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Abstract

There is a disconnect between how researchers and practitioners handle
privacy-utility tradeoffs. Researchers primarily operate from a privacy first
perspective, setting strict privacy requirements and minimizing risk subject
to these constraints. Practitioners often desire an accuracy first perspective,
possibly satisfied with the greatest privacy they can get subject to obtaining
sufficiently small error. Ligett et al. [2017] have introduced a “noise reduc-
tion” algorithm to address the latter perspective. The authors show that by
adding correlated Laplace noise and progressively reducing it on demand,
it is possible to produce a sequence of increasingly accurate estimates of a
private parameter while only paying a privacy cost for the least noisy iterate
released. In this work, we generalize noise reduction to the setting of Gaus-
sian noise, introducing the Brownian mechanism. The Brownian mechanism
works by first adding Gaussian noise of high variance corresponding to
the final point of a simulated Brownian motion. Then, at the practitioner’s
discretion, noise is gradually decreased by tracing back along the Brownian
path to an earlier time. Our mechanism is more naturally applicable to
the common setting of bounded ¢,-sensitivity, empirically outperforms
existing work on common statistical tasks, and provides customizable con-
trol of privacy loss over the entire interaction with the practitioner. We
complement our Brownian mechanism with ReducedAboveThreshold, a
generalization of the classical AboveThreshold algorithm that provides
adaptive privacy guarantees. Overall, our results demonstrate that one can
meet utility constraints while still maintaining strong levels of privacy.

1 Introduction

Over the past decade, differential privacy has seen industry-wide adoption as a means of
protecting sensitive information [Erlingsson et al., 2014, Greenberg, 2016]. By injecting
appropriate amounts of noise, differentially private algorithms allow the computation of
population-level quantities of interest while guaranteeing individual-level privacy. Of the
private mechanisms used in industry, those relating to private empirical risk minimization
(ERM) are perhaps the most impactful, in part due to their application in machine learning
tasks [Abadi et al., 2016, Song et al., 2013]. Researchers have developed many private ERM
mechanisms, ranging from least squares minimzation [Sheffet, 2017, Chaudhuri et al., 2011]
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to subsampled gradient descent [Abadi et al., 2016, Balle and Wang, 2018, Wang et al.,
2019]. Despite this vast literature, most existing results take the same broad approach:
they aim to minimize error (statistical risk) subject to strict privacy guarantees. While
this strict adherence to privacy constraints may be necessary in some applications, it often
provides weak utility guarantees [Fienberg et al., 2010] and can make some learning tasks
impossible [Dwork et al., 2009]. Industry applications of differential privacy may desire an
accuracy first perspective, setting desired risk requirements for models used in production.
Privacy may still be a desirable aspect of computation, but it is by no means the only goal;
minimizing risk may take center stage.

The main existing approach to this accuracy-oriented perspective on privacy was given
by Ligett et al. [2017]. These authors introduce a noise reduction mechanism for gradually
releasing a private, high-dimensional parameter. By leveraging a Laplace-based Markov
process [Koufogiannis et al., 2017], they construct a mechanism for which the privacy loss
of releasing arbitrarily many estimates of a parameter only depends on the privacy loss of
the least noisy parameter viewed. This is in contrast to results about the composition of
private algorithms, in which privacy degrades according to the total number of parameters
witnessed [Dwork et al., 2010, Kairouz et al., 2015, Murtagh and Vadhan, 2016]. The authors
also demonstrate how to privately query the utility of observed parameters on private data
by coupling their Laplace-based mechanism with AboveThreshold, a classical differentially
private algorithm [Dwork and Roth, 2014, Lyu et al., 2017].

While the above mechanism provides significant privacy loss savings over a baseline method
that doubles the privacy loss each round, Laplace noise is unfit for many settings in which
{,-sensitivity is used for calibrating noise. Since converting from ¢,-sensitivity to ;-
sensitivity! incurs a dimension-dependent cost, it is important to develop a noise reduction
technique with Gaussian noise.

Contributions and paper outline. We introduce the Brownian mechanism, a novel approach
for privately releasing a parameter vector subject to accuracy constraints. The Brownian
mechanism adds correlated Gaussian noise to a risk-minimizing parameter through a
Brownian motion. Noise is then iteratively stripped by moving adaptively backwards along
the random walk until a suitable stopping condition is met, such as meeting a target accuracy
on a public dataset. In Section 3, we define the Brownian mechanism and characterize its
privacy loss. Using machinery from martingale theory, we construct privacy boundaries for
the Brownian mechanism — upper bounds on privacy loss that hold simultaneously with
high probability. In particular, the failure probability of these bounds does not depend on
the number of outcomes observed, overcoming a seeming need for a union bound faced
by Ligett et al. [2017]. These privacy boundaries yield provable, high-probability bounds
on privacy loss under data-dependent stopping conditions.

If private data is used to evaluate risk, then the data-dependent stopping conditions can
themselves leak information. To counter this, we introduce ReducedAboveThreshold in
Section 5, a generalization of the classical AboveThreshold algorithm for privately querying
accuracy on sensitive data. We show how to couple ReducedAboveThreshold and the
Brownian mechanism so that a data analyst only ever incurs twice the privacy loss they
would incur if they had queried accuracy on a public dataset. This is in contrast to the
results in Ligett et al. [2017], which note that the privacy loss of AboveThreshold often
dominates the privacy loss incurred from using noise reduction.

We empirically evaluate the Brownian mechanism and ReducedAboveThreshold in Sec-
tion 6, finding that the Brownian mechanism can offer privacy loss savings over the Laplace
noise reduction method introduced by Ligett et al. [2017]. In our view, these results demon-
strate that the Brownian mechanism is a practical, intuitive mechanism for meeting accuracy
requirements in private ERM.

Lastly, we derive other new mechanisms for noise reduction, of independent interest.
We generalize the Laplace process of Koufogiannis et al. [2017] to continuous time in
Section 4, thus making the Laplace noise reduction mechanism of Ligett et al. [2017] more
flexible and adaptive to data-dependent privacy levels. We also briefly mention a noise

IThe ¢y sensitivity of f is defined as sup,_,/ [|f (x) = f(x")|, for p > 1.
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Figure 1: An example of running the Brownian mechanism to gradually release a statistic
f(x). First, a very noisy version of the hidden parameter BM;(x) is viewed. Then, loss
is measured, either on a public dataset, or on a private dataset using a method such as
ReducedAboveThreshold. If a target loss is met, the process stops. Otherwise, noise is
removed and the process repeats.

reduction mechanism for Skellam noise in Section 4, a discrete distribution used in count
queries [Agarwal et al., 2021].

2 Preliminaries

Differential privacy, privacy loss, and ex-post privacy. An algorithm A: X — Y is (€, 9)-
differentially private if, for any measurable set E C ) and any neighboring inputs x ~ x’,

P(A(x) € E) < e°P(A(x)) € E) + 6. (1)

In the above [Dwork et al., 2006], ~ denotes some arbitrary neighboring relation. Typically
x ~ x’ indicates x and x’ differ in one entry, but any other relation suffices. While differential
privacy has proven itself a mainstay of private computation, condition (1) is too rigid to
allow data analysts to achieve a minimum desired accuracy. In other words, it embraces a
privacy first perspective, fixing a strict condition in terms of parameters € and 6 that must
be met. We are interested in the accuracy first perspective, setting a target accuracy and
correspondingly optimizing privacy parameters.

The above definition of differential privacy is qualitatively focused on bounding the
information-theoretic quantity of privacy loss [Dwork et al., 2006, 2010, Dwork and Roth,
2014].

Definition 2.1 (Privacy Loss). Let A: X — Y be an algorithm, and fix neighbors x ~ x" in X.

Let p* and p* be the respective densities of A(x) and A(x’) on the space Y with respect to some

reference measure®. Then, the privacy loss between A(x) and A(x’) is the random variable
p*(A(x) )

[,(X, X/) = log(m

We think of A(x) as the true outcome, and £(x, x’) measures how much more likely this
outcome is under the true input x versus an alternative x’. Privacy loss provides a proba-
bilistic definition of privacy. Namely, A is (e, 6)-probabilistically differentially private if, for all
neighbors x ~ x’,

(2)

While probabilistic differential privacy is not equivalent to differential privacy [Ka-
siviswanathan and Smith, 2014], (e, §)-probabilistically differential privacy implies (€, 9)-
differential privacy. Probabilistic differential privacy emerged as a means for studying

P(L(x,x")>€) < 6.

2For instance, if yy and py are the laws of A(x) and A(x”) respectively, the reference measure can
be taken to be p + piy.



privacy composition, and has been leveraged in proving many results [Kairouz et al., 2015,
Murtagh and Vadhan, 2016, Rogers et al., 2016, Whitehouse et al., 2022]. A natural exten-
sion of privacy to the accuracy-oriented regime is ex-post privacy, which allows the bound
in condition (2) to depend the observed algorithm output.

