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ABSTRACT. We study the effects of localization on the long-time
asymptotics of a modified compressible Navier-Stokes system (mcNS)
inspired by the previous work of Hoff and Zumbrun [4]. We intro-
duce a new decomposition of the momentum field into its irrotational
and incompressible parts, and a new method for approximating solu-
tions of jointly hyperbolic-parabolic equations in terms of Hermite
functions in which nth order approximations can be computed for
solutions with nth-order moments. We then obtain existence of solu-
tions to the mcNS system in weighted spaces and, based on the decay
rates obtained for the various pieces of the solutions, determine the
optimal choice of asymptotic approximation with respect to the vari-
ous localization assumptions, which in certain cases can be evaluated
explicitly in terms of Hermite functions.

1. INTRODUCTION

The compressible Navier-Stokes equations are given by

∂tρ +∇ · #m = 0,(1.1a)

∂t #m+
[
∇ ·

(
#m⊗ #m
ρ

)]T
+∇P(1.1b)

= ε∆
(
#m

ρ

)
+ η∇

(
∇ ·

(
#m

ρ

))
.

These equations model the flow of a fluid with density ρ, momentum #m, and
pressure P . We assume the fluid is barotropic; hence, P = P(ρ) is a function
only of the density. In the present paper, we are motivated by the question of
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stability of the constant density, constant momentum solution (ρ∗, #m∗)T to the
compressible Navier-Stokes system in three dimensions, which without loss of
generality we can take as (ρ∗, #m∗)T = (1,0)T .

Kawashima appears to have been the first to partially answer this question in
the whole space Rd in dimension d ≥ 1. In [7], he proves existence of global
solutions for a general class of hyperbolic-parabolic systems which include (1.1),
and proves these solutions decay in Lp at a given rate for p ≥ 2.

Building on this work, Hoff and Zumbrun ([4], [5]) studied the asymp-
totic behavior of small perturbations from the constant state for the compress-
ible Navier Stokes equations. Given s ≥ [d/2] + 1, they prove global exis-
tence of solutions u(t) = (ρ(t),m(t))T for initial data u0 ∈ L1 ∩Hs such that
E = max(‖u0‖Hs+& ,‖u0‖L1) is sufficiently small, and find that the solutions decay
as

‖u(·, t)‖Lp ≤ CEt−(d/2)(1−1/p)

for p ≥ 2. They go further by obtaining decay rates in Lp for 1 ≤ p < 2, showing
that the momentum field can be decomposed into an irrotational and incompress-
ible piece, and that the solutions are asymptotically irrotational as measured in Lp

for 1 ≤ p < 2 and asymptotically incompressible for p > 2. Furthermore, they
show that these solutions are asymptotically well-approximated by the lineariza-
tion of (1.1), in the sense that

(1.2) ‖u(t)−G(t)∗u0‖Lp ≤ CEt−(d/2)(1−1/p)−1/2

for 2 ≤ p ≤ ∞, whereG(t) is the Green’s matrix for the linearization of (1.1). This
linear evolution, while simpler than the full nonlinear evolution, is nevertheless
complicated, and must be studied in Fourier space. Following Kawashima [7],
they show there exists a unique linear, artificial-viscosity system associated with
(1.1) given by

∂tρ +∇ · #m = 1
2
(ε + η)∆ρ,(1.3a)

∂t #m+ c2∇ρ = ε∆ #m+ 1
2
(η− ε)∇(∇ · #m),(1.3b)

which can be used to approximate the linear evolution, in the sense that

(1.4) ‖G(t)∗u0 − G̃(t)∗u0‖Lp ≤ Ct−(d/2)(1−1/p)−1/2

where G̃ is the Green’s matrix of (1.3). The matrix G̃(t) is shown to possess nice
analytical properties, and is specified in terms of diffusing Gaussians convected by
the fundamental solution of the linearized Euler equations. Furthermore, if one
additionally assumes some spatial localization in the form of spatial moments (i.e.,
(1+ |x|)u0 ∈ L1), then the artificial-viscosity evolution can be approximated by
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a simple matrix multiplication:

(1.5) ‖G̃(t)∗u0 − G̃(t)U0‖Lp ≤ Ct−(d/2)(1−1/p)−1/2,

where U0 =
∫
u0 dy is the total mass vector. Taken together, these results show

that the dominant asymptotic behavior of the compressible Navier-Stokes equa-
tions is given by the explicit functions G̃(t)U0, which they refer to as “diffusion
waves.”

Recently, Kagei and Okita [6] showed that if one assumed some additional
localization of the initial data, one could extend the results of Hoff and Zumbrun
by computing a second-order approximation to the solutions of (1.1) in dimension
d ≥ 3. Among their findings, they prove that with the additional assumption that
(1+ |x|)u0 ∈ L1, one has

∥∥∥∥u(t)−G(t)∗u0 −
d∑

i=1

∂xiG1(t, ·)
∫∞

0

∫

Rd
F0
i dy ds

∥∥∥∥
Lp

≤ C log(1+ t)(1+ t)−(d/2)(1−1/p)−3/4

for p ≥ 2, where G(t) is the Green’s matrix for the linearization of (1.1), G1(t)
is a low frequency cutoff of G(t), and the F0

i are quantities which can be com-
puted with knowledge of the solution ρ(t),m(t), as well as knowledge of the
pressure P and its derivatives. Furthermore, with the additional assumption that
(1 + |x|2)u0 ∈ L1, their results also show that the solutions can be explicitly
approximated by Gaussian functions

(1.6)
∥∥∥∥u(t)−G1(t)

∫
u0 dy

+
d∑

i=1

∂xiG1(t, ·)
[ ∫

yiu0(y)dy −
∫∞

0

∫

Rd
F0
i dy ds

]∥∥∥∥
Lp

≤ C log(1+ t)(1+ t)−(d/2)(1−1/p)−3/4

if one includes the additional correction factor given by the F0
i terms.

On the other hand, Gallay and Wayne ([2], [3]) study the localization prop-
erties and asymptotic behavior of solutions of the incompressible equations in two
and three dimensions. Previously, Brandolese [1] had shown that there exist so-
lutions of the Navier-Stokes equation which have finite moments at t = 0, but
which fail to have finite moments on any time interval [0, T ] for any T > 0.
Gallay and Wayne show that this instantaneous loss of localization does not occur
if one works with the vorticity equation, obtained by computing the curl of the
incompressible Navier-Stokes equations. Specifically, they show that if an initial
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vorticity #ω0 is such that for somen ≥ 0 one has (1+|x|)n #ω0 ∈ L2, then there ex-
ists a unique global solution #ω(t) of the vorticity equation such that #ω(0) = #ω0

and (1+ |x|)n #ω0 ∈ Lq for all t > 0, q ≥ 2. They also show that the localization
properties are intimately related to the asymptotic behavior by showing that by
increasing the assumptions of spatial locality one can obtain increasingly accurate
asymptotic approximations. Namely, if one chooses 3

2 < µ ≤ 2 and n ∈ Z≥0 such
that n > 2µ+ 1

2 , then for initial data (1+|x|)n #ω0 ∈ L2 there exist approximations
uapp,k(t) such that

∥∥∥u(t)−
n∑

k=1

uapp,k(t)
∥∥∥
Lp
≤ Ct−(d/2)(1−1/p)+1−µ

where u(t) is the velocity recovered from the vorticity field #ω(t), and the ap-
proximation terms uapp,k(t) are also given in terms of diffusing Gaussians and
their derivatives. They obtain first- and second-order approximations, and their
analysis points the way toward obtaining approximations of arbitrary order.

We aim to use the tools developed in [2], [3] to extend the asymptotic ap-
proximation of solutions to the compressible Navier-Stokes in [4], [6] to a higher
order. The first major step in this direction is to study the localization proper-
ties of the compressible Navier-Stokes system, which have yet to be systematically
studied. To do so, we begin with a modified compressible Navier-Stokes system

∂tρ +∇ · #m = 1
2
(ε + η)∆ρ,(1.7a)

∂t #m + [∇ · ( #m ⊗ #m)]T + c2∇ρ = ε∆ #m+ 1
2
(η− ε)∇(∇ · #m),(1.7b)

obtained from (1.1) by replacing the linear part by artificial viscosity system (1.3)
and dropping all nonlinear terms aside from the Lagrangian derivative. Further-
more, we will restrict to dimension d = 3. We make these modifications since
this model is simpler from a technical point of view. However, as Hoff and Zum-
brun have shown, we know that the leading-order long-time asymptotics of (1.7)
are the same as those of the compressible Navier-Stokes equations, and much of
the analysis developed here carries through in higher dimensions with a modest
increase in complexity. We defer the consideration of (1.1) to forthcoming work.
While it is not known if the momentum field of the compressible Navier-Stokes
equation exhibits the instantaneous loss of localization described by Brandolese,
we avoid its possible appearance by working with the curl and divergence of #m. If
one lets a = ∇ · #m, #ω = ∇× #m, and u(t) = (ρ(t), a(t), #ω(t))T , and computes
the divergence and curl of (1.7), one arrives at the curl-divergence form of the
modified compressible Navier-Stokes system

(1.8) ∂tu = Lu−Q(u,u),
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where we let ν = 1
2(ε + η), I3 be the 3× 3 identity matrix, and where

L =



ν∆ −1
−c2∆ ν∆

ε∆I3


 , Q(u,u) =





0

∇ ·
[ 3∑

j=1

∂xj (mj #m)
]

∇×
[ 3∑

j=1

∂xj (mj #m)
]





.

We take (1.8) as our starting point, and address the question of equivalence to the
original system (1.7) in the course of our analysis. Our main results can then be
summarized in the following theorem.

Theorem 1.1. In dimension d = 3, let #u0 = (ρ0, a0, #ω0)T where a0, #ω0 have

zero total mass (i.e.,
∫

R3
a0(x)dx = 0), and suppose (1 + |x|)n #u0 ∈ W 1,p × Lp ×

(Lp)3 for some 0 ≤ n ≤ 2 and for all 1 ≤ p ≤ 3
2 . If k ≥ 1 is fixed and if

En = sup
1≤p≤3/2

(‖(1+|·|)nρ0(·)‖W 1,p+‖(1+|·|)na0(·)‖Lp+‖(1+|·|)n #ω0(·)‖(Lp)3)

is chosen sufficiently small, then there exists (ρ(t), a(t), #ω(t)), a unique mild solu-
tion of (1.8), such that for a small-time blowup rate rα,p and large-time decay rates
&n,p,µ, &̃n,p,µ defined below, we have

‖(1+ | · |)µ ∂αxρ(·, t)‖Lp ≤ CEnt−rα,p (1+ t)−&n,p,µ+1/2,

‖(1+ | · |)µ ∂αxa(·, t)‖Lp ≤ CEnt−rα,p (1+ t)−&n,p,µ ,

‖(1+ | · |)µ ∂αx #ω(·, t)‖Lp ≤ CEnt−rα,p (1+ t)−&̃n,p,µ ,

for |α| ≤ k − 1 and for all 1 ≤ p ≤ ∞, 0 ≤ µ ≤ n, where C depends only on
n,k,ν, ε. Furthermore, for n ≥ 1 there exist functions (ρapp, aapp, #ωapp)T com-
putable via a convolution with explicit kernels such that

‖(1+ | · |)µ ∂αx (ρ(·, t)− ρapp(·, t))‖Lp ≤ CEnt−rα,p (1+ t)−&n,p,µ+1/2−1/2,

‖(1+ | · |)µ ∂αx (a(·, t)− aapp(·, t))‖Lp ≤ CEnt−rα,p (1+ t)−&n,p,µ−1/2,

‖(1+ | · |)µ ∂αx ( #ω(·, t)− #ωapp(·, t))‖Lp ≤ CEnt−rα,p (1+ t)−&̃n,p,µ−1/2,

and for n = 2 one can take these approximations to be explicit Gaussian functions
computable with knowledge only of the moments of order ,n- of the initial data.
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For n,µ ∈ R≥0, let ,n-1 = min(n,1) and ,µ-1 = min(µ,1), and we define
the rates via

rα,p =






|α|
2

for 1 ≤ p ≤ 3
2
,

3
2

(
2
3
− 1
p

)

+ |α|
2

for p ≥ 3
2
,

(1.9a)

&̃n,p,µ =






3
2

(

1− 1
p

)

+ ,n-1 + ,µ-1

2
− µ for 1 ≤ p ≤ 3

2
,

1
2
+ ,n-1 + ,µ-1

2
− µ for p ≥ 3

2
,

(1.9b)

&n,p,µ =






5
2

(

1− 1
p

)

− 1
2
+ ,n-1

2
− µ for 1 ≤ p ≤ 3

2
,

(

1− 1
p

)

+ ,n-1

2
− µ for p ≥ 3

2
.

(1.9c)

The reasons underlying the precise form of these rates will become apparent
below in Proposition E.2. For now, we say only that the small-time blow up rate
rα,p ensures boundedness in the spaces to which the functions initially belong,
but allows for increasingly fast blow up for larger Lp norms and higher-order

derivatives. The large-time decay rate &̃n,p,µ reflects the parabolic nature of the
evolution of #ω, whereas the large-time decay rate &n,p,µ reflects the combined
hyperbolic-parabolic evolution of ρ and a. Their dependence on the parameter n
indicates that increased localization of the initial data leads to faster decay of the
solution, and their dependence on µ indicate that the solutions’ weighted norms
decay more slowly for larger weight as they spread out due to parabolic and/or
convective effects.

In Section 2, we prove a number of inequalities for later use in our existence
and asymptotic analysis. We also introduce an expansion for solutions of the heat
equation which we call the Hermite expansion, and demonstrate how it works for
related systems. In Section 3, we prove that (1.7) has unique solutions, and that
these solutions remain in the same weighted Lebesgue spaces as the initial data,
and obtain asymptotic decay rates for these solutions in weighted spaces. In Sec-
tion 4, we prove results about the accuracy of the linear approximation, and then
show how this approximation can be improved if the initial data is appropriately
localized. Finally, in Section 5 we discuss the results obtained, and compare them
to the previous results of Hoff and Zumbrun and Kagei and Okita.

1.1. Mild formulation. The nonlinear term in (1.8) still depends on #m,
and hence we introduce the operators

Πa = ∇(∆−1a),(1.10a)
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B #ω = −∇× (∆−1 #ω),(1.10b)

which allow us to write #m = Πa + B #ω, splitting #m into an irrotational part,
Πa, and an incompressible part B #ω. This is a form of the well-known Helmholtz
decomposition. Note that the inverse Laplacian is well defined only when we
make a suitable choice of function spaces for a and #ω. We will do so below in
Subsection 2.1, and then obtain estimates for the action of Π and B over these
spaces. For notational convenience, we also introduce the nonlinear operator

N(a, #ω) =
3∑

j=1

∂xj ((Πa+ B #ω)j(Πa+ B #ω)).

We can now apply Duhamel’s formula to obtain an integral formulation of
(1.8):

ρ(t) = ∂tw(t)∗ Kν(t)∗ ρ0 −w(t)∗Kν(t)∗ a0(1.11a)

+
∫ t

0
w(t − s)∗ Kν(t − s)∗ [∇ ·N(a(s), #ω(s))]ds,

a(t) = −∂2
t w(t)∗ Kν(t)∗ ρ0 + ∂tw(t)∗ Kν(t)∗ a0(1.11b)

−
∫ t

0
∂tw(t − s)∗Kν(t − s)∗ [∇ ·N(a(s), #ω(s))]ds,

#ω(t) = Kε(t)∗ #ω0 −
∫ t

0
Kε(t − s)∗ [∇×N(a(s), #ω(s))]ds.(1.11c)

Here, we use the fact that the Green matrix G for the linear part of the hyperbolic-
parabolic system for ρ, a above can be decomposed as the composition of the wave
evolution with the heat evolution

G(t)∗
(
ρ0

a0

)

= GW(t)∗
[

Kν(t)I2 ∗
(
ρ0

a0

)]

in which

GW(t) =
(
∂tw(t) −w(t)
−∂2

t w(t) ∂tw(t)

)

is the Green matrix for the wave evolution,

Kν(t) =
1

(4πνt)3/2
exp

[

− |x|
2

4νt

]

is the scalar heat kernel, Kε(t) is the diagonal matrix having the heat kernel Kε(t)
for each entry on the diagonal, and I2 is the 2 × 2 identity matrix. The wave
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operator w(t) is the Fourier multiplier defined by

ŵ(ξ, t) = sin(ct|ξ|)
c|ξ| ,

which, together with its temporal derivatives, determines the components of the
wave evolution for various initial data. We recall that for sufficiently smooth func-
tions this can be expressed via Kirchhoff ’s formula (see [9] pp. 71–72 for details),
which in dimension d = 3 is as follows:

(w ∗ h)(x, t) = b0,0t
∫

|z|=1
h(x + ctz)dS(z),(1.12)

(∂tw ∗ h)(x, t) =
∑

0≤|α|≤1

bα,1(ct)
|α|
∫

|z|=1
D
αh(x + ctz)zα dS(z),(1.13)

(∂2
t w ∗ h)(x, t) =

∑

1≤|α|≤2

bα,2(ct)
|α|−1

∫

|z|=1
D
αh(x + ctz)zα dS(z),(1.14)

with Sz the surface element on the unit sphere, and some constants bα,i.
We want to prove existence of mild solutions to (1.8) in some function space

and determine the asymptotic behavior of these solutions. We will see that the nat-
ural setting for our analysis is found in the homogeneous, algebraically weighted
Lebesgue spaces

L̊p(n) =
{
f : ‖f (x)‖L̊p(n) =

(∫

R3
|x|np |f (x)|p dx

)1/p

< ∞
}

and their inhomogeneous counterparts

Lp(n) =
{
f : ‖f (x)‖Lp(n) =

(∫

R3
(1+ |x|)np|f (x)|p dx

)1/p

< ∞
}
.

We let Wk,p(n) be the subspace of the Sobolev space Wk,p consisting of alge-
braically weighted, weakly differentiable functions:

Wk,p(n) =
{
f ∈ Wk,p :

∥∥f
∥∥p
Wk,p(n)

∑

|α|≤k

∥∥∂αxf
∥∥p
Lp(n) < ∞

}
.

We also introduce the vector-valued function space Lp = (Lp)3 with norm

‖ #ω‖Lp = max
i=1,2,3

‖ωi‖Lp

as well as function spaces L̊p(n) = (L̊p(n))3, Lp(n) = (Lp(n))3 and Wk,p(n) =
(Wk,p(n))3 with analogous norms. Furthermore, let Lpσ be the closure of the
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space of divergence-free vector fields in the space Lp, and let L̊pσ (n), L
p
σ (n)

and Wk,p
σ (n) be the closures in the analogous spaces. Finally, we will make use

of Schwartz class functions as tools in our analysis, and hence we will write S
for the space of Schwartz-class functions and Sσ for the space of Schwartz-class
divergence-free vector fields.

2. PRELIMINARY ANALYSIS

2.1. The Π and B operators. We first define the operators Π and B for
(a, #ω) ∈ S×Sσ via (1.10). Note that the inverse Laplacian is well defined on the
space of Schwartz class functions, and for such functions we have

Πa = 1
4π

∫

R3

(x −y)
|x −y|3a(y)dy,

B #ω = − 1
4π

∫

R3

(x − y)× #ω(y)
|x −y|3 dy.

In the following proposition we shall obtain estimates on the action of Π
and B, which then allow us to extend these operators to be defined on all of
Lp(n)× Lpσ (n), for suitable choices of p and n.

Proposition 2.1. Let a ∈ S and #ω ∈ Sσ . Consider the following:
(a) Suppose that 1 < p1 < ∞. Then, there exists a constant C1 depending only

on p1 such that

(2.1) ‖∂xiΠa‖Lp1 ≤ C1‖a‖Lp1 , ‖∂xiB #ω‖Lp1 ≤ C1‖ #ω‖Lp1 .

