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ABSTRACT. We extend results on complex analytic measures on the complex
unit circle to a non-commutative multivariate setting. Identifying continuous
linear functionals on a certain self-adjoint subspace of the Cuntz-Toeplitz C*-
algebra, the free disk operator system, with non-commutative (NC) analogues
of complex measures, we refine a previously developed Lebesgue decompo-
sition for positive NC measures to establish an NC version of the Frigyes and
Marcel Riesz Theorem for “analytic” measures, i.e. complex measures with
vanishing positive moments. The proof relies on novel results on the order
properties of positive NC measures that we develop and extend from classical
measure theory.
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INTRODUCTION

The Riesz-Markov theorem identifies any finite and regular Borel measure
on the complex unit circle with a bounded linear functional on the Banach space
of continuous functions. By the Weierstrass approximation theorem, the Banach
space of continuous functions on the circle is the supremum norm-closure of the
linear span of the disk algebra and its conjugate algebra. The disk algebra is often
defined as the unital Banach algebra of analytic functions in the complex unit disk
with continuous boundary values. This is completely isometrically isomorphic to
the unital norm-closed operator algebra generated by the shift operator, S = M,,
of multiplication by the independent variable z on H2. Here, H? denotes the
Hardy space, the Hilbert space of analytic functions in the complex unit disk that
have square-summable Taylor series coefficients at 0, equipped with the ¢?-inner
product of these coefficients.

An immediate non-commutative (NC) multivariate generalization of H? is
then H2, the NC Hardy space or full Fock space, which consists of square-summable
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power series in several formal NC variables 3 = (31,...,34). Elements of Hé are
power series,
h(ﬁ) = Z hos?,
weld

with square-summable coefficients ﬁw € C. The free monoid, 4, is the set of all
words, w = i1---iy, 1 < iy < d, in the d letters {1,...,d}. This is a monoid
with product given by concatenation of words and the unit & is the empty word
containing no letters. Givenany w =iy - - - iy € F, the free monomial 3 is 3;, - - - 3,
and 3 = 1, viewed as a constant NC function. As in the classical setting, left
multiplication Ly := Mgk by any of the d independent NC variables defines an
isometry on H2, and we call these isometries the left free shifts. These collectively
play the role of the shift in this NC Hardy space theory.

The NC analogues of the disk algebra, the continuous functions (equiva-
lently, the disk operator system, the supremum norm-closed linear span of the disk
algebra and its conjugates) and positive measures are then the free disk algebra,
Ay:=Alg{l,Ly,..., Ld}_”‘“, the free disk system,

dy = (hg+ AT,

and NC measures, i.e. bounded linear functionals on the free disk system. Here
and after, given a set S of operators on a Hilbert space, we set S* := {A*: A €
S}. For the Banach space dual, we use t. In particular, the Banach space of all
NC measures is denoted by ./} and the cone of positive NC measures by (7).
In [16}[17], the first two named authors constructed the Lebesgue decomposition
of any positive NC measure with respect to a canonical NC Lebesgue measure
and showed that the sets of absolutely continuous and singular NC measures are
positive and hereditary cones, in syzygy with classical measure theory.

The isometric left free shifts Ly = MZ’Lk on H3 have pairwise orthogonal
ranges and it follows that the linear map L := (Ly,...,L;) : H3® C? — H3 is
an isometry from several copies of H3 into itself. Such an isometry is called a row
isometry. By the classical Wold decomposition theorem, any isometry on Hilbert
space decomposes as the direct sum of a pure isometry, i.e. an isometry unitarily
equivalent to copies of the shift on H?, and a unitary operator. There is an exact
analogue of the Wold decomposition theorem for row isometries, established by
G. Popescu; any row isometry decomposes as the direct sum of a pure row isom-
etry, unitarily equivalent to several copies of the left free shift and a surjective or
Cuntz row isometry, the row analogue of a unitary operator [27]. The C*-algebra
&y = C*{I,Ly,...,Ly} and its quotient, &, by the compact operators are the cel-
ebrated Cuntz—Toeplitz and Cuntz algebras, respectively. When d > 2, these are
universal C*-algebras for row isometries and are important objects in C*-algebra
theory: any *-representation 7t of &; determines, and is uniquely determined by,
the row isometry IT := 7(L) = (7t(Ly),...,(Ly)). For more on the representa-
tions of these algebras, see [4] and [28]].
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The Lebesgue-von Neumann-Wold decomposition of an isometry on
Hilbert space further splits the unitary direct summand into the direct sum of
a unitary with absolutely continuous spectral measure (with respect to Lebesgue
measure) and a singular unitary. In [23], M. Kennedy extended this decomposi-
tion for single isometries to row isometries. A new feature in this multivariable
theory is that the Cuntz direct summand of any row isometry generally splits as
the direct sum of three different types which we call absolutely continuous (AC)
Cuntz, von Neumann-type (called singular in [23]) and dilation-type.

A Gelfand-Naimark-Segal (GNS) construction applied to the free disk al-
gebra and any positive NC measure y produces a Hilbert space Hé(y) and a
row isometry I, acting on Hé( ). Any cyclic row isometry (or *-representation
of &) can be obtained as the GNS row isometry of a positive NC measure, as
recorded in Lemma The role of normalized Lebesgue measure on the circle
is played by the so-called vacuum state of the Fock space, m(L¥) = (1,L¥1)yp
where 1 is identified with the vacuum vector 3°. We call the vacuum state, m,
non-commutative (NC) Lebesgue measure. Observe that if we identify normalized
Lebesgue measure on the complex unit circle with a positive linear functional,
m, on the norm-closure of the linear span of the disk algebra and its conjugate
algebra, via the Riesz-Markov Theorem, then m(S¥) = (1,5%1) ;2. Thus, our def-
inition of NC Lebesgue measure recovers normalized Lebesgue measure when
d = 1. In [16, 17], the first two named authors constructed the Lebesgue de-
composition of any positive NC measure, y € (%)L U = Hac + ps, where
Hac, s € (o)1 are absolutely continuous and singular, respectively, with respect
to NC Lebesgue measure [17, Corollary 8.12, Corollary 8.13]. In particular, it is
shown that the sets of absolutely continuous and singular NC measures are pos-
itive cones that are hereditary in the sense that if y, A € (%)% and A is absolutely
continuous or singular, then u < A implies that y is also absolutely continuous
or singular, respectively, in parallel with classical measure theory. In our NC
Lebesgue decomposition, y is absolutely continuous if and only if its GNS row
isometry, I}, is the direct sum of pure and AC Cuntz row isometries, while y is
singular if and only if I, is the direct sum of von Neumann-type and dilation-
type row isometries [17, Corollary 8.12, Corollary 8.13].

In this paper we further refine the NC Lebesgue decomposition of [17] by
proving that the sets of dilation-type and von Neumann-type NC measures
(NC measures whose GNS row isometries are dilation or von Neumann-type)
are both positive hereditary cones in Theorem[2.15} This yields, in Corollary[2.16]
a refined Kennedy-Lebesgue decomposition of any positive NC measure. We
then apply this decomposition to obtain analogues of classical results due to
Frigyes and Marcel Riesz characterizing analytic (complex) NC measures, which
are those bounded linear functionals on the free disk system that annihilate {LP :
B € F\{@}}. In particular, in Theorem we show that a complex NC mea-
sure is analytic if and only if its absolutely continuous, singular, dilation and



572 MICHAEL T. JURY, ROBERT T.W. MARTIN, AND EDWARD ]J. TIMKO

von Neumann parts are each also analytic. This result has some overlap with
[24, Theorem 4.1], where the objects of study are bounded linear functionals on
the weak* closure of A; that annihilate a two-sided ideal, in contrast to our focus
here. We apply Theorem {4.2|in Theorem |4.9|to establish an analogue of the clas-
sical F&M Riesz analytic measure theorem. The traditional theorem states that
analytic measures are absolutely continuous [13| Chapter 4], [30, Theorem 5.5],
[12, Theorem 6.14] (compare with the original [32]). We remark that the NC F&M
Riesz theorem obtained here is related, but not equivalent to, one previously de-
veloped in [3] Theorem A] using different techniques. Both Theorem [4.9| of the
present paper and Theorem A of [3] conclude that an analytic NC measure need
not be absolutely continuous, however the results of this paper and those of [3]
describe the obstruction in different ways. We discuss the relationship between
these two papers in Remark [£.10}

1. BACKGROUND AND NOTATION

We borrow notation from [16}[17]. Throughout, given h, 1 in a Hilbert space
7, we denote the inner product of h and K’ by (h, '), with (-, -) being conjugate
linear in the first argument and linear in the second. The Fock space or NC Hardy
space is
= {h() = ¥ hus” ho €C, Y [l < 4o},

weld welFd

equipped with the ¢2-inner product of the power series coefficients he. Elements
of the NC Hardy space can be viewed as free non-commutative functions in the
NC unit row-ball, ]B%‘Ii], of all finite-dimensional strict row contractions:

|_|JB% Bl :={Z=(Z,...,24)eCV"QCY . 272 = 7, Z} + - - - +Z4Z5<I, };

see, for example, [1}[16}[17] 19} 29, 33] for more details on non-commutative func-
tion theory.

The left free shift L = (L1, ..., L) is the row isometry on the full Fock space
H2 whose component operators act by left multiplication by the independent
Varlables Ly = ML The free or NC disk algebra is Ay := Alg{I, Ly,..., Ld}’H'H,

the free disk system is <7 = (Ayz + A;)_”‘“. This is a self-adjoint unital norm-
closed subspace of operators, i.e. an operator system. A (complex) NC measure
is a bounded linear functional on the free disk system. The set of all complex NC
measures is denoted by 7, and the positive NC measures by (.7;),. We remark
that any u € (<)% is uniquely determined by the moments (j(L*)), g4, and
thus we often describe a given positive NC measure y by specifying its moments
when positivity is clear from the context.
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Given a € Ay, we write a = a(L) = M} for the operator of left multiplica-

tion by a(3) on H3, where
a(ﬁ) = Z ﬁwéwr
weFd

is the NC function determined by a. The partial Cesaro sums of the series for
a(L) converge in the strong operator topology to a(L) = M{fm, as shown in
[11, Lemma 1.1]. More generally, given a row isometry IT, we write a — a(IT) for
the unique representation of A satisfying 3*(IT) = IT* for all a € F%.