Definition 2.2 (Ligett et al. [2017]). Let A : X — Y be an algorithm and £ : Y — Rsg a
function. We say A is (€, 5)-ex-post private if, for any neighboring inputs x ~ x’, we have

P(L(x,x)) > E(A(x)) < 6.

While any algorithm is trivially ex-post private with £(A(x)) := oo, the goal is to make
E(A(x)) as small as possible. We describe theoretical tools for obtaining ex-post privacy
guarantees in Section 3, and empirically compute the ex-post privacy distributions of
various mechanisms in Section 6.

Background on Noise Reduction. Heuristically, a noise reduction mechanism allows a data
analyst to view multiple, increasingly accurate estimates of a risk minimizing parameter
while only paying an ex-post privacy cost for the least noisy iterate observed. Pinning down
a general definition of a noise reduction mechanism is difficult, as any definition would
need to depend on how the released parameter estimates were produced. In this paper,
we consider the relevant case of additive noise mechanisms. Below, we provide an explicit
definition of noise reduction mechanisms for this setting.

In the following definition, we let (A;);»o be some collection of potentially correlated noise
variables. In particular, A; should be thought of as marginally having either a multivariate
normal distribution N (0, tI;) or multivariate Laplace distribution Lap(¢). The index ¢ can
be viewed as either “time” or “variance”, with larger values of t indicating greater variance
of noise added. Further, when we refer to a sequence of time functions (T,,),>1, we mean a

sequence of functions T}, : (R%)"~! - R, such that, for all n > 1 and Bin € (RY)",

Tn+1(ﬁ1:n) < Tn(ﬁl:n—1)~ (3)

Intuitively, the nth time function gives the adaptively chosen variance of noise that will be
added to the nth parameter based on the first n—1 observed parameters.

Let M : X - Y be an algorithm mapping databases for sequences of outputs. Let M, :
X — Y give the nth element of the sequence and M., : X — V" the first n elements. We
assume M,,(x) := f(x)+ Ar, (x), where f : X — ) is some function that should be thought of
as producing a true, risk-minimizing parameter, (T;),>; is a sequence of time functions, and
Tu(x) := Ty(M-1(x)).

Definition 2.3 (Noise Reduction Mechanism). Let (A;);>g and M : X — Y be as above,
a €Y any constant, and suppose A; + a has marginal density pf. We say M is a noise reduction
mechanism if, for any n > 1 and any neighboring datasets x ~ x’, we have

where L1.,(x,x’) denotes the privacy loss between My.,(x) and My.,(x’).

The only noise reduction mechanism in the literature uses a Markov process with Laplace
marginals [Koufogiannis et al., 2017] to gradually release a sensitive parameter [Ligett et al.,
2017]. As originally presented, this Laplace Noise Reduction mechanism is nonadaptive,
requiring a data analyst to fix a finite sequence of privacy parameters (€,),c[k] in advance.
Instead of presenting this method as background, we describe it in Section 4, in which we
construct an adaptive generalization of this mechanism. We then leverage this generaliza-
tion as a subroutine in ReducedAboveThreshold, a generalization of AboveThreshold with
adaptive privacy guarantees.

Background on Brownian Motion. We now provide a brief background on Brownian
motion, perhaps the best-known example of a continuous time stochastic process [Le Gall,
2016].



Definition 2.4. A continuous time real-valued process (B;);>q is called a standard Brownian
motion if (1) By = 0, (2) (By)>0 has continuous sample paths, (3) (B;) has independent increments,
i.e. By, s — Bg is independent of B for all s,t > 0, and (4) B, ~ N'(0,t) for all t > 0.

We say a process (B;);>q is a d-dimensional standard Brownian motion if each coordinate
process is an independent standard Brownian motion.

We use many properties of Brownian motion to construct the Brownian mechanism and
analyze its privacy loss in Section 3. One important property of Brownian motion is that it is
a continuous time martingale. This property allow us to use time-uniform supermartingale
concentration to characterize and bound the privacy loss of the Brownian mechanism at
data-dependent stopping times [Howard et al., 2020, 2021]. We do not go into detail about
martingale concentration in this background section, but rather defer it to Appendix A.
Additionally, (B;);>o is a Markov process. This tells us that if we inspect the Brownian
motion at times 0 <t; <t, <---<t,, then B,...,B; can be viewed as a randomized post-
processing of By, that does not depend on B; for any s < t;. This property allows us to show
that the privacy loss of the Brownian mechanism — which adds noise to a parameter via a
Brownian motion — only depends on the least noisy parameter observed.

3 The Brownian Mechanism: a Gaussian Noise Reduction Mechanism

The Brownian mechanism works by simulating a Brownian motion starting at some mul-
tivariate parameter; this parameter should be thought of as the risk-minimizing output
if there were no privacy constraints. The data analyst first observes the random walk at
some large time. Then, if so desired, the analyst “rewinds” time to an earlier point on the
Brownian path, reducing noise to obtain a more accurate estimate. Due to the Markovian
nature of Brownian motion, the analyst will only pay a privacy cost proportional to variance
of the random walk at the earliest inspected time.

Tn+l (ﬁl:n) < Tn(ﬁl:n—l ) (4)

Definition 3.1. Let f : X — R be a function and (T,),>, a sequence of time functions. Let
(Bt)i>0 be a standard d-dimensional Brownian motion. The Brownian mechanism associated with

f and (T,),>1 is the algorithm BM : X — (R4 given by

BM(x) := (f (x) + Br, (x))

n>1"

where we set T,(x):= T, (f(x) + B (x)r -0 f (%) + BTn—l(x)) with Ty (x) being constant.

We have chosen T),(x) as indexing notation to denote dependence on x, even if this is only
through observed parameters. In the context of ERM, one can think of f as computing a
risk minimizing parameter associated with a private dataset x € X'. The data analyst uses
T, along with the previous iterate to determine how far to rewind time to obtain the nth
iterate.

The Brownian mechanism, as defined above, produces an infinite sequence of parameters.
In practice, a data analyst will only view finitely many iterates, stopping when some
utility condition has been met or a minimum privacy level is reached. We introduce stopping
functions to model how a data analyst adaptively interacts with noise reduction mechanisms.

Definition 3.2 (Stopping Function). Let M : X — Y be a an algorithm. For x € X, let
(Fu(x))nen be the filtration given by F,(x) := o(M;(x): i <n).> A function N : Y*° — N is
called a stopping function if for any x € X, N(x) := N(M(x)) is a stopping time with respect to
(F(x))nz1-

A stopping function N is a rule used to decide when to stop viewing parameters that only
depends on the observed iterates of the noise reduction mechanism. N could heuristically

3The notation ¢(X) denotes the o-algebra generated by X. N is said to be a stopping time with
respect to (X;) if {N < n} e 0(X,, : m <n) for all n € N. This definition can be extended to allow for N
to depend on independent, external randomization, but we omit this for simplicity.



be “stop at the first time a parameter achieves an accuracy of 95% on a held-out dataset.” If
a data analyst uses a stopping function alongside BM, per Definition 2.3, the privacy loss

accrued upon stopping is ll?}‘&)(x, x’). Recall from Figure 1 and equation (4) that the later

iterations of BM correspond to smaller noise variances, meaning that T, is a decreasing
sequence in the number of iterations n. Further, the filtration F defined above is quite
different from the usual filtrations considered for Brownian motions. In some cases, an
analyst may want the stopping function to depend on the underlying private dataset through
more than just the released parameters, e.g. they may want their rule to be “stop at the
first time a parameter achieves an accuracy of 95% on the private dataset.” In this case,
additional privacy may be lost due to observing N(x). We detail how to handle this more
subtle case in Section 5.

Due to the Markovian nature of Brownian motion, we get the following lemma. We include
a proof in Appendix B for completeness.
Lemma 3.3. Let x ~ x’ be neighbors and (T,)),»1 a sequence of time functions. Then, for any
n>1, letting [l?}}f(x,x’) denote the privacy loss between BMy.,,(x) and BMy.,,(x"), we have

)
Pl (BM, ()

T, (x)

L3N (x,x") =log

’

Pr (BM,,(x))

where p}' is the density of a N'(u, t1;) random variable. Furthermore, the above equality holds if n
is replaced by an almost surely bounded stopping function N (x).

Lemma 3.3 just tells us that the Brownian mechanism is a noise reduction mechanism, i.e.
that the privacy lost by viewing the first n iterates is exactly the privacy lost by viewing the

nth iterate in isolation. Thus, we can identify £YM(x,x") with £BM(x, ") going forward.
The following theorem characterizes the privacy loss of the Brownian mechanism.