(b) Suppose that n ∈ [0,2) and 1 < p3 < p2 < ∞ are such that

(2.2)
1
p2
= 1
p3
− 1

3

and p3 satisfies the constraint

1−n
3

<
1
p3
<

3−n
3

.

Then, there exists a constant C2 depending only on n,p3 such that

(2.3) ‖Πa‖Lp2(n) ≤ C2‖a‖Lp3(n), ‖B #ω‖Lp2(n) ≤ C2‖ #ω‖Lp3(n).

(c) Suppose n ∈ [1,3), 1 < p3 < p2 < ∞ solve (2.2), and p3 satisfies the new
constraint

3−n
3

<
1
p3
<

4−n
3

.
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If, in addition, a and #ω are such that

(2.4)
∫

R3
a(x)dx = 0,

∫

R3
#ω(x)dx = 0,

then there exists a (possibly different) constant C2 depending only on n,p3

such that (2.3) holds.
The proof of these estimates follows closely the strategy used in the study

of the B operator in Proposition B.1 of [3], but we extend the results to general
values of p and n, rather than focusing on the L2 based spaces in that refer-
ence, as well as studying the operator Π. We defer the proof to Appendix A. The
following corollary is immediate from the definition of the Π, B operators for
a, #ω ∈ Lp3(n)× Lp3

σ (n).
Corollary 2.2.

(a) Suppose p1, C1 are as in Proposition 2.1 (a). Then, for a ∈ Lp1 , #ω ∈ Lp1
σ

(2.1) holds.
(b) Suppose n,p2, p3, C2 are as in Proposition 2.1 (b). Then, for a ∈ Lp3(n)

and #ω ∈ Lp3
σ (n), (2.3) holds.

(c) Suppose that n,p2, p3, C2 are as in Proposition 2.1 (c). If a ∈ Lp3(n) and
#ω ∈ Lp3

σ (n) satisfy (2.4), then (2.3) holds.

2.2. Heat evolution estimate. The heat evolution tends to dissipate the Lp

norms of a function. We have

‖∂αxKν(t)∗ f‖Lp ≤ C(νt)−|α|/2−(3/2)(1/q−1/p)‖f‖Lq

using Young’s inequality for 1 ≤ q ≤ p ≤ ∞ and f ∈ Lq. In weighted spaces,
one can obtain faster decay under certain conditions described in the following
proposition, which is an extension of Proposition A.3 found in [3]. We defer the
proof to Appendix B. Note that while we restrict to dimension d = 3 here, the
analogous results can be proven in any dimension (see [8] for details).

Proposition 2.3. Let 1 ≤ q ≤ p ≤ ∞ be Lebesgue indices, let n,µ ∈ R≥0 be
weight indices such that n ≥ µ and that ∃ ñ ∈ Z≥0 such that

3

(

1− 1
q

)

+ ñ < n < 3

(

1− 1
q

)

+ ñ+ 1,

and let f ∈ Lq(n) be such that its moments up to order ñ are zero; that is, for all

multi-indices β ∈ N3, |β| ≤ ñ, we have
∫

R3
xβf (x)dx = 0. Then, there exists a

C > 0 depending only on p,q,n, µ,α such that

‖∂αxKν(t)∗ f‖L̊p(µ)(2.5)

≤ C(νt)−|α|/2−(3/2)(1/q−1/p)(1+ νt)−(n−µ)/2‖f‖Lq(n).
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Remark 2.4. Note that this estimate is sharp with respect to each of its hy-
potheses. For instance, to see that the localization assumption f ∈ L1(n) is nec-
essary to achieve the given asymptotic bound, consider the example

f (x) = |x|−3−nψ(x1) sign(x1)

for 0 < n < 1 and a smooth cutoff function ψ(x) which is even in x1 such that

ψ(x) =
{

1 for |x1| ≥ 2,
0 for |x1| ≤ 1,

and |ψ(x)| ≤ 1 for all x. Since this function is odd in x1, it has zero total mass,
and it belongs to L1(n − δ) for any 0 < δ ≤ n, but f /∈ L1(n). By plugging in
x = (2,0,0) for instance, straightforward explicit calculations show that

lim
t→∞

t3/2+n/2‖Kν(t)∗ f‖L∞ =∞,

and similar results hold for the other Lp norms. Similarly, the Hermite functions
described below can be used to illustrate that Proposition 2.3 is sharp with respect
to the zero moment conditions.

2.3. Heat-wave evolution estimate. We obtain the following bounds on
the heat-wave operators of the linear evolution of the ρ, a system in homogeneous
weighted spaces.

Proposition 2.5. For Lebesgue index q ≥ 1 and weight n ≥ 0 there exists a
C > 0 depending only on c,ν, n such that the following estimates hold:

‖w(t)∗Kν(t)‖L̊q(n) ≤ Ct
1+n/2−(3/2)(1−1/q)(1+ t)n/2−(1−1/q),

‖∂tw(t)∗Kν(t)‖L̊q(n) ≤ Ct
n/2−(3/2)(1−1/q)(1+ t)n/2+1/2−(1−1/q),

‖∂2
tw(t)∗Kν(t)‖L̊q(n) ≤ Ct

n/2−1/2−(3/2)(1−1/q)(1+ t)n/2+1/2−(1−1/q).

We defer the proof to Appendix C.1. Again, the analogous results can be
proven in higher dimensions (see [8] for details).

Note that the term ∂2
t w(t)∗Kν(t) blows up as t → 0 as a result of the fact that

Kν(t) tends to a delta function, and hence the Lp norms of derivatives of Kν(t)
become arbitrarily large. However, when the heat-wave operator ∂2

t w(t)∗Kν(t)
acts on a function, with a little bit of smoothness we can obtain the following
improved estimate with milder blow up, the proof of which we defer to Appen-
dix C.2:

Proposition 2.6. Suppose ρ0 ∈ W 1,q(n) for some q ≥ 1. There exists a C > 0
such that for p ≥ q and µ ≤ n we have

‖∂2
t w(t)∗Kν(t)∗ ρ0‖L̊p(µ)
≤ Ct−(3/2)(1/q−1/p)(1+ t)µ−1/2+1/2−(1/q−1/p)‖ρ0‖W 1,q(n).
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2.4. Hermite expansion. We aim to study the asymptotic behavior of solu-
tions to (1.8) by computing an expansion of the solution using Hermite functions.
This is the point where we begin to diverge strongly from the approach of [4] or
[6]. We illustrate this process first for the heat equation. To do so, we define

ϕ0(x) = (4π)−3/2 exp

[

− |x|
2

4

]

and let Hα be the αth Hermite polynomial given by

Hα(x) =
2|α|

α!
e|x|

2/4 ∂αx (e
−|x|2/4).

Note that these satisfy the orthonormality property:

〈Hα(·), ∂βxϕ0(·)〉 = δαβ.

Proposition 2.7. Suppose that u0 ∈ L1(n) for n ≥ 0. If u(t) = Kν(t)∗u0 is
the solution of the heat equation in C0[[0,∞), L1(n)], then we can write

u(x, t) =
∑

|α|≤,n-
〈Hα, u0〉 ∂αxKν(t)∗ϕ0(x)+ R(x, t)

where, for any µ ≤ n,

‖R(·, t)‖L̊p(µ) ≤ C‖u0‖L1(n)(νt)
−(3/2)(1−1/p)−(n−µ)/2.

Proof. If we write

u(x, t) =
∑

|α|≤,n-
〈Hα, u0〉 ∂αxKν(t)∗ϕ0(x)+ R(x, t),

then we note that the remainder term R(x, t) is itself a solution of the heat equa-
tion. Furthermore, we note that at time t = 0 we have

〈Hβ, R(·,0)〉 = 0

for all |β| ≤ ,n-. Therefore, Rj satisfies the moment-zero condition required in
Proposition 2.3, which then gives us our result. !

The Hermite expansion illustrates a few of the features of the heat evolution.
We note that orders of this expansion decay sequentially faster, and the remainder
at least matches the fastest decay rate. The Hermite functions are self similar un-
der the heat evolution, in the sense that the heat evolution acts on these functions
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by dilation and scaling.(See [2] for details.) Importantly, the Hermite expansion
illustrates how the heat evolution dissipates the moments of a function. The αth
moment evolves according to the αth term in the Hermite expansion. For in-
stance, the zeroth order Hermite function gives an explicit example of an initial
condition for which the heat evolution preserves the L1 norm, yet has any degree
of algebraic decay one could ask for, and hence the estimate in (2.5) is sharp with
respect to the zero mass condition. However, the L∞ norm decays, so here the
heat evolution is spreading mass around, but it conserves the total signed mass.
The first-order Hermite function provides an example where the total signed mass
is zero, and we see that its L1 norm does decay. The Hermite expansion can be
used to show that this holds in general, and similar statements can be made about
higher-order moments.

2.4.1. Hermite expansion for the hyperbolic-parabolic system. We need a
Hermite expansion for the hyperbolic-parabolic system

∂tρL = ν∆ρL − aL,(2.6a)

∂taL = −c2∆ρL + ν∆aL.(2.6b)

As in (1.8) we can write the solution of the linear equation in terms of the heat-
wave operators via

ρL(t) = ∂tw(t)∗Kν(t)∗ ρ0 −w(t)∗ Kν(t)∗ a0,(2.7a)

aL(t) = −∂2
tw(t)∗Kν(t)∗ ρ0 + ∂tw(t)∗Kν(t)∗ a0.(2.7b)

Since the heat and wave operators commute, we can apply them sequentially, and
since Kν(t) ∗ ρ0 and Kν(t) ∗ a0 are solutions of the heat equation, we can use
the scalar Hermite expansion. We define

(
ρ1(t)

a1(t)

)

=
(
∂tw(t)∗Kν(t)∗ϕ0

−∂2
tw(t)∗Kν(t)∗ϕ0

)

,(2.8)
(
ρ2(t)

a2(t)

)

=
(
−w(t)∗Kν(t)∗ϕ0

∂tw(t)∗Kν(t)∗ϕ0

)

.(2.9)

We determine these asymptotic profiles explicitly in Appendix D below. We then
have the following analogue of the Hermite expansion, where for convenience we
assume that ρ has at least one weak derivative.

Proposition 2.8. Suppose that ρ0 ∈ W 1,1(n), a0 ∈ L1(n) for n ≥ 0. If
(ρL(t), aL(t))T is the solution of (2.6) in C0[[0,∞), L1(n)×L1(n)], then we can
write

(
ρL(x, t)

aL(x, t)

)

=
∑

i≤2, |α|≤,n-

〈

Hαêi,

(
ρ0

a0

)〉

∂αx

(
ρi(x, t)

ai(x, t)

)

+
(
ρLR(x, t)

aLR(x, t)

)

,
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where êi are the standard unit-two vectors and where, for any µ ≤ n,

‖ρLR(·, t)‖L̊p(µ) ≤ C(‖ρ0‖W 1,1(n) + ‖a0‖L1(n))

× t−(3/2)(1−1/p)(1+ t)1−(1−1/p)−n/2+µ,

‖aLR(·, t)‖L̊p(µ) ≤ C(‖ρ0‖W 1,1(n) + ‖a0‖L1(n))

× t−(3/2)(1−1/p)(1+ t)1/2−(1−1/p)−n/2+µ.

Proof. Setting t = 0, one finds

ρLR(x,0) = ρ0(x)−
∑

|α|≤,n-
〈Hα,ρ0〉 ∂αxϕ0(x),

aLR(x,0) = a0(x)−
∑

|α|≤,n-
〈Hα, a0〉 ∂αxϕ0(x).

Thus, ρLR(x,0) and aLR(x,0) are spatially localized functions with moments
out to order ,n- equal to zero. Since equation (2.6) is linear, we have the repre-
sentation

ρ(x, t) = ∂tw(t)∗Kν(t)∗ ρLR(x,0)−w(t)∗Kν(t)∗ aLR(x,0).

One can use the fact that the heat kernel satisfies

Kν(t) = Kν(t/2)∗ Kν(t/2)

to obtain

∂tw(t)∗Kν(t)∗ ρLR(x,0) = ∂tw(t)∗Kν(t/2)∗Kν(t/2)∗ ρLR(x,0).

This fact will be used repeatedly thorough out the paper. We use this fact along
with Young’s inequality and the estimates in Propositions 2.3 and 2.5 to obtain

‖∂tw(t)∗ Kν(t)∗ ρLR(x,0)‖L̊p(µ)
≤ ‖∂tw(t)∗Kν(t/2)‖L̊p(µ) ‖Kν(t/2)∗ ρLR(x,0)‖L1

+ ‖∂tw(t)∗Kν(t/2)‖Lp ‖Kν(t/2)∗ ρLR(x,0)‖L̊1(µ)

≤ C‖ρ0‖L1(n)t
−(3/2)(1−1/p)(1+ t)1−(1−1/p)−n/2+µ

for 1 ≤ p ≤ ∞, 0 ≤ µ ≤ n, and t ≥ 0. The bounds for the other term can be
obtained in the same way, and the same methods can be used to obtain bounds on
aLR, although there one must make use of Proposition 2.6 to control the blowup
as t → 0. !
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2.4.2. Hermite expansion for divergence-free vector fields. When consid-
ering the asymptotics of the vorticity equation, we will need a Hermite expansion
for divergence-free vector fields. If we write

(2.10) #ωL(t) = Kε(t)∗ #ω0

and naively expand each component of #ω(t) using the scalar Hermite expansion,
the terms we obtain are not, in general, divergence free. This is because the mo-
ments of the components of a vector field are not independent if the vector field
is divergence free. For any multi-index α̃ ∈ Z3

≥0, one must have

(2.11)
∫

R3
(∇xα̃) · #ω(x)dx =

∫

R3
xα̃∇ · #ω(x)dx = 0.

Hence, for α̃ with only one non-zero component, we see that these moments
must equal zero; for α̃ with only two non-zero components, these moments come
in pairs; and for α̃ with all three components non-zero, these moments come in
triples. For the purposes of this paper, we will only consider Hermite expansions
out to moments of order 2, so we define these asymptotic profiles explicitly in the
following table and let #pα̃,j = #fα̃,j = 0 for all |α̃| ≤ 3 not listed below. Higher-
order Hermite expansions can be defined, but their definition is more complicated
(see [8] for details). We determine the action of the Biot-Savart operator on these
profiles explicitly in Appendix D below.

Here, α̃ specifies which monomial determines this moment via (2.11). The
parameter j specifies which of the independent moments determined by xα̃ is
given by the vector #pα̃,j . For α̃ depending on two variables there is only one
independent moment, so #pα̃,2 = 0, whereas for α̃ depending on all three there

are two independent moments to consider. All of the profiles #fα̃,j are clearly
divergence free, and straightforward computations show that for #pα̃,j , #fα̃,j defined
above we have the orthonormality condition

〈#pα̃,j, #fβ̃,k〉 = δjkδα̃β̃.

We then have an analogue of the Hermite expansion as follows.

Proposition 2.9. Suppose that #ω0 ∈ L1
σ (n) for 0 ≤ n ≤ 2. If #ωL(t) is the

solution of the heat equation in C0[[0,∞),L1
σ (n)] given by (2.10), then we can write

#ωL(x, t) =
∑

j≤2, |α̃|≤,n-+1

〈#pα̃,j, #ω0〉Kε(t)∗ #fα̃,j(x)+ #ωLR(x, t),

where for any µ ≤ n,

‖ #ωLR(·, t)‖L̊p(µ) ≤ C‖ #ω0‖L1(n)(νt)
−(3/2)(1−1/p)−(n−µ)/2.

The proof again makes use of the zero moment property of the remainder
terms and Proposition 2.3. We leave the details to the reader.
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α̃ j #pα̃,j #fα̃,j

(1,1,0) 1 (− 1
2x2,

1
2x1,0)T ∇× (ϕ0#e3)

(1,0,1) 1 ( 1
2x3,0,− 1

2x1)T ∇× (ϕ0#e2)

(0,1,1) 1 (0,− 1
2x3,

1
2x2)T ∇× (ϕ0#e1)

(2,1,0) 1 ( 1
2x1x2,− 1

4x
2
1 ,0)

T ∇× (∂x1ϕ0#e3)

(1,2,0) 1 ( 1
4x

2
2 ,−

1
2x1x2,0)T ∇× (∂x2ϕ0#e3)

(2,0,1) 1 (− 1
2x1x3,0,

1
4x

2
1)
T ∇× (∂x1ϕ0#e2)

(1,0,2) 1 (− 1
4x

2
3 ,0,

1
2x1x3)T ∇× (∂x3ϕ0#e2)

(0,2,1) 1 (0, 1
2x2x3,− 1

4x
2
2)
T ∇× (∂x2ϕ0#e1)

(0,1,2) 1 (0, 1
4x

2
3 ,−

1
2x2x3)T ∇× (∂x3ϕ0#e1)

(1,1,1) 1 (x2x3,0,0)T ∇× (∂x3ϕ0#e3)

(1,1,1) 2 (0,0,−x1x2)T ∇× (∂x1ϕ0#e1)

TABLE 2.1. Asymptotic profiles for the divergence-free vector
field Hermite expansion

3. EXISTENCE AND UNIQUENESS OF

SOLUTIONS TO THE (ρ, a, #ω)T SYSTEM

Note that from the form of (1.11), if we can prove the existence of a and #ω, we
can get the solution for ρ by integration. Hence, we need to choose a function
space for (a, #ω). In the Hermite expansions above, we saw that we could obtain
higher-order approximations by increasing the spatial localization of the initial
conditions. Hence, for a given n ∈ R≥0 we might choose

(ρ0, a0, #ω0) ∈ L1(n)× L1(n)× L1
σ (n)

as a sufficiently general space to start with, and expect to obtain solutions with ,n-
orders of asymptotic profiles. Note, however, that we expect that a and #ω come
from a velocity vector field via a = ∇ · #m and #ω = ∇ × #m, so we can assume
they have zero total mass as in (2.4). It is for this reason that the expression ,n-1

enters into the definition of the decay rates &n,p,µ and &̃n,p,µ in (1.9). Since #m is
assumed to have at least one derivative, we assume that ρ has at least one as well,
and hence we assume (ρ0, a0, #ω0) ∈ W 1,1(n)× L1(n)× L1

σ (n).
It will be desirable that the moments be continuous functions of time. To

obtain this we will see that we need a slightly stronger assumption: we require that

(ρ0, a0, #ω0) belong toW 1,p̃(n)×Lp̃(n)×Lp̃σ (n) for all 1 ≤ p̃ ≤ 3
2 . We therefore
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define the function space

Z0
n =

⋂

1≤p<3/2

C0[[0,∞), Lp(n)× Lpσ (n)
]
.

By the smoothing properties of the heat evolution, the solutions have more regu-
larity for t > 0, so if we fix a degree of smoothness k ≥ 1 we define

Z+n,k =
⋂

1≤p≤∞
C0[(0,∞),Wk,p(n)×Wk,p

σ (n)].

Our existence analysis begins by studying the linear part of the evolution in
1.8. To this end, we let (ρL(t), aL(t), #ωL(t))T be defined by (2.7) and (2.10) for
t > 0 and (ρL(t), aL(t), #ωL(t))T = (ρ0, a0, #ω0)T for t = 0. In Appendix E, we
determine the smoothness properties and decay rates of these functions. Based on
our findings we look for solutions of (1.11) in the function space

Xn,k =
{
(a, #ω) ∈ Z0

n ∩ Z+n,k :(3.1)
∫

R3
a(x, t)dx = 0 and

∫

R3
#ω(x, t)dx = 0

}

with norm

‖(a, #ω)‖Xn,k

= sup
|α|≤k

sup
1≤p≤∞

sup
0≤µ≤n

sup
0<t<∞

[
trα,p (1+ t)&n,p,µ+&̂k,p,α‖∂αxa(t)‖L̊p(µ)

+ trα,p (1+ t)&̃n,p,µ‖∂αx #ω(t)‖L̊p(µ)
]

where rα,p, &̃n,p,µ and &n,p,µ are as in (1.9), and &̂k,p,α is defined by

&̂k,p,α =






0 for |α| < k,
0 for |α| = k, 1 ≤ p ≤ 2,

−2
3

(

1− 1
p

)

+ 1
3

for |α| = k, p ≥ 2.