The free disk system has the semi-Dirichlet property [8]:

AxAy C (Ag+ A5

The semi-Dirichlet property enables one to apply a Gelfand-Naimark—Segal
(GNS)-type construction to (y, A), where u € (<)% is any positive NC mea-
sure. One obtains a GNS-Hilbert space Hﬁ( i) as the completion of the free disk
algebra, modulo vectors of zero length, with respect to the pre-inner product:

(a1,a2) = p(agaz).
The set of equivalence classes {a + N, :a € Ay}, where N, = {a € Ay : p(a*a) =
0}, is norm-dense in Hﬁ(y) This construction provides a representation 77, :
Ay — L(H2), where
mtu(a)(a’ + Ny) := aa’ + N.
When d > 2, it follows from [28, Theorem 3.1] that 77, is a unital completely iso-
metric isomorphism of A, onto the unital, norm-closed operator algebra A;(I1},),
where T, := 71, (Lg) and
Ag(IT,) := Alg{L,IT,, ... T4} I,
so that the image of the left free shifts,
Iy, = (I, - - Ipy) - H3 () @ C* — Hj(p),

defines a row isometry. We call I, the GNS row isometry of u, acting on the GNS
space H3 (). The original positive NC measure y € ()" then has the spacial
representation,

u(LY) = (I+ NH,HM“’(I+ Nﬂ)>H§(
If u, A € ()% and p < A, then the map

w:

a+N)y = a+Ny,, aclhy

extends by continuity to a contraction E, , : H3(A) — H3 (i) with dense range.
In this case, setting D), ) := E; AEur, we have

u(L*) = (I 4+ Np, Dy I (I 4 Nyp)),

and D, ) > 0 can be viewed as the “NC Radon-Nikodym derivative” of y with
respect to A.
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REMARK 1.1. The NC Radon-Nikodym derivative DH, 1, as described above,
is IT)-Toeplitz (also written A-Toeplitz) in the sense that

Hx;ij,/\HA;k = 5j,kDy,/\ ’

where J;; = 1 when j = k and 0 otherwise. Recall that a bounded linear oper-
ator, T, on the Hardy space, H?, is called Toeplitz if T is the compression, Tf =
Py M|y, of the bounded multiplication operator, M, on L?(9DD) to H? for some
f € L*(0dD). A theorem of Brown and Halmos identifies the Toeplitz operators
as the set of all bounded linear operators, T € . (H?), satisfying

S*TS =T,
where S = M, is the shift [2, Theorem 6].

We refer to E ) as the co-embedding determined by the inequality y < A, as
its adjoint is injective. Given p,v, A € (o) satisfying u < v < A, it follows that

EuvEup = Epp.

We remark that that E;, ) is unitarily equivalent to an embedding of NC repro-
ducing kernel Hilbert spaces; see [16, Lemma 3], [17].

We now record the fact that any cyclic row isometry is unitarily equivalent
to the GNS row isometry of a positive NC measure. The proof is straightforward
and thus omitted.

LEMMA 1.2. Let II be a cyclic row isometry on a Hilbert space H with a cyclic
vector x. Define a positive NC measure y € (o)}, by setting u(L¥) = (x, I1¥x). The
map Uy : HA () — H defined by Uy a + Ny = a(IT)x, a € Ay, extends to a surjective
isometry that intertwines 11, and I1.

Let £ := Alg{I,Ly,..., Ly} Wk denote the left free analytic Toeplitz algebra
or the Free Hardy Algebra. From a result of Davidson-Pitts [11, Corollary 2.12], it
follows that

£ = Alg{I,Ly,..., Ly} WOT,

the closure of Alg{I,Ly,...,L;} in the weak operator topology (WOT). That is,
£7 is a free semigroup algebra, the unital WOT-closed operator algebra generated
by a row isometry [5]. The algebra £7° can also be identified with the left mul-
tiplier algebra of H3, viewed as a non-commutative reproducing kernel Hilbert
space (RKHS) [1,[19}33]. We remark that this left multiplier algebra is equal to the
unital Banach algebra, H, of all free NC functions in the NC unit row-ball IB%dN
that are uniformly bounded in supremum norm [29,[33]. The NC or free Toeplitz
system is
Ty = (220 + (S?)*)_Weak* _ %—weak*.

We also use the right free shift R = (Ry,...,R;), the row isometry of right mul-
tiplications Ry := M;Ifk by the independent NC variables on the Fock space. The
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right free analtyic Toeplitz algebra is
MY := Alg{[,Ry,...,R;}WOT.

1.1. STUCTURE OF GNS ROW ISOMETRIES. By [23] Theorem 6.5], any row isom-
etry, I1, on a separable Hilbert space, H, can be decomposed as the direct sum of
four types of row isometries:

(1.1) IT =11 ® Ilacc @ gy @ TN

We call this decomposition the Kennedy—Lebesgue—von Neumann—Wold decompo-
sition of I1. Here, I}, is pure type L or simply, type L, if it is unitarily equivalent to
an ampliation of L. The remaining three types are all Cuntz, i.e. surjective, row
isometries. A Cuntz row isometry is the multi-variable or “row” analogue of a
unitary operator and we sometimes call a Cuntz row isometry a Cuntz unitary.
We also call any pure type L row isometry a pure row isometry. The summand
IIpcc is absolutely continuous Cuntz (or AC Cuntz or ACC), meaning that I1xcc is
a Cuntz row isometry and the free semigroup algebra it generates is completely
isometrically isomorphic and weak* homeomorphic to £7. Both type L and ACC
row isometries are absolutely continuous (AC) or weak* continuous, meaning that
IT is an AC row isometry if and only if the representation 7 : A; — Z(H),

defined by L > I, extends to a weak* continuous representation of £7. The
summand Iy is fotally singular, or of von Neumann-type, if it has no weak* con-
tinuous restriction to a non-trivial invariant subspace. For d > 2, it follows from
[23] Theorem 5.1] that a row isometry is of von Neumann-type if and only if the
free semigroup algebra it generates is self-adjoint and hence a von Neumann al-
gebra. The leftover piece, I1y, is of dilation-type. That is, a row isometry, I1, is
of dilation-type if it has no direct summand of the previous three types, L, ACC
or VvN. A row isometry containing only dilation-type and von Neumann-type
summands is said to be singular, in keeping with the terminology established in
[17]. We remark that, when d = 1, the dilation-type summand is absent, see
Section

REMARK 1.3. By [23] Proposition 6.2], any dilation-type row isometry II
has a block upper triangular decomposition,

LI =*
IT ~
( 0 T) ’
so that IT has a pure restriction to an invariant subspace and I is the minimal
row isometric dilation of its compression, T, to the orthogonal complement of

this invariant space. This motivates the name, dilation-type. Since I1 is of Cuntz-
type, T is necessarily a non-isometric row co-isometry [27, Proposition 2.5].

REMARK 1.4. It is implicit in the results of [23] that the above Kennedy-
Lebesgue—von Neumann-Wold decomposition of any row isometry, I1, on H,
is unique. Indeed, the Wold decomposition of II, Il = II} & Ilcyn, on H =
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Hi ® Hcuntz is unique by [27, Theorem 1.3]. Next, there is a unique maximal
Icyntz-reducing subspace, Hacc, so that the restriction, ITacc = Icuntz|#,ccr
is absolutely continuous, so that IIcynt, = IIacc @ IT' on Hacc @ H'. Then, IT
can be decomposed by setting (- C H' to be the largest I'I’-invariant subspace
so that I'T’ ‘Hifv o s weak* continuous and then Hg;; € H' is defined as the smallest
IT'-reducing subspace containing Hyy.. Finally, Ilgy := IT' |y, Hiw = H' ©
Hdil and HVN = H/|HvN'

1.2. STRUCTURE PROJECTIONS. We form the set of labels
Types = {L, Cuntz, ac,s, ACC, dil, vN, all}.

For a given row isometry I1, if we write “I1 is type t”, then we mean “II is pure
type L” when t = L, “II is Cuntz-type” when t = Cuntz, “II is absolutely con-
tinuous” when t = ac, “II is singular” when t = s, “II is absolutely contin-
uous Cuntz” when t = ACC, “II is dilation-type” when t = dil, and “IT is
von Neumann-type” when t = vN. We include the trivial type, t = all. If IT
is of type all this simply means that IT can be any row isometry.

DEFINITION 1.5. Lett € Types. A positive NC measure u € ()" issaid to
be type tif its GNS row isometry I, is type t. A positive NC measure, u € ()t
is weak* continuous, if it has a weak* continuous extension to .7; = Jz%{;weak*.

EXAMPLE 1.6. Let m € (<)% be given by m(b) = (1,b1), b € /3. We call
this positive NC measure, m, NC Lebesgue measure, and note that it is absolutely
continuous, as I1;; is unitarily equivalent to L. NC Lebesgue measure is so named
because it plays the role of normalized Lebesgue measure in the NC measure
theory used here and in [16, [17].

A positive NC measure, i € (7)1, is absolutely continuous if and only if
it is weak* continuous [17]. We provide an example of such an NC measure in
Example while an example of dilation-type is found in Section[5]

Let t € Types \ {Cuntz} and consider a row isometry I1. By the Kennedy-
Lebesgue—von Neumann-Wold decomposition, there is an orthogonal projection
P; that commutes with IT such that IT restricted to the range of P is the type t
summand of II. In the case of a GNS row isometry I, we write P;¢. Given a
positive NC measure p, we denote by i the positive NC measure satisfying

ue(LP) = (14 Ny, P15 (14 N,)), B e T,
One may readily verify that E,, , is a co-isometry satisfying
EjouEuon = Pt
Note that E},, , satisfies
Epou(@ =+ Ny) = Py(a+ Ny).
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Because Py, is reducing for I1y, it follows that E;; Wﬂﬁt = Hﬁ E;j o for all words
B. From this, we see that I}, is unitarily equivalent to the restriction of IT to
Ran Py;i. Therefore, the GNS row isometry of y¢ is type t, and thus y is type t.

There is an additional projection associated with any row isometry I1, and
that is the free semigroup algebra structure projection Q of IT. With &(I1) :=
Alg{IITy,...,T1;}~WOT denoting the free semigroup algebra of IT, we denote
by Q the largest projection in &(IT) so that Q& (IT)Q is self-adjoint [9, Structure
Theorem 2.6]. It has the following properties. First, §(IT) has the decomposition

&(IT) = vN(I1)Q + Q- 6(I)Q",
where vN(IT) denotes the von Neumann algebra generated by {ITy,...,I1;}.
When Q # 1,
Q &(IMQ+ = &(IMQ+
is completely isometrically isomorphic and weak* homeomorphic to £3°. Here
and elsewhere, PL = [ — P whenever P is an orthogonal projection.