Theorem 3.4. Let BM be the Brownian mechanism associated with (T,)),>1, a function f : X —
RY, and stopping function N. For neighbors x ~ x’, the privacy loss between BMi.n(x)(x) and
BM . (x)(x) is given by

IIf (x) = £ ()13 ||f = ()2
2T (x)(x) TN(x)(X)

where (W,);»¢ is a standard, univariate Brownian motion. Suppose f has {,-sensitivity at most
A,. Then, letting a* := max(0, a), we have

A3 A,
LM (x,x)) < Wi
N () < 2TN ) (x ) T (x) N

BM N
LN x) = Wiy (x)r

Theorem 3.4 also holds when a deterministic time 7 is replaced by N(x), where N is a
stopping function. The above theorem can be viewed as a process-level equivalent of
the well-known fact that the privacy loss of the Gaussian mechanism has an uncentered
Gaussian distribution [Balle and Wang, 2018]. We prove the Theorem 3.4 in Appendix B.
Given the clean characterization of privacy loss above, we now show how to construct
high-probability, time-uniform privacy loss bounds. We define privacy boundaries, which
map the variance of BM to high-probability bounds on privacy loss.

Definition 3.5. A function 1 : Ry — Ry is a 9-privacy boundary for the Brownian mechanism
associated with time functions (T,),»1 if for any neighboring datasets x ~ x’, we have

1:n

P(In>1: LM (0, x) > P(T,(x))) < 6

Since the privacy loss of BM is a deterministic function of a Brownian motion, we can apply
results from martingale theory to construct general families of privacy boundaries.

Theorem 3.6. Assume the same setup as in Theorem 3.4. Let 0 > 0 and f be a function with
{y-sensitivity A,. The following classes of functions form o-privacy boundaries.



1. (Mixture boundary) For any p > 0, z,bg/f given by

A2 A 1 [t+
M. B2 2 2 p
[ (t):= >r +_t 2(t+p)log(5 0 )

2. (Linear boundary) For any a,b > 0 such that 2ab =1log(1/9), gbib given by

_ A (A

Phy(t) = ; (7 +b)+A2a.

We prove Theorem 3.6 in Appendix B. In the same appendix, we plot the boundaries in
Figure 4.

Privacy boundaries serve a dual purpose for the Brownian mechanism. First, since time-
uniform concentration bounds are valid at arbitrary data-dependent times, that need not be
stopping times with respect to the standard forward Brownian Motion filtration [Howard
et al., 2021], privacy boundaries provide ex-post privacy guarantees. Second, in many
settings, it may be more natural for a data analyst to adaptively specify target privacy levels
instead of noise levels. This is, for instance, the case in our experiments in Section 6. By
inverting privacy boundaries, data analysts can compute the proper amount of noise to
remove at each step to meet target privacy levels.

We make the above precise in Corollary 3.7. In what follows, when we refer to a sequence
(En)us1 of privacy functions, we mean a sequence of functions &, : (RY)"1 — R5 ¢ such that,
forall nand By, € (IRd)n' Enr1(Brn) = EnlPrin-1)-

Corollary 3.7. Let N be a stopping function, as in Definition 3.2. If 1 is a 0-privacy boundary
for BM, we have

supﬂ’(ﬁl]f}\&)(x,x’) > 1,!)(TN(X)(x))) <4,

x~x’

i.e. the algorithm BMy.n((-) is (1/)(TN(_)(~)),6)—ex post private, where (-) denotes a positional
argument for an input x € X. Further, let (£,),>1 be a sequence of privacy functions, and define
Tu(Brn-1) :=1inf{t 2 0: 9p(t) 2 Ey(Brn-1)}-

Then BMy.n()(¢) is (En()(-), 0)-ex post private, where £, (x) is defined analogously to T, (x).

Again, N should be thought of as a stopping rule based on parameter accuracy. £, should
be thought of as a rule for choosing the nth privacy parameter given BM;.,,_1(x).

4 An Adaptive, Continuous-Time Extension of Laplace Noise Reduction

Here, we generalize the original noise reduction mechanism of Ligett et al. [2017], which
will be used as a subroutine in Algorithm 1 in the following section. We first describe the
original Laplace-based Markov process of Koufogiannis et al. [2017]. Fix any positive integer
K and any finite, increasing sequence of times (t,),c[x]- Let (Cn)f:0 be the d-dimensional
process given by Cy = 0 and

C = Cn-1 with probability (t';j )2 5)
" Cu-1 +Lap(t,) otherwise.

Koufogiannis et al. [2017] show that {,, ~ Lap(t,) and that (Cn)ffzo is Markovian. Ligett et al.
[2017] use the above process to construct a noise reduction mechanism. Namely, they define

the the Laplace Noise Reduction mechanism associated with f : X — R? and (t4)nejx) to be
the algorithm LNR : X — (R%)X given by LNR(x) := (f(x) + Ck,..., f (x) + C1). If £, := Ay /ey,
then releasing nth component LNR,(x) in isolation is equivalent to running the classical
Laplace mechanism with privacy level €,,.



We now extend the process (C,),¢[x] to a continuous time process with the same finite-
dimensional distributions. Let 1 > 0 be arbitrary, and let (P,);», be an inhomogeneous
Poisson process with intensity function A(t) := % For n > 1, let 7, ;= inf{t > 1 : P, > n} be the
nth jump of (F);>, and set 7y := 1. Noting that P; must be a nonnegative integer, define the

process (Z;)s», by

B
7= ;Lapm» (6)

It is immediate that (Zt)tzq is Markovian. We show in Appendix D that Z, ~ Lap(t). With
(Zt)t>y, one can make LNR fully adaptive, meaning that the times (t,),c[k] at which it is

invoked need not be prespecified, and can depend on the underlying input database x by
using time functions.

Definition 4.1. Let f : X — R be a function and (T,),>, a sequence of time functions. Let
(Zt)t>y be the process defined in Equation (6). The Laplace noise reduction mechanism associated

with f and (T,),s is the algorithm LNR : X — (R%)™ given by
LNR(x) := (f(x) +ZTn(x))n211

where again T, (x) := T,(f (x) + Z1,(x)---» f (X) + Z1,_, (x)) and Ty (x) is constant.

If the analyst would prefer instead to specify privacy functions (£,),>1, they can do so
by leveraging the corresponding time functions T,,(x) := A;/&,(x), where £,(x) is defined
analogously to T,(x). We leverage LNR in our experiments in Section 6 and the process
(Z4)t>0 as a subroutine in constructing ReducedAboveThreshold. An analogous argument
to the one used in proving Lemma 3.3 can be used to show LNR enjoys the following ex-post
privacy guarantee.

Proposition 4.2. Let LNR be associated with (T,,),,»1 and a function f with €1-sensitivity Ay. If
N is stopping function, the algorithm LNRy.n((-) is (A1/Tn(,)(-), 0)-ex post private.

Skellam Noise Reduction. Last, we briefly discuss how to generate a noise reduction
mechanism for Skellam noise [Agarwal et al., 2021]. Recall that a random variable X has
a Skellam distribution with parameters A, and A, if X =; Y; — Y,, where Y; ~ Poisson(1;)
and Y, ~ Poisson(],) are independent Laplace random variables. For succinctness, we write
X ~ Skell(/\l, /\2)

Let (P;(t));>0 and (P5(t));>0 be two independent, homogeneous Poisson process with rates
Ay and A, respectively. Observe that the continuous time process (X;);>o given by X; :=
Py (t) — P,(t) is clearly Markovian, has independent increments, and has X; ~ Skell(tA,tA,).
Thus, (X;);>0 can be used to define a Skellam noise reduction mechanism by releasing
(f (x) + X7, (x))u>1 for some sequence of time functions (T,),>1-

5 Privately Checking if Accuracy is Above a Threshold

In Section 3 we presented the Brownian mechanism, characterized its privacy loss, and
showed how to obtain ex-post privacy guarantees for arbitrary stopping functions. In
particular, these stopping functions could be based on the accuracy of the observed iterates
on public held-out data.

However, one may desire to privately check the accuracy of observed iterates on the
dataset x € X'. Ligett et al. [2017] were able to accomplish this goal by coupling LNR with
AboveThreshold, a classical algorithm for privately answering threshold queries [Dwork
and Roth, 2014]. In the context of ERM, AboveThreshold iteratively checks if the empirical
risk of each parameter is below a target threshold, stopping at the first such occurrence.
The downside to AboveThreshold is that it requires a prefixed privacy level. In empirical
studies, Ligett et al. [2017] found this fixed privacy cost dominated the ex-post privacy
guarantees, showing little benefit to using noise reduction.