Here, the factor &̂k,p,α accounts for a slightly slower admissible decay rate for the
highest-order derivative in Lp, p > 2, as compared to the linear evolution. Note
that Xn,k is a Banach space with this norm. We will also need to define

Ln,ñ(t) =
{

log(1+ t) when n = ñ,
1 otherwise.
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Theorem 3.1. Fix n ∈ [0,2], k ≥ 1, and let (ρ0, a0, #ω0) belong to W 1,p(n)×
Lp(n)× Lpσ (n) for all 1 ≤ p ≤ 3

2 , and suppose a0 and #ω0 have zero total mass. If

(3.2) En = sup
1≤p≤3/2

(‖ρ0‖W 1,p(n) + ‖a0‖Lp(n) + ‖ #ω0‖Lp(n))

is chosen sufficiently small, then there exists a unique solution (a(t), #ω(t)) of (1.11)
belonging to Xn,k such that (a(0), #ω(0)) = (a0, #ω0).

Proof. Having chosen an initial condition satisfying the above, define the map
F(ρ0,a0, #ω0) on Xn,k sending (a(s), #ω(s))T to a new function of space and time by
letting F(ρ0,a0, #ω0)[(a, #ω)](0) = (a0, #ω0)T and

F(ρ0,a0, #ω0)[a, #ω](t)

=




− ∂2
t w ∗Kν ∗ ρ0 + ∂tw ∗Kν ∗ a0−

−
∫ t

0
[∂tw ∗Kν](t − s)∗ [∇ ·N(a(s), #ω(s))]ds

Kε ∗ #ω0 −
∫ t

0
Kε(t − s)∗ [∇×N(a(s), #ω(s))]ds




for t > 0. For convenience, we will drop the subscript. We claim that F maps
Xn,k into itself and has Lipschitz constant equal to 1

2 on a ball of radius R centered
at the origin, which we prove below. Given these two claims, we can conclude
our proof as follows. If (aL, #ωL) are as above, we note that each of the bounds
determined in Appendix E depend on the magnitude of the initial condition, and
so ‖(aL, #ωL)‖Xn,k ≤ CEn.

Therefore, if we choose the initial condition sufficiently small, (i.e., En ≤
R/(2C)), we then have

‖F(a, #ω)− (aL, #ωL)‖Xn,k = ‖F(a, #ω)− F(0,0)‖Xn,k

≤ 1
2
‖(a, #ω)− (aL, #ωL)‖Xn,k +

1
2
‖(aL, #ωL)‖Xn,k

≤ R

2

for (a, #ω) ∈ B((aL, #ωL), R/2), the closed ball of radius R/2 that is centered at
(aL, #ωL)T . Therefore, F maps B((aL, #ωL)T , R/2) into itself, and since F is a
contraction here, the unique solution of (1.11) is given by the fixed point of F .

Claim 3.2. The map F defined above carries Xn,k into itself.

Proof. We begin by proving that for (a, #ω) ∈ Xn,k the Xn,k norm of F(a, #ω)
is finite and that F(a, #ω) ∈ Z0

n ∩ Z+n,k. We note again that the decay rates and
smoothness requirements to belong to Xn,k were found to be more than satisfied
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by those of the linear terms in Appendix E, so we need only analyze the evolution
of the Duhamel terms. Furthermore, we note it is sufficient to bound the L̊p(µ)
norms for µ = 0 and µ = n since we can interpolate via

‖a‖L̊p(µ) ≤ (‖a‖L̊p(n))
µ/n(‖a‖Lp)1−µ/n.

For µ fixed either as µ = 0 or µ = n, we need only bound the L̊p(µ) norms
p = 1,2,∞ for times t > 1 and Lp norms for p = 1, 3

2 ,∞ for times t < 1, and the
result then follows from interpolation via

‖a‖L̊r (µ) ≤
∥∥a
∥∥(p/r)(q−r)/(q−p)
L̊p(µ)

∥∥a
∥∥1−(p/r)(q−r)/(q−p)
L̊q(µ)

for any p,q, r such that 1 ≤ p ≤ r ≤ q ≤ ∞.
We begin by bounding the unweighted Lp norms of the Duhamel term corre-

sponding to a(t) using our estimates above. First, we use Young’s inequality, then
split the integral into two parts:

∫ t

0

∥∥∂tw(t − s)∗ ∂αxKν(t − s)∗ [∇ ·N(a(s), #ω(s))]
∥∥
Lp ds

≤
∫ t

0

∥∥∥∥∂tw(t − s)∗ Kν
(
t − s

2

)∥∥∥∥
Lq

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
Lq1

ds

≤
(∫ t/2

0
+
∫ t

t/2

)
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
Lq1

ds

=: I1 + I2.

Here, 1 + 1/p = 1/q + 1/q1. We can then bound the integrals for s ∈ (0, t/2)
and s ∈ (t/2, t) separately.

First, we handle the I1 term. We use the heat estimate to pull the divergence
and the ∂αx derivative off of the nonlinearity:

I1 ≤
∫ t/2

0
(t − s)−(3/2)(1/q1−1/p)−(1+|α|)/2(1+ t − s)1/2−(1/q1−1/p)

× ‖N(a(s), #ω(s))‖Lq1 ds

≤max
ijl

∫ t/2

0
(t − s)−(3/2)(1/q1−1/p)−(1+|α|)/2(1+ t − s)1/2−(1/q1−1/p)

× ‖∂xi(mj)ml‖Lq1 ds.
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We can then use our above estimates on Π, B in Corollary 2.2 parts (a), (b) to
bound the nonlinear term:

‖∂xi(mj)ml‖Lq1

(3.3)

≤ ‖∂ximj‖Lp1‖ml‖Lp2

≤ C(‖a‖Lp1 + ‖ #ω‖Lp1 )(‖a‖Lp3 + ‖ #ω‖Lp3 )

≤ Cs−r0,p1−r0,p3 (1+ s)−min(&n,p1 ,0,&̃n,p1 ,0)−min(&n,p3 ,0,&̃n,p3,0)
∥∥(a, #ω)

∥∥2
Xn,k .

Note that the use of Young’s inequality, Hölder’s inequality, (2.1), and (2.3) puts
the following restrictions on the set of admissible values for p1, p3:

(3.4) 1 < p1 < ∞, 1 < p3 < 3,
1
p
≤ 1
p1
+ 1
p3
− 1

3
≤ 1.

We choose q1 = 1; hence, we require 1/p1 + 1/p3 − 1
3 = 1. Letting p1 = p3 = 3

2 ,
(3.3) becomes

‖∂xi(mj)ml‖L1 ≤ C(1+ s)−2/3−,n-1
∥∥(a, #ω)

∥∥2
Xn,k
,

and hence putting this together, we have

I1 ≤
∫ t/2

0
(t − s)−(3/2)(1−1/p)−(1+|α|)/2(1+ t − s)1/2−(1−1/p)(3.5)

× (1+ s)−2/3−,n-1
∥∥(a, #ω)

∥∥2
Xn,k ds

≤ C
∥∥(a, #ω)

∥∥2
Xn,kt

−(3/2)(1−1/p)−(1+|α|/2)

× (1+ t)1/2−(1−1/p)+max(1/3−,n-1,0)Ln,1/3(t)

for t ≥ 1. Thus, the Lp norms of I1 have sufficiently fast decay as t → ∞ for all
1 ≤ p ≤ ∞ such that the Xn,k norm remains bounded. For t < 1, we have

I1 ≤
∫ t/2

0
(t − s)−(3/2)(1−1/p)−(1+|α|)/2(1+ t − s)1/2−(1−1/p)

× (1+ s)−2/3−,n-1
∥∥(a, #ω)

∥∥2
Xn,k

ds

≤ C
∥∥(a, #ω)

∥∥2
Xn,kt

−(3/2)(1−1/p)+(1−|α|)/2 ,

and hence we see the Lp norms have the right behavior for 1 ≤ p ≤ ∞ such that
the Xn,k norms remain bounded. Furthermore, we note that for 1 ≤ p < 3

2 and
|α| = 0 the Lp norms tend to zero, which is consistent with the continuity of
F(a, #ω) at t = 0.
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For I2 we use the heat estimate to pull the divergence off of the nonlinearity:

I2 =
∫ t

t/2
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
Lq1

ds

≤ max
ijl

∫ t

t/2
(t − s)−(3/2)(1/q1−1/p)−1/2(1+ t − s)1/2−(1/q1−1/p)

× ‖∂αx ∂xi(mjml)‖Lq1 ds.

For an arbitrary multi-index β, we can use the estimates (a), (b) in Corollary 2.2
to obtain

‖∂βx ∂xi(mjml)‖Lq1(3.6)

≤
∑

γ1+γ2=β
‖∂γ1
x ∂ximj‖Lp1 ‖∂γ2

x ml‖Lp2

≤ C
∑

γ1+γ2=β
(‖∂γ1

x a‖Lp1 + ‖∂γ1
x #ω‖Lp1 )(‖∂γ2

x a‖Lp3 + ‖∂γ2
x #ω‖Lp3 )

≤ Cs−r0,p1−r0,p3−|β|/2(1+ s)−min(&n,p1 ,0,&̃n,p1 ,0)−min(&n,p3 ,0,&̃n,p3,0)

×
∥∥(a, #ω)

∥∥2
Xn,k

provided that the constraints in (3.4) are met. Here, we take β = α. We must also
ensure that the singularity at s = t is integrable. For 1 ≤ p < 3

2 we can choose

p1 = p3 =
3
2

as before, and we obtain

I2 ≤
∫ t

t/2
(t − s)−(3/2)(1−1/p)−1/2(1+ t − s)1/2−(1−1/p)s−|α|/2(3.7)

× (1+ s)−2/3−,n-1
∥∥(a, #ω)

∥∥2
Xn,k ds

≤ Ct−(3/2)(1−1/p)+(1−|α|)/2(1+ t)1/2−(1−1/p)−2/3−,n-1

×
∥∥(a, #ω)

∥∥2
Xn,k

for 0 < t < ∞, so these Lp norms have the right behavior as t → 0 and as
t →∞, and tend to zero for |α| = 0, which is consistent with continuity at t = 0.
Similarly, for 3

2 ≤ p ≤ 2 we can choose p1 = p3 = 2 in (3.6) and obtain the
pointwise bound

‖∂αx ∂xi(mjml)‖L3/2 ≤ Cs−1/2−|α|/2(1+ s)−1−,n-1
∥∥(a, #ω)

∥∥2
Xn,k ,
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from which it follows that

I2 ≤
∫ t

t/2
(t − s)−(3/2)(2/3−1/p)−1/2(1+ t − s)1/2−(2/3−1/p)s−1/2−|α|/2

× (1+ s)−1−,n-1
∥∥(a, #ω)

∥∥2
Xn,k ds

≤ Ct−(3/2)(2/3−1/p)−|α|/2(1+ t)1/2−(1−1/p)−2/3−,n-1
∥∥(a, #ω)

∥∥2
Xn,k

for 0 < t < ∞; hence, these Lp norms also have the right behavior as t → 0 and
as t → ∞. Finally, we can obtain bounds on the L∞ norm by choosing p1 = 8,
p3 = 8

3 in (3.6) to obtain the pointwise bound

‖∂αx ∂xi(mjml)‖L6 ≤ Cs−5/4−|α|/2(1+ s)−1−,n-1
∥∥(a, #ω)

∥∥2
Xn,k ,

from which we then obtain the following bound on the integral for 0 < t <∞:

I2 ≤ Ct−1−|α|/2(1+ t)−1+1/3−,n-1
∥∥(a, #ω)

∥∥2
Xn,k
.

Note this is slower than the linear evolution rate. For |α| < k we can make an
improved estimate to match the linear rate as follows. With p = ∞, we keep all
derivatives on the nonlinearity when using the heat estimate, and we obtain

I2 ≤ max
ij

∫ t

t/2
(t − s)−(3/2q1)(1+ t − s)1/2−1/q1(3.8)

× ‖∂αx ∂xi ∂xj (mimj)‖Lq1 ds.

We can then use the estimate in (3.6) by taking β = α + ej , and we choose
p1 = p3 = 12

5 to obtain

I2 ≤ C
∫ t

t/2
(t − s)−3/4s−3/4−(|α|+1)/2(1+ s)−1−,n-1 ds

∥∥(a, #ω)
∥∥2
Xn,k

≤ C‖(a, #ω)‖2
Xn,kt

−1−|α|/2(1+ t)−1−,n-1 .

For n = 0 we are done. For n > 0 we bound the weighted norms when
µ = n of the Duhamel term corresponding to a(t), and the results then follow by
interpolation. We first bound the weighted norm of the convolution in terms of
the weighted norms of each of its components using Young’s inequality:

∫ t

0

∥∥∂tw(t − s)∗ ∂αxKν(t − s)∗ [∇ ·N(a(s), #ω(s))]
∥∥
L̊p(n) ds

≤
∫ t

0

∥∥∥∥∂tw(t − s)∗ Kν
(
t − s

2

)∥∥∥∥
L̊q̃(n)
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×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
Lq̃1

ds

+
∫ t

0

∥∥∥∥∂tw(t − s)∗Kν
(
t − s

2

)∥∥∥∥
Lq

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
L̊q1 (n)

ds.

For the first term, we can use the weighted estimate of the heat-wave operator in
Proposition 2.5 and then repeat the analysis used above for the unweighted norm
of the nonlinearity line by line to obtain the appropriate bounds for this term.
Thus, we need only bound the second term.

For the second term we use the unweighted estimate in Proposition 2.5 and
split the integral as before:

∫ t

0

∥∥∥∥∂tw(t − s)∗Kν
(
t − s

2

)∥∥∥∥
Lq

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
L̊q1 (n)

ds

≤
∫ t

0
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
L̊q1 (n)

ds

≤
(∫ t/2

0
+
∫ t

t/2

)
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)

×
∥∥∥∥∂αxKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
L̊q1 (n)

ds

= I1 + I2.

The next step is to use our heat estimate, and then we will need bounds for the
weighted norm of the nonlinear term analogous to (3.3), (3.6). Note, however,
that these bounds are essentially the same, so here we will derive both at once. The
derivation is similar to (3.6), but one must always place the weight on the term
with fewer derivatives in order to use Corollary 2.2 (a). For 0 < n < 2 we make
the estimate

(3.9) ‖∂βx ∂xi(mjml)‖L̊q1 (n)

≤ ‖∂βx ∂xi(mjml)‖Lq1 (n)

≤ C
∑

γ1+γ2=β
(‖∂γ1

x a‖Lp1 + ‖∂γ1
x #ω‖Lp1 )(‖∂γ2

x a‖Lp3(n) + ‖∂γ2
x #ω‖Lp3(n))

≤ Cs−r0,p1−r0,p3−|β|/2(1+ s)−min(&n,p1 ,0,&̃n,p1 ,0)−min(&n,p3 ,n,&̃n,p3 ,n)

×
∥∥(a, #ω)

∥∥2
Xn,k
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using parts (a) and (b) of Corollary 2.2, which requires the set of constraints

(3.10) 1 < p1 < ∞,
3

3−n < p3 <
3

1− ,n-1
,

1
p
≤ 1
p1
+ 1
p3
− 1

3
≤ 1.

Or, for 1 ≤ n ≤ 2 we can obtain the same bound using parts (a) and (c) of
Corollary 2.2, which require

(3.11) 1 < p1 <∞,
3

4−n < p3 <
3

3−n,
1
p
≤ 1
p1
+ 1
p3
− 1

3
≤ 1.

Note that in the overlapping region 1 ≤ n < 2 we can use either bound, but
if we use Corollary 2.2 (a) and (c) by satisfying the constraints in (3.11), we are
allowed to choose a smaller p3 than (3.10) allow, a fact which we will exploit. The
task then becomes obtaining various choices of p1 and p3 for I1, I2, 1 ≤ p ≤ ∞,
0 < n ≤ 2.

For I1 we use the heat estimate to pull the divergence and the ∂αx derivative
off of the nonlinearity, and use (3.9) with β = 0. For 0 < n < 1 we can satisfy the
constraints in (3.10) with q1 = 1 by taking p1 = p3 = 3

2 , and we obtain

I1 ≤
∫ t/2

0
(t − s)−(3/2)(1−1/p)−(1+|α|)/2(1+ t − s)1/2−(1−1/p)

× (1+ s)−2/3−,n-1+n
∥∥(a, #ω)

∥∥2
Xn,k

ds

≤ C
∥∥(a, #ω)

∥∥2
Xn,kt

−(3/2)(1−1/p)−(1+|α|)/2(1+ t)1/2−(1−1/p)+1/3−,n-1+n,

whereas for 1 < n < 2 precisely the same estimate holds by taking p1 = p3 = 3
2 in

(3.11). Hence, these weighted Lp norms decay sufficiently quickly as t → ∞ for
1 ≤ p ≤ ∞. For t < 1 this bound becomes

(3.12) I1 ≤ C
∥∥(a, #ω)

∥∥2
Xn,kt

−(3/2)(1−1/p)+(1−|α|)/2 ,

and hence these norms have the right behavior as t → 0. For 1 ≤ n < 3
2 we can

use (3.11) by taking p1 = 2, p3 = 6
5 , and for 3

2 < n ≤ 2 we can use p1 = 6
5 ,

p3 = 2. In both cases, we have

I1 ≤
∫ t/2

0
(t − s)−(3/2)(1−1/p)−(1+|α|)/2(1+ t − s)1/2−(1−1/p)s−1/4

× (1+ s)−5/6+n−7/12
∥∥(a, #ω)

∥∥2
Xn,k ds

≤ C
∥∥(a, #ω)

∥∥2
Xn,kt

−(3/2)(1−1/p)+1/4−|α|/2(1+ t)1/2−(1−1/p)+n−4/3

for 0 < t < ∞, and hence the weighted Lp norms of this term decay sufficiently
fast to remain in Xn,k for 1 ≤ p ≤ ∞. For t < 1 this bound shows that the L̊p(n)
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norms have the right behavior as t → 0 for 1 ≤ p < 6
5 . Then, we need only prove

that the Lp(n) norms for 6
5 ≤ p ≤ ∞ have the right behavior as t → 0 for n = 1

and n = 2. Here, we can choose p1 = 3
2 , p3 = 2 for n = 1 using (3.10) and using

(3.11) for n = 2, and we again obtain (3.12), so the weighted Lp norms blow up
sufficiently slowly for 6

5 ≤ p ≤ ∞ as t → 0. Hence, I1 belongs to Xn,k.
For I2 we can reuse many of the estimates in the unweighted case, but we have

to modify these slightly. We again use the heat estimate to pull the divergence off

the nonlinearity, and we again have to worry about the singularity at s = t. For
0 < n < 1 we can make precisely the same choices as in the unweighted case.
Namely, we can obtain the appropriate bounds for the L̊p(n) norms using (3.10)
by taking p1 = p3 = 3

2 for 1 ≤ p < 3
2 , and we obtain the analogous weighted

pointwise bound

‖∂αx ∂xi(mjml)‖L̊1(n) ≤ Cs
−|α|/2(1+ s)−5/3+n∥∥(a, #ω)

∥∥2
Xn,k .

