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ABSTRACT
Numerical simulations are employed to study hydrodynamic interactions between two-dimensional fish-like bodies under a traveling wavy
lateral motion in high-density diamond-shaped fish schools. This study focuses on two different streamwise spacings, a dense school with
0.4 body length (BL) spacing and a sparse school with 2.0 BL spacing, respectively. An immersed-boundary-method-based incompressible
Navier–Strokes flow solver is then employed to quantitatively simulate the resulting flow patterns and associated propulsive performance
of the schools. The results suggest that a fish in the dense school achieves higher thrust production and higher propulsive efficiency than
that in the sparse school due to a strong wall effect from neighboring fishes. In addition, results from changing the lateral spacing in the
dense school have shown that the wall effect is enhanced as the lateral spacing decreases. Flow analyses have shown that the wake pattern of
the fish swimming diagonally behind the leading fish in a dense diamond-shaped school transfers from 2S to 2P when the lateral spacing is
smaller than 0.6 BL. As a result, an angled jet is produced behind the school and brings more momentum downstream. At the same time, the
appearance of the trailing fish results in a stronger pressure region behind the leading fish and leads to a higher hydrodynamic performance
of the leading fish in the dense school. The insights revealed from this study will contribute to understanding physical mechanisms in fish
schools and providing a new swimming strategy for bio-inspired underwater swarm robots.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0028682., s

I. INTRODUCTION

Fish schools, which are a typical naturally occurring form of
aggregation, have been studied for decades. They are thought to pro-
vide several social advantages to fish,1,2 including in predator avoid-
ance,3 in foraging,4 and in reproduction.5 Additionally, numerous
experiments have provided evidence of hydrodynamic benefits for
fish swimming in schools by showing a reduction in oxygen con-
sumption and tail-beat frequency.6,7 The spatial arrangement of the
fish, which determines the density and shape of a school, is thought
to be one of the most important factors influencing hydrodynamic
interactions in the school swimming process.8,9 Nevertheless, past
research on the effect of the spatial arrangement on fish perfor-
mance has been limited to sparse fish schools with a streamwise
spacing of at least one body length (BL)9,10 despite the fact that in
nature, the snout of a fish is frequently ahead of the tail of the fish
it is following.2

Experimental and computational studies on the effect of
streamwise spacing11–14 and lateral spacing15–17 have been

conducted for in-line configurations and side-by-side configura-
tions, respectively. Boschitsch et al.11 carried out an experimen-
tal study on two in-line pitching foils and suggested that for in-
phase motion, the thrust production and propulsive efficiency of
the downstream foil can be enhanced by 50% when the streamwise
spacing is around a 1.2 chord length. By combining remeshed vor-
tex methods and a deep reinforcement learning algorithm, Novati
et al.13 found that the “smart-follower” prefers to position itself 0.7
body length behind the leading fish, no matter where the initial
position is, to achieve a 19.4% increase in average swimming effi-
ciency. Dewey et al.16 experimentally studied the performance of
two oscillating foils in a side-by-side configuration and reported that
when the lateral spacing is 0.5 chord length, the efficiency of the
system can be enhanced by 35% with in-phase motion. This find-
ing is consistent with that of the numerical study of Dong and Lu15

on side-by-side undulating foils. Staggered formations have also
received attention.18–20 Li et al.,18 using a three-dimensional overset-
grid-based finite-volume method, built a full map of the hydro-
dynamic characteristics of fish swimming in pairs as functions of
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the lateral spacing and streamwise spacing. They reported that the
pair can save up to 3% of the cost of transport (COT) with in-phase
motion in a staggered side-by-side formation. In an experimen-
tal study, Kurt et al.19 reported that a following pitching foil can
achieve a 63%–81% increase in thrust and efficiency when swim-
ming in a staggered formation. All the aforementioned research
demonstrates the significant effect of the spatial arrangement of
the fish on the hydrodynamic interactions and energy efficiency of
a fish school.

The performance of fish schools involving more than two fish
has also been studied.9,10,21,22 Using an analytical model, Weihs8

studied a two-dimensional school of four fish constrained to a
single plane. His findings suggested that a diamond configura-
tion is the optimal formation for maximizing energy efficiency.
Weihs8 also proposed two possible mechanisms to explain the
connection between the hydrodynamic interaction and the spa-
tial arrangement of a school: the vortex hypothesis describes the
constructive interaction between oncoming vortices and the fol-
lowing fish8,23 and the channeling effect states that laterally neigh-
boring fish swimming in close proximity can save energy by
enhancing the flow between them.8,10 However, the model was
highly simplified and did not include the viscous effect of the
flow. In recent years, using a multi-particle collision dynam-
ics model, Hemelrijk et al.9 numerically studied the hydrody-
namic performance of various school configurations including dia-
mond, rectangular, phalanx, and in-line patterns. Their results con-
firmed that a fish swimming in a diamond-configuration school
can achieve higher efficiency than that undergoing solitary swim-
ming but argued that the optimal lateral spacing is 1.6 BL rather
than 0.4 BL suggested by Weihs.8 In addition, Daghooghi and
Borazjani10 investigated the hydrodynamics of a mackerel school
in rectangular configurations using three-dimensional flow sim-
ulations under periodic boundary conditions. It was found that
the power efficiency of each fish swimming in a rectangular
school increased by 8.8% when the lateral distance was 0.4 BL.
Nevertheless, there is a lack of comprehensive investigation of
the wake structures and associated hydrodynamic performance
of dense fish schools, in which fishes are in close proximity to
each other, using high-fidelity computational fluid dynamics flow
simulations.

