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Abstract

Most linear experimental design problems assume homogeneous variance, even
though heteroskedastic noise is present in many realistic settings. Let a learner have
access to a finite set of measurement vectors X C R that can be probed to receive
noisy linear responses of the form y = 2 76* + 7. Here #* € R? is an unknown
parameter vector, and 7 is independent mean-zero o2-strictly-sub-Gaussian noise
defined by a flexible heteroskedastic variance model, 02 = x T ¥*2. Assuming that
¥* € R? i5 an unknown matrix, we propose, analyze and empirically evaluate a
novel design for uniformly bounding estimation error of the variance parameters,
o2. We demonstrate the benefits of this method with two adaptive experimental
design problems under heteroskedastic noise, fixed confidence transductive best-
arm identification, and level-set identification; proving the first instance-dependent
lower bounds in these settings. Lastly, we construct near-optimal algorithms and
empirically demonstrate the large improvements in sample complexity gained from
accounting for heteroskedastic variance in these designs.

1 Introduction

Accurate data analysis pipelines require decomposing observed data into signal and noise components.
To facilitate this, the noise is commonly assumed to be additive and homogeneous. However, in
applied fields this assumption is often untenable, necessitating the development of novel design and
analysis tools. Specific examples of deviations from homogeneity include the variability in sales
figures of different products in e-commerce [24, 31], the volatility of stocks across sectors [5], spatial
data [58, 43], and genomics [48, 10]. This heteroskedasticity is frequently structured as a function of
observable features. In this work, we develop two near-optimal adaptive experimental designs that
take advantage of such structure.

There are many approaches, primarily developed in the statistics and econometrics literature, for
efficient mean estimation in the presence of heteroskedastic noise (see [56, 16] for a survey). These
methods concentrate on settings where data have already been collected and do not consider sampling
to better understand the underlying heteroskedasticity. Some early work exists on experimental design
in the presence of heteroskedastic noise, however these methods are non-adaptive (see Section 2 for
details). Importantly, using naive data collection procedures designed for homoskedastic environments
may lead to sub-optimal inference downstream (see Section 1.2 for examples). A scientist may fail
to take samples that allow them to observe the effect of interest with a fixed sampling budget, thus
wasting time and money. This work demonstrates how to efficiently and adaptively collect data
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in the presence of heteroskedastic noise. It bridges the gap between heteroskedasticity-robust (but
potentially inefficient) passive data collection techniques, and powerful (but at times brittle) active
algorithms that largely ignore the presence of differing variances.

1.1 Problem Setting

To ground our discussion of heteroskedasticity in active data collection, we focus on adaptive
experimentation with covariates; also known as pure-exploration linear bandits [7, 45]. Let a learner
be given a finite set of measurement vectors X C R, span(X) = R?, which can be probed to
receive linear responses with additive Gaussian noise of the form:

y=x'0"+n with n~N(0,02), o2:=2"%%z. (1)
Here, §* € R? is an unknown parameter vector, 7 is independent mean-zero Gaussian noise with
variance 02 = x' X*x, and ¥* € R¥*9 is an unknown positive semi-definite matrix with the
assumption that 02, < 02 < o2 forall z € X, where 02,02, > 0 are known. We focus
on Gaussian error for ease of exposition but extend to strictly sub-Gaussian noise in the Appendix.
The linear model in Eq. (1) with unknown noise parameter ¥* directly generalizes the standard
multi-armed bandit to the case where the arms have different variances [4]. Additionally, this
heteroskedastic variance structure arises naturally in linear mixed effects models [20], which are used
in a variety of experimental settings to account for multi-level heterogeneity (patient, spatial and block
design variation [41]). Throughout, Z C R will be a set (that need not be equal to X)) over which
our adaptive designs will be evaluated. While the theory holds true for 02, < 02 < o2 in general,
we consider the case where 02, = max,cx 02 and 02, = mingey 02 so that k := o2, /o2,
summarizes the level of heteroskedasticity.

1.2 Heteroskedasticity Changes Optimal Adaptive Experimentation

To underscore the importance of adapting to heteroskedasticity, we consider the performance of
RAGE [12], a best arm identification algorithm designed for homoskedastic settings. This algorithm
does not account for differing variances, so it is necessary to upper bound o2 < o2 for each z to
identify the best arm with probability 1 — ¢ for 6 € (0, 1). In Fig. 1, we compare this approach to the
optimal sampling allocation accounting for heteroskedasticity in a setting that is a twist on a standard
benchmark [46] for best-arm identification algorithms. Let X = Z C R? and |X| = 3. We take
x1 = e; and x5 = ey to be the first and second standard bases and set z3 = {cos(0.5),sin(0.5)}.
Furthermore, we take 8* = e; such that z; has the highest reward and x3 has the second highest.
In the homoskedastic case, an optimal algorithm will focus on sampling x5 because it is highly
informative for distinguishing between z; and x3 as shown in Fig 1b. However, if the errors are
heteroskedastic, such a sampling strategy may not be optimal. If oo > o1, 03, the optimal allocation
for heteroskedastic noise focuses nearly all samples on x; and 3 (as shown in Fig. 1a), which are
more informative than x5 because they have less noise. Hence, ignoring heteroskedasticity and upper-
bounding the variances leads to a suboptimal sampling allocation and inefficient performance. This
effect worsens as the amount of heteroskedasticity increases, leading to an additional multiplicative
factor of « (cf., [12], Thm. 1) as demonstrated in Fig. 1c, In this important example, we see that the
sample complexity of an algorithm that ignores heteroskedasticity suffers a linear dependence on x,
while a method that adapts to the heteroskedasticity in the data does not.

1.3 Paper Contributions

1. Finite Sample Noise Estimation Guarantees. We use an experimental design technique to
construct estimates of the heteroskedastic noise variances with bounded maximum absolute error.
This adaptive experimental design is a two-phase sample splitting procedure based on a pair of
distinct G-optimal experimental designs [28], with bounds that scale favorably with the underlying
problem dimension.

2. Near-Optimal Experimental Design Algorithms. We propose adaptive experimental design
algorithms for transductive linear best-arm and level-set identification with heteroskedastic noise,
that combine our variance estimation method with optimal experimental design techniques. We
prove sample complexity upper bounds for unknown >* that nearly match instance dependent
lower bounds when ¥* is known. Importantly, we show that in contrast to naive methods which
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Figure 1: We compare the sampling strategies of algorithms that do and do not account for heteroskedastic
variance in Figs. la and 1b respectively, when x = 20. Figure 1c shows that the gap in the optimal sample
complexity between the two algorithms becomes linear as ~ increases.

have a multiplicative dependence on «, we only suffer an additive dependence. Lastly, we show
that the theoretical improvements translate to stronger empirical performance.

2 Related Work

Experimental Design and Active Learning for Heteroskedastic Regression. Many experimental
design methods for heteroskedastic regression assume known weights (or efficiency functions) [55,
54]. Procedures that estimate the heteroskedastic variance focus on optimizing the design for the
weighted least squares estimator given a burn-in period used to estimate the noise parameters [37, 53,
52]. These contributions assume that the variance is unstructured, which leads to sample complexities
that scale with the number of arms. Similarly, past active learning work on linear bandits with
heteroskedastic noise either assume the variances are known [30, 62], or that the variances are
unstructured [14, 8, 4]. The works that assume structured heteroskedastic noise in a linear bandit
framework focus on active maximum likelihood estimation and G-optimal design [7, 45], but do not
exploit the structure of the heteroskedastic noise to improve performance, leading to complexities
scaling poorly in the problem dimension. Lastly, Mukherjee et al. [38] study policy value estimation
under the reward model described in Eq. 1. However, their variance estimator is different from ours.

Best-Arm and Level Set Identification in Linear and Logistic Bandits. Best-arm identification is
a fundamental problem in the bandit literature [13, 46, 18]. Soare [44] constructed the first passive
and adaptive algorithms for pure-exploration in linear bandits using G-optimal and X Y-allocation
experimental designs. Fiez et al. [12] built on these results, developing the first pure exploration
algorithm (RAGE) for the transductive linear bandit setting with nearly matching upper and lower
bounds. Recent work specializes these methods to different settings [47, 57, 25, 26], improves
time complexity [60, 50, 33], and targets different (minimax, asymptotically optimal, etc.) lower
bound guarantees [59, 22, 9]. In the level set literature, Mason et al. [35] provides the first instance
optimal algorithm with matching upper and lower bounds. Critically, none of these contributions
account for heteroskedastic variance. Finally, we note the connection between this work and the
logistic bandits literature [23, 11, 1, 36]. In that setting, the observations are Bernoulli random
variables with a probability given by P(y = 1|z) = {1 + eXp(—xTH*)}_l forz € R?, 0* € R? and
y € {0,1}. Because of the mean-variance relationship for Bernoulli random variables, points z for
which P(y = 1|x) is near 0 or 1 have lower variance than other 2’s. While the tools are different
in these two cases, we highlight two common ideas: First, Mason et al. [36] present a method that
explicitly handles the heteroskedasticity in logistic bandits. Second, a core focus of optimal logistic
bandit papers is reducing the dependence on the worst case variance to only an additive penalty,
similar to the guarantee of x herein, which has been shown to be unavoidable in general [23].

3 Heteroskedastic Variance Estimation

In this section, we describe an algorithm for heteroskedastic noise variance estimation with error
bounds that scale favorably in the problem dimension. We then evaluate this method empirically.



Given a sampling budget I, our goal is to choose {x;}}_; C X to control the tail of the maximum
absolute error (MAE): max,cx |02 — 02| by exploiting the heteroskedastic variance model. Alg. 1,
HEAD (Heteroskedasticity Estimation by Adaptive Designs), provides an experimental design for
finite-time bounds on structured heteroskedastic variance estimation.

Notation. Let M := d(d + 1)/2. Define W = {¢,, V& € X} C RM where ¢, = vec(zz )G and
G € R”*M i the duplication matrix such that G vech(zz ") = vec(zx "), with vech(-) denoting
the half-vectorization. For a set V, let Py := {\ € RVl : Y wey Ao = 1, Ay > 0V v} denote

distributions over V and Y (V) := {v' — v : v,v' € V, v # v’} represent the differences between
members of set V.

General Approach. Given observations from y; = x] 0* +n, fort € {1,2,...,T'} and the true
value of 6%, we can estimate o2 for each = € X’ from the squared residuals n? = (y, — x, 0*)? (e.g.,
using method of moments or another estimating equation approach [15]). However, since 6* is not
known, we cannot directly observe 7, making estimation of o2 more difficult. Consider a general
procedure that first uses I' /2 samples from the budget to construct a least-squares estimator for 6*,

Or /2, and then uses the final I" /2 samples to collect error estimates of the form 77 = (y; — Or /2)2.
Define ®r € RI/2XM 49 a matrix with rows {¢wt}trzr/2+1 and 7j € R'/2 as a vector with values
{ﬁt}fzr/z-s-r With 7, we can estimate ¥* by least squares as

vech(Xr) = arg min ||®r s — 722,
seRM

where we minimize over the space of symmetric matrices. Splitting samples ensures that the errors in

estimating 0* and ¥* are independent. Note that (ip, Or /2) is an M-estimator of (X*, 0*) derived
from unbiased estimating functions, a common approach in heteroskedastic regression [21, 51, 34].
2 _

Finally, by plugging in the estimate of ¥*, one can obtain an estimate of the variance, 65 =

min{max{:r—ri;x, o2} 02 }. We show that this approach leads to the following general error
decomposition for any z € X with z := ¢] (®] &) 1P[:

~ . 2 r I .
|$T(E*—EF)I| S {IT(QF/Q — 0*)} + Z Zt (T]t2 — Jf;rz*lif) + Z 2th;r(01"/2 — 9*)7% .
t=I"/2 t=I"/2

A

B C

Experimental Design for Precise Estimation. The analysis above gives an error decomposition for
any phased non-adaptive data collection method that splits samples between estimation of 6* and
¥*. Intuitively, we wish to sample {x1,...,2r/2} and {zr/o41,...,2r} to control the maximum
absolute error by minimizing the expression above. We achieve this via two phases of G-optimal
experimental design [28]- first over the X’ space to estimate 6%, and then over the JV space to estimate
>*. Precisely, we control quantity A via stage 1 of Alg. 1, which draws from a G-optimal design \*
to minimize the maximum predictive variance

maxE {{:J(ém f 9*)}2] .

zeX

Quantity B is another sub-exponential quantity (Definition B.2 in Appendix B), which we control by
drawing from a G-optimal design AT over W to minimize maxsecyy ¢ ' (®] ®1)~'4. Finally, C is
controlled by a combination of the guarantees associated with \* and A'. This leads to the following

=

error bound on 52 = min {max{xTpr, o2 U?nax}.