We can then make the identical estimate in (3.7) with this analogous pointwise
bound to show that these norms have the correct behavior for 0 < t < ∞. Simi-
larly, we can use (3.10) by taking p1 = p3 = 2 for 3

2 ≤ p ≤ 2 and taking p1 = 8,
p3 = 8

3 for p = ∞ and obtain the analogous pointwise bounds, from which it
follows in the same way that these norms have the correct behavior for 0 < t < ∞,
except for p =∞, |α| < k. We can then match the decay rate for p = ∞, |α| < k
by keeping all derivatives on the nonlinearity as in (3.8), taking β = α + ej in
(3.9), and taking

p1 = p3 =
12
5

in (3.10).
The case 1 < n < 2 is also similar, and we can show that the L̊p(n) norms

have the correct behavior for 1 ≤ p < 3
2 by taking p1 = p3 = 3

2 in (3.11). For
the L̊p(n) norms for 3

2 ≤ p ≤ 2, we make a slightly different estimate by taking
p1 = 3, p3 = 3

2 in (3.11), and we obtain the pointwise bound

‖∂αx ∂xi(mjml)‖L̊3/2(n) ≤ Cs
−1/2−|α|/2(1+ s)−11/6+n∥∥(a, #ω)

∥∥2
Xn,k

and repeating the above analysis. For 1 < n < 2 we can set q1 = 6 by choosing
p1 = 8

3 and p3 = 8 using (3.10), and show that the L̊∞(n) norms have the correct
behavior for 0 < t < ∞, except for p = ∞, |α| < k. We can then match the decay
rate for p = ∞, |α| < k by keeping the derivatives on the nonlinearity and using
β = α+ ej in (3.9) with p1 = 2, p3 = 3 in (3.10).

It remains to show the L̊p(n) norms have the correct behavior for n = 1 and
n = 2. We can choose p1 = 2, p3 = 6

5 for 1 ≤ n < 3
2 and p1 = 6

5 , p3 = 2 for



1200 RYAN GOH, C. EUGENE WAYNE & ROLAND WELTER

3
2 < n ≤ 2, and we find

I2 ≤
∫ t

t/2
(t − s)−(3/2)(1−1/p)−1/2(1+ t − s)1/2−(1−1/p)s−1/4−|α|/2

× (1+ s)−17/12+n∥∥(a, #ω)
∥∥2
Xn,k

ds

≤ Ct−(3/2)(1−1/p)+1/4−|α|/2(1+ t)1/2−(1−1/p)−17/12+n∥∥(a, #ω)
∥∥2
Xn,k

for 1 ≤ p < 3
2 , which decays appropriately quickly as t → ∞. Note also that this

bound holds for t < 1, and hence the weighted Lp norms tend to zero as t → 0
for 1 ≤ p < 6

5 . For 3
2 ≤ p ≤ 2 we can set q1 = 3

2 by choosing p1 = p3 = 2 using

(3.10) for 1 ≤ n < 3
2 and (3.11) for 3

2 < n ≤ 2, and we find

I2 ≤ Ct−(3/2)(2/3−1/p)−|α|/2(1+ t)1/2−(1−1/p)−5/3+n∥∥(a, #ω)
∥∥2
Xn,k

for 0 < t < ∞. Finally, for

1 ≤ n < 3
2

we choose p1 = 8
3 , p3 = 8 using (3.10), and for 15

8 < n ≤ 2 we choose p1 = 8,

p3 = 8
3 using (3.11); and we see that the L̊∞(n) norm has the right behavior

for t > 1, |α| = k, and t < 1 for all α, and we can then match the decay rate
for p = ∞, |α| < k by keeping the derivatives on the nonlinearity and using
β = α + ej in (3.9) with p1 = 2, p3 = 3 in (3.10) for 1 ≤ n < 3

2 and p1 = 24
11 ,

p3 = 8
3 in (3.11) for 15

8 < n ≤ 2.
The bounds on the Duhamel term for #ω(t) can be obtained in a very similar

manner. The only difference is that one need not make the initial step of using
Young’s inequality. In particular, we begin by looking at the unweighted norms,
and we first split the integral

∫ t

0

∥∥∂αxKε(t − s)∗ [∇×N(a(s), #ω(s))]
∥∥
Lp ds

=
(∫ t/2

0
+
∫ t

t/2

)∥∥∂αxKε(t − s)∗ [∇×N(a(s), #ω(s))]
∥∥
Lp ds

=: I1 + I2.

We can then use the heat estimate directly, and for s ∈ (0, t/2) we pull the diver-
gence and the ∂αx derivative off the nonlinear term using the heat estimate, whereas
for s ∈ (t/2, t) we only pull the divergence off. By making the exact same esti-
mates as for the Duhamel term for a(t) with the same choices of p1 and p3, we
arrive at the analogous bounds. The weighted norms can be obtained in the same
way. For brevity we omit this, although this work is carried out in full form in [8].
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It remains to obtain continuity for t > 0, in which case we would have
F(a, #ω) ∈ Z0

n ∩ Z+n,k. Beginning with the Duhamel term for a(t), we note
that this is equivalent to showing that

lim
h→0

∫ t+h

t

∥∥∥∂tw(t + h− s)∗ ∂αxKν(t + h− s)(3.13)

∗ [∇ ·N(a(s), #ω(s))]
∥∥∥
Lp

ds = 0,

lim
h→0

∫ t

0

∥∥∥
[
∂tw(t + h− s)∗ ∂αxKν(t + h− s)(3.14)

− ∂tw(t − s)∗ ∂αxKν(t − s)
]
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥
Lp

ds = 0.

For the first limit we can re-use the methods used to obtain a bound on the I2
term above to show that this limit is zero. For the second, we can use the estimate

∥∥∥[∂tw(t + h− s)∗ ∂αxKν(t + h− s)− ∂tw(t − s)∗ ∂αxKν(t − s)]

∗ [∇ ·N(a(s), #ω(s))]
∥∥∥
Lp

≤
∥∥∥∥∂tw(t + h− s)∗ ∂αxKν

(
t − s

2
+ h

)
− ∂tw(t − s)∗ ∂αxKν

(
t − s

2

)∥∥∥∥
L1

×
∥∥∥∥Kν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
Lp

and show that this first factor tends to zero uniformly in s as h→ 0. The weighted
norms can be bounded similarly, and one can obtain continuity for the Duhamel
term corresponding to #ω(t) by showing that the limits analogous to (3.13), (3.14)
are zero. !

Claim 3.3. The map F defined above has Lipschitz constant K = 1
2 on a ball

B(0, R) in Xn,k.

Proof. We must bound ‖F(a, #ω)−F(ã, #̃ω)‖Xn,k for (a, #ω), (ã, #̃ω) ∈ B(0, R),
where R is yet to be chosen. The analysis is similar to the above, but now we use
the bilinear property of the nonlinearity to get the analogous unweighted estimates

‖∂βxN(a(s), #ω(s))− ∂βxN(ã(s), #̃ω(s))‖Lq1(3.15)

≤max
ijl

∥∥∂βx[∂xi(mj)(ml − m̃l)]
∥∥
Lq1 +

∥∥∂βx[∂xi(mj − m̃j)m̃l]
∥∥
Lq1

≤ C(‖(ã, #̃ω)‖Xn,k + ‖(a, #ω)‖Xn,k)

× ‖(a− ã, #ω− #̃ω)‖Xn,ks−r0,p1−r0,p3−|β|/2

× (1+ s)−min(&n,p1 ,0,&̃n,p1 ,0)−min(&n,p3 ,0,&̃n,p3 ,0)
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corresponding to (3.3) and (3.6), which require the set of constraints (3.4), as well
as the analogous weighted estimate

∥∥∂βx[N(a(s), #ω(s))−N(ã(s), #̃ω(s))]
∥∥
L̊q1 (n)(3.16)

≤ C(‖(ã, #̃ω)‖Xn,k + ‖(a, #ω)‖Xn,k)

× ‖(a− ã, #ω− #̃ω)‖Xn,ks−r0,p1−r0,p3−|β|/2

× (1+ s)−min(&n,p1 ,0,&̃n,p1 ,0)−min(&n,p3 ,n,&̃n,p3 ,n)

corresponding to (3.9) which requires the set of constraints (3.10) for 0 < n < 2
and (3.11) for 1 ≤ n ≤ 2.

The proof then follows exactly the steps used to prove Claim 3.2 with these
analogous estimates. We begin by looking at the norms of the difference between
the Duhamel terms corresponding to a(t):

∫ t

0

∥∥∥∂tw(t − s)∗ ∂αxKν(t − s)∗

∗
[
∇ · [N(a(s), #ω(s))−N(ã(s), #̃ω(s))]

]∥∥∥
Lp

ds ≤

≤
(∫ t/2

0
+
∫ t

t/2

)
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗
[
∇ · [N(a(s), #ω(s))−N(ã(s), #̃ω(s))]

]∥∥∥∥
Lq1

ds

=: I1 + I2.

For I1 we can then use the heat estimate and the bilinearity to obtain

I1 ≤ Cmax
ijk

∫ t/2

0
(t − s)−(3/2)(1/q1−1/p)−1/2−|α|/2(1+ t − s)1/2−(1/q1−1/p)

× (‖∂xi(mj)(ml − m̃l)‖Lq1 + ‖∂xi(mj − m̃j)m̃l‖Lq1 )ds.

We can then repeat the analysis for the Duhamel term above for a(t) line by line
for each of these terms, using (3.15) with α = 0 and then making the same choices
for p1 and p3 to handle the cases t ≥ 1 and t < 1 separately for different values of
p, and we find

sup
|α|≤k

sup
1≤p≤∞

sup
0≤t<∞

trα,p (1+ t)&n,p,0+&̂k,p,αI1 ≤(3.17)

≤ C(‖(ã, #̃ω)‖Xn,k + ‖(a, #ω)‖Xn,k)‖(a− ã, #ω− #̃ω)‖Xn,k.
Similarly, for I2 we use the heat estimate (3.15) and the preceding analysis to get

sup
|α|≤k

sup
1≤p≤∞

sup
0≤t<∞

trα,p (1+ t)&n,p,0+&̂k,p,αI2(3.18)

≤ C(‖(ã, #̃ω)‖Xn,k + ‖(a, #ω)‖Xn,k)‖(a− ã, #ω− #̃ω)‖Xn,k.
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The bounds on the weighted norms can be obtained by following the steps used
in the proof of Claim 3.2 with the analogous bound (3.16), and the bounds on
the Duhamel term for #ω(t) can be obtained by repeating this procedure. By
combining (3.17), (3.18), the bounds on the weighted norms and the analogue
for the Duhamel term for #ω(t), we obtain

‖F(a, #ω)−F(ã, #̃ω)‖Xn,k ≤ C(‖(ã, #̃ω)‖Xn,k+‖(a, #ω)‖Xn,k)‖(a−ã, #ω− #̃ω)‖Xn,k,

so by letting R = 1/(4C) we have our result. !

Having proven the existence of solutions a(t) and #ω(t), we now complete
the proof of existence of solutions to (1.11) by proving the existence of a solution
ρ(t). For n ∈ R≥0 we define the function space

Yn,k

=
{
ρ : ρ ∈

⋂

1≤p<3/2

C0[ [0,∞), Lp(n)] and ρ ∈
⋂

1≤p≤∞
C0[(0,∞),Wk,p(n)

]}

equipped with the norm

‖ρ‖Yn,k

= sup
|α|≤k

sup
1≤p≤∞

sup
0≤µ≤n

sup
0<t<∞

[
trα,p (1+ t)&n,p,µ+&̂k,p,α−1/2‖∂αxρ(t)‖L̊p(µ)

]

where rα,p,&n,p,µ, &̂k,p,α are as before. !

Corollary 3.4. Fix n ∈ [0,2], k ≥ 1, and let (ρ0, a0, #ω0) belong to

W 1,p(n)× Lp(n)× Lpσ (n)

for all 1 ≤ p ≤ 3
2 , where a0, #ω0 have zero total mass and (ρ0, a0, #ω0) have suffi-

ciently small norms as in Theorem 3.1. If (a(t), #ω(t)) is the solution of (1.11) from
Theorem 3.1, then the solution ρ(t) defined by (1.11) belongs to Yn,k.

Proof. As before, the decay rates and smoothness properties are chosen to
match those of the linear terms hence we need only check the Duhamel term.
We first estimate the unweighted norms

∫ t

0

∥∥w(t − s)∗ ∂αxKν(t − s)∗ [∇ ·N(a(s), #ω(s))]
∥∥
Lp ds

≤max
ijk

(∫ t/2

0
+
∫ t

t/2

)
(t − s)−(3/2)(1/q1−1/p)+1(1+ t − s)−(1/q1−1/p)

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
Lp

ds

=: I1 + I2.
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For I1, we pull the divergence and the ∂αx derivative off of the nonlinearity
using the heat estimate, use estimate (3.3), let p1 = p3 = 3

2 , and find

I1 ≤ C
∥∥(a, #ω)

∥∥2
Xn,k
t−(3/2)(1−1/p)+1/2−|α|/2(1+ t)−(1−1/p)+max(1/3−,n-1,0),

which holds for all t > 0; hence, the Lp norms of this term have sufficiently fast
decay for 1 ≤ p ≤ ∞ as t →∞, tend to zero as t → 0 for 1 ≤ p < 3

2 , |α| = 0, and
blow up sufficiently slowly for 3

2 ≤ p ≤ ∞.
For I2, we use the heat estimate to pull the divergence off the nonlinearity, use

estimate (3.6), and set p1 = p3 = 3
2 for 1 ≤ p ≤ 2, finding

I2 ≤ C
∥∥(a, #ω)

∥∥2
Xn,kt

3/(2p)−|α|/2(1+ t)−(1−1/p)−2/3−,n-1

which also holds for all t; hence, these behave correctly both as t → 0 and as
t →∞ as well. For p = ∞, we can choose p1 = 8, p3 = 8

3 , and we obtain

I2 ≤ C
∥∥(a, #ω)

∥∥2
Xn,k

t−|α|/2(1+ t)−7/6−,n-1

separately for t > 1 and t < 1, and hence L∞ norm has the correct behavior for
t < 1 and t > 1 if |α| = k. We can then match the linear decay rate for p = ∞,
|α| < k by keeping the derivatives on the nonlinearity and using β = α + ej in
(3.6) with p1 = p3 = 12

5 .
As above, we can bound the weighted norms in terms of the weighted norms

of each of the components of the convolution. For the term in which the weight
falls on the heat-wave operator, we can repeat the estimates on the unweighted
norms of the nonlinearity above. For the other term, we split the integral into two
pieces:

∫ t

0
(t − s)−(3/2)(1/q1−1/p)+1(1+ t − s)−(1/q1−1/p)

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
L̊q̃1 (n)

ds

≤
(∫ t/2

0
+
∫ t

t/2

)
(t − s)−(3/2)(1/q1−1/p)+1/2(1+ t − s)−(1/q1−1/p)

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
L̊q̃1 (n)

ds

=: I1 + I2.

We can then make use of (3.9) in each to bound the nonlinear term. For I1, we
as usual pull the divergence off of the nonlinearity, and for 0 < n < 1 we use
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(3.10) to choose p1 = p3 = 3
2 , whereas for 1 < n < 2 we use (3.11) to choose

p1 = p3 = 3
2 , and we find

I1 ≤ C
∥∥(a, #ω)

∥∥2
Xn,kt

−(3/2)(1−1/p)+1/2−|α|/2(1+ t)−(1−1/p)+1/3−,n-1+n,

which holds for 0 < t < ∞, 1 ≤ p ≤ ∞. Then, we use (3.11) to choose p1 = 2
and p3 = 6

5 for 1 ≤ n ≤ 3
2 and p1 = 6

5 and p3 = 2 for 3
2 < n ≤ 2, and we obtain

I1 ≤ C
∥∥(a, #ω)

∥∥2
Xn,kt

−(3/2)(1−1/p)+1/2−|α|/2(1+ t)−(1−1/p)−7/12+n

for 0 < t < ∞, 1 ≤ p ≤ ∞. Similarly, for I2 we use (3.10) to choose p1 = p3 = 3
2

for 0 < n < 1, and we use (3.11) to choose p1 = p3 = 3
2 for 1 < n < 2, obtaining

I2 ≤ C
∥∥(a, #ω)

∥∥2
Xn,kt

−(3/2)(1−1/p)+3/2−|α|/2(1+ t)−(1−1/p)−2/3−,n-1+n

for 1 ≤ p ≤ 2 and 0 < t < ∞. Next, we use (3.11) to choose p1 = 2 and p3 = 6
5

for 1 ≤ n ≤ 3
2 and p1 = 6

5 and p3 = 2 for 3
2 < n ≤ 2, and we find

I2 ≤ C
∥∥(a, #ω)

∥∥2
Xn,kt

−(3/2)(1−1/p)+5/4−|α|/2(1+ t)−(1−1/p)−17/12+n,

which holds for 0 < t < ∞ and 1 ≤ p < ∞. For p = ∞ we can set q1 = 6
by choosing p1 = 8 and p3 = 8

3 for 0 < n < 1 using (3.10), choosing p1 = 8
3

and p3 = 8 for 1 ≤ n < 2 using (3.10), and choosign p1 = 8 and p3 = 8
3 for

15
8 < n ≤ 2 using (3.11), obtaining

I2 ≤ C
∥∥(a, #ω)

∥∥2
Xn,kt

−|α|/2(1+ t)−7/6−,n-1+n.

We can then match the linear decay rate for p = ∞, |α| < k by keeping the
derivatives on the nonlinearity and using β = α+ ej in (3.9), and choosing p1 =
p3 = 12/5 for 0 < n < 1 using (3.10), choosing p1 = 2 and p3 = 3 for 1 ≤ n < 2
using (3.10), and choosing p1 = 24

11 and p3 = 8
3 for 15

8 < n ≤ 2 using (3.11).
Continuity for t > 0 is proven as before. !

4. ASYMPTOTIC APPROXIMATIONS FOR THE

MODIFIED COMPRESSIBLE NAVIER-STOKES

With these solutions in hand, we turn to the task of approximating these so-
lutions efficiently and accurately, especially in the regime t → ∞. If u(t) =
(ρ(t), a(t), #ω(t))T is the solution belonging to Yn,k×Xn,k given by Theorem 3.1
with initial condition (ρ0, a0, #ω0)T , a0, #ω0 with zero total mass, then we can
write

(4.1) u(t) = uL(t)+uN(t)
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where uL(t) is the linear evolution defined in (2.7), (2.10), and uN(t) =
u(t) − uL(t). We saw in Propositions 2.8, 2.9 that for initial conditions u0

belonging to L1(n) spaces, we can write

(4.2) uL(t) = uH(t)+uLR(t)

where the Hermite profiles uH(t) are defined as
(
ρH(x, t)

aH(x, t)

)

=
∑

i≤2, |α|≤,n-

〈

Hα#ei,

(
ρ0

a0

)〉

∂αx

(
ρi(x, t)

ai(x, t)

)

,

#ωH(x, t) =
∑

j≤2, |α̃|≤,n-+1

〈#pα̃,j, #ω0〉Kε(t)∗ #fα̃,j(x),

where ρi, ai are defined in (2.8), (2.9), and where #pα̃,j, #fα̃,j are defined in Ta-
ble 2.1. We obtained the temporal behavior of uLR(t) in Propositions 2.8, 2.9. In
the above existence analysis, we saw that uN(t) decays faster than uL(t) in some,
but not necessarily all, Lp norms; hence, we need to study uN(t) more closely.
We note that uN(t) can be written as

uN(t) = −
∫ t

0
eL(t−s)Q(u(s),u(s))ds,

so inspired by (4.1), (4.2), we define the Hermite-Picard profiles uHP(t) and
nonlinear remainder uNR(t):

uHP(t) := −
∫ t

0
eL(t−s)Q(uH(s),uH(s))ds,(4.3a)

uNR(t) := uN(t)−uHP(t),(4.3b)

where uI(t) = (ρI(t), aI(t), #ωI(t))T , I = L,HP,NR. We have already obtained
upper bounds on the temporal behavior of uH(t) in Appendix E and uLR(t)
in Propositions 2.8 and 2.9. In what follows, we will obtain upper bounds for
uHP(t) and uNR(t), as well as lower bounds for uH(t). Our main focus in this
section will be to obtain these bounds, and we will discuss the relative decay rates
and the implications for understanding the long-time asymptotics of solutions in
Section 5. Our goal is to emphasize the role that the localization of the initial con-
ditions (and consequently, the localization of the solutions) plays in determining
the nature of the asymptotics.

