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Abstract

We present a fast, differentially private algorithm for high-dimensional covariance-aware mean
estimation with nearly optimal sample complexity. Only exponential-time estimators were previ-
ously known to achieve this guarantee. Given n samples from a (sub-)Gaussian distribution with
unknown mean p and covariance X, our (g, d)-differentially private estimator produces fi such that
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[ —fills < cvaslongasn 2 % + d = . The Mahalanobis error metric || — fil|s
measures the distance between /i and y relative to X; it characterizes the error of the sample mean.
Our algorithm runs in time O(nd“~! + nd/c), where w < 2.38 is the matrix multiplication expo-
nent.

We adapt an exponential-time approach of Brown, Gaboardi, Smith, Ullman, and Zakynthinou
(2021), giving efficient variants of stable mean and covariance estimation subroutines that also
improve the sample complexity to the nearly optimal bound above.

Our stable covariance estimator can be turned to private covariance estimation for unrestricted
subgaussian distributions. With n. > d3/2 samples, our estimate is accurate in spectral norm. This
is the first such algorithm using n = o(d?) samples, answering an open question posed by Alabi
etal. (2022). Withn 2> d? samples, our estimate is accurate in Frobenius norm. This leads to a fast,
nearly optimal algorithm for private learning of unrestricted Gaussian distributions in TV distance.

Duchi, Haque, and Kuditipudi (2023) obtained similar results independently and concurrently.
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BROWN HOPKINS SMITH

1. Introduction

We consider the statistical task of estimating the mean of a high-dimensional subgaussian distribu-
tion from independent samples under the constraint of differential privacy. Differential privacy al-
lows algorithm designers to control and reason about privacy loss in statistics and machine learning
and is the standard approach for protecting the privacy of personal data, with adoption in academia,
industry, and the United States government. We focus on the following covariance-aware version
of the mean estimation problem.

Problem 1 (Covariance-Aware Mean Estimation) Given n samples from a subgaussian distri-
bution D on R? with unknown mean 11 and covariance Y, output fi such that ||fi — p||s. < o, where
It — plls denotes |2 (5 — )

The Mahalanobis distance ||t — pi||x; is the natural affine-invariant way to measure the statistical
accuracy of an estimator for the mean. An estimator with small Mahalanobis error automatically
adapts to directions of low uncertainty in the location of y—in any particular direction, the esti-
mator’s error is scaled to the variance in that direction. The family of subgaussian distributions
generalizes the Gaussian distribution; we defer definitions for now.

Absent privacy constraints, the empirical mean already achieves the best possible guarantees for
Problem 1, requiring n > d/a? samples. (Here > hides constants.) However, it does not generally
protect its input data—for example, an adversary with a rough idea of the distribution could easily
tell from observing the empirical mean if the data set contained an extreme outlier in any particular
direction. We thus aim for estimators that are differentially private:

Definition 2 (Differential Privacy (DP)) Let X and Y be sets. A (randomized) algorithm A
X" — Y satisfies (e,0)-DP if for every x = (x1,...,xy) € X" and 2’ = (2}, ..., 2}) € X" such
that x,x' agree on all but one coordinate, A(x) and A(x') are (g, 0)-indistinguishable (denoted
A(x) =5y A(z")); that is, for any event Y C ),

Pr[A(z) € Y] < e Pr[A(z') € Y] +6.

A differentially private estimator provides a strong guarantee: no matter what an outside ad-
versary knows about the data set ahead of time, they will learn roughly the same things about any
particular individual Alice regardless of whether Alice’s data is used in the computation (as in, e.g.,
Kasiviswanathan and Smith (2014)). We call data sets that differ in one entry adjacent.

Until recently, covariance-aware mean estimation subject to differential privacy was assumed by
many researchers to require at least as many samples as privately estimating the covariance—while
the latter task also takes O(d) samples nonprivately, Q(d®/?) are required for private estimators
(Kamath et al. (2022)).

Brown, Gaboardi, Smith, Ullman, and Zakynthinou (2021) (henceforth, “BGSUZ”) disproved
this assumption by giving a modification of the exponential mechanism that solves Problem 1 (for
Gaussian data) as long as
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This expression hides an absolute constant and an additive term of log(1/ea)/(ec). It is nearly
tight, even when the covariance is known exactly: the first term in Equation (1) is necessary for
nonprivate estimation, the second nearly matches the Q2(d/(ae log(d)) lower bound of Kamath et al.
(2019), and the third is required even for estimating the mean of a one-dimensional Gaussian with
unit variance (but unrestricted mean). Subsequent work by Liu, Kong, and Oh (2022) extended the
exponential-mechanism-based approach to many statistical tasks; in particular, they solve Problem 1
for general subgaussian distributions with the same near-optimal sample complexity. Unfortunately,
all these estimators appear to require at least exponential time to compute.

Our main result is a polynomial-time algorithm for Problem 1 with sample complexity also
depending linearly on d:

Theorem 3 (Informal, see Theorem 8) Algorithm 1 is (£, 0)-differentially private. Given

d+/log1/d log1
n>i+ \/o§/+d0g/5
a

~ a? €

samples from a subgaussian distribution on R® with mean i and covariance %, with high probability
it outputs [i such that ||fi — pl|s, < a. It runs in time O(nd*~" + nd/e), where w < 2.38 is the
matrix multiplication exponent.

When d is large relative to 1/¢, the running time of our algorithm is dominated by the time to
compute the covariance matrix, nd* . The terms d/log 1/ /(ce) and dlog(1/6) /< in the sample
complexity of our algorithm are slightly suboptimal; however, the nonprivate sample complexity
continues to dominate for modest privacy parameters.