Theorem 3.1. Assume I' = Q [max {02, log(|X|/6)d?,d*}]. Forany z € X and § € (0,1),
Alg. 1 guarantees the following:

P (62— 02| < Crg) >1-5/2 where Cps=0 {\/log(|X|/6)a2 d2/r}.

max

The proof of Theorem 3.1 is in Appendix D and follows from the decomposition in Eq. 3; treating A,
B and C as sub-exponential random variables with bounds that leverage the experimental designs
of Alg. 1. The details on the constants involved in Theorem 3.1 are also included in Appendix D.



Algorithm 1: HEAD (Heteroskedasticity Estimation by Adaptive Designs)

Result: Find ip

1 Input: Arms X ¢ R4, T € N
2 //Stage 1: Take half the samples to estimate 6*

—1
3 Determine A* according to \* = arg minye p, maxzex xz’ (Zm’GX )\m/x’m’—r) T
4 Pull arm x € X’ [A%I'/2] times and collect observations {x, yt}fﬁ
s Define A* = S°1/2 2,27 and b* = 37172 2y, and estimate é\F/Q =A%

6 //Stage 2: Take half the samples to estimate X* given 51“/2

. . ~1
7 Determine AT < A\l = arg min¢p, max,cx & (Zz'ex /\x/qﬁx/gb;,) O
8 Pullarm z € X [AII'/2] times®and collect observations {z;, y; }1_r. /241

2
r r 5

9 Let AT = Zt:F/2+1 ¢xz¢£9 bt = Zt:F/2+1 Pa, (yt - 517;91“/2)
10 Output: vech(Sp) = AT~ b1,

Note that we design to directly control the MAE of 2. This is in contrast to an inefficient alternative
procedure that allocates samples to minimize the error of 1 in general, and then extends this bound
tox ! Ypz forz € X.

Theoretical Comparison of Variance Estimation Methods. In contrast to previous approaches
that naively scale in the size of X [14], the above result has a dimension dependence of d2, which
intuitively scales with the degrees of freedom of ¥*. To highlight the tightness of this result, consider
estimating the noise parameters for each arm, x € X, only using the samples of x (like the method
in [14]). We improve this approach by adapting it to our heteroskedastic variance structure and
strategically pick d? points to avoid the dependence on |X'|. We refer to this method as the Separate
Arm Estimator, and in Appendix D, we show that it suffers a dependence of d*. This comparison
point, along with our empirical results below, suggest that the error bounds established in Theorem 3.1
scale favorably with the problem dimension.

Empirical Comparison of Variance Estimation Methods. Define two sets of arms &7, X5 such
that x € A is drawn uniformly from a unit sphere and xz € X, is drawn uniformly from a sphere
with radius 0.1; with |X;| = 200 and |X,| = 1800. Let ¥* = diag(1,0.1,1,0.1,...) € R¥*? and
0 =(1,1,...,1) € R?. This setting provides the heteroskedastic variation needed to illustrate the
advantages of using HEAD (Alg. 1). An optimal algorithm will tend to target orthogonal vectors in
X because these arms have higher magnitudes in informative directions. Defining X = & U A%,
we perform 32 simulations in which we randomly sample the arm set and construct estimators for
each 0320, x € X. We compare HEAD, the Separate Arm Estimator, and the Uniform Estimator (see
Alg. 3 in Appendix D). The Uniform Estimator is based on Alg. 1 but samples arms uniformly
from X and does not split samples between estimation of #* and ¥*. HEAD should outperform its
competitors in two ways: 1) optimally allocating samples, and 2) efficiently sharing information
across arms in estimation. The Uniform Estimator exploits the problem structure for estimation but
not when sampling. In contrast, the Seperate Arm Estimator optimally samples, but does not use the
relationships between arms for estimation. Fig. 2 depicts the average MAE and standard errors for
each estimator. In Fig. 2a, we see that HEAD outperforms its competitors over a series of sample sizes
for d = 15. Fig. 2b compares the estimators over a range of dimensions for a sample size of 95k.
While HEAD continues to accurately estimate the heteroskedastic noise parameters at high dimensions,
the Separate Arm Estimator error scales poorly with dimension as the analysis suggests.

4 Adaptive Experimentation with Covariates in Heteroskedastic Settings

As an application of the novel sampling procedure and resulting variance estimation bounds developed
in section 3, we now study adaptive experimentation with covariates in the presence of heteroskedastic

8As A,T'/2 ¢ N, it is not possible in reality to take A, T'/2 samples. This problem can easily be handled by
rounding procedures detailed in Appendix A.
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Figure 2: The proposed experimental design estimator outperforms competitors in terms of maximum absolute
error maXye x |a§ — 33\ over a range of sample sizes (a) and dimensions (b).

noise through the lens of transductive linear identification problems [12]. Recalling the problem
setting from Section 1.1, we consider the following fixed confidence identification objectives:

1. Best-Arm Identification (BAI). Identify the singleton set {2*} where z* = argmax,c z 2 ' 0*.

2. Level-Set Identification (LS). Identify the set G, = {2 : 2" 6* > a} given a threshold o € R.

This set of objectives, together with a learning protocol, allow us to capture a number of practical
problems of interest where heteroskedastic noise naturally arises in the assumed form. Consider
multivariate testing problems in e-commerce advertisement applications [17, 39]. The expected feed-
back is modeled through a linear combination of primary effects from content variation dimensions
(e.g., features or locations that partition the advertisement), and interaction effects between content
variation in pairs of dimensions. The noise structure is naturally heteroskedastic and dependent
on the combination of variation choices. Moreover, the transductive objectives allow for flexible
experimentation such as identifying the optimal combination of variations or the primary effects that
exceed some threshold. We return to this setting in Experiment 3 of Section 5. In the remainder of
this section, we characterize the optimal sample complexities for the heteroskedastic transductive
linear identification problems and design algorithms that nearly match these lower bounds.

4.1 Linear Estimation Methods with Heteroskedastic Noise

To draw inferences in the experimentation problems of interest, it is necessary to consider estimation
methods for the unknown parameter vector 0* € R<. Given a matrix of covariates X1 € RT*? a
vector of observations Y € RT, and a user-defined weighting matrix Wp = diag(wy, ..., wr) €
RTXT | the weighted least squares (WLS) estimator is defined as:

é\WLS = (X;WTXT)il X;WTYT = mingeRd ||YT - XTQ”%/VT

2 2

Let X7 = diag(o? O3 0g) € RT*T denote the variance parameters of the noise observa-

tions. The WLS estimator is unbiased regardless of the weight selections, with variance

~ J— — -1 —
V (Bwis) = (XFWrXr) ™ XIWrSeWy Xr (XPWrXr) " TS (X7 )

2
The WLS estimator with W = 2}1 is the minimum variance linear unbiased estimator [2]. In
contrast, the ordinary least squares (OLS) estimator, obtained by taking Wz = I in the WLS
estimator, is unbiased but with a higher variance,

—~ —1 -1 _
V (Bors) = (X7 Xr) " XTTrXr (X7 Xr) " X 0 (X7 X7) 7,
Consequently, WLS is a natural choice with heteroskedastic noise for sample efficient estimation.

4.2 Optimal Sample Complexities

We now motivate the optimal sample complexity for any algorithm that returns the correct quantity
with a fixed probability greater than 1 — §, § € (0, 1), in transductive identification problems with



heteroskedastic noise. We seek to identify a set of vectors Hopj, where

Hpar = {2"} = {argmeaéczTH*} and His ={z€ Z:2"6" —a > 0}.

Algorithms consist of a sampling strategy and a rule to return a set 7 at time 7.
Definition 4.1. An algorithm is §-PAC for OBJ € {BAIL, LS} if V6 € ©, Py (ﬁ =Hopy) >1-9.

Throughout, we will only consider algorithms that are J-PAC. For drawing parallels between best-arm
and level set identification, it will be useful to define a set of values Qogy, where

Opar={z:2€ Z,z# 2"} and Qrs = {0},
and a constant bopj such that bpa1 = 0 and by, = «. Both problems amount to verifying that for

all h € Hopy and g € Qopy, (h — q)TGWLs > bopj, or equivalently (h — q)TG* —bogy — (h —

Q)" (6* — §WLS) > 0. Using a sub-Gaussian tail bound and a union bound [32], this verification
requires the following to hold for all h € Hopy and g € Qopy for the data collected:

LS

<h—q>T<9*—5st>s\/2||h—q||§,(§w Jog(2I21/0) < (h=) 0" ~bons. )

Let )\, denote the proportion of 7' samples given to a measurement vector x € X" so that when
Wr = ¥;! in Eq. (4.1),

-1
N4 (é\WLS) = (XQTZElXT)_l = <Z )\,;O;ZxxT> /T

reX

as in Eq. (2). Now, we reformulate the condition in Eq. (3) and minimize over designs A € Py to see
that J-PAC verification requires

|Ih — all?

* * _ . (Zzex )‘1"’;2“:‘7‘;)71
T > 295y log(2|Z|/8), where gy = /\Iggi heHog}%ﬁéQOBJ ((h—q) 0 — bOBJ}’2

)
This motivating analysis gives rise to the following sample complexity lower bound.

Theorem 4.1. Consider an objective, OBJ, of best-arm identification (BAT) or level-set identification
(LS). For any § € (0, 1), a §-PAC algorithm must satisfy

Ep[r] > 2log(1/2.40)¢5p;-

Remark 4.1. This lower bound assumes that the noise variance parameters are known. We compare
to the existing lower bounds for the identification objectives with homoskedastic noise [12, 44, 35]
in Appendix G. These apply in this setting by taking the variance parameter 02 = o2, and are
characterized by an instance-dependent parameter, pfyg, such that k=1 < ¥ 55 /peps < 1 (recall
that k := 02, /o2, In general, x can be quite large in many problems with heteroskedastic noise.
Consequently, this implies that near-optimal algorithms for linear identification with homoskedastic
noise can be highly suboptimal (by up to a multiplicative factor of x) in this setting.

4.3 Adaptive Designs with Unknown Heteroskedastic Variance

We now present Alg. 2, H-RAGE (Heteroskedastic Randomized Adaptive Gap Elimination), as a
solution for adaptive experimentation with covariates in heteroskedastic settings. The approach
is composed of two components: 1) Obtain accurate estimates of the unknown variance pa-
rameters {02},cx using HEAD; 2) Use adaptive experimental design methods for minimizing
the uncertainty in directions of interest given the estimated variance parameters. Denote by
A = minpenon, Milgeoos, (B — q) T0* — bopy the minimum gap for the objective and assume
max.cz, |(z — 2%, 0*)| < 2. We prove the following guarantees for Alg. 2.

Theorem 4.2. Consider an objective, OBJ, of best-arm identification (BAT) or level-set identification
(LS). The set returned from Alg. 2 at a time 7 is §-PAC and

7 =0 (Vopy log(A™) [log(|Z]/6) + log {log(A™1) }] + log(A™1)d* + log(|X|/8)k*d?) .



