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Abstract. In this paper, we study the dynamics of a general class of antiholo-

morphic correspondences; i.e., multi-valued maps with antiholomorphic local
branches, on the Riemann sphere. Such correspondences are closely related to

a class of single-valued antiholomorphic maps in one complex variable; namely,

Schwarz reflection maps of simply connected quadrature domains. Using this
connection, we prove that matings of all parabolic antiholomorphic rational

maps with connected Julia sets (of arbitrary degree) and antiholomorphic ana-

logues of Hecke groups can be realized as such correspondences. We also draw
the same conclusion when parabolic maps are replaced with critically non-

recurrent antiholomorphic polynomials with connected Julia sets.
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1. Introduction

Combination theorems have a long and rich history in Kleinian groups, geo-
metric group theory, and holomorphic dynamics. The aim of a combination pro-
cedure is to start with two objects in a category, and combine (or ‘mate’) them
to produce a more general object in the same category that retains some of the
essential features of the initial objects. Salient examples of such constructions for
Kleinian/hyperbolic groups include the Klein combination theorem for two Kleinian
groups [Kle83], the Bers simultaneous uniformization theorem that combines two
surfaces (or equivalently, two Fuchsian groups) [Ber60], the Thurston double limit
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theorem that combines two projective measured laminations (or equivalently, two
groups on the boundary of the corresponding Teichmüller space) [Thu86, Ota98],
the Bestvina-Feighn combination theorem for Gromov-hyperbolic groups [BF92],
etc. Douady and Hubbard designed the theory of polynomial mating to extend the
notion of a combination theorem from the world of groups to that of holomorphic
dynamics [Dou83].

Motivated by remarkable analogies between the dynamics of Kleinian groups
and rational maps, Fatou conjectured in [Fat29] that these two classes of conformal
dynamical systems may fit into a general theory of algebraic correspondences. It is
thus natural to seek combinations or matings of Kleinian groups and rational maps
in the category of correspondences.

A holomorphic (respectively, antiholomorphic) correspondence on the Riemann

sphere Ĉ is a multi-valued map z 7→ w defined by a relation of the form P (z, w) = 0
(respectively, P (z, w) = 0), where P is a polynomial in two variables with coeffi-

cients in C. Roughly speaking, a correspondence on Ĉ is called a mating of a
rational (respectively, an anti-rational) map and a group if there exists a dynami-

cally invariant partition Ĉ = X t Y such that the dynamics of the correspondence
on X is equivalent to a group action (i.e., the grand orbits of the correspondence on
X are equal to the orbits of a group acting on X), and suitable forward/backward
branches of the correspondence preserve subsets of Y where the dynamics of such
branches are conjugate to a rational (respectively, anti-rational) map. One often
refers to the dynamics of the correspondence on the set X as the external dynamics.

In [BP94], Bullett and Penrose introduced a family of 2:2 holomorphic correspon-

dences on Ĉ and showed that this family contains matings of holomorphic quadratic
polynomials and the modular group PSL(2,Z) ∼= Z/2Z ∗ Z/3Z. This family was
studied extensively by Bullett and his collaborators, and finally it was shown by
Bullett and Lomonaco that all correspondences in the ‘connectedness locus’ of this
family are matings of appropriate quadratic rational maps with the modular group
[BL20]. In [BH00, BH07], this mating framework was extended to Kleinian groups
abstractly isomorphic to the modular group. Some explicit examples of d:d corre-
spondences that are matings of degree d polynomials and Hecke groups (for d > 2)
were given in [BF05].

On the antiholomorphic side, univalent restrictions of cubic Chebyshev poly-
nomials were used recently in [LLMM21] to produce a family of 2:2 antiholomor-
phic correspondences that give rise to matings of quadratic anti-rational maps and
Z/2Z ∗ Z/3Z. In the same paper, examples of correspondences that can be inter-
preted as matings of zd (for any d ≥ 2) with groups isomorphic to Z/2Z∗Z/(d+1)Z
(denoted from here on as Γd) were also furnished. To the best of our knowledge,

the list of correspondences on Ĉ that are known to be matings of (anti-)rational
maps and Γd stops here.

In [BF03, §3, p. 3926], Bullett and Freiberger conjectured that

..examples of matings exist for all polynomials which have connected Julia sets.

The principal goal of this article is to study the phenomenon of antiholomorphic

correspondences appearing as matings of maps and groups acting on Ĉ, and to
confirm a suitably modified version of this conjecture in the antiholomorphic setting.
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We now discuss the necessity for replacing polynomials with more general ratio-
nal maps in the above conjecture. A conspicuous feature of all the examples of corre-
spondences mentioned above is the lack of uniform expansion on the limit set, which

is the boundary of the region of Ĉ where the dynamics resembles that of a group
action, even when the correspondence is a mating of a hyperbolic (anti-)polynomial
with Γd. The underlying reason for the lack of uniform expansion comes from the
group side; namely, the modular group (and more generally, Hecke groups) itself
has parabolic elements and hence the external dynamics of the correspondences
exhibit parabolic behavior. This turns out to be a fundamental obstruction to the
existence of quasiconformal conjugations between branches of the correspondences
and (anti-)polynomials since the external dynamics of an (anti-)polynomial with
connected Julia set is necessarily uniformly expanding (conformally equivalent to
zd or zd).

In [BL20], Bullett and Lomonaco circumvented the above difficulty by showing
that a suitable forward branch of each correspondence in the connectedness locus
of the family introduced in [BP94] is in fact hybrid conjugate to a quadratic ra-
tional map with a parabolic external class. They used the notion of parabolic-like
maps [Lom15] to construct such hybrid conjugacies. In [LLMM21], a more direct
quasiconformal surgery technique was devised to prove a straightening theorem for
pinched anti-quadratic-like maps, and it was used to show that the correspondences
lying in the connectedness locus of the family arising from univalent restrictions of
the cubic Chebychev polynomial are matings of quadratic parabolic anti-rational
maps and the group Z/2Z ∗ Z/3Z.

Thus, in our desired general theory of correspondences arising as matings of
maps and groups, we work with anti-rational maps with a parabolic external class.
In order to allow for flexibility and generality, we introduce the following class of
anti-rational maps. We call an anti-rational map R of degree d ≥ 2 a Bers-like anti-
rational map if it has a simply connected completely invariant Fatou component.1.
If R is a Bers-like anti-rational map, then the completely invariant Fatou component
must be mapped to itself with degree d under R, and hence such a Fatou component
must be an attracting/super-attracting or parabolic basin. We will tacitly assume
that a Bers-like anti-rational map is equipped with a marked simply connected
completely invariant Fatou component, which we denote by B(R). This marking
will be important when R has two simply connected completely invariant Fatou
components.

We define the filled Julia set K(R) of R to be the complement of B(R) in the
Riemann sphere. By definition, the filled Julia set of a Bers-like anti-rational map
is connected.

Let us now assume that R is a Bers-like anti-rational map with a parabolic
external class; i.e., R|B(R) is conformally conjugate to the action of a parabolic
antiholomorphic Blaschke (anti-Blaschke for short) product on D. By a standard
quasiconformal surgery procedure, we can assume without loss of generality that

1The nomenclature is motivated by the Kleinian group world where a finitely generated, non-

elementary Kleinian group admits a simply connected invariant component in its domain of dis-

continuity if and only if it lies in the Bers slice closure of a Fuchsian lattice. This is a consequence
of the Bers density theorem due to Brock-Canary-Minsky [BCM12] (in the classical literature,

such groups were called B-groups, see [Bers70, Mas70]).
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R|B(R) is conformally conjugate to Bd|D, where Bd(z) = (d+1)zd+(d−1)
(d−1)zd+(d+1)

is a unicrit-

ical parabolic anti-Blaschke product (cf. [McM88a, Proposition 6.9]). This leads
to the space Fd of anti-rational maps with a marked parabolic fixed point at ∞
admitting a completely invariant simply connected basin where the dynamics is
conformally equivalent to Bd (see Subsection 4.1). Morally, one can think of Fd
as a space obtained from the connectedness locus of degree d anti-polynomials by
replacing the expanding external map zd with the parabolic external map Bd. Us-
ing David surgery on degree d anti-polynomials with connected Julia sets, one can

show that the interior of the moduli space Fd�PSL(2,C) has real dimension 2d− 2

(see Remark 4.2). Alternatively, this can be seen by constructing geometrically fi-
nite maps in Fd using the Thurston-like theory of characterization of geometrically
finite rational maps due to Cui and Tan [CT18].

On the group side, a suitable generalization of the modular group PSL(2,Z) in
the antiholomorphic setting appears naturally in our general mating framework.
We call this group the anti-Hecke group, and denote it by ΓΓΓd. As an abstract
group, it is isomorphic to Γd. It is a discrete subgroup of Aut±(D), the group of all
conformal and anti-conformal automorphisms of D. The group ΓΓΓd is generated by
the rigid rotation by angle 2π

d+1 around the origin and the reflection in the hyperbolic

geodesic of D connecting 1 to e
2πi
d+1 (see Subsection 3.1 for precise definition).

Our main theorem, which settles the modified Bullett-Freiberger conjecture in
the antiholomorphic setting, shows that all maps in Fd can be mated with the
anti-Hecke group ΓΓΓd as correspondences (see Theorem 5.3 for a precise statement).

Theorem A. Let R ∈ Fd. Then, there exists an antiholomorphic correspondence
that is a quasiconformal mating of ΓΓΓd ∼= Z/2Z ∗ Z/(d+ 1)Z and R.

Moreover, this mating operation yields a bijection between Fd�PSL(2,C) and the

connectedness locus of the space of antiholomorphic correspondences generated by
covering transformations of degree d + 1 polynomials (that are injective on D and
have a unique critical point on S1) and reflection in the unit disk.

In fact, we also give a positive answer to the antiholomorphic version of the
original Bullett-Freiberger conjecture for a large class of anti-polynomials (see The-
orem 5.4).

Theorem B. Let p be a degree d semi-hyperbolic anti-polynomial with a connected
Julia set. Then, there exists an antiholomorphic correspondence that is a David
mating of ΓΓΓd and p.

The constructions of the correspondences appearing in both of our main theorems
go via a certain class of dynamical systems in one complex variable, called Schwarz
reflection maps in quadrature domains. A quadrature domain is a domain Ω with
piecewise real-analytic boundary such that the local Schwarz reflections at the non-
singular points of ∂Ω (i.e., local anti-conformal involutions fixing ∂Ω pointwise) ex-
tend to a well-defined antiholomorphic map of Ω. The associated antiholomorphic
map is called the Schwarz reflection map of Ω. The fact that Schwarz reflections of
quadrature domains behave like anti-conformal reflections near the boundary and
like ramified antiholomorphic maps away from the boundary is responsible for the
co-existence of reflection group and anti-rational map structure in their dynamical
planes. Of particular importance are Schwarz reflections associated with simply
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connected quadrature domains. Such hybrid dynamical systems have been exten-
sively studied in recent years [LM16, LLMM22a, LLMM22b, LLMM21, LMM22,
LMMN20]. A simply connected quadrature domain arises as the univalent image
of the open unit disk in the complex plane under a global rational map. To prove
Theorems A and B, we first invoke suitable integrability theorems in one complex
variable to construct Schwarz reflections (of simply connected quadrature domains)
with prescribed dynamical properties, and then use the uniformizing rational maps
of the quadrature domains to construct the desired antiholomorphic correspon-
dences. The mating structure in the dynamical planes of the correspondences can
be largely attributed to the corresponding mating structure in the dynamical planes
of the underlying Schwarz reflections.

Let us now detail the organization of the paper. Section 2 describes a general
recipe for constructing antiholomorphic correspondences from univalent restrictions
of rational maps and investigates their basic dynamical properties. To a degree

d + 1 rational map f of Ĉ that is univalent on D, we associate a d:d antiholomor-
phic correspondence on the Riemann sphere using Formula (2). Roughly speaking,
the local branches of such a correspondence are given by compositions of an order
two anti-Möbius reflection with local deck transformations of f . It turns out that
certain important branches of such correspondences are intimately related to the
dynamics of Schwarz reflection maps. This connection is made precise in Subsec-
tions 2.1, 2.2. In Subsections 2.3, we introduce a natural dynamical partition for
such correspondences. Subsection 2.4 explicates what it means for a correspondence
to be a mating of a group and an anti-rational map. To unify this discussion, we
introduce the notion of a pinched (anti-)polynomial-like map, which generalizes the
idea of polynomial-like mappings to degenerate cases (compare [Lom15, LLMM21]).
Finally in Subsection 2.5, we study the group structure in the action of the corre-
spondence on one of its invariant subsets in terms of suitable deck transformations
of f . As a consequence, we are able to give some useful general criteria for such a
correspondence to be a mating of a Bers-like anti-rational map and the group Γd.

In Section 3, we introduce a class SRd of Schwarz reflection maps that lie at
the heart of the construction of the correspondences mentioned in Theorems A
and B. These Schwarz reflections are associated to Jordan quadrature domains
with a unique cusp on the boundary (which is responsible for parabolic behavior of
the Schwarz reflections and the associated correspondences), and have a carefully
chosen parabolic external class Rd, which we call the degree d anti-Farey map (see
Subsections 3.1 and 3.2). Alternatively, the space SRd can be described as the
connectedness locus of the space of Schwarz reflections generated by degree d + 1
polynomials that are injective on D and have a unique critical point on S1 (see
Proposition 3.3). In fact, in Proposition 3.3 we characterize the anti-Farey map Rd
as the unique external class of Schwarz reflections satisfying the mating criterion of
Proposition 2.19, which proves naturality of the space SRd of Schwarz reflections.
We then employ David surgery techniques developed in [LMMN20] to prove that
the space SRd is large; in particular, the union of all hyperbolic components in
the connectedness locus of degree d anti-polynomials injects into SRd . In Subsec-
tion 3.3, we use characterizations of the map Rd given in Proposition 3.3 to deduce
that each member of SRd gives rise to an antiholomorphic correspondence whose
dynamics on the lifted tiling set is equivalent to the action of ΓΓΓd.
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To prove that all correspondences arising from SRd are matings of Bers-like anti-
rational maps and groups, it remains to show that the non-escaping set dynamics
of the Schwarz reflection maps in SRd are conjugate to filled Julia set dynamics
of Bers-like anti-rational maps (see Proposition 3.12). As mentioned before, one
cannot expect these Schwarz reflections to be hybrid conjugate to anti-polynomials
due to mismatch of parabolic and expanding external classes. This leads us to the
relevant family Fd of parabolic anti-rational maps, which are formally introduced in
Subsection 4.1. In Subsection 4.2, we explicate the notion of hybrid conjugacy be-
tween a Schwarz reflection map and a parabolic anti-rational map. To demonstrate
that the Schwarz reflections in SRd are hybrid conjugate to anti-rational maps in
Fd, we prove two technical results in Subsection 4.3. One of them is a quasiconfor-
mal compatibility result for the external classes Rd and Bd (see Lemma 4.9). The
other one is a straightening theorem for a class of maps called simple pinched anti-
polynomial-like maps (see Definition 4.5 and Theorem 4.8) to the effect that every
simple pinched anti-polynomial-like map of degree d with a connected Julia set is
hybrid conjugate to a unique member of Fd (up to affine conjugacy). The definition
of simple pinched anti-polynomial-like maps is motivated by suitable restrictions of
Schwarz reflection maps in SRd . It is worth mentioning that Theorem 4.8 is a gen-
eralization of a similar straightening theorem for pinched anti-quadratic-like maps
proved in [LLMM21], and settles [BF05, Conjecture 6.1, p. 1067] in the antiholo-
morphic world (with additional technical hypotheses). The existence of the pinching
point makes this straightening theorem subtler than the classical straightening the-
orem for polynomial-like maps. In particular, since the fundamental domain of a
simple pinched anti-polynomial-like map is a pinched annulus, one needs to perform
quasiconformal interpolation in an infinite strip. This necessitates one to control
the asymptotics of conformal maps between infinite strips, which can be achieved
by a result of Warschawski (cf. [War42]).

In Subsection 4.4, we apply the results of Subsection 4.3 to maps in SRd . Theo-
rem 4.11, which is based on the existence of a quasiconformal conjugacy between the
anti-Farey map Rd and the anti-Blaschke product Bd (guaranteed by Lemma 4.9),
provides a uniform way of straightening all maps in SRd . This method, however,
is not suited for studying parameter space consequences of straightening. To cir-
cumvent this difficulty, we describe in Theorem 4.11 a different (but ultimately

equivalent) way of straightening Schwarz reflection in Ssimp
Rd (maps in SRd with a

simple cusp on the associated quadrature domain boundaries). This is done by

showing that each map in Ssimp
Rd admits a simple pinched anti-polynomial-like re-

striction, and hence by Theorem 4.8, it is hybrid conjugate to a unique map in
F simp
d up to affine conjugacy (where F simp

d ( Fd is given by the open condition
that ∞ is a simple parabolic fixed point of the anti-rational maps). In fact, the
domains of these simple pinched anti-polynomial-like maps have controlled geom-
etry and they vary continuously with respect to parameters. We point out that
some general results on asymptotics of Schwarz reflections near conformal cusps
(worked out in Appendix A) play an important role in obtaining simple pinched

anti-polynomial-like restrictions of maps in Ssimp
Rd . We conclude Section 4 with the

definition of the straightening map

χ : SRd�Aut(C) −→
Fd�Aut(C),
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that sends each Schwarz reflection σ to a parabolic anti-rational map Rσ which is
hybrid conjugate to σ.