Below, we construct ReducedAboveThreshold, a generalization of AboveThreshold
which provides ex-post privacy guarantees. @We show how to couple BM with
ReducedAboveThreshold to obtain tighter ex-post privacy guarantees than coupling with
AboveThreshold would permit. In particular, if BM is run using parameters (€,),>; and
ReducedAboveThreshold indicates the Nth parameter obtains sufficiently high accuracy,
the privacy loss of the net procedure will be at most 2e); — only twice the privacy loss that
would be accrued by testing on public data.

Algorithm 1 ReducedAboveThreshold (via Laplace Noise Reduction)

Require: Algorithm Alg: X' — Y, parameter €,,,, > 0, threshold 7, database x € X', utility
u:)YxX — Rwhere u(g,) is A-sensitive ¥, privacy functions (&,),>; with £, < epax Vn.
forn>1do

€, :=E,(Alg.,_1(x)), T, :=2A/e,
Cn:=Zr,, where (Z);», in Eq. (6) defines the LNR mechanism with 1 := 2A/€p,y.
£x~Lap ()
if u(Alg,(x),x)+ &, > 7+, then
Print 1 and HALT

else
Print 0

T should be seen as a target accuracy, Alg as a mechanism for releasing a parameter (e.g.
BM, LNR), and u as evaluating the accuracy of Alg, (x) on x. €,y is an arbitrarily large
constant, representing the minimum level of privacy required, used to prevent the user from
examining (Z;) at arbitrarily small times. The above generalizes to sequences of thresholds
(1,)u>1 and sequences (u,),>1 of functions u, : V" x X — R that are A-sensitive in their
second argument, but the added generality yields only marginal benefits. When &, = €
for all n, Algorithm 1 recovers AboveThreshold as a special case. The intuition behind
ReducedAboveThreshold is that by gradually removing Laplace noise from the threshold, a
data analyst can ensure that privacy of the whole procedure only depends on the magnitude
of Laplace noise added when the algorithm halts. The following characterizes the privacy
loss of Algorithm 1.

Theorem 5.1. For any n > 1 and neighboring datasets x ~ x’, let [lﬁlf’(x,x’) denote the privacy
between Alg,. (x) and Alg,., (x’). For any x € X, define N(x) to be the first round where
ReducedAboveThreshold run on input x € X outputs 1, that is

N(x):=inf{n > 1 : ReducedAboveThreshold,,(x) = 1}.

Then, the privacy loss between Reduced AboveThreshold(x) and ReducedAboveThreshold(x’),
denoted LR (x,x’), is bounded by

Al ,
1;1%(x)(x'x )+ EN(x) (Al (x)-1 (X))-

LRAT (¥ < L
We prove Theorem 5.1 in Appendix C, where we also provide a utility guarantee for
ReducedAboveThreshold. This utility guarantee, much like the utility guarantee for
AboveThreshold, is in practice weak as it derives from a union bound. Using Theorem 5.1,
we can simply choose Alg = BM as a means of adaptively generating parameters. The fol-
lowing corollary, which follows immediately from the above theorem, provides the ex-post
privacy guarantees of combining ReducedAboveThreshold and BM.

Corollary 5.2. Let BM be the Brownian mechanism associated with a function f, decreasing time
functions (T,)),>1, and a a o-privacy boundary . Let ReducedAboveThreshold be run with
privacy functions (P(T,)),>1, threshold t, and algorithm BM. Then, ReducedAboveThreshold

is (21[)(TN(_)(~)),6)—ex post private.
6 Experiments

Choice of tasks: We compare the performance of BM and LNR on the tasks of regularized
logistic regression via output perturbation [Chaudhuri et al., 2011] and ridge regression
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(middle) via AboveThreshold, or (right) via ReducedAboveThreshold.

via covariance perturbation [Smith et al., 2017].# For logistic regression, we leveraged the
KDD-99 dataset [KDD, 1999] with d = 38 features, predicting whether network events
can be classified as “normal” or “malicious”. For ridge regression, we used the Twitter
dataset [Kawala et al., 2013] with d = 77 features to predict log-popularity of posts. In each
case, we ran our experiments on # = 10,000 randomly sub-sampled data points. In order to
guarantee bounded sensitivity, we normalized each data point to have unit £, norm. We
note that this aspect differs from the experimentation conducted by Ligett et al. [2017], who
normalized by the maximum ¢, norm, a non-private operation.

Experiments: For each task, we conducted two experiments. We discuss the specific
parameter settings for these experiments in Appendix E. In the first experiment, we plotted
guaranteed (in the case of LNR) or high-probability (in the case of BM) privacy loss on
the x-axis against average loss (either logistic or ridge) on the y-axis. We conduct such
a comparison as probability 1 privacy loss bounds cannot be provided for the Gaussian
mechanism. Likewise, adding a probability ¢ of minimally improves privacy loss for the
Laplace mechanism. We computed the average loss curve for each mechanism over 1,000
trials, and have included point-wise valid 95% confidence intervals.

In the second experiment, we plotted the empirical privacy loss distributions for BM
and LNR under the stopping conditions of loss being at most 0.41 for logistic re-
gression and 0.025 for ridge regression. For each mechanism, we evaluated this em-
pirical distribution using three approaches for testing empirical loss: treating the
training data as a held-out dataset, using AboveThreshold, and using our mechanism,

4The two tasks use the logistic loss €(v, z) := log(1 +exp(—yz)) and the squared loss {(y, z) := %(z—y)z.

2
The regularized loss on a dataset D := {(x;, y;i)}ie[n) is L(B, D) := %Z?:l f(yi,[j’Txi) + %
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ReducedAboveThreshold. In AboveThreshold, we set the privacy parameter to be fixed at
€ = 0.5. In ReducedAboveThreshold, we took the sequence of privacy parameters to be the
same as the sequence of privacy parameters used by BM and LNR. We once again computed
these empirical distributions over 1,000 runs of each mechanism.

Findings: The findings of the two experiments are summarized in Figure 2 and Figure 3.
For both tasks, BM obtains significant improvements in loss over LNR near the privacy
loss level that was optimized for. For both tasks, the privacy loss distribution for BM has
lower median privacy loss than that of LNR. In addition, the privacy loss distribution for
BM is more tightly concentrated around the median, indicating more consistent perfor-
mance. The privacy loss distribution for LNR has a heavy tail, demonstrating that many
runs do not attain the target loss until high privacy loss costs are incurred. Comparing
ReducedAboveThreshold and AboveThreshold, we see that the privacy loss distribution
for ReducedAboveThreshold has higher variance than that of AboveThreshold. However,
ReducedAboveThreshold attains a significantly lower median level of privacy loss when
coupled with BM. This latter point reflects the observations of Ligett et al. [2017], who
note that when AboveThreshold is used to determine stopping conditions on private data,
it contributes the bulk of the privacy loss to the empirical distributions. On the other hand,
our figures demonstrate that ReducedAboveThreshold results in a more mild privacy loss
at target stopping conditions.

7 Conclusion

In this paper, we constructed the Brownian mechanism (BM), a novel approach to noise
reduction that adds noise to a hidden parameter via a Brownian motion. We not only
precisely characterized the privacy loss of the Brownian mechanism, but also bounded it
through applying machinery from continuous time martingale theory. We then demon-
strated how the utility of the iterates produced by BM can be assessed on private data via
ReducedAboveThreshold, a generalization of the classical AboveThreshold algorithm. This
was itself accomplished by a continuous-time generalization of the original Laplace noise
reduction (LNR) mechanism. Last, we empirically demonstrated that BM outperforms LNR
on common statistical tasks, such as regularized logistic and ridge regression.

We comment on several limitations and open problems related to our work. We considered
noise reduction mechanisms in the setting of one-shot privacy, in which only a single
mechanism is run on private data. Traditional composition results, such as those for fixed
privacy parameters [Dwork et al., 2010, Kairouz et al., 2015, Murtagh and Vadhan, 2016] or
adaptively selected parameters [Rogers et al., 2016, Feldman and Zrnic, 2021, Whitehouse
et al., 2022] are not directly applicable to algorithms satisfying ex-post privacy; additional
machinery needs to be developed to handle composition in this case. A naive approach
to composition is possible, which involves summing the ex-post privacy guarantees of
composed algorithms and summing the corresponding ¢’s, but we expect this approach
to be loose. Finally, noise reduction is currently only applicable to output perturbation
methods; it remains open to see how to combine noise reduction with other prominent
methods for private computation, such as objective perturbation.
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A Background on Martingale Concentration

In this section, we provide a background on the basics of martingale concentration needed
throughout this paper. Central to all results in this section is Ville’s inequality [Ville, 1939],
which can be viewed as a time-uniform version of Markov’s inequality for martingales.

Lemma A.1 (Ville’s Inequality [Ville, 1939]). Let (X;);>o be a nonnegative supermartingale
with respect to some filtration (F;)i»o. Then, for any confidence parameter 6 € (0,1), we have

EX,
]P(EItZO:XtZTO)Sé.