Algorithm 2: (H-RAGE) Heteroskedastic Randomized Adaptive Gap Elimination

Result: Find z* := argmax.cz 2 ' 0* forBALor G, := {2 € Z : 210" > a} for LS
1 Input: X € RY, Z € R, confidence § € (0,1), 0BJ € {BAI,LS}, threshold o € R
2 Initialize: ¢ <+ 1, Z; « Z, G, + 0,8, + 0
3 //Variance estimation

4 Call Alg. 1 such that |52 = min {max{xTipx, o2}, o2 } - ai‘ <o2/2

max

while (| 2| > 1 and 0BJ=BAI) or (|Z¢| > 0 and 0BJ=LS) do

W

6 //Determine the design

7 Let Ay € Py be a minimizer of g {\, Y(Z,)} if 0BJ=BAI and ¢(\, Z;) if 0BJ=LS where
q(V) = infaep, q(A; V) = infrcp, max.eyp ||2][ a2y oy

(Zzex Gz Aezx!)

8 Set e, =27, 7, = 3¢, 2q(Z,) log(8¢%|Z|/5) / /Determine stepsize

9 Pull arm z € X exactly [7,\¢ | times for n, samples and collect {x¢.;, ye.; } ity

10 Define Ay == 1, 8{2xg,ixzi, be = > G, 2ae,iye,; and construct § = A, by

1 //Eliminate arms

12 if 0BJ is BAI then

13 ‘ Zg+1 — Z@\{Z € Zy: max, ez, <Z/ -z, 9g> > 64}

14 else

15 g5+1<—ggU{Z€Zg:<Z,9g>—64>0¢}

16 B€+1 FBEU{ZEZg:<Z,95>+€z<a}

17 Zopr + Z20\{{Ge \ Ger1} U{Be \ Bey1}}

18 end

19 l+—(+1

20 end

21 Output: Z, for BAI or G, for LS

Remark 4.2. This result shows that Alg. 2 is nearly instance-optimal. Critically, the impact of not
knowing the noise variances ahead of time only has an additive impact on the sample complexity
relative to the lower bound. In contrast, existing near-optimal methods for identification problems
with homoskedastic noise would be suboptimal by a multiplicative factor depending on « relative
to the lower bound. Given that the lower bound assumes the variances are known, an interesting
question for future work is a tighter lower bound assuming the variance parameters are unknown.

Algorithm Overview. Observe that for ¢, ;, the optimal allocation depends on both the unknown
gaps ((h—q) T0* —bogy) for h € Hopy and ¢ € Qogy, and the unknown noise variance parameters
{02} zex. To handle this, the algorithm begins with an initial burn-in phase using the procedure from
Alg. 1 to produce estimates {72} ,¢ x of the unknown parameters {02}, x, achieving a multiplicative
error bound of the form |02 — 52| < 02 /2 for all x € X. From this point, the estimates {52}, x
are used as plug-ins to the experimental designs and the weighted least squares estimates. In each
round ¢ € N of the procedure, we maintain a set of uncertain items Z,, and obtain the sampling
distribution )y, by minimizing the maximum predictive variance of the WLS estimator over all
directions y = h — g for h € Hopy and ¢ € Qppy. This is known as an X' Y-allocation and
G-optimal-allocation in the best-arm and level set identification problems respectively. Critically, the
number of samples taken in round ¢ guarantees that the error in all estimates is bounded by ¢, such
that for any h € Hopy and ¢ € Qogy, (h — q) 6% > 2¢, is eliminated from the active set at the end
of the round. By progressively honing in on the optimal item set Hopj, the sampling allocation gets
closer to approximating the oracle allocation.

S Experiments

We now present experiments focusing on the transductive linear bandit setting. We compare H-RAGE
and its corresponding oracle to their homoskedastic counterparts, RAGE [12] and the oracle allocation



with noise equal to 02, . RAGE is provably near-optimal in the homoskedastic setting and known

to perform well empirically. The algorithm is similar in concept to Alg. 2, but lacks the initial
exploratory phase to estimate the variance parameters. We include the pseudo-code of RAGE in
Appendix H. The homoskedastic and heteroskedastic oracles sample with respect to the optimal
design with a sub-Gaussian interval stopping condition. All algorithms are run at a confidence level
of 6 = 0.05, and we use the Franke-Wolfe method to compute the designs. We demonstrate that
H-RAGE has superior empirical performance over a range of settings.

Linear bandits: Experiment 1 (Signal-to-Noise). We begin by presenting an experiment that
is a variation of the standard benchmark problem for BAI in linear bandits [46] introduced in
Sec. 1.2. Define e; € R? as the standard basis vectors in d dimensions. In the standard example,
X = Z = {ey1,ez,2'} where 2/ = {e; cos(w) + ez sin(w)} forw — 0, and 0* = e;. Thus x1 = €1
is optimal, 3 = x’ is near-optimal, and x5 = e5 is informative to discriminate between x; and x3.
We consider an extension of this benchmark in multiple dimensions that highlights the performance
gains from accounting for heteroskedastic variance. First, define an arm set H that is comprised of
the standard example but with varied magnitudes. For ¢ € (0, 1),

H=A{e1} U{ea} U{qg x 67;}?=3 U {e1 cos(w) + ¢; sin(w) f:2.

Then define G to be a series of vectors such that the rank of span({cﬁm rxegGU H}) =RM. g
allows for variance estimation. Finally, let the arm and item setbe X = Z = G U H and 6* = e;.

We define ¥* as the d-dimensional identity matrix. Observe that 1 = e; is optimal, the d — 1
arms given by {e1 cos(w) + e; sin(w)}%_, are near-optimal with equal gaps A = 1 — cos(w), and
the d — 1 arms given by {es} U g * {e; }¢_, are informative to sample for discriminating between
x1 = ey and z; = e cos(w) + e;sin(w) for each i € {2,...,d}, respectively. To identify z1, we
must estimate the A gap adequately in every dimension with arms {e2} U g * {e;}% 5. Therefore,
performing BAI without accounting for heteroskedastic variances will tend toward a design that
prioritizes sampling informative arms {g x ¢;}¢_s, since these have smaller magnitudes and seem
less informative about the near-optimal arms in dimensions ¢ € {3,4...d}. However, the signal
to noise ratio is actually constant across arms (because the variance of ¢ * {61;};-1:3 is equal to ¢?)
leading to an oracle distribution that equally samples across {e2} U g * {e; }¢_5 when we account for
heteroskedastic variances. This change in allocation is illustrated in Appendix H for d = 4, w = 0.01,
q=0.4and G = {0.5(e1 + e2) + 0.1e3,0.5(e1 + €2) + 0.1(es + e4) }. In the same setting, Fig. 3a
shows that the heteroskedastic variance experimental design and the tighter predictive confidence
intervals of the weighted least squares estimator result in a large decrease in the sample size needed
to identify the best arm.

Experiment 2: Benchmark. This experiment is also similar to the benchmark example introduced in
Sec. 1.2. In this variation, the informative arms have the same magnitude but are bent at a 45° angle,

X = {e1} U{e1 cos(w) + ezsin(w)} U {ei}iis U {{ei/V2 +€;/V2}i1} s

Let the arm and item set be X = Z and 6* = e;. In Experiment 1, we have many near-optimal
arms and H-RAGE reveals that each of these are equally difficult to distinguish from the best. In
contrast, Experiment 2 contains one near-optimal arm along with many potentially informative arms,
and we are interested in identifying the one that is most helpful. Intuitively, Experiment 1 uses
heteroskedastic variance estimates to assess the difficulty of many problems, while Experiment 2
uses the same information to assess the benefits of many solutions. Let the unknown noise matrix
be given by X* = diag(c},03,...,02) where 0% = a?, (03,03) = % and (03,02...,07%) = .
x1 = ey is again optimal and xzo = {e; cos(w) + ez sin(w)} is a near optimal arm. In this case,
{ea/V2 +e1/vV2} U{ea/V2 + e;/v/2}4_, are informative for distinguishing between 1 and 2,
and the oracle allocation assuming homoskedastic noise (Homoskedastic Oracle) picks three of these
vectors to sample. However, if a? > 32, then it is optimal to sample {e5/ V2 + e / V2, es} over
other potential informative arm combinations. Appendix H shows this contrast in allocations for
d=3,w=0.01,a? = 1and % = 0.2. In the same setting, Fig. 3b shows that estimating and
accounting for heteroskedastic noise contributes to a reduction in sample complexity.

Experiment 3: Multivariate Testing. In this experiment, we return to the motivating example
of Section 4, multivariate testing in e-commerce advertising [17, 39]. We divide an advertisement
into natural locations or features called dimensions, each of which has different content options or
variations. We induce heteroskedastic variance by allowing both the expected value and the variance
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Figure 3: Experimental results show the mean sample complexity of each algorithm over 100 simulations with
95% Monte Carlo confidence intervals.

of an advertisement’s reward to depend on the n variations in each of the m dimensions. Let ¥ = Z
denote the set of layouts corresponding to the combinations of variant choices in the dimensions so
that | X| = n™. The multivariate testing problem is often modeled in the linear bandit framework
using the expected feedback for any layout z € X C {0,1}%, where d = 1 + mn + n’*m(m +1)/2,
given by

zT o = 05 + (Z?ll 27:1 gf,jwi,j) + (Zzﬂil Z?:i+1 27:1 Z;’l’:l ef,i',j,jffi,jxi/,j’)'

In this model, z; ; € {0, 1} is an indicator for variation j € {1,...,n} being placed in dimension
i€{l,....,m},and X7 w; ; = Lforalli € {1,...,n} for any layout z € X'. Observe that the
expected feedback for a layout is modeled as a linear combination of a common bias term, primary
effects from the variation choices within each dimension, and secondary interaction effects from the
combinations of variation choices between dimensions.

We consider an environment where the effect of variation changes in one dimension, call it di-
mension j, has much higher variance than others; resulting in the best variation for dimension j
being harder to identify. An algorithm that accounts for heteroskedastic variance will devote a
greater number of samples to compare variations in dimension j, whereas an algorithm that up-
per bounds the variance will split samples equally between dimensions. For a simulation setting
with 2 variations in 3 dimensions, we define ¥* = diag(0.3,0.7,1073,1073,...) € R™*7 and
6* = (0,0.005,0.0075,0.01, —0.1, —0.1,...) € R7. This simulation setting implies that the second
variation in each of the dimensions is better than the first, but the positive effect in the first dimension
is hardest to identify. In Appendix H we can see that this causes the heteroskedastic oracle to devote
more weight than the homoskedastic oracle to vectors that include the second variation in the first
dimension. Fig. 3¢ depicts the improvement in sample complexity resulting from accounting for the
heteroskedastic variances.

6 Conclusion

This paper presents an investigation of online linear experimental design problems with heteroskedas-
tic noise. We propose a two-phase sample splitting procedure for estimating the unknown noise
variance parameters based on G-optimal experimental designs and show error bounds that scale
efficiently with the dimension of the problem. The proposed approach is then applied to fixed
confidence transductive best-arm and level set identification with heteroskedastic noise, where we
present instance-dependent lower bounds with provably near-optimal algorithms.
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A Background on Experimental Designs and Rounding

We use optimal experiment design [29, 42] to minimize uncertainty in the estimator of interest. Con-
sider the WLS estimator with the weight matrix W = Z}l so that V(Owrs) = (X;Z;lXT)_l =
(Z;l O, 2z2] )71, Let A, denote the proportion of the total samples 7" given to the measurement

vector z € X so that V(Bwrs) = (3, cx Awog 2z’ )™H/T. We wish to take T samples so as
to construct the design >, TAz0 2px T, however T\, is often not an integer. As has been
discussed at depth [46, 12, 35, 42, 3], efficient rounding schemes can solve this problem. Given some
constant tolerance threshold ¢, a design A € Py, and a minimum sample size r(¢), efficient rounding
procedures return a fixed allocation {x;}7_; that yields a (1 + €) approximation to the intended
design. A simple, well known procedure with r(e) < {d(d + 1) + 2} /e comes from Pukelsheim
[42], while the scheme of Allen-Zhu et al. [3] yields r(¢) < O(d/e?). In our experimental design
algorithms, we leverage the aforementioned rounding schemes.
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We adapt the guarantees of [3] for Alg. 1 as an example in the following proposition. For sample
size N, define X* as a set composed of the elements of X C R? duplicated N times and Sy =

{s €{0,1,...,N}NIxI. Zé\lf‘ 5 < N} as the set of discrete sample allocations.