In Section 5, we study set-theoretic and topological properties of the straight-
ening map χ. It turns out that χ admits an inverse, and hence is a bijection. The
existence of this inverse map is demonstrated by performing an inverse construction
to straightening (essentially by replacing the external class Bd of an anti-rational
map with the external class Rd). It is worth remarking that our proof of bijectivity
of the straightening map χ hinges on the fact that all maps in SRd (respectively,
Fd) have the same external dynamics. We also show that the hybrid conjugacies

between Schwarz reflections in Ssimp
Rd and anti-rational maps in F simp

d have locally
bounded dilatations, and the domains of definition of these conjugacies depend
continuously on the parameter. This parameter dependence allows us to analyze
continuity properties of χ (see Section 6), which play an important role in a follow-
up paper. Our main Theorem A now follows from bijectivity of χ combined with
Proposition 3.12 and the definition of χ. We conclude Section 5 with a proof of The-
orem B, which follows from Proposition 3.12 and the David surgery construction
of Proposition 3.7.

Let us now briefly mention the contents of the sequel [LMM23] of the current
paper. In that paper, we consider certain one-parameter slices in Fd defined by
critical orbit relations and study their preimages under the straightening map χ.
It turns out that each such preimage slice in SRd arises from univalent restrictions
of a fixed Shabat polynomial (this generalizes the one-parameter family of Schwarz
reflections studied in [LLMM21] associated with the cubic Chebyshev polynomial).
Using various local properties of Schwarz reflection maps near singular points, we
give a complete description of the ‘univalence loci’ of such Shabat polynomials. A
complete understanding of these univalent loci allows us to study the aforemen-
tioned slices in SRd from ‘outside’ (i.e., from escape loci). The main results of
[LMM23] include a partial description of the parameter spaces of such Schwarz
reflections and the existence of homeomorphisms between combinatorial models of
the corresponding slices of SRd and Fd.

Acknowledgements. Part of this work was done during the authors’ visits to In-
stitute for Theoretical Studies at ETH Zürich, MSRI (Simons Laufer Mathematical
Sciences Institute), and the Institute for Mathematical Sciences at Stony Brook.
The authors thank these institutes for their hospitality and support. We would also
like to thank Juan Rivera-Letelier for stimulating questions and useful comments.

2. Univalent rational maps, correspondences, and a mating
framework

Let f be a rational map of degree (d + 1) that is univalent on D. Let us also
set η(z) := 1/z. We define the (d + 1):(d + 1) antiholomorphic correspondence

C ⊂ Ĉ× Ĉ as

(1) (z, w) ∈ C ⇐⇒ f(w)− f(η(z)) = 0.

Note that for all z ∈ Ĉ, we have (z, η(z)) ∈ C. Removing all pairs (z, η(z)) from

the correspondence C, we obtain the d:d correspondence C∗ ⊂ Ĉ× Ĉ defined as

(2) (z, w) ∈ C∗ ⇐⇒ f(w)− f(η(z))

w − η(z)
= 0.
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A Special Example: Let f1(z) = z2 + 1/z2. Note that the maps ±z,±1/z form

the group H ∼= Z/2Z× Z/2Z of deck transformations of f1 on Ĉ. Choose a round
disk U on which f1 is univalent, and a Möbius map M that carries to U to D.
Then, the rational map f := f1 ◦ M−1 is univalent on D, and MHM−1 is the
group of global deck transformations of f . For this map f , the grand orbits of

the antiholomorphic correspondence C∗ on Ĉ are given by G-orbits, where G is the
group generated by MHM−1 ∼= Z/2Z × Z/2Z and η. Thus, the dynamics of the
correspondence C∗ is equivalent to a group action.

However, in general a rational map of degree d does not admit d global deck
transformations. Thus the dynamics of the correspondence C∗, except in excep-
tional cases, is not equivalent to a group action. We will now describe how univa-
lence of f |D can be exploited to study the dynamics of C∗ systematically.

2.1. Schwarz reflections associated to univalent rational maps. By defini-

tion, a domain Ω ( Ĉ satisfying ∞ 6∈ ∂Ω and Ω = int Ω is a quadrature domain if

there exists a continuous function σ : Ω→ Ĉ such that σ is anti-meromorphic in Ω
and σ(z) = z on the boundary ∂Ω. Such a function σ is unique (if it exists), and is
called the Schwarz reflection map associated with Ω. It is well known that except
for a finite number of singular points (cusps and double points), the boundary of
a quadrature domain consists of finitely many disjoint real-analytic curves [Sak91].
Every non-singular boundary point has a neighborhood where the local reflection
in ∂Ω is well-defined. The (global) Schwarz reflection σ is an antiholomorphic
continuation of all such local reflections.

Round disks on the Riemann sphere are the simplest examples of quadrature
domains. Their Schwarz reflections are just the usual circle reflections. Further
examples can be constructed using univalent polynomials or rational functions. In
fact, simply connected quadrature domains admit a simple characterization.

Proposition 2.1. [AS76, Theorem 1][LMM21, Proposition 2.3] A simply connected

domain Ω ( Ĉ with ∞ /∈ ∂Ω and int Ω = Ω is a quadrature domain if and only

if the Riemann uniformization R : D → Ω extends to a rational map on Ĉ. The
Schwarz reflection map σ of Ω is given by R ◦ η ◦ (R|D)−1.

In this case, if the degree of the rational map R is d + 1, then σ : σ−1(Ω) → Ω
is a (branched) covering of degree d, and σ : σ−1(int Ωc) → int Ωc is a (branched)
covering of degree d+ 1.

D Ω

Ĉ \ D Ĉ.

R

η σ

R

We refer the reader to [AS76], [LM16], [LLMM22a, §3], [LMM21, §2] for more
background on quadrature domains and Schwarz reflection maps.

Let us now return to the degree (d + 1) rational map f that is univalent on D.
We set Ω := f(D) and denote the associated Schwarz reflection map by σ.

We define T (σ) := Ĉ \ Ω and S(σ) to be the singular set of ∂T (σ). We further
set T 0(σ) := T (σ) \ S(σ), and

T∞(σ) :=
⋃
n≥0

σ−n(T 0(σ)).
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We will call T∞(σ) the tiling set of σ. For any n ≥ 0, the connected components
of σ−n(T 0(σ)) are called tiles of rank n. Two distinct tiles have disjoint interior.
The non-escaping set of σ is defined as

K(σ) := Ĉ \ T∞(σ) ⊂ Ω ∪ S(σ).

The common boundary of the non-escaping set K(σ) and the tiling set T∞(σ) is
called the limit set of σ, denoted by Λ(σ).

Proposition 2.2. The tiling set T∞(σ) is open, and hence the non-escaping set
K(σ) is closed.

Proof. Let us denote the union of the tiles of rank 0 through k by Ek.
If z ∈ T∞(σ) belongs to the interior of a tile of rank k, then it clearly belongs to

intEk. On the other hand, if z ∈ T∞(σ) belongs to the boundary of a tile of rank
k, then z lies in intEk+1. Hence,

T∞(σ) =
⋃
k≥0

intEk.

So T∞(σ) is a union of open sets. The result now follows. �

2.2. Relation between Schwarz reflections and correspondences. Let us
first consider z ∈ D. For such z, we have σ(f(z)) = f(η(z)). Hence, for z ∈ D,

(z, w) ∈ C ⇐⇒ f(w) = f(η(z)) = σ(f(z)).

Thus, the lifts of σ under f define the correspondence C on D× Ĉ.
We now turn our attention to z ∈ D∗. For such z, we have that σ(f(η(z))) =

f(z). Choosing a suitable branch of σ−1, we can rewrite the previous relation as
f(η(z)) = σ−1(f(z)). Therefore, for z ∈ D∗,

(z, w) ∈ C ⇐⇒ f(w) = f(η(z)) = σ−1(f(z)).

Thus, the lifts of (suitable inverse branches of) σ−1 under f define the correspon-

dence C on D∗ × Ĉ.

Proposition 2.3. The correspondence C defined by Equation (1) contains all pos-
sible lifts of σ (respectively, suitable inverse branches of σ−1) when z ∈ D (respec-
tively, when z ∈ D∗) under f . More precisely,

• for z ∈ D, we have that (z, w) ∈ C ⇐⇒ f(w) = σ(f(z)), and
• for z ∈ D∗, we have that (z, w) ∈ C =⇒ σ(f(w)) = f(z).

2.3. Invariant partition of the dynamical plane of correspondences. Let
us set

T̃∞(σ) := f−1(T∞(σ)), T̃ 0(σ) := f−1(T 0(σ)) and K̃(σ) := f−1(K(σ)).

(See Figure 3.) We define tiles of rank n in T̃∞(σ) as f -pre-images of tiles of rank
n in T∞(σ). If f has no critical value in a rank n tile (of T∞(σ)), then it lifts to

(d+ 1) rank n tiles in T̃∞(σ) (each of which is mapped univalently under f).
The following proposition follows from the definitions.

Proposition 2.4. 1) Each of the sets T̃∞(σ) and K̃(σ) is completely invariant
under the correspondence C∗. More precisely, if (z, w) ∈ C∗, then

z ∈ T̃∞(σ) ⇐⇒ w ∈ T̃∞(σ),
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and

z ∈ K̃(σ) ⇐⇒ w ∈ K̃(σ).

2) η(T̃∞(σ)) = T̃∞(σ), and η(K̃(σ)) = K̃(σ).

We will now see that the dynamics of suitable forward and backward branches
of the correspondence C∗ are intimately related to the dynamics of the Schwarz
reflection map σ.

Proposition 2.5 (Branches of C∗ on K̃(σ)). 1) K̃(σ) ∩ D∗ is forward invariant,

and hence, K̃(σ) ∩ D is backward invariant under C∗.

2) C∗ has a forward branch carrying K̃(σ)∩D onto itself with degree d, and this
branch is topologically conjugate to σ : K(σ) → K(σ) such that the conjugacy is

conformal on K̃(σ) ∩ D.

The remaining forward branches of C∗ on K̃(σ) carry K̃(σ)∩D onto K̃(σ)∩D∗.
3) C∗ has a backward branch carrying K̃(σ) ∩ D∗ onto itself with degree d, and

this branch is topologically conjugate to σ : K(σ)→ K(σ).

Proof. 1) By Proposition 2.4, we have that

η(K̃(σ) ∩ D) = K̃(σ) ∩ D∗.

Moreover, the fact that the degree (d+1) rational map f sends D homeomorphically

onto Ω implies that each z ∈ K(σ) has exactly one pre-image in K̃(σ)∩D and exactly

d pre-images (counted with multiplicity) in K̃(σ)∩D∗. The statement now follows
from the above observations and the definition of C∗.

2) Let us set V := f−1(Ω) ∩ D∗, and define g : V → D as the composition of

f : V → Ω and
(
f |D
)−1

: Ω → D. By definition, g is a d : 1 branched covering

satisfying f ◦ g = f on V . It follows that

g ◦ η : K̃(σ) ∩ D→ K̃(σ) ∩ D

is a d : 1 forward branch of the forward correspondence.
Clearly, the forward branch (g ◦ η)|

K̃(σ)∩D
is topologically conjugate to σ|K(σ)

via the univalent map f : K̃(σ) ∩ D→ K(σ), which is conformal on D.

The statement that the remaining forward branches of C∗ carry K̃(σ) ∩ D onto

K̃(σ) ∩ D∗ follows from the fact that each z ∈ K(σ) has exactly one pre-image in

K̃(σ) ∩ D and exactly d pre-images (counted with multiplicity) in K̃(σ) ∩ D∗.
3) Note that the map

η ◦ g = η ◦
(
f |D
)−1 ◦ f : K̃(σ) ∩ D∗ → K̃(σ) ∩ D∗

is a backward branch of the correspondence C∗ carrying K̃(σ)∩D∗ onto itself with
degree d.

Finally, η is a topological conjugacy between the backward branch (η◦g)|
K̃(σ)∩D∗

and the forward branch (g ◦ η)|
K̃(σ)∩D

, and hence f |
K̃(σ)∩D

◦ η : K̃(σ) ∩ D∗ →
K(σ) is a topological conjugacy between the backward branch (η ◦ g)|

K̃(σ)∩D∗
and

σ|K(σ). �
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z1 w1

z2 w2

zd+1 wd+1

zi wi

Figure 1. If f−1(w) = {w1, · · · , wd+1} for some w ∈ Ĉ that is not
a critical value of f , and zi = η(wi) for i = 1, · · · , d + 1, then the
d branches of the forward correspondence send the (d + 1) points
z1, · · · , zd+1 to the (d + 1) points w1, · · · , wd+1 as shown in the
figure.

Remark 2.6. Proposition 2.5 underscores the importance of studying the dynamics
of the Schwarz reflection map σ. Indeed, the dynamics of the Schwarz reflection
map σ on the boundary of K(σ) can often be modeled ‘from outside’ by studying
the dynamics of σ on T∞(σ). Moreover, Schwarz reflection maps are amenable to
quasiconformal deformation/surgery techniques. These additional ‘global’ features
of Schwarz reflection maps facilitate the study of their dynamical properties, which
can be profitably used to analyze the dynamics of branches of correspondences.

Remark 2.7. It is easy to see that the correspondence C∗ is reversible in the sense
of [BP94]. More precisely, we have that (z, w) ∈ C∗ if and only if (η(w), η(z)) ∈ C∗.

Moreover, C∗ is a map of (d + 1)-tuples in the following sense. If f−1(w) =

{w1, · · · , wd+1} for some w ∈ Ĉ that is not a critical value of f , and zi = η(wi) for
i = 1, · · · , d+1, then the d branches of the forward correspondence send the (d+1)
points z1, · · · , zd+1 to the (d+ 1) points w1, · · · , wd+1 as shown in Figure 1.

2.4. Correspondences as matings. Before defining what it means for a corre-
spondence to be realized as a mating of a map and a group, we first introduce the
notion of a pinched (anti-)polynomial-like map, generalizing the classical notion of
polynomial-like mappings to degenerate cases (cf. [Lom15, LLMM21]).

We say that a polygon is a Jordan domain whose boundary consists of finitely
many closed smooth arcs. The points of intersection of these arcs will be denoted

as the corners of the polygon. A pinched polygon is a union of domains in Ĉ whose
closure is homeomorphic to a closed disk quotiented by a finite geodesic lamination,
and whose boundary is given by finitely many closed smooth arcs. The separating
points of the closure of a pinched polygon will be called its pinched points.

Definition 2.8. Let V ⊂ Ĉ be a polygon, and let U ⊂ V be a pinched polygon
with U ∩ V consisting of the corners of V .

Suppose that there is a (anti-)holomorphic map g : U → V which is a branched
cover from each component of U onto V , extends continuously to the boundary of
U , and such that at the corners of V , the map g has local degree 1. We further
suppose that corners and pinchings of U are the preimages of the corners of V .
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∂V

∂U

Figure 2. Pictured is the domain and codomain of a pinched
(anti-)polynomial-like map. Here, V is the interior of the black
polygon with three corners (marked in red). The interior of the
blue pinched polygon is U . The pinched point and the additional
corner points of ∂U are marked in green.

We then call the triple (g, U, V ) a pinched (anti-)polynomial-like map.

(See Figure 2.)
As with polynomial-like maps, we define the filled Julia set or non-escaping set

of a pinched (anti-)polynomial-like map to be K(g) =
⋂
n≥0 g

−n(U), and denote it

by K(g). Analogous to classical polynomial-like maps [DH85], the filled Julia set
K(g) of a pinched (anti-)polynomial-like map is connected if and only if it contains
all of the critical values of g.

Definition 2.9. Let (g1, U1, V 1) and (g2, U2, V 2) be two pinched (anti-)polynomial-
like maps. We say that g1 and g2 are (quasiconformally) hybrid equivalent if there

exists a quasiconformal map Φ: Ĉ→ Ĉ such that:

(1) Φ sends the corners of V1 to the corners of V2,
(2) Φ conjugates g1 to g2 on the closure of a neighborhood of K(g1) pinched

at the corners and pinchings of U1,
(3) ∂Φ ≡ 0 almost everywhere on K(g1).

Likewise, we say that g1 and g2 are David hybrid conjugate if the above holds
with Φ a David map (see Definition 3.1).

Every (anti-)polynomial-like map is a pinched (anti-)polynomial-like map. More-
over, every Bers-like (anti-)rational map R (see Section 1) admits a pinched (anti-
)polynomial-like restriction. Indeed, if D ( B(R) is a forward invariant Jordan

domain such that V = Ĉ \D is a polygon, then (R|
R−1(V )

, R−1(V ), V ) is a pinched

(anti-)polynomial-like map.
A Schwarz reflection σ for a simply connected quadrature domain Ω restricts

to the pinched anti-polynomial-like map (σ|
σ−1(Ω)

, σ−1(Ω),Ω). Via the Riemann
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uniformization of Ω, this pinched anti-polynomial-like restriction of σ gives rise to
a natural pinched anti-polynomial-like restriction for the d : 1 forward branch of

the correspondence C∗ carrying K̃(σ) ∩ D onto itself (see Proposition 2.5).

Convention: We will identify Schwarz reflections with the above choice of pinched
anti-polynomial-like restrictions when discussing hybrid conjugacies.

Remark 2.10. In general, the choice of restriction of a global map to a pinched
(anti-)polynomial-like one is not canonical. For example, the map R(z) = z2 has
a classical anti-polynomial-like restriction. One may also consider the following
restriction. Let V be a polygon strictly containing D, and such that ∂V ∩ ∂D =
{1, e±2πi/3}. Then (R,R−1(V ), V ) is a pinched anti-polynomial-like mapping with
three corners, at 1, e2πi/3 and e−2πi/3. It is shown in [LMMN20] that this pinched
anti-polynomial-like restriction is David hybrid equivalent to the Schwarz reflection
for the exterior of the deltoid.

We now define what it means for the correspondence C∗ to be realized as a
mating of a Bers-like anti-rational map R and a group G. Our definition is a mild
generalization of the same notion appearing in [BP94, §1], [BL20, Definition 1.1],
[BF03, §3], [BF05].

Definition 2.11 (Antiholomorphic correspondence as mating). Let R be a degree d
Bers-like anti-rational map. We say that the correspondence C∗ is a quasiconformal
(respectively, David) mating of R and a group G if the following conditions are
satisfied.