As we discuss below, our main algorithm relies on a new nonprivate covariance estimator
StableCovariance. This estimator, combined with the “Gaussian sampling mechanism” of Alabi
et al. (2022), yields a fast algorithm for private covariance estimation that provides strong error
guarantees in both spectral and Frobenius norm. It is the first private algorithm achieving low
spectral-norm error for unrestricted subgaussian distributions with n = o(d?) samples. It also re-
covers guarantees similar to those of Ashtiani and Liaw (2021) for estimating in Frobenius norm
using O(d?) samples; such an error guarantee, in combination with our mean estimation guarantee,
is known to suffice for learning unrestricted Gaussians distributions to low total variation distance.

Theorem 4 (Informal, see Theorem 42) Algorithm 7 is (¢, 0)-differentially private and returns a
vector [i and matrix .. Suppose it receives n samples drawn i.i.d. from a subgaussian distribution
with mean p and covariance ¥ over R%.
3/2
. Ifn> d +d log1/§+dlo§1/5

~ a? ae
d?+/log1/6§
ae

, then, with high probability,

n-1/25y-1/2 _ 1[H2 <o

s lfnz b + 4188 yon swith high probability, ( $-125n-1/2 ]IHF < a;

furthermore, if the distribution is Gaussian, then TV.(N (1, %), N (f1, %)) = O(a).
It runs in time O(nd“~! + nd/e), where w < 2.38 is the matrix multiplication exponent.

Throughout, our accuracy analyses assume the underlying distribution has a full-rank covariance
matrix. There exist sample- and time-efficient preprocessing algorithms to deal with distributions
where this assumption fails (Singhal and Steinke (2021); Kamath et al. (2021); Ashtiani and Liaw
(2021)). Our privacy analysis makes no assumptions on the data.

In the remainder of this introduction we sketch our techniques and overview related work.
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1.1. Our Techniques

Background: The Empirical Covariance Approach In addition to their modification of the ex-
ponential mechanism, BGSUZ give a second mean estimation algorithm, also requiring exponential
time, which works for subgaussian distributions but has a worse dependence on the privacy param-
eters. This second algorithm is the basis for our efficient construction.

The basic idea of this algorithm is to first solve the problem for “good” data sets y, where
goodness means a collection of conditions that are typical for subgaussian data. For example, a
good data set y should have no significant outliers as measured by ||(-) — uy||zy, where /1, and X,
are the empirical mean and covariance matrix of y. BGSUZ show that, if we can restrict our inputs
to good data sets, the mechanism that releases a single draw from A (uy, O'2Ey), for o ~ 6—\/3, 18 in
fact differentially private. The data-dependent choice of covariance X, is crucial to achieving the
Mahalanobis-distance guarantee, because it ensures that the noise added for privacy remains small

in directions where y itself has small variance.

Given a data set x, BGSUZ’s algorithm first projects x to the nearest “good” data set y, then
checks that y is not too far from = and finally, if that test passes, releases i ~ N (. O'QEy). The
projection step ensures that privacy holds for all data sets.

Although the noise addition is computationally efficient, the BGSUZ algorithm requires brute-
force search over data sets for the projection step. It also comes with an additional cost in sample
complexity—it roughly requires n 2> a% + 0%2. The extra factor of % compared to Equation (1)
comes from the fact that the projection is not stable: it is possible for two neighboring data sets x
and 7’ to be projected to “good” data sets y and 3’ that are far apart.

Overview of Our Approach In this work, we overcome the key computational bottleneck of the
empirical covariance approach; along the way, we recover the optimal dependency on €.

Our main technical tools are new efficient, non-private estimators StableCovariance(z) and
StableMean(x). We also design an algorithm SCORE(z) which approximates the Hamming dis-
tance from x to the nearest “good” dataset. We show that [SCORE(x) — SCORE(z’)| < 2 for ad-
jacent z, z’ and that if SCORE(z) is small—as it is with high probability for subgaussian x—then
StableCovariance(x) ~ StableCovariance(z’) and StableMean(x) ~ StableMean(z').

At a high level, on input z, our algorithm first privately tests if SCORE(x) less than a thresh-
old, roughly 1/e. If the test fails, we stop and return nothing (as in the “PTR” framework of

Dwork and Lei (2009)). If the test passes, we output a sample from A (StableMean(x), o2 -
o

StableMean(z) and StableCovariance(x) stand in for the empirical parameters y, and
>, of the projection y from BGSUZ’s algorithm. The advantages are computational tractability
and stability: StableMean and StableCovariance are more stable than their counterparts in
BGSUZ, leading to our optimal dependence on €. We establish the following key properties of

StableCovariance (the ideas for StableMean are similar):

StableCovariance(z)), where o &~ Y2 is the scale parameter as before.

* Accuracy: When the x; are drawn i.i.d. from a subgaussian distribution, with high probability
we have StableCovariance(z) = X, where ¥, is the empirical covariance of z.!

1. Actually, the “paired” empirical covariance 2 Dicnyo(Ti = Tign2)(Ti — Titns2)".
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e Stability: If x is a data set with SCORE(z) < 1/e, then for any adjacent 2/, the matrices
Y1 = StableCovariance(z) and ¥y = StableCovariance(x’) are close. Specifically,

9
tr

“21—1/22221—1/2 ny

I S Ve HdHtr < 0(d/n),

where || - ||ty denotes the sum of absolute values of eigenvalues.
* Efficiency: StableCovariance runs in polynomial time.

