows one to
uniformize the domains by rational maps of suitable degrees (compare Proposi-
tion 6.12), and use the desired dynamical properties to explicitly find these rational
maps. We note that this approach requires care when both the anti-polynomial
and the necklace group have non-trivial laminations; indeed, one needs to read off
the contact pattern of the finite collection of simply connected quadrature domains
(whose Schwarz reflection maps define the conformal mating) and the degrees of
the corresponding uniformizing rational maps from the laminations of the anti-
polynomial and the necklace group (equipped with a labeling of the underlying
circle packing). This will be illustrated with a couple of worked out examples in
Subsections 11.2 and 11.3. The final Subsection 11.4 underscores the additional ana-
lytic steps required to characterize conformal matings of parabolic anti-polynomials
and necklace groups.

11.1. Some known examples. 1. For I' :=T';;1, the associated anti-polynomial
Pr is given by Pr(z) = 2% Since z? is conformally mateable with every anti-
polynomial P of degree d, we conclude from Proposition 10.18 that I'yy; is mate-
able with every postcritically finite anti-polynomial P of degree d. In the particular
case of d = 2, the mating of I's and Z? is realized as the Schwarz reflection map with
respect to a deltoid [LLMM18a, §5], and the matings of I's and all other postcriti-
cally finite quadratic anti-polynomials are realized as the Schwarz reflection maps
associated with a fixed cardioid and a family of circumscribed circles [LLMM18b].

2. Since % can be conformally mated with every critically fixed degree d anti-
polynomial, it follows once again from Proposition 10.18 and the fact that the limit
set of each group in the Bers slice closure is homeomorphic to the Julia set of some
critically fixed anti-polynomial (see the comments before Proposition 10.18) that all
necklace reflection groups can be mated with the anti-polynomial Z¢. By [LMM20],
these conformal matings are realized as Schwarz reflection maps associated with
the quadrature domains f(D*), where

a a
f€2*::{g(2)2z+;_|_..._|_Z‘:l:ad:

1
——and g

p D+ i8S conformal} .

11.2. Schwarz reflections in an ellipse and two inscribed disks. Consider

the anti-polynomial P;(z) = z° — %E. Each finite critical point of P; forms a

2-cycle (see Figure 6).

Note that the 1/4 and 1/2 rays (respectively, the 0 and 3/4 rays) of P; land at
a common fixed point on J(P;). They cut (Py) into three components. We will
denote the component containing the two critical points by K1 (P;), the component
containing the critical value in the left half-plane (respectively, the critical value
in the right half-plane) by KCa(P1) (respectively, K3(P1)). We have the following
mapping properties of the action of P; on its filled Julia set.

(1) P : Ki(Py) — K(Py) \ K;(P1) has degree 1, for ¢ € {2,3}, and
(2) Py : P (K1 (Py) N Ky (Py) — K1(Py) has degree 1.
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FIGURE 6. The dynamical plane of P;(z) = 2> — %E; each critical
point of P; forms a 2-cycle (the figure displayed is a 7-rotate of the

actual dynamical plane). The external dynamical rays of period 1
and 2 are marked.

F1GURE 7. The dynamical plane of the critically fixed cubic anti-
polynomial Pr(z) = 2% — %Z (the figure displayed is a Z-rotate
of the actual dynamical plane). The external dynamical rays of

period 1 and 2 are marked.

Also consider the cusp reflection group I' shown in Figure 5, and the associ-
ated reflection map pr. The monic, centered, critically fixed anti-polynomial Pp
associated to I' in Subsection 10.3 is given by Pr(z) = z° — 2% (see Figure 7).

We will now argue that Pr and P; are conformally mateable. Note that the only
rays landing at the separating repelling fixed point (i.e., the repelling fixed point
that is a cut-point of the filled Julia set) of the critically fixed anti-polynomial
Pr have angles 1/8 and 5/8, while for the other anti-polynomial P;, the rays at
angles —1/8 = 7/8 and —5/8 = 3/8 land at non-cut points of J(P;). Therefore,
the principal ray equivalence class for Pr and P; contains no cycle, and hence by
[LLM20, Corollary 4.22, Figure 4.2], the maps Pr and P, are conformally mateable.
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By Proposition 10.18, there exists a conformal mating F : Q — C of P and T.
We set T(F) := op(T%(T)). Since r is conformal on int K(I'), each of the two
components of T°(F) is a topological triangle with its vertices removed. Moreover,
by Lemma 10.17, each component of 2 is a simply connected quadrature domain,
and F' is the piecewise defined Schwarz reflection map of these quadrature domains.

According to [LMM20, Lemma 4.22 (part i)], the four cusp points of 97°(T)
(that are not cut-points of 9T°(I")) have external angles 0,1/4,1/2, and 3/4 (as
points on A(T')). Since the 1/4 and 1/2 rays (respectively, the 0 and 3/4 rays)
of Py land at a common fixed point, the landing points of the 1/2 and 3/4 rays
(respectively, the landing points of the 0 and 1/4 rays) of Pr are identified in the
Julia set of the conformal mating of Pr and P;. There is no other identification
involving the landing points of the fixed rays of Pr. It follows from Relation (10.3)
that each vertex of a component of T0(F) is identified with a vertex of the other
component of T9(F). Hence, 2 has three connected components 2,5, and Q3
such that

(1) each ©; is a Jordan quadrature domain,
(2) ¥p (Ki(P1)) C €, i =1,2,3,
(3) 09; NOQ; is a singleton, for each i # j € {1,2,3}.

(See Figure 8.)

FIGURE 8. The figure depicts the identifications on the boundary
of the fundamental domain 7°(T") that give rise to three pairwise
touching Jordan domains.

Denoting the Schwarz reflection maps of {2; by o;, we have that
F(w) = oi(w), if w e Q;.