• On T̃∞(σ), the dynamics of the correspondence C∗ is equivalent to a G-

action. More precisely, there exists a faithful G-action on T̃∞(σ) by confor-
mal and anti-conformal automorphisms, such that this action has the same

orbits as C∗ on T̃∞(σ).
• There is a pinched anti-polynomial-like restriction of R which is quasicon-

formally (respectively, David) hybrid equivalent to the d : 1 forward branch

of C∗ carrying K̃(σ) ∩ D onto itself.

Remark 2.12. Unlike in [BF03], we neither require T̃∞(σ) (which is the open set

where the correspondence acts as a group) to be connected, nor require that K̃(σ)∩
D and K̃(σ) ∩ D∗ meet at a single point.

2.5. Group structure of correspondences on the lifted tiling set. We will
now focus on two situations where the correspondence C∗ exhibits a ‘group dynam-
ics’ on its lifted tiling set. First, recall from the introduction that Γd stands for the
abstract Hecke group Z/2Z ∗ Z/(d+ 1)Z.

Definition 2.13. We define the anti-Hecke group or the standard anti-Hecke group
action ΓΓΓd, to be the group of Möbius and anti-Möbius transformations generated
by reflection across the sides of a regular ideal d+ 1-gon and a 2π/(d+ 1) rotation
about the center of D.

2.5.1. Tiling set unramified. Let us first assume that T∞(σ) is a simply connected
domain that does not contain any critical value of f . Under this assumption, the

lifted tiling set T̃∞(σ) consists of exactly (d+ 1) simply connected domains each of
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which maps conformally onto T∞(σ) under f . Let us call them T̃∞1 (σ), · · · , ˜T∞d+1(σ),
so

T̃∞(σ) =
d+1⊔
j=1

T̃∞j (σ).

To analyze the structure of grand orbits of the correspondence C∗ on T̃∞(σ), we

need to discuss the deck transformations of f : T̃∞(σ)→ T∞(σ). As T̃∞(σ) consists
of exactly (d+ 1) simply connected domains each of which maps conformally onto
T∞(σ) under f , we can define a map

τ : T̃∞(σ)→ T̃∞(σ)

satisfying the conditions

(1) τ(T̃∞j (σ)) = ˜T∞j+1(σ), mod (d+ 1), and

(2) f ◦ τ = f , for z ∈ T̃∞(σ).

Clearly, τ is a conformal isomorphism of T̃∞(σ) satisfying τ◦(d+1) = id, and

f−1(f(z)) = {z, τ(z), · · · , τ◦d(z)}, for z ∈ T̃∞(σ). Since η is an antiholomor-

phic involution preserving T̃∞(σ), it follows that each of τ ◦ η, · · · , τ◦d ◦ η is an

anti-conformal automorphism of T̃∞(σ).

Proposition 2.14. If T∞(σ) is a simply connected domain that does not contain

any critical value of f , then the grand orbits of the correspondence C∗ on T̃∞(σ) are

equal to the orbits of 〈η〉 ∗ 〈τ〉. Hence, the dynamics of C∗ on T̃∞(σ) is equivalent
to an action of Γd.

Proof. It follows from the definition of the correspondence C∗ and the previous dis-

cussion that for z ∈ T̃∞(σ), we have (z, w) ∈ C∗ if and only if w ∈ {τ◦η(z), · · · , τ◦d◦
η(z)}.

Also note that τ = (τ◦2 ◦ η) ◦ (τ ◦ η)−1, and hence 〈τ ◦ η, · · · , τ◦d ◦ η〉 = 〈η, τ〉
(considered as subgroups of the group of all conformal and anti-conformal auto-

morphisms of T̃∞(σ)). To complete the proof, we only need to show that 〈η, τ〉 is
the free product of 〈η〉 and 〈τ〉.

To this end, we first observe that any relation in 〈η, τ〉 other than η◦2 = id and
τ◦(d+1) = id can be reduced to one of the form

(3) (τ◦k1 ◦ η) ◦ · · · ◦ (τ◦kr ◦ η) = id

or

(4) (τ◦k1 ◦ η) ◦ · · · ◦ (τ◦kr ◦ η) = η,

where k1, · · · , kr ∈ {1, · · · , d}.
Case 1: Let us first assume that there exists a relation of the form (3) in 〈η, τ〉.
Each (τ◦kp ◦ η) maps a tile of rank n in T̃∞(σ) ∩ D∗ to a tile of rank (n + 1) in

T̃∞(σ) ∩ D∗. Hence, the group element on the left of Relation (3) maps the tile

of rank 0 to a tile of rank r (of T̃∞(σ)). Clearly, such an element cannot be the
identity map proving that there is no relation of the form (3) in 〈η, τ〉.
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Case 2: Let us now assume that there exists a relation of the form (4) in 〈η, τ〉.
Each (τ◦kp ◦ η) maps T̃∞(σ)∩D∗ to itself. Hence, the group element on the left of

Relation (4) maps T̃∞(σ) ∩ D∗ to itself, while η maps T̃∞(σ) ∩ D∗ to T̃∞(σ) ∩ D.
This shows that there cannot exist a relation of the form (4) in 〈η, τ〉.

We conclude that η◦2 = id and τ◦(d+1) = id are the only relations in 〈η, τ〉, and
hence 〈η, τ〉 = 〈η〉 ∗ 〈τ〉 ∼= Γd. �

Given this group structure, to check that the correspondence C∗ in this case is a
mating, one need only check the dynamics on the non-escaping set for σ. The next
proposition makes this point precise.

Proposition 2.15 (Mating criterion I). Suppose that T∞(σ) is a simply connected
domain containing no critical value of f . Then, C∗ is a mating of a Bers-like
anti-rational map R and the group Γd if and only if a pinched anti-polynomial-like
restriction of R is hybrid conjugate to σ.

Proof. This follows from Propositions 2.5 and 2.14. �

Remark 2.16. While Proposition 2.15 can be applied to prove that the correspon-
dence associated with the deltoid Schwarz reflection map is a mating of z2 and
Γ2 (see [LLMM21, Appendix B] and [LLMM22a, §4]), Proposition 2.19 below is
more suitable for the correspondences we will construct in the next section (cf.
[LLMM21, §10]).

2.5.2. Tiling set fully ramified at a single point. We now turn our attention to the
second situation where the dynamics of C∗ on the lifted tiling set is given by a
group action.

Let us assume that T∞(σ) is a simply connected domain containing exactly one
critical value v0 of f , and v0 ∈ intT 0(σ) with f−1(v0) a singleton. Set f−1(v0) =

{c0}. It follows that c0 ∈ D∗. Also note that as f : T̃∞(σ)→ T∞(σ) is a branched
cover of degree (d+ 1) with a critical point of multiplicity d, the Riemann-Hurwitz

formula shows that T̃∞(σ) is a simply connected domain. Note that

f : T̃∞(σ) \ {c0} → T∞(σ) \ {v0}

is a (d + 1)-to-1 covering map between topological annuli, and is thus a regular
cover with deck transformation group isomorphic to Z/(d+ 1)Z.

Let τ be a generator of this deck transformation group. Then,

τ : T̃∞(σ) \ {c0} → T̃∞(σ) \ {c0}

is a biholomorphism such that τ(z) → c0 as z → c0. Thus, setting τ(c0) = c0

yields a biholomorphism τ of T̃∞(σ) (see Figure 3). By construction, the d for-

ward branches of the correspondence C∗ on T̃∞(σ) are given by the anti-conformal
automorphisms τ ◦ η, · · · , τ◦d ◦ η.

Repeating the arguments of the proof of Proposition 2.14, one now has a desired
group structure of C∗ on its lifted tiling set (cf. [LLMM21, Proposition 10.5]). In
fact, one can describe this action more explicitly.

Proposition 2.17. Let T∞(σ) be a simply connected domain containing exactly
one critical value v0 of f , where v0 ∈ intT 0(σ) with f−1(v0) a singleton. Then
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Figure 3. Depicted is the dynamical plane of a correspondence
arising from a cubic polynomial f that is univalent on D. The dark

blue region is K̃(σ). Its complement is T̃∞(σ), which is a simply

connected domain. The white region is the rank 0 tile T̃ 0(σ). The

domain T̃∞(σ) is mapped by f as a three-to-one branched cover
(branched only at ∞) onto T∞(σ), and hence f admits an order

three deck transformation τ on T̃∞(σ) with τ(∞) =∞.

the correspondence C∗ is conformally orbit-equivalent on T̃∞(σ) to the standard
anti-Hecke action, ΓΓΓd.

By conformally orbit-equivalent we mean that there exists a conformal map

ϕ : D → T̃∞(σ) which sends the orbits of ΓΓΓd to the orbits of C∗. The proof of
this proposition will be delayed to Section 3.3.

Remark 2.18. The critical point c0 = f−1(v0) is responsible for the ellipticity of

the conformal automorphism τ of T̃∞(σ) (see Subsection 3.3).

Proposition 2.19 (Mating criterion II). Suppose that T∞(σ) is a simply connected
domain containing exactly one critical value v0 of f , where v0 ∈ intT 0(σ) with
f−1(v0) a singleton. Then, C∗ is a mating of a Bers-like anti-rational map R and
the group ΓΓΓd if and only if a pinched anti-polynomial-like restriction of R is hybrid
equivalent to σ.

Proof. This follows from Propositions 2.5 and 2.17. �
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3. The space SRd of Schwarz reflections

The goal of this section is to introduce a space of Schwarz reflection maps that
will give rise to antiholomorphic correspondences meeting the mating criterion of
Proposition 2.19. Let us first informally explain how the conditions of Proposi-
tion 2.19 naturally lead to the definition of this space of Schwarz reflections (see
Proposition 3.3 and Definition 3.4).

Let R be a degree d Bers-like anti-rational map. Suppose that there exists a
degree d+1 rational map f that admits a univalent restriction f |D such that T∞(σ)
(where σ is the Schwarz reflection map of the quadrature domain f(D)) is a simply
connected domain containing exactly one critical value v0 of f , and v0 ∈ intT 0(σ)
with f−1(v0) a singleton. By the commutative diagram of Subsection 2.1, the set
of critical points of σ is given by

{f(η(c)) : c ∈ Ĉ \ D, and c is a critical point of f}.

One now sees that σ must have a unique critical point in its tiling set T∞(σ) and
this critical point maps to v0 ∈ intT 0(σ) with local degree d+ 1. It is this property
of σ on its tiling set that will be captured by the anti-Farey map Rd defined below
(cf. [LLMM21, §4.4]).

3.1. The anti-Farey map Rd and the anti-Hecke group ΓΓΓd. Consider the

Euclidean circles C̃1, · · · , C̃d+1 where C̃j intersects {|z| = 1} at right angles at the

roots of unity exp ( 2πi·(j−1)
d+1 ), exp ( 2πi·j

d+1 ). We denote the intersection of D ∩ C̃j by
Cj . Then C1, · · · , Cd+1 are hyperbolic geodesics in D, and they form a closed ideal
polygon (in the topology of D) which we call Π.

Let ρj be reflection with respect to the circle C̃j , Vj be the bounded connected

component of Ĉ \ C̃j , and Dj := Vj ∩ D (see Figure 4). Note that Vj is the sym-
metrization of Dj with respect to the unit circle. The maps ρ1, · · · , ρd+1 generate

a subgroup Gd of Aut±(D). As an abstract group, it is given by the generators and
relations

〈ρ1, · · · , ρd+1 : ρ2
1 = · · · = ρ2

d+1 = id〉.

3.1.1. The anti-Farey map Rd. We define Mω : z 7→ ωz, and consider the (orbifold)

Riemann surfaces Q := D�〈Mω〉 and Q̃ := Ĉ�〈Mω〉, where ω := e
2πi
d+1 . Note that a

(closed) fundamental domain for the action of 〈Mω〉 on Ĉ is given by

{z ∈ C : 0 ≤ arg z ≤ 2π

d+ 1
} ∪ {0,∞},

and a (closed) fundamental domain for its action on D is given by

{|z| < 1, 0 ≤ arg z ≤ 2π

d+ 1
} ∪ {0}.

Thus, Q (respectively, Q̃) is biholomorphic to the surface obtained from the above
fundamental domain by identifying the radial line segments {r : 0 < r < 1} and

{re
2πi
d+1 : 0 < r < 1} (respectively, the infinite radial rays at angles 0 and 2πi

d+1 )

by Mω. This endows Q and Q̃ with preferred choices of complex coordinates.
With these coordinates, the identity map is an embedding of the (bordered) surface

D1 ∪ C1 (respectively, V1 ∪ C̃1) into Q (respectively, Q̃).
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D1D2

D3 D4

0

Π

ρ1(0)

ρ1(D2)

ρ1(D3)

ρ1(D4)
ρ1(Π)

0

Π

F

ρ1(F)
ρ1(0)

Figure 4. Top: Depicted is the ideal polygon Π for d = 3. The
set ρ1(Π) is also shown. ρ1(Π) is mapped by R3 as a 4 : 1 branched

cover onto Q1 = Π�〈Mi〉 ⊂ Q (where Mi : z 7→ iz). The unique

critical point of R3 is ρ1(0). Bottom: F is a fundamental domain
for the action of the group ΓΓΓ3, generated by ρ1 and Mi, on D.
A fundamental domain for the action of the associated index two
Fuchsian subgroup Γ̃ΓΓ3 on D is given by F̃ = F ∪ ρ1(F). The gener-

ators Mi and ρ1 ◦Mi ◦ ρ1 of Γ̃ΓΓ3 pair the sides of F̃ as indicated by

the arrows. This shows that D�̃
ΓΓΓ3

is a sphere with one puncture

and two orbifold points of order four.

The map ρ1 induces a map

Rd : V1 ∪ C̃1 Ĉ Ĉ/〈Mω〉 = Q̃.ρ1

We note that ∂Q := S1
�〈Mω〉 is topologically a circle, and Rd restricts to an

orientation-reversing degree d covering of ∂Q ⊂ Q̃ with a unique neutral fixed
point (at 1). By [LMMN20, Lemma 3.7], Rd|∂Q is expansive. Moreover, Rd has a
critical point of multiplicity d at ρ1(0) with associated critical value 0. We also note

that all points in D1 ∪ C1 eventually escape to Q1 := Π�〈Mω〉 ⊂ Q under iterates

of Rd. We refer to the map Rd as the degree d anti-Farey map (see [LLMM23,
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§9] for connections between the map R2 and an orientation-reversing version of the
classical Farey map).

Note that the map z 7→ zd+1 yields a conformal isomorphism ξ between the sur-

face Q̃ and the Riemann sphere Ĉ. This isomorphism restricts to a homeomorphism
between ∂Q and S1.

3.1.2. The anti-Hecke group ΓΓΓd. Consider the subgroup ΓΓΓd of Aut±(D) generated
by ρ1 and Mω. It is easy to see that ΓΓΓd is a discrete group isomorphic to Γd, and
a (closed) fundamental domain F for the ΓΓΓd-action on D is given by

F := {z ∈ Π : 0 ≤ arg z ≤ 2π

d+ 1
} ∪ {0}.

The index two Fuchsian subgroup Γ̃ΓΓd of ΓΓΓd is generated by Mω and ρ1 ◦Mω ◦ ρ1.

A (closed) fundamental domain for the Γ̃ΓΓd-action on D is given by F̃ := F ∪ ρ1(F),

which is the double of F. It is easy to check that D�̃
ΓΓΓd

is a sphere with one puncture

and two orbifold points of order d+ 1 (see Figure 4).

3.1.3. A David extension. We now prove a technical lemma that will give us the
necessary tool to construct Schwarz reflection maps whose tiling set dynamics is
conformally equivalent to Rd.

Definition 3.1. An orientation-preserving homeomorphism H : U → V between

domains in the Riemann sphere Ĉ is called a David homeomorphism if it lies in the
Sobolev class W 1,1

loc (U) and there exist constants C,α, ε0 > 0 with

m({z ∈ U : |µH(z)| ≥ 1− ε}) ≤ Ce−α/ε, ε ≤ ε0.(5)

Here m is the spherical measure, and µH = ∂H/∂z
∂H/∂z is the Beltrami coefficient

of H (see [AIM09, Chapter 20], [LMMN20, §2] for more background on David
homeomorphisms).

Lemma 3.2. There exists a homeomorphism H : S1 → ∂Q that conjugates zd to
the anti-Farey map Rd, and sends 1 to 1. Moreover, H continuously extends as a
David homeomorphism H : D→ Q.

Proof. We will appeal to [LMMN20, Theorem 4.12] to deduce the existence of the
required map H.

We can partition ∂Q into d closed sub-arcs I2, · · · , Id+1 such that

(1) Ij = ρ1(Vj) ∩ S1,
(2) Rd acts as an anti-Möbius map hj (called a piece of Rd) on Ij ; specifically,

as a composition of ρ1 with a power of Mω,
(3) hj(Ij) = ∂Q and hj(int Ij) = ∂Q \ {1}, and
(4) each endpoint of Ij is symmetrically parabolic for the mapRd, j ∈ {2, · · · , d+

1} (see [LMMN20, Definition 4.6, Remark 4.7]).

Thus, Rd : ∂Q → ∂Q is a piecewise anti-Möbius expansive covering map of degree
d.

The partition of Q into the arcs {Ij : j ∈ {2, · · · , d+ 1}} does not give a Markov
partition forRd|∂Q sinceRd is not injective at the two endpoints of Ij (it maps both
endpoints to 1). However, we can refine the above partition by pulling it back under
Rd, and this produces a Markov partition {Ak : k ∈ {1, · · · , d2}}. Since η fixes ∂Q
pointwise, each piece hj |Ak of Rd extends conformally as η ◦ hj to a neighborhood
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of Ak in Q̃, where Ak ⊂ Ij . Finally, since the pieces of Rd are anti-Möbius, which
send round disks to round disks, we can choose round disk neighborhoods Uk of the
interiors of the Markov partition pieces intAk (intersecting ∂Q orthogonally) such
that if Rd(Ak) ⊃ Ak′ , then Rd(Uk) ⊃ Uk′ .

