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ABSTRACT

In allocating a set of indivisible items among agents, the condition
of envy-freeness cannot always be achieved. Envy-freeness up to any
good (EFX) and envy-freeness with k hidden items (HEF-k) are two
compelling relaxations of envy-freeness, which remain elusive in
many settings. We study a natural relaxation of these two fairness
constraints, where we place the agents on the vertices of a graph,
and only require that our allocations satisfy the EFX (resp. HEF)
constraint on the edges of the graph. We refer to these allocations
as graph-EFX (resp. graph-HEF) or simply G-EFX (resp. G-HEF)
allocations. We show that, for any graph G, there always exists a
G-HEF-k allocation of goods, where k is the size of a minimum
vertex cover of G, and this is tight. We show that G-EFX allocations
of goods exist for three different classes of graphs — two of them
generalizing the star Kj ,—1 and the third generalizing the three-
edge path P4. Many of these results extend to allocations of chores
as well. Overall, we show several natural settings in which the
graph structure helps obtain strong fairness guarantees. Finally, we
devise an algorithm tested using Spliddit data, to show that G-EFX
allocations appear to exist for paths Py, pointing the way towards
generalizing our results to even broader families of graphs.
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1 INTRODUCTION

The problem of fairly allocating a set of indivisible goods among
agents with preferences has been extensively studied by the multi-
agent systems community [8].

Several notions of fairness have been proposed and analyzed
in the last two decades; of all these notions, arguably the most
compelling one is that of envy-freeness. In an envy-free allocation
of goods, no agent prefers the set of goods allocated to any other
agent over their own. Unfortunately, with indivisible goods, an
envy-free allocation is not guaranteed to exist: consider an example
with two agents and one indivisible good.
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Several natural relaxations of envy-freeness have been proposed,
most notably envy-freeness up to any good (EFX) [1], and envy-
freeness up to k hidden goods (HEF-k) [3]. Both notions have many
open questions, and in fact, the existence of EFX or uHEF-k alloca-
tions are not known beyond some special cases. The existence of
EFX remains one of the biggest open questions in this subfield.

An allocation is EFX if whenever an agent envies another agent,
the envy can be eliminated by removing any item from the other
agent’s allocated bundle. An allocation is (uniformly) HEF-k (or
uHEF-k) if there are k or fewer agents who can each “hide” a single
good from their bundle (so that they themselves can see it but
all other agents are unaware of it) and the resulting allocation is
envy-free. Note that these two notions are incomparable; there are
allocations that are EFX but not uHEF-(n — 1), and ones that are
uHEF-1 but not EFX.

We introduce a relaxation of these fairness criteria, where agents
are represented by vertices on a fixed undirected graph, and al-
locations only need to satisfy the relaxed envy constraint for all
neighboring pairs of agents in the graph. For hidden envy-freeness,
this amounts to an agent needing to hide a good in order to elim-
inate the envy from its neighbors. For EFX, this amounts to only
needing to satisfy the EFX criterion along the graph edges. These
reduce to the usual notions of uHEF-k or EFX allocations when the
underlying graph is complete.

In addition to being a generalization of both these fairness con-
straints, this model is also quite natural, as it captures envy under
partial information. In the real world, agents typically do not envy
other agents whose allocated bundles they are unaware of. In these
cases, it suffices to only consider pairs of agents who are aware of
each other and therefore know only each other’s allocated bundles.

Throughout this extended abstract, we will assume there is a set
of agents N = {1,2,...,n} and a set of goods M = {91,92,...,9m}-
We assume that the agents N are placed on the vertices of a graph
G = (N,E). Weusei € N interchangeably to denote an agent or the
corresponding vertex of G. Each agent i has an additive valuation
function v; : 2M — R such that for every bundle of goods S C M,
we have v;(S) = Xjesvi({g}). Some of our results extend beyond
additive valuations, but for this abstract we restrict ourselves to
additivity. An allocation X = (X3, Xy, ...,Xy) is an n-partition of
M; X; denotes the set of goods (“bundle”) allocated to agent i.