While standard Brownian motion (B;);»( is not a nonnegative supermartingale, geometric
Brownian motion given by Y{\ 1= exp (/\Bt - /\th) is a nonnegative martingale for any A € R,
and hence Lemma A.1 can be applied. In fact, the probability in the lemma above becomes

exactly & when it is applied to a nonnegative martingale with continuous paths like Y,.
From Ville’s inequality, the following line-crossing inequality for Brownian motion can be
obtained.

Lemma A.2 (Line-Crossing Inequality). For 6 € (0,1) and a,b > 0 satisfying e=2*" = 5, we have
P(At>0:B;>at+b)=0.

A proof of the above fact can be found in any standard book on continuous time martingale
theory [Le Gall, 2016, Durrett, 2019]. The above also follows from a special case of the more
general time-uniform Chernoff bound presented in Howard et al. [2020].

The above inequality can be seen as optimizing the tightness of the time-uniform boundary
at one pre-selected point in time. However, due to the adaptive nature of the Brownian
mechanism presented in Section 3, it is sometimes desirable to construct a time-uniform
boundary which sacrifices tightness at a fixed point in time to obtain greater tightness over
all of time.

The method of mixtures provides one such approach for constructing tighter time-uniform
boundaries [Kaufmann and Koolen, 2021, Howard et al., 2021]. We discuss this concept

briefly in the context of Brownian motion. Observe that, since (Y{');s( is a nonnegative
martingale, for any probability measure 7t on RR, the process (X[);»o given by

Xr ::J Y r(dA)
R

is also nonnegative martingale. By appropriately choosing the probability measure 7 and
applying Ville’s inequality, one obtains the following concentration inequality [Howard
et al., 2021].

Lemma A.3 (Mixture Inequality). Let p > 0 and 6 € (0,1) be arbitrary. Then,
1 [t
HtZO:BtZ\/2(t+p)log(S %)]:b.

We leverage Lemmas A.2 and A.3 to construct the privacy boundaries in Theorem 3.6 in
Appendix B.

P

B Proofs From Section 3

Here, we prove the results from Section 3. We start by showing that BM is in fact a noise-
reduction mechanism, which is claimed in Lemma 3.3. To prove the cited lemma, it suffices
to show the following result.

Proposition B.1. For v € R, let (B );» be a standard d-dimensional Brownian motion starting
at v. Let (T,),>1 be a sequence of decreasing time functions® T, : R*1D4 5 R, N:R® >N

5As before, Tj is implicitly a constant, independent of (B )s>0
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Figure 4: A comparison of the linear and mixture boundaries, both optimized for tightness
at € = 0.3 with 6 = 107%. The first plot directly plots the corresponding bounds as in

Theorem 3.6. The second plot inverts the boundaries, showing the variance necessary to
meet a target privacy level.

a bounded stopping function, and define T} := T, (B’%]y,...,B’%V ) and NY := N((B‘fny)nzl). Let

n—1

p1.n denote the joint density of(B;lv,. . .,B;}\V]V ) Then, with probability 1, we have

(B;v _V)z
v BY BY exp|— —;’;
Pin\Prys- Py, NY

H (BYy —n)?
PN (BEV""'BﬁV) exp(——TNV )

’

2TNv

which is just the ratio between the density of a N(v, Tg’]y) random variable and a N(y, Tll’]v)
random variable evaluated at B’%v .
NV

A key part of proving the above proposition will be developing a strong Markov property
for Brownian bridges. Recall that a Brownian bridge is, in essence, a Brownian motion that
has been “pinned down” at some initial and terminating value. More rigorously, for a
random variable A € R? and a constant b € R%, a Brownian bridge (X;)o<t<T With initial
value Xy = A and terminating value X7 = b is a process that can be written in the form
X = %A +B,— %(BT —b), where (B;)o<;<T is a standard d-dimensional Brownian motion
that is independent of A. The following properties of Brownian bridges follow from the
definition.

Lemma B.2 (Properties of Brownian Bridges). Let (X;)o<i<7T be a d-dimensional Brownian

bridge with X, = A, for A being a random vector in R, and X, = b, with b € R? fixed. Then, the
following hold:

1. If A’ € R? is independent of (X;)1=0, A and b’ € R is constant, the process (X])o<i<T
given by
T—t , t
Xt/ = Xt + TA + Tb/
is a d-dimensional Brownian bridge on [0, T] with initial value X = A+ A’ and termi-
nating value X =b+b’.
2. u(t):=EBX,=T2BA+ tbforall0<t<T.

3. k(s 1) := Cov(X, X;) = T Cov(a) + (s At -3 I,

4. For any C > 0, the process (X])o<i<cT given by X, := NCXyc is a d-dimensional
Brownian bridge with initial point VCA and terminal point NCb on [0,CT).
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5. IfA~N(pX), then (X;)o<i<T is a continuous Gaussian process on [0, T|, and hence it’s
law is uniquely determined by p and k.

If (B})s>0 is a d-dimensional Brownian motion and 7 is a stopping time with respect to the
natural filtration (%;);s, the strong Markov property for Brownian motion (see Theorem
2.20 of Le Gall [2016]) tells us that the process (B, ; — B¢)»0 is also a d-dimensional
Brownian motion that is independent of F;. While we need to be a little more careful with
scaling in the setting of Brownian bridges, we can show a similar strong Markov property.

Lemma B.3. Let (X;)o<;<1 be a standard d-dimensional Brownian bridge with Xy = A and
X1 =b, and let (G;)o<i<1 be the corresponding natural filtration. Let T be a (G;) stopping time.

Let (XET))Ostsl_T be the process defined by Xt(T) = Xpyo — TS X, — 152 b, and define the rescaled
process (Yt(r))OStsl by

Y\ =V TXt(/T()]ir).

Then, (Y;)o<i<1 is a standard Brownian bridge with Yy = Y; = 0 independent of G.

Proof. Step 1: reduction to the case a = b = 0: First, we note that it suffices to prove the
result when A = a is a constant. If we prove the result in this case, we note we have by the
tower rule for conditional expectations that, for any event E,

Py € F) :IE[IP(Y(T) cE |A)] =E[P(Z€E)]=P(Z€E),

where (Z;)o<;<1 is @ Brownian bridge with Z, = Z; = 0. Next, note it suffices to prove the
result in the case a = b = 0. Let (X;)p<t<1 be a Brownian bridge satisfying X, = a and X; = b.
Define another process (X;);>o on the same probability space by X; := X; — (1 —t)a—tb. By
the first part of Lemma B.2, (X{);>¢ is a Brownian bridge on [0, 1] with initial point X; =0
and X| = 0. Clearly, the natural filtration (G;)o<t<1 for (X;)o<t<1 is also the natural filtration

for (X/)o<t<1- Further, a simple calculation yields that for any fixed 0<s<t <1, Xis)’ = Xis).
Thus it also follows that th = Yt(T) for all (G;) stopping times T and all 0 < ¢ < 1.

Step 2: considering when 7 = T is deterministic: Thus, going forward we consider the
case where (X;)g<s<1 is a Brownian bridge with X, = X; = 0. Clearly it suffices to consider
(Xt)o<t<1 to be one-dimensional in what follows, as in the multivariate case the coordinates
of X are independent one-dimensional Brownian bridges. We first consider the case where
7 =T is a constant time. In this case, the process (Z;)o<t<1 given by

Xt fOr 0 <t< T,
Zti= 4 4 (T)

X,y forT<t<l
is clearly a Gaussian process on [0, 1] that is continuous on [0, T) and [T, 1]. To show the
result, we must show (1) for any s € [0, T),t € [T, 1], k(s,t) := Cov(Zs, Z;) = 0 (this implies
X(T), and hence Y(T) is independent of Gr), (2) p(t) := EZ, = 0 for all t € [T,1], and (3)

k(s,t) :==Cov(Z;,Z;) =(s—=T)AN(t-T) - % for all s,t € [T, 1] (these final two points

show the law of X(T) is that of a Brownian bridge since we already have sample path
continuity).

We now check each of these properties. In what follows, recall that X; = B, — tB; for some
(now one-dimensional) Brownian motion (B;)o<;<1, and remember that Cov(B;, B;) =s A t.

1. Fors€[0,T) and t € [0,1 — T], we have (assuming for now that IE[XiT)] =0, which
we confirm in a later point)

T 1-T—t¢
COV(XS,XE )) = 1E|:XS (XHT - ﬁXT)]
1-T-t 1-T-t
=E[X;Xii7] - ?E[szt] =s(1-t-T)+ ?5(1 -T)
=0,

which confirms the first point.

16



2. Forany t € [0,1—T], we have

1-T-t 1-T-t
1-T BT+

IE[XiT)] - ]E[BHT —(t+T)B; -

proving the second point.