The properties of Rd listed in the previous paragraph imply that the map
ξ◦Rd|∂Q◦ξ−1 : S1 → S1 is a piecewise analytic orientation-reversing expansive cov-
ering map of degree d ≥ 2 admitting a Markov partition {ξ(Ak) : k ∈ {1, · · · , d2}}
satisfying conditions (4.1) and (4.2) of [LMMN20, Theorem 4.12]. Moreover, each
periodic breakpoint of its piecewise analytic definition is symmetrically parabolic.
By [LMMN20, Theorem 4.12], there exists an orientation-preserving homeomor-
phism h : S1 → S1 that conjugates the map z 7→ zd to ξ ◦ Rd|∂Q ◦ ξ−1 and
continuously extends as a David homeomorphism of D. Pre-composing h with a
rigid rotation around the origin (if necessary), we can also assume that h sends the
fixed point 1 of z 7→ zd to the fixed point 1 of ξ ◦ Rd|∂Q ◦ ξ−1.

We now set H := ξ−1 ◦ h : D → Q ∪ ∂Q. By construction, H : S1 → ∂Q
conjugates zd to Rd, and sends 1 to 1. The fact that H : D → Q is a David
homeomorphism follows from [LMMN20, Proposition 2.5 (part i)]. �

3.2. Schwarz reflections with external class Rd. We will now show that the
hypothesis of Proposition 2.17 forces the external class of σ to be the anti-Farey
map Rd.

Proposition 3.3. Let f be a rational map of degree d + 1 that is injective on D,
Ω := f(D), and σ the Schwarz reflection map associated with Ω. Then the following
are equivalent.

(1) T∞(σ) is a simply connected domain containing exactly one critical value
v0 of f . Moreover, v0 ∈ intT 0(σ) with f−1(v0) a singleton.

(2) Ω is a Jordan domain with a unique conformal cusp on its boundary. More-
over, σ has a unique critical point in its tiling set T∞(σ), and this critical
point maps to v0 ∈ intT 0(σ) with local degree d+ 1.

(3) There exists a conformal conjugacy ψ between

Rd : Q \ intQ1 −→ Q and σ : T∞(σ) \ intT 0(σ) −→ T∞(σ).

In particular, T∞(σ) is simply connected.
(4) After possibly conjugating σ by a Möbius map and pre-composing f with an

element of Aut(D), the uniformizing map f can be chosen to be a polynomial
with a unique critical point on S1. Moreover, K(σ) is connected.

Proof. (1) =⇒ (2): That Ω is a Jordan domain follows from injectivity of f on D.
By the classification of singular points on boundaries of quadrature domains, there
is no double point on ∂Ω; i.e., any singularity of ∂Ω must be a conformal cusp. We

also note that intT 0(σ) = Ĉ \ Ω is a Jordan domain.
Since intT 0(σ) ( T∞(σ) contains exactly one critical value v0 of f and f−1(v0)

is a singleton, it follows that v0 is the unique critical value of σ in intT 0(σ) and
σ−1(v0) is a singleton. It follows by Riemann-Hurwitz formula that σ−1(intT 0(σ))
is a simply connected domain.

Let us suppose, by way of contradiction, that ∂Ω is non-singular. Then, T 0(σ) =

Ĉ \Ω is a closed Jordan domain, and the rank one tile σ−1(T 0(σ)) contains a one-
sided annular neighborhood of ∂Ω. Since σ−1(T 0(σ)) is simply connected, it must
be equal to Ω, and hence T 0(σ) ∪ σ−1(T 0(σ)) must be the whole Riemann sphere.
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But this contradicts the fact that σ−1(Ω) 6= ∅. Hence, ∂Ω must have at least one
conformal cusp.

We claim that ∂Ω cannot have more than one conformal cusp. By way of con-
tradiction, assume that it has at least two cusps x1, x2. Due to connectivity of
σ−1(intT 0(σ)), the union T 0(σ) ∪ σ−1(T 0(σ)) of the rank zero and rank one tiles
must contain a simple closed curve γ in its interior such that x1 and x1 lie in differ-

ent components of Ĉ \ γ. As x1, x2 ∈ K(σ), we conclude that T∞(σ) is not simply
connected. This contradicts the hypothesis, and proves our claim.

Thus, we have demonstrated that Ω is a Jordan domain with a unique conformal
cusp on its boundary. By the commutative diagram of Subsection 2.1, a critical
value of σ is also a critical value of f . Hence, σ has a unique critical value in T∞(σ).
Since σ−1(v0) = f |D(η(f−1(v0)) and f−1(v0) is a singleton, we conclude that σ has
a unique critical point in T∞(σ), and the associated critical value is v0. Moreover,
since f has global degree d+ 1, it follows that the unique critical point of σ in the
tiling set maps to v0 ∈ intT 0(σ) with local degree d+ 1.

(2) =⇒ (3): As Q1 is simply connected, we can choose a homeomorphism

ψ : Q1 → T 0(σ)

such that it is conformal on the interior (note that both Q1 and T 0(σ) are closed
topological disks with one boundary point removed). We can further assume that
ψ(0) = v0, and its continuous extension sends the cusp point 1 ∈ ∂Q1 to the unique
cusp on ∂T 0(σ) = ∂Ω.

Note that σ : σ−1(T 0(σ))→ T 0(σ) is a (d+ 1) : 1 branched cover branched only
at σ−1(v0), and Rd : ρ1(Π)→ Q1 is a (d+ 1) : 1 branched cover branched only at
ρ1(0). Moreover, σ fixes ∂T 0(σ) pointwise, and Rd fixes C2∪{1} ∼= ∂Q1 pointwise.

This allows one to lift ψ to a conformal isomorphism from ρ1(Π) onto σ−1(T 0(σ))
such that the lifted map sends ρ1(0) to σ−1(v0), and continuously matches with
the initial map ψ on Q1. Abusing notation, we denote this extended conformal
isomorphism by ψ. By construction, ψ is equivariant with respect to the actions of
Rd and σ on ∂ρ1(Π) and ∂σ−1(T 0(σ)), respectively.

Since T∞(σ) contains no other critical point of σ, every tile of T∞(σ) of rank
greater than one maps diffeomorphically onto σ−1(T 0(σ)) under some iterate of
σ. Similarly, each tile of D1 of rank greater than one maps diffeomorphically onto
ρ1(Π) under some iterate of Rd. This fact, along with the equivariance property
of ψ mentioned above, enables us to lift ψ to all tiles using the iterates of Rd
and σ. This produces the desired biholomorphism ψ between Q and T∞(σ) which
conjugates the anti-Farey map Rd to the Schwarz reflection σ.

(3) =⇒ (4): Simple connectivity of T∞(σ) follows from the same property of Q,

and this implies connectivity of K(σ). By hypothesis, σ has a unique critical point
in σ−1(T 0(σ)) ⊂ T∞(σ). We denote this critical point by c∞. Conjugating σ by a
Möbius map, we can assume that this critical point maps with local degree d + 1
to ∞. We can normalize f (which amounts to pre-composing it with an element
of Aut(D)) so that it sends 0 to c∞. The commutative diagram in Subsection 2.1
now implies that f sends ∞ to itself with local degree d+ 1. Consequently, f is a
degree d+ 1 polynomial. It remains to prove that f has a unique critical point on
S1. This will follow from the next paragraph, where we argue that ∂Ω has a unique
singular point, which is a conformal cusp.
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The biholomorphism ψ induces a homeomorphism between ∂Q1 (boundary taken

in Q̃, see Subsection 3.1) and ∂T 0(σ). Note also that the map Rd admits local anti-
conformal extensions around each point of C1 (see Subsection 3.1), but does not
have any such extension in a relative neighborhood of 1 in Q (closure taken in

Q̃). It follows via the conjugacy ψ that σ admits local anti-conformal extensions
around each point of ∂T 0(σ) \ {ψ(1)}, but does not have any such extension in
a neighborhood of ψ(1). This implies that the Jordan curve ∂T 0(σ) = ∂Ω has a
unique singular point at ψ(1), which must be a conformal cusp.

(4) =⇒ (1): Connectedness of K(σ) implies that T∞(σ) is simply connected.

Since f is a polynomial, σ has a d-fold critical point at f(0) with associated
critical value ∞ ∈ intT 0(σ). Moreover, f−1(∞) = {∞}. If any tile of T∞(σ)
of rank greater than one contains a critical point of σ, then such a tile would
be ramified, and disconnect K(σ) (cf. [LLMM22a, Proposition 5.23]). Therefore,
T∞(σ) does not contain any other critical value of σ and hence does not contain
any critical value of f other than v0 =∞. �

Definition 3.4. We define SRd to be the space of pairs (Ω, σ), where

(1) Ω is a Jordan quadrature domain with associated Schwarz reflection map

σ : Ω→ Ĉ, and
(2) there exists a conformal map ψ : (Q, 0) → (T∞(σ),∞) that conjugates
Rd : Q \ intQ1 −→ Q to σ : T∞(σ) \ intT 0(σ) −→ T∞(σ).

We endow this space with the Carathéodory topology (cf. [McM94, §5.1]).

Remark 3.5. The family SRd can be thought of as a Bers slice in the space of
Schwarz reflection maps, since all maps in this family have the same external dy-
namics Rd.

The next corollary follows from Proposition 3.3.

Corollary 3.6. Let (Ω, σ) ∈ SRd . Then ∂Ω has a unique conformal cusp yyy on
its boundary. Moreover, there exists a polynomial f of degree d + 1 with a unique
critical point on S1 such that f carries D injectively onto Ω.

We proceed to show that the space SRd is large. Indeed, the following result will
demonstrate that the union of all hyperbolic components in the connectedness locus
of degree d anti-polynomials injects in SRd . Roughly speaking, this is achieved by
gluing in the anti-Farey map Rd outside the filled Julia set of a hyperbolic anti-
polynomial with a connected Julia set.

Let us recall that an anti-rational map is said to be semi-hyperbolic if it has no
parabolic cycles and all critical points in its Julia set are non-recurrent.

Proposition 3.7. Let p be a degree d semi-hyperbolic anti-polynomial with a con-
nected Julia set. Then, there exist

• (Ω, σ) ∈ SRd , and
• a global David homeomorphism H that is conformal on intK(p),

such that H conjugates p|K(p) to σ|K(σ).

Proof. There exists a conformal map κ : D→ B∞(p) that is tangent to the identity
at ∞ and conjugates zd to p. As p is semi-hyperbolic, B∞(p) is a simply connected
John domain and hence the Julia set J (p) = ∂B∞(p) is locally connected [CJY94,
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C1

Q1

D1

ρ1(0) 0 ∞
K(p)

κ(H−1(D1))

κ(H−1(C1))

κ(H−1(Q1))
κ(H−1(ρ1(0)))

Figure 5. Left: the uniformization of the quotient Riemann sur-
face Q by the disk. Also depicted is D1 ∪ C1, which is the domain
of definition for Rd, as well as its complement Q1. Right: the
domain of definition for the topological mating σ̃ along with the
critical point of multiplicity d.

Theorem 1.1]. Hence, κ continuously extends to a semi-conjugacy between zd|S1
and p|J (p).

We define a map on a subset of Ĉ as follows:

σ̃ :=

{(
κ ◦H−1

)
◦ Rd ◦

(
H ◦ κ−1

)
, on κ(H−1(D1 ∪ C1)) ( B∞(p),

p, on K(p),

where H : D → Q is the homeomorphism from Lemma 3.2. We will denote the
domain of definition of σ̃ by Dom(σ̃). The equivariance property of H : S1 → ∂Q
and κ : S1 → J (p) ensures that σ̃ is continuous.

We will now define a σ̃-invariant complex structure µ (equivalently, a Beltrami

coefficient) on Ĉ. Define µ|B∞(p) to be the pullback to B∞(p) of the standard

complex structure on D under the map H ◦κ−1. As Rd is an antiholomorphic map,
it follows that µ|B∞(p) is σ̃-invariant. We extend µ to K(p) as the standard complex
structure. Since σ̃ ≡ p on K(p), µ|K(p) is also σ̃-invariant.

We claim that µ is a David coefficient on Ĉ; i.e., it satisfies condition (5) of
Definition 3.1. Recall that B∞(p) is a John domain. By [LMMN20, Proposition 2.5
(part iv)], the map H ◦ κ−1 : B∞(p) → D is a David homeomorphism, and hence,
µ is a David coefficient on B∞(p). Since µ is the standard complex structure on
K(p), the claim is proved.

The David Integrability Theorem [Dav88] [AIM09, Theorem 20.6.2, p. 578] pro-

vides us with a David homeomorphism H : Ĉ → Ĉ such that the pullback of the
standard complex structure under H is equal to µ. Conjugating σ̃ by H, we obtain
the map

σ := H ◦ σ̃ ◦ H−1 : H(Dom(σ̃))→ Ĉ.
We set Dom(σ) := H(Dom(σ̃)).

We proceed to show that σ is antiholomorphic on int Dom(σ). Note that since
B∞(p) is a John domain, its boundary J (p) is removable for W 1,1 functions [JS00,
Theorem 4]. By [LMMN20, Theorem 2.7], H(J (p)) is locally conformally re-
movable. Hence, it suffices to show that σ is antiholomorphic on the interior of
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Dom(σ) \ H(J (p)). Indeed, this would imply that the continuous map σ is anti-
holomorphic on int Dom(σ) away from the finitely many critical points of σ. One
can then conclude that σ is antiholomorphic on int Dom(σ) using the Riemann
removability theorem.

To this end, first observe that both the maps H ◦ κ−1 and H are David homeo-
morphisms on B∞(p) straightening µ|B∞(p). By [AIM09, Theorem 20.4.19, p. 565],

H ◦ κ−1 ◦ H−1 is conformal on H(B∞(p)). It now follows from the definitions of σ̃
and σ that σ is antiholomorphic on H(B∞(p)) ∩ int Dom(σ). Similarly, both the
identity map and the map H are David homeomorphisms on each component of
intK(p) straightening µ. Once again by [AIM09, Theorem 20.4.19, p. 565], H is
conformal on each component of intK(p). By definition of σ̃ and σ, it now follows
that σ is antiholomorphic on each interior component of H(K(p)). This completes
the proof of the fact that σ is antiholomorphic on the interior of Dom(σ).

By construction, int Dom(σ̃) is a Jordan domain (see Figure 5), and hence so is
Ω := int Dom(σ). More precisely,

Ω = Ĉ \ (H ◦ κ ◦H−1)(intQ1),

where Q1 = Π�〈Mω〉 ⊂ Q (note that intQ1 is a Jordan domain in Q). Since Rd
fixes C1 pointwise, it follows that σ : Ω → Ĉ is antiholomorphic on the interior of
its domain of definition and continuously extends to the identity map on ∂Ω.

Thus, Ω is a Jordan quadrature domain with associated Schwarz reflection map
σ. As Rd admits local antiholomorphic extensions around each point of C1 ⊂
Q̃ except for the point 1, it follows that the Schwarz reflection map σ admits
local antiholomorphic extensions around each point of ∂Ω except for the point
(H◦κ◦H−1)(1) = (H◦κ)(1). Hence, the only non-singular point on ∂Ω is (H◦κ)(1),
which is necessarily a conformal cusp since ∂Ω is a Jordan curve. We conclude that

T (σ) = (H ◦ κ ◦H−1)(Q1 ∪ {1}), and T 0(σ) = (H ◦ κ ◦H−1)(Q1).

Since all points in D1 ∪C1 eventually escape to Q1 under iterates of Rd, it follows
that the tiling set of σ is

T∞(σ) = (H ◦ κ ◦H−1)(Q) = H(B∞(p)), and K(σ) = H(K(p)).

Therefore, σ|K(σ) is topologically conjugate to p|K(p) (via H) such that the conju-

gacy is conformal in the interior, and H ◦ κ ◦ H−1 : Q → T∞(σ) is a conformal
conjugacy between Rd and σ. After possibly conjugating by a Möbius map, we can
assume that the unique critical value (H◦κ◦H−1)(0) of σ in T∞(σ) is at∞. With
this normalization, (Ω, σ) ∈ SRd is the desired pair. �

Definition 3.8. We call (Ω, σ) ∈ SRd relatively hyperbolic if the forward σ-orbit
of each critical point of σ in K(σ) converges to an attracting cycle.

Remark 3.9. (1) There are two major difficulties in carrying out the arguments of
Proposition 3.7 for an arbitrary degree d anti-polynomial with a connected Julia
set. Firstly, the Julia set of p may not be locally connected, in which case the proof
breaks down. Secondly, even if the Julia set is locally connected, lack of expansion
along the postcritical set of p may result in loss of control of the geometry of B∞(p).
This may, in turn, imply that the Beltrami coefficient constructed in the proof of
Proposition 3.7 is not a David coefficient (note that Johnness of the basin of infinity
for semi-hyperbolic maps was used crucially in our proof).
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Q1

D1

ρ1(0)
B

ψn(B)

fn(0) = ψn(ρ1(0))

Ωn

K(σn)

ψn

∂B(0, R)

Figure 6. The pointed domains (Ωn, fn(0)) have a non-trivial
Carathéodory limit since all of them contain an open set ψn(B) of
definite size and are contained in B(0, R).

(2) We use the term relatively hyperbolic (as opposed to hyperbolic) because the
external map of every Schwarz reflection map in SRd has a parabolic fixed point.
Thus, there is no expanding conformal metric in a neighborhood of the limit set of
a relatively hyperbolic map in SRd .

(3) A member of SRd obtained by applying Proposition 3.7 on a hyperbolic
anti-polynomial p with connected Julia set is relatively hyperbolic.

Note that there is a natural action of Aut(C) on SRd given by A · (Ω, σ) :=
(A(Ω), A ◦ σ ◦A−1). We will define the set of equivalence classes by

[SRd ] := SRd�Aut(C),

and denote the equivalence class of (Ω, σ) by [Ω, σ].
The next result shows that SRd also contains the closure of relatively hyperbolic

maps.