In this study, the vortex dynamics and hydrodynamic perfor-
mance of dense schools in the diamond configuration are inves-
tigated using a high-fidelity immersed-boundary-method-based
incompressible Navier–Stokes flow solver. In particular, the wall
effect, resulting from the body–body interaction between lateral
neighbors, is thoroughly investigated in dense schools by compar-
ing the flow fields and hydrodynamic performance with those in

sparse schools. Moreover, the block effect on vortex shedding from
the leading fish, due to the close proximity of the trailing fish, in
dense schools is also studied by simulating a triangular school. An
outline of this paper is as follows. Section II describes the fish-like
kinematics, the definition of a diamond school configuration, the
numerical methods, the simulation setup, and the definition of per-
formance parameters. The numerical results, including the hydro-
dynamic performance of a singular fish and that of different schools,
are presented in Sec. III. The wall effect and the block effect in dense
diamond-shaped schools are discussed in Sec. IV. Section V presents
conclusions.

II. METHODS
A. Fish-like kinematics and school configuration

In this study, an NACA0012 foil is employed to represent a
two-dimensional swimming body at an equilibrium state of undu-
lating motion. To mimic fish-like swimming, traveling wave kine-
matics is imposed on the foil, similarly to the previous work.15

For convenience, “fish” or “swimmers” are used to refer to foils in
this paper. Considering that many sorts of carangiform fish have
been reported to swim in schools,24,25 we model the carangiform
undulating motion in this work, and the traveling equation is

y(x, t) = A(x) ⋅ sin(2π
λ
x − 2π

T
t), (1)

where the position variables, x and y, are normalized by the body
length L, so that x = 0 denotes the leading edge of a fish body and the
trailing edge is at x = 1. The chord of the original foil is regarded as
the fish spine, represented by y = 0 at rest, and y(x, t) represents the
lateral deviation for any point on the midline of the fish body at time
t. λ denotes the wavelength of the traveling wave over an undulating
body, and T is the wave period. A(x) represents the amplitude enve-
lope of a lateral motion and is expressed as a quadratic polynomial
function,

A(x) = a2x2 + a1x + a0. (2)

Based on the experimental data,26 when the coefficients a0 = 0.02,
a1 = −0.08, and a2 = 0.16, the undulating motion can be defined as
the carangiform motion. Figure 1 presents the amplitude envelope
of a carangiform motion and a sequence of midlines during one tail-
beat period.

Figure 2 shows the profiles of individual swimmers in a
diamond-shaped school, where L is the body length and U∞ is the
swimming speed. The streamwise spacing S is defined as the distance
between the tail of the leading fish (fish 1) and the head of the trail-
ing fish (fish 4), and the lateral spacing D is defined as the spacing

FIG. 1. Traveling wave amplitude of a
carangiform motion (red line) and the
motion of the fish-body midline dur-
ing one tail-beat period (blue lines). A
denotes the amplitude at the tail tip.
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FIG. 2. Schematic of a diamond-shaped fish school and definitions of quantities
describing its spatial arrangement.

between the centers of fish 2 and fish 3, which are on the lateral sides
of the school. The whole school is symmetric in both the streamwise
and lateral directions. For example, the distance between the tail of
the leading fish and the black point o in Fig. 2 (the center of the
school) is S/2, which is half the total streamwise spacing.

B. Numerical methods and case setup
In this study, the equations governing the flow are the two-

dimensional continuity and incompressible viscous Navier–Stokes
equations, which are written in the non-dimensional form as

∂ui
∂xi

= 0,
∂ui
∂t

+
∂uiuj
∂xj

= − 1
ρ
∂p
∂xi

+ ν
∂2ui
∂xi∂xj

, (3)

where i, j = 1, 2 denote the x-direction and y-direction (repeated
indices imply summation), ui are the velocity components, p is the
pressure, and ρ and ν denote the fluid density and the kinematic
viscosity, respectively.

To solve the governing equations, an in-house immersed-
boundary-based finite-difference flow solver is employed, which has
been successfully applied to simulate biological fish swimming,27

fish-like swimming,28,29 and other forms of flapping propulsion.30,31

More details about the method can be found in Ref. 32.
The computational domain and Cartesian computational grid

used for simulating flow over traveling foils are presented in
Fig. 3(a). In this study, fishes swim in the negative x-direction. The
computational domain size is 20L × 20L, with 2337 × 897 grid nodes
(about 2.10 × 106) in total. A high-resolution uniform grid is used in

a region of size 6.0L × 3.0L to solve the flow field near the swimmers.
The minimum grid spacing is set as Δmin = 3.50 × 10−3L in this study,
which has been shown to be sufficiently fine at the relevant Reynolds
number.33 The left-hand boundary is the inflow boundary with a
constant incoming flow velocity U∞. At the right-hand boundary,
the outflow boundary condition allows the vortices to move out of
the domain without reflection. The upper and lower boundaries are
set as zero-gradient boundaries with constant velocity U∞ to rep-
resent free-stream conditions. A homogeneous Neumann boundary
condition is applied for the pressure at all boundaries. In addition,
a convergence study has been conducted to ensure that the results
are grid-independent. Figure 3(b) presents the instantaneous net
force coefficient in the x-direction for an isolated fish with three
different grids. The minimum grid spacings of the coarse, medium,
and fine meshes are 7.04 × 10−3L, 3.50 × 10−3L, and 2.04 × 10−3L,
respectively. This shows that the mean force difference between the
medium grid case and the fine grid case is less than 1%, which
demonstrates that the simulation results are grid-independent in this
study.