4.1. Temporal behavior of the Hermite and Hermite-Picard profiles. We
can use the substitution x̃ = x/

√
1+ εt together with the explicit form of the

Hermite profiles #ωH(t) in Table 2.1 and the explicit form of B #ωH(t) to show
that their temporal behavior is given by

‖∂αxKε(t)∗ #fα̃,j‖L̊p(µ) = Cα(1+ t)
−(3/2)(1−1/p)+(1−|α̃|−|α|)/2+µ/2 ,

‖∂αxBKε(t)∗ #fα̃,j‖L̊p(µ) = C̃α(1+ t)
−(3/2)(1−1/p)+(2−|α̃|−|α|)/2+µ/2 .
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The temporal behavior of the Hermite profiles ρH(t), aH(t) are given in the fol-
lowing proposition. These results follow from explicit calculations of the norms
involved, as well as the fact that Π commutes with the heat-wave operator, and we
leave the proof to the reader. Note that while these estimates might also hold for
higher derivatives, we only require derivatives up to the order shown.

Proposition 4.1. There exist functions Cl,α(t), l = 0,1,2, and constants m,
M ∈ R such that 0 <m < Cl,α(t) < M < ∞ for all t > 0 such that

‖∂ltw(t)∗Kν(t)∗ ∂αxϕ0‖L̊p(µ) = Cl,α(t)(1+ t)
−(5/2)(1−1/p)+1−(l+|α|)/2+µ

for |α| ≤ 2, l = 0,1,2, µ ∈ R≥0, and 1 ≤ p ≤ ∞. Furthermore, we have

‖Π ∂ltw(t)∗Kν(t)∗ ∂αxϕ0‖L̊p(µ) ≤ C(1+ t)
−(5/2)(1−1/p)+(3−l−|α|)/2+µ

for any α ∈ N3, l = 1,2, µ ∈ R≥0, and 1 ≤ p ≤ ∞, except the case when (α, l) =
(0,1) and 1 ≤ p ≤ 3/(2+ µ).

This implies that the linear Hermite profiles have temporal behavior given by

‖∂αxρH(t)‖L̊p(µ) = C̃1,α(t)En(1+ t)−(5/2)(1−1/p)+(1−|α|)/2+µ ,(4.4a)

‖∂αxaH(t)‖L̊p(µ) = C̃2,α(t)En(1+ t)−(5/2)(1−1/p)−|α|/2+µ ,(4.4b)

‖∂αxΠaH(t)‖L̊p(µ) = C̃2,α(t)En(1+ t)−(5/2)(1−1/p)+(1−|α|)/2+µ ,(4.4c)

‖∂αx #ωH(t)‖L̊p(µ) = C̃3,α(t)En(1+ t)−(3/2)(1−1/p)−(1+|α|)/2+µ/2 ,(4.4d)

‖∂αxB #ωH(t)‖L̊p(µ) = C̃3,α(t)En(1+ t)−(3/2)(1−1/p)−|α|/2+µ/2 ,(4.4e)

where En is as in (3.2), |α| ≤ 1, and C̃l,α(t), Ĉl,α(t), l = 1,2,3, are functions
independent of (ρ0, a0, #ω0)T for which there exist constants m,M ∈ R such that

0 <m < C̃l,α(t), Ĉl,α(t) < M <∞

for all t > 0. We also have the following bounds on the Hermite-Picard profiles.

Proposition 4.2. There exists a constant C such that we have

‖ρHP(t)‖L̊p(µ) ≤ C(1 + t)
−(5/2)(1−1/p)+1/2+µ−1/2 ,

‖aHP(t)‖L̊p(µ) ≤ C(1 + t)
−(5/2)(1−1/p)+µ−1/2,

‖ #ωHP(t)‖L̊p(µ) ≤ C(1 + t)
−(3/2)(1−1/p)−1/2+µ−1/2 ,

for all t > 0, |α| ≤ 2, 0 ≤ µ ≤ 2, and 1 ≤ p ≤ ∞.
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Proof. We start with the Hermite-Picard profile aHP(t). We look at the
weighted norms for an arbitrary weight µ. We first split the convolution:

∫ t

0

∥∥∂tw(t − s)∗Kν(t − s)∗ [∇ ·N(aH(s), #ωH(s))]
∥∥
L̊p(µ) ds

≤
∫ t

0

∥∥∥∥∂tw(t − s)∗ Kν
(
t − s

2

)∥∥∥∥
L̊q̃(µ)

×
∥∥∥∥Kν

(
t − s

2

)
∗ [∇ ·N(aH(s), #ωH(s))]

∥∥∥∥
Lq̃1

ds

+
∫ t

0

∥∥∥∥∂tw(t − s)∗Kν
(
t − s

2

)∥∥∥∥
Lq

×
∥∥∥∥Kν

(
t − s

2

)
∗ [∇ ·N(aH(s), #ωH(s))]

∥∥∥∥
L̊q1 (µ)

ds.

We will bound the second term, and then as in the existence proof the bounds on
the first term follow by repeating the estimates for the second term line by line
after using the weighted estimate on the heat-wave operator in Proposition 2.5
and taking µ = 0 on the nonlinear term. We first split the second integral into
two:

I1 + I2 :=
(∫ t/2

0
+
∫ t

t/2

)∥∥∥∥∂tw(t − s)∗ Kν
(
t − s

2

)∥∥∥∥
Lq
×

×
∥∥∥∥Kν

(
t − s

2

)
∗ [∇ ·N(aH(s), #ωH(s))]

∥∥∥∥
L̊q1 (µ)

ds.

For t < 1 we can choose q = 1 in both terms, and since our heat estimate and
equation (4.4) can be used to show the resulting integrand is bounded, these re-
main bounded as t → 0. Hence, we need only consider t > 1. For I1 we can
use the heat estimate to remove both of the derivatives from the nonlinearity, set
q1 = 1, use Cauchy-Schwarz, and make use of (4.4) to bound the norms of #mH

via

I1 ≤ C
∫ t/2

0
(t − s)−(3/2)(1−1/p)(1+ t − s)1/2−(1−1/p)

×
∥∥∥∥Kν

(
t − s

2

)
∗ [∇ ·N(aH(s), #ωH(s))]

∥∥∥∥
L̊1(µ)

ds

≤ Cmax
ij

∫ t/2

0
(t − s)−(3/2)(1−1/p)−1(1+ t − s)1/2−(1−1/p)

× ‖mH,i(s)‖L2 ‖mH,j(s)‖L2(µ) ds

≤ CE2
n(1+ t)−(5/2)(1−1/p)−1/2+µ .
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For I2 we use the heat estimate but keep all of the derivatives on the nonlinearity,
and we obtain

I2 ≤ Cmax
ij

∫ t

t/2
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)

× ‖∂xi ∂xj (mH,i(s)mH,j(s))‖Lq1 (µ) ds

≤ Cmax
ijk&

∫ t

t/2
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)

×
(
‖∂xi ∂xjmH,i‖Lp1

∥∥mH,j
∥∥′
Lp2 (µ)

+ ‖∂ximH,j‖Lp1 ‖∂xkmH,&‖Lp2 (µ)

)
ds

= J1 + J2.

For J1 we use Corollary 2.2 (a) to obtain

‖∂xi ∂xjmH,i‖Lp1‖mH,j‖Lp2 (µ) ≤
≤ Cmax

j
(‖∂xjaH‖Lp1 + ‖∂xj #ωH‖Lp1 )‖mH,j‖Lp2 (µ),

so for 1 ≤ p ≤ 2 we can set q1 = 1 by choosing p1 = p2 = 2 and use (4.4) to
obtain

J1 ≤ CE2
nt
−(3/2)(1−1/p)+1(1+ t)1/2−(1−1/p)−5/2+µ,

whereas for p = ∞ we can let q1 = 3/(2 − δ) by setting p1 = p2 = 6/(2 − δ),
where 0 < δ < 1

5 is any number and we obtain the following:

J1 ≤ CE2
n(1+ t)−(1/2)(4+δ)−1+µ.

For J2 we can just use (4.4) directly, and by choosing p1 = p2 = 2 for 1 ≤ p ≤ 2
we obtain

J2 ≤ C
∥∥(a, #ω)

∥∥2
Xnt

−(3/2)(1−1/p)+1(1+ t)−2−(1−1/p)+µ,

and we can obtain the analogous results for p = ∞ by choosing q1 = 3/(2 − δ)
by setting p1 = p2 = 6/(2− δ) for some 0 < δ < 1

5 .
The bounds for the Hermite-Picard profiles ρHP(t) and #ωHP(t) can be ob-

tained by similar arguments, and are omitted for brevity. However, these calcula-
tions are carried out in full form in [8]. !

4.2. Temporal behavior of the linear and nonlinear remainders. If one
naively uses the estimates in Corollary 2.2 to obtain an asymptotic bound for Πa,
then one obtains

‖Πa(t)‖Lp ≤ Ct−(5/2)(1−1/p)+5/6
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for t > 1 and 3
2 < p < ∞; hence, for these norms the asymptotic bounds for

Πa(t) differ from those of a(t) by a factor of t5/6. This implies Πa(t) might
decay more slowly than ρ(t). However, we saw in Proposition 4.1 that the as-
ymptotic bounds on ΠaH(t) differ from those of aH(t) by a factor t1/2, so these
terms have the same asymptotic bounds as ρ(t). We now prove that the same
holds for remainder aLR.

Proposition 4.3. Let n ∈ [0,2] and let (ρ0, a0) belong to W 1,p(n) × Lp(n)
for all 1 ≤ p ≤ 3

2 . Then, for aLR(t) defined as in Proposition 2.8, we have

‖∂αxΠaLR(t)‖L̊p(µ) ≤ CEnt
−(5/2)(1−1/p)+1/2+µ−n/2−|α|/2

for t > 1, 0 ≤ µ ≤ n, and any nonzero α ∈ N3, 1 ≤ p ≤ ∞. If α = 0, the above
estimate holds for p > 3/(2 + µ). On the other hand, for t < 1, 0 ≤ µ ≤ n and for
3/(2− µ) < p < ∞ if n < 1, or max( 3

2 ,3/(3− µ)) < p < ∞ if n ≥ 1, we have

‖∂αxΠaLR(t)‖L̊p(µ) ≤ CEnt
−rα,p̃

where p−1 = p̃−1 − 3−1.

Proof. The estimate for t < 1 follows from Corollary 2.2 parts (b), (c), and
from interpolation in the case when n ≥ 1 and µ < 1. For t > 1 the interesting
case is when |α| > 0, and we have

‖∂αx ΠaLR(t)‖L̊p(µ) ≤ ‖Π ∂tw(t)∗ ∂
α
xKν(t)∗ aLR(0)‖L̊p(µ)

+ ‖Π ∂2
tw(t)∗ ∂αxKν(t)∗ ρLR(0)‖L̊p(µ),

so if α = ei + β for some i,β, we can use Young’s inequality to obtain

‖Π ∂tw(t)∗ ∂αxKν(t)∗ aLR(0)‖L̊p(µ)

=
∥∥∥∥π ∗ ∂tw(t)∗ ∂xiKν

(
t

2

)
∗ ∂βxKν

(
t

2

)
∗ aLR(0)

∥∥∥∥
L̊p(µ)

≤
∥∥∥∥Π ∂tw(t)∗ ∂xiKν

(
t

2

)∥∥∥∥
L̊p(µ)

∥∥∥∥∂
β
xKν

(
t

2

)
∗ aLR(0)

∥∥∥∥
L1

+
∥∥∥∥Π ∂tw(t)∗ ∂xiKν

(
t

2

)∥∥∥∥
Lp

∥∥∥∥∂
β
xKν

(
t

2

)
∗ aLR(0)

∥∥∥∥
L̊1(µ)

,

where

π(x) = − 1
4π

x

|x|3

is the integral kernel of the Π operator. The result then follows from our estimates
of the Π operator acting on the Hermite term in Proposition 4.1, since the same
result applies to the heat-wave operator. However, for α = 0 the heat-wave op-
erator only belongs to Lp for p > 3

2 . We leave the remainder of the proof to the
reader. !
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In the following lemma, we collect the bounds for uN(t) obtained during the
contraction mapping argument in the existence proof, and sharpen one of them.
For this purpose we define the rate bn,p to measure the excess decay of uN(t)
above the linear rate as follows, using interpolation for 2 < p <∞:

(4.5) bn,p =






min
(

1
6
+ ,n-1

2
,

3
10
+ ,n-1

10

)
for 1 ≤ p ≤ 2,

min
(,n-1

2
,

3
10
+ ,n-1

10

)
for p = ∞,

(bn,∞ − bn,2)
(

1− 2
p

)

+ bn,2 for 2 < p <∞.

Lemma 4.4. Let n ∈ [0,2], k ≥ 1, and let

u0 = (ρ0, a0, #ω0)
T ∈

⋂

1≤p≤3/2

W 1,p(n)× Lp(n)× Lpσ (n).

If u(t) = (ρ(t), a(t), #ω(t))T is the solution in Yn,k × Xn,k given by Theorem 3.1
and Corollary 3.4 with initial condition u0, then the nonlinear term uN(t) in (4.1)
satisfies

‖∂αxρN(t)‖L̊p(µ) ≤ CE
2
nt
−rα,p (1+ t)−&n,p,µ+1/2−bn,p ,

‖∂αxaN(t)‖L̊p(µ) ≤ CE
2
nt
−rα,p (1+ t)−&n,p,µ−bn,p ,

‖∂αx #ωN(t)‖L̊p(µ) ≤ CE
2
nt
−rα,p (1+ t)−&̃n,p,µ−bn,p ,

for 1 ≤ p ≤ ∞, 0 ≤ µ ≤ n, and |α| < k.

Proof. The estimates for t < 1 are the same as those obtained in the existence
proof, so we need only consider t > 1. By inspecting the estimates in the existence
proof, we see that all of the bounds obtained already exhibit the extra decay listed
in the first argument of the minimum in (4.5), with one important exception.
The estimate of the unweighted norm of I1 in (3.5) stops improving relative to
the linear rate for n > 1

3 . The |α| = k derivative also may decay slower, but we
do not estimate this here.

Thus, we need only improve on the bound in (3.5) for n > 1
3 . We can split I1

into two pieces:

I1 =
(∫ t3/5

0
+
∫ t/2

t3/5

)
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)(4.6)

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗ [∇ ·N(a(s), #ω(s))]

∥∥∥∥
Lq1

ds

=: J1 + J2.
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Since we are interested in the limit t → ∞ we assume t/2 > t3/5 here, but for
1 < t2/5 ≤ 2 we can obtain the analogous result. For J1 we make a modified
estimate by taking all of the derivatives off of the nonlinearity and onto the heat-
wave propagator by using our heat estimate. We can then set q1 = 1, use Cauchy-
Schwarz, and use Corollary 2.2 (b) to obtain

J1 ≤
∫ t3/5

0
(t − s)−(3/2)(1/q1−1/p)−1−|α|/2(1+ t − s)1/2−(1/q1−1/p)

× ‖mi(s)mj(s)‖Lq1 ds

≤ CE2
nt
−(5/2)(1−1/p)−1/2−|α|/2

∫ t3/5

0
(‖a(s)‖L6/5 + ‖ #ω(s)‖L6/5)2

ds

≤ CE2
nt
−(5/2)(1−1/p)−1/2−|α|/2+7/10−3,n-1/5.

For J2, we can use the same estimate as before. Taking the divergence and ∂αx
off of the nonlinearity by using our heat estimate, setting q1 = 1, using Hölder’s
inequality and Corollary 2.2 parts (a) and (c), we obtain the following for n > 1

3 :

J2 ≤
∫ t/2

t3/5
(t − s)−(3/2)(1/q1−1/p)−1/2−|α|/2(1+ t − s)1/2−(1/q1−1/p)

× ‖∂xi(mi)mk‖Lq1 ds

≤ CE2
nt
−(5/2)(1−1/p)−|α|/2

∫ t/2

t3/5
(1+ s)−2/3−,n-1 ds

≤ CE2
nt
−(5/2)(1−1/p)−|α|/2+1/5−3,n-1/5.

This same improved bound can be obtained for ρN(t) and #ωN(t) as well. !
We now use the estimates just proven, together with a bootstrapping argu-

ment, to obtain more refined estimates of the temporal decay of the nonlinear
remainder. For this purpose we define the rate b̃n,p to measure the excess decay of
uNR(t) above the linear rate via

b̃n,p =






1− ,n-1

2
+min

(
2n− 1

3
, n,

1
2

)
for 1 ≤ p ≤ 2,

1− ,n-1

2
+min

(
n− 1

2
,
1
2

)
for p = ∞,

(b̃n,∞ − b̃n,2)
(

1− 2
p

)

+ b̃n,2 for 2 < p <∞.

Theorem 4.5. Let n ∈ [0,2], k ≥ 1, and let

u0 = (ρ0, a0, #ω0)
T ∈

⋂

1≤p≤3/2

W 1,p(n)× Lp(n)× Lpσ (n).
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If
u(t) = (ρ(t), a(t), #ω(t))T

is the solution in Yn,k × Xn,k given by Theorem 3.1 and Corollary 3.4 with initial
condition u0, then the nonlinear remainder uNR(t) in (4.3) satisfies

‖∂αxρNR(t)‖L̊p(µ) ≤ CE
2
n(1+ E2

n)t
−rα,p (1+ t)−&n,p,µ+1/2−b̃n,p ,

‖∂αxaNR(t)‖L̊p(µ) ≤ CE
2
n(1+ E2

n)t
−rα,p (1+ t)−&n,p,µ−b̃n,p ,

‖∂αx #ωNR(t)‖L̊p(µ) ≤ CE
2
n(1+ E2

n)t
−rα,p (1+ t)−&̃n,p,µ−b̃n,p ,

for 1 ≤ p ≤ ∞, 0 ≤ µ ≤ n, and |α| ≤min(1, k− 1).

Proof. Again, the estimates for t < 1 are identical to those in the existence
proof, so we only consider t > 1. By definition we see that the nonlinear remain-
der uNR must satisfy the following equation:

uNR(t) = −
∫ t

0
eL(t−s)

[
Q(uH, uLR +uN)

+Q(uLR +uN, uH)+Q(uLR +uN, uLR +uN)
]
ds.

We start by looking at the Duhamel term corresponding to aNR. By expand-
ing the nonlinearity, we see that for an arbitrary weight

0 ≤ µ ≤ n

we need to bound the norms of terms of the form

∫ t

0

∥∥∂tw(t − s)∗ ∂αxKν(t − s)∗
[
∂xi ∂xj [mI,i(s)mJ,j(s)]

] ∥∥
L̊p(µ) ds

≤
∫ t

0

∥∥∥∥∂tw(t − s)∗Kν
(
t − s

2

)∥∥∥∥
L̊q(µ)

×
∥∥∥∥∂αxKν

(
t − s

2

)
∗
[
∂xi ∂xj [mI,i(s)mJ,j(s)]

]∥∥∥∥
Lq1

ds

+
∫ t

0

∥∥∥∥∂tw(t − s)∗Kν
(
t − s

2

)∥∥∥∥
Lq

×
∥∥∥∥∂αxKν

(
t − s

2

)
∗
[
∂xi ∂xj [mI,i(s)mJ,j(s)],

]∥∥∥∥
L̊q1 (µ)

ds

for pairs of indices (I, J) = (H,LR), (H,N), (LR,LR), (LR,N), and (N,N). We
will bound the second term, and the bounds for the first can then be obtained by
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repeating the same analysis by using the weighted bounds in Proposition 2.5 as
described previously. We split the second term into two:

∫ t

0

∥∥∥∥∂tw(t − s)∗Kν
(
t − s

2

)∥∥∥∥
Lq

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗
[
∂xi ∂xj [mI,i(s)mJ,j(s)]

] ∥∥∥∥
L̊q1 (µ)

ds

≤
(∫ t/2

0
+
∫ t

t/2

)∥∥∥∥∂tw(t − s)∗Kν
(
t − s

2

)∥∥∥∥
Lq

×
∥∥∥∥∂
α
xKν

(
t − s

2

)
∗
[
∂xi ∂xj [mI,i(s)mJ,j(s)]

] ∥∥∥∥
L̊q1 (µ)

ds

= IIJ1 + IIJ2 .