Proposition 3.10. The moduli space [SRd ] is compact.

Proof. Let {[Ωn, σn]} be a sequence in [SRd ] where ψn : Q → T∞(σn) is a conformal
conjugacy betweenRd and σn. We will show that there is a convergent subsequence.
We can choose a representative from [Ωn, σn] for which ψn(0) = ∞, and ψn(z) =
1/z+O(z) as z → 0 (this amounts to replacing Ωn by an affine image of it). By the
normality of schlicht maps we may pass to a convergent subsequence, whose limit
we denote by ψ∞.

Let fn : D→ Ωn be a uniformizing map. We normalize fn as in Proposition 3.3 so

that it extends to a degree d+1 polynomial on Ĉ. The normalization of ψn and the

Koebe 1/4 theorem imply that there is some R > 0 such that ψn(Q1) ⊃ Ĉ\B(0, R),

and hence Ωn ⊂ B(0, R) for all n (see Figure 6). This implies that the coefficients
of fn are uniformly bounded, and so after passing to a subsequence there is a limit
polynomial f∞ of degree at most d+ 1 which is univalent on D.

Take B to be a neighborhood of ρ1(0) which is compactly contained in D1.
We note that for all n sufficiently large that ψ∞(B) ⊂ ψn(D1) ⊂ fn(D) = Ωn
(see Figure 6). Furthermore fn(0) = ψn(ρ1(0)) ∈ ψ∞(B) for all n large enough.
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It follows that f∞ has degree at least 1. By the Carathéodory kernel theorem,
the pointed disks (Ωn, fn(0)) converges to (f∞(D), f∞(0)) in the Carathéodory
topology.

The curve γ := ψ∞(∂Q1) is a real-algebraic curve, since it is the limit of the
real-algebraic curves ψn(∂Q1) = fn(∂D) of uniformly bounded degree. Thus, γ is
locally connected, and hence ψ∞|Q1

extends continuously to Q1. Conformality of
ψ∞ on Q now implies that ψ∞|∂Q1

is a homeomorphism. Therefore, γ is a Jordan
curve. We also know that f∞(∂D) is a closed curve which is contained in γ, and

hence is the same Jordan curve. This shows that f∞(D) = Ĉ \ ψ∞(Q1).
Let σ∞ be the Schwarz reflection map for the quadrature domain f∞(D), which

we have just shown to be a Jordan domain with a single cusp on its boundary. We
know that ψ∞ conjugates Rd to σ∞ where defined, and as Q =

⋃
n≥0R

−n
d (Q1), it

follows that T∞(σ∞) =
⋃
n≥0 σ

−n
∞ (T 0(σ∞)) = ψ∞(Q). Thus, the action of σ∞ on

its tiling set is conformally conjugate (via ψ∞) to the action of Rd on Q. �

3.3. Relation between SRd and correspondences. Let (Ω, σ) ∈ SRd and f :
D → Ω be the uniformizing polynomial given by Corollary 3.6. Without loss of
generality, we can assume that 1 is the unique critical point of f on S1; i.e., f(1) = yyy.
We denote the d:d antiholomorphic correspondence associated with the univalent
restriction f |D by C∗ (see Section 2). We will now show that the anti-Hecke group
ΓΓΓd introduced in Subsection 3.1.2 gives a conformal model for the group action of

C∗ on T̃∞(σ).

Proof of Proposition 2.17. We pick a conformal isomorphism ψ̃ : (D, 0)→ (T̃∞(σ),∞).

Since η induces an anti-conformal involution on T̃∞(σ) whose fixed point set is given

by S1 \ {1}, it follows that η̃ := ψ̃−1 ◦ η ◦ ψ̃ is an antiholomorphic involution of D
whose fixed point set is C := ψ̃−1

(
S1 \ {1}

)
. Thus, C is a bi-infinite geodesic of

the hyperbolic disk D, and η̃ is the anti-Möbius reflection in C.

On the other hand, τ̃ := ψ̃−1 ◦ τ ◦ ψ̃ is a finite order conformal automorphism
of D fixing the origin. Hence, τ̃ is a rigid rotation (around 0) of order d+ 1. After
possibly replacing τ with some iterate of it, we can assume that τ̃ ≡Mω : z 7→ wz,

where ω := e
2πi
d+1 .

Note that f is a (d+1) : 1 covering map from ∂T̃ 0(σ) (where T̃ 0(σ) = f−1(T 0(σ))

and the boundary is taken in T̃∞(σ)) onto ∂T 0(σ) (boundary taken in T∞(σ)).

Hence, ∂T̃ 0(σ) is the union of d + 1 disjoint simple arcs, one of which is S1 \ {1}.
The deck transformation τ preserves ∂T̃ 0(σ) and permutes its d + 1 components

transitively. Therefore, the rigid rotation τ̃ preserves ψ̃−1(∂T̃ 0(σ)) ⊂ D. Since

ψ̃−1(∂T̃ 0(σ)) is the union of d + 1 disjoint simple arcs one of which is C, it now

follows that ψ̃−1(T̃ 0(σ)) is an Mω-invariant closed ideal polygon in D (containing
0) one of whose sides is C. After possibly a Möbius change of coordinates, we can

assume that ψ̃−1(T̃ 0(σ)) is the ideal polygon Π introduced in Subsection 3.1; and
hence, the group 〈η〉 ∗ 〈τ〉 is conformally conjugate (via ψ) to ΓΓΓd. �
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Remark 3.11. The conformal isomorphism of the proof of Proposition 2.17

(D, 0)
(
T̃∞(σ),∞

)

(Q, 0) (T∞(σ),∞)

proj

ψ̃

f

ψ

is a lift of ψ : Q → T∞(σ) via the two branched coverings appearing in the vertical
arrows of the above commutative diagram.

The next result now follows from Propositions 3.3, 2.17, and 2.19.

Proposition 3.12. Let (Ω, σ) ∈ SRd and f : D→ Ω be the uniformizing polynomial
of degree d+1 given by Corollary 3.6. Then the d:d antiholomorphic correspondence
C∗ associated with the univalent restriction f |D is a mating of a degree d Bers-like
anti-rational map R and the anti-Hecke group ΓΓΓd if and only if a pinched anti-
polynomial-like restriction of R is hybrid equivalent to σ.

Thanks to Proposition 3.12, the task of studying the dynamics of the correspon-
dences arising from SRd boils down to analyzing the non-escaping set dynamics
of the associated Schwarz reflection maps. To address this question, we will prove
straightening theorems for the Schwarz reflection maps in question, which is the
main content of the next section.

4. Straightening members of SRd
4.1. A space Fd of parabolic anti-rational maps. We begin with some back-
ground on parabolic points in antiholomorphic dynamics. Let z0 be a parabolic fixed
point for an anti-rational map R (i.e., R(z0) = z0 and (R◦2)′(z0) = 1) with an in-
variant Fatou component (a parabolic basin) U such that z0 ∈ ∂U and R◦n|U → z0

as n → +∞. Then according to [HS14, Lemma 2.3], there is an f -invariant open
subset V ⊂ U with z0 ∈ ∂V so that for every z ∈ U , there is an n ∈ N with
f◦n(z) ∈ V . Moreover, there is a univalent map ϕatt : V → C, called the Fatou
coordinate, with

ϕatt(R(z)) = ϕatt(z) + 1/2, z ∈ V,
and ϕatt contains a right half-plane. The map ϕatt is unique up to real translations.
Note that the antiholomorphic map R interchanges the two ends of the attracting

cylinder V�R ∼= C/Z, and hence fixes a unique horizontal round circle around
this cylinder, which we call the attracting equator. By construction, ϕatt sends
the equator to the real axis. We can extend ϕatt analytically to the entire Fatou
component U as a semi-conjugacy between R and ζ → ζ + 1/2. For z ∈ U , we call

Im(ϕatt(z)) (which is well-defined) the Écalle height of z.
Note that the anti-Blaschke product

Bd(z) =
(d+ 1)zd + (d− 1)

(d− 1)zd + (d+ 1)

has a parabolic fixed point at 1 and D is an invariant parabolic basin of this fixed
point. Due to real-symmetry of the map Bd, the unique critical point 0 of Bd in D
has Écalle height zero.

Definition 4.1. We define the family Fd to be the collection of degree d ≥ 2
anti-rational maps R with the following properties.
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(1) ∞ is a parabolic fixed point for R.
(2) There is a marked parabolic basin B(R) of ∞ which is simply connected

and completely invariant.
(3) R|B(R) is conformally conjugate to Bd|D.

Note that each R ∈ Fd is a Bers-like anti-rational map with filled Julia set

K(R) = Ĉ \ B(R).
In consistence with the terminology for Schwarz reflections, we call R ∈ Fd

relatively hyperbolic if the forward orbit of each critical point of R in K(R) converges
to an attracting cycle (compare Definition 3.8).

Remark 4.2. By [LMMN20, Example 4.2, Theorem 4.12], any circle homeomor-
phism conjugating zd|S1 to Bd|S1 continuously extends to a David homeomorphism
of D. Using this fact, one can perform a David surgery (as in the proof Propo-
sition 3.7) to glue the map Bd|D outside the filled Julia set of a semi-hyperbolic
anti-polynomial (with connected Julia set). This would prove that for any degree
d hyperbolic anti-polynomial p with a connected Julia set, there exists a relatively
hyperbolic map R ∈ Fd such that R|K(R) is topologically conjugate to p|K(p) with
the conjugacy being conformal on the interior.

An alternative way of constructing relatively hyperbolic maps in Fd is to appeal
to the Cui-Tan theory of characterization of geometrically finite rational maps (cf.
[CT18]).

Proposition 4.3. The moduli space [Fd] := Fd�Aut(C) is compact.

Proof. Let Rn be a sequence in Fd and B(Rn) be their corresponding marked basins,
conjugated by affine transformations appropriately so that the maps ϕn : D →
B(Rn) which conjugate Bd to Rn satisfy ϕn(0) = 0, ϕ′n(0) = 1. As these are
schlicht functions, we may pass to a subsequence such that ϕn converge to some map
ϕ∞. We have that the pointed domains (B(Rn), 0) converge in the Carathéodory
topology to (ϕ∞(D), 0), and as Rn|B(Rn) = ϕn ◦Bd ◦ϕ−1

n , these anti-rational maps

converge to some map R∞ : ϕ∞(D) → Ĉ. Since R∞ is the locally uniform limit
of anti-rational maps of degree d it must extend to an anti-rational map itself, of
degree at most d. Furthermore, R∞ is conformally conjugate to Bd on ϕ∞(D) (via
ϕ−1
∞ ), so that it must have degree at least d, and therefore has degree d.
It is easy to see that R∞ has a parabolic point at ∞ and that ϕ∞(D) is the

desired marked parabolic basin of ∞. �

4.2. Hybrid conjugacies for Schwarz and anti-rational maps. For a map
R ∈ Fd, let P ⊂ B(R) be a petal at ∞ such that the critical value of R in B(R)
lies in P, the corresponding critical point (of multiplicity d − 1) lies on ∂P, and

∂P \{∞} is smooth. This can be arranged so that V := Ĉ\P is a polygon. We now
set U := R−1(V ), and observe that (R|U , U, V ) is a pinched anti-polynomial-like
map, as in Definition 2.8, and this pinched anti-polynomial-like restriction has the
same filled Julia set as R. Any two such restrictions are clearly hybrid equivalent.

Convention: We will associate maps R ∈ Fd with the above choice of pinched
anti-polynomial-like restrictions when discussing hybrid conjugacies.

We now show that elements of [Fd] and [SRd ] are completely determined by their
hybrid classes.
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Lemma 4.4. 1) Let R1, R2 ∈ Fd be hybrid conjugate. Then R1 and R2 are affinely
conjugate.

2) Let (Ω1, σ1), (Ω2, σ2) ∈ SRd be hybrid conjugate. Then σ1 and σ2 are affinely
conjugate.

Proof. 1) Let Φ: Ĉ→ Ĉ be a quasiconformal homeomorphism inducing the hybrid
conjugacy between R1, R2. Also recall that there are conformal maps ψi : D →
B(Ri) which conjugate Bd to Ri, i ∈ {1, 2}.

We now define the map

H =

{
Φ on K(R1),

ψ2 ◦ ψ−1
1 on B(R1).

We wish to show that H is continuous. By the arguments of [DH85, §1.5, Lemma 1],
it suffices to show that Φ and ψ2◦ψ−1

1 agree on the fixed prime ends of B(R1). Since
ψ2 ◦ ψ−1

1 conjugates R1 to R2 on their parabolic basins of ∞, it clearly takes fixed
prime ends to fixed prime ends while mapping the prime end of B(R1) corresponding
to ∞ to the prime end of B(R2) corresponding to ∞.

On the other hand, since Φ is a global homeomorphism that conjugates pinched
anti-polynomial-like restrictions of R1 and R2, it follows that Φ also carries fixed
prime ends to fixed prime ends and maps the prime end of B(R1) corresponding to
∞ to the prime end of B(R2) corresponding to∞. As the fixed prime ends of B(Ri)
are circularly ordered, Φ must agree with ψ2 ◦ ψ−1

1 on each of them, and hence H
is continuous.

By the Bers-Rickman gluing lemma (see [DH85, §1.5, Lemma 2]), H is a quasi-
conformal homeomorphism of the sphere. By design it conjugates R1 to R2, and
is conformal almost everywhere. By Weyl’s lemma, it follows that H is in fact
conformal and thus an affine map as it fixes ∞.

2) Let h1 : Ĉ → Ĉ be a quasiconformal homeomorphism inducing the hybrid
conjugacy between σ1 and σ2. Furthermore, by definition of SRd , there is a confor-
mal map h2 : T∞(σ1) → T∞(σ2) which conjugates the Schwarz reflections, where
defined. We now define the map

h(z) :=

{
h1 on K(σ1),

h2 on T∞(σ1).

If we prove that h1 and h2 agree on the fixed prime ends of T∞(σ1), then the
arguments of the previous part would apply mutatis mutandis to show that σ1 and
σ2 are Möbius conjugate. As each σi has a unique critical value in its tiling set;
namely at ∞, such a Möbius conjugacy must send ∞ to ∞. Hence, σ1 and σ2

would be affinely conjugate.
To complete the proof, we now proceed to establish the above statement about

prime ends. Since h2 conjugates σ1 to σ2 on their tiling sets, it takes fixed prime
ends to fixed prime ends while mapping the prime end of T∞(σ1) corresponding to
yyy1 to the prime end of T∞(σ2) corresponding to yyy2.

On the other hand, since h1 is a global homeomorphism that conjugates pinched
anti-polynomial-like restrictions of σ1 and σ2, it follows that h1 also carries fixed
prime ends to fixed prime ends and maps the prime end of T∞(σ1) corresponding
to yyy1 to the prime end of T∞(σ2) corresponding to yyy2. As the fixed prime ends of
T∞(σi) are circularly ordered, h2 must agree with h1 on each of them. �



30 M. LYUBICH, J. MAZOR, AND S. MUKHERJEE

4.3. Two straightening results. The goal of this subsection is twofold. The
first one is to prove a straightening result for a restricted class of pinched anti-
polynomial-like maps (see Definition 2.8), and the second one is to establish the
fact that the external classes Rd and Bd are quaiconformally compatible. These
results form the technical core of this section.

4.3.1. Simple pinched anti-polynomial-like maps.

Definition 4.5. Let (F,U, V ) be a pinched anti-polynomial-like map as defined in
Definition 2.8. We impose the following conditions on U and V .

(a) ∂U ∩ ∂V = {∞}, and ∞ is the only corner of V .
(b) There exists some sufficiently large R such that

∂V \B(0, R) = {te±2πi/3 | t ≥ R},
and −t ∈ V for t > R.

Furthermore, we restrict F : U → V such that:

(1) There is some neighborhood U ′ of U \ F−1(∞) on which F extends to an
antiholomorphic map.

(2) Each access from Ĉ \ U to each point of F−1(∞) has a positive angle.
(3) The point ∞ is fixed under F and F (z) = z + 1

2 +O(1/z) as z →∞.
(4) The critical values of F lie either in V or at ∞.

We then say that the triple (F, U, V ) is a simple pinched anti-polynomial-like
map.

(See Figure 8.) We will often refer to a simple pinched anti-polynomial-like map
simply by F , implicitly assuming the domain and codomain to be given.

Remark 4.6. By Condition (3) we have that near ∞, ∂U is asymptotic to linear
rays at angles ±2π/3.

Definition 4.7.

(1) We define

Ssimp
Rd := {(Ω, σ) ∈ SRd : the unique cusp of ∂Ω is of type (3, 2)},

and set Shigh
Rd := SRd \ S

simp
Rd .

(2) We define

F simp
d := {R ∈ Fd :∞ is a simple parabolic fixed point of R},

and set Fhigh
d := Fd \ F simp

d .

For a map R ∈ F simp
d the associated pinched anti-polynomial-like map will be

simple.
Our main result of this subsection is the following straightening theorem for

simple pinched anti-polynomial-like maps, which is of independent interest.

Theorem 4.8.

(1) Let (F, U, V ) be a simple pinched anti-polynomial-like map of degree d ≥ 2.
Then F is hybrid conjugate to a simple pinched anti-polynomial-like restric-
tion of a degree d anti-rational map R with a simple parabolic fixed point.

(2) If the filled Julia set of F is connected, then R is unique up to Möbius

conjugacy, and has a unique representative in
[
F simp
d

]
.
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P
0

p−1
d (P )

Figure 7. The interior of the red curve is the petal P introduced
in the proof of Theorem 4.8, and the interior of the white curve is
its preimage p−1

d (P ).