The structure projection is related to the subspace of all weak* continuous
vectors for a row isometry Il. A vector x € H is weak™ continuous if the linear
functional £ € ()1, defined by ¢, (L%) := (x,II*x), is weak* continuous [7]. A
bounded operator X : H3 — # is an intertwiner for IT if

XL* = I[1*X, «cF%.

The following theorem combines results of Davidson-Li-Pitts and Kennedy to
characterize the set, WC(IT), consisting of all weak* continuous vectors of IT in
terms of bounded intertwiners. For i € ()", we also write WC (1) = WC(I1,,).

THEOREM 1.7 (Davidson-Li-Pitts, Kennedy). Let I1 be a row isometry on H.
() If x,y € WC(II), then the linear functional Ly, : Ay — C satisfying

loy(L) = (5, I1%)y, o € F

is weak™ continuous.
(il) WC(IT) is a closed IT-invariant subspace, and

WC(IT) = {Xh : h € H3, X an intertwiner} .
(iif) If Q is the structure projection of I1, then
WC(IT) = Ran Q™.

Proof. Items (i) and (ii) are directly from [7, Theorem 2.7].

For item (iii), we note the following. The second dual A;‘L of A, is a free
semi-group algebra, and thus there exists a structure projection q for A;f. Let T
denote the weak* continuous representation of &' determined by 7. By
[7, Proposition 5.2], 7(q)* = Qwc, where Qwc denotes the projection onto the

closed subspace WC(IT). In comments following [7, Proposition 5.2], it is shown
that 77(q) = Q if and only if 7t is “regular”, meaning that the a — 7(a)|wc(rm)
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and a — 7(a) |RamQ 1 coincide. By [7, Theorem 3.4] and [23 Corollary 4.17], we
see that 77 is always regular. 1

1.3. MEASURE THEORY AND ISOMETRIES IN ONE VS. SEVERAL NC VARIABLES.
As described in the introduction, positive NC measures and their GNS row isome-
tries are canonical and, in some sense, minimal non-commutative multivariate
analogues of positive regular finite Borel measures on the complex unit circle
and the (isometric) restriction of multiplication by the independent variable to
the closure of the analytic polynomials, respectively. There are, however, several
key differences between the one and several-variable theories, and this NC mea-
sure theory exhibits some new phenomena that have no direct single-variable
analogues.

Firstly, in one-variable, the disk operator system, <4 = (A + Ai‘)_”'”, is
completely isometrically isomorphic to the commutative C*-algebra, 4 (dD), of
continuous functions on the circle, which is C*-isomorphic to the quotient of the
Toeplitz algebra, &1, by the compact operators. For d > 2, the free disk system, <7,
is not completely isometrically isomorphic to the quotient of &; by the compacts
and, moreover, 7, is not a C*-algebra, it is an operator system, a norm-closed and
self-adjoint subspace of operators. Another point of difference is that for d > 2,
if 4 € (o)} is any positive NC measure, then the GNS representation 71, im-
plements a completely isometric isomorphism between the free disk algebra, A,
and the unital, norm-closed operator algebra generated by the GNS row isometry
IT, = 7ty (L) [28, Theorem 3.1]. This is not true if d = 1. Indeed, if y is Lebesgue
measure on the right half circle, then multiplication by a(z) := z — 1 has norm 2
in A1, but 77, () has norm v2 in £ (H?(p)).

The multi-variable Kennedy-Lebesgue-von Neumann-Wold decomposi-
tion of row isometries also enjoys several novel features that have no classical
analogue in the Lebesgue—von Neumann-Wold decomposition of an isometry. If
V € Z(H) is an isometry, then its Wold decompositionis Vo @UonH = HodH'
where Vj is a pure isometry, i.e. unitarily equivalent to several copies of the uni-
lateral shift on H2, and U is unitary on H’. The unitary direct summand further
decomposes, via spectral theory, as U = U, @ Us, where U, has absolutely con-
tinuous spectral measure and Us has singular spectral measure (with respect to
Lebesgue measure). As described in [23] Section 2], by Wermer’s Theorem, it is
possible for the weak*-closed unital operator algebra H® (V') := Alg{I, V}~Weak’
of an isometry V to be self-adjoint [34]. Let n € NU {+oco} U {0} be the multi-
plicity of the pure part Vy of V,ie. V) > S ® Icn, and let pac, s be scalar, positive
measures equivalent to the spectral measures of U,. and Us, respectively. Then,
provided that either (i) n # 0 or (ii) Lebesgue measure is mutually absolutely
continuous with pc, then

HOO(V) = HOO(VO 2] uac) @ Loo(us/ ,us),
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where L*(Us, jis) is the commutative von Neumann algebra obtained by apply-
ing the L®(s) functional calculus to Us. If neither of these conditions hold, then
H® (V) is self-adjoint, i.e. a von Neumann algebra. For example, if n = 0, Us = 0
and pi,c is Lebesgue measure restricted to the upper or lower half-circle, then nor-
malized Lebesgue measure, m, is not absolutely continuous with respect to y,c, so
that H®(V) = H®(Uac) = L®(Uac, pac) is self-adjoint; see [23, Example 2.2]. This
is in contrast to the multivariate setting where HY (V) := Alg{I, V4, ..., V;} ~WOT
is self-adjoint for a row isometry V = (Vj,...,Vy), if and only if V has no weak*
continuous restriction to a non-trivial invariant subspace, i.e. if and only if V is
of von Neumann-type; see the previous Subsection (There is a slight dif-
ference here in that in one variable, if V € Z(H) is an isometry, we define
H®(V) := Alg(I, V) Weak’ whileif V : H® C? — # is a row isometry, we define
HY (V) := Alg(I, V4, ..., V4)~WOT since the WOT and weak* closures of £5° coin-
cide.) Row isometries of von Neumann-type are, at this time, poorly understood.
There is essentially only one known example of a von Neumann row isometry
whose free semigroup algebra is equal to all of £ (#) [6,31]. In particular, it is
not known whether or not there exist von Neumann-type row isometries whose
free semigroup algebras are infinite von Neumann algebras of type II or III.

There is also no single-variable analogue of a dilation-type row isometry.
In the Lebesgue-von Neumann-Wold decomposition of an isometry, V = V ®
Uae @ Us, the unitary direct summand, U,e @ Us acts on ). & H, where the sub-
spaces M. and H/ are reducing for V and U. In contrast, the Cuntz unitary part
U of a row isometry V decomposes as U = Uacc @ Ugy @ Uyn, where Uy is
the dilation-type direct summand. Any dilation-type row isometry necessarily
has a weak* continuous restriction to the non-trivial invariant but not reducing
subspace of its weak* continuous vectors. Indeed, by definition, if V' is a row
isometry of dilation-type, then there is no non-trivial reducing subspace for V so
that the restriction of V to this subspace is AC. Since a dilation-type row isometry
V has, again by definition, a weak* continuous restriction to a non-trivial invari-
ant subspace, it is not immediately obvious as to whether such a row isometry
should be called “absolutely continuous” or “singular”. However, as shown in
[16, [17], any positive NC measure u € (<)% has a unique Lebesgue-type de-
composition y = pac + Hs, ac, s € ()}, where poc is the maximal positive
NC measure bounded above by p that extends weak* continuously from the free
disk system, <7;, to its weak* closure, .7, and ys is singular in the sense that
the only positive and absolutely continuous NC measure dominated by s is the
identically zero NC measure. Moreover, the sets of positive AC and singular NC
measures are both positive and hereditary cones and a positive NC measure is
singular in this sense if and only if its GNS row isometry decomposes as the direct
sum of von Neumann-type and dilation-type row isometries [17, Corollary 8.13].
These results justify the definition of a singular row isometry as the direct sum of
von Neumann and dilation-type row isometries.
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Furthermore, and finally, the natural NC analogues of the singular Clark
measures of large classes of inner functions are of dilation-type. Here, recall that
there is, essentially, a bijection between contractive analytic functions in the com-
plex unit disk and positive measures on the unit circle. (To be precise, two con-
tractive analytic functions by, by correspond to the same positive measure if and
only if % and % differ by an imaginary constant.) If a positive measure, y,
corresponds to a contractive analytic function, b € [H®]y, 4 = p, is called the
Clark or Aleksandrov—Clark measure of b. As a corollary to Fatou’s Theorem, y; is
singular with respect to Lebesgue measure if and only if b is inner. In [16} Corol-
lary 3] we extended one half of this corollary to the NC setting — if a contractive
left multiplier, b € [HY];, is inner, then its NC Clark measure, yj, € (%)1, is sin-
gular. The converse is currently an open problem, in general, although we have
been able to show that the converse holds in the case where b = b € [HY]; is a
non-commutative rational function [18| Corollary 6]. Here, an NC rational expres-
sion, is, essentially, any well-defined expression obtained by applying the oper-
ations of multiplication, summation and inversion to free polynomials [21]. In
[20] Corollary 1], it is proved that the NC Clark measure of any inner NC rational
left multiplier of the free Hardy space, b € [HY]; is always purely of dilation-
type. See also Section 5|of this paper, which shows that the NC Clark measure of
b(Z) = Z; is of dilation-type. It would be of significant interest to characterize,
in general, when an inner left multiplier of the free Hardy space has an NC Clark
measure purely of dilation or von Neumann-type, respectively.

2. CONVEX AND ORDER STRUCTURE OF NC MEASURES

If 0 < u < A are positive NC measures, it is natural to ask whether the
contractive co-embedding E, » : H2(A) — H2(u) intertwines the various struc-
ture projections of y and A. That is, do we generally have that E;, y Py;x = Py;(Ey 2,
where t € Types? For t € {ac dil, vN}, we provide affirmative answers.
By [17, Corollary 8.11] the sets of absolutely continuous (AC) and singular posi-
tive NC measures are positive hereditary cones. It is therefore also natural to ask
whether the sets of von Neumann-type and dilation-type NC measures are also
positive hereditary cones. In Theorem 2.15]at the end of this section, we provide
a positive answer to this question.

DEFINITION 2.1. Let y, A € (/)% . We say that t € Types is a hereditary type
if y < A and A being type t together imply that y is type t. A positive sub-cone
P of positive cone & is hereditary if pg € Py, p € & and p < pp imply that
p € Py. We say that t determines a hereditary cone if the set of type t positive NC
measures form a hereditary cone.
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LEMMA 2.2. Let A, p € (oy)t with u<A. If c € oy is positive semi-definite, then

Eqamtu(c)Epp < ma(c).