Proposition A.1. Suppose ¢ € (0,1/3] and N > 5d/e?. Let A € Py, then in polynomial-time (in n
and d), we can round AN to an integral solution A € Sy satisfying

-1 -1
T 0N wal . T awal
max T A X' X z < (1+ 6€¢) min maxx Ny x'z xT.
zeEX < Z x ) - ( )Aer zeEX (Z *

' EX* ' EX

Proof. This  follows directly from Theorem 2.1 in [3] letting Cxn =
s e [0, NJNIXL . SNIx g < N} be a continuous relaxation of Sy and setting k = N
andn = N|X|. |

Alternatively, one could use the robust inverse propensity score (RIPS) estimator [6], which avoids
the need for rounding schemes via robust mean estimation.

B Technical Preliminaries

For our analysis, we do not assume that the error, 77, in Eq. 1 is Gaussian. We generalize by extending
to strictly sub-Gaussian noise, in which the variance o is equal to the optimal variance proxy for
1, Vt € N. This paradigm allows for noise distributions such as the symmetrized Beta, symmetrized
Gamma, and Uniform.

The following definitions and propositions will be used in the proofs of Appendices D-F.
Definition B.1. A real-valued random variable X is sub-Gaussian if there exists a positive constant
o2 such that L,

E (e)\X) S e)\ o /2
for all A > 0.

Proposition B.1 (Equation 2.9, [49]). Let X be a sub-Gaussian random variable with sub-Gaussian
parameter o2 and mean E(X) = p. Then, for all t > 0, we have

+2
P(|X —p| >1t) <2e 202,

Definition B.2. A real-valued random variable X with mean E(X) = p is sub-exponential if there
are non-negative parameters (v, «) such that

E{erXnl < e W < L.
(0%

Proposition B.2 (Proposition 2.9, [49]). Suppose that X is sub-exponential with parameters (v, a)
and mean E(X) = u. Then, for ¢ > 0,

+2 2

3 v

P(X—p>t)<{¢, H0si<
e e, if t> %

This implies that for 6 € (0, 1),

P|X —pul < max{\/W,QlogQ/d)aH =1-4.

Proposition B.3 (Equation 37 in Appendix B, [19]). Let X be a sub-Gaussian random variable with
sub-Gaussian parameter o2. Then X ? is sub-exponential with parameters (v = 40%v/2, a = 40?).
Proposition B.4 (Equation 2.18, [49]). Suppose that X; for i € {1,2,...,n} are sub-exponential
with parameters (v;, ;) such that E(X;) = p;. Then, Y. (X; — 4;) is sub-exponential with
parameters (v, a.) such that

o, = max «; and v, =
i=1,2,....n
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Definition B.3. A G-optimal design [28], \* € Py, for a set of arms X C R4 is such that

-1
)\* _ : T T .
arg )\rg})ri rxnea)%(x (Z A TT > T
zeX
Proposition B.5 (Lemma 4.6, [28]). For any finite X C R? with span(X’ )= R¢,
-1
d= mi T P )
/\Iggi %a;((x (;{ Tx ) T

This implies that if we sample each arm x € X' [TA] times, then

-1 -1
1 d
T * T - T * T _
max <Z[T)\x]a:x ) x < —maxz (Z ArxT ) z=—

reX rEX
Definition B.4. The Forbenius norm of A € R™*™ is

|AllF = /tr(AT A).
Definition B.5. The Spectral norm of A € R™"*™ is

A
||A||2 = sup || x||2
a0 |72

Proposition B.6 (Matrix Norm Properties). For A € R"*™ we have sub-multiplicativity for the
Frobenius norm:
IATAllF < [ A%,
and a bound on the Spectral norm:
[All2 < [|A][ 7.

Proposition B.7 (Corollary 4.7, [61]). Let{1,. .., &, be zero-mean o2-sub-Gaussian and A € R™*",
For any t > 0,

P [gTAg > o2 {tr(A) + 2tr(A%)/2 4 2||A||2tH <et
which implies that with probability 1 — ¢ for § € (0, 1),

1/2

T3¢ < o [tr(A) +2tr {A21og(1/0) 1% + 2/|A ]l 1og(1/5)] .

Proposition B.8 (Equation 20.3, [32]). Assume the setup of Eq. 1 and that a data set of size T,
D = {x¢,y: }}_;, has been collected through a fixed design. Define Vi = Zle xyx; and construct
the least squares estimator for D, @\p = V{l (Ztrzl xtyt). Then, with probability 1 — § for
de(0,1),

160 — %[y < 2¢/2{dlog(6) + log(1/8)}.

C Baseline Variance Estimation Procedures

These are the algorithms we reference in the theoretical and empirical comparisons of Section 3.

The Uniform Estimator. The Uniform Estimator draws arms uniformly at random and uses all
samples to construct estimators r of 8* and > of X*.

The Separate Arm Estimator. Define U{ as the set of subsets of W of size M = d(d + 1)/2, and
for U € U construct ®; such that its rows are composed of ¢, € U. Let (in(A) be the minimum
singular value of matrix A € R?*?. The Seperate Arm Estimator picks a set of M arms such that

U* = arg max Cuin (P71).
g ax Cmin ( U )
It then splits I" samples evenly between these arms, estimates the sample variance for each and finds

the least squares estimator X34,
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Algorithm 3: Uniform Estimator of Heteroskedastic Variance

Result: Find SUF

1 Input: Arms ¥ C R%andT' € N
2 Sample arms uniformly at random from X’

3 Define A* = Y, w2 and b* = Y, 7,y and estimate f = A*~'b".
N2

4 Define AT = ZtF:l O, It and bt = Zle be, (yt _ 55:91‘) _

5 Output: fJ}JE — ATt

Algorithm 4: Seperate Arm Estimator of Heteroskedastic Variance

Result: Find S54
1 Input: Arms ¥ C R?andI" € N

2 Define U* = arg maxy ¢y Qmin(éal).
3 Equally distribute I samples among arms Xy« = {m : ¢, € U*} and observe rewards

{ymt}fz/llw form € Xy«
4 Define the sample average for each arm g, = (M/T") ZSZ/JIVI Yt

. 54 ; LM [ T (o 2)?
s Output: Xp° « argmingern 3, c v, 2oty \Pm 8 — (Um — Ymit)

D Proofs of Variance Estimation

In this appendix, we analyze the maximum absolute error of estimates associated with the Seperate
Arm Estimator and the HEAD Estimator. Recall that M := d(d+1)/2. Define W = {¢,,, Vo € X'} C
RM where ¢, = vec(zz )G and G € R%**M is the duplication matrix such that Gvech(zx ") =
vec(zz ") with vech(-) denoting the half-vectorization.

D.1 Analysis of the Separate Arm Estimator

We begin by proving a general result bounding the absolute error of the sample variance for any
sub-Gaussian random variable with parameter 2.

Proposition D.1. Let X be a y?-sub-Gaussian random variable with mean . Assume that we
have collected n independent copies of X, {X1, X5, ..., X, }, and label the sample mean as X =
>o" , Xi/n. Defining the sample variance as 6% = .. ,(X; — X)?/n, the true variance as
0? =E(X?) — p? and 6 € (0, 1), we find that with probability greater than 1 — 6,

)

2 4
o5 < g - {4\/57 log(4/5)  [327*1og(4/5) } |
n n
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Proof. We begin by upper bounding the absolute error using the triangle inequality,

(X - X)?
|02_32‘_ 2_27,:1( )
n
, Y X2 2X,X + X2
n

noX2 _ _
= E(XE)—M—@HX?—ﬁ
n

noox2 2 2
= E(Xz)_%%_xz_i_l_ﬂ_'_i

n n
noox2 B 2 2
SE(XE)—@ —|—‘X2 (L_M?_,_(L
n n n

A B C

We first bound quantity A. Leveraging Proposition B.3, we establish that X? — E(X?) is sub-
exponential with parameters (4721/2,4~2). We can then use Proposition B.4 to analyze the sum
of independent sub-exponential random variables, finding that > | {X? — E(X?)} /n is sub-

exponential with parameters (4y2v/2/y/n,4v?/n). Finally, we invoke Proposition B.2 to bound
quantity A with probability 1 — §/2,

rX? 442 log(4 274 log(4
F@ﬂ_z;Jz Smw{n/%<wy 370@/&}
n n n
Now we bound quantity B. Appealing to Proposition B.3, we find that X2 — %2 — p? is sub-

exponential with parameters (4v/272/n,4~%/n). We then use Proposition B.2 to bound B with
probability 1 — §/2,

2
g
‘ﬁ‘n‘f

)

n n?

< max { 4v%log(4/6) [327*log(4/9) }

o ) P 102(4/0) 4y?log(4/0) V2
- no log(4/0)

(2) 4272 1log(4/6)
o n

9

where (a) follows because v/2/+/log(4/6) < /2. Finally, we combine quantities A, B and C,
apply a union bound, and conclude that with probability 1 — § for § € (0, 1),

nox2 _ 2 2
0% —5%| < ‘]E(Xf)—z“lz +‘X2—U—u2 +|=
n n n
2 4 2 2
< max{lh 10g(4/5), 32v*log(4/9) } n 4v/2+% log(4/6) s
n n n n
S —

)

n n

5o {4\@72 log(4/8)  [32741og(4/9) }

We can now use Proposition D.1 to control the sample variance estimates of the arms chosen by the
Separate Arm Estimator. Theorem D.1 derives a concentration bound of the maximum absolute error

min> » Y max

of 62 = min {max {02 xTilgAx} o2 } This bound, which is O(d*), scales unfavorably
with dimension as highlighted in the theoretical and empirical comparisons conducted in Section 3.
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Theorem D.1. Set £54 as the output of Alg. 4 and define B such that for all z € X, |[z[|y < B.
Defining 52 = min {max {02 . fo)%Ax} o2 } 02 =x"Y*zand § € [0,1], forany x € X,

min? ? max

2 2 3 4 4
. [ﬁg 5B2y/2 ) max{4\/§amaxd log(8M/6) \/320maxd 1og(8M/5)H 16/,

x| - len((bU* T T

Note that we set the probability bound to 1 — §/2 instead of 1 — § because we want to be able to
leverage these variance estimation bounds with the identification algorithms of Section 4 (and so are
anticipating another union bound).

Proof. Label M = d(d 4+ 1)/2 and Xy~ = {m : ¢,, € U*}, where U* is defined in Alg. 4.