Proof. 1) We will use quasiconformal surgery to attach the dynamics of an appro-
priate degree d antiholomorphic map to the exterior of V . Let pd(z) = zd+cd, where

cd = (d− 1)d
−d
d−1 . We note that pd has a simple parabolic fixed point at z0 = d

−1
d−1

and the orbit of the critical point 0 has Écalle height zero (see the discussion in the
beginning of Subsection 4.1). Let P be an attracting petal for this fixed point, such
that the boundary ∂P near z0 consists of straight lines which subtend an angle of
4π/3, the boundary ∂P is smooth away from z0, and 0 ∈ ∂P so that p−1

d (P ) is con-
nected (see Figure 7). We make a change of variables z 7→ −c/(z− z0) which sends
z0 to infinity and denote the image of the petal by P and the conjugated map by p.
We choose c > 0 so that the asymptotics of p at ∞ is given by z 7→ z+ 1

2 +O(1/z).

Denote Q = p−1(P) and note that ∂Q (like ∂U) is asymptotically linear near ∞
and smooth away from p−1(∞) (see Figure 8).

Let Φ: P → C \ V be a conformal map whose continuous boundary extension
fixes ∞. Since the angle that ∂P makes at ∞ is equal to the angle that ∂V makes
at ∞, this map is of the form Φ(z) = λz + o(z), for some λ > 0, near ∞. By
the Carathéodory-Torhorst theorem, Φ extends continuously as a map from ∂P
to ∂V and in fact smoothly away from ∞. The d components of ∂Q \ p−1(∞)
are circularly ordered by position relative to infinity. There is a corresponding
circular ordering of the components of ∂U \ F−1(∞). We then equivariantly lift
Φ : ∂P \ {∞} → ∂V \ {∞} to a map Φ : ∂Q \ p−1(∞) → ∂U \ F−1(∞). More
precisely, Φ is extended as F−1 ◦Φ ◦ p, where we choose the branch of F−1 so that
components of ∂Q \ p−1(∞) map to corresponding components of ∂U \ F−1(∞).
By continuity Φ extends to a map from ∂Q to ∂U , which will not be injective at

the preimages of the pinched points of U . Since the accesses from Ĉ \ U to the
pinched points have positive angles, the images of local arcs of ∂Q are quasiarcs.
In particular, Φ is locally a quasi-symmetry. Also note that due to the asymptotics
of F and p near ∞, this lifted map Φ on the boundary also has the asymptotics
Φ(z) = λz + o(z) as z →∞.
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∂V∂U

F

∂P∂Q

p

S
S

Figure 8. Left: Depicted are the domain and range of the simple
pinched anti-polynomial-like map F . The shaded region is the
pinched polygon U , and the region to the left of the red curve is its
F -image V . Right: Depicted are the domain and range of the map
p obtained by Möbius conjugating the restriction pd : p−1

d (P )→ P
of Figure 7. The shaded region is the ‘petal’ P, and the region to
the right of the black curve is its p-preimage Q.

In fact we will say more. Let z1 ∈ ∂P, z2 ∈ ∂Q be given points which are
sufficiently close to infinity and a distance less than 1 apart. This is possible as
∂Q is asymptotic to a pair of rays which are parallel to ∂P and a distance of

√
3/4

from it. Now note that by choosing z1 and z2 sufficiently close to ∞ we have that
p(z2) ∈ ∂P ∩ B(z2, 1). Thus |p(z2) − z1| < 2. It follows from continuity of Φ that

|Φ(p(z2)) − Φ(z1)| is bounded, and thus together with the asymptotics on Φ near
infnity that

|Φ(p(z2))− Φ(z1)| ≤ |Φ(p(z2))− Φ(p(z2))|+ |Φ(p(z2))− Φ(z1)| < M

for some sufficiently large M which depends only on how close to ∞ the points z1

and z2 were chosen to be, and not on the choice of points. By definition of the
conjugacy and asymptotics of F , we have that

Φ(p(z2)) = F (Φ(z2)) = Φ(z2) + 1/2 +O(1/Φ(z2)) = Φ(z2) +
1

2
+O(1/z).

We conclude that Φ(z1) and Φ(z2) are at a uniformly bounded distance from each
other.

Let S be the strip V \ U and S = Q \P be the corresponding strip to be glued
in (see Figure 8). In order to interpolate the boundary map Φ: ∂P ∪ ∂Q→ ∂S to
a quasiconformal map on all of S we decompose S into two parts: the unbounded
parts asymptotic to half-strips and the bounded pinched polygon.
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Let E1 be a top end of S, such that E1 is a rotation and translation of the
right half-strip bounded by curves x = 0, y = 0, y =

√
3/4 + O(1/x) as x → ∞.

This is possible as ∂V is a linear ray close enough to ∞ and ∂U = F−1(∂V ) is
asymptotically linear as noted in Remark 4.6. By [War42], there is a uniformizing

map α : E1 → T := {(x, y) | x > 0, y ∈ (0,
√

3/4)} with asymptotics given by α(z) =
e−2πi/3z+o(z). There is an analogous region E′1 ⊂ S with ∂E′1∩∂S = Φ−1(∂E1∩
∂S) and an analogous uniformizing map α′ : E′1 → T with the asymptotics α′(z) =
e−2πi/3z + o(z). Thus, we have an induced map

Φ̃ := α ◦ Φ ◦ α′−1 : ∂T → ∂T

on the upper and lower boundary rays and by the identity on the vertical line

segment {it | t ∈ (0,
√

3/4)}. Note that Φ̃ is smooth on the upper and lower
boundary lines of T . Moreover, by the computation above, it is asymptotic to
w 7→ λw+ o(w) as ∂T 3 w →∞, and the maps on the upper and lower boundaries
are a bounded distance from each other. Therefore, linear interpolation yields a

homeomorphism Φ̃ : T → T that is quasiconformal on int T and that continuously

agrees with Φ̃|∂T defined above (cf. [LLMM21, Lemma 5.3]). This extended map
lifts to a quasiconformal map from E′1 to E1 which agrees with Φ on the boundary.
The same argument shows the existence of a quasiconformal interpolating map
between regions E′2 ⊂ S and E2 ⊂ S which are ends of the lower accesses to ∞.

Now consider the regions S \ (E′1 ∪E′2) and S \ (E1 ∪E2) which are a conformal
polygon and a conformal pinched polygon respectively. Moreover, the edges of these
(pinched) polygons are smooth and they meet at positive angles at the vertices.
The map Φ, constructed so far, is a quasisymmetric map between the boundaries
of the two regions. Each of these regions may be uniformized by the disk D and
two conformal maps ϕ1, ϕ2 which send the disk to S \ (E′1 ∪E′2) and S \ (E1 ∪E2)
respectively. We now define the map ϕ−1

2 ◦Φ◦ϕ1 : ∂D→ ∂D where this composition
is well defined, and extending continuously using the circular ordering of the pinched
points where it is not. Now note that for every point on ∂(S \ (E′1 ∪ E′2)) there
is a local neighborhood for which Φ is a quasi-symmetric homeomorphism onto
its image. This property lifts to the boundary map, and by the Ahlfors-Beurling
theorem the boundary map extends to a quasiconformal map of D. Going back
via the conformal maps ϕ1, ϕ2, we obtain our desired quasiconformal extension
Φ : S \ (E′1 ∪ E′2) −→ S \ (E1 ∪ E2).

We now have a globally defined continuous map

F̃ : Ĉ −→ Ĉ

F̃ (z) =

{
F (z), z ∈ U
Φ ◦ p ◦ Φ−1(z), z ∈ Ĉ \ U.

Note that since ∂U is a piecewise smooth curve with finitely many singular points,

it is removable for quasiconformal maps. Hence, F̃ is a degree d anti-quasiregular

map of Ĉ. In fact, F̃ is antiholomorphic off the strip S and the pinching points

of ∂U are critical points for F̃ . Let µ0 denote the standard complex structure

on Ĉ \ V . Pulling µ0 back under iterates of F̃ we obtain a complex structure on
S2 \K(F ), and we complete this to a complex structure µ on all of S2 by putting
the standard complex structure on K(F ). Furthermore, µ is invariant under the
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action of F̃ . As at most one iterate of F̃ lands in the strip S, it follows that
the eccentricity of the pulled back complex structure is essentially bounded. By

applying the measurable Riemann mapping theorem we obtain a map Ξ: S2 → Ĉ
which sends µ to the standard complex structure. Note that as µ was already the
standard complex structure on K(F ) we have the Ξ is in fact conformal on K(F ).

Now R := Ξ ◦ F̃ ◦Ξ−1 : Ĉ→ Ĉ is an orientation reversing map of the sphere which
preserves the standard complex structure, and is thus an anti-rational map. By
construction it is hybrid equivalent to F .

It remains to argue that R has a simple parabolic fixed point at Ξ(∞). That ∞
is a fixed point for R follows from the fact that the anti-quasiregular map F̃ fixes
∞. Moreover, by Condition 3 of the definition of simple pinched anti-polynomial-

like maps and the construction of F̃ , points in U are repelled away from ∞ under

iterations of F̃ , while the forward F̃ -orbits of points in Ĉ \ U converge to ∞. This
translates to the fact that Ξ(∞) is a parabolic fixed point of R with a unique
attracting and a unique repelling petal. In other words, Ξ(∞) is a simple parabolic
fixed point of R.

2) We now assume that the filled Julia set K(F ) is connected. We can assume,
possibly after a Möbius change of coordinates, that Ξ(∞) =∞; i.e., R has a simple
parabolic fixed point at ∞. Moreover, by construction of R, the forward R-orbits

all points outside of Ξ(K(F )) converge to ∞. It follows that B(R) := Ĉ \Ξ(K(F ))
is a simply connected, completely invariant parabolic basin of ∞.

Also note that connectedness of K(F ) is equivalent to the fact that all critical
points of F lie in K(F ). Therefore, there is a unique critical point (of multiplicity

d− 1) of R in B(R). Since the critical point 0 of pd has Écalle height zero and the

critical Écalle height is a conformal invariant, it follows that the unique critical point
of R in B(R) also has Écalle height zero. Thus, R|B(R) is conformally conjugate to

the action on D of a unicritical parabolic anti-Blaschke product with critical Écalle
height zero. Up to Möbius conjugacy, Bd is the unique such anti-Blaschke product.
We conclude that R ∈ F simp

d .

It remains to prove that if R1, R2 ∈ F simp
d are two such straightened maps, then

they are affinely conjugate. But this follows from Lemma 4.4. The proof of the
theorem is now complete. �

4.3.2. Straightening the external class Rd. Our next technical lemma asserts that
the external classes Rd and Bd are quasiconformally conjugate in a pinched neigh-
borhood of the circle. As the idea of the proof is similar to that of Theorem 4.8,
we only outline the key steps.

Lemma 4.9. There exists a homeomorphism h : Q → D that is quasiconformal on
D, sends 1 to 1, and conjugates the restriction of the anti-Farey map Rd on the
closure of a (one-sided) neighborhood of ∂Q\R−1

d (1) to the restriction of the anti-

Blaschke product Bd on the closure of a (one-sided) neighborhood of S1 \B−1
d (1).

Sketch of the proof. Let us first thicken Q1 near 1 to turn the cusp into a wedge of
angle θ0 (for some θ0 ∈ (0, π)), and call this domain Qw1 (see Figure 9). Analogously,
consider an attracting petal P ⊂ D of Bd at the parabolic point 1 such that P
contains the critical value of Bd in D, the critical point 0 lies on ∂P, and ∂P
subtends an angle θ0 at 1. Now choose a homeomorphism h : Qw1 −→ P that
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Q1 1 Qw1 1 P 1

h

Figure 9. We open up the cusp of Q1 at 1 to obtain a wedge
of positive angle. Since this thickened region Qw1 and the petal
P of Bd have the same angle at 1, the conformal isomorphism
h : Qw1 → P is asymptotically linear near 1. The shaded regions
are fundamental domains for Rd and Bd.

is conformal on the interior and sends 1 to 1. Since these regions subtend the
same angle at 1, it follows that h is asymptotically linear near 1. Note that both
Rd : R−1

d (∂Qw1 )\∂Qw1 −→ ∂Qw1 and Bd : B−1
d (∂P) −→ ∂P are degree d orientation-

reversing covering maps. We lift the map h : ∂Qw1 −→ ∂P via the above coverings
to get a homeomorphism from R−1

d (∂Qw1 ) \ ∂Qw1 onto B−1
d (∂P), which we also

denote by h.
The parabolic asymptotics of Rd, Bd near 1 and the linear asymptotics of h near

1 allow one to apply the quasiconformal interpolation arguments of Theorem 4.8 to
conclude the existence of a quasiconformal homeomorphism h between the pinched
fundamental annuli R−1

d (Qw1 ) \ Qw1 and B−1
d (P) \ P (of Rd and Bd respectively)

that continuously agrees with h already defined (these fundamental domains are
shade in grey in Figure 9). By construction, this map conjugates the actions of Rd
and Bd on the boundaries of their fundamental domains. Finally, pulling h back
by iterates of Rd and Bd, one obtains a quasiconformal homeomorphism of D that
conjugates the restriction of Rd on the closure of a (one-sided) neighborhood of
∂Q \ R−1

d (1) to the restriction of Bd on the closure of a (one-sided) neighborhood

of S1 \B−1
d (1). �

Remark 4.10. A weaker version of Lemma 4.9; namely, the existence of a quasi-
conformal homeomorphism Q → D that conjugates Rd to Bd only on S1, can be
deduced from [LMMN20, Theorem 4.9].

4.4. Straightening Schwarz reflections in SRd .

4.4.1. Straightening all maps in SRd .

Theorem 4.11. Let (Ω, σ) ∈ SRd . Then, there exists a unique Rσ ∈ [Fd] such that

σ is hybrid conjugate to Rσ. Moreover, Rσ ∈ Fhigh
d if and only if (Ω, σ) ∈ Shigh

Rd .

Proof. Let us fix (Ω, σ) ∈ SRd . Recall that there exists a conformal map ψ : Q →
T∞(σ) that conjugates Rd to σ and sends 1 to yyy. Moreover, by Lemma 4.9, there
exists a quasiconformal homeomorphism h : Q → D that conjugates the restriction
of Rd on a (one-sided) neighborhood of ∂Q \ R−1

d (1) to the restriction of Bd on a

(one-sided) neighborhood of S1 \B−1
d (1).
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Let us now define a map on Ĉ as follows:

R̃σ :=

{(
ψ ◦ h−1

)
◦Bd ◦

(
h ◦ ψ−1

)
on T∞(σ),

σ on K(σ).

By the conjugation properties of ψ and h, the map R̃σ agrees with σ on the closure
of a neighborhood of K(σ)\σ−1(yyy). Since finitely many points are quasiconformally

removable, we conclude that the map R̃σ is a global anti-quasiregular map.

Let µ be the Beltrami coefficient on Ĉ given by the pullback of the standard
complex structure under the map h ◦ ψ−1 on T∞(σ) and zero elsewhere. As Bd
is an antiholomorphic map, it follows that µ is R̃σ-invariant. Since h ◦ ψ−1 is

quasiconformal, it follows that ||µ||∞ < 1. We conjugate R̃σ by a quasiconformal

homeomorphism Ξ of Ĉ that solves the Beltrami equation with coefficient µ to
obtain an anti-rational map Rσ. By construction, Rσ has a parabolic fixed point at
∞ (after possibly conjugating Rσ by a Möbius map), and this parabolic point has
a simply connected, completely invariant Fatou component where the dynamics is
conformally conjugate to Bd. Thus, Rσ ∈ Fd. Moreover, B(Rσ) = Ξ(T∞(σ)), and
K(Rσ) = Ξ(K(σ)).

Note that by the normalization of h, the parabolic fixed point 1 of Bd is glued to
the unique cusp of ∂Ω. Hence, Ξ is conformal a.e. on K(σ), sends the unique cusp
on ∂Ω to the parabolic fixed point∞, and conjugates a pinched anti-polynomial-like
restriction of σ to a pinched anti-polynomial-like restriction of Rσ.

According to Corollary A.6, (Ω, σ) ∈ Shigh
Rd if and only if the cusp yyy has at least

one σ◦2-invariant attracting direction in K(σ). Since Ξ(yyy) = ∞, it follows that

(Ω, σ) ∈ Shigh
Rd if and only if R◦2σ has at least two invariant attracting directions at

∞ (one in B(Rσ) and at least one in K(Rσ)). Clearly, this is equivalent to saying

that ∞ is a fixed point of R◦2σ of multiplicity at least three; i.e., Rσ ∈ Fhigh
d .

Finally for the uniqueness statement, note that if R1, R2 ∈ Fd are hybrid con-
jugate to σ, then they are hybrid conjugate to each other. By Lemma 4.4, R1 and
R2 must be affinely conjugate. �

Remark 4.12. Although Theorem 4.11 gives a uniform way of straightening all maps
in SRd , the appearance of the Riemann map of the tiling set in the proof makes
this straightening surgery less suitable for parameter space investigations.

4.4.2. Straightening Schwarz reflections in Ssimp
Rd via pinched anti-polynomial-like

restrictions. We now show that the Straightening Theorem 4.8 applies to the Schwarz
reflections in Ssimp

Rd . The main advantage of this straightening method is that it
gives better control on the domains of the hybrid conjugacies.

Lemma 4.13. Let (Ω, σ) ∈ Ssimp
Rd . Then, there exists a Jordan domain V ′ ⊂ Ω with

V
′ ⊃ K(σ) and a conformal map β : V ′ → Ĉ such that β conjugates σ : σ−1(V ′)→

V ′ to a simple pinched anti-polynomial-like map (F,U, V ) of degree d. Moreover,
the filled Julia set of this pinched anti-polynomial-like map is β(K(σ)).

Proof. Without loss of generality we may assume that the cusp is at 0 and points
into the positive real axis.

We begin by opening up the cusp of Ω (i.e., creating a wedge), using the following
procedure. For some δ > 0, to be specified later, we define a Jordan domain V ′ ⊂ Ω
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such that

∂V ′ \B(0, δ) = ∂Ω \B(0, δ), ∂V ′ ∩B(0, δ/2) = L± := {te±2πi/3 : t ∈ [0, δ/2)},
and ∂V ′ is smooth except at 0. Since (∂Ω \ {0}) ∩K(σ) = ∅, we can choose δ > 0
small enough so that K(σ) ⊂ V ′ ∪B(0, δ).