Proof. By [14, Lemma 4.6] the cone of “positive finite sums of squares” of
free polynomials, i.e. elements of the form

N
Y pi(L)*pi(L), pj€C{s,....3a}
=

is norm-dense in the cone of positive elements of the free disk system, <7;. Hence,
to prove the claim, it suffices to show that

Euamtu(p(L)"p(L))Eyp < 7ma(p(L)"p(L)),
forany p € C{31,...,34}. This is easily verified:
Euamtu(p(L)"p(L)Eyp = Ey a7t (p(L)) 71 (P (L)) Ey 2
= mA(p(L))"E; AEuamta(p(L))
< m(p(L)) ma(p(L)) = ma(p(L)"p(L)).
PROPOSITION 2.3. Let t € Types.
() Ifu, A € ()t are such that EyaPr¢ = PustEy\ Py and A is of type t, then p
is also of type t. In particular, if this formula holds for all y, A € (oZy)% such that u < A,
then t is a hereditary-type.
(i) If EyAPy;e = PuiEy z whenever p, A € (%)1 are such that y < A, then t
determines a hereditary cone.
(iii) Suppose that t,u are types and A,y € (<7y)% are such that Pf}t = Py, and
similarly for p. If pe < A¢and py < Ay, then Ey y Py = PuiEy 2.
(iv) Suppose that u, A € ()%, u < A, tis a type and Pyt Ey A Prye = PustEyp If
is of type t then p < Ay.

Proof. (i) Suppose p < A and A is type t. Then Py = I and thus E; ), =
Py;tEy 5, and therefore

H(LP) = (Eya(I+ N)), IIRE, A (I + Ny))
= <EH,)\(I + N)\)rp}l;tH]le%)\(I+ N)\)> = ]/lt(L'B)

for each B € F. Thus, y is type t.
(ii) The hereditary property follows from (i). To see that t determines a cone,
suppose u, v are type t. Clearly, 4, v < p + v. Then,

I= E;,H‘H/E}‘/]”Jrv + E:IM+VE1/,]J+UI
Pyt = I'and Py, = I. Thus,

Pyyye = (E;,way,;Hv + E:,ﬂ+VEV/F+V)P}4+V;t
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= E;,y-s-vp;t;tEy,y-s-v + E:;,y-s—vPV;tEv,yﬂ/
= E;,}tﬂxEﬂfﬂJﬂf + E:,;HVEV/HJFV =1L
Therefore, (1 +v)¢ = p +vis type t.

(iii) Define Uy, : H3(p) — H3(p¢) ® H3(pu) by setting U, h = Ey uh @ Ey, uh
forh € ]I-]Ié (). Then it follows from comments following Definition [1.5|that U, is
a surjective isometry. The surjective isometry Uy : H3(A) — H3(A¢) & H3(Ay) is
defined similarly. We note that, with respect to this direct sum decomposition,

Ey,, Ey Ey o Exoa
U,y = {EM} E,. = {Em } _ { urEng

Hu i Hu,A Eﬂuz/\uE)\ur)\
o BT o
0 EVU/)\u E)\u/)\ 0 Eﬂu/\u

Thus,

E 0
E,\Uj = U [ A ] :
I/l,)\ A # 0 E,uu//\u

Let Cy, : H3(u) — HZ(u¢) ® H3(py) be defined by Cyh = E, b @ 0, with Cy
similarly defined. Then

Eyn 0
0 Eyry

E,a 0
— — 13%
E%,\P,\;t = E%AUXC,\ = U; { 6 t E}lu’)\u

PuEyp = CuUuEyp = C, [ ] Uy = EyuEpoaEra and

_ *
} G = EV{rHEVt//\tE)\t//\'

Therefore, Py;(E; \ = Ej APy
(iv) Since p is type t, we have Py, = I and so E; APy, = E 1. Let ¢ € </ be
positive semi-definite. By Lemma[2.2] we have
E;a7tA(c)Eyp < (o),
and so
pu(e) = (I+ Ny, E y7tu(€)Eya (T4 Ny))
= (Py(I+ Ny), E; gyt () Ey A Pase (14 Ny ))
< {1+ Ny, Prma )1+ Ny)) = A4
Thatis, p < A¢. 11
LEMMA 24. Suppose that t,u,w € Types and that E, \Py,x = PyEy x for all
A € () of type w for which p < A. Further assume that Py = Py for all
v € (o)t of type ro. Then the following assertions hold:
() if v, va, 1 € (y)t, of type vo, are such that vy + vy = y and vy and vy are type
tand u, respectively, then vi = p¢ and vo = py;
(ii) for any w, A € ()} of type vo, one has (u + A)¢ = pe + A
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Proof. (i) Plainly v; < p and vp < p. It follows from Proposition 2.3(iv) that
< p¢and vp <y since

EyaPru=Eyr —EyaPri = Eyp — PutEy ) = (1-— Py;t)E%A = PuuEy 1

For any positive semi-definite ¢ € 27, set

o1 = pu(c) =n(e), G2 = pu(c) — va(e).

Note that 61, > are non-negative real numbers. As

0=v1(c) +valc) — p(c) = = (1 + b2),

it follows that 4 = J, = 0. As every element of <7; is a linear combination of
positive semi-definite elements, assertion (i) is proved.

(if) It follows from Proposition ii) that ¢ + Ay is type t and py + Ay is
type u. As (p¢ + A¢) + (Hu + Au) = p + A, it follows from (i) that

}lt‘f‘)\t:(‘u-ﬁ-)\)t. 1

REMARK 2.5. Let t,u,to € Types be such that Py = Py + Py;y for all
u € (o)t. It follows from Proposition [2.3 that the following assertions are
equivalent:
(i) Ey APy = PyutEy ) whenever p, A € (o)1 are of type o and u < A
(i) pe < A¢and py < Ay whenever p, A € (o)1 are of typewand p < A
Indeed, that (ii) implies (i) is precisely Proposition iii). In the other di-
rection, we first note that y¢ < A and p,, < A. Assume (i). Since p¢ and py, are
type t and u, respectively, it then follows from Proposition [2.3(iv) that p¢ < A¢
and p,, < Ay. In particular, (i) and (ii) hold in the case where w = all, in which
case our starting assumption is that Py, = I = Py;¢ + Py

PROPOSITION 2.6. Suppose that y,A € (a#3)% and v < A. Let E := E,  :
HZ(A) —H3(7y) be the contractive co-embedding. Then EPy, =P, E and EPy =P, E.
That is, t=ac and u=s are hereditary-types and determine positive hereditary cones.

Proof. By [17, Corollary 8.8], if ¥ = Yac + s and A = A, + A are the NC
Lebesgue decompositions of 7, A, then 75 < Ag. Since A = v+ (A — ) > v, it
follows from [17, Corollary 8.14] that Aac = Yac + (A — ¥)ac = Yac- Thus, Ay >
7Yac as well. The proposition now follows from Proposition2.3} 1

COROLLARY 2.7. With vy < A as in Proposition 2.5 if D = E7 \E, », then
DP)\;ac P/\;aCD-
In the next lemma, recall that if Q, is the structure projection of II,, then

Q1 = Qawc is the projection onto WC(IT,) by Theorem

LEMMA 2.8. Suppose u, A € ()% with u < A. Let Q and Qu be the structure
projections of I and Iy, respectively.

Then, E, 2Qx = QyEuaQy-
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Proof. Set E = E, \. Let h € H3(A) be a WC vector of IT,. By Theorem
there is an intertwiner X : Hfl — Hfl()\) and a vector g € Hﬁ such that Xg = h.
As EX intertwines IT) and II,, it follows that Eh = EXg is a WC vector of I1j.
Thus, EQy = Qi EQy-  §

Recall that a vector, h € H, is said to be a wandering vector for a row isometry
V:HQC! -, if

(Vi V) = bulll]?,

and that the closed linear span of all wandering vectors for V is RanV+. If xisa
unit wandering vector for V, then

He=\/ V¥,

weld

is V-invariant and the linear map, Uy : Hy — Hi, defined by U, V%x := L¥1 is
an onto isometry intertwining V and L, U, V¥ = L¥U, [27].

LEMMA 2.9. Let I1 be a row isometry on a Hilbert space H and set

Ho:= \/ IPIT"WC(IT).
B,yeF?

Then Hy is I1-reducing and the restriction of I1 to Hy is the von Neumann-type sum-
mand of I1.

Proof. By a result of M. Kennedy, a row isometry II is of von Neumann-
type if and only if it has no wandering vectors [22, Corollary 4.13]. Specifically,
any pure or AC Cuntz row isometry has wandering vectors. Since a dilation-type
row isometry has a pure type L restriction to the non-trivial invariant subspace
of its weak* continuous vectors, it also has wandering vectors. It is clear that any
wandering vector for IT belongs to WC(IT), and it is clear that # and hence Hg-
is IT-reducing. By construction Hy- N WC(IT) = {0} so that IT restricted to H
has no wandering vectors and is hence of von Neumann-type. That is, "Hé‘ C
RanPyy. Let h € Ran Py, let v € H2, and let X : Hﬁ — H be an intertwiner.
Then, for any words 3, ¢, we have

(ITPIT7* Xv, h) = (ITPIT"* Xv, Pynh) = (ITPIT"* Py X 0, ).

Since P,nXv € WC(IT) N Ran Py, we have P,yXv = 0 and thus h € Hy. There-
fore, HOL =RanP,N. |

REMARK 2.10. If IT is of dilation-type on H, then WC(IT) is IT-invariant but
cannot contain any II-reducing subspace. Thus, Hy = H for dilation-type row
isometries.
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REMARK 2.11. By Theorem 1.7, we have WC(IT) equal to the range of Q*,
where Q is the structure projection of I1. Suppose II and = are unitarily equiva-
lent row isometries. That is, there exists a surjective isometry, U, such that UTT* =
F*U for each word a. It then follows from Lemma [2.8|that UPr.yn = Pz.ynU.

The following fact is well-known and can be found in [17, Lemma 8.9].

LEMMA 2.12. Let I1 and E be row isometries on Hilbert spaces H, J , respectively,
and suppose that Il is a Cuntz unitary. If X : H — J is a bounded linear map satisfying

XIT* = E“X, acF9
then
IT*X* = X*&8% a el
and X* X is in the commutant of the von Neumann algebra of I1. Similarly, XX* is in
the commutant of the von Neumann algebra of =.

LEMMA 2.13. Suppose u, A € (</3)% satisfy u < A. If A is of von Neumann-type,
then so is . That is, t = vN is a hereditary-type.