It follows from the mapping degrees of P; on Ky (P1), Ko(P1), and K3(Py) that
o1 2oy H(int Q1) — int Q; is a branched cover of degree 2, and o; : o; ' (int Q) —
int Q¢ has degree 1, for i € {2,3}. By Proposition 6.12, there exist rational maps
f1, f2, and f3 such that

(1) fi:D* — Q; are univalent, for i € {1,2,3},
(2) Flo, = fio(1/¢) o (filp+)~", and
(3> degfl =2, degfl =1,i€ {273}

Note that 0 is a repelling fixed point of P;. Conjugating F' by a Mdbius map,

we can assume that p, (0) = co € Oy, and hence, F(c0) = co. We can choose f;
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—

(5 +a%)

FIGURE 9. The conformal mating of P;(z) = z° — \3}—%2 and the
necklace group from Figure 5 is given by the piecewise Schwarz
reflection map F associated with the quadrature domains 2;,

i € {1,2,3}; where ; is the exterior of the ellipse ﬁ +
(1—_’%)2 = 1, and Q9,3 are the round disks |z £+ #| = #
(a = % ((1 +V5) - V2 + 2\/5)) The two components of TO(F)

are topological triangles with vertices removed. Each vertex of a
component of TY(F) is identified with a vertex of the other com-
ponent of T°(F). Each of the two critical points of F forms a
2-cycle.

so that f1(c0) = oo and f/(c0) > 0; ie.,

az’> +bz+c
e =—7%q—

where a > 0, b,¢,d € C. Since o is a fixed point of F, it follows from the formula

Flo, = fio (1/Q) o (filp)™"
that f1(0) = oo; i.e., d = 0. Thus, f1 reduces to the form

)

fi(z) =az+b+c¢/z.

We are now only allowed to conjugate F' by affine maps as conjugating by non-affine
maps will; in general, destroy the normalization f;(0) = co. Conjugating F' by a
translation, we can now assume that fi(z) = az + ¢/z. Finally, conjugating F by
a dilation and rotation, we can choose f; to be

fi(z) = z+a2/z,

for some o > 0.
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FicURE 10. Left: The dynamical plane of F' is shown. The
blue/green region is the tiling set and the yellow region is the
non-escaping set. The large yellow components contain the two
2-periodic critical points (in red) of F. The corresponding critical
values lie inside the ellipse. Right: A blow-up of the interior of the
ellipse is displayed with the two critical values marked in red. The
two dark blue topological triangles are the components of T°(F).

A direct computation now shows that 2; is the exterior of the ellipse
2 Y2

Qa2 T @-a2e "

The major and minor axes of the ellipse are along the real and imaginary axes.
Moreover, the quadrature domains {25 and €3 are interiors of round circles (con-
tained in the interior of the ellipse) with 9€; N 0€2; a singleton, for each ¢ # j €
{1,2,3}.

We note that since the critical points of f; are £, it is easy to see by direct
computation that the critical points of o1 are +£(1/a + a3). The corresponding
critical values of oy are +2c. Since the critical points of P; are 2-periodic, the same
is true for the conformal mating F' of I' and P;. Therefore, the circle reflection
oy (respectively, o3) maps 2a € R (respectively, —2a € R) to (1/a +a?) € R
(respectively, —(1/a + a®) € R). Hence, the centers of the circles 9€; (i = 2,3)
must lie on the real axis. Finally, by symmetry, the radii of the circles 9€2; (i = 2, 3)
must be equal; i.e., the centers of the circles are at + l+a”

2
%. A direct computation using the fact o (2a) = 1/a + o® now yields that

a:%((1+\/5)—\/2+2\/5>.

Proposition 11.1. Let Pi(z) = z° — \?}—%E, T be the cusp reflection group from
Figure 5, and o = % ((1 +5) — V2 + 2\/5) Then, the piecewise defined Schwarz

, and the common radius

is



DAVID EXTENSIONS, WELDING, MATING, AND REMOVABILITY 7

reflection map F in the exterior of the ellipse

.T2 y2

Ata2? ' (1-a?)2

and in the interiors of the circles

:]_7

1+ a? 1+ a?
et 1

is a conformal mating of P, and I.

11.3. Schwarz reflections in an extremal quadrature domain and a cir-
cumscribed disk. Consider the group I' as in Subsection 11.2 and the unicritical
cubic anti-polynomial Py(z) = 23 + (1};), which has a superattracting 2-cycle (see
Figure 11).

Note that the 0 and 1/4 rays of P, land at a common fixed point ¢, and cut
K(P,) into two components. We will denote the component containing the critical
value (respectively, the critical point) by Ki(Ps) (respectively, Ko(P2)). Note that
the set KC1(P2) J{C} is mapped injectively onto KCo(Pe) | J{¢} under P,. On the
other hand, under Py, the set Ko(P2)J{(} covers itself twice, and K1 (Py) | J{¢}
thrice.

As in the Subsection 11.2, one can show that Pr (defined in Subsection 11.2)
and P, are conformally mateable. Indeed, the only rays landing at the separating
repelling fixed point (i.e., the repelling fixed point that is a cut-point of the filled
Julia set) of the critically fixed anti-polynomial Pr have angles 1/8 and 5/8, while
for the other anti-polynomial P, the rays at angles —1/8 = 7/8 and —5/8 = 3/8
land at non-cut points of J(Ps). Therefore, the principal ray equivalence class for
Pr and P, contains no cycle, and hence by [LLM20, Corollary 4.22], the maps Pr
and P, are conformally mateable.

By Proposition 10.18, there exists a conformal mating F : Q — C of P and T.
We set TO(F) := ¢r(T°(T)). Since tr is conformal on int I(I'), each of the two
components of TO(F) is a topological triangle with its vertices removed. Moreover,
by Lemma 10.17, each component of €2 is a simply connected quadrature domain,
and F' is the piecewise defined Schwarz reflection map of these quadrature domains.

Note that the four cusp points of dT°(T') (that are not cut-points of 9T°(T"))
have external angles 0,1/4,1/2, and 3/4 (as points on A(I")). Since the 0 and 1/4
rays of P, land at a common fixed point, the landing points of the 0 and 3/4 rays
of Pr are identified in the Julia set of the conformal mating of Pr and P,. There
is no other identification involving the landing points of the fixed rays of Pr. It
follows that two vertices of a component of T°(F) are identified. Hence, Q has two
connected components €27 and 25 such that

(1) €21 and Qq are simply connected quadrature domains,

(2) 7/}P2 (]Cl(Pz)) - 9717 and sz (’CZ(PQ)) - 9727
(3) 4 is a Jordan domain, and 92 has a unique cut-point,
(4) 091 N Oy is a singleton.