Additionally, in Alg. 4 we observe {ymt}fz/]lw for each arm m € A%p-. Define the sample average
form € Xy~ as

_ Zf/llvl ym t
Ym = /M
We obtain an estimate of >* via
R /M ,
vech(234) = arg min G 8) — (Um — Ymit 217, 5)
( r ) SEeRM m;{:U* ;{ ) }

Label z ¢ = (Gm — Ymt)? € R, U* = vech(S*) € RM, Up = vech(E$4) € RM and

/M
_ Zt 1 Am,t
Zm =

T/M
We reformulate Eq. 5 as follows
r/M
Wr = arg min, S ((bmss) = zma)”
meXyx t=1
r/M
= arg min Z Z (D> ) = 22m,¢ (P S) + 20, 4
SeRY ey =1
r/M r/M
= arg min Z (T/M){Dm,s)" — 2{m,s) szt—i—z,zmt
sek meXy«
F/M 2
= arg min (bm,8)% — 2( D, ) Zm + Zot=1 Fmit
seRM cx F/M
meXy
(i) arg mﬂgb <¢m, S>2 - 2<¢ma S>2m + 27271
se
meE X
S )2
o args?ug\lf T (dm,8) — Zm)",
m U
where (a) follows because Zf =/ 1 ,/(T/M) and 22, do not depend on s. Defining z =
[Zm]mex,. € RM, Eq. 5 becomes
\I}_ m __m2: i @*S—_2.
r = arg min 2 ((&m,8) = Zm)” = arg min [|@y.s — Z];
-

We find that
[Py« (Tr — )2 = ||Py=TVr — Py T* — Z 4 Z||2
= ||®y-Vr — 2+ 2 — Oy T*|,
<@+ Pr — 22 + [|2 — Py T2
< @y U* = 2|2 + |2 — Py U7z
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Consequently, we can focus on bounding |- ¥* — Z||5 in order to control || @y« (¥p — ¥*)]|,.
Note that the m*" entry of (®r-U* — 2) is (m" X*m — %,,) and that Z,,, is the sample variance of

observations {ymt}trzﬂlw Using Proposition D.1 and the fact that the y,,, ; are afnax-sub-Gaussian,
we show that with probability 1 — 6/(2M),

5 {4\/§oﬁlaleog(8M/6) \/320§1aXMlog(8M/6) }

|¢;1\I/* —Zm| < 5 max T T 6)

We apply Eq. 6 to quantity ||®y+«¥* — Z||2 and a union bound to find that with probability 1 — §/2,

4202, M log(8M/6) \/3203WM10g(8M/5)}
T ’ T

5
|[Py-T* —z||2 < \/M§ max{

5 {4\/§afnaxM\/Mlog(8M/§) \/320§1aXM210g(8M/6)}
= — max , .

) r r

Consequently,

- 2 4 2
1By (Fr — T2 < 5max {4\/§amaXM\/M log(8M/6) \/320maXM log(8M/9) }

r r

We now analyze the absolute error of the estimate o, for an arbitrary action x € X. Since Py~ is
non-singular by construction, we know that for ¢ := (®y- )T ¢, € RM,

UL e — 02 = [[(Fr —¥*) g2
= (¥ — ) Tdy- Tqll
< [[(Tr — 0oy T 2]lq]2
= [®u+ (Tr — U)o (Pr+ ") Gall2

<[ (T — U) |2 (@0 ol el

(a) 2 - .

" o (D) QU* \I/F 4 2 ¢m 25
@y 8o ol

where (a) follows from the definition of the matrix norm. We now leverage the nature of the
duplication matrix, G, and the fact that ||z||; < B to bound ||¢,||3.

6213 = vec(zz ") TGG Tvec(zx )
= vec(zz )T GGTG)GTG) G Tvec(za ™)
= vec(zz ") TGGTA) VGGG Q) V2@ Tvec(zx )
(@)
< 2vec(zz ") TG(GTG) G Tvec(za )
) 2vec(zx ") Tvec(za ")
=2z xx'

<2B*

where (a) follows from the fact that G' G =< 21 as shown in Equation (61) of [40], and (b) uses
the fact that G(G T G)~*G Tvec(zx ") = vec(zx ) as shown in Equations (54) and (52) of [40].
Consequently, with probability greater than 1 — §/2, we have that for any = € X,

5B2V/2 max{zl\/iagmM\/Mlog(sM/a) \/320;;.“1\42 1og(8M/5)}

62 — 07| <

Cmin ((pU* ) r I
_ _5B*2 { 4202, d*log(SM/6) \/ 3204 _dilog(8M/5) }
————— max , .

ma.
- Cmin((pU*) r r
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D.2 Analysis of the HEAD Estimator

We now present the maximum absolute error guarantees of the HEAD procedure, Alg. 1.

Proof of Theorem 3.1. In this proof, we bound the estimation error |52 — o2|, Vo € X. Define
02, = MaxXgey 02, ¥* = vech(X*), Ny = {1,...,T/2}, No = {I'/2+1,...,T} and

max
= T T2 \2)?
Ur = arg min {s bz, — (Yt — v, Or)2) } )
SERNI
tEN2

where U = vech(flp). Furthermore, define vector e with entries ¢; = (y; — x, Or /2)? and @ such
that the rows of ® are composed of { @, }+cn,- We find that

Up = (@7 0) 1o e.
For any ¢, € W, we are interested in bounding |¢, (U — U*)

)

of {(@70) " oTe - v}
=g, (@' @)1 (e — 2UT)|.
\—?_/

Define 2" = ¢] (®7®)"'®T and X such that the rows of X are composed of {z;}cx,. We can
bound this expression with the triangle inequality as

Z 2t {x:(@‘\p/z - 9*)}2 + Z z(nf — ¢ U*) + Z 2zt:r:(§p/2 — 6,

|6g (T — 0)| =

o] (Up — )| =

tEN> tEN> tEN2
~ 2 ~
tENo tEN, teENy

We can simplify the first term as,

Z Zt {x:(é}/g — 9*)}2’ = Z ztgb;vech {(51’*/2 — 9*)(/9\1"/2 — 9*)T}

tEN2 tEN2

= (ﬁl(‘bT(I))_lq)Tq) X VeCh{(é\F/Q - 9*)(51“/2 - 9*)T}’

= |2 @rj2 — 0")(Brj2 — 07) 4]
2

={a" Oy}

Additionally, the third term is equivalent to 2|(n o z) T X (é} /2 — 0%)|, where “o" is element-wise
multiplication. Consequently, the absolute error is equal to

DT G

~ ~ 2
07 (Br =) = {27 (@r2 -0} +
tEN>

A C
B

+2 ‘(n 02) X (02 — 67)|.

Note that to bound |¢,] (\Tlp — U*)| with probability 1 — §/2, it is necessary to bound quantities A, B
and C with probability 1 — §/6 in anticipation of a union bound.

Quantity A. We sample {z;,t € N; } according to the rounded G-optimal design over X constructed
in Stage 1 of Alg. 1. We use the concentration bounds of Proposition B.1, to state that with probability
1-4/6,

-1
A<2zT (Z xmcj) o2, log(12|X]/6).
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We use Proposition B.5 in combination with the rounding procedure guarantees of Proposition A.1 to
bound quantity G. For e € (0, 1/3], with probability 1 — §/6,

max

r

Quantity B. According to Proposition B.3, 77 is sub-exponential with parameters
(4v202, 402, ). Consequently, by Proposition B.4, we know that B is sub-exponential with

max
parameters
299 54 2
g 273208 ., max | 2|40
tEN>
tEN>

We now invoke the G-optimal design over W space conducted in Stage 2 of Alg. 1 and Propositions
B.5 and A.1 to find that for € € (0,1/3],

Y= 6, (@) pug) (27 ) o,

2
A< 4d(1 4 6¢€)o; . log(12]X]/9)

tEN> tE N3
=¢, (@' ®) 0T (@ D) g,
_ 2d%(1 + 6¢
<6, (21 0) g, < %
Consequently,
2d2(1
S < 200D ™)
te N
and

|2t = |¢g (2T @) |

VOI@T @) 16, /o] (@T@) 16,
< 2d?(1 + 6¢)
- r
Therefore, B has sub-exponential parameters (/6402 d2(1 + 6¢)/T, 802, d*(1 + 6¢)/T). Using
Proposition B.2, with probability 1 — 4/6,

4 2 2 2
B < max {\/128 log(12/6)0,, (1 + 6) 1610g(12/6)07%,,”(1+ 6¢) }

IN

r r

16 log(1 2 2(1 16loe(1 9 2(1
= max{\/go-max\/ 6 Og( 2/6)Ufrlaxd ( +66)’ 6 Og( 2/6)0’1:11axd ( +66)}

Quantity C. Construct V' € R/2%4 guch that the rows of V correspond to {z; : t € N;}. We can
upper bound quantity C using the Cauchy-Schwartz inequality in the following manner,

(0 2) T X (Or/ — %) = (o) X(VTV)"V2WV V)20 — 6%
<o)XV TV) V2| [(VTV)Y2(0r /5 — 67)]|2.

By Proposition B.8, with probability 1 — §/12,

I(VTV)2(Or 2 — 072 < 2¢/202,,, {d1og(6) + log(12/5)}.

Now construct D, = diag({z: : t € Na}) and express,

[(no2) " X(VTV)"2|y = \/nTDzX(VTV)—lXTDZn.
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We first establish that by the G-optimal designs in both X" and W space along with Propositions B.5
and A.1,

tr {D.X(V'V)'X"D,} = tr {D2X( Tv *1XT}

-1
E 22/ ( Ty

teNs

t

tENo
() 4d*(1 + 6e)”
_— F2 )

where € € (0,1/3] and (a) follows from Eq. 7. Consequently, we find that

4d3(1 + 6¢)?

tr {D.X(V'V)'X"D.} < T2

®)

This inequality will be useful in the following derivation. Labeling A = D, X(VTV)™'XTD,_, we
use Proposition B.7 to bound 1 " An with probability 1 — §/12 and explain below.

1T AN < 0% {0(2) + 20 Al log(12/)2 + 2] All2 log(12/9) ©

{4d (1 + 6¢)? 42| A2 2 log(12/6)2 + 2|| A log(12/5)} (10)

{4d3 (1 + Ge)? +2||AY2 |2 10g(12/6)% + 2| Al log(12/5)} an

{4d3 (1 +66)° +2||A1/2||Flog(12/5)1/2+2|A1/2||F10g(12/6)} (12)

{4d3 (1 + 6e)? 4 2tr(A) log(12/6)/2 + 2tr(A) ]0g(12/5)} (13)
{4d3 (1+ 66)? 24d3(1rj 6 1g(12/8)1/” + 24(13(}7?6@2 1og(12/6>}

(14)

502, O 1375, 1

where line (9) follows from Eq. 8, Proposition B.6 and Proposition B.7. In lines (10) and (11), we
use Proposition B.6 again and then the definition of the Frobenius norm in line (12). Consequently,
with probability 1 — §/6,

=|(noz)T X0/ — 0"
=|<noz)TX(VTV)*1/2(VT V)Y2(br 5 — 6%)]
<o) X(VTV) V2| |[(VTV)Y2(0r s — 67)]I2

2\/10 ﬁlaxw log(12/6) {dlog(6) + log(12/0)}.
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Combining quantities A, B and C together and applying a union bound, we have with probability
1-4/2,

~ 161og(12/8)02,, d2(1 + 6¢) 16log(12/8)02, . d*(1+6
|¢I(\I]F _ ‘IJ*)| S max {\/go'max\/ Og( / )Uf‘nax ( 6)7 Og( / )Ufnax ( 6)
4do2,,. log(12|X]/8)(1 + 6¢)
T +

+ 2\/ 100;411&,(@ log(12/6) {dlog(6) + log(12/5)}

2 2 2 2
< (3/10) max { Ve \/ 161og(12/8)02,, d?(1 + 6¢) 16log(12/6)02,,.d (1+66)}

r ’ r

4do?

n max 108(12[X[/0) (1 + Ge)

r
\%

We can exploit the dependencies of V and W to simplify this bound in two ways under different
conditions. Note that we only have dependency on |X'| through term V. If d—1 > log(|X|)/log(1/4)
and ' > 16log(12/6)02,,.d*(1 + 6¢), then with probability 1 — §/2,

~ . 2561og(12/6)od . .d?(1 + 6e
6T (B — )| < |20 1e02/ 00 P11 G

Alternatively, if just I' > 161og(12|X|/6)02,,.d*(1 + 6¢), then

6T (@ — 07| < \/25610g(12|26|/5r>a;;axd2(1+66)’ (16)

Since 02, > 02 > o2, forallz € X,

|¢I(\i\’[‘ —U*)| = |xT§]pz - xTE*x| > | min {max {zTipx,afmn} ,afnax} - ai\.