Proof. The set of all positive singular NC measures is a positive hereditary
cone so that y is necessarily singular. It follows that y = pg; + pyn. Suppose that
x € WC(p). By Theorem (1.7} there is a bounded intertwiner X : H3 — H3(y) and
a vector f € H3 so that Xf = x. Since u < A, the co-embedding E : H3(A) —
HZ(p) is contractive and EIT§ = ITLE for any word a. By Lemma [2.11) we also
have that E*ITj; = II{E*, so that Y := E*X: H2 — H2(A) is an intertwiner:

YL* = E*XL* = E*H]"jX =II%Y.

Setting y = Yf € H3(A), we see that y is in the range of a bounded interwtiner
and thus in WC(A). Because A is of von Neumann-type, we have y € WC(A) =
{0}. Since E* is injective, we have x = 0. It follows that WC(y) = {0}, and thus
#gil = 0. We conclude that y is of von Neumann-type. 1

The next lemma and Proposition[2.3(i) imply that t = dil is also a hereditary-
type.
LEMMA 2.14. Suppose u, A € (o)}, satisfy y < A. Then,

EyaPrai = PudinEya Pai-

Proof. We know that P4 < Py, that EPy, = PyE and that ETTY = IThE
for every word B. Using Remark ??, we assume, without loss of generality, that
both u and A are singular. The GNS row isometry of any singular NC measure
is Cuntz, and thus IT),II, are Cuntz. Note that WC(A) C Ran P).g; is IT) qii-
invariant and that Ran P,.4; is the smallest I, -reducing subspace of Hﬁ (A) which
contains WC(A) by Lemma Let x € H3(A4y), and denote by 7y and 71, the
GNS representations of &; induced by A and y, respectively. Since x € Hfl()\dﬂ),
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it belongs to Ran P, .q;;, and thus by Lemma [2.8| there is a sequence of operators
Ay, Ay, ... € §yand ay € WC(A) such that

X = liyrzn A (An)y.
Since I1, is Cuntz, we can again apply Lemma to find that
Ex = li’rln 7. (An)Ey.

Because y € WC(A), it follows from Lemma 2.7 that Ey € WC(u). Thus, Ex €
Ran P4 by Lemma[2.8/again. &

LEMMA 2.15. Let A € (%)1 If x € Ran Py, then the positive NC measure
Ay determined by Ay (L) = (x,I1%x),, « € F¥, is of von Neumann-type.
Proof. Let Hx denote the cyclic subspace of H%(A) generated by x. Note

that there is a surjective isometry U : H3(Ay) — Hy such that U(a + N, ) =
my(a)x for each a € Aj. Because A is von Neumann-type, for any given word

B, there exists a net (a, ), in Ay such that (IT f )* is the weak* limit of (77, (a,)),.
As U*my(a)U = my (a) for any a € Ay, it follows that (fo)* is the weak* limit
of (7y,(ay))- This shows that the weak* closure of 77, (A;) is self-adjoint, and
thus IT)  is of von Neumann-type. 1

LEMMA 2.16. Let p,v € (o)t . Ifv < wand v is of von Neumann-type, then
V< pPyN-

Proof. By Proposition 2.5, Ey,;Pyac = PyacEvu. By Lemma 22, EyyPail =
PyaitEv uPp;dit- As v is of von Neumann-type, we know that P, 45 = 0 = Py;ac, and
thus

Evu = Evu(Pyac + Puain + Puwn) = Ev,pPuvn-
Thus, for any positive semi-definite c € %7;, we have
v(c) = (I+ Ny, my(c)(I+Ny)) = (I + Ny, E; 70 (c) Ev,u (I + Ny))
= (PyuyN(I + Ny), Ey 7t () Ev u Pyson (I + Ny ).
By Lemma we have Ej 7ty () Ey,u < 7y (c), and thus

v(c) < <PM;VN(I + Ny)/ ”y(c)Py;vN(I + NH)> = pun(c)-
Thatis, v < pyn. 1

THEOREM 2.17. Suppose y, A € (o)}, satisfy y < A. Let E : H5(A) — H3(p)
denote the contractive co-embedding. Then, EPy.yN = PyyNE, and EPy.4y = PyanE
and the sets of positive NC measures of dilation and von Neumann-type are positive
hereditary cones.

Proof. Assume first that y and A are singular. Set x = Py ,NE*(I+N,) €
Hg()t). Plainly, Ay <y <A, where, as before, A (L) := (x,I1{x) . By Lemmam
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we see that A, is of von Neumann-type, and thus by Lemma we see that
Ax < pyN- Then, for any a € Ay,

((@+ Nu), EPAyNE™ (a + Ny)) = Ax(aa) < pon(a®a) = (a+ Ny, Pyun(a + Ny)),
whence

EP)\;VNE* < Py;VN-
Let Q be the projection onto the range of EP).,n. Applying the Douglas factor-

ization lemma then yields Ran EP),yN C Ran P,yN. In particular, Q < Py»n, and
it follows that

(2-1) Py;VNEPA;VN = Py;VNQEP)L;VN = QEP/\;VN = EPA;VN-

As p and A are assumed singular, we have P).q;; = Pf}vN (and similarly for u).
Then,

PyyNE = PyyNE(Paail + Pan)
= PyyNPyail EPyain + PuyNEPyyN  (by Lemma ??)
~———
=0
= EPy.,,n (by equation (??)).

As P).qi) = I — P,yN, the theorem is proved in the case where A and  are singular.

In the general case, where A and p are not necessarily singular, we note that
p < Aimplies ps < Ag, thus Ey A PryN = PuwNEy A,- As seen in the proof of
Proposition there are unitary intertwiners Uy, : H3 () — H3(ptac) & H3(ps)
and U, : H3(A) — H2(Asc) @ H3(As) such that

E 0
U,EU; = [ Hac dac } :
M A 0 E,”s/)\s

Since pis = pyN+pait and H (ps ) ~ HE (pyn) ©H3 (), it follows that Uy, PN U;;
= 0 Py,;yx and a similar formula holds for A. Thus,

UpPyNEUR = (UpPunUy,) (U EUY) = (UL EUY) (UpPrynUy) = UEPyyNUj-
Thatis, P,yNE = EP);yN. AS PyacE = EP) 5., we have
Py;dilE = (I - P}l;ac - Py;VN)E = E(I - P/\;ac - P)\,’VN) = EP/\;dil-

It now follows from Proposition[2.3(ii) that the dilation-type and von Neumann-
type positive NC measures form hereditary cones. 1

The following result refines the NC Lebesgue decomposition of [17, Sec-
tion 8] by further decomposing any positive and singular NC measure into posi-
tive dilation-type and von Neumann-type NC measures.

COROLLARY 2.18 (NC Kennedy-Lebesgue decomposition). Any positive NC
measure y € (</3)% has a unique NC Kennedy—Lebesgue decomposition,

U = Mac + Hdil + HyN,
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where pac, hait, bvN € () are positive non-commutative measures of absolutely
continuous-type, dilation-type and von Neumann-type, respectively. In particular, if
v1, v, V3 are, respectively, absolutely continuous, dilation-type and von Neumann-type
positive NC measures, and y = vy + vy + v3, then

VI = Pac, V2 =il and vz = pyN.
The absolutely continuous, dilation-type and von Neumann-type positive NC measures
each form a positive hereditary cone. Moreover, if t € {ac, dil, vN}, then for any v,A €
()}
(V+ A =ve+ A

Proof. 1t is already known from [17] that the absolutely continuous posi-
tive NC measures form a hereditary cone and the fact that the dilation- and
von Neumann-type positive NC measures form hereditary cones was proven in
Theorem The additivity of () follows from Theoremand Lemma ii).
That v; = A, follows from Proposition leaving v + v3 = As. From this and
Lemma i), we have 13 = (As)yN = AyN, the second equality following from
Lemmal2.8] It now follows that v, = Ag;. 1

PROPOSITION 2.19. Suppose u,A € ()}, with p < A. Let Py := Py.cuntz
be the I1)-reducing projection onto the support of its Cuntz direct summand. Then,
Ey 2Py = PyE, APy In particular, if A is Cuntz-type, then p is Cuntz-type, and t =
Cuntz is a hereditary-type.

Proof. It follows from Popescu’s Wold decomposition theorem, [27, Theo-
rem 1.3], that the range of P, is the set of all x € Hﬁ(/\) so that for any non-
negative integer, N, there exist {x, : & € F,|a| = N} C H3(A) such that

x= Y Il}x.
la|=N
Set E = E, 1. Then,
Ex= ) [T} Ex,,
la|=N
for any non-negative integer N. It follows that EPy = P,EP,, from which the
remaining claim follows on application of Proposition[2.3{(i). &

EXAMPLE 2.20. In contrast to the results of Corollary the set of Cuntz-
type positive NC measures is not a cone. Denote by U4 the unitary operator of
co-ordinate multiplication f — {f on the Hilbert space x;p, L?(9D), where x;p.
is the characteristic function of 0D+, the upper half-unit circle (when +) or lower
half-unit circle (when —). Consider /?(F?) and let P denote the projection onto
the closed span of {e;x : k = 0,1,2,...}, the standard basis vectors containing
only the “letter” 1. Let .# denote the weak*-closed operator system generated
by {L%IRan(p) : & € F?}. Then ¥ : 5 — .7, given by ¥(x) := Px|gan(p) for
x € P, is unital, weak* continuous, and positive. Evidently, .7 is weak*-weak*
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homeomorphic and isometrically linearly *-isomorphic to L*(dD); call the map
implementing this isomorphism @ : . — L*(dD). Since the spectral measures
for U+ are absolutely continuous with respect to Lebesgue measure, the map
x — O(¥(x))(Ux+) is defined and weak*-continuous, where for f € L*(dD), the
operator f(U4) is given by the usual functional calculus for unitary operators.
Thus, the functional A+ € (') given by

Ax(x) = (xop., O(F(x))(Ux)xop.), X € A,

is absoutely continuous. Note that

[ ZFm(de) a =1k,

Ap(L¥) = oD w € F?
0 w € F22F?,
where m is normalized Lebesgue measure on dD. In particular, AL +A_ = m,

where here, m denotes NC Lebesgue measure, the vacuum state, x — (eg, xeg).
We now show that A+ are both Cuntz. In what follows, it will suffice to consider
the case of 4 (rather than & simultaneously). First, let € denote the norm-closed
span of {eg} U {ex : & € F?2}, and set $§ = x,p, L?(dD) and & = H ® €. Define
the pair of operators Z = (Z1,Z,) over & by setting

Uh®Qey o=,

Zro(h®ey) = h® epy.
h®e, acF?22, 2( ) 2

Zi(h®ey) = {

It is readily verified by direct computation that Z is a Cuntz row isometry. An
application of Lavrentiev’s Theorem shows that U+ has xjp, as a cyclic vector,
and thus Z has xjp, ® ez as a cyclic vector. Set

v(x) = (Xxap, ® ez, T (x)(Xop, ®ez)), x € .