Stable Covariance We now sketch StableCovariance. Assume for now we have a data set «
that we believe to be drawn from N (0, X2) for some unknown Y. (We reduce to zero-mean case via
a standard sample-pairing trick, see Equation (3).) Ultimately, StableCovariance(z) produces a
weight vector w € [0,1/n]™ and outputs Xy, = ;¢ Wi - z;xl. We will show the weights satisfy
the following conditions.

(a) Uniform on Subgaussian Inputs: When the x; are drawn i.i.d. from a subgaussian distribution,
we have w = (1/n, ..., 1/n) with high probability.

2

<A\

(b) A-Good Weighting: For any i € [n] such that w; > 0, we have HE;I/ Qxi ,

(c) Stability: If x is a data set with SCORE(z) < 1/, then for any adjacent 2, the associated weight
vectors w, w’ have ||lw — w'[|y < O(1/n).

Here A > 0 is a hyperparameter, which we will eventually set to roughly d. Achieving Property
(a) implies our accuracy claim about StableCovariance, since setting all weights to 1/n yields
exactly the second moment matrix of . Since we have assumed z is zero-mean, this serves in place
of the empirical covariance.

Properties (b) and (c) together imply the stability of StableCovariance’s parameter estimates.
For intuition, consider the case where w and w’ differ on exactly one value: suppose w} = w; + 7;
for ; > 0. Further suppose both weights are nonzero and that = and «’ agree on index i. Thus we
have X,y = Xy +1; - mleT

-1/2 I

w

S, 28, S 2 1= 5,28y + - wia] ) S

%

=1 2;1/2%3521“2;1/2.

This is a rank-one matrix whose non-zero eigenvalue is exactly 7; HZL‘zH%w, which is at most 7; A by
Property (b).

The remainder of the stability proof is relatively straightforward: in general X, — 3, is the
sum of rank-one matrices whose coefficients 7; satisfy >, ;| = ||lw —w'[|;. The trace norm
is the sum of the absolute values of the eigenvalues, so we arrive at an upper bound of roughly
Alw —w'||; = d/n. The proof requires some more work to account for the one index ¢* where
xi+ # x5, as well as accommodating indices where wj is zero and w} is not (in this case ||z; HQEw is
not bounded by assumption).
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Good Subsets We now discuss how StableCovariance computes the weight vector w.

Definition 5 A special case of a A\-good weighting is a A-good subset. A subset S C [n] is A\-good
if its associated weight vector wg is A-good, where (wg); = 1/n fori € S and 0 otherwise.

StableCovariance computes a nested sequence of good subsets Sy C S C ... C So, where
Sy is Ap good for some sequence of outlier thresholds A\; < ... < Ay and k is a parameter to set
2k

set later. Then it averages a subset of the associated weight vectors to produce w = % D i1 WS-
The subsets it chooses to average are described in the following lemma:

Lemma 6 (Informal) Ler x be a dataset and A > 0 be an outlier threshold. There is a unique
largest \-good subset S C [n| for x which contains all other \-good subsets. Furthermore, this
largest good subset can be found using a greedy algorithm, LargestGoodSubset.

StableCovariance takes Sy to be the LargestGoodSubset for outlier threshold A;. By
Lemma 6, this implies immediately that Sy C ... C Sy, because Sy is Ay 1-good for all /.

For reasons we will see below, we choose the outlier thresholds according to A+ = e°)y and
setk &~ 1/¢, so that Ay, < O()\g). We now have a nearly complete description of StableCovariance,
and enough information to see why the weights it computes satisfy properties (a) and (b) above. We
will ensure that if [n] itself is a good subset, then Sy = ... = S = [n], leading to Property (a)
above. Because the subsets S, are all O(\g)-good, it will not be hard to show that w is itself
O(\g)-good, leading to Property (b) above.

Now we turn to Property (c), which is contingent on z, ' having SCORE(z), SCORE(z") < 1/e.
To proceed, we need to define SCORE(x).

Score Function We have computed Sy, the largest A\y-good subsets of z, for £ = 0,1,...,2k.
While StableCovariance(z) averages over the items from ¢ = k + 1, ..., 2k, SCORE(z) uses the
first half of the sequence:

SCORE(x) = 01<n€i£1k (n—|Se| +2).

As we will discuss below, this function has sensitivity 2: adjacent data sets have good subsets with
similar sizes and outlier thresholds. Our algorithm ultimately uses SCORE'(z) = min {k, SCORE(z)},
which simplifies some statements.

For some intuition, note that if [n] is good with respect to the outlier thresholds Ag, . . . , Ag, then
SCORE(x) = 0. Together with the stability of SCORE(z), this means SCORE(x) roughly tracks the
Hamming distance between x and a dataset for which [n] is a good subset.

Good Subsets on Adjacent Data Sets Towards establishing Property (c) for the algorithm we
have just described, we first consider what happens to a A-good subset S for a dataset x if a single
sample is removed from z.