Denoting the Schwarz reflection maps of 2; by o;, we have that

_ O’l(w) if w 69717
F(w) = { oa(w) if w e Q.
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FiGURE 11. The dynamical plane of the unicritical cubic anti-

U+) " The critical point of Py is 2-

polynomial Py(z) = 23 + Vol

periodic.

Conjugating F' by a Mdbius map, we can assume that unique critical point of
F is 0 € Qo, the unique critical value is co € €21, and the conformal radius of 5
(with conformal center at 0) is 1.
By mapping properties of Py, we have that oy : o7 *(int Q) — int Qf has degree
1, and oy : o, '(int Q5) — int Qf is a branched cover of degree 3. By Proposi-
tion 6.12, there exist rational maps fi; and fs such that
(1) fi : D — Q; is univalent,
(2) Flo, = fio(1/¢) o (filp)™", and
(3) deg f1 =1, deg fa = 3.
The assumption that the conformal radius of Q5 (with conformal center at 0) is
1 allows us to normalize f2 so that f»(0) = 0 and f5(0) = 1. By the dynamics of
F, it now follows that fs has a triple pole at oco; so fs is a cubic polynomial.
Let fo(2) = z+az? +bz3. Since F (in particular, o) has a unique critical point,
the two finite critical points of f» must lie on S'. A simple calculation now implies
that |b] = 1/3. Conjugating f2 by a rotation, we can assume that

fo(z) =2+ az? + 23/3,

for some a € C. We will now use the condition that 02 has a unique cut-point
(equivalently, a double point) to determine a. In fact, a simple numerical compu-
tation shows that the only map f> of the above form with a double point on fo(S?)
is fo(2) = z+ %f + Z—; (up to conjugation by z — —z). Below we give a rigorous
proof of this fact.
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FIGURE 12. The conformal mating of Py(z) = z° + % and the
necklace group from Figure 5 is given by the piecewise Schwarz
reflection map F associated with the quadrature domains §2;,
i€ {12} where Q1 = {|o| > 44221 and Qy = f(D),
flz)=z+ 2‘[ 22 + Z. The two components of T°(F) are topo-
logical trlangles with Vertices removed. The closure of one of the
components of TY(F) is a topological triangle, and two vertices of
the other component of TY(F) are identified. The unique critical
point 0 of F' forms a 2-cycle 0 <> co.

Consider the space of cubic polynomials
Sy = {f(2) =2+ az*+2%/3:a € C, f|p is univalent}.

By [Bra67, Theorem 2], the maps z + 2‘[,22 + % ’ maximize the absolute value of
the coefficient of z? in the space 53. Moreover for any f € S5, we have a € R
(the fact that the coefficient of 23 is 1/3 implies that both critical points of f lie
on S!). Hence, the maps z + Q‘fz + ; are extremal points of S3; i.e., they
cannot be written as proper convex combinations of two distinct maps in 53- It

now follows from [LM14, Theorem 3.1] that the image of S! under each of the
maps z + %zz + ? has a double point. Finally, by [LMM19, Theorem B], up to
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conjugation by z — —z, there is a unique member f in S5 with the property that
f(S!) has a double point. Therefore, we can choose fa(2) = z + ¥22 + ?
Since F'(o0) = 0, it follows that € is the exterior of a round circle centered at

the origin. It is easy to see that dist(0, f2(S')) = d(0, f2(1)) = 3 + % As 00y
touches 9 = fo(S!), it follows that Q; is the exterior of the circle {|z| = 5+ %}

Proposition 11.2. Let Py(z) = 2% + %E, I' be the cusp reflection group from
Figure 5, and f(z) = z—i—%zQ—i— % Then, the piecewise defined Schwarz reflection

map F in the quadrature domains f(D) and {|z| > 3+ %} is a conformal mating
of P, and T.

11.4. Mating the cauliflower anti-polynomial with the ideal triangle group.
In this subsection, we will prove the existence of the conformal mating of the
‘cauliflower’ anti-polynomial P(z) = z?+1/4 and the ideal triangle reflection group,
and give an explicit description of this conformal mating.

Note that the parabolic basin of attraction of P is equal to int I(P), and it is
a Jordan domain. Mapping KC(P) to D¢ = C \ D by a Riemann map ¢ that sends
the critical point 0 (of P) to oo and the parabolic fixed point 1/2 to 1, we see that
poPo¢p~!:D®— D is equal to the anti-Blaschke product

3z° +1

Ble) =73 + 72

(compare [DHO7, Exposé IX, §II, Corollary 1]). In other words, P|x(p) is confor-
mally conjugate to B|pe.

Lemma 11.3. There is a homeomorphism H : S' — S' with H(1) = 1 that
conjugates B to po2, and extends as a David homeomorphism of D.

Proof. Recall from Examples 3.4 and 3.5 that both Blgs: and po|s1 are expansive.
Note that B has three fixed points on S'; namely, at 1 and (%2\/%) More-
over, 1 is a parabolic fixed point of B, while the other two are repelling. On

the other hand, all three fixed points 1,w,w? of the Nielsen map py of the ideal
triangle reflection group I'; are parabolic. We consider the Markov partitions
P (B7 {1, —% + 2?i7 —% — QT@}) and P (pg, {17w7w2}).

It was shown in Example 4.3 that py admits piecewise conformal extensions
satisfying conditions (4.1) and (4.2) (with respect to P (p2,{1,w,w?})). Thanks
to Theorem 4.9, it now suffices to prove that the map Bls: also admits piecewise
conformal extensions satisfying conditions (4.1) and (4.2) (with respect to the par-

tition P (B, {1, —% + 2T‘/§i, —% — %@})) In fact, the desired extension of B|s:

near the fixed points satisfying condition (4.2) is given by z — 1/B(z). We now
proceed to find open neighborhoods U;, V;, i € {1,2, 3}, such that U;s (respectively,
V;s) contain the interiors of the above Markov partition pieces (respectively, the
B-images of the Markov partition pieces), the map z — 1/B(z) carries U; onto V;
conformally, and the sets satisfy condition (4.1).