Bounds for IIJ1 and IIJ2 can be obtained for (I, J) = (H,LR), (H,N), (LR,LR),
and (LR,N) using very similar arguments. We bound these first, then bound
(N,N) later. For IIJ1 we use the heat estimate to take all of the derivatives off of the
nonlinear term, and then use Hölder’s inequality as follows:

IIJ1 ≤
∫ t/2

0
(t − s)−(3/2)(1/q1−1/p)−1−|α|/2(1+ t − s)1/2−(1/q1−1/p)(4.7)

× ‖mI,i(s)‖L̊p1 (µ) ‖mJ,j(s)‖Lp2 ds.

For (I, J) = (H,LR), (LR,LR) we choose p1 = p2 = 2 for 1 ≤ p ≤ ∞ and use
our estimates in (4.4) and our estimates of the linear remainder in Proposition 4.3,
and we obtain

IH,LR1 ≤ CE2
nt
−(5/2)(1−1/p)−1/2−|α|/2+µLn,0(t),

ILR,LR1 ≤ CE2
nt
−(5/2)(1−1/p)−1/2−|α|/2+µ+max(1/2−n,0)Ln,1/2(t).

For (I, J) = (H,N), (LR,N) we use Corollary 2.2 (b) and pull the first factors out
of the integral to obtain

IIJ1 ≤ t−(3/2)(1/q1−1/p)−1−|α|/2(1+ t)1/2−(1/q1−1/p)

×
∫ t/2

0
‖mI,i(s)‖L̊p1 (µ)(‖aJ(s)‖Lp3 + ‖ #ωJ(s)‖Lp3 )ds,

and set p1 = p3 = 3
2 for 1 ≤ p ≤ ∞, using our estimates in (4.4) and in Proposi-

tion 4.3 along with the estimate of the nonlinear term in Lemma 4.4. We find

IH,N1 ≤ CE3
nt
−(5/2)(1−1/p)−1/2−|α|/2+µ+max(1/6−n,0)Ln,1/6(t),

ILR,N1 ≤ CE3
nt
−(5/2)(1−1/p)−1/2−|α|/2+µ+max(5/6−n−bn,3/2,0)Ln,16/33(t).
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For IIJ2 we leave all the derivatives on the nonlinear term and obtain

IIJ2 ≤
∫ t

t/2
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)(4.8)

×
∥∥∂αx ∂xi ∂xj [mI,i(s)mJ,j(s)]

∥∥
L̊q1 (µ) ds.

Using Liebniz’s rule and Hölder’s inequality, we have

∥∥∂
α+ei+ej
x [mI,i(s)mJ,j(s)]

∥∥
L̊q1 (µ)(4.9)

≤
∑

γ1+γ2=α+ei+ej
‖∂γ1
x mI,i‖L̊p1 (µ) ‖∂

γ2
x mJ,j‖Lp2 .

For (I, J) = (H,LR), (LR,LR) we choose p1 = p2 = 2 for 1 ≤ p ≤ 2 and make
use of our estimates in Propositions 4.3 and 2.9. Here, we obtain

IH,LR2 ≤ CE2
nt
−(5/2)(1−1/p)−(1+n)/2−|α|/2+µ ,

ILR,LR2 ≤ CE2
nt
−(5/2)(1−1/p)−|α|/2+µ−n,

whereas for p = ∞ we choose p1 = p2 = 4 and use Propositions 4.3 and 2.9 to
obtain

IH,LR2 ≤ CE2
nt
−5/2−n/2−|α|/2+µ,

ILR,LR2 ≤ CE2
nt
−5/2−|α|/2+µ+1/2−n.

On the other hand, for (I, J) = (H,N), (LR,N) we use Corollary 2.2 (b) on mN,j

when γ2 = 0 and choose p1 = p3 = 3
2 for 1 ≤ p ≤ 2 to obtain

IH,N2 ≤ CE3
nt
−(5/2)(1−1/p)−|α|/2+µ−1/6−,n-1/2−bn,3/2 ,

ILR,N2 ≤ CE3
nt
−(5/2)(1−1/p)−|α|/2+µ+1/3−(n+,n-1 )/2−bn,3/2 ,

whereas we choose p1 = 3, p3 = 2 for p =∞ to obtain

IH,N2 ≤ CE3
nt
−5/2−|α|/2+µ−,n-1/2−bn,2 ,

ILR,N2 ≤ CE3
nt
−5/2−|α|/2+µ+1/2−(n+,n-1)/2−bn,2 .

If γ2 ≠ 0 then we use Corollary 2.2 part (a) on mN,j and choose p1 = p2 = 2 for
1 ≤ p ≤ 2 to obtain

IH,N2 ≤ CE3
nt
−(5/2)(1−1/p)−|α|/2+µ−1/2−,n-1/2−bn,2 ,

ILR,N2 ≤ CE3
nt
−(5/2)(1−1/p)−|α|/2+µ−(n+,n-1 )/2−bn,2 ,
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whereas we choose p1 = ∞, p2 = 2 for p =∞ to obtain

IH,N2 ≤ CE3
nt
−5/2−|α|/2+µ−,n-1/2−bn,2 ,

ILR,N2 ≤ CE3
nt
−5/2−|α|/2+µ+1/2−(n+,n-1)/2−bn,2 .

We also need to bound the norms of the terms for which (I, J) = (N,N).
For this we will need to bound µ = 0 and µ = n separately, and the remaining
bounds follow from interpolation. Starting with µ = 0 we first bound INN

1 by
removing all derivatives from the nonlinearity using the heat estimate and use
Hölder’s inequality as in (4.7), but we then use Corollary 2.2 (b) on both terms to
obtain

INN
1 ≤

∫ t/2

0
(t − s)−(3/2)(1/q1−1/p)−1−|α|/2(1+ t − s)1/2−(1/q1−1/p)

× (‖aN‖Lp3 + ‖ #ωN‖Lp3 )(‖aN‖Lp4 + ‖ #ωN‖Lp4 )ds.

We can then choose p3 = p4 = 6
5 for 1 ≤ p ≤ ∞ to obtain

INN
1 ≤ CE4

nt
−(5/2)(1−1/p)−|α|/2+µ−1/2+max(7/6−,n-1−2bn,6/5,0)Ln,17/36(t).

On the other hand, for INN
2 we leave all of the derivatives on the nonlinearity and

use Liebniz and Hölder as in (4.8), (4.9). Without loss of generality, we assume
|γ1| ≥ |γ2|, and that for some k̃, γ1 = γ̃1 + ek. We then use Corollary 2.2 (a) on
the first term and Corollary 2.2 (b) on the second to obtain

INN
2 ≤

∫ t

t/2
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)

× (‖∂γ̃1
x aN‖Lp1 + ‖∂γ̃1

x #ωN‖Lp1 )(‖∂γ2
x aN‖Lp3 + ‖∂γ2

x #ωN‖Lp3 ds.

For 1 ≤ p ≤ 2 we choose p1 = p3 = 3
2 to obtain

INN
2 ≤ CE4

nt
−(5/2)(1−1/p)−|α|/2+µ+1/3−,n-1−2bn,3/2 ,

whereas for p =∞ we choose p1 = p3 = 12
5 to obtain

INN
2 ≤ CE4

nt
−5/2−|α|/2+µ+1/2−,n-1−2bn,12/5 .

Finally, we need to consider the weighted norms when µ = n. For INN
1 we

remove all derivatives from the nonlinearity using the heat estimate, but we need
to split the weight between the two terms. For 0 < n < 1 we split the weight
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evenly between the two terms and we can then apply Corollary 2.2 (b) to both
terms and pull out the first factors from the integral via

INN
1 ≤

∫ t/2

0
(t − s)−(3/2)(1/q1−1/p)−1−|α|/2(1+ t − s)1/2−(1/q1−1/p)

× ‖mN,i(s)‖L̊p1 (n/2)‖mN,j(s)‖L̊p2 (n/2) ds

≤ t−(3/2)(1/q1−1/p)−1−|α|/2(1+ t)1/2−(1/q1−1/p)

×
∫ t/2

0
(‖aN‖Lp3 (n/2) + ‖ #ωN‖Lp3 (n/2))

× (‖aN‖Lp4 (n/2) + ‖ #ωN‖Lp4 (n/2))ds

whereas for 1 ≤ n < 2 we split the weight unevenly between the two terms and
apply Corollary 2.2 (b) to the term with less weight and Corollary 2.2 (c) to the
term with more weight to obtain

INN
1 ≤

∫ t/2

0
(t − s)−(3/2)(1/q1−1/p)−1−|α|/2(1+ t − s)1/2−(1/q1−1/p)

× ‖mN,i(s)‖L̊p1 (1+(n−1)/2) ‖mN,j(s)‖L̊p2 ((n−1)/2) ds

≤ t−(3/2)(1/q1−1/p)−1−|α|/2(1+ t)1/2−(1/q1−1/p)

×
∫ t/2

0
(‖aN‖Lp3 (1+(n−1)/2) + ‖ #ωN‖Lp3(1+(n−1)/2))

× (‖aN‖Lp4 ((n−1)/2) + ‖ #ωN‖Lp4((n−1)/2))ds.

In both cases, the choice of p3 = p4 = 6
5 satisfies the constraints imposed by the

use of Corollary 2.2 (b), (c), so for 1 ≤ p ≤ ∞ we obtain

INN
1 ≤ CE4

nt
−(5/2(1−1/p)−|α|/2+n−1/2+max(7/6−,n-1−2bn,6/5,0)Ln,17/36(t).

For 1 < n ≤ 2 we can obtain a different bound, and note that in the overlapping
region 1 < n < 2 we can use the better of the two estimates. We split the weight
unevenly in a different way and apply Corollary 2.2 (b), (c) to the terms with
respectively less and more weight to obtain

INN
1 ≤

∫ t/2

0
(t − s)−(3/2)(1/q1−1/p)−1−|α|/2(1+ t − s)1/2−(1/q1−1/p)

× ‖mN,i(s)‖L̊p1 (1+(n−1)/3) ‖mN,j(s)‖L̊p2 (2(n−1)/3) ds

≤ t−(3/2)(1/q1−1/p)−1−|α|/2(1+ t)1/2−(1/q1−1/p)

×
∫ t/2

0
(‖aN‖Lp3 (1+(n−1)/3) + ‖ #ωN‖Lp3(1+(n−1)/3))

× (‖aN‖Lp4 (2(n−1)/3) + ‖ #ωN‖Lp4 (2(n−1)/3))ds.
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In this case, the choice of p3 = 15
13 , p4 = 5

4 satisfies the constraints imposed by the
use of Corollary 2.2 (b), (c), so for 1 ≤ p ≤ ∞ we have

INN
1 ≤ CE4

nt
−(5/2)(1−1/p)−|α|/2+n−1/2 .

For INN
2 we leave all derivatives on the nonlinearity as in (4.8), use Liebniz and

Hölder as in (4.9), and put the weight on the term having fewer derivatives, to
obtain

INN
2 ≤

∫ t

t/2
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)

‖ ∂γ1
x mN,i‖Lp1 ‖∂γ2

x mN,j‖L̊p2 (n) ds,

where without loss of generality we assume |γ1| ≥ |γ2|. We can use Corol-
lary 2.2 (a) on the first term, and either Corollary 2.2 (b) or (c) on the second
term, depending on n. In either case, one obtains

INN
2 ≤

∫ t

t/2
(t − s)−(3/2)(1/q1−1/p)(1+ t − s)1/2−(1/q1−1/p)

× (‖∂γ1−ek̃
x aN‖Lp1 + ‖∂

γ1−ek̃
x #ωN‖Lp1 )

× (‖∂γ2
x aN‖Lp3 (n) + ‖∂γ2

x #ωN‖Lp3(n))ds

for some index k̃. For 0 < n < 1 we use Corollary 2.2 (b) and choose p1 = p3 = 3
2

for 1 ≤ p ≤ 2 to obtain

INN
2 ≤ CE4

nt
−(5/2)(1−1/p)−|α|/2+n+1/3−,n-1−2bn,3/2 ,

whereas we can obtain the exact same bound for 1 < n < 2 using Corollary 2.2 (c)
with p1 = p3 = 3

2 . We can also obtain the same bound for 1 ≤ n < 3
2 using

Corollary 2.2 (c) with p1 = 2, p3 = 6
5 for 1 ≤ p ≤ 2, and also for 3

2 < n ≤ 2

using Corollary 2.2 (c) with p1 = 6
5 , p3 = 2. Finally, for p = ∞ and 0 < n < 7

4

we can use Corollary 2.2 (b) by choosing p1 = p3 = 12
5 , and we obtain

INN
2 ≤ CE4

nt
−5/2−|α|/2+n+1/2−,n-1−2bn,12/5 ,

and for 7
4 < n ≤ 2 we can obtain the same bound by using Corollary 2.2 (c). For

3
2 < n ≤ 2 we can use Corollary 2.2 (c) with p1 = 3, p3 = 2, and we obtain

INN
2 ≤ CE4

nt
−5/2−|α|/2+n+1/2−,n-1−bn,3−bn,2 .

The excess decay rate b̃n,p can therefore be found by collecting these results and
finding the slowest decay, and the bounds for the terms ρNR and #ωNR can be
obtained similarly. These calculations are carried out in full form in [8]. !
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5. CONCLUSIONS

We can now discuss the implications of the results from the previous section for
the asymptotic approximation theory of the modified compressible Navier-Stokes
system. It is desirable to make approximations which are efficient, in the sense that
they are easily evaluated, and it is also desirable that the approximations are accu-
rate, in the sense that the error is small relative to the size of the approximation.
For concreteness, let us describe the results for ρ(t). We have decomposed ρ(t)
into ρL(t) and ρN(t) in (4.1), used the Hermite expansion to decompose ρL(t)
in ρH(t) and ρLR(t) in (4.2), and we have decomposed ρN(t) into ρHP(t) and
ρNR(t) in (4.3). We list these terms in order of efficiency, which we will define
qualitatively as the computational complexity required to evaluate each term at
time t > 0, as follows:

• The term ρH(t) can be evaluated directly from the formulas in Appen-
dix D, once the moments of the initial conditions ρ0, a0 are calculated.

• The term ρLR(t), as well as ρL(t), must be evaluated by computing a
convolution of the initial conditions ρ0, a0 with the heat-wave kernels.

• The term ρHP(t), can also be evaluated by computing a convolution with
the heat-wave kernels, and then integrating this convolution up to time
t > 0. In principle, an explicit formula for the function ρHP(t) could be
obtained, but it would take further analysis to determine its form.

• The term ρNR(t), as well as ρN(t), requires knowledge of the true solu-
tion at time s for all 0 < s < t. With this on hand, these terms can then
be evaluated by computing a convolution with the heat-wave kernels, and
then integrating this convolution up to time t > 0.

On the other hand, by collecting the results from Proposition 2.8, Proposi-
tion 2.9, equation (4.4), Lemma 4.4, and Theorem 4.5, we have the following for
all t > 1, 1 ≤ p ≤ ∞, n ∈ [0,2], 0 ≤ µ ≤ n:

‖ρH(t)‖L̊p(µ) ≤ t
−(5/2)(1−1/p)+µ+1/2,

‖ρLR(t)‖L̊p(µ) ≤ Ct
−(5/2)(1−1/p)+µ+1−n/2,

‖ρHP(t)‖L̊p(µ) ≤ Ct
−(5/2)(1−1/p)+µ.

Recall that the bounds for ρNR(t) were obtained separately for 1 ≤ p ≤ 2 and for
p = ∞, and for 2 < p < ∞ the bounds were obtained by interpolation. For all
t > 1, n ∈ [0,2], 0 ≤ µ ≤ n, we have

‖ρNR(t)‖L̊p(µ) ≤ C





t−(5/2)(1−1/p)+µ+1/2−min(2n−1/3,n,1/2) for 1 ≤ p ≤ 2,

t−(5/2)+µ+1/2−min(n−1/2,1/2) for p =∞.

Note that our explicit bounds show that the bounds on ρH are sharp. While
we have not obtained lower bounds on ρHP, our analysis suggests these estimates
are sharp as well. The bounds on ρLR depend on the properties of ρ0 and a0, but
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in general our example in Remark 2.4 indicates these bounds are saturated as well.
Finally, it is unknown to us whether the bound for ρNR is saturated.

For 0 ≤ n ≤ 2, there are two relevant choices of approximations for ρ(t) that
one could make: ρapp(t) = ρL(t) and ρapp(t) = ρH(t). Comparing the estimates
above for the various values of n, we can summarize how the localization affects
the relative asymptotic behavior of the various terms ρI, and consequently we can
determine the optimal choice of asymptotic approximation as follows:

• First, we see that for all n > 0 and all 1 ≤ p ≤ ∞, ρN(t) decays more
quickly than ρL(t), although our findings indicate we need to take n ≥ 2

9
to achieve the t−1/2 extra decay of ρN(t) above the rate of ρL(t) for 1 ≤
p ≤ 2, and we need to take n ≥ 1 to achieve the t−1/2 extra decay for
p = ∞.

• For 0 ≤ n < 1, ρLR(t) in general can decay more slowly than ρH(t), so
we need to take ρapp(t) = ρL(t) to capture the leading-order behavior for
ρ(t).

• For n > 1 we need only evaluate the explicit functions ρH(t) to obtain
the leading-order behavior.

• For 1 < n < 2 the next order of behavior is given by ρLR(t), while ρHP(t)
and ρNR(t) decay faster still. Hence, we could either use ρapp(t) = ρL(t)
or ρapp(t) = ρH(t).

– In the first case, the error decays t−1/2 faster than ρH(t), so this is a
more accurate, but less efficient, approximation.

– In the second case, the error decays t−(n−1)/2 faster than ρH(t), so
this is a more efficient, but less accurate, approximation.

• Finally, for n = 2 there is no loss in accuracy by taking ρapp(t) = ρH(t).
• The Hermite-Picard term ρHP(t) decays more quickly than ρLR(t) for
n > 2, so in this regime we would either take ρapp(t) = ρL(t)+ ρHP(t)
or ρapp(t) = ρH(t)+ ρHP(t). However, we do not consider n > 2 in the
present paper for reasons discussed below.

Precisely the same statements can be made regarding the asymptotic approxima-
tion of a(t) and #ω(t).

In order to contextualize these findings, let us compare the results obtained
here for the modified compressible Navier-Stokes system to those obtained by
Hoff and Zumbrun for the compressible Navier-Stokes system. First, note that our
results are specified in terms of ρ, a, and #ω, whereas Hoff ’s and Zumbrun’s results
are specified in terms of ρ and #m. As noted, we make use of a and #ω to avoid the
delocalization effect of Brandolese, but in addition this has the benefit of allowing
us to consider initial conditions with less restrictive smoothness and localization
requirements, since for instance an initial divergence a0 in L1 can correspond
to a momentum field #m0 which is not in L1. Furthermore, as noted prior to
Proposition 4.3, if we naively use the estimates in Corollary 2.2 to obtain the
decay rate of Πa(t), we obtain a bound which is in all likelihood not sharp. While
we work around this for aH in Proposition 4.1 and aLR in Proposition 4.3, it is
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more complicated to work around for aN since this involves nonlinear estimates.
We defer this obstacle to future work. Therefore, it is more natural to compare
our results on a and #ω to Hoff ’s and Zumbrun’s results on the derivatives of #m.
We see that in the parameter regime 0 ≤ n < 1 the more lenient localization
requirements allow our solutions to decay more slowly, and that our nonlinear
term can in general decay less quickly relative to our linear term. Furthermore,
while Hoff and Zumbrun show that their linear approximation uapp(t) = uL(t)
is sufficient to obtain t−1/2 extra decay relative to the linear rate, our analysis shows
that it is in fact necessary in this regime. In the regime n ≥ 1 we obtain the same
decay rates as Hoff and Zumbrun.