Note that v € (427;)+. Since Z*(h ® ez) L ® e when a contains the letter 2, we
find that v(L%) = 0 for « € F22F?, while

v(LY) = (xap, ®ew, Zf(Xop, ® o)) = (xap,, Uk xop, )
for k € NU{0}. As both A, and v are positive, it follows that Ay = v. In
particular, for a,b € Ay, we have
At (b*a) = v(b*a) = (mz(b)(Xop, ®ez), z(a)(Xop, ®ea)),

from which it follows that there exists a surjective isometry W : H3(A1) — &
satisfying

W(L* + N/\+) = Za()(a]D)Jr ®ey).
We now see that IT) , is unitarily equivalent to Z, and thus I, , is Cuntz.

REMARK 2.21. The example above is interesting for additional reasons. First,
since A+ < Ay + A_ = m, we see that the pure type L positive NC measures
are not hereditary. Next, one can show that Z is unitarily equivalent to a direct
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integral of atomic dilation-type row isometries, in a manner similar to [11, Exam-
ple 3.3]. However, I, , and thus Z, must be absolutely continuous. A similar
phenomenon can be observed on comparison of [11, Example 3.3] and [7, Exam-
ple 2.11]; an absolutely continuous row isometry decomposed as a direct integral
of dilation-type row isometries. Now, translating this to functionals, these exam-
ples demonstrate that the dilation-type, Cuntz, and singular families of positive
NC measures all fail to be weak*-closed. Compare this with what happens for
d = 1, where we may write, for example, Lebesgue measure as weak* limit of
linear combinations of Dirac masses.

3. COMPLEX NC MEASURES

Our goal for the remainder of the paper is to apply the preceding results to
study analytic (and complex) NC measures.

DEFINITION 3.1. An NC measure y € ; is absolutely continuous (AC) if it
has a weak* continuous extension to the free Toeplitz system, J; = %—weak*_

In [11} Theorem 2.10], Davidson-Pitts show that any bounded linear func-
tional on A, that extends weak* continuously to Agweak* = L£7 is a vector func-
tional, for d > 2. The next lemma shows that their proof extends to our setting.

LEMMA 3.2. Any absolutely continuous NC measure y € </, ford > 2, isa

vector functional. That is, if u € </} is absolutely continuous, then there exist f,g € H2
such that

pb) = {f,bg), be

Proof. By general considerations, i can be extended (with generally ¢ > 0
increase in norm) to a weak* continuous linear functional, ji, acting on .# (H3).
Indeed, since .7; = %—weak* is weak*-closed, it can be identified with the anni-
hilator .71 of some norm-closed subspace .7 of the trace-class operators Tr(H?3)
on H3. Here, we recall that Tr(H3) is the pre-dual of £ (H3) 26} Corollary 2.4.11].
Thus, for any K € . and any a € 7, we have tr(Ka) = 0. If g : Tr(H3) —
Tr(H2)/.7 is the quotient map, then ¢" : (Tr(H3)/.)" — Z(H?) can be iden-
tified with the inclusion map of J; into £ (Hi) [26, Proposition 2.4.13]. That
is, the pre-dual of 7 is isomorphic to Tr(H?)/.# and linear functionals on .7
which extend weak* continuously to .7; can be identified with this quotient space.
It follows that we can identify p with the equivalence class K + . for some
K € Tr(H3). Hence, forany S € . and a € .7,

tr((K+ S)a) = tr(Ka) = p(a).
Since
Il = dnf 1K+ Sl
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there exists, given¢ > 0,an S’ € . so that
1K+ 8|l geqrz) < lIull + &
Set K' = K+ S'. Then ji : £ (H3) — C given by
i(A) = tr(AK'), A€ Z(H3),

is a weak* continuous extension of y to . (H3) with norm ||ji]| < ||u|| +¢. The
trace-class operator K’ has a singular-value decomposition

o
- Z sk<xk/ '>yk; Xir Yk S Hg; Sk > 0.
k=1

Choose any sequence of words wy € F? so that Ran R | Ran R/ for k # j. For
example, one can choose the words wy1 = 21 for k € N. Then,

Z 1/2kaxk and yi= Zsl/Zkayk
k=1 k=1

both converge to elements in Hg. In what follows, 6, ; = Owhenk # jand §;; =1
for all j. For any ay,a, € Aj, we have

(x,ajaxy) Z sp/%s 1/2 R“’kxk,ai‘aQR“’fyﬁHﬁ
k,j=1

1/2 1/2 * PWEk PW;
= Z s’ 78" 4] RUCRY aay )

’] 1 :(Sk,]'l

=) skl aiazyi) e = tr(aiaK) = fi(ajay) = p(ajaz).
P

The lemma now follows from the fact that AjA; is norm dense in .«7;. &
Given p € o/, define y* € /] by
wi(b) = pu(b*), be
We also set
Rep = %(V +p7) and Imp= %(# — 1)

COROLLARY 3.3. Any absolutely continuous NC measure y € /] can be de-
composed as u = (p1 — o) + (3 — pq) where each yp > 0 is AC. In particular,
M1+ po + ps + pg is AC.

Proof. Applying Lemma to y1, we obtain vectors x,y € HZ such that
u(b) = (x,by) for b € <. Set A := (1/2)(my + my), where,

my(b) := (h,bh), b€ oy, h e H.
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Then we observe that, for any positive semi-definite ¢ € 7,
2A(c) £2Re p(c) = mysy(c) 20,

and similarly,
2A(c) F 2Im p(c) = myiiy(c) = 0.

Therefore, we can set iy = A +Repy, yp = A —Rep, uy3 = A+Imypy, and pg =
A—Impu. 1

3.1. GENERAL WITTSTOCK DECOMPOSITION. Any p € .;z/d* can be written as a
linear combination of four positive NC measures,

w= (1 — o) +ilps —pa); e € (),

where

* *

ptp
2
This also works for operator-valued NC measures, i.e. operator-valued completely

bounded maps on the free disk system, by the Wittstock decomposition theorem
[25, Theorem 8.5], [35].

DEFINITION 34. If A := (A, Ay, A3,Ag) € («f)% is such that u = (Ag —
A2) +i(A3 — A4), then we call A a Wittstock decomposition of ji. The set of all Witt-
stock decompositions of y is denoted by # (u). Given a Wittstock decomposition
A € # (u), the total variation of u with respect to A is

=1 — M, and Imy:y;iy = J3 — Ua.

Rep =

IA| == AL+ Ao+ Az + Ay > 0.

REMARK 3.5. The total variation |A| defined above for A € # (u) is not
uniquely determined by .. Indeed, if A=( )\k)%:l is any Wittstock decomposition
of u, then so is ji where 11 = Ay + 7y, o = Ay + v and A3 = u3, Ay = g, for any
v € (o)%. This is a rather trivial example of non-uniqueness and in this case
\ii| = |A| +27 > |A|. However, even if ji, A € # (i) are two different Wittstock
decompositions of y € /] so that |A| < |fi|, this need not imply that p > Ax
for each k. That is, one could have, for example, that y; — o = A1 — A without
having y11 = A1 + 7 and pp = A + 7y for some 7 € ()1

PROPOSITION 3.6. Let yu € . Then, y is absolutely continuous if and only if
there exists a ji € W () such that |ji| is absolutely continuous.

Proof. If p is absolutely continuous, then we can apply Corollary [3.3] Con-
versely, suppose that ji = (p1, p2, 3, pta) € # () is such that |ji| is absolutely
continuous. Recall that the absolutely continuous NC measures form a heredi-
tary cone. As p; < [ji], it follows that y; is absolutely continuous for each j. Thus,
w is then absolutely continuous. 1
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DEFINITION 3.7. Lett € {ac,s,dil, vN'}. A complex NC measure y € "Q{; is
type t, if there exists a Wittstock decomposition ji = (jx){_, € # () such that
|fi| = p1 + po + p3 + pa is type t.

REMARK 3.8. Since |ji| > py for each 1 < k < 4, where ji = (py) is a
Wittstock decomposition of y, and the sets of AC, singular, dilation-type and
von Neumann-type NC measures are positive hereditary cones, it follows that
if |ji| is one of these four types, then so is each p. It follows that ji cannot, for ex-
ample, be both absolutely continuous and von Neumann-type without also being
(0,0,0,0).

LEMMA 39. Let t,u € {ac,s,dil, vN}, and let y € o/}

D If )}y, (A)ig € # (), then
)\l;u - /\Z;u = Hiu — H2u, A3;u - )\4;11 = U3u — H4u-
(ii) Suppose (vi)u = 0 forall v € (<)%, If u is type t and (/\j);‘:l € W (), then
AMu = Az, and Az = Agy.
Proof. (i) By separating the real and imaginary parts, we obtain

M —Ay =y —p2, Az —Ag =3 — pg.
Thus
M+ =pu+A, A3+ pg = puz+ Ay
Applying Corollary we obtain
Al;u + Hou = Ui + )\2;ur )\S;u + Hau = HU3;u + /\4;11/

from which (i) easily follows.

(i) Since p is type t, there exists (p1, po, 43, ha) € # (), where each y; is
type t. Thus, (4j)¢ = pj whence pj,, = (pj;()u = 0 for each j. Assertion (ii) now
follows on applying (i). 1

By the preceeding lemma, the condition (v¢), = 0is symmetric in t, u and it
occurs when (t,u) € {(ac,s), (ac,dil), (ac, vN), (dil, vN) }, i.e. whenever PP, =
0 forevery v € ()1

Any yu € o/ with Wittstock decomposition u = (1 — p2) +1i(pz — pa) has
a corresponding Lebesgue decomposition

U = Hac + Us,
where
Hac = (Vl;ac - ,uz;ac) + i(,7/[3;ac - ,u4;ac)/
and similarly for ys and ps = pgy + #yn. More generally, for t € Types, we set
po= (e — poge) +i(pse — page)-
We remark that Lemma [3.9(i) assures us that this is well-defined.
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3.2. GNS FORMULA. Let y € 7 and let ji = (px)}_, be a Wittstock decomposi-
tion of y. Since |ji| > py, there exists a corresponding contractive co-embedding
E;: H§(|ﬁ]) — Hﬁ(‘uk) fork € {1,2,3,4}. Then, given ay,a; € Ay,

p(aaz) = (I + Ny, 7 (a1)" Dy (a2) (I + Nypy)); - Dy = EgEy.
It then follows that
(3.1) u(ajaz) = (I + Ny, 7t (a1) " Tz (a2) (14 Nigp)),
where
T := (D1 — D) +i(D3 — Dy)
is a |ji|-Toeplitz operator, i.e.