To this end, we set

~ 1 3422
B(z) 327+
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FIGURE 13. The set U, (respectively, Us) is the region above (re-

spectively, below) the purple horizontal line y = % (respectively,

Yy = —%7 and the set Us is the disk bounded by the orange cir-
cle {22 + y? = 1}. The B-image of U; (respectively, of Us) is the
region below (respectively, above) the dotted red curve passing

through ﬁ and ++/2 (respectively, through f% and £v/2). Fi-
nally, the B-image of Us is the exterior of the dotted black ellipse

222 2 _
= +2y° =1

It will be convenient to conjugate B by a Mobius map

z+1
M(z):m7

that preserves the real line, sends 1 to oo, the other two fixed points to \_/—%, and
the unit circle to the imaginary axis. The conjugated map is given by
- ~ 1
B(w):=MoBoM *(w) = —w— —.
w
By construction, M carries the interiors of the Markov partition pieces (in the

B-plane) to (—ioo, \7—%) , (\7—%, ﬁ), and (%,ioo) (in the B-plane). We now set

U, = {Im(w) > \}5} and U, = {Im(w) < \/%}

The image V; of U; under B is the region below the curve

(b))

that passes through %, intersects the real line at ++/2, and is contained in the

horizontal strip {\_/—% <Im(w) < %} Likewise, the image V5 of Uy under B is the
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region above the curve

(- ap) 02 =2

that passes through \_/—%, intersects the real line at +v/2, and is contained in the

horizontal strip {\’/—% <Im(w) < %} Moreover, B maps Uy, Us conformally onto

V1, Va. Finally, we define
Us := {|z| < 1/vV2} € B(Uy) N B(Uy).
Then, Us does not contain the critical points +1 of 3. Furthermore,
B:Us— Vs
is a conformal isomorphism, where V3 isvthev exterior of an ellipse with V3 D U; UU,
(see Figure 13). Transporting the sets U;, V;, i € {1,2,3}, back to the B-plane via

the change of coordinate M, we obtain our desired open sets U;, V;, i € {1,2,3}
satisfying condition (4.1). O

We define an orientation-reversing continuous map on a subset of S:

B H l'opyoH, inD)\int H(II),
- | B, inD*,
where II is a regular ideal triangle in D. We define u|p to be the pullback of the
standard complex structure on D by the map H, and set p equal to zero everywhere
else. Since H is a David homeomorphism of D, it follows that u is a David coefficient
on C; i.e., it satisfies condition (2.1).
Theorem 2.1 then gives us an orientation-preserving homeomorphism ¥ of C
such that the pullback of the standard complex structure under ¥ is equal to pu.
Setting Q := C \ W(H-1(IT)), we see as in the proof of Lemma 7.1 that the map

o =ToBoU¥1:0-C

is continuous and anti-analytic on Q. Moreover, B|p. is conformally conjugate to
olw(e) via ¥, and ps | is conformally conjugate to 0’|‘1,(ﬁ) via Wo H ! (conformality
of U o H~! follows from Theorem 2.2).

Since P|i(p) is conformally conjugate to Blpe, it follows from the previous para-
graph and Definition 10.16 that o is a conformal mating of P and the ideal triangle
group I's. Moreover, by Theorem 2.7, ¥(S!) is conformally removable. We claim
that o is the unique (up to Mobius conjugacy) conformal mating of P and I's.
Indeed, if o is another conformal mating of P and I's, then there exists a home-

omorphism of C, conformal on C \ U (Sh), conjugating o to ¢. But the conformal
removability of U(S!) implies that this homeomorphism is a Mdbius map; i.e., o
and o are Mobius conjugate.

Note that P and ps commute with ¢ : z — Z. It follows that ¢ o o o« is another
conformal mating of P and p,. If we normalize ¥ so that the unique critical point,
critical value, and ‘parabolic’ fixed point of o are real, then by uniqueness of the
conformal mating of P and p3, the maps ¢ and ¢ o ¢ o ¢« must be conjugate via a
Mobius map M fixing these three dynamically marked points. Hence, M = id, and
o0 = too0 o Hereis an alternative way of seeing the real-symmetry of o. By
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Remark 2.4, the David homeomorphism H is real-symmetric. It follows from the
construction that the map B and the David coefficient w1 are also real-symmetric. By
the uniqueness part of Theorem 2.1, we conclude that the David homeomorphism
U is real-symmetric, from which real-symmetry of ¢ follows.

We now proceed to an explicit characterization of ¢. By construction, €2 is a
Jordan domain. Also note that by Lemma 10.17, Q is a quadrature domain, and
o is its Schwarz reflection map. Since o commutes with the complex conjugation
map, the domain € is real-symmetric. Since o : o~ !(int Q) — int Q¢ has degree
3, Proposition 6.12 now provides us with a rational map R of degree 3 such that
R : D¢ — Q) is univalent. Since () is real-symmetric, we can assume that R has real
coefficients.

For each critical point ¢ of R in D, the point R(1/£) € € is a critical point of
0. Since o has exactly one (simple) critical point, it follows that R has exactly one
(simple) critical point in D. By the real-symmetry of R, this critical point must
be real. , the other three critical points of R lie on S!
and are simple. Once again, the real symmetry of R implies that one of these two
critical points is real, and the other two are complex conjugates of each other.