In summary, if I' > 161og(12|X|/8)o?2,, . d*(1 + 6¢),

/ 4 2
]P><|a§ag . W log(|X1/6)0ad ) >1_s

T

where C’ = 256(1 + 6e). [ ]

We now prove a simple lemma relating the additive bound on |52 — ¢2| to a multiplicative bound
1-Crs<02/52<1+Crg.

Lemma D.1. Define 2 = min {max {I'TEFZ’?O'I%]in} o2 } Letting 02, = mingex 02,

» Y“max min

— 2 2
K= Omax/omin’ and

O log(|X|/8)r2d2
= .

an\g ‘ aqw

P(VmeX,l—Cp,5< <1+C]_“)5) >1-6/2, WheI‘eC’ng:\/
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Proof. Using Lemma D.1, we know that with probability greater than 1 — &/2 the following event
holds.

2 732| < \/C 10g(|X|/5) max

oz T

A A
a_\g \/C 10g(|‘)€|/5) max S g 8 + \/C 10g(|X|/5) max

r r

~ Clog(|X|/6)o oy [C'log(|X|/6)cd, . d
. ¢ og( A|4/F> hal” _ o g0 | o ¢ og(| AL/F)
~ C"log(|X|/6)ohaxd ~ C’log(lX\/é) Tmaxd

/ 272 2 / 272
L \/c log(|X]/6)k2d L% 1+\/C log(|X|/0)2d?

r o2 r

E Proofs of Best-Arm Identification

We divide the proof of Theorem 4.1 and 4.2 between Appendices E and F for ease of exposition. In
Appendix E, we consider the transductive linear best-arm identification problem (BAI) in which we
are interested in identifying z* = max_.c z 2z | §* with probability 1 — 6 for § € (0, 1). In Appendix F,
we consider the level set (LS) counterpart. Recall that for a set V, let P, := {\ € RV > ey Ao =
1, A, > 0V v} denote distributions over V and Y(V) := {v' — v : v,v' € V, v # v’} be an operator
giving differences. We begin with the lower bound.

E.1 Lower Bound

Proof of Theorem 4.1 for transductive best-arm identification. This proof is similar to the lower
bound proofs of [35] and [12]. Let C := {# € R? : 34 st. 6 (2* — z) < 0}, ie., 0 € Cif
and only if z* is not the best arm in the linear bandit instance (X, Z, ). Additionally, label K = |X|.
We first invoke Lemma 1 of [27]. Under a §-PAC strategy for finding the best arm for the bandit
instance (X, Z, 6*), let T; denote the random variable that is the number of times arm ¢ is pulled.
Defining ag =gz Sz forallz € X, we let vg; denote the reward distribution of the ¢-th arm of X,

ie,vp; =N(x]0, U,%i). For any 6 € C we know from [27] that

K

S E(T)EL(ve

i=1

vg;) = log(1/2.46).

Following the steps of [12], we find that

K
1
E > log(1/2.46) min max . 17
;:1 (T.) 2 log(1/2.49) min ma> S MK L llvg )

Label Z = {21, 29,..., 2}, Where z; = z* without loss of generality. For j # 1, A € Py and
T
€ > 0, define A(\) := S35 Ai T, wy = 2 — zj and

(w]-TG* +e)AN) " tw;
w] AN "Lw;

0;(e,\) = 0" —
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Note that ijHj(@ A) = —e < 0, implying that §; € C. We find that the KL divergence between vy ;
and Vg, (¢ x),i 1s given by:

[2] {0° — 0;(e, 1)}]”
20%1_
(ijG* +¢€)? —zz

=w] A\)7! {w;rA(A)*lel}iQ AN w;.

KL(veillve, (e n),i) =

Returning to Eq. 17,

1
ZE ) > log(1/2.46) min max
AePx gec ZZ 1 MK L(vgs 4

|V9 )

1
> log(1/2.46) min max
AEPx j=2,m Z L M L(ve- il|ve, e 0).i)

{w;rA()\)_le}2
> log(1/2.46) min max e P
NEPy j=2, ym Zi:1(ij9* + G)ijTA()\)_l)\i 2;25 A()\)—le

TAN) 1w, }?
(—)QIOg(l/Q 40) min max {wj () w )

AEPy j= (w;rﬁ* + e)Qw]TA()\)*l (Zszl A\, wg?) AN,

= 2log(1/2.46 fuf AN tw,}
= 2loa1/240) e wTe o2

;T

where (a) uses the fact that Zfil i ZIT = A()). Letting € — 0 establishes the result. ]

(7

E.2 Upper Bound

We now prove Theorem 4.2 by first establishing that Alg. 2 is §-PAC for the transductive linear
bandits best-arm identification problem.

E.2.1 Proof of Correctness

Overview of Correctness Proof. Lemma D.1 along with Lemmas E.1 through E.3 are combined to
prove that Algorithm 2 is 6-PAC for the best-arm identification problem. Lemma E.1 leverages Lemma
D.1 and begins by establishing that in any round ¢ € N, the estimation error for the difference in
mean rewards between z € Z and z* = argmax.cz z ' 0* is bounded by ¢, = 2~¢ with probability
1—4ford € (0,1). Lemma E.2 uses this result to prove that starting at round ¢, z* € Z,; with
probability 1 — 4. This establishes that z* is not eliminated from the set of items we are considering
at any step with high probability. Lastly, Lemma E.3 uses Lemma E.1 to show that Algorithm 2
will eventually identify z*. This is done by proving that Alg. 2 eliminates items with mean rewards
that are outside a shrinking radius (halves at every step of the algorithm) of the highest reward,
2*T9*. In other words, with probability 1 — ¢ for § € (0, 1), we prove that items in Z, with expected
rewards that are 2¢, away from z*T0* will not be in Zyy1. Since e — 0 as £ — oo, we know that
limy,oo P(Zp = {2*}) =1 -6.

Lemma E.1. With probability at least 1 — ¢ for 6 € (0, 1),

forall/ € Nand z € Z.

Proof. Define 02 = " ¥*z, 5@ as the weighted least squares estimator constructed in Algorithm 2
at stage ¢, and events

Ev=z—2"0,— 0" < e
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and

Label n, as the number of data points collected during stage ¢, T = diag({o?}1“,), Y =
diag({#}1,), X, as a matrix whose rows are composed of the arms z; , drawn during round
¢, Y, as the vector of rewards drawn during round ¢, A, = Y1 G, %x,,x/,, and Q =
ANX] T-IrY-lx, ¢A; ! as the weighted least squares estimator’s covariance. We first estab-
lish that for z € R?,

E{:T0 -0} =T {47 XA EW) - 0"} =27 (47X T X0 - 07) =0,

and
V{ZT(é\g - 9*)} =2"Qz.

Furthermore, defining u” = 27 A, ' X,/ Y-1/2 ¢ R™ and conditioning on event .7,

2 Q2= zTAle;?*lT?*ngAglz
_ (ZTAlee‘rw’f—UQ)?—lmTY—l/z(?—1/2X£A;12)
— Ty V212,

ne 2

_ 2 U’»L'qz
= i =3
agx

i=1 g

3 ~
= QzTAe_lXJT_ngA;lz

3 1,1
=5% Az,
where (a) is the result of event 7. Using this result and Proposition B.1, with probability at least
1— 96
2z

Eov=1(z—2",0,—0)

IN

|2 = 2"[|g v/ 210g (82| 2]/6)

3 .
§|\z -z ||A;1 v 21og(8¢2|Z]/9).

IN

Conditioned on event .7, we have with probability 1 — 4@2#\2\’

1T>71 v 21og(8¢%|Z|/4)

Yrev Tede ] s
€T

~ 3
(z = 2", 00— 0)| < §HZ—Z*|I<

3 .
< gllz =27 i >71\/210g(8€2|3\/5)

.
Paex [T 50
H

IN
o
~
I
N
—~
8
m
*
>
<
8
@
|
~—
L

21og(8¢%|Z]/9)

B ) e 2a{V(Z0)} log(8¢2| 2| /5) 2log(8¢%|2]/6)
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—
oo

< €y.
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Applying a union bound, we find that

]P’{(ﬂg’;l Neez, gz,f‘j) ﬂj} =1 *P{(Ugi1 Uzez, gzcz‘j) ch}

<1- {Z > PESNT) +]P’(JC)}

(=1 z€2,

(X )

=1 z€Z,
S1_57

which proves the result. ]

Now we establish that, with probability 1 — ¢ for 6 € (0, 1), the best arm z* will not be eliminated
from Z, for any round ¢ € N.

Lemma E.2. With probability at least 1 — ¢ for 6 € (0,1), forany ¢ € Nand 2’ € Z,,

<Z/ — Z*,§g> S €.

Proof. We know that with probability 1 — ¢ for all € N and 2’ € Z,,

(2 — 2*,00) = (2 — 2*,6, — 0%) + (2 — 2*,6%)
< (2 —2z* 0, — 0" )
< e
where the last inequality follows from Lemma E.1. |

Then, we establish that in round ¢, items in Z, that have mean rewards farther than 2¢, from the
highest reward will be eliminated.

Lemma E.3. With probability at least 1 — § for § € (0,1), for any £ € N and z € Z, such that
(2" — z,0%) > 2¢y,

max (2 — z,0;) > €.
z'€Zy

Proof. We know that with probability 1 — ¢ for all £ € N,

fleale<z —2,0,) > (2" — 2z,0p)

= (z* — 2,0, — 0") + (z* — 2,0%)

(@)

> —ep + 2¢

= €y,

where (a) follows from Lemma E.1. [ ]

E.2.2 Proof of Sample Complexity

Overview of Sample Complexity Proof. In this section, we prove an upper bound on the sample
complexity of Algorithm 2 for transductive best-arm identification with linear bandits. We begin
by establishing some basic facts about the partial ordering of Hermetian positive definite matrices
in Lemmas E.4 and E.5. Let A and B be Hermitian positive definite matrices in R**¢ and define
A ¥ Bif (A — B) is positive definite.

Lemma E.4. Let A and B be Hermetian Positive Definite matrices in R%*<,

A=B «— [= A12BA~Y/2
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Proof. For any x € R% we define y = A'/?z and
2T Ag — 2T AV2A-1/2 4 A-1/241/2,
=y' Iy
_yTA 2447172
> x' Bx
_yTA-2p A2,

Lemma E.5. Let A and B be Hermitian positive definite matrices in Réxd,
A>B < B '»>A4"1%

Proof. We use Lemma E.4 twice in the following proof.
A=B < = AY2BA7Y/?
e [ > BY2A-1/24-1/2g1/2
— T ; BY/24-1p1/2
— Bl'»=4A"N

where line 2 follows because A~1/2BA~1/2 ig similar to BY/24-1/24-1/2B1/2 and both are
Hermetian positive definite. n

We now use Lemmas E.4 and E.5 in our problem context. For V C R?, define g : (V, Px) — R such
that g(v, \) = ”UH(ZI ApzaT /52)-1 f:(V,Py) — Rsuchthat f(v,\) = H’UH(ZI NpzaT Jo2)—1 and

¢'(V) = min max f(v,A), ¢(V) = min maxg(v, A).

Note that the function, g, is also defined and leveraged in Algorithm 2. Lemma E.6 establishes a
multiplicative bound of the form

(1=Crs)g(v,A) < f(v,A) < (1+Crs) g(v, A)
using Lemmas D.1 and E.5.