If we remove from x a sample x; where ¢ ¢ S, then of course S\ {i} = S, which is still A-good
for x \ {z;}. On the other hand, if we remove z; for some ¢ € S, the resulting S \ {i} may no
longer be A-good for x \ {z;}; it may have many outliers! See Figure 1(a) for an illustration of
this. However, for the parameter regimes we consider, we can show that S\ {4} is still A’-good for
x \ {x;}, where ' = e\

This allows us to reason about pairs of data sets under removal and addition, which is the notion
we must consider to accommodate adjacent z, 2’. If S is a A\-good subset for = and data set ’ differs
from it in index ¢*, then S\ {i*} is an e®\-good subset for 2.
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(a) Removing a point from a good s (b) Intertwined: S; £ S, \ {i*}

Figure 1: (a) A good subset: no points are outliers with respect to the empirical covariance. Re-
moving one point may change the covariance (from X to X’) and cause points to become
(slight) outliers. (b) Let Sy denote the largest A\y-good subset of x and 7j the same for
adjacent z’. Let S; denote Sy \ {i*}, where z, 2’ differ in index i* (and similarly T)).
These sets are intertwined: for all £, we have Sy U Ty C ;§£+1 N T[J,_]_.

removed

old covariance X
velvliz <4}

Families of Largest Good Subsets on Adjacent Datasets Now let us return to the family Sy, . . ., Sox

of largest good subsets computed with respect to outlier thresholds Ag, . . ., Agg on input x and the
analogous family T, . . ., Ty, for input 2’ adjacent to x. We prove a crucial “intertwining” relation-
ship between Sg, . .., .Sor and Ty, . .., Toy; for a visual depiction, see Figure 1(b).

Lemma 7 (Intertwmlng, Informal) Suppose x,z’ differ on index i*. For all ¢, defining Sy e
S\ {i*} and T, 4T, \ {i*}, we know that S, U Ty is a subset ongH N Tg+1

Proof [sketch] From our discussion above, S\ {i*} is a As1-good subset of both x and 2’ (assuming
/\g+1 < €® Ay, which will be true by construction) Furthermore, T, the largest ;1 1-good subset
of 2/, contains all Ay, 1-good subsets of z/, by Lemma 6, and s1m11arly for Spiq. So, Tyi1,Se1 2
Sy. And since Sy by definition does not contain {i*}, also T, 041, Sg+1 DS A symmetric argument
applies to 7. |

Now we sketch the main ideas to show that intertwining implies property (c), that ||w — w’||; <
O(1/n), where w are the weights associated to input = and w’ are those associated with an adjacent
a’. Since SCORE(z), SCORE(z") < k =~ 1/e, there exists £ < k such that |Sy| > n — k, and since
Sy C Sk+1, also [Sk+1| > n — k. By the nesting property Sy C Sy and similarly for the 7’s, we
have

2k
() SenTe| =n—O(k)
l=k+1
By definition,
1 2k 2k
wi—wﬂ:% don{ieS}y- ) HieTy. 2)
{=k+1 {=k+1
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Fori € ﬂgik 11 S¢ N Ty, the difference in Equation (2) is 0. This leaves just O(k) indices i where
|w; — w}| could be nonzero. We divide these into two cases.

If ¢ = ¢*, the sums in Equation (2) differ by at most k, so |w;+ — w}.| < 1/n.

For i # i*, by the intertwining property (Lemma 7) we know that if w; # w), then there exists
only one ¢ such that 1{i € S;} # 1{i € Ty}. So for such i we have |w; — w}| < 1/(kn), and the
total contribution of those terms is O(1/n). This concludes our sketch of StableCovariance.

From StableCovariance to Mean Estimation Let’s return to the task of estimating the mean,
given the output S of StableCovariance(x). A natural strategy would be to draw n fresh samples
z; and set Z; = £~ 1/2z;, then hand these samples to a non-covariance-aware private mean estima-
tion algorithm. If 3 were actually private, composition would show that this is differentially private.
However, our stability (rather than privacy) guarantees of StableCovariance do not translate into
an overall privacy guarantee for this scheme.

Instead, the second phase of our algorithm computes a stable mean, to which we add noise.
Our estimator uses the same idea from StableCovariance of averaging over large subsets of
the data which contain no outliers; it has a different notion of “outlier” that depends on pairwise
distances between points (relative to the estimated covariance f]). It is similar in flavor to recent
approaches in private estimation that look for large sets of points (or “cores’”) which are all close to
each other (Tsfadia et al., 2022; Ashtiani and Liaw, 2021).

Beyond Mean Estimation: Private Covariance Estimation and Learning of Gaussian Distri-
butions A key piece of our privacy proof is the stability of StableCovariance: on adjacent
inputs x and =’ we either fail or produce covariance estimates ¥; < StableCovariance(x) and
¥y < StableCovariance(z’) such that N'(0,%;) ~( 5 N(0,%2). Our main algorithm com-
bines this with a stable mean estimation procedure, but by itself it gives rise to a differentially private
algorithm: compute 3 < StableCovariance(z) and, if this does not fail, return z ~ A (0, 3).
This algorithm has dubious utility: z contains no information about the mean of z and little informa-
tion about the covariance. However, as Alabi et al. (2022) recently observed, multiple such samples

are useful: given private samples z1, ..., 2N NN (0, ﬁ)), one can post-process them to produce a
private covariance estimate Y = % Zf\i 1 zZzZT . Our main analysis says that we can draw N = 1
sample when n > d; by advanced composition, we can draw N samples when n > dv/N. Alabi
et al. (2022) call this the Gaussian sampling mechanism; they combine it with a stable estimator
based on the sum-of-squares framework to privately and robustly learn the covariance of a Gaussian
in polynomial time. Combined with StableCovariance, it yields a fast algorithm for private co-
variance estimation with strong error guarantees in both spectral and Frobenius norm, in particular

achieving the optimal dimension-dependence for both.

1.2. Comparison with a Concurrent Result

Independently and concurrently, Duchi et al. (2023) (henceforth, “DHK”) provided an algorithm
for private mean estimation with similar running time and accuracy guarantees. Both papers fill
in the basic framework of BGSUZ by devising stable mean and covariance estimators. DHK’s
stable covariance estimator has a similar flavor to ours: iteratively removing outlier and updating the
empirical covariance. However, the analysis and algorithmic details are quite different. Both DHK’s
stable mean estimator and our own consider pairwise distances between points (after rescaling by the
stable covariance). However, DHK’s algorithm looks at distances within small, randomly generated
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subsets of the data. Their algorithm and analysis, which make clever use of the randomness in the
subset assignments, is substantially different from our own.