Note that postcomposing R with Md&bius transformations and precomposing R
with Mobius maps that preserve the unit disk do not change the Mobius conjugacy
class of 0. Thus, pre and postcomposing R with real-symmetric Mébius maps, we
can assume the following:

pe 1S univalent,
(2) = R(z),
t(R) = {0,1,a, @} for some o € St \ {1},
" — R(1) locally uniformly on ¥(D°),
(00) = 00, R/(c0) =1, and
R(0) = 2.
The conditions that R(c0) = 0o, R'(00) = 1, and R(0) = 2 immediately imply
that

R
Cri
o°
R

23 +az? +bz+ 2
2Z+dz+c

for some a, b, c,d € R with ¢ # 0. The fact that 0 is a critical point of R now shows

that b = 2d; and hence,

R(z) =

)

z (23 +2dz? + (ad + 3¢ — 2d)z + (2ac — 4c))
(22 4+dz+¢)? '
The fact that the cubic map R is univalent on D¢ and fixes co implies that none

of the critical points 1, o, @ is a pole of R. Hence, in light of Vieta’s formulas, the
expression of R’ obtained above yields that

(11.1) l+a+a=-2d=ad+3c—2d, 4c — 2ac=1.

= R'(2) =

Hence, a = 41 and d = 16_620 (c # i) Therefore, we have the following form of

2c
R:

> _|_4c 1 2+ 12¢2 Z+28
(11.2) R(z) = e
P2+ £+ o

)

for some ¢ € R\ {0,1/4}.

Claim. ¢ < %.
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Proof of Claim. By way of contradiction, let us assume that ¢ > %.
Case i. ¢ > 1. Then, Equation (11.1) combined with the fact that o € S* \ {£1}
imply

12¢2

12
1_4C:>(2c 1)° <0,

2<at+a<?2 = 3<2d = -3<

a contradiction.
Case ii. % <c< i. In this case, we have
2

1—4c

2<a4+a<?2 = 2d<] = <1l = (2¢+1)(6c—1) <0,

a contradiction.

Case iii. ¢ = %. In this case, £1 are critical points of R, which contradicts the
fact that R has exactly one real critical point on S'. This completes the proof of
the claim. d

Let us note that for ¢ < %, we have that
2(1 — 4¢)

(11.3) R(1) — R(—1) =
Claim. ¢ ¢ (&, 3).

Proof of Claim. We will look at the local geometry of R(S') near the cusp R(1).
To do so, we parametrize S* as {e® : 0 <t < 27}, and compute that for ¢ ~ 0,

c? — 8¢ c— Cc— — LUc) -
ret) = (25 M= D o) )i (et e o))

Now, for ¢ € (%, %), the coefficient of #3 in the imaginary of part of R(e'!) is

negative. It follows that for ¢ ~ 0, we have that Im R(e’) > 0 for ¢t < 0, and
Im R(e®) < 0 for t > 0. Since R(S') is a real-symmetric Jordan curve with R(1) >
R(—1), the above observation forces R to be orientation-reversing on S!, which is

a contradiction. Therefore, ¢ ¢ (15, §)- O

Thanks to the above claims, our search of ¢ is reduced to the (infinite) param-

eter interval ¢ < 11—0. To find the exact value of ¢, let us first note that since

R(1) > R(-1), and lirin R(z) = +oo, it follows from univalence of R|p. that
Tr—r 00

(R(1), +00) C Q. Now, the real-symmetry of R and the local uniform convergence
of 0°™ to R(1) on ¥(D°) imply that (R(1),+0o0) is an attracting direction for the
‘parabolic’ fixed point R(1) of o. This implies, in particular, that

(11.4) R <1Jlr€) — o(R(1+¢)) < R(1+¢)

for e > 0 sufficiently small. In terms of the Taylor series of R(z) and R(1) at z =1,
Inequality (11.4) can be rewritten as
(4c —1)(10c — 1)83
(c—1)%2(2¢—-1)
for € > 0 sufficiently small. If ¢ # 1—10; ie, if ¢ <
implies that

+0(*) > 0,

1—10, then the above inequality
(4¢ —1)(10c — 1)
(c—1)2(2c-1)

>0,
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FIGURE 14. The dynamical plane of the Schwarz reflection map
o, which is the conformal mating of 22 + % and the ideal triangle
reflection group I's, is shown. The forward orbit of every point
of the non-escaping set (shaded in green) converges to the unique
real cusp point R(1) on R(S!) (marked in red). The non-escaping
set contains an attracting petal subtending an angle 47/3 at this
cusp. On the other hand, the two real-symmetric cusps on R(S!)
(marked in light blue) repel nearby points in the non-escaping set,
and the non-escaping set subtends zero angles at these two cusps.
(Picture courtesy: Seung-Yeop Lee.)

L

ig- Plugging ¢ = 1—10 in For-

which is impossible. Therefore, we must have ¢ =
mula (11.2), we finally have

1023 — 3022 + 22+ 2
11.5 R(z) = .
( ) (2) 1022 +2+1

(See Figure 14 for the dynamical plane of the associated Schwarz reflection map o.)

To conclude, let us convince the readers that the map R of Formula (11.5)
satisfies Inequality (11.4). Indeed, in terms of the Taylor series of R(x) and R(1)
at x = 1, we have that

1 5
11.6) R(1+¢)—o(R(1 =R(l1+¢e)—R|——)=--"+0(% >0
(116)  R(1+2) (R +2) = R+ 2) = B (1 ) = e+ 0 >0
for € > 0 sufficiently small. In fact, Formula (11.6) can be used to compute the
asymptotics of ¢ at the cusp point R(1) = —4/3:

4 4
(11.7) a<—§+6> :—§+5—c.55/2+0(53),
for some ¢ > 0, and all § > 0 sufficiently small (where §'/2 stands for the positive
square root of §). It follows from Formula (11.7) that the non-escaping set of o
contains an attracting petal subtending an angle 47 /3 at the ‘parabolic’ point R(1).



86 M. LYUBICH, S. MERENKOV, S. MUKHERJEE, AND D. NTALAMPEKOS

Proposition 11.4. Let P(z) =z* + 1, and

_102° —3022 422+ 2

N 1022+ 2+1 '

Then, R is univalent on D¢, and the Schwarz reflection map o of the quadrature
domain R(D*) is the unique conformal mating of P and the ideal triangle reflection
group Ts.