In this work, two key parameters characterizing fish-like swim-
ming, the Reynolds number Re and the Strouhal number St, are
defined as follows:

Re = U∞L
v

, (4)

St = 2fA
U∞

, (5)

where U∞, L, and ν have the same meaning as stated above, f is the
tail-beat frequency, and A is the amplitude of the lateral motion at
the tail tip. We set the tail-beat frequency f as 1.0 and the amplitude
at the tail tip A as 0.1 (shown in Fig. 1). The Reynolds number Re is
set as 1000, a value relevant to fish swimming. In the present study,
steady swimming is simulated for stable school formation by apply-
ing an incoming flow with constant velocity over fixed traveling
wavy foils. The Strouhal number is thus obtained through Eq. (5) by
changing the incoming flow speedU∞ to meet the steady-swimming
condition.

C. Definition of performance measures
The definitions of the hydrodynamic forces, power consump-

tion, and propulsive efficiency are stated in the following. In our
solver, the instantaneous forces are calculated by directly integrat-
ing the computed pressure and viscous stress on the surface of a fish

FIG. 3. (a) Schematic of the compu-
tational domain, Cartesian grids, and
boundary conditions. (b) Comparison of
the instantaneous net force coefficient in
the x-direction of an isolated fish using
coarse, medium, and fine meshes.
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TABLE I. Strouhal numbers tested in this study.

Re A f L St

1000 0.1 1.0 1.0 0.3, 0.35, 0.4, 0.45, 0.5, 0.55, 0.6

and can be expressed as follows:

FX = ∫
S
(−pnx + τxini)dS, (6)

FY = ∫
S
(−pny + τyini)dS, (7)

where p is the pressure, the indices i = 1, 2 denote the x-direction
and y-direction, respectively (repeated indices imply summation),
ni represents the i-th component of the unit normal vector on an
element dS, and τij is the viscous stress tensor.

In Eq. (6), FX is the instantaneous net force in the x-direction
on a fish body, which is the sum of the drag FD and the thrust FT
calculated by the sign of the pressure and viscous stress acting on the
surface34 with respect to the swimming direction. In this paper, con-
sidering the coordinate system and the swimming direction, when
FX < 0, the fish produces a net thrust. Doing integral over the surface
of the fish body, the thrust FT can be computed as follows:

FT =
1
2
(−∫

S
−pnxdS + ∣∫

S
pnxdS∣)

+
1
2
(−∫

S
τxinidS + ∣∫

S
τxinidS∣). (8)

The power required for the undulating motion can be defined
as

Pu = ∫
S
(−pni + τijnj)ΔuidS, (9)

where Δui is the velocity of an element dS relative to its surround-
ing fluid in the i-th direction. The forces and power, then, can be
normalized by the swimming speed and the body length,

CX,Y = FX,Y
1
2ρU

2
∞L

, CT =
FT

1
2ρU

2
∞L

, CPW = Pu
1
2ρU

3
∞L

. (10)

The definition of propulsion efficiency of undulating swim-
ming is still controversial and varies depending on the assumptions
and conditions utilized in different studies.34–36 In this study, a mod-
ified form of Froude efficiency η is defined to measure the ratio of
useful power to the total power,37

η = FTU∞
FTU∞ + Pu

= CT

CT + CPW
, (11)

where the overline represents the time-averaged value during
one tail-beat cycle. Here, the thrust FT is used to calculate the
propulsive efficiency on the swimming body, instead of the net
force: as for steady swimming or quasi-steady swimming, the net-
force-based propulsive efficiency is zero or close to zero, which
results in the measurement of efficiency becoming too small and
meaningless.35

III. RESULTS
A. Steady swimming of a single fish

To conveniently measure the hydrodynamic interactions, the
initial condition is set as steady swimming; that is, the net force
on each individual is zero at the beginning. The Reynolds num-
ber Re = 1000 is chosen for the following reasons: (1) the flow
at this Reynolds number in two dimensions is similar to that at a
much higher Re in three dimensions9 and (2) this Reynolds number
makes the viscous effect small enough but also able to contribute
to maintaining a coherent vortex structure.13 For a given Re, the
time-averaged net force on a fish in the swimming direction is a
function of the Strouhal number,38 so the correct Strouhal number
St can be obtained by measuring the net force on an isolated fish.
The Strouhal number varies from 0.3 to 0.6, as shown in Table I.
Figure 4(a) presents the time-averaged net force coefficient in the
streamwise direction CX for different Strouhal numbers. The shaded
area below the dashed line denotes the increasing magnitude of the
net thrust acting on the fish body. By interpolation, it is found that
St = 0.43 satisfies the steady-swimming condition. It is also found
that for a given Reynolds number, CX decreases with the increasing
Strouhal number from 0.3 to 0.6 [see Fig. 4(a)].