In the basic setting where the data are drawn i.i.d. from a full-rank subgaussian distribution,
our accuracy guarantees are slightly stronger. Informally, the noise we add for privacy incurs error

\/log1/s dlog1/d

of magnitude d —.——» While the comparable term in their analysis is —--—. Additionally, their

algorithm requires n 2> ‘“%221/5 examples to ensure privacy, while ours requires asymptotically
fewer: n 2 dl%l/é.

DHK extend their algorithm and analysis to address distributions that are heavy-tailed or rank-
deficient. Similar extensions would likely apply to our algorithm. We apply our stable covariance
estimator to the task of learning the covariance of a subgaussian distributions; DHK’s analogous
estimator would fill the same role with similar guarantees.

1.3. Related Work

In this section, we overview the most relevant work on learning the mean and/or covariance of
high-dimensional, unrestricted Gaussian and subgaussian distributions subject to differential pri-
vacy. These results deal with approximate differential privacy; algorithms satisfying stronger pri-
vacy notions (such as pure or concentrated DP) cannot be accurate without prior bounds on the
parameters.

There is a great deal of research on differentially private statistics outside of these bounds. The
primer of Kamath and Ullman (2020) contains an introduction to differentially private statistics
along with a survey. One notable point is the work of Karwa and Vadhan (2017), which established
approaches for learning univariate Gaussians with bounds that are independent of the data location
and scale (using tools of Dwork and Lei (2009)). Another influential work is that of Kamath, Li,
Singhal, and Ullman (2019), who gave algorithms for learning the mean and covariance of high-
dimensional Gaussians that satisfy concentrated differential privacy. They require prior bounds on
the mean and covariance, but their error bounds depend on these quantities only polylogarithmically.
Both papers proved lower bounds that apply to our setting.

The way we use the stability of our nonprivate parameter estimates is somewhat nontraditional.
Stability-like properties, such as bounds on Lipschitz constants or “global sensitivity,” come up
frequently in the design of differentially private algorithms. Most often, the idea is to argue that
some function is stable so that we can add limited noise to the output of the function (as with the
Laplace and usual Gaussian mechanisms). By contrast, we use the stability of StableCovariance
to argue that the noise itself (added to StableMean(z)) is indistinguishable on adjacent inputs. This
concept appears elsewhere recently in various forms (Kothari et al., 2021; Ashtiani and Liaw, 2021;
Tsfadia et al., 2022; Alabi et al., 2022), though the details of our application are quite different.

Gaussian Mean Estimation The sample complexity of private covariance-aware mean estima-
tion for unrestricted Gaussians is well-understood, with nearly matching upper (Brown et al., 2021)
and lower bounds (Karwa and Vadhan, 2017; Kamath et al., 2019). Algorithms with nearly opti-
mal sample complexity exist for subgaussian distributions as well (Liu et al., 2022), with slightly
stronger lower bounds known for some related families of distributions (Cai et al., 2019). Previ-
ously, known approaches for this task required exponential time or 2(d?) samples, corresponding
to the best-known sample complexity for privately learning a the covariance in spectral norm. One
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can use such an approximation as a preconditioner: after rescaling, the distribution will be nearly
isotropic and one can apply the techniques of Karwa and Vadhan (2017) dimension-by-dimension.

Gaussian Covariance Estimation Differentially private Gaussian covariance estimation has re-
ceived much attention recently, especially as the key stepping stone to privately learning a Gaus-
sian to small total variation distance. For this task the sample complexity is well-understood, with
lower bounds (Vadhan, 2017; Kamath et al., 2022) and clean information-theoretic upper bounds
(Aden-Ali et al., 2021) matching the non-private sample complexity for modest privacy parameters.
A series of improving upper bounds has established polynomial-time algorithms nearly matching
these results (Liu et al., 2022; Kothari et al., 2021; Kamath et al., 2021; Ashtiani and Liaw, 2021;
Alabi et al., 2022; Hopkins et al., 2022). For more comprehensive overviews (which also discuss
robustness and stronger notions of privacy) refer to Alabi et al. (2022) and Hopkins et al. (2022).

The task of privately producing a spectral-norm covariance approximation, often useful as a
preconditioner, has seen less progress. Nonprivately, this task requires only n ~ d examples;
our algorithm requires d3/2. This dependence on the dimension was recently proved be optimal
in the regime of @ = O(1/+/d) (Kamath et al., 2022). To the best of our knowledge, ours is
the first differentially private polynomial-time algorithm achieving such a guarantee for unrestricted
Gaussian distributions, closing an open question posed by Alabi et al. (2022). Under the assumption
that I < ¥ =< kI, the standard Gaussian mechanism requires Q(poly () - d*/?) samples and the
private preconditioner of Kamath et al. (2019) requires Q(polylog(x) - d*/2) samples (ignoring the
dependence on other parameters).