Lemma E.6. Define 52 = min {max {xTi‘paz? afnin} o2 } For a given ), define

I max

T = diag({03 }rex) x diag({1/ X }oex), T = diag({53 }oex) x diag({1/Xs}oex).
Assume Cr 5 < 1 and v € R, then with probability 1 — §/2 for 6 € (0, 1) the following holds true:
(1—Crs)v (XTY'X) o <o (XTT1X)" 1y
< (1+Cry) UT(XTT_lX)_lv,
or equivalently
(1=Crs)g(v,A) < f(v,A) < (1+Crs) g(v, A).

Proof. Using Lemma D.1, we establish that
0T XTY ' X =0T XTI YT X
— o X TPVt 12 Xy
<(1+Crs)v XTY 'Xv
and
T XTY Xy =0T XTY YT X
— o X TPVl 2 Xy
>(1—Crs)v' XTT 1 Xo.
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Leveraging the partial ordering of Hermitian positive definite matrices and Lemma E.5, we can then
represent these inequalities as

1=Crs) XTI IX <X T'X < (1+Crs) X T7'X «—
_ ~ -1 _
1—716}5 (XTrx) = (XTTX) = L xmrix)

T 1+Crys
This implies that
(XTT'X) " = (1 - Cry) (XTT—lx)f1
and
(XY X) " 2 (14 Cry) (XTT*X) -
By combining these inequalities we arrive at the result. ]

We now want to use the multiplicative bound of Lemma E.6 to define the relationship between
g(V) and ¢*(V) and eventually relate the sample complexity upper bound of Alg. 2 to the lower
bound established in Theorem 4.1. In order to accomplish this goal, we prove some general results
concerning minimax problems in Lemmas E.7 and E.8.

LemmaE.7. Forc > 0,v € R% and A € Py , if
(1 =0c)g(v,\) < f(v,A) < (1 +¢)g(v, N),
then

1— <
(1 —¢)maxg(v, ) < max f(v, 1)

< (1 A).
<( +C)g1€a5<g(v, )

Proof. For a given A € Py, define vf()\) = arg max,cy g(v, A) and v*(\) = arg max, ey f(v, \),
then

(1—0)g {oT (V) A} < f{oT(V), A}
< f{v (N, A}
< (T+c)g{v*(\), A}
<(1+e)g{vT(N),A}.

LemmaE.8. Forc > 0,v € R% and \ € Py, if
(1 - C)g(’l), )‘) S f(’U, )‘) S (1 + c)g(v, )‘)7
then

1- i A) < mi A
(=) e oo ) = g g 100

< (1 i .
= () vay ot

Proof. For a given A\ € Py, define v'(\) = argmax,ey g(v, ), v*(\) = argmax,ey f(v, \),
\* = arg minye p, max,ey f(v, A) and At = arg minye p, max,cy g(v, A), then

(1= g {ot (). AT} < (1= e)g {0l (), A"}
< F a1
< f{o*(Ah), AT}

<(1+c¢)yg {v*()ﬁ), )\T}

(b)
< (14¢)g {’UT()\T), )\T}

where lines (a) and () follows from Lemma E.7. |

Leveraging Lemma E.8, we bound ¢*(V) in terms of ¢()) in Lemma E.9.
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Lemma E.9. With probability 1 — §/2 for 6 € (0,1),
(1—=Crs)q(V) <¢"(V) < (1+Crs) q(V).

Proof. From Lemma E.6, we know that
(I=Crs)g(v,A) < f(v,A) < (1+Crys) g(v, A).
According to Lemma E.8, this implies
— <
(1—-Crps) Iggl meaxg(v A) < Arg}gn max f(v,A) < (1+Crps) fggi Iglggcg(v A).

In round ¢ of Algorithm 2, we sample arms in X according to a given design, :\\(. Although other
rounding procedures are possible (see Proposition A.1), Theorem 4.2 assumes that we take [T[/\\m]
samples of arm z € X to accomplish this goal. This results in more than 7, samples being taken
in round /. We define the sparsity of any Xz design using Caratheodory’s Theorem to motivate the
number of extra samples needed by sampling in this manner.

Lemma E.10. [Appendix 8, [44]] In Algorithm 2, the support of ¢ forall ¢ € Nis d(d+1)/2+1.

Proof. Any design matrix in R?*? is symmetric and can consequently be expressed as a point in R,

M = d(d + 1)/2. The design matrices leveraged in this paper belong to a convex hull of a subset of
points since they are a convex combination of zx " for x € X. According to Caratheodory’s theorem,
any point in the convex hull of any subset of points in R” can be defined as a convex combination
of D + 1 points. The optimal experimental designs in this paper can therefore be represented using
only M + 1 points [44]. This sparsity holds regardless of the design’s form and so applies to both the
homoskedastic and heteroskedastic variance settings. ]

Finally, we connect the sample complexity upper bound of Algorithm 2 to the lower bound for §-PAC
algorithms established in Theorem 4.2 for transductive best-arm identification.

Proof of Theorem 4.2 for transductive best-arm identification. Assume that max,cz, [(z
2*,0%)| < 2. Define Sy = {z € Z;: (z* — z,0*) < 4e,}. Note that by assumption Z = Z; = Sl.
Lemma E.3 implies that with probability at least 1 — ¢ for § € (0, 1), we know Z, C S, forall £ € N.
This means that

¢V(29) = inf max ||z 2 II(Z A5y

< inf — 2
< nf max lle—2lls s ey

= q(S)- “”

For £ > [log,(4A™1)], we know that S, = {z*}. Thus, the sample size needed to identify z* is
upper bounded as follows.

=

Mogy (4A71)] Mogy (447" ﬂ{

Z ST Tede ] g ;

did+1
( ) Te}
zeX
Mog, (4A~

2

Mrad+1) (3 2
> {2 2 (2) & 2q{V(20)} log(8¢%|2/0)

[log, (4A™1)]
@(10&(4A—1)1+ > 3¢,°q(Sr)log(8¢°|Z]/5)
(=1
d(d+1)
2

< ———[logy(4A71)]

_ [logz(4A71)]
8[log,(4A~1)]%|Z g
=1

where (a) follows from Lemma E.10.
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We relate this quantity to the lower bound in Theorem 4.1 below. With probability 1 — 6,
2

—1
7"1‘—r
(E'J;EX Az ) )

|2 — 2]

PYpar = Inf  max

MEPx 2€Z\{2*} {(z* — Z)Tg*}Q
2* — 2|2 _
| |<22€X,\,%>
= inf max max 5
AEPx (<[log,(4A—1)] 2ES, {(z* — 2)To*}
25— 2||? .
I =2l )
> inf max max -
AEPx #<[log,(4A~1)] zES; (4 x 2-4)2
- |2 = 2|2 -
(@ | b Rl (Srexremr)”
> —_— 1 x
= Tlogy(4A—1)] APy ; oS (4% 2-0)?
[log,(4A71)]
(b) 1
Z 226 inf max|[|2* — z||? -
16[1Og2(4A_1)‘| ; AEPx z€S, (erx X, I;%-r> 1
() 1 [log2(4A71ﬂ

Z 22 inf max ||z’ — 2||?

- 64|’10g2(4A71)—| ANEPx z,2'€Sy ( A sz)71

=1 wEX N2
Flog2(4A’l)1
() 1 1
> 2% inf max |2 — z|? -1
64[log, (4A~1)] ; AEPx 2,2/€8; 2 ( ex e ng>
1 |’log2(4A71)'\
> — 22 inf max ||z’ — z||? 1
128[logy (4A=1)] ; AEPx 2,2/ €5y ( e A T;:)

. Mlog, (441
— 222
128log, (4A—1)] 2. a(Se)

(=1

here (a) follows from the fact that the maximum of a set of numbers is always greater than the
average and (b) by the fact that the minimum of a sum is greater than the sum of the minimums. We
used the fact that

2

-1
T
(o)

by the triangle inequality in (c). Finally, (d) follows from Lemma E.9.

max ||z — z||?
2,2/ €8y (Zmex Ao _L:;
z

_1 < 4max]||z" — 2|
) z€Sy

Consequently, putting the previous pieces together we find that the sample complexity can be upper
bounded as

Mogy (4A71)]

> Y rmded < M D nog -y,
=1

zeX
_ [og, (4A71)]
8[log, (4A 11?1 2] 20
1 E 2
+ SOg{ 5 2 q(Se)

dd+1)

<
- 2

[logy (4A71)]

+  384[log,(4A71)] log { 8[10g2(4§_1)12|2\ } VBAL

where the dependency on d(d + 1)/2 can reduced to d by Proposition A.1. This proves the result. B
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F Proofs of Level Set Identification

This appendix contains the proofs for the results on transductive linear bandit level set identification.
In this problem, we are interested in identifying the set G, (0*) = {z € Z : 270* > a}, ie.,
the items with mean rewards that exceed threshold a. We prove the lower bound on the sample
complexity from Theorem 4.1 in App. F.1. The proof of correctness and the sample complexity upper
bound for Alg. 2 are presented in App. F.2. These proofs resemble the transductive linear bandit
identification proofs with slight modifications accounting for the the problem structure. Recalling
Bo(0*) ={z € Z: 276" < a}, we assume that Z = G, (6*) U B, (*), which is equivalent to the
condition {z € Z: 270* = a} = . Let A = min ¢z |2 6* — a| denote the minimum absolute
gap for the threshold a.

F.1 Lower Bound

Proof of Theorem 4.1 for transductive level set identification. Label X C R? as the measurement
vectors such that K = |X| and Z as the decision item set. This proof is similar to the lower bound

proofs of [35] and [12]. Let C be the set of alternatives such that for § € C, Go(6*) # Gu(6). This
set of alternatives is decomposed by [35] as,

C= (Uzeca(g*){gi 210 < a}) U (uzgga(a*){'é: 210> a}) .

We now recall Lemma 1 of [27]. Under a §-PAC strategy for bandit instance (X, Z, 6*), let T; denote
the random variable that is the number of times arm i is pulled. Defining 02 = z " X*z forall x € X,
we denote vy ; as the reward distribution of the i-th arm of X, i.e., vg; = N (zin), 0.?61’). For any

becC , we know from [27] that

ZE VK L(vg- ;

vg,;) = log(1/2.46).
Following the steps of [12], we find that

1
ZE > log(1/2.49) min max (18)
A€Px gec 21 1 MK L(vgs 5 |1/91)

For A € Py, define A(\) := S5\, T;rf Fore > 0 and z € G,(0*), define

0Tz —a+e)AN) "1z

HZH?L;(,\)—l

0.(e,\) = 0" —

)

where 270, (e,\) = a — ¢, implying that 6, (e, \) € C. For z € G¢,(6*), define

0Tz —a—e)AN) 1z

HZH,%;()\)A

0.(e,\) =0 — ,
where 2 "0, (e, \) = a + ¢, implying that 6. (e, \) € C.

Defining e, = €if 2 € G, (6*) and e, = —e if z € G (6*), we find that the KL divergence between
vg,; and Vg_(c,z),; is given by:

(2] {6* — 0.(c, )}]?
2032%
(270" —a+e.)?3 ziz]

202

{zTAN 12}

KL(vgil|ve. (en),i) =

=2TAN! LAz
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Returning to Eq. 18,

K
1
E(T;) > log(1/2.46) min max
; ( ) ( / )AGPX fecC Zszl )\iKL(Z/g*ﬂ;

1
> log(1/2.45) min max —
ACPx 262 5 it MK L(ve- illvo. (c..0).0)

T AL 2
> log(1/2.46) )\min max —— ANz} o
€Px 262 S (Thr _ o 4 e,)22T AN I\ LS A(N) 12

i 20’%1,
(a)

TA A —1 2
@ 910g(1/2.45) min max {14 zi —
NEPx 2€2 (,Thr _ o 4 ¢)22T A(N)-1 (Ei:l ), & )A(/\)—lz

o2,
T -1
. 2 ANtz
= 2log(1/2.49) NPy 262 (2T0* —a+¢€,)2’

|V§7i)

x

UZCT = A(\). Letting €, — 0 establishes the result. ]

where (a) uses the fact that Zfil i

F.2 Upper Bound

We now prove the upper bound on the sample complexity of Alg. 2 for level set estimation. This proof
follows similarly to the upper bound on the sample complexity of Alg. 2 for best-arm identification
shown in App. E.2. Note that in each round ¢ € N, Alg. 2 maintains a set Z, of undecided items, a
set Gy of items estimated to have value exceeding the threshold «, and a set B, of items estimated to
have value falling below the threshold a.