For detailed proofs of all our results, we refer the reader to [6].

2 HIDDEN ENVY-FREENESS OVER GRAPHS

An allocation X is said to be G-uHEF-k if there exists a set of goods
S C M with |S| < k, such that (a) for every (i, j) € E, we have
0;(X;) =2 0;(Xj\S), and (b) for every i € N, |X; NS| < 1. Intuitively,



- o 7 OO
Lo () 03080
o M@ o OROS0
ofo ) —(=) o000
() (b) (c) (@)

Figure 1: Generalizations of the star. The valuation functions v, v¢,, vc, and v¢, are identically ordered.

Figure 2: Generalizations of the three-edge path.

an allocation is G-uHEF-k if at most k agents can each hide a good
so that no agent envies their neighbors in G.

We devise a simple round-robin based algorithm that computes
a G-uHEF-|C| allocation for any vertex cover C of the graph G. The
algorithm starts with all goods unallocated; in every round, each
agent chooses a single unallocated good, with agents in C choosing
before agents outside C. The procedure terminates only when all
goods are allocated. We prove that this simple protocol yields a
G-uHEF-|C| allocation.

We show further that this is, in fact, optimal. Formally, we prove
that every graph G with a minimum vertex cover of size k admits
an instance with no G-uHEF-k’ allocation for any k” < k.

3 EFX OVER GRAPHS

An allocation X is said to be G-EFX if for every edge (i, j) € E, and
for every good g € X;, we have 0;(X;) > v;(Xj — g). Intuitively, an
allocation is G-EFX if the usual EFX criterion is maintained over
every edge of the graph G.

In this setting, we start by proving that a G-EFX allocation always

exists on any instance when the underlying graph G is a star Ky 1.

The proof for this is a straightforward application of a result from
[7], which states that an EFX allocation always exists when agents
have identical valuations. We can use this to compute an allocation
X where all n agents have the same valuation function as the center
of the star. We can now reassign these n bundles to the star Kj 51
as follows: we first let the outer n — 1 agents take their preferred
bundle from X in any order, and allocate the final bundle to the
center. The outer agents do not envy the center since they picked
their bundles first, and the center does not envy any of the spokes
beyond EFX due to our choice of the allocation X.

This technique and result can be generalized to a larger class
of graphs which contain a central core set of agents with identical
valuations and a set of unrestricted outer agents with no edges
between themselves but any number of neighbors among the core

agents. We also present a second generalization where the core
agents only need to have identically ordered valuations. Examples
of these graphs are shown in Figure 1.

We next show that a G-EFX allocation always exists when G = Py.
The proof is similar, but uses the result in [5] that an EFX allocation
always exists when the agents only have two different types of
valuations. We can again generalize this result to graphs with a
core set of agents with two types of valuations, and outer agents
with no edges between themselves but arbitrary neighbors among
core agents of any one type. Examples are shown in Figure 2.

We also investigate settings with both goods (positively-valued
items) and chores (negatively-valued items). In this setting, it is
known that EFX allocations do not exist even when agents have
lexicographic valuations [4]. We show, however, that G-EFX alloca-
tions exist under arbitrary lexicographic valuations for all graphs
with diameter at least 4.

Empirically, we evaluate a simple algorithm on real fair allocation
data (from Spliddit [2]) and show that G-EFX allocations are likely
to exist when G corresponds to the path P,. We use observations
from our experiments to discuss several possible potential functions
that can be used to prove the existence of EFX on more general
classes of graphs. We refer to [6] for further details.

4 CONCLUSION

The graph-based relaxation of our two fairness notions is natural,
as many real-life agents only care about the agents with whom
they interact. In many cases, this graph setting enables us to ob-
tain results that have not been possible in general. Our hope is
that obtaining positive results on natural classes of graphs may
help prove the existence of EFX and HEF allocations more broadly.
Our empirical results show that G-EFX allocations likely exist for
quite general classes of graphs such as paths. Several other fairness
notions like local proportionality and local max-min share can be
naturally defined on graphs; these offer scope for future research.
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