2. Main Result and Analysis

Theorem 8 (Main Theorem) Fixe, € (0,1), 6 € (0,£/10], and n,d € N. Algorithm 1 takes a
data set of n points, each in R, privacy parameters €, 8, and an outlier threshold \g.

e Forany \g > 1, Algorithm 1 is (¢, 6)-differentially private.

o For i € R? and positive definite ¥ € R let x = x1,...,x, be drawn iid. from a
subgaussian distribution D with parameter Kp, mean u, and covariance Y. There exist
absolute constants K1, Ko, and K3 such that, if A\g = KlK%(d +logn/pB) and

n> Ky K5 - 10g€1/6 <d+ log <KD lgoﬂg 1/5>>,

then, with probability at least 1 — (3, Algorithm 1 returns [i such that
. d+log1l d\/log1/§ logn/B+/logl/d
||NN||2§K3KD< / ng /6+ \/85 / 4 log /E\n/ gl/ )

o Algorithm 1 can be implemented to require: one product of the form AT A for A € R"*%, two
products of the form AB for A € R and B € R¥4, one inversion of a matrix in R¥x4 1o
logarithmic bit complexity, and further computational overhead of O(nd/¢).

We prove Theorem 8 by proving each subclaim separately: privacy in Lemma 15, accuracy in
Lemma 19, and running time in Lemma 20.

10
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Algorithm 1: Private Mean Estimation, A5 ()

main

input : data set z € R"*%; privacy parameters ¢, J; outlier threshold g
2
require: n > w + 160e% )\
/% Initialize */
ko {7610%66/5] +4; M 6k + [18log 16n/5]; ¢ « 20 2log12/5,
R ~ Uniform({R' C [n] : |R/| = M});

/+ Compute nonprivate parameter estimates */
33, SCORE; < StableCovariance(z, Ao, k); /% 3 € R4 SCORE; € N +/
fi, SCORE; < StableMean(z, 3, Ao, k, R); /* [ €R% SCOREy € N «/
/* Test the scores and release */

if M230/5 (max {SCORE;, SCORE; }) = PASS then
return ji ~ N(fi, c*Y);
else
| return FAIL
end

2.1. Privacy Analysis

Let = and 2’ be adjacent data sets. Our main algorithm, Algorithm 1, either fails or computes
nonprivate estimates (jz,.) and outputs a sample fi ~ N'(fi,c*Y) for some real number c. By
standard propose-test-release-style analysis, it suffices to establish that (i) the probabilities of failing

under x and 2’ are (e, §)-indistinguishable and (ii) for any pairs (fi, %) computed by Algorithm 1
on z and (i, >) computed on 2/, if we do not fail then

N([L,C2i}) ~(e,0) N(ﬂ,7c2i},)'

The indistinguishability of failure probabilities follows from the low sensitivity of our score func-
tion. As in BGSUZ, to establish the indistinguishability of Gaussians we “change the mean” and
“change the covariance” separately and use composition to argue that the result is indistinguishable.
We prove the overall privacy statement in Lemma 15 at the end of this subsection.
We call our propose-test-release function on the maximum of the two scores (one for the covari-

ance and one for the mean). We begin by showing that this maximum has low sensitivity.
Lemma 9 Fix outlier threshold Aoy > 0, reference set R C [n], and privacy parameters € > 0 and
0<d <11 setk = [M—‘ + 4 as in Algorithm 1. Assume n > 32e2\ok. Let x and x' be
adjacent data sets of size n. Let

33, SCORE; < StableCovariance(z, Ao, k)

32 SCORE, < StableCovariance(x’, Ao, k)

fi, SCORE; < StableMean(z, 3, Ao, k, R)

[i', SCORE, < StableMean(z’,¥’, Ao, k, R).

Then |max {SCORE;, SCORE; } — max {SCORE}, SCORE} }| < 2.

11
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Proof Lemma 31, proved in Section 3.4, says that |[SCORE; — SCORE)| < 2, provided k <
(recall m, the size of the paired data set, is n/2). This is satisfied by assumption.

Lemma 41 proved in Section 4.4, says that |[SCORE; — SCORE)| < 2 provided (1—~)% < &/ <
1_72 for ~ <1 5 and k< 217. By Lemma 11 (below), if SCORE,, SCORE’ < k, these inequalities are

satisfied for v = % as long asn > 32e2\ok, as we have assumed. If one of SCORE; or SCORE’1
is equal to k, then we are still low-sensitivity: assuming without loss of generality that SCORE; = k,
we know that SCORE] > k — 2, and thus

42)\

max {SCORE;, SCORE;} = k
max {SCORE], SCORE; } > SCORE; > k — 2.

We have used the fact that all four scores are at most k. [ |

Algorithm 1 feeds this maximum of the two scores to M;’%R, a private propose-test-release-
style check that the score is low and it is safe to proceed. The textbook approach to this task uses
Laplace noise; our mechanism is an analogue of this that always passes on zero inputs and always
fails on large inputs. This modification cleans up our arguments, decoupling parameter stability
from the (random) outcome of the private check. We provide the (elementary) proof of Claim 10 in
Appendix B.

Claim10 Fix0 < e <1land0 < § < 5. There is an algorithm MPTR R — {PASS,FAIL}
that satisfies the following conditions:

(1) LetU be a set and g : U™ — R>q a function. If, for all x,x’ € U™ that differ in one entry,
l9(x) — g(a')| < 2, then M535(g()) is (¢,6)-DP.

(2) M35, (0) = PASS.

210g 2log1/d

(3) Forall z > +4, M3 (2) = FAIL.

We now present the stability guarantees for our nonprivate parameter estimates. Recall that
StableCovariance is deterministic and outputs an estimate 3 e Réxd along with an integer
SCORE. The value of SCORE is 2-sensitive (under adjacent inputs) and, when SCORE is not too large,
the parameter estimate 3 is itself stable in the sense we need for privacy.