To elucidate the variation in hydrodynamic performance of an
isolated fish at St = 0.43, we present the time histories of the net force

FIG. 4. (a) Time-averaged net force coefficient in the x-direction of an isolated fish at different St, where the shaded area below the dashed line denotes the increasing
magnitude of the net thrust. Time histories of (b) the net force coefficient in the x-direction and y-direction and the thrust coefficient and (c) the undulating power coefficient
at St = 0.43.
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FIG. 5. (a) Vortex wake and (b) time-
averaged streamwise velocity field of an
isolated fish at St = 0.43.

coefficients in the x-direction and y-direction, the thrust coefficient,
and the undulating power coefficient during five cycles in Figs. 4(b)
and 4(c). The time-averaged net force coefficients can be obtained
as CX = −3.16 × 10−4 and CY = −3.90 × 10−4, which are close
to zero, proving that the steady-swimming state has been reached.
Figure 5 presents the vortex structure and the time-averaged stream-
wise velocity field of an isolated fish at St = 0.43. For the parameters
considered in this work, the vortices shed by an undulating foil form
a reverse von Kármán street [Fig. 5(a)].

B. Dense and sparse diamond-shaped schools
When the leading fish (fish 1) and the trailing fish (fish 4) are

located in the channel formed by fish 2 and fish 3 in a diamond-
shaped school (see Fig. 2), strong nonlinear body–body interactions
between lateral neighbors occur, which have not yet been studied in
depth. Two kinds of typical diamond-shaped schools, therefore, are
designed here to study the body–body interactions in a fish school.
In the dense school, the streamwise spacing S is equal to 0.4 BL, and
fish 1 and fish 4 are located in the channel formed by fish 2 and fish 3.
For comparison, the streamwise spacing is set as 2.0 BL in the sparse
school, where fish 1 and fish 4 are both 0.5 BL away from the channel.
The effect of the lateral spacing on the hydrodynamic performance
in a diamond-shaped school is also studied.

Figure 6(a) presents the time-averaged net force in the x-
direction CX on each fish, and Fig. 6(b) shows the average value of
CX on the whole school. Due to symmetry and synchronization, fish
2 and fish 3 have the same hydrodynamic performance, so only the
results for fish 2 are presented, while the average value for the whole
system is computed from the performances of all four fishes.

As illustrated in Fig. 6(a), in the dense school, CX for fish 1
changes from a net thrust to a net drag when the lateral spacing D
goes above 0.65, while in the sparse school, CX for fish 1 remains
almost constant at around −0.025. In the dense school, fish 2 expe-
riences a net thrust (CX < 0) when the lateral spacing D < 0.6, while
a net drag (CX > 0) is applied to fish 2 in the sparse school when
D < 0.55. In both schools, CX for fish 2 tends to zero when the lat-
eral spacing increases. In the dense school, CX for fish 4 is much less
than zero at around −0.09, and the absolute value decreases slowly
with the increasing lateral distance. Fish 4 in the sparse school expe-
riences a net thrust when D < 0.45 and D > 0.8, while it suffers a
net drag when 0.45 ≤ D ≤ 0.8. In Fig. 6(b), the average net force on
the dense school is less than zero, and the absolute value decreases
when the lateral spacing increases. In the sparse school, the average
net force is a net drag when 0.4 < D ≤ 0.7 and becomes a net thrust
when D > 0.7.

Figure 7 shows the time-averaged thrust coefficient CT for indi-
viduals in different schools as a function of the lateral spacing. It is
found that in both the dense school and the sparse school, CT for
each fish, and the averaged value over the whole school, is higher
than that of an isolated fish; that is, individuals in a school can always
obtain a greater thrust production regardless of their position. In
addition, as shown in Figs. 7(a) and 7(b), CT values for individuals
in the dense school (S = 0.4) monotonically rise with the decreas-
ing lateral spacing, as opposed to those of individuals (except fish 4)
in the sparse school, which only vary slightly. From Fig. 7(a), it is
seen that when the lateral spacing is less than 0.65, CT for fish 1 in
the dense school is higher than that for fish 1 in the sparse school,
while this is reversed when D > 0.65. When D = 0.4, the thrust on
fish 1 in the dense school is 41.3% higher than that in the sparse

FIG. 6. Time-averaged net force in the
x-direction on each fish as a function of
the lateral spacing in the dense school
(S = 0.4) and the sparse school
(S = 2.0): (a) fish 1, fish 2, and fish 4;
(b) the average net force on the whole
school. The gray dashed line denotes the
time-averaged net force on an isolated
fish swimming steadily.
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FIG. 7. Time-averaged thrust coefficient
for each fish as a function of the lateral
spacing in different schools (S = 0.4 and
S = 2.0): (a) fish 1, fish 2, and fish 4; (b)
the average thrust on the whole school.
The gray dashed line denotes the time-
averaged thrust coefficient of an isolated
fish swimming steadily.