By Proposition A.4, σ has a unique invariant direction at 0 given by the positive
real axis. By Proposition A.5, this direction is repelling for σ. We apply the
change of coordinates β described in Subsection A.4 which conjugates σ (near 0)
to ζ 7→ ζ + 1/2 +O(1/ζ) (near ∞). Moreover, β sends small enough positive reals
to large negative reals and the line segments L± to the infinite rays at angles ± 2π

3

meeting at ∞. Since β ◦ σ ◦ β−1 is approximately ζ + 1
2 for | Im ζ| large enough,

it follows that points between β(L±) and β(∂Ω) with sufficiently large imaginary
part eventually leave β(Ω). Therefore, we can choose δ > 0 sufficiently small so
that points in B(0, δ) \ V ′ eventually leave Ω. It now follows that for such a δ, the

non-escaping set K(σ) is contained in σ−1(V ′). Hence, we have that

(6) K(σ) = {z ∈ σ−1(V ′) : σ◦n(z) ∈ σ−1(V ′) ∀ n ≥ 0}.
Note also that ∂σ−1(V ′)\B(0, δ) ⊂ Ω\B(0, δ), and so (∂σ−1(V ′)\B(0, δ))∩∂V ′ = ∅.
Together with the asymptotics of β◦σ◦β−1 near∞, it follows that ∂σ−1(V ′)∩∂V ′ =
{0}.

We now set V := β(V ′), U := β(σ−1(V ′)), and F := β ◦ σ ◦ β−1 : U → V , and
claim that F is a simple pinched anti-polynomial-like map. The pinched polygon
structure of U follows from the fact that σ−1(Ω) is a pinched disk with possible
pinched points in σ−1(0) (this happens only if the cusp 0 is a critical value of σ).
We also note that σ is a proper antiholomorphic map on each component of σ−1(Ω),
and hence F is a proper antiholomorphic map on each component of U . The other
defining conditions of a simple pinched anti-polynomial-like map are easily checked
from the above construction. The fact that the filled Julia set of this pinched
anti-polynomial-like map is β(K(σ)) follows from Relation (6). �

Remark 4.14. The conformal map β : V ′ → β(V ′) can be extended as a quasicon-

formal homeomorphism of Ĉ.

As a slight abuse of notation, we will call σ : σ−1(V ′) → V ′ a simple pinched
anti-polynomial-like restriction of σ.

Theorem 4.15. Let (Ω, σ) ∈ Ssimp
Rd . Then,

(1) σ restricts to a simple pinched anti-polynomial-like map with filled Julia set
equal to K(σ), and

(2) this simple pinched anti-polynomial-like map is hybrid conjugate to a unique

member [Rσ] ∈
[
F simp
d

]
with filled Julia set K(Rσ).

Proof. This follows from Lemma 4.13 and Theorem 4.8. �

For (Ω, σ) ∈ SRd , the map Rσ produced by Theorems 4.15 and 4.11 will be
referred to as the straightening of σ. Clearly, if σ1, σ2 ∈ SRd are affinely conjugate,
then they have the same straightening.

Definition 4.16. We define the straightening map

χ : [SRd ] −→ [Fd] , χ([Ω, σ]) = [Rσ],



38 M. LYUBICH, J. MAZOR, AND S. MUKHERJEE

where [Rσ] is the straightening of σ; i.e., Rσ is the unique map in Fd, up to affine
conjugacy, to which σ is hybrid conjugate.

Abusing notation, we will often write χ(σ) = R.

Corollary 4.17. Hybrid conjugacies between [Ω, σ] ∈
[
Ssimp
Rd

]
and χ([Ω, σ]) ∈[

Ssimp
Rd

]
can be chosen such that

(1) their dilatations are locally bounded, and
(2) the domains of definition of these conjugacies depend continuously on pa-

rameters.

Proof. This follows from the construction of hybrid conjugacies given in Theo-
rem 4.8 and the facts that the fundamental (pinched) annuli of the simple pinched
anti-polynomial-like restrictions of Schwarz reflections constructed in Lemma 4.13
move continuously with respect to the parameter and the asymptotics of the maps
near the cusps are the same throughout Ssimp

Rd (see Subsection A.4). �

5. Invertibility of the straightening map and proofs of the main
Theorems

The main goal of this section is to prove that the straightening map χ is bijective,
from which our main theorems will follow. We will demonstrate this by constructing
an explicit inverse of χ. The construction of this inverse map is dual to that of χ
given in Theorem 4.11.

For maps in F simp
d , we will also give an alternative construction of χ−1 that will

follow the strategy of the proof of Theorem 4.15. This will give us control on the
dilatations and the domains of definition of the associated hybrid conjugacies on
F simp
d .

5.1. Invertibility of χ.

Theorem 5.1. The map χ : [SRd ] −→ [Fd] is invertible. In particular, the

restrictions χ :
[
Ssimp
Rd

]
→
[
F simp
d

]
and χ :

[
Shigh
Rd

]
→
[
Fhigh
d

]
are bijections.

Proof. Let us fix R ∈ Fd. Recall that there exists a conformal map ψ : D→ B(R)
that conjugates Bd to R, and sends 1 to ∞. Also, the quasiconformal homeomor-
phism h : Q → D of Lemma 4.9 conjugates the restriction of Rd on a (one-sided)
neighborhood of ∂Q\R−1

d (1) to the restriction of Bd on a (one-sided) neighborhood

of S1 \B−1
d (1).

We now define a map on a subset of Ĉ as follows:

σ̃R :=

{
(ψ ◦ h) ◦ Rd ◦

(
h−1 ◦ ψ−1

)
on B(R) \ ψ(h(intQ1)),

R on K(R).

By the conjugation properties of ψ and h, the map σ̃R agrees with R on the closure
of a neighborhood of K(R) \ R−1(∞). Since finitely many points are quasicon-
formally removable, we conclude that the map σ̃R is an anti-quasiregular map on

Ĉ\ψ(h(Q1)). Moreover, σ̃R continuously extends as the identity map to the bound-
ary of its domain of definition, which is a Jordan domain (compare the proof of
Proposition 3.7).
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Let µ be the Beltrami coefficient on Ĉ given by the pullback of the standard
complex structure under the map h−1 ◦ ψ−1 on B(R) and zero elsewhere. As Rd
is an antiholomorphic map, it follows that µ is σ̃R-invariant. Since h−1 ◦ ψ−1 is
quasiconformal, it follows that ||µ||∞ < 1. We conjugate σ̃R by a quasiconformal

homeomorphism g of Ĉ that solves the Beltrami equation with coefficient µ to obtain
an antiholomorphic map σR on a Jordan domain that continuously extends as the

identity map to the boundary of its domain of definition ΩR = Ĉ \ g(ψ(h(intQ1))).
Thus, ΩR is a Jordan quadrature domain and σR is its Schwarz reflection map.

Arguments used in the last two paragraphs of the proof of Proposition 3.7 ap-
ply verbatim to the current context to show that the Jordan curve ∂ΩR has a
unique conformal cusp and the tiling set dynamics of σR is conformally conjugate
to the action of Rd on Q. Thus, after possibly a Möbius change of coordinates, we
can assume that (ΩR,ΣR) ∈ SRd . It also follows from the same arguments that
K(σR) = g(K(R)), and T∞(σR) = g(B(R)).

Note that by the normalization of h, the parabolic fixed point 1 of Rd is glued
to the parabolic fixed point ∞ of R. It now follows from the construction that the
global quasiconformal map g−1 (suitably normalized) is conformal a.e. on K(σR),
sends the unique cusp on ∂ΩR to∞, and conjugates a pinched anti-polynomial-like
restriction of σR to a pinched anti-polynomial-like restriction of R.

By Lemma 4.4, the map (ΩR, σR) is the unique element of SRd (up to affine
conjugacy) that is hybrid conjugate to R. Hence,

χ∗ : [Fd] −→ [SRd ] , [R] 7→ [ΩR, σR]

is a well-defined map. Finally, the fact that no two distinct elements of [SRd ] , [Fd]
have the same hybrid class (again by Lemma 4.4) implies that χ∗ ◦χ ≡ id on [SRd ]
and χ ◦ χ∗ ≡ id on [Fd]. Therefore, χ∗ is the desired inverse of χ.

The second statement of the theorem follows from the fact that χ([Ω, σ]) ∈[
Fhigh
d

]
if and only if [Ω, σ] ∈

[
Shigh
Rd

]
(see Theorem 4.11). �

We will now provide an alternative construction of χ−1 on
[
F simp
d

]
using the

notion of simple pinched anti-polynomial-like maps (in the sense of Definition 4.5).
This will supply additional control on the corresponding hybrid conjugacies that
will be useful in studying topological properties of χ.

Theorem 5.2. Hybrid conjugacies between [R] ∈
[
F simp
d

]
and χ−1([R]) ∈

[
Ssimp
Rd

]
can be chosen such that

(1) their dilatations are locally bounded, and
(2) the domains of definition of these conjugacies depend continuously on pa-

rameters.

Proof. Let R ∈ F simp
d .

By Proposition 3.7, there exists (Ω0, σ0) ∈ SRd such that σ0|K(σ0) is topolog-

ically conjugate to zd|D with the conjugacy being conformal on the interior. In
particular, the cusp of ∂Ω0 has no attracting direction and hence is of type (3, 2)

(by Corollary A.6). Thus, (Ω0, σ0) ∈ Ssimp
Rd . Real-symmetry of zd and Rd implies

that Ω0 can be chosen to be is real-symmetric (cf. [LMMN20, §11.4, p. 82]). We
can also normalize so that that the cusp of ∂Ω0 is at the origin.
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Recall from Lemma 4.13 that there exists a Jordan domain V ′ ⊂ Ω0 with a

corner at the origin such that V
′ ⊃ K(σ0) and

β : V ′ → β(V ′), z 7→ c/
√
z

conjugates σ0 : σ−1
0 (V ′) → V ′ to a degree d simple pinched anti-polynomial-like

map whose filled Julia set is β(K(σ0)) (where c ∈ R<0 is chosen suitably and the
chosen branch of square root sends positive reals to positive reals). In particular,
the map β sends the cusp of ∂Ω0 to ∞, and conjugates σ0 to a map of the form
ζ 7→ ζ + 1/2 +O(1/ζ) near ∞. We denote this simple pinched anti-polynomial-like
map by (σσσ0, U, V ), where U := β(σ−1

0 (V ′)), V := β(V ′) (see Figure 10).

Note that the map β extends to a quasiconformal homeomorphism of Ĉ. After
possibly post-composing β with an affine map, we may assume that β(∞) = 0. We
set ΩΩΩ0 := β(Ω0), and continue to denote the conjugated map β ◦ σ0 ◦ β−1 on ΩΩΩ0 by
σσσ0. Since σ−1

0 (∞) is a singleton {c0}, it follows that ccc0 := β(c0) is a d-fold critical
point for σσσ0 with associated critical value 0.

Let us consider a simple pinched anti-polynomial-like restriction R : U → V of

R. By construction, Ĉ\V ( B(R) is an attracting petal which subtends an angle of
4π/3 at the parabolic fixed point ∞ such that the petal contains the critical value
of R in B(R) and the corresponding critical point (of multiplicity d− 1) lies on the
petal boundary. Also, U := R−1(V) (see Figure 10).

Let Ψ: Ĉ \ V −→ Ĉ \ V be a Riemann map whose homeomorphic boundary
extension carries ∞ to ∞ and is asymptotically z 7→ λz + o(z), for some λ > 0,
near ∞. The arguments of Theorem 4.8 apply verbatim to this setting to supply a

continuous map Ψ: Ĉ \ U −→ Ĉ \ U that is quasiconformal on the interior of the

strip V \ U , conformal on Ĉ \ V and conjugates σσσ0 : ∂U → ∂V to R : ∂U → ∂V.
We then define the map

F : U ∪ Ψ
(
ΩΩΩ0 \ U

)
−→ Ĉ

F (z) =

{
R(z), z ∈ U
Ψ ◦ σσσ0 ◦Ψ−1(z), otherwise.

The fact that ∂U is a piecewise smooth curve with finitely many singular points im-
plies that it is removable for quasiconformal maps and hence, F is anti-quasiregular.
Moreover, Ψ(ccc0) is a critical point of multiplicity d of F with associated critical value
Ψ(0). We also note that under iterates of F , each z /∈ K(R) eventually escapes to
Ψ(C \ΩΩΩ0) = C \ int Dom(F ). Finally, the map F fixes ∂Dom(F ) pointwise.

We pull back the standard complex structure on Ĉ\V ′ under the quasiconformal

map Ψ ◦ β to get a complex structure on Ĉ \ V. Pulling this complex structure on

Ĉ \ V back by iterates of F and extending by the standard complex structure on

K(R), one obtains an F -invariant Beltrami coefficient µ on Ĉ. Since the anti-
quasiregular map F is antiholomorphic on U , and the F -orbit of each point meets
V \ U at most once, it follows that ||µ||∞ < 1.

Conjugating F by a quasiconformal map H that solves the Beltrami equation
with coefficient µ, we obtain an antiholomorphic map σR = H ◦ F ◦ H−1 defined
on the closed Jordan disk ΩR := H(Dom(F )). Moreover, σR fixes the boundary
∂ΩR pointwise. Hence, ΩR is a simply connected quadrature domain and σR is its
Schwarz reflection map. After possibly conjugating σR by a Möbius map, we can
assume that H(Ψ(0)) =∞ and H(Ψ(∞)) = H(∞) = 0.
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∂V∂V ∂U∂U

σσσ0R

∂ΩΩΩ0

ccc0

Figure 10. Left: The simple pinched anti-polynomial-like map
(R,U ,V) is shown. The shaded region is U , and the region to
the left of the red curve is V. Right: The simple pinched anti-
polynomial-like map (σσσ0, U, V ) is shown. The shaded region is U ,
and the region to the left of the red curve is V . The boundary
∂V (in red) consists of a part of ∂ΩΩΩ0 and a pair of smooth arcs
that meet at ∞ at a positive angle. The purple curves denote the
remaining part of ∂ΩΩΩ0.

We will now justify that (ΩR, σR) ∈ Ssimp
Rd . The mapping properties of F imply

that H(Ψ(0)) =∞ ∈ int ΩcR is a critical value of σR with σ−1
R (∞) = {H(Ψ(ccc0))} ∈

ΩR. In particular, c := H(Ψ(ccc0)) is a critical point of multiplicity d. It follows
that σR : σ−1

R (int ΩcR) → int ΩcR is a degree d + 1 branched covering. Since ΩR

is a Jordan quadrature domain, it follows from Proposition 2.1 that there exists a
degree d+ 1 rational map f that carries D injectively onto ΩR. We normalize f so

that f(0) = c. As σR ≡ f ◦ η ◦
(
f |D
)−1

, we conclude that f maps ∞ to itself with
local degree d+ 1. Thus, f is a degree d+ 1 polynomial.

Note that as R has d− 1 critical points in K(R), the Schwarz reflection σR has
d− 1 critical points in H(K(R)) ⊂ ΩR. This implies that f has d− 1 critical points
in D∗ \ {∞}. As f has d critical points in the plane and none of them can lie in
D, it follows that the remaining critical point of f lies on S1. Thus, f has a unique
critical point on S1, and hence ∂ΩR has a unique conformal cusp (and no double
point). Further, the fact that ∂Ω0 \{0} is a non-singular real-analytic arc combined
with quasiconformality of β,Ψ and H implies that ∂ΩR \ {0} is a quasi-arc. Hence,
the unique conformal cusp of ∂ΩR is at 0.
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Therefore, T 0(σR) = ΩcR \ {0}. That each z /∈ K(R) eventually escapes to
C\int Dom(F ) under F translates to the fact that the non-escaping set (respectively,

the tiling set) of σR is given by H(K(R)) (respectively, Ĉ \H(K(R))). Thus, the
non-escaping set K(σR) is connected.

In light of Proposition 3.3, we conclude that (ΩR, σR) ∈ SRd (one could alter-
natively conclude this from the fact that c is the unique critical point of σR in its
tiling set T∞(σR) and that this critical point maps to ∞ ∈ intT 0(σR) with local

degree d + 1). Since R ∈ F simp
d , the parabolic fixed point ∞ of R has no attract-

ing direction in K(R). Under the topological conjugacy H, this translates to the
fact that σR has no attracting direction in K(σR). By Corollary A.6, the unique

conformal cusp of ∂ΩR is of type (3, 2). Therefore, (ΩR, σR) ∈ Ssimp
Rd .

Finally, since ∂H = 0 a.e. on K(R), we conclude that H−1 induces a hybrid
conjugacy between a simple pinched anti-polynomial-like restriction of σR (with
filled Julia set K(σR)) and a simple pinched anti-polynomial-like restriction of R
(with filled Julia set K(R)). In particular, χ−1([R]) = [ΩR, σR].

Finally, since the fundamental (pinched) annuli of the simple pinched anti-

polynomial-like restrictions of anti-rational maps [R] ∈
[
F simp
d

]
move continuously

with respect to the parameter and the asymptotics of the maps near the parabolic
point at ∞ are the same throughout F simp

d , it follows that the quasiconformal di-

latations of the hybrid conjugacies between [R] and
[
χ−1(R)

]
constructed above

are locally bounded and the domains of definition of these conjugacies depend con-
tinuously on parameters as [R] runs over F simp

d . �

5.2. Proofs of Theorems A and B. We are now ready to prove a precise version
of Theorem A stated in the introduction.

Theorem 5.3. Let R ∈ Fd. Then, there exists a polynomial map f of degree d+ 1
with a unique critical point on S1 such that f |D is univalent, and the associated
antiholomorphic correspondence C∗ given by Equation (2) is a mating of the anti-
Hecke group ΓΓΓd and R.