3. Lastly, using property 3 of Lemma B.2, for 5,t € [0,1 — T] s.t. s <t, we have

T) (T 1-T-s 1-T-—t¢
Cor[x, X" <[ (X - o e ) (Mo - x|

:{(s+T)—(s+T)(t+T)}—11%TT_t{T—(s+T)T}

TS e Ty (1_T_t)(1_T_S){T—T2}

1-T (1-T)2
= 1ET[(5+T)(l—T—t)(l—T)_T(1_T_S)(1_T_t)]
_(A-T-t)s st

a-1) T 1-T

Since we have shown that, for any T € [0,1], Y(T) is independent of G7, we have that, for any

E € G; and any bounded, any fixed times 0 <#; <t; <--- < ty < 1, and continuous function
F: R — Ry,

T T
E1:F(Y, ),...,F,fp ) = PA)EF(X,,,..., Xy,

which is a fact we will use in the sequel.
Step 3: generalizing to general stopping times:

We now emulate a standard proof of the strong Markov property for Brownian motion to
extend to the case where 7 is a (G;)g<;<1 stopping time (in particular, the proof of Theorem
2.20 in Le Gall [2016]).

It suffices to show that, for any A € G, 0 < t; <fp <--- < ty < 1, and F : R? — Ry
continuous and bounded that

E1,F(Y\",..., Yt‘;’) = P(A)EF(X,,,..., X, ).

As noted in Le Gall [2016], this not only proves the independence of (Yt(T)) and G, but also
demonstrates by taking A = () (where (Q3, F,IP) is the underlying probability space) that

(Yt(T)) and (X;) have the same finite-dimensional distributions, and hence (th) is a standard
d-dimensional Brownian bridge since sample paths are continuous.

For n a positive integer and T € R, define T|, := min{k2™" : k € Z, k27" > T}, i.e. T|, is
the smallest real of the form k27" that is greater than or equal to T. A straightforward

expansion of Yt(T|”) yields that, for any t € [0, 1], we have Yt(Tl”) — Yt(T), and thus bounded
n—00
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convergence yields

ELA Ry, YY) = lim B, R, v

n—o0
S (Tln) (Tln)
: Tln Tln
_'}ggo IE]IAlEng(Ytl "”'Ytp )
k=0
2” (szﬂ) (szﬂ)
:r}gr(}o IE]lAHEng(Ytl ,...,Ytp )
k=1
2’ —-n —-n
= lim ) P(ANEHEF(Y? T, v i)
n—o0
k=1

= P(A)EF(Xy,,..., X)),

where (X;)o<t<1 is a standard d-dimensional Brownian bridge, proving the desired result.
In the above, Efl :={(k—1)27" <t < k27"}, and we use the identity ]lEﬁF(Yt(lTl”),..., Yt(:l”)) =

(k2") (k2")
L F(Y Yy

where ¢ is a deterministic time, noting that the event A N EX is Gy,-»-measurable.

). The second to last inequality follows from applying the result

Thus, we have shown the desired result. O

Corollary B.4. Let (X;)o<t<1 be a d-dimensional Brownian bridge with Xo = A and Xy =D,
where A is a random variable. Let (G;)o<i<1 be the corresponding natural filtration. Let T be
a (G;) stopping time. Then, for any G € G, the conditional law of the process (X;),<i<1 given
{t =T,X; =x}N G is that of a Brownian bridge on [T, 1] with initial value X1 = x and terminal
value X1 =D, i.e.

PXe-|t=T,X,=x,G)=P(S €"),

where (S;)r<i<1 is a Brownian bridge on [T,1] with St = x and Sy = b.

Proof. Let (Z;)g<;<1 be a Brownian bridge wth Z; = Z; = 0. Applying the tower rule for
conditional expectation alongside Lemma B.3 gives us, for all E € F,

P(YWeE|7,X,, 1) = E[P(Y'Y € E| 7 )| = P(Z € E).
Thus, with probability one over the joint distribution of (X, 7, 1), we have
P(YWeE|X, =x1=tG)=P(Z€E).
With Lemma B.2, we know that, since Y(?) is a Brownian bridge with Yér) = Yl(r) =0on
this event, then, \/%Yt((?—T) =X — %TT_tx + ﬁb is a Brownian bridge with initial and
terminal value 0 on [0,1 — T]. The remainder of the result follows by adding 11__TT_tx - ﬁb,
applying the first part of Lemma B.2, and reindexing the process to be defined on [T,1]. O

Lemma B.3 and Corollary B.4 above show that the conditional distributions of Brownian
bridges, even at stopping times, are very well-behaved — the conditional distributions are
exactly that of another Brownian bridge. We aim to apply these results to our analysis of the
privacy loss of the Brownian mechanism as follows. We will shortly that the distribution of
the outputs of the Brownian mechanism, which can be viewed as a Brownian motion being
run in reverse, can be equivalently viewed as a Brownian bridge with random (particularly,
multivariate Gaussian) initial state and fixed terminating state. Coupling this with the
above strong Markov property, we will show that even when an analyst picks arbitrarily
complicated stopping functions, the privacy loss looks as if the inspection times were fixed
in advance.

First, we show that, for a fixed number # of time functions, the privacy loss is exactly as
outlined in the statement of Proposition B.1.
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Lemma B.5. Let n € N be arbitrary, and let Ty,..., T, be decreasing (i.e. non-increasing) time
functions. Let p{., denote the joint density of(B’%V,...,B%), where (B} );sq is a d-dimensional

TY?**

”yn ||2 _”ym—l _VmHz
v —_ <
Pt e[ mlzlzeXp 2Ty~ T) |

where T, = Ty(v1,...,Ym-1) for notational convenience and o, indicates that the constant of
proportionality does not depend on v.

Brownian motion starting at v € R? and T), := T, (BV 'B%h ) Then, for any vy, ...,v, € RY,

we have®

Proof. We prove the result by induction on n, with the base case of n = 1 being trivial.
Assume now the result holds for n. Recall that the first time function T; is simply a
constant. Define the “backwards” process (X} )o<t<t, by X/ := B‘fl_t, and let (Gy)o<i<T1, be

the corresponding natural filtration, i.e. G; ;= 0(X{ :s < t) = G(B’f1 _s 5 < t). Inspection
yields that (X})o<;<7, is a Brownian bridge with Xj ~ N(v, T;1;) and X%l =v.

First, we note that the strong Markov property (in particular Corollary B.4) yields that,
for any (G;) stopping times 7; < --- < 1, the law of of (X}'), <i1<1, conditional on the event
{X7, =¥1,-.., X7, =y} is that of a Brownian bridge with initial point X; =y, and terminal
point X%l = v. Applying this in the case t,, = T} — T,,, this yields that the conditional
law of (X{')1,-1,<t<r; given {Xg =1, X, =v2,..., X, _p = V,} is a Brownian bridge with
initial point Xy _r =79, and terminal point X7 = v. But, this is equivalent to saying the
conditional law of (B} )o<<T, given {B%n = }’n,...,B’]i1 =y} is that of a Brownian bridge with
initial value By = v and terminal value B} =y,.

Next, note that, on the event {B”, T, = V- T =1}, the time function T,,;; = T,,11 (v1,..., V)

is constant in value. Followmg the from the preceding paragraph, the conditional density
Pns1Vns1 [ 91, V) is just that of a Brownian bridge with initial value Bj = v and By =y,

inspected at time T,,;. That is, from using the covariance and mean expressions for a
Brownian bridge along with the fact it is a Gaussian process, we have by Lemma B.2

|

Tn+1 2
Yne1 —V— T, (?n—V)” Tn+1
2(Tn - Tn+1) Tn

pr:n+1(yn+1 | V1,-. 0 9n) o) eXp|—

Thus, applying Bayes rule for densities alongside the inductive hypothesis, we have

Pf;nﬂ(}/ln--;ynu) = p{:n(yll'-w}}n)p}/:n+1(}’n+1 |V1,-~-,yn)

2
Tn+1
||;Un—V||2) . (_“ym—l _ymllz) Yn+l — T, (yn—V)H Tn+1
o, exp|—-————1- exp| =—=———||-exp| - .
Y p( 2Tn m]_:L P 2(Tmfl - Tm) P Z(Tn - Tn+1) Tn
D1 —v||2) 1 (—uyml - yng)
—exp|-——“—r——-)- exp| ————|,
P( 2Tn+1 J;L P 2(Tm—1 - Tm)
which proves the desired claim. O

With the above lemma, which shows that Proposition B.1 holds when the number of
time functions is constant, we can now prove that Proposition B.1 holds in full generality.