Comparing our results with those of Kagei and Okita also presents several
points of interest. We see from (1.6) that the next-order term in the Hermite
expansion appears in the expansion of Kagei and Okita. Also, for all values of n
the error made by our best asymptotic approximation achieves at most t−1/2 extra
decay relative to the linear rate, while the error of Kagei and Okita’s approximation
achieves t−3/4 extra decay. The key difference between their approximation and
ours is given by the last term in (1.6). This term contains an integral which
requires knowledge of the solution for all time 0 ≤ s < ∞, so this approximation
cannot be made a priori.

Our analysis suggests it is necessary to include terms which cannot be com-
puted a priori in order to achieve additional accuracy beyond the t−1/2 extra decay
achieved by Hoff and Zumbrun. The reason turns out to be visible from the anal-
ysis in Lemma 4.4. Specifically, note that for t > 1 the term J1 in (4.6) contains
the term

J̃1 =
∫ 1

0
(t − s)−(3/2)(1−1/p)(1+ t − s)1/2−(1−1/p)

×
∥∥Kν(t − s)∗ [∇ ·N(a(s), #ω(s))]

∥∥
L1 ds.

Here, the only option available is to pull both derivatives off of the nonlinear term
using the heat estimate, and one obtains

J̃1 ≤ t−(3/2)(1−1/p)−1(1+ t)1/2−(1−1/p)

×max
i,j

∫ 1

0
‖mi(s)mj(s)‖L1 ds.

However, now the integral no longer depends on t, so since we know that these
estimates are sharp, it seems that this decay rate cannot be improved upon. If
we include this term in our approximation, the same reasoning would then apply
to the integral over s ∈ [1,2]. Thus, we must find a way to include some of
the nonlinear terms in our approximation. For instance, one could include all
of the nonlinear terms present in J1. However, from the form of J1 in (4.6)
this would mean that one would have to compute the true solution up to time
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t3/5 in order to obtain an approximate solution at time t. In other words, the
approximation could not be made a priori. While this would mean improved
accuracy, it would come at an increased computational cost. However, our analysis
strongly suggests one could obtain approximations which are less computationally
expensive to evaluate at time t > 0 than the true solution.

Finally, we discuss how our results will aid in obtaining higher-order approx-
imations for the compressible Navier Stokes equations. Our Hermite expansion
allows us to extend the approximation made in (1.5) to arbitrary order. However,
since the connection to the original compressible Navier-Stokes system is via the
series of approximations (1.2), (1.4), (1.5), we stop our analysis of the modified
compressible Navier-Stokes system at n = 2. To obtain higher-order approxima-
tions for the original compressible Navier-Stokes system, it is necessary to improve
both the approximation in (1.2) and in (1.4). We leave this to future work.

In the present paper, we study the effects of localization by working with so-
lutions of the curl-divergence representation of the modified compressible Navier-
Stokes system in weighted spaces, which has not previously been considered,
and obtain several insights into how these improvements might be made. The
weighted estimates obtained for the Π, B, heat and heat-wave operators can be
used in the analysis of the original compressible Navier-Stokes system directly.
The weighted estimates on the Π and B operators especially help to prepare for
the investigation of the delocalization effect of Brandolese for solutions of the
compressible Navier-Stokes. Furthermore, the analysis of the quadratic nonlinear
term of the modified system sets up a framework to handle those of the original
system, since one of the nonlinear terms is identical, several others are quadratic
as well, and higher-order nonlinear terms should decay more quickly. Finally, the
nonlinear analysis suggests how one can achieve additional accuracy with approx-
imation terms which are not computable a priori, while preserving a standard of
efficiency.

APPENDIX A. PROOF OF THE

ESTIMATES ON Π AND B IN PROPOSITION 2.1

We begin the proof with the following lemmas.
Lemma A.1. For p2, p3 and n chosen as in Proposition 2.1 (b) above, and given

f , g such that

f (x) =
∫

R3

g(y)

|x −y|2 dy,

we have ‖f‖Lp2(n) ≤ C‖g‖Lp3 (n).

Proof. The proof is based on a dyadic decomposition R3 =
∞⋃

j=0

Aj where

A0 = {x ∈ R3 : |x| ≤ 1},

Aj = {x ∈ R3 : 2j−1 < |x| < 2j} for j ∈ N.
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Let fi = fχAi and gj = gχAj . Clearly, fi =
∑
j∈N∆ij, where

∆ij(x) = χAi(x)
∫

Aj

gj(y)

|x −y|2 dy.

For the case |i− j| ≤ 1, note that if

hj(x) =
∫

Aj

gj(y)

|x −y|2 dy,

then by the Hardy-Littlewood-Sobolev inequality ([10] Theorem V.1), we have

‖∆ij‖Lp2 ≤ ‖hj(x)‖Lp2 ≤ C‖gj‖Lp3 ≤ C̃2−α|i−j|‖gj‖Lp3

for an α ∈ (0,1) of our choosing. Next, we consider the case i ≥ j + 2. By the
triangle inequality,

‖∆ij‖Lp2 ≤
(∫
χAi(x)

(∫
χAj (y)

|gj(y)|
|x − y|2 dy

)p2

dx
)1/p2

.

Since i ≥ j + 2 we have |x −y| ≥ 2i−2, and so

‖∆ij‖Lp2 ≤
(∫
χAi(x)

(∫
χAj (y)

|gj(y)|
|x −y|2 dy

)p2

dx
)1/p2

≤ 16
22i

(∫
χAi(x)

(∫
χAj (y)|gj(y)|dy

)p2

dx
)1/p2

= 16
22i

(∫
χAi(x)dx

)1/p2
∫
χAj (y)|gj(y)|dy

≤ 16
22i

(∫
χAi(x)dx

)1/p2
(∫
χAj (y)dy

)1−1/p3

‖gj‖Lp3

= C

22i
23i/p2 23j(1−1/p3)‖gj‖Lp3 = C2−3(1−1/p3)(i−j)‖gj‖Lp3 ,

where in the last step we used (2.2). By a similar argument, if j ≥ i + 2 we have
‖∆ij‖Lp2 ≤ C2−3(1/p3−1/3)(j−i)‖gj‖Lp3 . Recalling the limits on the support of fi
and its decomposition in terms of ∆i,j, we have the inequality

‖fi‖Lp2 (n) ≤ C2ni‖fi‖Lp2(A.1)

≤ C2ni
∑

j∈N
2−|i−j|−3(2/3−1/p3)(i−j)‖gj‖Lp3

≤ C
∑

j∈N
2−|i−j|−3(2/3−1/p3−n/3)(i−j)‖gj‖Lp3 (n)

≤
∑

j∈N
C2−α|i−j|‖gj‖Lp3 (n),
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for some α > 0, since −1 < 3((2−n)/3− 1/p3) < 1. Considering now f itself,
we have

∥∥f
∥∥p2

Lp2 (n) =
∑
i

∥∥fi
∥∥p2

Lp2 (n), and since

∑

i

∥∥fi
∥∥p2

Lp2 (n) ≤
∑

i

(∑

j

C2−α|i−j|‖gj‖Lp3 (n)

)p2
(A.2)

=
∑

i

(∑

j

C2−α|i−j|(1−1/p3)2−α|i−j|(1/p3)‖gj‖Lp3 (n)

)p2
,

we can then apply Hölder’s inequality and interchange the order of summation to
obtain

∥∥f
∥∥p2

Lp2 (n) ≤ C
∑

i

[∑

j

2−α|i−j|
∥∥gj

∥∥p3

Lp3 (n)

]p2/p3
(A.3)

≤ C
[∑

i

∑

j

2−α|i−j|
∥∥gj

∥∥p3

Lp3 (n)

]p2/p3

≤ C
∥∥g
∥∥p2

Lp3 (n),

where in the last step we compute the geometric sum and use convexity since
p2/p3 = 3/(3− p3) > 1. !

Lemma A.2. For 1 < p3 < p2 < ∞ and n ∈ [0,2) chosen such that

2−n
3

<
1
p3
<

3−n
3

,

and given f , g such that

f (x) =
∫

R3

g(y)

|x −y| dy,

we have ‖f‖Lp2(n−1) ≤ C‖g‖Lp3 (n).

Proof. Defining fi, gj , ∆ij and hj analogously to the above, much of the
proof follows in almost identical fashion. The key difference arises from the fact
that p3 lies in a different range in this case. In the step analogous to (A.1), we have

‖fi‖Lp2 (n−1) ≤ C2(n−1)i‖fi‖Lp2

≤ C2(n−1)i
∑

j∈N
2−(1/2)|i−j|−3(1/2−1/p3)(i−j)‖gj‖Lp3 (1)

≤ C
∑

j∈N
2−(1/2)|i−j|−3(5/6−1/p3−n/3)(i−j)‖gj‖Lp3 (n)

≤
∑

j∈N
C2−α|i−j|‖gj‖Lp3 (n),
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for some α > 0, since − 1
2 < 3( 5

6 − 1/p3 −n/3) < 1
2 . The estimate in the lemma

now follows by a summation similar to that in (A.2) and (A.3). !

Proof of Proposition 2.1. The operators ∂xiΠ and ∂xiB are singular integral op-
erators formed by kernels of Calderon-Zygmund type, so part (a) follows from
Theorem II.3 in [10]. Examining the form of the Π and B operators, we see that
part (b) follows directly the result of the Lemma A.1.

For part (c), we decompose the operator Π into two pieces for which we can
use Lemmas A.1, A.2 to complete the proof in a fashion analogous to the proof of
Proposition B.1 in [3]. Write

(Πa)i = −
1

4π

∫

R3

(
xi −yi
|x −y|3 −

xi
|x|3

)

a(y)dy

using the moment zero condition. By using the identity

|x|3(xi − yi)− |x −y|3xi = (xi − yi)|x|2(|x|− |x −y|)
+ |x −y|(2xi(x ·y)−yi|x|2 − xi|y|2),

it follows that
∣∣|x|3(xi −yi)− |x −y|3xi

∣∣ ≤ C|x −y| |x| |y|(|x| + |y|),
≤ C(|x − y| |x|2 |y| + |x −y|2 |x| |y|),

and hence |(Πa)i| ≤ C(u1 +u2) where

u1(x) =
1
|x|

∫ |y| |a(y)|
|x −y|2 dy,

u2(x) =
1
|x|2

∫ |y| |a(y)|
|x − y| dy.

Therefore, using Lemmas A.1, A.2 with f1 = |x|u1, f2 = |x|2u2 and g1 = g2 =
|y| |a(y)|, we have

‖Πa‖Lp2(n) ≤ C‖χ|·|≤1Πa‖Lp2 + C
∥∥χ|·|>1| · |

nΠa
∥∥
Lp2

≤ C‖Πa‖Lp2 + C
∥∥χ|·|>1| · |

nu1
∥∥
Lp2 + C

∥∥χ|·|>1| · |
nu2

∥∥
Lp2

≤ C‖Πa‖Lp2 (n−1) + C‖f1‖Lp2 (n−1) + C‖f2‖Lp2 (n−2)

≤ C‖a‖Lp3 (n−1) + C‖g1‖Lp3 (n−1) + C‖g2‖Lp3 (n−1)

≤ C‖a‖Lp3 (n).

The proof for B #ω is analogous. !
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APPENDIX B. PROOF OF HEAT ESTIMATE IN PROPOSITION 2.3

Proof. We prove that

‖∂αxKν(t)∗ f‖L̊p(µ) ≤ C(νt)
−|α|/2−(3/2)(1/q−1/p)−(n−µ)/2‖f‖Lq(n),

and the result then holds by estimating the L̊p(µ) norms separately for νt < 1
and νt ≥ 1 using different values for q. Write

‖∂αxKν(x, t)∗ f‖L̊px(µ)

=
∥∥∥∥
(∫

|y|≥
√
νt
+
∫

|y|<
√
νt

)
∂αxKν(x −y, t)f (y)dy

∥∥∥∥
L̊
p
x(µ)

≤ S1 + S2 + S3,

where

S1 =
∥∥∥∥

∫

R3
∂αxKν(x −y, t)f (y)χ|y|≥√νt dy

∥∥∥∥
L̊
p
x(µ)

,

S2 =
∑

|β|≤ñ

1
β!

∥∥∥∥

∫

R3
∂α+βx Kν(x, t)y

βf (y)χ|y|<
√
νt dy

∥∥∥∥
L̊
p
x(µ)

,

S3 =
∑

|β|=ñ+1

ñ+ 1
β!

∥∥∥∥

∫

|y|<
√
νt
yβf (y)

×
∫ 1

0
(1− s)ñ ∂α+βx Kν(x − sy, t)ds dy,

∥∥∥∥
L̊
p
x(µ)

,

and where we used Taylor’s theorem

∂αxKν(x −y, t)

=
∑

|β|≤ñ
(−1)|β|

∂
α+β
x Kν(x, t)

β!
yβ

+
∑

|β|=ñ+1

(−1)ñ+1 ñ+ 1
β!

yβ
∫ 1

0
(1− s)ñ ∂α+βx Kν(x − sy, t)ds.

For S1, we change variables and use |x̃| ≤ |x̃ − ỹ| + |ỹ|:
∥∥∥∥

∫

R3
∂αxKν(x −y, t)f (y)χ|y|≥√νt dy

∥∥∥∥
L̊
p
x(µ)

≤ (νt)µ/2−|α|/2+3/(2p)
[∥∥∥∥

∫

R3
|x̃ − ỹ|µ ∂αx̃ Kν(x̃ − ỹ)f (

√
νtỹ)χ|ỹ|≥1 dỹ

∥∥∥∥
L̊
p
x̃

+
∥∥∥∥

∫

R3
|ỹ|µ ∂αx̃ Kν(x̃ − ỹ)f (

√
νtỹ)χ|ỹ|≥1 dỹ

∥∥∥∥
L̊
p
x̃

]
.
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We can then use Young’s inequality and change back to our original variables:
∥∥∥∥

∫

R3
∂αxKν(x −y, t)f (y)χ|y|≥√νt dy

∥∥∥∥
L̊
p
x(µ)

≤ (νt)µ/2−|α|/2+3/(2p)
[
‖∂αx̃Kν(x̃)‖L̊pq/(pq+q−p)x̃ (µ)

‖f (
√
νtỹ)χ|ỹ|≥1‖Lqỹ

+ ‖∂αx̃Kν(x̃)‖Lpq/(pq+q−p)x̃

∥∥ |ỹ|µf (
√
νtỹ)χ|ỹ|≥1

∥∥
L
q
ỹ

]

≤ C(νt)(µ−n)/2−|α|/2+(3/2)(1/p−1/q)‖f (y)‖L̊qy(n).

For S2, we can factor out the y dependent terms from the Lpx norm
∥∥∥∥

∫

R3
∂
α+β
x Kν(x, t)y

βf (y)χ|y|<
√
νt dy

∥∥∥∥
L̊
p
x(µ)

≤ (νt)−(|α|+|β|)/2+µ/2+3/2(1/p−1)‖∂α+βx̃ Kν(x̃)‖Lpx̃(µ)
∣∣∣∣

∫

|y|<
√
νt
yβf (y)dy

∣∣∣∣.

Since |β| ≤ ñ < n− 3(1− 1/q), we use the zero moment property to obtain
∣∣∣∣

∫

|y|<
√
νt
yβf (y)dy

∣∣∣∣ =
∣∣∣∣

∫

|y|≥
√
νt

|y|n−|β|
|y|n−|β| |y|

|β| |f (y)|dy
∣∣∣∣

≤
∥∥|y|−n+|β|χ|y|≥√νt

∥∥
L
q/(q−1)
y

‖f‖L̊q(n)
≤ C(νt)−n/2+|β|/2−(3/2)(1/q−1)‖f‖L̊q(n).

For S3, write
∥∥∥∥

∫

|y|<
√
νt
Φβyβf (y)dy

∥∥∥∥
L̊
p
x(µ)

=
∥∥∥∥|x|µ

∫

|y|<
√
νt
yβf (y)

[∫ 1

0
(1− s)ñ ∂α+βx Kν(x − sy, t)ds

]
dy

∥∥∥∥
L
p
x̃

= (νt)µ/2−|α|/2+3/(2p)
∥∥∥∥|x̃|µ

∫

|ỹ|<1
ỹβf (

√
νtỹ)

×
[∫ 1

0
(1− s)ñ∂α+βx̃ K1(x̃ − sỹ)ds

]
dỹ

∥∥∥∥
L
p
x̃

≤ (νt)−|α|/2+µ/2+3/(2p)
∥∥∥∥|x̃|µ

∫

|ỹ|<1
|ỹ|ñ+1 |f (

√
νtỹ)|

×
[∫ 1

0
|∂α+βx̃ K1(x̃ − sỹ)|ds

]
dỹ

∥∥∥∥
L
p
x̃

.

Now, using the fact that s ≤ 1, |ỹ| ≤ 1, we have

|∂α+βx̃ K1(x̃ − sỹ)| =
∣∣∣∣
ñ+1+|α|∑

j=0

cj(x̃j − sỹj)j exp
[
− |x̃ − sỹ|

2

4

]∣∣∣∣

≤ C(1+ |x̃|)ñ+1+|α| exp

[

− |x̃ − sỹ|
2

4

]
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and

exp

[

− |x̃ − sỹ|
2

4

]

= exp

[

− |x̃|
2

8

]

exp

[

− |x̃|
2

8
+ sx̃ · ỹ

2
− s

2|ỹ|2
4

]

≤ C exp

[

− |x̃|
2

8

]

.

If we let δ > 0 be such that n− 3(1− 1/q)+ δ < ñ+ 1, then we have

∥∥∥∥

∫

|y|<
√
νt
Φβyβf (y)dy

∥∥∥∥
L̊
p
x(µ)

≤ (νt)−|α|/2+µ/2+3/(2p)
∥∥∥∥(1+ |x̃|)µ+ñ+1+|α|

×
∫

|ỹ|<1
|ỹ|ñ+1 |f (

√
νtỹ)| exp

[
− |x̃|

2

8

]
dỹ
∥∥∥∥
L
p
x

and since the integral in ỹ no longer depends on x̃, we have

∥∥∥∥

∫

|y|<
√
νt
Φβyβf (y)dy

∥∥∥∥
L̊
p
x(µ)

= (νt)−|α|/2+µ/2+3/(2p)

∥∥∥∥∥(1+ |x̃|)
µ+ñ+1+|α| exp

[

− |x̃|
2

8

]∥∥∥∥∥
L
p
x

×
∫

|ỹ|<1
|ỹ|ñ+1 |f (

√
νtỹ)|dỹ

≤ C(νt)−|α|/2+µ/2+3/(2p)
∫

|ỹ|<1
|ỹ|n−d(1−1/q)+δ |f (

√
νtỹ)|dỹ

≤ C(νt)−|α|/2−(n−µ)/2−(3/2)(1/q−1/p)‖f‖L̊q(n). !

APPENDIX C. PROOF OF THE HEAT-WAVE ESTIMATES

3.1. Proof of Proposition 2.5. We first obtain pointwise estimates. Recall-
ing the form of the Kirchhoff formula, we need a bound on the spherical integral
of the Gaussian, so we begin with the following estimate.

Lemma C.1. There exists a constant C > 0 depending only on c and ν such that

∫

|z|=1
e
−|x+ctz|2/(νt)

dS(z) ≤ C(1+ t)−1
e
−(|x|−ct)2/(3νt).