Moreover, this mating operation yields a bijection between [Fd] and the space of
antiholomorphic correspondences arising from [SRd ].

Proof. Follows from Theorem 5.1, and Proposition 3.12, and the definition of χ. �

The next result, which is a precise version of Theorem B stated in the introduc-
tion, is an immediate consequence of Propositions 3.7 and 3.12.

Theorem 5.4. Let p be a degree d semi-hyperbolic anti-polynomial with a connected
Julia set. Then, there exists a polynomial map f of degree d + 1 with a unique
critical point on S1 such that f |D is univalent, and the associated antiholomorphic
correspondence C∗ given by Equation (2) is a mating of the anti-Hecke group ΓΓΓd
and p.

6. Continuity properties of the straightening map

Lemma 6.1.

(1) Let {[Ωn, σn]} −→ [Ω∞, σ∞] in
[
Ssimp
Rd

]
. Then, all accumulation points of

{χ(σn)} in [Fd] are quasiconformally conjugate to χ(σ∞).
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(2) Let {[Rn]} −→ [R∞] in
[
F simp
d

]
. Then, all accumulation points of {χ−1(Rn)}

in [SRd ] are quasiconformally conjugate to χ−1(R∞).

Proof. 1) We set [Rn] := χ(σn). According to Theorem 4.8, there exist quasiconfor-
mal maps ϕn that hybrid conjugate simple pinched anti-polynomial-like restrictions
of σn (with filled Julia set K(σn)) to simple pinched anti-polynomial-like restrictions
of Rn (with filled Julia set K(Rn)). Moreover by Corollary 4.17, the quasiconfor-
mal dilatations of the hybrid conjugacies ϕn are bounded. Thus, we may assume
after passing to a subsequence that the global quasiconformal maps ϕn converge

uniformly to some quasiconformal homeomorphism ϕ∞ of Ĉ.
According to Proposition 4.3, Fd is compact. Thus, we can assume possibly

after passing to a further subsequence that [Rn] → [R∞] ∈ Fd. We also recall
from Corollary 4.17 that the domains of definition of the hybrid conjugacies ϕn
depend continuously on parameters. Thus, the domains of the simple pinched anti-
polynomial-like restrictions of σn constructed in Lemma 4.13 converge to that of σ∞
(with associated non-escaping set K(σ∞)). The equivariance property of ϕn now
implies that ϕ∞ is a conjugacy between a pinched anti-polynomial-like restriction
of σ∞ to a pinched anti-polynomial-like restriction of R∞.

On the other hand, there exists a quasiconformal map ϕ that hybrid conjugates a
simple pinched anti-polynomial-like restriction of σ∞ (with filled Julia set K(σ∞))
to a simple pinched anti-polynomial-like restriction of χ(σ∞) (with filled Julia set
K(χ(σ∞))). Thus, the map R∞ and χ(σ∞) are quasiconformally conjugate on
some pinched neighborhoods of their filled Julia sets. As these two maps are also
conformally conjugate on their parabolic basin of ∞, it follows by the arguments
of Lemma 4.4 that R∞ and χ(σ∞) are globally quasiconformally conjugate.

2) Since χ is bijective, we may set [Ωn, σn] := χ−1(Rn). Theorem 5.2 pro-
vides with global quasiconformal homeomorphisms ψn that hybrid conjugate sim-
ple pinched anti-polynomial-like restrictions of Rn (with filled Julia set K(Rn)) to
simple pinched anti-polynomial-like restrictions of σn (with filled Julia set K(σn))
such that the quasiconformal dilatations of the hybrid conjugacies ψn are bounded.
Thus, we may assume after passing to a subsequence that the global quasiconformal

maps ψn converge uniformly to some quasiconformal homeomorphism ψ∞ of Ĉ.
By Proposition 3.10, SRd is compact, and hence we can assume possibly after

passing to a further subsequence that [Ωn, σn] → [Ω∞, σ∞] ∈ SRd . Theorem 5.2
also guarantees that the domains of definition of the hybrid conjugacies ψn depend
continuously on parameters, and hence the domains of the conventional simple
pinched anti-polynomial-like restrictions of Rn converge to that of R∞ (with as-
sociated filled Julia set K(R∞)). Hence, ψ∞ is a conjugacy between a pinched
anti-polynomial-like restriction of R∞ to a pinched anti-polynomial-like restriction
of σ∞.

On the other hand, there exists a quasiconformal map ψ that hybrid conjugates a
simple pinched anti-polynomial-like restriction of R∞ (with filled Julia set K(R∞))
to a simple pinched anti-polynomial-like restriction of χ−1(R∞) (with filled Julia set
K(χ−1(R∞))). Thus, the map σ∞ and χ−1(R∞) are quasiconformally conjugate on
some pinched neighborhoods of their non-escaping sets. As these two maps are also
conformally conjugate on their tiling set, it follows by the arguments of Lemma 4.4
that σ∞ and χ−1(R∞) are globally quasiconformally conjugate. �
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Proposition 6.2. The sequence {[Ωn, σn]} ⊂
[
Ssimp
Rd

]
has no accumulation point

in
[
Shigh
Rd

]
⇐⇒ the sequence {[χ(σn)]} ⊂

[
F simp
d

]
has no accumulation point in

[
Fhigh
d

]
.

Proof. Suppose that all accumulation points of {[Ωn, σn]} ⊂
[
Ssimp
Rd

]
lie in

[
Ssimp
Rd

]
.

Then by part (1) of Lemma 6.1, all accumulation points of {[χ(σn)]} are quasicon-

formally conjugate to maps in
[
F simp
d

]
. As the multiplicity of a parabolic fixed

point is a topological invariant, it follows that all accumulation points of {[χ(σn)]}
lie in

[
F simp
d

]
.

Conversely, assume that {[Ωn, σn]} ⊂
[
Ssimp
Rd

]
and all accumulation points of

{[χ(σn)]} lie in
[
F simp
d

]
. Then by part (2) of Lemma 6.1, all accumulation points of

{[Ωn, σn]} are quasiconformally conjugate to maps in
[
Ssimp
Rd

]
. By Corollary A.6,

the condition of having a (3, 2)-cusp on the quadrature domain boundary is a topo-
logical conjugacy invariant for maps in SRd . Therefore, all accumulation points of

{[Ωn, σn]} lie in
[
Ssimp
Rd

]
. �

Proposition 6.3. The straightening map χ is continuous at quasiconformally rigid

and at relatively hyperbolic parameters in
[
Ssimp
Rd

]
.

Proof. We first note that (Ω, σ) ∈ SRd is a quasiconformally rigid parameter if and

only if χ(σ) is so. Continuity of χ at quasiconformally rigid parameters in
[
Ssimp
Rd

]
now follows from Lemma 6.1.

A straightforward adaptation of [Mil12, Theorem 5.1] shows that the relatively

hyperbolic components of
[
Ssimp
Rd

]
and

[
F simp
d

]
are diffeomorphic to appropriate

spaces of fibrewise anti-Blaschke products. The construction of such a diffeomor-
phism and the fact that hybrid conjugacies are conformal on the interior of the
non-escaping sets imply that χ carries each relatively hyperbolic component of[
Ssimp
Rd

]
to a corresponding component of

[
F simp
d

]
, and χ factors (through a space

of fibrewise anti-Blaschke products) as the composition of two diffeomorphisms.
The result follows. �

Appendix A. Schwarz reflections and conformal cusps

A.1. Compositions of power series. It will be convenient to develop some no-
tation for compositions of power series. For a power series P (z) which is centered
at zero and has no constant term, denote the coefficient of zn as Cn(P ). We denote
the m-th power of P (not to be confused with the m-fold iterate P ◦m of P ) by Pm.
Routine computations show that,

(7) Cn(Pn) = (C1(P ))
n
, Cn+1(Pn) = nC1(P )n−1C2(P ), etc.

We denote by P the power series with coefficients which are complex conjugates
of those of P . Then

(8) Cn((aP )m) = amCn(Pm).
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Let P and Q be two power series. Then we have that

(9) Cn(Q ◦ P ) =
n∑

m=1

Cm(Q)Cn(Pm).

A.2. Conformal cusps and their type.

Definition A.1. Let Ω ⊂ C be an open set. A boundary point p ∈ ∂Ω is called
regular if there is a disc B(p, ε) := {z ∈ C : |z − p| < ε} such that Ω ∩ B(p, ε) is a
Jordan domain and ∂Ω∩B(p, ε) is a simple non-singular real-analytic arc; otherwise
p is a singular point.

Let f : B(0, ε) → C, f(0) = 0 be a holomorphic map that is univalent on the
closure of B+ := B(0, ε) ∩ {Re z > 0} and has a simple critical point at 0. Then
the curve γ := f(−iε, iε) has a singularity at the origin, which we refer to as a
conformal cusp (we will often drop the word conformal and call it a cusp). We note
that Ω := f(B+) is a Jordan domain, and by univalence of f |B+ , the cusp points
in the inward direction towards Ω. We further define the type of the cusp on ∂Ω
according to the Taylor series expansion of f at 0. Since 0 is a simple critical point
of f , we can assume (after scaling f , if necessary) that

(10) f(w) = w2 +
∑
k≥3

Ck(f)wk.

Then, γ can be parametrized near 0 as f(it) = (−t2 + O(t3)) + i(ctn + O(tn+1),
where t ∈ (−ε, ε), c ∈ R \ {0}, and n ≥ 3. By definition, we say that the cusp at 0
is of the type (n, 2). More precisely, since

f(it) = −t2 +
∑
k≥3

Ck(f)(it)k

=

−t2 +
∑
k≥3
k odd

(−1)
k+1
2 Im(Ck(f))tk +

∑
k≥4
k even

(−1)
k
2 Re(Ck(f))tk

+(11)

i

∑
k≥3
k odd

(−1)
k−1
2 Re(Ck(f))tk +

∑
k≥4
k even

(−1)
k
2 Im(Ck(f))tk

 ,

the curve γ has a cusp of type (n, 2) at 0 if and only if for k < n we have Re(Ck(f)) =
0 for k odd, Im(Ck(f)) = 0 for k even, and the real or the imaginary part of Cn(f)
is non-zero, depending on the parity of n.

Remark A.2. By Relation 11, ∂Ω has cusp of type (n, 2) with n > 3 at the origin if
and only if the non-singular branches of ∂Ω at 0 have at least fourth order contact
with the real line. Since f is locally a squaring map near 0, this is equivalent to
saying that the imaginary axis has at least second order contact with the curve
germ at 0 that maps under f to a segment of the negative real axis at the origin.

A.3. Asymptotics of Schwarz reflections near cusps. We continue to use the
notation of the previous subsection.

The curve γ admits a one-sided Schwarz reflection map

σ : Ω = f(B+)→ C, z 7→ f ◦ (w 7→ −w) ◦ (f |
B+)−1(z).
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We will study the local dynamics of σ in terms of the type of the cusp.
Observe that the inverse branch g := (f |

B+)−1 appearing in the definition of

σ admits a power series in z1/2, where the chosen branch of square root sends
C \ {x ∈ R | x < 0} to the right half-plane. Specifically, g(z) = P (z1/2), where
P (z) = z +

∑
k≥2 Ck(P )zk. Importantly, this branch of the square root commutes

with complex conjugation.
Since g is an inverse branch of f , we have that f(g(z2)) = z2; i.e., f ◦P (z) = z2.

Consequently,

(12) C2(f ◦ P ) = 1, and Cn(f ◦ P ) = 0 for n > 2.

This relation, combined with Relations (7), (9) can be used to compute coefficients
of P in terms of coefficients of f . For example,

0 = C3(f ◦ P ) = C3(P 2) + C3(f)C3(P 3) = 0 + 2C1(P )C2(P ) + C3(f)(C1(P ))3,

so that C2(P ) = −C3(f)/2.

By definition, σ(z) = f(−g(z)) = (f ◦ (−P ))(z1/2). Thus, for n ≥ 3 we have

Cn(σ) := Cn(f ◦ (−P ))

= Cn(f ◦ (−P ))− Cn(f ◦ P ) (By Relation (12))

=
n∑

m=1

Cm(f)Cn((−P )m)−
n∑

m=1

Cm(f)Cn(Pm) (By Relation (9))

=

n∑
m=2

(
(−1)mCm(f)− Cm(f)

)
Cn(Pm) (By Relation (8))(13)

= 2

(
i

n∑
m even

Im(Cm(f))Cn(Pm)−
n∑

m odd

Re(Cm(f))Cn(Pm)

)
.

We set An := (−1)nCn(f)− Cn(f), and deduce from Expressions (11) and (13)
that γ has a (n, 2) cusp at the origin if and only if Ck(σ) = 0 for all 3 ≤ k < n
and Cn(σ) = An 6= 0. Expressions (13), (7) also show that for a (n, 2) cusp, we

have Cn+1(σ) = AnCn+1(Pn) +An+1 = An+1 − nC3(f)An/2 (recall that C2(P ) =
−C3(f)/2). We conclude the following.

Proposition A.3. The cusp at 0 is of type (n, 2) if and only if the local asymptotics
of the Schwarz reflection near 0 is given by

(14) σ(z) = z +Anz
n/2 +

(
An+1 −

nC3(f)

2
An

)
z(n+1)/2 +O(z

n
2 +1)

on Ω.
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When n is odd, An = −2 Re(Cn(f)) is real, and when n is even, An = 2i Im(Cn(f))
is purely imaginary. Iterating the Puiseux series expansion of σ given in Proposi-
tion A.3, we obtain that

σ◦2(z) = z + (An +An)zn/2 +

(An+1 −
nC3(f)

2
An

)
+

(
An+1 −

nC3(f)

2
An

) z(n+1)/2

+O(z(n+2)/2)

=z + 2Re(An)zn/2 + 2Re

(
An+1 −

nC3(f)

2
An

)
z(n+1)/2 +O(z(n+2)/2),

where it is defined.
If n is even then ReAn = 0, and so we have σ◦2(z) = z + O(z(n+1)/2). When

n is odd we have An = −2 Re(Cn(f)) 6= 0. From the standard theory of parabolic
germs (cf. [Mil06, §10]), we thus have the following:

Proposition A.4. Let 0 be a cusp of type (n, 2) of γ. Then the following hold
true.

(1) If n is odd then the number of σ◦2-invariant directions at 0 contained in
Ω is n − 2. These directions are attracting and repelling in an alternating
manner.

(2) If n is even then the number of σ◦2-invariant directions at 0 contained in
Ω is at least n − 1. These directions are attracting and repelling in an
alternating manner.

(3) The positive real axis is always a σ-invariant and hence also a σ◦2-invariant
direction. This is the only invariant direction for σ◦2 if and only if the cusp
is of type (3, 2).

In particular, when the cusp is of type (n, 2) with n > 3, there is at least one
attracting direction.

We now focus on cusps of type (n, 2) with n odd.

Proposition A.5. Let 0 be a cusp of type (n, 2) of γ with n odd. Then the positive
real invariant direction is repelling for σ if n ≡ 3 mod 4 and is attracting for σ if
n ≡ 1 mod 4.

Proof. For all small enough positive δ we have that

σ(δ)− δ = −2 Re(Cn(f))δn/2 +O(δ(n+1)/2),

where ReCn(f) 6= 0. Thus, the positive real direction is attracting (respectively,
repelling) for σ if ReCn(f) > 0 (respectively, if ReCn(f) < 0). The proof will be
completed by establishing the following claim (which shows that univalence of f on

B+ determines the sign of ReCn(f)).

Claim: ReCn(f) > 0 for n ≡ 1 mod 4, and ReCn(f) < 0 for n ≡ 3 mod 4.

Proof of Claim. Let us equip ∂B+ with a counter-clockwise orientation and
observe that as f |

B+ is an orientation preserving homeomorphism, the Jordan curve

f(∂B+) must also be oriented counter-clockwise. Moreover, our normalization of f
(see Expression (10)) implies that f(B+) = Ω contains small enough positive real
numbers. In other words, f(∂B+) has winding number one around small enough
positive reals.
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For t ∈ (−ε, ε) with ε small enough we have from Expression (11) that

(15) Re f(it) = −t2 +O(t3), Im f(it) = (−1)(n−1)/2 Re(Cn(f))tn +O(tn+1).

Now by way of contradiction, let us assume that the claim is not true. Then,
by Relation (15), f(it) lies in the second quadrant for t negative and in the third
quadrant for t positive. But this contradicts the fact that f(∂B+) is a Jordan curve
with a positive winding number around small enough positive reals. This proves
the claim and completes the proof of the proposition. �

A particular consequence of the previous two propositions is the following.

Corollary A.6. The cusp of γ at 0 is of type (3, 2) if and only if it admits no
attracting directions.

Remark A.7. We do not know of examples of quadrature domains with cusps of
type (n, 2) where n is even.

A.4. Moving the cusp to infinity: parabolic behavior. Now suppose that the
cusp is of type (3, 2) and consider the change of coordinates β : z 7→ λ/z1/2, sending
the cusp to ∞. The inverse change of coordinates are given by β−1 : ζ 7→ λ2/ζ2.
We compute using Expression (14) that

β ◦ σ ◦ β−1(ζ)

= β

(
λ

2

ζ
2 −

2 Re(C3(f))λ
3

ζ
3 +O(

1

ζ
4 )

)
= λ

(
λ

2

ζ
2 −

2 Re(C3(f))λ
3

ζ
3 +O(

1

ζ
4 )

)− 1
2

=
λ

λ
ζ

(
1− 2 Re(C3(f))

λ

ζ
+O(ζ

−2
)

)− 1
2

=
λ

λ
ζ

(
1 +

1

2
(2 Re(C3(f)))

λ

ζ

)
+O

(
ζ
−1
)
.

Setting λ := 1
2 Re(C3(f)) , we have that

(16) β ◦ σ ◦ β−1(ζ) = ζ +
1

2
+O(ζ

−1
),

on β(Ω).
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