70 (L) Tyt (L) = 0, T

4. ANALYTIC NC MEASURES

Set, A[(io) =LA 4+ LAy + - -+ LA,
DEFINITION 4.1. We say that an NC measure, u € &7, is analytic if it anni-
hilates Al(io).

The following is an analogue of [13, Corollary 2, Chapter 4]. Compare also
with the structure of [24] Theorem 4.1], which applies to the quotient of the weak*
closure of A; with respect to a weak*-closed two-sided ideal.

THEOREM 4.2. If u € sz%; is analytic, then each of pac, ts, ay and pyN are also
analytic.

Proof. Let ji = (1, 12, i3, pia) € # (). As in Section[3.2} if A := |i], then
(L) = (I+ Ny, TS (I 4+ Na))a,  a € FY,

where
T; = (D1 —D2) +i(D3s — Ds); Dy = EgEg

and each Ey : H3(A) — HZ(py) is the contractive co-embedding arising from

x < |ji|. By Proposition 2.5 Theorem and Corollary 2.6} it further follows
thatif t € {ac, s, dil, vN}, then

pe(LY) = (I+ Ny, Ty JIS(I+ Ny)), a €F,
where T, = TPy = PyTy. In particular, since y 40 = 0, we can find a

d
sequence of NC polynomials (a,), in A such thata, + N, — Py.{(I+ N,). Then,
for any a # @,

0= Tim pu(L%y) = (I 4+ Ny, Tal I3 Py; (I + Ny))a
= (I + Ny, TPy, JI3 (I + Np))a = pe(LY).
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This proves that y¢ also annihilates A;O) for any t € {ac,s,dil, VN}. 1

If u € %+ is of Cuntz-type, meaning that it has a Wittstock decomposition
(px)}_, whose corresponding total variation j1 + pip + i3 + jia is Cuntz-type, then
each y is of Cuntz-type by Proposition [2.17]

LEMMA 4.3. If u € o/ is Cuntz-type and analytic, then y also annihilates Ay.

Proof. Let ji € # (u) and set A := |ji|. By hypothesis, A is Cuntz. Since I1,
(0)

is Cuntz, I + N, is the limit of a sequence of equivalence classes of a, € A", as
follows from [15, Theorem 6.4].

With Tﬁ as in Section we have
(1) = lim (I+ N, Ty (ax + Ny)) = lim p(a,) =0.

REMARK 4.4. At this point, the proof of the classical F&M Riesz theorem,
as presented in [13| Chapter 4], is straightforward. Given any complex measure
u obeying the above assumptions we have that

[ a@nstag) = o,

oD
for any a in the disk algebra A(D). We then consider the complex measure
ygo (d) := Cus(dZ). This is again a complex singular measure that annihilates
AD)® = {f € AD): f(0) = 0}. By the above lemma y also annihilates .A(ID).
In particular it annihilates 1, so that by construction

[rs@0) =0 ke {1,012,
oD

Proceeding inductively, we conclude that all moments of s vanish so that ys =
0. In the NC setting, this argument breaks down for singular NC measures of
dilation-type (see Section[5), and thus we follow a different approach.

Given a € Ay, note that x — a*xa is norm continuous and positive on
the algebra of bounded operators, and if x € 7;, then a*xa € «/; by the semi-
Dirichlet property. Thus, x — a*xa is a continuous positive endomorphism of .«7;.

LEMMA 4.5. Let ag € Agand A € (o)t Define u € (o7y)t by setting u(b) =
Alagbag) for b € ;. If A is absolutely continuous, then so is . If A is von Neumann-
type, then so is .

Proof. It is an elementary exercise to produce an isometry V : H3(u) —
HZ(A) satisfying

V(a+Ny) =aag+ Ny, achy.
We see immediately that Ran V is a closed IT-invariant subspace of H2(A) and
that I'T) |Ran v is unitarily equivalent to IT,,.
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Suppose that A is absolutely continuous. Then every element of H3(A) is a
weak* continuous vector. In particular, V(I 4+ N, ) is weak* continuous. For any
b € 73, we note that V*71, (b)V = 71, (b), and thus

p(b) = (I+ Ny, 1 (b) (I + Ny)) = (V(I + Np), ma (b) V(I + Ny, )).-

Therefore, p is absolutely continuous.

Now suppose instead that A is of von Neumann-type. Let 20, and 20, de-
note the weak* closures of 77, (A;) and 71, (A4), respectively. Clearly, Ran V is 20,
invariant. As I is of von Neumann-type, it follows that 20, is a von Neumann
algebra, and thus RanV is IT)-reducing. In particular, 20, |ganv is a von Neu-
mann algebra. As 20, |ganv is unitarily equivalent to 2J,, we see that I, is of
von Neumann-type. Thus, u is of von Neumann-type. 1

Note that X +— L;‘X is a contractive linear map on Z(H3). As L]’-“(Ad +
A%) C Ay + A}, it follows by continuity that b — L]’fb is a contractive linear
endomorphism of 7.

DEFINITION 4.6. Let A € «/f and k =1,2,...,d. Define A®) € o7, by
AR () = A(LEb), b e .

REMARK 4.7. If A € (<)}, is of dilation-type, it can happen that A(¥) is not
of dilation-type and hence the classical proof as described in Remark 4.4 breaks
down. The next section, Section [5| provides an example of a dilation-type NC
measure, ¢ € (<)%, so that 22 .= zo Adps L, € (7)1 is weak* continuous
and such that ¢? = ¢(Li(-)) € /] is analytic but not weak* continuous, see
Proposition

PROPOSITION 4.8. Let y € o/ and k € {1,2,...,d}. If u is absolutely contin-

uous, then u®) is absolutely continuous. If u is of von Neumann-type, then u®) is of
von Neumann-type.

Proof. Lett € {ac,vN}, and let it be of type t. First assume that y is positive.
For each b € 73, set

$1(6) = (T4 LB+ L)), a(6) = 2pu((1 = L)b(T - L),

#3(0) = Sp((I+ L) B(I+ILY), and ga(b) = 2 pe((1 — iLe)b(T —iLy).
Then,

$1(6)—9a(b)+i(9() s (0)) = yp(L7b + bLi) + s p(-iLib+ibLe) = (b),

for all b € o7; and so (¢1, 2, ¢3,¢5) € # (u9)). Because  is type t, it follows
from Lemma that each ¢; is type t, and thus 1k is type t.
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Now consider the general case of u € ;. Since y is type t, there exists a
(M1, M2, 3, a) € # () such that each y; is of type t. It follows that y](-k) is type
t for each j, k. Let ((p]«,g)%:l be a Wittstock decomposition of ji; where each ¢; ; is
type t. Then

k k . k k
u® = i - )

=¢11— P12 +i(P13 — Pra) — (P21 — P22 +i(23 — P24))
+i(¢s1 — P32 +i(¢33 — P34)) — (a1 — Pap + (a3 — Pa4))
= (P11 + P22+ P34+ Pa3) — (P12 + P21+ P35+ Paa)
+i(P13 + P24+ P31+ Pa2) —i(Pa1 + P32+ P23 + Pra).

As each ¢; s is of type t, it follows that 1) has a Wittstock decomposition ¢ such
that || is of type t, and therefore u() is of type t. &

The main result of this section is the following analogue of the F&M Riesz
analytic measure theorem. It follows from this that if 4 > 2, an analytic NC
measure will be AC if and only if it has no dilation part. We demonstrate in
Proposition [5.4] that an analytic linear functional on </; need not extend weak*
continuously to .7, in contrast to the classical result.

THEOREM 4.9 (NC F&M Riesz Theorem). Every analytic NC measure, y &
,;afd*, ford > 2, has vanishing von Neumann part.

Proof. By Theorem and Lemma if y € /] annihilates Aéo) , then pyN

annihilates A;. By Proposition forany k € {1,2,...,d}, we see that V\(/IE\)I is of

von Neumann-type. Since i, annihilates A;, we have that y‘(,];\)l annihilates Aéo).

By Lemmaagain, V\(Z;\)I annihilates A so that

0 = 1®(1) = pen (L)

Proceeding inductively we obtain that

pN(LY) =0,

for any « € F¥ and we conclude that y, =0. 1

REMARK 4.10. An NC F&M Riesz theorem was previously obtained in
[3, Theorem A], by R. Clouéatre and the second two named authors of the present
paper, using different techniques. Both Theorem [4.9)and [3} Theorem A] disallow
the presence of von Neumann-type summands in their corresponding models of
analytic linear functionals on .«7;, though what this means in these two cases is
different. Both papers find that analytic linear functionals on «7; need not have
weak* continuous extensions to the weak* closure, .7, of «7;, as we detail in the
next section.
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We also remark that the results of [3] and the current paper describe the
obstruction to weak* continuous extension in different ways.

To compare the two sets of results, fix A € &/} and suppose A(A4) = {0},
as this is the definition of analyticity used in [3]. There, the free disk system is
viewed as embedded, completely isometrically, inside the Cuntz algebra, 0, via
the quotient map g : §; — &; whose kernel is the compact operators. Let A
be an extension of A to ;. In [3, Theorem A], it is proved that there exists a
x-representation 7w : 0; — £ (H), a n(0,;)-cyclic vector hy € H and a vector
hy € H such that

A(x) = (hp, m(x)h1), x € Oy,

|All = ||h1||> = ||h2]|%, and the restriction of 7t(L) := (7t(Ly),...,7(Ly)) to the
norm closure of 71(Ay)h is unitarily equivalent to L. The triple (77, hy, hy) is re-
ferred to as a “Riesz representation” of the functional A. The particular form of
the representation implies that 77(L) has no von Neumann-type summand, as is
noted in [3, Section 4]. We note that

A(b) = (ha, mt(q(b))h1), b€ .

The representation 77 and the vector /iy are such that |A|(f) = (h1, @(f)h1), where
A and 7 denote their weak* continuous extensions to the second dual of 0y and
| A] is the “radial” part of the polar decomposition a normal linear functional. In
the present paper, we find that there exists a Wittstock decomposition A of A and
all | X‘—Toeplitz operator T such that

Masay) = (I+ Nlm, n|7\|(u2)*Tn|7\‘(al)(I + N|7\|)>’ a,ax € Ay,

with Iy = (71‘7\‘ (Ly),..., 4o (Lg)) having no von Neumann-type summand.
(0)

One will recall that we assume in TheoremH that A € ,527,; annihilates A ;”, not
Aj. However, this is equivalent to the analyticity assumptions of [3| Theorem A],

since a vector functional applied to a *-representation of &; annihilates A:EZO) if
and only if it annihilates A;; see Lemma

As another point of contrast, our total variation \7\| =AM+A+ A3+ A4S
not uniquely determined by A. From the polar decomposition A(x) = |A|(v*x),
we may readily produce a Wittstock decomposition ¥/ of A, but it is not generally
of the types that have proven useful in this paper, nor of course is |V| equal to
| A]. We also remark that, unless the GNS row isometry of || is Cuntz, || need
not have a unique positive Krein-Arveson extension to &; see Proposition 4.11]
below.