Lemma 11 Fix data set size n, outlier threshold Ao > 0, and discretization parameter k € N.
2
Assume k < and let v = 16‘; 20 Letz, 2 be adjacent data sets and

31, SCORE < StableCovariance(z, Ao, k)
Y9, SCORE’ «+— StableCovariance(z’, Ao, k).

Assume SCORE, SCORE' < k. Then X1,%9 > 0and (1 — )X X 39 < 1

5, P 2 ST < (14 29).

tr

)
tr

)‘21—1/22221—1/2 1

The bulk of Section 3 is devoted to proving Lemma 11. Together with the following claim, it
immediately implies indistinguishabilty of zero-mean, rescaled Gaussians.

12
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Claim 12 Fixe € (0,1) and 6 € (0,1/10] and let X1, %o € R?*? be positive definite matrices. If

—1/2 —1/2 €
b D)) I <—
2 152 tr — 3log2/d’

9

”21_1/22221_1/2 —1

tr
then N(O, 21) R (e,0) N(O, 22)

Claim 12 follows from a straightforward Gaussian concentration argument. See BGSUZ, Lemma
4.15, and note that their proof works as-is with a better constant (3 in place of 5). See also Alabi
et al. (2022), whose similar Theorem 5.1 we use in Section 5.

The main result in Section 4 is similar: StableMean is deterministic and returns an estimate
i € R% and an integer SCORE. The latter is 2-sensitive and, when it is not too big, the mean estimates
are stable. We have a few additional concerns: on inputs x and z’, we might have previously
calculated slightly different covariances ¥ and 5. Thus we analyze the stability of StableMean
when simultaneously moving from (z, %) to (2/, 33). Furthermore, for computational efficiency
StableMean accepts a set R C [n] of “reference points” on which to estimate whether points
are outliers. For our stability conditions to hold, this set needs to be both sufficiently large and
sufficiently representative (in a precise sense: see Definition 32).

Lemma 13 Fix data set size n, dimension d, outlier threshold Ao > 1 and discretization parameter
k € N. Use reference set R C [n] with |R| > 6k. Let x and ' be adjacent d-dimensional data sets
of size n. Let X1, Y9 € R*? be positive definite matrices satisfying (1 —)X; < ¥o < ﬁEl for

v = 1662%. Assume that k < % Let

fi, SCORE « StableMean(z, X1, Ao, k, R)
i, SCORE’ < StableMean(z’, X2, Ao, k, R).

If SCORE, SCORE’ < k and R is degree-representative for both x and x' (see Definition 32), then

A A2 1+27)38e2\
i — i3, < e,

The nonprivate means are close in exactly the sense we need to establish indistinguishability of

Gaussians (with the same covariance). Recall that || — [L’||§1 = ||21_1/2[L - 21_1/2,[/\@.

Claim 14 (Standard Gaussian Mechanism) Let vectors u and v satisfy |[u — v||5 < A2. For any
£,6 € (0,1), let 2 = A% 21%22/6. Then N (u — v, ¢I) = 5 N(0, ¢*I).

We are ready to prove, via standard tools, the privacy guarantee for Algorithm 1.

Lemma 15 (Main Privacy Claim) Fix(0 <e <1and0 < § < {5. Forany \o > 1, Algorithm 1
is (¢, 9)-differentially private.

Proof Set &’ = ¢/3 and &' = 6/6. We will prove that Algorithm 1 is (3¢’, 60’)-differentially private.
2
The algorithm requires n. > w—l—m%%\o to proceed. This is set so that n > 32e%\ok

for k = {61%6/6} + 4, a fact we will require later. Assume this lower bound is true, since otherwise

the algorithm immediately fails (and thus is private).
Fix adjacent data sets x and . Since M = |R| > 18log 16n/6 = 18log4n/4’, Claim 50 and
a union bound over all data points in = and 2’ establish that R is degree-representative for x and 2/

13
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with probability at least 1 — §’. We will show that, conditioned on R being degree-representative for
Y and Y, the mechanism is (3¢’, 50”)-differentially private. This will prove that the entire algorithm
is private with parameters (3¢’,68") = (¢, 9).

We want M;I%;L to be (¢/, §')-differentially private. For any fixed reference set R = r C [n],
Lemma 9 tells us this happens when k = Fl%}/‘q +4 = {61%6/6} + 4 and n > 32e2\gk. Our
assumed lower bound on n is set so that this is true.

When we do not fail, by the guarantees of M‘;’%R we know that both scores are strictly less than
k. Let (11, X1) be the nonprivate parameters computed on x and (u2, ¥2) the nonprivate parameters
computed on 2’. Lemma 11 and Claim 12 together imply that N'(0,%1) ~ 5 N (0,%2). To
apply Lemma 11, we require n > 4e%\ok and n > 32e? )\, which are satisfied by assumption. The
lemma establishes a trace norm bound of A = (1 + 2v)~ for v = lﬁenﬂ. To apply Claim 12, we
ﬁé/é,. (These constraints, along with ¢ < 1 and 6 < 1/10, imply v < 0.025, so
(14 2v)y < 1.05-vand A < 17e?)\¢/n.) Rearranging, we see that (&', §')-indistinguishability of
N(0,%;) and (0, X2) requires n > w, a weaker bound than we initially assumed. In
particular, this implies N (u2, ¢>%1) R(er 67 N (2, c?Y3), as adding a fixed vector or multiplying
by a fixed value do not affect indistinguishability.