6Since we may have T, = T, for some m, we adopt the convention that when v, = v,,,_1,

(. — 2
exp (%) = 1. Likewise, when v;,, # y,,_1 in this setting, we adopt exp(%) = 0. After

the proof of this lemma, only the former case will occur.
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The idea behind the general proof is as follows. First, we consider the setting where an
analyst has a sequence of time functions Tj,T5,... and uses a stopping function N that
satisfies N((v,),>1) < n for all possible strings of inputs. We then construct a sequence of

exactly n time functions Sy, ..., S, such that p’fzn (Bgl"""’Bgrv,) = p’sz (B;"IV""’BIT,",\‘}V ) Then,

in the general case where we only assume N((v,),>1) < oo for all sequences (v,),,>1, for any

§>0,veRY, there is some ny such that ]P(N ((B‘%V) ol ) < nv,(g) > 1 -6, which will allow us
n/’nz

to apply our argument from the setting where N is bounded alongside a limiting argument.

With the above brief description of our technique at hand, we now prove Proposition B.1.

Proof of Proposition B.1. By assumption, for all sequences (v,,)>1 of elements of RY, we
have N ((v,)m>1) < n for some fixed natural number n € IN. If (T,,),>; is the original

sequence of stopping functions, define a new sequence by S,, := T,,,n for all m € [n].”

It is straightforward to see that, for any uv € RY, p’f:N(Bav,--.,B?Izv) =

p’fzn (B%MNV,...,B;V ) = p‘rm (Bglv,...,ng ) Moreover, Lemma B.5 yields that

nANY

2

2 BY., —

Bgv_v” exp| -1 ’
v (Bv BY exp|— ;Sv p 2Ty
pl:n Sf’“" Sr‘: n

NV

2 - 2
H v v BY, — v
pl:n(BSI”“"BS,‘{) exp| - Sy V”H exol - BTI‘\’]V H
25 p 217,

which is just the ratio between the density of a N/ (v, Tg’,v) random variable and a N/ ( 78 Tll’]v)
random variable evaluated at BY., , proving the desired result. O
NV

We now prove Theorem 3.4, which gives a closed form characterization of the Brownian
mechanism. In what follows, we use the same notation for the density of Brownian motion
as in the above proof.

Proof of Theorem 3.4. The second statement of the theorem is trivial and follows from our
assumption of bounded ¢, sensitivity. Hence, we only prove the first statement below.

From the results of Lemma 3.3, we have

f(x)
pr (BM,,(x))
£0Y, () = Tog| LT

ph) (BM,(x))

Tn(x) (%)
1 [IBrg —fIB Bry, — FIB
B 2_ TN(x)(x) TN(x)(x)

"While N technically accepts an infinite sequence (v,),>1 of vectors as input, by definition,
checking N ((y;)) < m only requires examining the first m elements of the sequence y1,..., vy
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Without loss of generality, and for the sake of simplicity, f(x) = 0. The privacy loss can be
written as

£ ) = m(—||BTN(X)<x)||§+||BTN(X)(x>—f(x'>||§)
= B F )+ 5B
- ””Q?':'S(B ||]{((x,)||2> 2TNx LAtk
Fotn (o x>’||;(x")> il )1
W+ e

Note that the last inequality follows from the fact that if (B;);> is a d-dimensional Brownian
motion and z € R? is a unit vector under the ¢, norm, then the process W, :=(z,B;) is a
standard Brownian motion. Noting that (—W;);>¢ is also a Brownian motion furnishes the
result. O

We now use the characterization of privacy loss in Theorem 3.4 alongside the time-uniform
concentration results for continuous time martingales found in Appendix A to construct
two general families of privacy boundaries. We now prove Theorem 3.6.

Proof of Theorem 3.6. Recall from Theorem 3.4 that we have the following bound

KBM (x,x) A’ + A Wt ,
2T (x) T (x) T (x) (%)

where A" := max(A,0). First, by leveraging Lemma A.3, we see that, with probability at
least 1 — 6, we have

A2 A
‘CBIX[](X) (x, x/) <

1 TN +p |y
_ZTN(X)(X)+TN(X)(X) 2(Ty(x ()+P)log[ T]—ybp (T (X))

proving that 1/)24 is a valid o-privacy boundary. Likewise, by Lemma A.2, we have that

A2 A A
LM (x,x') < + (aTy(x)(x) +b) =
N(x) 2Tn(x)  Tne(x) N

showing gbgb is a valid o-privacy boundary.

A
T (x )(2 +b)+A“:¢£,b(TN(x)(x)),

C Proofs From Section 5

In this appendix, we provide proofs of the results in Section 5. We start by proving the
privacy guarantees for ReducedAboveThreshold.

Proof of Theorem 5.1. For ReducedAboveThreshold as described in Algorithm 1, on
the event {N(x) = n}, all information leaked about the underlying private dataset
is contained in Alg,., (x) and a;.,(x), where a,(x) is defined to be the nth bit out-

put by ReducedAboveThreshold. For any y € &, let qll):n denote the joint density of

Alg,. (), a1.,(v)), p’. the marginal density of Alg,. (), and p’. (- | -) the conditional
81:n\Y Y)r Pi:n ) y 81:n\Y P1n
pmf of ay.,(y) given the observed values of Alg;. (). As such, for any neighboring datasets
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x ~ x’, on the event {N(x) = n}, the privacy loss of ReducedAboveThreshold, denoted by

LRAT(x,x), is given by
ﬁRAT( ) :log(qic:n(Alglzn(x)'al n(x)))
9o (A1, (%), @1 (1))
_ log(p)lc:,n(Alglzn(X)) ) + log(pi(in(al n(x) I Algl:n(x)))
picn(AlgI:n(x)) P’fn(al n( ) |A1g1:n(x))
— log(picin(Alglzn(x)) ) n log(picirz(onll | Algl n(x)))
pjlcn(Algl n(x)) pjlcn(on 11 |A1g1 n( ))

where 0”711 denotes the string of n—1 0’s followed by a single 1. In the last line we leverage
the definition of the privacy loss between Alg;., (x) and Alg;.,(x’) and define

i (01 |A1g1;n(X)))
pjlc:/n(oni1 1 | Algl:n(x))

L,(x,x"):= log(

Now, to finish the result, it suffices to prove that, for any n, L,(x,x’) < &,(Alg,.,_; (x)). With-
out loss of generality, we can assume all thresholds take the same value 7 across rounds,
as we can always define the shifted function u;(Alg.,(x),x) := u,(Alg,.,(x),x) — 7, + 7.
To prove our desired inequality, we proceed largely in the same way as the proof
of AboveThreshold found in Lyu et al. [2017], noting that conditioning on Alg,. (x)
serves to fix the utility functions u;(Alg,(x),-),...,u,(Alg,.,(x),-) and the privacy levels
E1,E(Alg(x)),...,E,(Alg;., ;(x)). For simplicity, going forward, we refer to the former
quantities as u;(:),...,u,(-) and the latter quantities just as €y,...,€,. The only remaining
caveat that we must take care in handling variable amount of noise on the threshold intro-
duced by LNR. Going forward, let IP;.,, denote the conditional probability IP(- | Alg;.,(x)).
First, observe that we can write the numerator of L, (x,x’) as

px(on—ll |Alg1:n(x)) :f g] n 511 'Sn ]_[11)1 n 1 ""61 <s; ) IPl:n (un(x)"'én = Sn)ds_:

where gf. . Tepresents the density for the joint distribution of (7 + Z(2A/e,,));,_;, where
(Z(t))t>y 1s as defined in Equation (6). We now need three inequalities. The first two are

standard from the analysis of Lyu et al. [2017], so we do not provide a proof. The third
inequality is a product of our novel ReducedAboveThreshold mechanism, and hence we
provide a proof. The inequalities are:

1. For i <nand fixed s;, Py.,(u;(x) + & <s;) <P, (u;(x") + & <s; + A),
2. for i = nand any s, Py., (1, (x) + &, > 5,,) < /2Py, (1,,(x") + &, > 5, + A), and

3. for any sy, € R", gf.,.(s1,...,5,) < eer’/zglﬁn(sl +A,...,8,+A).

We now prove the third inequality. We have that

gi[:n(sl""'sn) _ g,f(s,,)gf:n_l(sl,...,sn_l |5n)
-A - -A -A
gf;n (51"“;511) g1’1[ (Sn)ng;n_l(Sll--an—l |5n)
— g;isn) < 86"/2,
gn " (sn)

where the first equality follows from applying Bayes rule to the joint densities of the noisy
thresholds, and the second equality follows from the fact that (Z(¢)) forms a Markov process.
This in particular implies that the density conditional density given the nth threshold

satisfies gf. 1 (s1,...,54-1 | 54) = g1b;n71(51r---:5n—1 | s,,) for all a,b € R. The last inequality
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follows from examining the ratio of densities of Lap(t,2A/€,) and Lap(t —A,2A/€,) random
variables. Now, observe that by a simple shift of parameters we have

ng:;,A(sl,...,sn) =g, (s1+A, .5, +A).
Plugging this in, we have

p"(O”_ll |Alg1_n(x))
I_[lpl mn 1 +‘Sz < 51)

=J g1n51; )
i=1
]_[H)In +‘£z<51)

€,/2
<er J gl,n Slf ,Sn
R" i=1

< efn glr;lA(sl,...,sn)

= ¢fn f &Ln(515-00s5n)
L i=1

=efnp® (0” '1]Alg,.,(x )

Rearranging furnishes the desired result. O

IPI:n(”n(x) + én > Sn)d.?