Proof. We recall the proof given by [5]. First, note that the integral above is
rotationally invariant so that we may, without loss of generality, set x = |x|e1. It
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then suffices to integrate over the set {z : |z| = 1, z1 ≤ 0}, since the other part is
smaller, and we will relabel z with −z for convenience. For such x and z,

3|x − ctz|2 ≥ (|x|− ct)2 + 2|x − ctz|2

= (|x|− ct)2 + 2(|x|2 − 2|x|z1ct + c2t2|z|2)
≥ (|x|− ct)2 + c2t2 + 2|x|2 − 2|x|ct + c2t2

= (|x|− ct)2 + c2t2 + (
√

2|x|− ct)2 + 2(
√

2− 1)|x|ct
≥ (|x|− ct)2 + c2t2(1− z2

1).

This can then be used to obtain the estimate
∫

|z|=1,z1≥0
e
−||x|e1−ctz|2/(νt) dS(z)

≤ e
−(|x|−ct)2/(3νt)

∫

|z|=1, z1≥0
e
−c2t(1−z2

1)/(3ν) dS(z)

= C
(
ct

ν

)−1

e
−(|x|−ct)2/(3νt)

by a simple calculation using the parametrization z1 =
√

1− (z2
2 + z2

3) of the
hemispherical integral.

We can remove the blowup as t → 0 as follows. Note that for |z| = 1,

|x + ctz|2 = |x|2 + c2t2 − 2ctz1|x| ≥
|x|2

3
− c2t2,

so ∫

|z|=1
e−|x+ctz|

2/(νt)
dS(z) ≤

∫

|z|=1
e−|x|

2/(3νt)ec
2t/ν

dS(z)

≤ Ce−|x|2/(3νt). !

Proof of Proposition 2.5. We first derive pointwise bounds for the Green func-
tions w ∗ Kνt, ∂tw ∗ Kνt, and ∂2

tw ∗ Kνt. Using (1.12)–(1.14) and the above
lemmas, we find

|w ∗ Kνt(x)| ≤
∣∣∣∣b0ct

∫

|z|=1
Kνt(x + ctz)dS(z)

∣∣∣∣

≤ C(ct)1−3/2
∫

|z|=1
e−|x+ctz|

2/(5νt)
dS(z)

≤ Ct−1/2(1+ t)−1
e
−(|x|−ct)2/(15νt)

for some constant C. Using the analogous bounds we then find

|∂tw ∗Kνt(x)| ≤ t−3/2(1+ t)−1/2
e
−(|x|−ct)2/(15νt),

|∂2
t w ∗Kνt(x)| ≤ Ct−2(1+ t)−1/2

e
−(|x|−ct)2/(15νt).
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The desired L̊q(n) bounds then follow from an estimate of the L̊q(n) norm of the
translating exponential:

∥∥e−(|·|−ct)
2/(15νt)

∥∥q
L̊q(n)

=
∫

Rd
(|x|n)qe−p(|x|−ct)2/(15νt)

dx

= C
∫∞

0
(rn)qe−q(r−ct)

2/(15νt)r 2
dr

=
∫∞

0
(t1/2r̃ )nq+2

e
−q(r̃−ct1/2)2/(15ν)t1/2

dr̃ , r = r̃ t1/2

= t(nq+3)/2
∫∞

0
r̃ nq+2

e
−q(r̃−ct1/2)2/(15ν)

dr̃

= t(nq+3)/2
∫∞

−t1/2
(ρ + ct1/2)nq+2

e
−qρ2/(15ν)

dρ, r̃ = ρ + ct1/2

5 t(nq+3)/2
∫

R

(ρnq+2 + t(nq+2)/2)e−qρ
2/(15ν)

dρ

5 Ct(nq+3)/2(1+ t(nq+2)/2),

and hence,

‖e−(|·|−ct)2/(15νt)‖L̊q(n) 5 t
n/2+3/(2q)(1+ t)n/2+1/q. !

3.2. Proof of Proposition 2.6.

Proof. The proof follows by putting one of the derivatives in (1.12)–(1.14) on
ρ0. Specifically, we have

|∂2
t w ∗Kνt ∗ ρ0|

≤
∑

1≤|α̃|≤2

cα̃t
|α̃|−1

∣∣∣∣

∫

|z|=1
D
α̃
x[Kνt ∗ ρ0(x + ctz)]zα̃ dS(z)

∣∣∣∣

≤
∑

0≤|α|≤1

3∑

j=1

cα+ej t
|α|
∫

|z|=1
D
α
xDxj [Kνt ∗ ρ0(x + ctz)]zjzα dS(z)

≤
∑

0≤|α|≤1

3∑

j=1

cα+ej t
|α|/2−3/2

×
∫

R3

[∫

|z|=1
exp

[
− |x −y + ctz|

2

5νt

]
dS(z)

]
|Dxjρ0(y)|dy,
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and we can then use Lemma C.1:

|∂2
t w ∗Kνt ∗ ρ0|

≤ C
3∑

j=1

t−3/2(1+ t)−1/2
∫

R3
exp

[

−(|x −y|− ct)
2

15νt

]

|Dxjρ0(y)|dy

= C
3∑

j=1

t−3/2(1+ t)−1/2 exp

[

−(| · |− ct)
2

15νt

]

∗ |Dxjρ0|(x),

so for small times we can make the estimate

‖∂2
tw ∗Kνt ∗ ρ0‖L̊p(µ)

≤ C
3∑

j=1

t−3/2(1+ t)−1/2

∥∥∥∥∥exp

[

−(| · |− ct)
2

20νt

]

∗ |Dxjρ0|
∥∥∥∥∥
L̊p(µ)

≤ C
3∑

j=1

t−(3/2)(1/q−1/p)(1+ t)−(1/2)(1/q−1/p)

×
[
‖Dxjρ0‖L̊q(µ) + t

µ/2(1+ t)µ/2‖Dxjρ0‖Lq
]
,

whereas for large times we use the Young’s inequality together with the estimate in
Proposition 2.5. !

APPENDIX D. EXPLICIT CALCULATIONS OF THE HERMITE PROFILES

4.1. Explicit functional form for the hyperbolic-parabolic Hermite pro-
files. The functions ρ1, a1, ρ2, a2, Πa1, and Πa2 are given by the following
explicit formulas:

ρ1(x, t) =
(|x|− ct)e−(|x|−ct)2/(4(1+νt)) + (|x| + ct)e−(|x|+ct)2/(4(1+νt))

2|x|(4π(1 + νt))3/2
,

a1(x, t) =
c

2|x|(4π(1 + νt))3/2

[[
(|x| + ct)2

2(1+ νt) − 1
]
e−(|x|+ct)

2/(4(1+νt))

−
[
(|x|− ct)2

2(1+ νt) − 1
]
e−(|x|−ct)

2/(4(1+νt))
]
,

ρ2(x, t) =
1

(4π)3/2(1+ νt)1/2

e−(|x|+ct)
2/(4(1+νt)) − e−(|x|−ct)2/(4(1+νt))

c|x| ,

a2(x, t) =
1

(4π(1+ νt))3/2

× (|x|− ct)e−(|x|−ct)2/(4(1+νt)) + (|x| + ct)e−(|x|+ct)2/(4(1+νt))

2|x| ,
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Πa1 =
cx

(4π)3/2|x|3(1+ νt)1/2

[
e−(|x|−ct)

2/(4(1+νt))
( |x|(|x|− ct)

2(1+ νt) + 1
)

− e−(|x|+ct)2/(4(1+νt))
( |x|(|x| + ct)

2(1+ νt) + 1
)]
,

Πa2 =
1

(4π)3/2

x

|x|3
(
− |x|e

−(|x|+ct)2/(4(1+νt)) + e−(|x|−ct)2/(4(1+νt))

(1+ νt)1/2

+ Erf

( |x|− ct
2(1+ νt)1/2

)
+ Erf

( |x| + ct
2(1+ νt)1/2

))
,

where

Erf(r) = 2
∫ r

0
e−z

2
dz.

Given a spherically symmetric initial condition (u0,0)T , the solution to the
wave equation is given by

(D.1) u(x, t) = (|x|− ct)u0
(∣∣|x|− ct

∣∣)+ (|x| + ct)u0(|x| + ct)
2|x| .

Taking u0 to be Kν(t)∗ϕ0, we obtain the equation for ρ1. We compute a1

by plugging u0 = Kν(s) ∗ϕ0 into (D.1), taking the derivative of u(x, t) with
respect to t, multiplying by −1, and then setting s = t.

To compute Πa1, note that

Πa1 = ∇(∆−1a1)

and that, since a1 is spherically symmetric, it suffices to compute ∇u, where

1
r 2

∂

∂r

[
r 2 ∂u

∂r

]
= a1.

The result follows by computing an indefinite radial integral, ensuring the integral
is zero at the origin, and making use of

(D.2) ∇u = x

r

∂u

∂r
.

To calculate the explicit forms of ρ2 and a2 we use the fact that the solution
of the wave equation with a spherically symmetric initial condition of the form
(0, u0(r))T is given by

u(x, t) = −
∫ t

0

(|x|− cs)u0
(∣∣|x|− cs

∣∣)+ (|x| + cs)u0(|x| + cs)
2|x| ds,

so we have the result above for ρ2, and a2 is found by using (D.1). Πa2 is com-
puted using the same method used for Πa1.
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4.2. Explicit functional form for the divergence-free vector field Hermite
profiles. We compute B#gi where

#gi := 1
(4π)3/2(1+ εt)3/2

∇× (e−|x|2/(4(1+εt))#ei),

and note that in view of the definitions in Table 2.1 the terms B #fα̃,j can be com-
puted by taking appropriate derivatives. One can check that the function

1
(4π)3/2(1+ εt)3/2

[e−|x|
2/(4(1+εt))#ei − ∂xi∇(∆−1e−|x|

2/(4(1+εt)))]

has curl equal to #gi since the second term is a gradient, and so has zero curl.
Furthermore, the divergence of the above expression is zero, since the divergence
and gradient cancel the inverse Laplacian in the second term. As before, we can
compute the inverse Laplacian of the Gaussian term by exploiting the spherical
symmetry, and we get

∂u

∂r
= −2(1+ εt)

r
e−r

2/(4(1+εt)) + 2(1+ εt)
r 2

∫ r

0
e−z

2/(4(1+εt))
dz,

so using (D.2), we have

B#gi =
1

(4π)3/2

[
e−|x|

2/(4(1+εt))

(1+ εt)3/2
#ei

− ∂xi
[
x

|x|3
[
− 2|x|e−|x|2/(4(1+εt))

(1+ εt)1/2
+ 2 Erf

( |x|
2(1+ εt)1/2

)]]]
.

APPENDIX E. ANALYSIS OF THE LINEAR EVOLUTION

Let ρL(t), aL(t) and #ωL(t) be defined at t = 0 by (ρL(t), aL(t), #ωL(t))T =
(ρ0, a0, #ω0)T and defined for positive times t > 0 by (2.7) and (2.10). Here,
we show that these functions map time t ∈ [0,∞) continuously into Lp(n) for
initial conditions in Lp(n), and that these define differentiable functions of space
and time for t > 0. We also determine bounds on the temporal evolution of the
norms of these terms.

5.1. Smoothness properties.

Proposition E.1.

(a) Let n ∈ R≥0, p ≥ 1, and (ρ0, a0, #ω)T ∈ W 1,p(n) × Lp(n) × Lpσ (n).
Then,

(ρL(t), aL(t), #ωL(t))
T ∈ C0[[0,∞), Lp(n)× Lp(n)× Lpσ (n)

]
.
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(b) Let n ∈ R≥0 and (ρ0, a0, #ω)T ∈ W 1,1(n)× L1(n)× L1
σ (n). Then,

(∂αxρL(t), ∂
α
xaL(t), ∂

α
x #ωL(t))

T ∈ C0[(0,∞), Lp(n)× Lp(n)× Lpσ (n)]

for every 1 ≤ p ≤ ∞ and α ∈ N3.

Proof. We prove continuity at t = 0 for part (a), then prove part (b), and
the continuity for t > 0 follows from the fact that solutions are differentiable
in time, and that these time derivatives can be written in terms of the spatial
derivatives by virtue of the differential equation that the solutions satisfy. Starting
with #ωL, we show continuity at t = 0 by first noting that it suffices to consider
#ω0 which is smooth and has compact support by a density argument, together
with the linearity of the heat operator, Young’s inequality, and the heat estimates
in Proposition 2.3. Standard arguments show that for such #ω0 we have Kε(t) ∗
#ω0 → #ω0 uniformly as t → 0, and the result follows. For t > 0 one obtains
∂αxKε(t) ∗ #ω0 ∈ Lp(n) via Young’s inequality, and the differentiability as a map
into Lpσ follows from the fact that

lim
h→0

∥∥∥∥
∂αxKε(t + h)− ∂αxKε(t)

h
− ∂t ∂αxKε(t)

∥∥∥∥
L1(µ)

= 0

for all µ, together with Young’s inequality.
For ρL(t) we start with ∂tw(t) ∗ Kν(t) ∗ ρ0. Again, we can assume ρ0 is

smooth and has compact support using Proposition 2.5. For such ρ0 the uniform
convergence of ∂tw(t)∗Kν(t)∗ρ0 to ρ0 as t → 0 is immediate from the formula

∂tw(t)∗Kν(t)∗ ρ0 =
1

4π

∫

|z|=1
Kν(t)∗ ρ0(x + ctz)dS(z)

and from the result for Kν(t) ∗ ρ0. The continuity in Lp(n) then follows. For
t > 0 the differentiability follows by the same reasoning as above. The proofs for
the smoothness properties of the other terms are similar. !

5.2. Linear evolution decay rates. Let rα,p, &n,p,µ and &̃n,p,µ be as defined
in (1.9).

Proposition E.2. Let n ∈ R≥0 be given. Suppose

(ρ0, a0, #ω0)
T ∈

⋂

1≤p̃≤3/2

W 1,p̃(n)× Lp̃(n)× Lp̃σ (n).

If n > 0, suppose also that a0 and #ω0 have zero total mass. Then,

‖∂αxρL(t)‖L̊p(µ) ≤ Ct
−rα,p (1+ t)−&n,p,µ+1/2(E.1a)

× sup
1≤p̃≤3/2

(‖ρ0‖W 1,p̃(n) + ‖a0‖Lp̃(n)),
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‖∂αxaL(t)‖L̊p(µ) ≤ Ct
−rα,p (1+ t)−&n,p,µ(E.1b)

× sup
1≤p̃≤3/2

(‖ρ0‖W 1,p̃(n) + ‖a0‖Lp̃(n)),

‖∂αx #ωL(t)‖L̊p(µ) ≤ Ct
−rα,p (1+ t)−&̃n,p,µ(E.1c)

× sup
1≤p̃≤3/2

(‖ #ω0‖Lp̃(n)),

hold for all t ∈ (0,∞), 1 ≤ p ≤ ∞, 0 ≤ µ ≤ n, and α ∈ N3.

Proof. In the following computations we ignore constant proportionality fac-
tors for simplicity. The proof follows from Young’s inequality, together with the
fact that we can split the weight via (1+ |x|)µ ≤ (1+ |y|)µ + (1+|x−y|)µ and
estimate in different Lp norms. For the first term in (2.7), this is as follows. For
large times t > 1, we have

‖∂tw ∗ ∂αxKν ∗ ρ0‖L̊p(µ)
≤ ‖∂tw ∗ ∂αxKν(t)‖L̊p(µ) ‖ρ0‖L1 + ‖∂tw ∗ ∂αxKν(t)‖Lp ‖ρ0‖L̊1(µ)

≤ tµ/2−(3/2)(1−1/p)−|α|/2(1+ t)µ/2+1/2−(1−1/p)‖ρ0‖L1

+ t−(3/2)(1−1/p)−|α|/2(1+ t)1/2−(1−1/p)‖ρ0‖L̊1(µ)

whereas for small times t < 1 we have

‖∂tw ∗ ∂αxKν ∗ ρ0‖L̊p(µ)
≤ ‖∂tw ∗ ∂αxKν(t)‖L̊p̃(µ) ‖ρ0‖L3/2 + ‖∂tw ∗ ∂αxKν(t)‖Lp̃ ‖ρ0‖L̊3/2(µ)

≤ tµ/2−(3/2)(2/3−1/p)−|α|/2(1+ t)µ/2+1/2−(2/3−1/p)‖ρ0‖L3/2

+ t−(3/2)(2/3−1/p)−|α|/2(1+ t)1/2−(2/3−1/p)‖ρ0‖L̊3/2(µ)

for p ≥ 3
2 and

‖∂tw ∗ ∂αxKν ∗ ρ0‖L̊p(µ)
≤ ‖∂tw ∗ ∂αxKν(t)‖L̊1(µ) ‖ρ0‖Lp + ‖∂tw ∗ ∂αxKν(t)‖L1 ‖ρ0‖L̊p(µ)
≤ tµ/2−|α|/2(1+ t)µ/2+1/2‖ρ0‖Lp + t−|α|/2(1+ t)1/2‖ρ0‖L̊p(µ)

for 1 ≤ p ≤ 3
2 ; hence, these norms blow up at the rate

t−(3/2)(2/3−1/p)−|α|/2

as t → 0 for p ≥ 3
2 , blow up at the rate t−|α|/2 as t → 0 for 1 ≤ p ≤ 3

2 , and decay
at the rate

tk−(5/2)(1−1/p)+1/2−|α|/2
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as t →∞ for all 1 ≤ p ≤ ∞. For the next term in ρL, we find

‖w ∗ ∂αxKν ∗ a0‖L̊p(µ)

≤
∥∥∥∥w ∗ ∂αxKν

(
t

2

)∥∥∥∥
L̊p(µ)

∥∥∥∥Kν
(
t

2

)
∗ a0

∥∥∥∥
L1

+
∥∥∥∥w ∗ ∂αxKν

(
t

2

)∥∥∥∥
Lp

∥∥∥∥Kν
(
t

2

)
∗ a0

∥∥∥∥
L̊1(µ)

≤ t1+µ/2−(3/2)(1−1/p)−|α|/2(1+ t)µ/2−(1−1/p)−,n-1/2‖a0‖L̊1(,n-1)

+ t1−(3/2)(1−1/p)−|α|/2(1+ t)−(1−1/p)
∥∥∥∥Kν

(
t

2

)
∗ a0

∥∥∥∥
L̊1(µ)

for large times. For the case µ = 0, note that the second term on the righthand
side does not appear since we can use Young’s inequality directly, and if 0 < µ ≤ n
then we can use

∥∥∥∥Kν
(
t

2

)
∗ a0

∥∥∥∥
L̊1(µ)

≤ t−(,n-1−,µ-1)/2‖a0‖L1(n).

For small times, we have

‖w ∗ ∂αxKν ∗ a0‖L̊p(µ)
≤ ‖w ∗ ∂αxKν(t)‖L̊p̃(µ) ‖a0‖L3/2 + ‖w ∗ ∂αxKν(t)‖Lp̃ ‖a0‖L̊3/2(µ)

≤ t1+(µ−|α|)/2−(3/2)(2/3−1/p)(1+ t)µ/2−(2/3−1/p)‖a0‖L3/2

+ t1−(3/2)(2/3−1/p)−|α|/2(1+ t)−(2/3−1/p)‖a0‖L̊3/2(µ)

for p ≥ 3
2 and

‖w ∗ ∂αxKν ∗ a0‖L̊p(µ)
≤ ‖w ∗ ∂αxKν(t)‖L̊1(µ) ‖a0‖Lp + ‖w ∗ ∂αxKν(t)‖L1 ‖a0‖L̊p(µ)
≤ t1+(µ−|α|)/2(1+ t)µ/2‖ρ0‖Lp + t1−|α|/2‖ρ0‖L̊p(µ)

for 1 ≤ p ≤ 3
2 . The time estimates of the other terms in (2.7), (2.10) are obtained

similarly. Note the weighted estimates in (E.1) are not sharp for #ωL, but instead
match the decay rate of solutions of (1.11). !
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