R(z) :

Remark 11.5. It is tempting to construct the conformal mating of P(z) = z% + 1
and p, by starting with the dynamical plane of P, and replacing the dynamics of P
on its basin of infinity by Nielsen map ps. However, our David surgery methods do
not permit us to carry out this construction since the basin of infinity of P is not
a John domain, and hence, we cannot apply Proposition 2.5 to obtain an invariant
David coefficient for the modified map (compare the proof of Lemma 7.1). It would
be interesting to know if one can directly pass from the dynamical plane of P to
the conformal mating of P and ps using a more general surgery technique.

12. EXTREMAL POINTS IN SPACES OF SCHLICHT FUNCTIONS

The well-known De Brange’s theorem (earlier known as the Bieberbach conjec-
ture) asserts that each member f of the class of schlicht functions

S = {f(z)=z+a222+~-~+an2"+"'1 flp is univalent }

satisfies |a,| < n, for all n € N. Moreover, the bound is sharp; the Koebe function
> n>q 12" simultaneously maximizes all the coefficients.
The analogous coefficient problem for the class of external univalent maps

2=={f(2)=z+%+-~-+%+---: f

D+ 18 univalent} ,

where D* = C \ D, is still open. Note that the area theorem implies the upper
bound
lan| <71/,

(see [Dur83, Theorem 2.1]). But this bound is far from sharp; we refer the readers
to [Dur83, §4.7] for a survey of known results.

The related question of establishing coefficient bounds for the truncated families
aq—1 1
2d=1 . zd

Xhi= {f(z):z—i—al—&—~-~—|— o flp~ is conformal}
z

is motivated by the work of Suffridge on coefficient bounds for polynomials in class

S [Suf69, Suf72]. In fact, one can adapt the proof of [Suf72, Theorem 10] for the
space Y to show that
o=

d>1

It is worth mentioning that the choice of —1/d as the last coefficient stems from
the fact that if f(z) = 2+ % 4---+ 24 € X, then the absolute value of the product
of the non-zero critical points of f is d|ag4|, and the univalence of f|p- implies that
dlag| < 1; ie., |aq| < 3.

Viewing ¥% as a compact subset of a finite dimensional Euclidean space (given by
the coefficients of the members of ¥}), the problem of maximizing the coefficients
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of the members of X7 boils down to finding extremal points of ¥7. Here, a map
f € X} is said to be extremal if it has no representation of the form

f=th+ (1 —-t)f, 0<t<1,

as a proper convex combination of two distinct maps fi, fo € X7.

Before we proceed to study the extremal points of X7, we need to recall some
general facts on singularities on the boundary of f(D*), for f € £, d > 2. A
boundary point p € 9f(D*) is called regular if there is a disc B = B(p,¢) such
that f(D*) N B is a Jordan domain, and df(D*) N B is a simple non-singular real-
analytic arc; otherwise p is called a singular point. Singular points on Jf(D*)
come in two varieties. A cusp singularity (o € df(D*) is a critical value of f; it
has the property that for sufficiently small € > 0, the intersection B((p,&) N f(D*)
is a Jordan domain. Moreover, by conformality of f|p+, each cusp on Of(D*)
points in the inward direction towards f(D*). On the other hand, a singular point
Co € Of(D*) is said to be a double point if for all sufficiently small € > 0, the
intersection B({p,e) N f(D*) is a union of two Jordan domains, and ¢y is a non-
singular boundary point of each of them. In particular, two distinct non-singular
(real-analytic) local branches of 0 f(D*) intersect tangentially at a double point (p.

In the rest of this section, we will assume that d > 2.

Lemma 12.1. For each f € XY, the boundary of f(D*) is a piecewise analytic
curve with precisely (d+ 1) cusps.

Proof. Clearly, each f € ¥} has a critical point of multiplicity (d — 1) at the origin
and (d + 1) non-zero critical points (counting multiplicity). If f € X%, then the
absolute value of the product of all the non-zero critical points of f is 1. As all
these critical points must lie in D, it follows that each non-zero critical point of f
must have absolute value 1 and hence lies on S!. Moreover, conformality of f|p-
implies that each of these critical points of f must be simple. Thus, f has (d+ 1)
distinct simple critical points on S'. The result follows. ([

By Lemma 12.1 and [LM14, Lemma 2.4], for each f € X, the boundary of f(D*)
has exactly (d + 1) cusps and at most (d — 2) double points.

Definition 12.2. f € 3% is called a Suffridge polynomial if 0f(D*) has (d + 1)
cusps and (d — 2) double points. The curve f(S!) is called a Suffridge curve.

The following result yields a connection between extremal points of X7 and
Suffridge polynomials.

Theorem 12.3. [LM14, Theorem 2.5] Extremal points of X3 are Suffridge polyno-
mials.

We now describe a procedure to assign an angled tree to each Suffridge polyno-
mial.

Definition 12.4. Let f € ¥} be a Suffridge polynomial, and Q := f(D*), T :=
C\ Q. Weset TV := T\ {Cusps and double points on dT}. The connected
components Ty, --- ,Ty_1 of TV are called fundamental tiles of f.

Remark 12.5. Note that the cusp points on 9T are not cut-points of 7', while the
double points are. Since there are exactly (d—2) double points on 97 for a Suffridge
polynomial, they disconnect T" into (d — 1) components.
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Definition 12.6.

(1) A bi-angled tree T is a topological tree each of whose vertices are of valence
at most 3, and that is equipped with an angle function Z, defined on pairs
of edges incident at a common vertex, and taking values in {0, 27/3, 47 /3},
satisfying the following conditions:
(a) for each pair of distinct edges e and €’ incident at a vertex v, we have
Zy(e,e') € {2n/3,47/3}, and Z,(e,e) = 0,
(b) Zy(e,e') =—2,(e',e) (mod 27), and
(c) Zy(e,e') + Zy(e,e") = Zy(e,e”’) (mod 27), where e, e’,e” are edges
incident at a vertex v.
(2) Two bi-angled trees 71, T2 are said to be isomorphic if there exists a tree
isomorphism f : 71 — T2 that satisfies Z;(,)(f(e), f(e)) = Zy(e,€’), for
each pair of edges e, ¢’ incident at a vertex v of 7.