F.2.1 Proof of Correctness

To begin, we show that that for all rounds ¢ € N of Alg. 2, the error in the estimates of 2T 6* for all
z € Z are bounded by ¢, with probability at least 1 — § for § € (0,1).

Lemma F.1. Forall ¢/ € Nand z € Z, with probability at least 1 — ¢ for ¢ € (0, 1),

(2,0, — 0)] < €.

Proof. This proof follows identically to Lemma E.1 by replacing z* with the zero vector. |

We now apply the preceding result to show that with probability 1 — ¢ for § € (0, 1), Alg. 2 does not
place items in the wrong category.

Lemma F.2. With probability at least 1 — § for § € (0,1), for any z € Z,, £ € N, such that
T p*
z'0* > q,

(2,00) + €0 > «,

and for any z € Z, such that 2T0* < q,

~

(2,00) — € < .

Proof. Consider z € G, so that z"6* > a. Using Lemma F.1, with probability at least 1 — § for
d € (0,1) we have

(z,§g> + e = (z, é\g —0") +er+ (2,0%)

><Z,§g—9*>—‘r€g—|—a
> Q.

By the procedure of Alg. 2, this guarantees Gy11 C G,,.
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Now, consider z € B,, so that z T 6*

§ € (0,1) we have

< a. Using Lemma F.1, with probability at least 1 — § for

o~

(2,00) — €0 = (2,00 — ") — e + (2,07)
< <Z,§g—9*> — €+«
< a.
By the procedure of Alg. 2, this guarantees Byy1 C B,. ]

We now show that any z € Z such that |276* — a| > 2¢, is removed from the active set, Z;, in
round ¢ € N of Alg. 2 with probability at least 1 — § for 6 € (0,1). Since e, — 0, this proves that we
will eventually identify G, correctly.

Lemma F.3. With probability at least 1 — ¢ for 6 € (0,1), for any £ € N and z € Z, such that
[(z,0%) — a| > 2¢,

(z,80) — a| > €.

Proof. Set§ € (0,1). Let us begin by considering any z € Z, such that (z,0*) — a > 2¢,. Using
Lemma F.1, with probability at least 1 — 9,

(2,00) — €0 = (2,0, — 0%) + (2,0%) — &
> —er+(2,0") — ¢
> Q.

Now, consider any z € Z, such that (z, 0*) — a < —2¢,. Using Lemma F.1, with probability at least
1-46,

(2,00) + €0 = (2,0, — 0%) + (2,6") + &
<e+ (207 +e
<.

Hence, for z € Z; such that |(z, 6*) — a| > 2¢,, we have that | (z, 6;) — €| > o with probability at
least 1 — 4. |

By the elimination conditions of Alg. 2, this guarantees that the z € Z; such that |(z, 0*) — | > 2¢
are not included in Zg4 ;.

F.2.2 Proof of Upper Bound on Sample Complexity

Now we prove the upper bound on the sample complexity of Alg. 2 for the transductive level set
identification problem.

Proof of Theorem 4.2 for transductive level set identification. Set § € (0,1). Assume that
max,cz, |(z,0*) — a| < 2. Define Sp = {z € Z;: [(z,0*) — a| < 4e¢,} for £ € N. Note that
by assumption Z = §; = 2Z;. Lemma F.3 implies that with probability at least 1 — §, we know
Zy C Sy for all £ € N. This means

Zy) = inf 2 _
q(2) Alean ?éaz}jHZH( \ mT> 1
zeEX T'T

< inf max||z|[? 1
AEPx z€Sy (ZzeX Ao Z‘TT>

= q(Se).
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For ¢ > [log,(4A~1)], we know that S; = (), thus the sample complexity to identify the set G, is
upper bounded as follows.

[1052(4A71ﬂ “052(4A71)—‘
~ () d(d+1)
Z Z [Tede ] = Z {2 + e
=1 reX =1
[ogs (4A71)]
dd+1 3\ _
= > {(2) +2 (2> e 2q(20) log(8€2|3/5)}
=1
[og, (4A™1)]
dld+1 _ _
<M noga =+ Y 86 a0 og(86% 21/
/=1
d(d+1)

S [logy (4A71) 1+

Mogy (4A71)]

310g{8ﬂ°g2(4§1ﬂ2|2|} S 22g(Sy),
=1

where (a) follows from Lemma E.10. We now relate this quantity to the lower bound and explain
below. With probability 1 — 6,

2

||| -
(Sxr=)”
:

Pig = inf max

XEPy 2€Z (2T6* —a)?
|I=11 -
(Becrr-2)
= inf max max =
AEPx (<[log,(4A—1)] 2ES; (276" — )2
|21 -
Soex Ae 2
> inf max max = ”25)
AEPx (<[log,(4A—1)] zES, (4 x 2-¢)2
(a) 1 [log,(4A71)]
> ———————— inf 22 max ||z||? _
~ 16[logy(4A~1)] rePx ; il ”(zm A%)
[og, (4A71)]
(b) 1
> 226 inf 2 _
~ 16[logy(4A—1)] ; NEPy iré%f”ZH(ZZEX Amm;> !
(;) 1 [log,(4A71)] 22[ - )
= 32flog,(1A7T)] & NEPy Eé%f"‘z"( e If;>-1
1 [og, (4A™1H)]
> 2%g(S)).

~ 32Mlog,(IAT)] &

where (a) follows from the fact that the maximum of a set of numbers is always greater than the
average, (b) by the fact that the minimum of a sum is greater than the sum of the minimums, and
(¢) from Lemma E.9. Consequently, putting the previous pieces together we find that the sample

36



complexity can be upper bounded as
Moga (4A71)]
~ d(d+1 _
> Y] < M D nog aay
=1

reX
_ [logs (4A71)]
8[log,(4A~1) 1% 2] 20
1 E 2
+ 3 og{ 5 2 q(Sy)

d(d+1)

< [logy (4A71)]

T+ 96 loga(4A )] log { 8[log, (42" [*|2] } W,

)
where the dependency on d(d + 1)/2 can reduced to d by Proposition A.1. This proves the result.

G Comparing Identification Lower Bounds

In this section, we use the general notation for the level set and best-arm identification problems
developed in Section 4. Define

h—ql]? _
. I ql\(zmex AvaaT) !
ax MIN max 7
AePx heHosy,q€ Q0B {(h — q)TG* — bOBJ}
which is the lower bound for both BAT and LS by [12] and [35] in the homoskedastic case when
upper bounding the variance.

* 2
POBJ ‘= Om

Lemma G.1. In the same setting as Theorem 4.1,
2 2
Ommin * POBJ < YOBJ < Omnax * POBI

and both the upper and lower bounds are tight.

Proof. Consider semidefinite matrices A, B, and C in R%*? such that A < B < C. Then C~! <
B~! < A~ Hence, for v € R%, ||z||c-1 < ||#|| -1 < ||#]|4-1. Defining

we note that

1 & 1 &
.
= Z)\lez, <A\ = = Z)wxlxz
max ;_q min ;1

Hence,
2 2

(S5, Nasa] (ZE Ml )™

Applying this to the result of Theorem 4.1 and invoking Lemma E.8, we see that

2
9 ) Hhi(]”(zme/\, ApzxT)—1
O hin 1N max 2
AePx heHoBs,q€Qony {(h — q)TQ* — bOBJ}

) ||h—QH,24(A)—1
< min max 3
A€Px heHonrs,q€Qons {(h — q)T0* — bopys }

T | ] S 2101 < Tmall]

|[h — (I||%Z$6X ApzazT)—1

< o2 min max 5
AePx h€Hops,q€QoBy {(h — q)T6‘* — boBJ}

— max

Recalling that

|lh —qlf?

. 2 : U, cx AwzaT)

pOBJ = Omax min max P)
AePx h€eHoBy,q€QoBI {(h — q)Te* — bOBJ}
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is the lower bound in both the best arm and level set problems for the homoskedastic variance
algorithm in a heteroskedastic noise setting (when upper bounding the variance), we see that

—1
K <Yopy/Popy < 1.
2

Moreover, both the upper and lower bounds are tight by taking 02 = 02, , Vx € X (to match the
lower bound) and 02 = o2, Vo € X (to match the upper bound). [ |

max’

H Experiment Details

This Appendix gives more details on the experiments presented in Section 5.

H.1 Oracle Designs

We demonstrate the difference in oracle allocations referenced by Experiments 1-3 in Section 5.
We begin with Experiment 1 in Fig. 4, where the oracle distribution that assumes homoskedastic
variance devotes more attention to the informative directions with smaller magnitude. In contrast, the
heteroskedastic oracle balances evenly because each informative arm has an equivalent signal-noise
ratio when accounting for variance.

Next, we analyze Experiment 2 in Fig. 5. In this setting the oracle distribution that assumes
homoskedastic variance allocates evenly between three informative arms, while the heteroskedastic
oracle prioritizes the informative directions with less variance.
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Figure 4: In Experiment 1, the Heteroskedastic Ora-  Figure 5: In Experiment 2, the Heteroskedastic Ora-
cle balances evenly between the informative arms. cle prioritizes informative arms with less variance.

Lastly, we examine the oracle distributions for the multivariate testing experiment in Fig. 6. Note
that the first four arm have higher variance than the last four arms. We can see in Fig. 6 that the
Heteroskedastic Oracle prioritizes the second group of arms because these will require more samples
to identify their effect sizes.

H.2 Assuming Homosekedastic Noise

If we assume that there is homoskedastic noise in a heteroskedastic setting, then we need to upper-
bound the noise with o2, in the sample size calculation of Alg. 2 in order to maintain correctness.
In Section 5, we compare H-RAGE to RAGE; the latter uses the o2, upper-bound and is described in
Alg. 5.
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Figure 6: In the multivariate testing experiment, the Heteroskedastic Oracle prioritizes the arms that have higher
variance, i.e., the arms that include the second variation in the first dimension.

Algorithm 5: (RAGE) Randomized Adaptive Gap Elimination

Result: Find z* := argmax,cz z' 0" for BALor G, := {2 € Z: 270" > a} forLS
Input: X € R?, Z € RY, confidence 6 € (0, 1), 0BJ € {BAI,LS}, threshold o € R
Initialize: £ < 1, 21 < Z,G1 + 0, B; + 0

while (| 2| > 1 and 0BJ=BAI) or (|Z¢| > 0 and 0BJ=LS) do

Let A, € Py be a minimizer of g {), Y(Z,)} if 0BJ=BAI and q(), Z;) if 0BJ=LS where

AW N =

q(V) = inf)\er q()\,V) = il’lf,\er maX,cy ||Z||?ZIEX Az T)—1

5 Sete, =27, 7y = 2¢, %02,,.q(Z,) log(8¢%| Z| /)

6 Pull arm z € X exactly [TZXM] times for n, samples and collect {z¢.;, Yo}y
7 Define A, == 1, xg,ixzi, be = >, ¢ ;ys,; and construct 0, = Ay,

8 if 0BJ is BAI then

9 ‘ Zg+1 — Ze\{z € Zy: maX, ¢z, <Z/ — Z,§g> > 6@}

10 else R

11 ge+1<—ggU{Z€Ze:<Z,9@>—€g>a}

12 Bg+1(—BzU{Z€Zg:<Z,§g>+€g<0[}

13 Zoy1 < Z0\{{Ge \ Ge1} U{Be \ Beta }}
14 end

15 L+—/0+1

16 end

17 Output: Z, for BAT or G, for LS
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