For yet another point of contrast, it follows from [3, Corollary 5.2] that A
can be analytic and admit a weak* continuous extension to <7, with 77(L) hav-
ing a dilation-type summand. In the representation of this paper, A admits a
weak* continuous extension to .7; precisely when I'1 | is absolutely continuous
(for some A € #(A)). Despite these differences, we can collect some necessary
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and sufficient conditions for the absolute continuity of an analytic A. By com-
bining Proposition 3.6} Lemma[3.2]and [3, Theorem B], we see that the following

conditions are equivalent, where we suppose A € ,52%; satisfies A(AEIO)) = {0}:

(i) A extends weak* continuously to 7;

(ii) there exists a A € #/(A) such that || is absolutely continuous;

(iii) there exist f, g € H3 such that A(b) = (f, bg), b € ;

(iv) the weak* continuous extension of A to the second dual of 7; annihilates
{@*q—qa* : a € A;}, where q is the free semi-group structure projection of the
second dual of A;.

It should be noted that the equivalences (i) < (ii) < (iii) do not require an-
alyticity of A. For (iv), we remark that A extends weak* continuously to .7 if and
only if b — A(b) — A(I)m(b) does, and so the different conditions for analyticity
from these two papers do not present any difficulties here.

PROPOSITION 4.11. If A € (/)% is Cuntz-type, then A has a unique positive
Krein—Arveson extension A to the Cuntz—Toeplitz algebra, &;.

Proof. Let A : &5 — C be any Krein-Arveson (positive) extension of A. Ap-
ply the GNS construction to (A, &) to obtain a GNS Hilbert space L?(A) and a
*-representation 7t satisfying

A(x) = (I+Np, taA(x)(I+ Nyp)); x € 6y
By construction, I 4+ Ny is cyclic for the GNS row isometry I1,.
Foranya € Ay,
la+ Nal2 = Aa*a) = A(a*a) = [la + NyJ[%

Thus, there is an isometry V : H3(A) — L?*(A) determined by V(a 4+ N,) =
a+ Np,a € Ay. Plainly, VII) = I1,4V for each k.

Next, we claim that VH2(A) is I1p-reducing and IT A|VH§ (n) is unitarily
equivalent to IT,. Indeed, IT, is Cuntz, and so any given element x € HZ(A)
is the norm-limit of vectors x,, + N,, where x,, € A{(io), as shown in [[15, Theo-
rem 6.4]. Hence, forany z € §and k =1,2,...,d,

(z+ NA,H;F\;kVX> = nh_I)l;lQ(Z + N/\,Hj\;kV(xn +Ny)) = nlgr(}o<LkZ + Np, xp + Ny)
= nh_r)r(}o(z + Ny, (szn) + NA>
= lim (z + Np, VIT} (x4 + Np)) = (z + Ny, VIT} 1x).

n—oo
Thatis, IT,,V = VII}, for each k, whence V) (y) = 7ta(y)V for eachy € &;.
Finally, note that I + Ny = V(I + N, ). Since mx(&;)(I + N,) is dense in
L?(A) and 7, (&) (I + N, ) is dense in H3(A), it follows that VH3(A) = L?(A),
showing that V' is in fact a surjective isometry. Therefore, for any z € &,

A(z) = (I+ Ny, ma (2)(T+ Na))gzny-
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5. A DILATION-TYPE EXAMPLE

Recall that there is, in essence, a bijection between positive finite regular
Borel measures on the circle and the set of Herglotz functions in the disk, i.e. ana-
lytic functions in the complex unit disk with positive semi-definite real part. This
correspondence extends to positive NC measures and non-commutative (left)
Herglotz functions in BdN, p < Hy; see [14, [15]. A fractional linear transfor-
mation, the so-called Cayley transform, then implements a bijection between the
left NC Schur class of contractive NC functions in BY, and the left NC Herglotz
class. If u € (7)1 is the (essentially) unique NC measure corresponding to the
contractive NC function b € [HY];, we write p = py, and py, is called the NC
Clark measure of b; see [16, Section 3] for details.

By [16, Corollary 3], if b € [HF]; is inner, i.e. an isometric left multiplier,
then its NC Clark measure is singular, so that its GNS representation I, := Iy,
is a Cuntz row isometry which can be decomposed as the direct sum of a dilation-
type row isometry and a von Neumann-type row isometry [17].

Classically, any sum of Dirac point masses is singular with respect to
Lebesgue measure on the circle. Motivated by this, consider the positive linear
functional & € ('), defined by

0 2€u
L) = " aePF?
8() {1 o

and Z(I) = 1. Here, 2 ¢ « is used to indicate that « does not contain the “letter” 2.
One may think of ¢ as a “Dirac point mass” at the point (1,0) € dB?, where B? is
the first level of the NC unit ball B. Setting Z := (1,0), we note that ¢(L*) = Z*
for all words a. Since Z is a row contraction, it follows from results of Popescu
that the map ¢ extends to a positive linear functional on .25 [28, Theorem 2.1].

Before continuing, we remark that the example of this section is related to
[3, Example 2], which is itself related to atomic representations of [11]. This ex-
ample is also a special case of [10, Example 5.1]. However, we here choose to
start from the linear functional, ¢, rather than the functional’s representation as a
vector functional on a representation, to emphasize the NC function theory asso-
ciated with the NC measure.

Cram 5.1. Ly + Ng is a wandering vector for Ilz and Ilz has vanishing
von Neumann part.

Proof. Note that any wandering vector for Il is always a weak* continuous
vector. Indeed, if w is wandering for I'l¢, then

Cw(L") = (w, Mzw)pp ) = ||w||§ﬂ§(¢)5uc,rz = [[wl*m(LY),

is a constant multiple of NC Lebesgue measure, and hence is absolutely continu-
ous.
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To see that L, + N is wandering for Iz, note that
<L2 + NC’ Hg(Lz + N€)> = g(L;L“Lz) = (5“,@.

However L; + N¢ is also *-cyclic for ITg since 71#(Lz)*(Ly 4+ Ng) = I+ Ng , which
is cyclic for ITz. This means that the smallest reducing subspace that contains
the weak* continuous vector L, + N is all of H(¢), so that H3(&yn) = {0} by
Lemmal28 1

In what follows, if w = iy - - -i, € F, i € {1,...,d}, is any word, then we
set w' := iy - - - iy. This letter reversal map is an involution on the free monoid.

CLAIM 5.2. The NC measure & is the NC Clark measure of bz (Z) = Z4, Z € BZ;
a left-inner NC function. Thus, Iz is purely of dilation-type.

Proof. Given Z € B2, let Z®QL* := Zy ® L} + --- 4+ Z; ® L. The (left)
Herglotz function, Hy of ¢ is

He(Z)=(idn @ &) (ln @ Iy + Z@ L") (I @ Iy — Z® L™
=2y Z%¢(L* ) — I, =2 )Ez’f—lnzz(l—zl)*l—ln =(I+2Z1)(I-2y)" L.
o k=0

It follows that the Cayley transform,
be(Z) = (He(2) = D(He(2) + D7,

of Hg is bz(Z) = Z1, which is inner. By [16, Corollary 3], I'; is the direct sum of
a dilation-type and a von Neumann-type row isometry and the previous claim
shows that the von Neumann part vanishes. 1

CLAIM 5.3. For any word a such that 2 € a, the vector L* + Ng is weak™ contin-
uous. In particular, the closed span of {L* 4+ Ng : 2 € a} is contained in WC(IT¢).

The proof below uses the concept of the NC Herglotz space of NC Cauchy
transforms with respect to a positive NC measure, see [16} Section 3.8, Lemma 5.2].
The NC Herglotz space, 7t (H,) of any positive NC measure, u € ()%, is
a non-commutative reproducing kernel Hilbert space (NC-RKHS) of NC func-
tions in the NC unit row-ball [14} (15, (16| [17]. The details of this construction will
not be relevant or needed for our purposes here. It will suffice to remark that if
U e (szd):rr is a positive NC measure, then there is an onto and isometric linear
map, 6, : H3(u) — #*(H,,), the free Cauchy transform.

Proof of Claim[5.3) Given any B € F? so that 2 € B, the vector LP + N; is a
WC vector if and only if

Ep(L*) := (LP + Ng, IT% (LP + Ng))e = G(LP*LALF),
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is an absolutely continuous (weak* continuous) NC measure. The free Cauchy
transform of I + Ng, € H3(&g), is then,

WZz):= Y Z*¢(LPL™LP).
a€lf?
The Taylor coefficients (k) of h vanish if &, § are not comparable. Thus, h, # 0
if and only if & = By or if B = a+y. Since B € F? is fixed, there are only finitely
many words « such that § = a-y. On the other hand if « = B, then
ho = hg, = E(LF*L7*) =0,
since 2 € B. This proves that h has at most finitely many non-zero Taylor co-
efficients and so & € C{31,32} C H3 and I + Ng, is a weak* continuous vector
for IT,. Indeed, since %gﬁ(l + Ngﬁ) € H3, I+ Ng, is a weak* analytic vector for
¢p in the sense of [17, Definition 8.2] and is hence a weak* continuous vector by
[17, Corollary 8.3].
Since this vector is cyclic and WC(Gg) must be IIg,-invariant, we see that
WC(H@) = H%(Cﬁ;). Therefore, g is weak* continuous and LP+ Ng is a weak*
continuous vector for Ilz. 1

PROPOSITION 5.4. The positive NC measure defined by Z(L*) := ¢(L; L* Ly)
is equal to NC Lebesgue measure, m, and hence is weak™* continuous. The NC measure
yi=¢@* ¢ oyt ie. ¢ — E(cLy), annihilates the NC disk algebra Ay, but is not weak*
continuous.

Proof. The vector L, + Ng is a unit wandering vector for the dilation-type
positive NC measure . Hence, Z(L*) = dyo = m(L*). Consider the sequence
(LX)*L3 € . This converges weak* to 0, and yet,

y(LY*L3) = §(LF) = 1,

which of course cannot converge to 0. 1
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