school. CT for fish 1 increases by 53.2% in the dense school when the
lateral spacing changes from 1.0 to 0.4, while in the sparse school,
CT for fish 1 remains at around 0.25 at all lateral spacings. Simi-
lar results are observed for fish 2, although here CT is slightly larger
than that for fish 1 at different lateral spacings in the dense school.
CT for fish 2 in the dense school increases by 56%, from 0.25 to 0.39,
when the lateral spacing decreases from 1.0 to 0.4. As a comparison,
the thrust on fish 2 in the sparse school shows a slight growth when
the lateral spacing decreases [see Fig. 7(a)]. Furthermore, the differ-
ence in CT for fish 2 between the dense school and the sparse school
increases with the decreasing lateral spacing; when D = 0.4, CT for
fish 2 in the dense school is 45.8% higher than that in the sparse
school.

In the dense school, even though CT for fish 4 monotonically
increases with the decreasing lateral spacing, the rate of increase is
lower than that for fish 1 and fish 2 when D < 0.7. In the sparse
school, however, CT for fish 4 decreases with the increasing lateral
spacing at lower values (0.4 ≤ D < 0.5), reaches a plateau from 0.5
to 0.65, and shows a concave rise with the increasing lateral spac-
ing when D ≥ 0.65 [see Fig. 7(a)]. Moreover, from Fig. 7(b), it is
seen that the averaged CT on the dense school rises monotonically,
from 0.26 to 0.38, when the lateral spacing decreases from 1.0 to 0.4.

Figure 7(b) also shows that the average thrust on the sparse school
follows a similar variation to that on the dense school, although
the rate of change and range of variation are much smaller. When
D = 0.4, the average CT on the dense school is 37.4% higher than that
on the sparse school, and the difference in the average CT between
the two schools reaches its maximum value.

Figure 8 shows the propulsive efficiency η of each fish, and the
average value of the whole school, in the two schools as a function of
the lateral spacing. Here, for convenience, we use the first subscript
to denote the school type and the second subscript to denote the
fish; the dense school has subscript 1, and the sparse school has sub-
script 2. For example, the propulsive efficiency of fish 1 in the dense
school is denoted η11. First, it can be seen that η11 is lower than that
of an isolated fish (ηsingle = 0.44), while η21 is higher than ηsingle and
remains at around 0.47 when the lateral spacing changes from 0.4 to
1.0 [see Fig. 8(a)]. When D < 0.6, η11 increases with the increasing
lateral spacing, and then, it decreases slowly from D = 0.6 to around
0.43 when D ≥ 0.7. Second, η12 increases by 18.8%, from 0.48 to 0.57,
when the lateral spacing decreases from 1.0 to 0.4, while η22 remains
at around 0.47. Third, the propulsive efficiencies of fish 4 show oppo-
site trends in the dense school and in the sparse school [see Fig. 8(a)].
When D < 0.55, η14 rises, but η24 falls with the increasing lateral

FIG. 8. Propulsive efficiency of each fish
as a function of the lateral spacing in dif-
ferent schools (S = 0.4 and S = 2.0): (a)
fish 1, fish 2, and fish 4; (b) the aver-
age propulsive efficiency of the whole
school. The gray dashed line denotes the
time-averaged propulsive efficiency of an
isolated fish swimming steadily.
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spacing. When D = 0.55, η14 reaches its maximum value η14_max
= 0.67 and η24 reaches its minimum value η24_min = 0.42. When D
increases further, both η14 and η24 reach a plateau where the propul-
sive efficiencies remain almost unchanged. Then, η14 decreases when
D > 0.7, and η24 rises when D > 0.6. In the sparse school, due to the
wider streamwise spacing, fish 4 is barely influenced by the body–
body interaction imposed by its lateral neighbors but mainly affected
by the vortex wake shed by the fish in front. Thus, the opposite
trends suggest that when involving the body–body interactions, the
vortex wake can impose an opposing effect on the propulsive effi-
ciency. Finally, the average propulsive efficiency of the dense school
is at least 4.5% higher than that of the sparse school, and they are
both higher than ηsingle [see Fig. 8(b)]. The average propulsive effi-
ciency of the dense school η1a increases by 8.0%, from 0.50 to 0.54,
when the lateral spacing decreases from 1.0 to 0.4, while η2a shows a
similar trend to η24 but within a smaller range.

From Figs. 6(a), 7(a), and 8(a), it is seen that compared with
those for the other fish, CX , CT , and η for fish 4 vary in a more
complicated way in both the dense school and the sparse school.
Being located at the rear of the school, fish 4 occupies a more chaotic
flow environment and is influenced by various hydrodynamic inter-
actions, including the lateral body–body interaction and the vortex
wake interaction that will be explored in further research.

IV. DISCUSSION
A. Wall effect in a dense school

From Figs. 7(a) and 8(a), it is seen that the hydrodynamic per-
formance of fish 2 in the dense school is much better than that in the
sparse school, and the difference increases with the decreasing lateral
spacing. In particular, when D = 1.0, CT and η for fish 2 in the dense
school are both 1.5% higher than those in the sparse school; when
D = 0.4, CT for fish 2 in the dense school is 37.4% higher, and η is
21.9% higher. This significant improvement in hydrodynamic per-
formance suggests that there is a strong hydrodynamic effect acting
on fish 2 in the dense school.