We remark that the angle data of a bi-angled tree is purely combinatorial; in
other words, for a planar embedding of a bi-angled tree, we neither require the
edges to be straight line segments, nor require the Euclidean angle between two
edges to be £27/3. However, since the function £ induces a cyclic order on the
edges incident at each vertex, there is a preferred (isotopy class of) embedding of
a bi-angled tree into the complex plane.

Definition 12.7. For a Suffridge polynomial f € 37, we define its bi-angled tree
T(f) = (Vq, Eq) in the following manner. Denote by 711, - -+ ,T4—1 the fundamental
tiles of f. Associate a vertex v; to the component T;, and connect the vertices v;
and v; by an edge if and only if T; and T intersect. We now equip the tree with an
angle function Z. If the valence of a vertex v; is 3, then for each pair of consecutive
edges e, ¢ incident at v; (in the counter-clockwise circular order around v;), we set
Zy,(e,€') = 2w/3. On the other hand, if the valence of v; is 2, and e, e’ are the
edges incident at v;, then Z,, (e, e’) = 27/3 (respectively, 47 /3) if the double points
of 0T corresponding to the edges e and e’ are consecutive (respectively, are not
consecutive) singular points of 9T} in the counter-clockwise orientation.

Using David surgery techniques, we will give a new proof of the following theorem
which recently appeared in [LMM19]. The proof given below is essentially different
from the existence proof given in [LMM19, Theorem 4.1], which used a pinching
deformation technique for Schwarz reflection maps combined with compactness of
5.

Theorem 12.8. Given a bi-angled tree T with (d — 1) wvertices, there exists a
Suffridge polynomial f € X% such that T(f) is isomorphic to T. Moreover, f is
unique up to conjugation by multiplication by a (d + 1)-st root of unity.

Proof of Existence. By [LMM20, Proposition 5.4], there exists a critically fixed anti-
polynomial P of degree d whose angled Hubbard tree is isomorphic to T equipped
with the local degree function deg : V(T) — N, deg(v) = 2 (see [Poil3] for more
general discussions on angled Hubbard trees). In particular, P has (d — 1) distinct,
simple, fixed critical points c¢1,--- ,cq—1. These critical points correspond to the
vertices vy, - -+ ,vg_1 of T, respectively. Let us denote the corresponding immediate
basins of attraction by U;, i € {1,---,d — 1}. By [LMMZ20, Proposition 5.5], we
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27
3
or
3
2@ 2n
3 3

F1GURE 15. The images of the unit circle under the Suffridge poly-

nomials f(z) &~ z — &1 4 001 — L and g(2) = 2 + 25;/25 - 55
along with their associated bi-angled trees, are shown.
have that
d—1
U=0
i=1
is connected, and Uj; intersects 7] if and only if there is an edge in T connecting v,
and v;.
Applying Lemma 7.1 on the fixed Fatou components Uy, --- ,Uy_1 of P, we ob-

tain a global David homeomorphism ¥ and an anti-meromorphic map oy defined on
a closed, connected subset of C that is conformally conjugate to z%|p+ on ¥(Be (P)),
and to the Nielsen map ps|p on each ¥(U;). Moreover, if 2 is the interior of the
domain of definition of o7, then o7 fixes 92; pointwise. So € is a quadrature
domain, and o7 is its Schwarz reflection map.

It also follows from the construction and the fullness of U that € is simply
connected. Thus, there exists a rational map fi1, univalent on D*, such that

A7) =0, and o = fro(1/2) o (falp-)" on Q.

After possibly replacing €2; by a Mobius image of it, we can assume that 2; has
conformal radius 1 with conformal center at oco. Hence, we can normalize f; such
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that f1(c0) = 0o, fi{(00) = 1. Since oo is a critical point of multiplicity (d — 1) for
o1, and o7 *(00) = {00}, it follows that oy : 07 *(Q1) — Q; is a branched covering
of degree d. Hence, by Lemma 6.12, we have that deg f1 = d+ 1, and f; has a pole
of order d at the origin. Therefore, we have

fi(z) :z+a0+ﬂ+-~+a—j.
z z
As o1 has no critical point other than oo, it follows that f; has all of its (d + 1)
non-zero critical points on S'. Moreover, the conformality of fi|p- implies that
these (d + 1) critical points of f; are simple and distinct.
Setting Qo := A1(24) and fy := A; o fy, where A1(2) = z + b (for some b € C),

we can assume that
aq Qaq
) =z+— -+ + o
f2(2) z 24

A simple computation (using the fact that all critical points of f, are on S' and
at the origin) now shows that |a4| = 1/d. Finally, setting Q := A3(Qy) and f :=
Ago fy0 A5t where Ay(2) = az (for some o € S'), we can further assume that f is
of the above form with ag = —1/d. Clearly, f € £}. Moreover, 0f(D*) has (d+ 1)
cusps and (d — 2) double points; i.e. f is a Suffridge polynomial in £}. It is now
easy to see from the construction of f that its bi-angled tree 7 (f) is isomorphic to

T. O

Proof of Uniqueness. Assume that g € X is another Suffridge polynomial realizing
the bi-angled tree 7. We set

U O' TO , Too O'g U O'7n TO

Also note that both oy and o4 have a superattracting fixed point at co. We denote
the corresponding basins of attraction by B (0f) and B (o). Since 0,04 do not
have any other critical points in B (o), Boo(oy) (respectively), it follows from
the proof of [Mil06, Theorem 9.3] that these basins are simply connected, and the
Schwarz reflection maps restricted to these basins are conformally conjugate to z¢|p.

Further, we denote the singular points (i.e., the cusps and double points) on
OT(f) (respectively, on T(g)) by S°(f) (respectively, S°(g)), and define

U o "(S°(f), S=(g9) =] o, "(S"(9))
n=0
By [LMM20, Corollary 4.11], we have that
C = Boo(0y) U A(ay) LIT™(a,),

where A(oy) is the common boundary of By (04) and T°°(0,). That the same holds
for f, follows both from [LMM20, Corollary 4.11] and the construction of f.