H)ltn(un(x) + (En > Sn)dg)

P(u,(x)+ &, =5, +N)d5

n-1
[ [Prntuix) + & <si+a)
i=1

n—1

H)lsn(ui(x,) + éi < Si) I[)lzn(un(x,) + én 2 Sn)ds—)

We can also prove a corresponding utility guarantee for ReducedAboveThreshold. As
mentioned earlier, this utility guarantee is naive in the sense that it is derived from a union
bound. Thus, instead of plotting the utility guarantee in our experiments in Section 6, we
instead plot empirically observed loss/accuracy. Additionally, for the utility guarantee to
hold, the sequence of privacy functions (£,,),>; must be constant functions, i.e. £, =€,
for each n. We now state the formal, high-probability utility guarantee in the following
proposition.

Proposition C.1. Let (p,),>1 be a sequence of non-negative numbers such that ) >, p; = 1, and
let y €(0,1) be a confidence parameter. Define the sequence of parameters (1,,),>1 by

4A 2

M i= —(log(;)—bg(pn))-

Then, if N(x) is the time defined in Theorem 5.1, with probability at least 1 —y, we have

UN (x)(X) = TN (x) — 1IN (x

Proof. The above utility guarantee follows from applying two simple union bounds. First,

we have
Pl il znn/z}]s Y Pl > 2= ) exp( A )= 1 an -

n>1 n>1 n>1

Second, we have that

P U{|c,,|znn/z] Y PG> 2 =) exp 6”’7")_7an—1
n=1

n>1 n>1

Thus, with probability at least 1 -y, we have simultaneously for all n > 1 that |£,| < #,/2
and |C,| < 1,,/2. Thus, with the same probability, on round N(x), we have

UN(x) (%) = TN (x) — IN(x
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D Proofs From Section 4

We first prove that the process defined in Equation (6) has Laplace marginal distributions.

Theorem D.1. Let (Z);», be the process defined in Equation (6). Then, for any t > 11, we have
~ Lap(t).

In what follows, we sometimes use the notation Z(t) interchangeably with Z; for conve-
nience.

Proof. Recall that if X ~ Lap(s), then X has characteristic function ¢, given by
1
1+A252°
Let ¢ denote the characteristic function of Z; - Z,. Since Z,, and Z; - Z,, are independent, to
show Z; ~ Lap(t), it suffices to show that

Ps(A) =

pi(A) 1 +/\2’72
Py(A) 1+ A2

() =

Now, observe that the inhomogenous Poisson process (P;);>, can be written as
(ﬁ(et/z))tzlong) where P is a homogeneous Poisson process with rate A = 1 on [log(1?), o).
In terms of the process P, we can consider the process (Zt)tzlog(qz) given by

Z = ZLap(e?”/z),

n<pP,
where ?n := inf{t > log(1?): P, > n} and To =log(n?). It is easy to see that

Z(log(t*)) - Z(log(1°)) =4 Z¢ - Zy.

Leveraging this identity, it follows that we have
(1) = E[¢M4 )] = E [eu(zaog(tz))j(log(,,2»)]

X2 [log (t2/n? ]

2 j
t n! log(12)<uy <up<--<u,<log(t?)

n
f(n)(ulw ) un) H E I:ei/\Lap(e”j/Z):I du

n

- 1
1 (7)
;Log 2)<uy <up<--<u,<log(t?) !:1[ 1+ A2t

In the above, f(”)(ul,...,un) =

=
NlN

—[log(t;l!/qz)]" is the distribution of the order statistics

(Uay---»Upy) of niid. random variables that are uniform on [log(1?),log(t%)]. Essen-
tially, what we have done is ﬁrst conditioned of the number of Poisson arrivals that occur
in the interval [log(12),log(t?)]. Then, on the event {N(t) = n}, we condition again on the
location of the n arrlvals which we know to be uniformly distributed across the time inter-
val. Once the arrival locations are known, we can compute the conditional characteristic
function, which is the the product of characteristic functions as illustrated in the integral
above.

Now, we show inductively that

n 2 2.2\1"
1 1 21+
J | | 2 AU = '[log( 2 2172 )} :
log(1?)<uy <up<-<u,<log(t?) ;_4 L+ AZeti n ne 1+ A%t
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The base case of n =1 is trivially true. Now, we have that

n

1
[ [—5du
1+ A2eti

i=1

10g(t2) 1 n 1
= j ST J ]—[ ﬁdu_ldul
uy =log(1?) 1+ Aeta Uy <tp<e<hy §_n 1+ Aceti

1 —r"g“z) L [ 2122\
=— ———|log| ———— u
(7[ - 1)‘ MZIOg(qZ) 1+ /\26‘” & e* 1+ /\2 t2

1 (s g 212\ [ (2 1+ 222)\]"
=— —|-log| ——5 || du = —|log| 5= —55 || -
1! Jiog(y2) du et 1+ A%t n! n? 1+ A%t

Leveraging this identity and picking up from the expression for ¢(1) in Equation (7), we
have that

J;og(qz)gq <up<--<u,<log(t?)

2 © 2 2,2\1"
1 1 t> 1+ A%y
=N "ol =21
P t2 ;n! [ og(nz 1+A2¢2
2 2 1 /\2 2 1 /\2 2
:q—zexp lo t_2 A ) - 2 .
t n? 1+ A2t2 1+ A%t2
This proves the desired result. O

The above proof can also be leveraged to show that, for any finite fixed sequence of times
(tw)nelk) (Z(t1),..., Z(tk)) has the same distribution as (Cy,...,Ck), where (C;),¢[k] is the
Laplace process associated with times (f,),¢[x] as outlined in Equation (5). This justifies
that the process (Z(t));», is in fact a continuous time generalization of the aforementioned
discrete time process.

E Additional Experimental Details

Parameter settings: We set the regularization parameter to be A = 0.05 and note that the
¢, and ¢;-sensitivity for the output perturbation of logistic regression are respectively %

and %ﬁ. Likewise, for covariance perturbation in ridge regression, the ¢,-sensitivities for
privately releasing XX and X Ty are both 2.0, and the corresponding ¢; -sensitivities for
releasing these quantities are 2.0d and 2.0Vd respectively [Ligett et al., 2017, Chaudhuri
et al., 2011]. We set the failure probability for BM to be 6 = 107°, and in each task map
privacy parameters (€,) to times (t,) using the linear privacy boundary 4’5, , optimized for
tightness at € = 0.3.

Optimizing privacy boundaries: We provide a high level description of how one may set
the parameters associated with the privacy boundaries discussed in Theorem 3.6. Let us

consider the case of the mixture boundary ll)g/l for illustrative purposes.

Suppose a data analyst desires that the final level of privacy loss obtained by interacting
with the Brownian mechanism should be approximately e. Then, intuitively, the analyst
should want to add the variance of the Gaussian noise added to be as small as possible when
the privacy boundary takes value €. In mathematical notation, the analyst wants to find a
parameter p* satisfying

p*= argmpin(¢g4 )L (e),

where we note that the inverse function (l,blpw )~! exists as gb]pw is strictly increasing. While this

inverse has no closed form in general, the parameter p* can be efficiently computed using a
few lines of code. A similar, even more straightforward computation can be conducted for
the linear privacy boundary.
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Simulating Noise Reduction Mechanisms: We briefly describe how a data analyst can pro-
duce samples from the Brownian mechanism and the Laplace noise reduction mechanism.
First, since T (x) is a constant, we have BM; (x) ~ N'(f(x), T; (x)). Then, given BM;.,,,_; (x), we

have BM,,(x) ~ N(f(x)+ Tﬁiﬁ)(BTm_l(X)—f(x)); W) Since simulating the

Brownian mechnaism only requires normal samples, it can be efficiently computed.

Second, to sample from LNR, one can first generate the the points of arrival of the inhomo-
geneous Poisson process (P;)>, up to time Ty(x). Let 73,...,7y denote these arrival times,

where we note that N, the number of arrivals up to time T;(x), is a random variable. Then,
one can generate Y, ~ Lap(7,,) for m < N. From this information, the process (Z;), <<, (x)

can be readily computed, as in Equation (6).
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