An experimental study by Quinn et al.39 found that for an oscil-
lating foil near a solid boundary, the thrust can be enhanced by 40%
consuming little extra power when the foil is 0.4 chord length from
the ground. Quinn et al.40 also reported that a flexible propulsor can
obtain hydrodynamic benefits when swimming near the ground. In
the previous research,15 it has been shown that for an isolated undu-
lating foil, the thrust is mainly produced at the tail. Thus, based on
our results and those of previous studies, we assume that in a dense
diamond-shaped school, when fish 2 is close to fish 4 in the lateral
direction, the body of fish 4 acts like a wavy wall to fish 2 (see Fig. 2).
The wall effect is, therefore, applied to the body–body interaction
produced by lateral neighbors in a dense school and investigated in
this subsection by analyzing flow fields.

It is found that the time-averaged thrust coefficient and propul-
sive efficiency of fish 2 in the dense school monotonically increase
with the decreasing lateral spacing D. In particular, when the lateral
spacing reduces from 0.6 to 0.4, CT for fish 2 in the dense school
increases by 39%, from 0.28 to 0.39, and the propulsive efficiency η
increases by 12%, from 0.51 to 0.57. They vary slowly when D > 0.6
[see Figs. 7(a) and 8(a)]. A comparison indicates that the wall effect
on fish 2 in the dense school weakens with the increasing lateral

FIG. 9. Vortex wake of school A (top, D = 0.4, S = 0.4) and school B (bottom,
D = 1.0, S = 0.4) at t = 10T. A 2P wake is marked by a blue dashed square, and a
2S wake is marked by a red dashed square.

spacing. Thus, according to the behavior at different lateral spacings,
the wall effect can be divided into two regimes: 0.4 ≤ D ≤ 0.6 and
D > 0.6. We identify a typical dense school in each regime: school A
(D = 0.4, S = 0.4) and school B (D = 1.0, S = 0.4), and compare and
analyze their flow characteristics.

Figure 9 shows the vortex fields of school A and school B at
t = 10T. Vortices shed by an isolated undulating foil form an archety-
pal reverse von Kármán street (2S wake) for the parameters consid-
ered in the present study [see Fig. 5(a)], which can also be found in
the wakes of school A and school B (see Fig. 9). However, owing to
the close proximity in the lateral direction, the stability has been bro-
ken, and vortex pairs are formed in the wake of school A, as shown
in Fig. 9. A similar pairing was reported by Quinn et al.39 when they
studied a rigid pitching foil near the ground. By checking the vor-
tex wake of all dense schools in this study, we find that the vortex
wake of fish 2 and fish 3 transfers from 2S to 2P when D ≤ 0.6, that

FIG. 10. Process of vortex pairing and advection during the tenth cycle (a)–(d).
The gray arrows denote the direction of a vortex pair. The positive vortex (red) is
denoted vortex 1, and the negative vortex (blue) is vortex 2. P1 is the first vortex
pair shed by fish 2, marked by a red dashed square in (a), and P2 is the second
vortex pair, marked by a blue dashed square in (d).
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FIG. 11. Use of the method of images and vortex induction theory to explain the
formation of a vortex pair. The gray arrow denotes the direction of the vortex pair,
and the dashed circle denotes the opposite-sign image vortex. The dashed arrows
denote the direction of induced velocity.

is, the spatial arrangement can significantly change the wake pattern
of a school. In addition, Fig. 9 shows that vortices shed by fish 2 in
school A are stronger than those in school B, which means that the
shedding vortices of fish 2 are enhanced when the lateral spacing is
small.

Two distinct phenomena relating to the vortex wake of school
A are identified during the pairing process [see Figs. 10(a)–10(d)].
In this study, we define the direction of a vortex pair as perpendic-
ular to the line connecting the cores of two vortices and parallel to
the advection direction, which is denoted by gray arrows in Fig. 10.
Initially, from Figs. 10(a)–10(d), it is seen that the angle between
the direction of a vortex pair shed by fish 2 and the flow direction
gradually increases while the pair advects downstream. Then, Fig. 10
shows that the negative (blue) vortex decays faster than the posi-
tive (red) vortex in a vortex pair and the negative vortex has been
stretched during advection [see vortex 2 in Figs. 10(c) and 10(d)].
The method of images39 and vortex induction theory can be applied
to explain these phenomena. Figure 11 illustrates the formation of
a vortex pair using the method of images. For each vortex shed by
fish 2, there is an opposite-sign image vortex beneath the boundary
(the top surface of fish 4) to satisfy the no-flux boundary condition.
According to the Biot–Savart law, vortex 2 (negative) is slowed by
the opposite-sign image (vortex 2′), while vortex 1 speeds up due to
the induction from its image vortex. Then, a vortex pair is formed

because of the advection-velocity difference between vortex 1 and
vortex 2. The mutual induction between vortex 1 and vortex 2 also
contributes to the formation of the vortex pair. However, this mutual
induction only occurs after the pairing process initiates and is thus
assumed to take a secondary role. Thereafter, the mutual induc-
tion leads the vortex pair to move away from the boundary while
advecting downstream.