By construction, S*(g) C A(o,). As A(gy) is locally connected by [LMM20,
Proposition 4.2], the conformal conjugacy between z¢|p and | Boo(o,) €Xtends as
a continuous semiconjugacy between z%|g: and o] A(o,)- It follows that S*(g) is
dense on A(o,). The same also holds for f.

Since f and g have isomorphic bi-angled trees, there exists an orientation-
preserving homeomorphism ® : T'(f) — T'(g) that carries cusps to cusps and double
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points to double points, and is conformal on int T'(f). By iterated Schwarz reflec-
tion (equivalently, by iterated lifting under the Schwarz reflection maps o and o),
the map ® can be extended to a homeomorphism

O T (op) | S®(F) — T=(a5) | 5>(9),
such that @ is a topological conjugacy between o¢ to o4, and is conformal on
T (O’f).
Claim. ¢ extends to a homeomorphism ® : T (o) — T>°(0,) conjugating oy
to gy.

Proof of claim. First note that the points of S(f) (respectively, S°(g)) determine
a Markov partition P(f) = P(oy,S(f)) (respectively, P(g) = P(oy,S%(g))) for
ofla,) (vespectively, for oy|z(s,)). Since A(oy) (respectively, A(oy)) contains
no critical point of oy (respectively, of o,), the arguments of [DU91, Theorem 4]
apply to the current setting to show that Uf\A(Uf) and ag|A(Ug) are expansive. In
particular, the diameters of the iterated preimages of the above Markov partition
pieces shrink to zero uniformly (alternatively, shrinking of diameters of the iterated
preimages of the pieces of P(f) and P(g) can be proved using [LMM20, Lemma 4.1]
and the parabolic dynamics of 0,0, at points of S°(f), S%(g), respectively).

We will first show that ® : S°(f) — S*°(g) admits a continuous extension & :
A(of) = A(oy). Since S*(f) (respectively, S>(g)) is dense on A(of) (respectively,
on A(oy)), to prove the existence of a continuous extension ® : A(of) — A(oy), it
suffices to show that ® : S°(f) — S°°(g) is uniformly continuous. To this end,
let us fix € > 0. Now choose N so that the diameters of the a;N -preimages of the
pieces of P(g) are less than . Next, choose § > 0 so that any two non-adjacent
U;N -preimages of the pieces of P(f) are at least § distance away. If x,y € S°°(f)
are at most § distance apart, then they lie in two adjacent O';N -preimages of the
pieces of P(f). It follows from the construction of ® that ®(z), P(y) lie in two
adjacent o™ -preimages of the pieces of P(g), and hence, d(®(z), ®(y)) < 2e. This
proves uniform continuity of ® : S*(f) — S*°(g).

Applying the same argument on ®~!, we get a continuous inverse ®~! : A(o,) —
A(oy). Thus, & : A(oy) — A(oy) is a homeomorphism extending ® : S®(f) —
5%(9)-

We have now defined a bijective map ® : T (o) — T°(0,), that is continuous
restricted to T°°(oy) and A(oy) separately, and conjugates o¢ to o4. To complete
the proof of the claim, we only need to justify that ®|,, ;) continuously extends

(P‘T""(Uf)‘

To this end, first observe that each component of T°°(oy),T>(0,) is a Jordan
domain. Hence, ®|pe (o ;) extends homeomorphically to the boundary of each com-
ponent of 7°°(o ). Moreover, this extension agrees with @[5, ) at points of S*(f).

Since S°°(f) = A(oy), we conclude that the homeomorphic extension of @[z (4 ;)
to the boundary of each component of T°°(oy) agrees with ®|,(,,). Finally, lo-
cal connectedness of A(oy), A(o,) imply that the diameters of the components of
T>(cy),T>(04) go to zero, from which continuity of ® : T (o) — T>(g,) fol-
lows. O

We now note that both oy and o, are conformally conjugate to Z4p on their
basins of infinity via their Béttcher coordinates ¢,, : D — B (o) and ¢y, : D —
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Boo(0g). Since A(oy) and A(o,) are locally connected, ¢, and ¢,, extend continu-
ously to S*. Moreover, by [LMM20, Lemma 4.14], the continuous extension of ¢, ;
(respectively, of ¢,,) sends the (d+ 1)-st roots of unity to the cusp points on 9T'(f)
(respectively, on 9T'(g)). After possibly precomposing ¢,, with multiplication by
a (d + 1)-st root of unity, we can assume that the conformal map
B = gy, 0 671 Buol(0g) = Boo(0y)

continuously extends to the cusps of 9T'(f), and agrees with ® (constructed above)
at these points. Hence, ® must also continuously extend to the iterated oy—
preimages of the cusps on 9T'(f), and agree with ® at these points. As the iterated
preimages of the cusps on OT'(f) are dense on A(oy), it is now easy to see that
®|A(s,) continuously extends C/I\>|Boo(gf).

Thus, we have constructed a topological conjugacy between oy and o, that is
conformal away from A(cf). On the other hand, since the basin of infinity of
the hyperbolic anti-polynomial P (used to construct f in the existence part) is
a John domain, and ¥ is a global David homeomorphism, Theorem 2.11 tells us
that A(oy) is conformally removable. This implies that o; and o, are Mo6bius
conjugate. As this conjugacy must send the superattracting fixed point of oy at oo
to the superattracting fixed point of o, at oo, it follows that the conjugacy is affine.
In particular, there exists an affine map A carrying f(D*) to g(D*). Therefore,

M :=(g|p-) " oAof:D* - D*

is a conformal map. Since A is affine, it follows that M fixes oo, and thus is a
rotation. Note that since (g|p+)"" (w) is of the form w + O(L) near oo, it follows
that A(w) = aw, for some o € C*. The fact that both f and g have derivative 1 at
oo implies that A = M. Finally, as the coefficient of 1/2% is —3 for both f and g,
it follows that a®t! = 1. We conclude that g = M o f o M~!, where M is rotation

by a (d 4 1)-st root of unity. O
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