The negative vortex shed by fish 2 is stretched when moving
downstream due to the mutual induction with the boundary-layer
vortex of fish 4, shown by the variation of vortex 2 in Figs. 10(c)
and 10(d). The boundary-layer vortex can also slow the motion of
vortex 2 by induction. Furthermore, stretching results in a decay of
vortex 2, as shown in Figs. 10(d) and 12. The strength of vortex 2
thus gradually reduces, while vortex 1 almost maintains its vortex
strength while advecting downstream. The discrepancy in strength
causes the vortex pair to rotate in an anticlockwise direction, shown
in Fig. 12(b), which results in the advection direction of the vor-
tex pair moving closer to the vertical. While fish 3 follows a similar
behavior to fish 2 because of symmetry, the signs of its shedding
vortices are opposite.

The motion of the vortices delivers momentum downstream,
and locomotive forces are produced. Figure 13 displays the time-
averaged streamwise velocity field of school A and school B. An
angled high-density velocity jet has formed behind fish 2 and fish
3 in school A, which is expected when angled shedding vortices
of fish 2 move downstream (see Fig. 10). The stronger jet indi-
cates that more streamwise momentum41 has been transported
downstream. Fish 2 in school A, therefore, has a higher thrust
production.

B. Block effect in a dense school
In a finite fish school, a fish can experience the wall effect, as

fish 2 does in a dense diamond-shaped school. In an infinite school,
however, many fish may be located in the channel formed by laterally
neighboring fish in a staggered manner, like the leading fish (fish
1) in the dense school. The channeling effect is quite different from
the wall effect described in Sec. IV A. Besides, in a dense diamond-
shaped school, fish 1 is also influenced by fish 4. Further research on
the hydrodynamic performance of fish 1 in a dense diamond-shaped
school is, therefore, needed.

Owing to the wall effect, fish 2 in a dense school has a higher
thrust production and a higher propulsive efficiency than that in a
sparse school. On the other hand, it is found that fish 1 in a dense

FIG. 12. The mutual induction and the
stretching of vortices illustrate the decay
of the negative vortex (vortex 2) in a
vortex pair and the rotation of the vor-
tex pair. (a) A vortex pair composed of
vortex 1 and vortex 2 in the vorticity
field; (b) a schematic of vortex stretch-
ing and vortex-pair rotation. The straight
gray arrow denotes the direction of the
vortex pair, and the curved gray arrows
denote the rotating direction of the vortex
pair.
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FIG. 13. Time-averaged streamwise
velocity field of (a) school A and (b)
school B.

school has a higher thrust [Fig. 7(a)] but a lower propulsive effi-
ciency [Fig. 8(a)]. These differences in the variation of propulsive
efficiency of fish 1 and fish 2 represent one of the differences between
the channeling effect and the wall effect. It can be shown that while
the thrust of fish 1 in the dense school increases with the decreas-
ing lateral distance, the lateral force substantially increases, meaning
more power is consumed to produce the lateral undulating motion.
The propulsive efficiency can, therefore, be even lower than that of a
single fish [Fig. 8(a)]. Considering the higher efficiency of the other
members, this implies that the leading fish sacrifices its propulsive
efficiency to benefit other members in a dense school. The above
analysis also makes clear that it may not be sufficient to only con-
sider the effect of neighboring swimmers preventing the wake of a
swimmer freely expanding in the lateral direction, to illustrate the
hydrodynamic benefits of the channeling effect in a fish school.

What, then, is the role of fish 4 in the hydrodynamic perfor-
mance of fish 1 in a dense school? To answer this question, we com-
pare the hydrodynamic performance of a dense diamond-shaped
school (S = 0.4) and the corresponding triangular school in which
fish 1, fish 2, and fish 3 are located in the same positions as in the
diamond-shaped school.

Figure 14 shows the time-averaged thrust coefficient and
propulsive efficiency of fish 1 as a function of the lateral spacing in
dense diamond-shaped and triangular schools. In Fig. 14(a), with
the decreasing lateral spacing, the thrust coefficient rises, both in
the diamond-shaped school and in the triangular school. CT for fish
1 in the diamond-shaped school is at least 17.8% higher than that for
fish 1 in the triangular school, and the difference in thrust produc-
tion between the two schools increases with the decreasing lateral

spacing [see Fig. 14(a)]. In addition, when D > 0.55, CT for fish
1 in a triangular school is even less than that for an isolated fish. In
Fig. 14(b), the propulsive efficiency of fish 1 in both schools is lower
than that of an isolated fish. However, it is found that the propul-
sive efficiency of fish 1 in the diamond-shaped school is at least
17.8% higher than that of fish 1 in the triangular school. In short,
fish 1 in the dense diamond-shaped school has a higher thrust pro-
duction and a higher propulsive efficiency than that in the triangular
school.

Sometimes, destructive hydrodynamic interactions are unavoid-
able for certain fish in a school. For example, fish 1 needs to consume
more energy as a sacrifice for other members in a dense school, as
stated above. However, the results suggest that the loss of the propul-
sive efficiency of fish 1 can be reduced by placing fish 4 at the rear of
the channel formed by fish 2 and fish 3. Flow comparisons between a
diamond-shaped school and a triangular school provide insight into
how fish 1 obtains a better hydrodynamic performance in a dense
diamond-shaped school. Figure 15 presents the vorticity fields at
t = 10.0T, the time-averaged streamwise velocity fields, and the time-
averaged pressure fields of a dense diamond-shaped school (D = 0.4,
S = 0.4) and the corresponding triangular school.

From Fig. 15, it is seen that the flow fields of the triangular
school are quite different from those of the diamond-shaped school.
Behind the triangular school, the vortex wake in the middle is weaker
and more chaotic [Fig. 15(a)], which is due to the vortices shed by
fish 1 interacting with the vortices shed by fish 2 and fish 3, sepa-
rately. Negative vortices are left behind fish 2, and positive vortices
behind fish 3, and both are both arranged on a line when advecting
downstream, instead of generating 2S or 2P wakes. In comparison,

FIG. 14. Time-averaged thrust coeffi-
cient (a) and propulsive efficiency (b) of
fish 1 as a function of the lateral spac-
ing in dense diamond-shaped schools
(S = 0.4) and triangular schools. The
gray dashed line denotes the corre-
sponding values for an isolated fish
swimming steadily.
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FIG. 15. Vorticity fields [(a) and (b)] at t = 10.0T, time-averaged streamwise velocity fields [(c) and (d)], and time-averaged pressure fields [(e) and (f)] over one tail-beat period
of a triangular school [(a), (c), and (e)] and a diamond-shaped school (D = 0.4, S = 0.4) [(b), (d), and (f)].

in the diamond-shaped school, the presence of fish 4 impedes the
interactions between the vortex wakes of fish 1 and fish 2, and an
angled 2P wake is generated behind fish 2; this also happens to fish
3. Correspondingly, a straight jet is produced behind the triangu-
lar school, while two separate angled jets are produced behind the
diamond-shaped school. Moreover, there are two small jets in front
of the tail of fish 1 in the triangular school [see Fig. 15(c)], indicat-
ing that some momentum has been transported upstream, which is
detrimental to the efficiency of the system.

Because fish 4 prevents the interactions between the vortex
wakes and redirects the flow in the channel formed by fish 2 and fish
3, the pressure around the tail of fish 1 in the diamond-shaped school
is much higher than that in the triangular school [see Figs. 15(e) and
15(f)]. Therefore, considering that the thrust is mainly produced at
the tail of a fish and that pressure is the dominant part of the thrust,
the different pressure fields mean that fish 1 produces a higher thrust
in the diamond-shaped school than in the triangular school. More-
over, the pressure behind fish 1 is higher in the diamond-shaped
school, while the pressure distributions in front of fish 1 in the two
schools are almost the same. It can, therefore, be derived that fish
1 in the triangular school has a higher form drag than that in the
diamond-shaped school, which illustrates that the difference in net
force (ΔCX = 0.20) on fish 1 between the two schools is higher than
the difference in thrust (ΔCT = 0.08). It is thus safe to conclude that
the presence of fish 4, which works like a block preventing the inter-
action between the vortex wakes and enhancing the pressure field
between fish 1 and fish 4 in the channel, essentially improves the
thrust production and the propulsive efficiency of fish 1 in a dense
diamond-shaped school. It appears that fish 1 is propelled by fish
4 in a dense diamond-shaped school, and we call this effect the block
effect.

V. CONCLUSION
In this work, an immersed-boundary-method-based flow solver

is employed to investigate the effects of the spatial arrangement of
the fish on the hydrodynamic performance and wake structures of

a diamond-shaped fish school in low Reynolds number (Re = 1000)
flows. First, the results suggest that in a dense school, in which the
streamwise spacing is 0.4 BL, the thrust production and the propul-
sive efficiency of the lateral fishes that are diagonally located in the
school are substantially enhanced due to a wall effect imposed by
the trailing fish. This wall effect is enhanced when the lateral spac-
ing decreases. Flow analysis shows that when the lateral spacing is
less than 0.6 BL, the vortices shed by the lateral fish start pairing
and the wake expands in the lateral direction. Correspondingly, an
angled jet is generated behind the lateral fish, which results in a high
thrust production by the fish. This change in the wake patterns has
commonly been ignored in past analytical models used for studying
dense fish schools.

Second, in dense schools, the block effect imposed by the trail-
ing fish on the performance of the leading fish is substantial. When
the lateral spacing reaches 0.4 BL, the thrust produced by the lead-
ing fish in the diamond-shaped school is 29.6% higher than that in
a triangular school without the trailing fish, and its hydrodynamic
efficiency is 28.7% higher. Wake analysis reveals that in a dense
diamond-shaped school, the trailing fish redirects the flow in the
channel formed by the lateral fish and prevents interactions between
the wakes shed by the leading fish and the lateral fish. This creates
a stable high-pressure zone between the leading fish and the trailing
fish in the channel and consequently enhances the thrust production
of the leading fish. These findings provide new insight into the chan-
neling effect and reveal the positive influence of the trailing fish on
the performance of the leading fish in dense schools.

SUPPLEMENTARY MATERIAL

The supplementary material presents two videos of different
vortex wakes in Fig. 9.
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