Lemma 13, with the above observation that 2y < 0.05 for the parameters we consider, states
that ||p — M2H221 < %. With Claim 14, this means that N'(p1, 1) =~ 5y N (p2, 1),
where

require A <

2 (4%%) <210g 2/5’> _ 720e*Xglog 12/6

n2 (5/)2 €2n2

as in Algorithm 1. To apply Lemma 13, we require a few conditions. First, |R| > 6k is satisfied
by construction. The condition that (1 — v)3; < ¥y < ﬁEl for v = % is satisfied; it is

)

a consequence of Lemma 11. We also require & < %, which is equivalent to n > 32e?\gk; we
already assumed this to be true. Finally, the scores are strictly less than k (since we did not fail) and
R is degree-representative for z and x’ (by assumption).

We now apply Fact 52 to combine the statements of N (11, ¢%1) ~e oy N (2, c?¥1) and
N (2, *51) = 5y N(p2,*S2). We get that N (py, ¢*3) R ger (14es o) N (2, c*¥). Since
e€ < e < 3, we have the same statement with values (2¢’,46"). Basic composition (Fact 51)
allows us to combine the guarantees for these Gaussians with those for M;’%R to establish that
the algorithm, conditioned on the fact that R is degree-representative for z and 2/, is (3¢’,54")-
differentially private. Since R fails to be degree-representative for z and 2’ with probability at most
', we have finished the proof. [ |

2.2. Accuracy Analysis

Let z be a d-dimensional data set of size n. We define the empirical mean and paired empirical
covariance:

n [n/2]
. e 1 1
n P ﬂ Ln/2J i=1 ( : /QJ)( : /QJ)

14
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This “pairing” is a standard trick that centers the data at the cost of halving our sample size: given
input = (x1,...,,) we construct y = (y1,...,ym) by setting y; = (1/v/2)(z; — ;1 m) Where
m = |n/2]. If we have x;, Tj1m, i (i, ), then y; ~ N(0,%). The transformation preserves
adjacency: if x and 2’ are adjacent, then so are y and v/'.

We now introduce a notion of good data sets, on which StableCovariance and StableMean
“let the data through,” always returning exactly the paired empirical covariance and empirical mean,
respectively. Furthermore, Algorithm 1 never returns FAIL on such inputs. We formalize these

points in Observation 17, which is simple but serves as the linchpin of our accuracy analysis.

Definition 16 (Well-Concentrated) Fix \g > 0 and let x be a d-dimensional data set of size
n samples. Let 3., the paired empirical covariance. We say x is Ag-well-concentrated if >, is
invertible and, for all i, j € [n], ||z; — %”%I < Ao

Observation 17 (Always PASS on Well-Concentrated Inputs) Fix \o > 0. If data set x € R"*¢
is \g-well-concentrated and n > w + 160e2\g (so we do not fail immediately), then
Algorithm 1 computes SCORE; = SCOREy = 0, passes deterministically, and returns a sample from
N (g, Xy, where i, is the empirical mean, ¥, is the paired empirical covariance, and c is the

noise scale set in Algorithm 1.

The essential fact we use about our subgaussian input distributions is that they concentrate in
exactly this way. For definitions and concentration inequalities about subgaussian distribution, see
Section A.2. The proof of Claim 18, which we omit, is straightforward from these statements.
Recall that the Gaussian distribution A/(y, X2) is subgaussian with parameter K = O(1).

Claim 18 (Subgaussian Data are Well-Concentrated) Ler x € R™*4 pe drawn i.i.d. from a sub-

gaussian distribution D with parameter Kp, arbitrary mean, and full-rank covariance. There exist
constants K1 and Ko such that, when \g > K1 K%(d + logn/B) and n > KyK%(d + log1/),
then x is Ag-well-concentrated with probability at least 1 — 5.

We now prove our main accuracy claim. The calculation is standard: with high probability the
true mean is close to the empirical mean, which is close to our private estimate.

Lemma 19 (Main Accuracy Claim) Fixe,§ € (0,1), § € (0,6/10], and n,d € N. For u € R?
and positive definite . € R4, let & = x1, ..., xy, be drawn i.i.d. from a subgaussian distribution

D with parameter Kp, mean p, and covariance X.. There exist absolute constants K1, K», and K3
such that, if \o = K1 K2(d + logn/B) and

log1 Kplog1
n> Ky K% - ogg /8 (d—l—log (DsﬁgM)),

then, with probability at least 1 — 3, Algorithm 1 returns [i such that

- d+log1 d+/log1/6 logn log1/6
||M—M||z§K3KD<\/ g1/6 | dy/logl/  log /68\7{?/)

n En

Proof In order to not fail immediately, we require

n> 1922\ log 6/9
9

(d+logn/B)logl/é

4 160e?\g > K3 - .

15
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This expression has n on both sides; using the fact that logn 2 n implies n 2 nlogn, we can
rewrite this as

n> K3, 10g€1/5 (d+log (Kplog1/6)>’

ep

as we require. In particular, this implies n > K% (d + log 1/8).

Beyond this, we are concerned about four bad events: (i) the data set is not A\g-well-concentrated,
(i1) the empirical mean is far from the true mean, (iii) the empirical covariance is unlike the true
covariance, and (iv) the noise added for privacy is large. We will show each of these events happens
with probability at most /4, analyze the accuracy under the assumption that none of them happens,
and use a union bound to finish the proof.

By Observation 17 and Claim 18, with probability at least 1 — /4 data set x is Ag-well-
concentrated and Algorithm 1 releases fi ~ N (uz, c®Y,;), where p, is the empirical mean, ¥,
is the paired empirical covariance, and
log1/4

< Kp(d+logn/B) - ——5—. 4)

s T2e*X\glog2/6
C= T 22 2
e2n

e2n?
We add and subtract the empirical mean and apply the triangle inequality:
= Alls =l = po + prz = fills
< i = palls + llme = Alls -

{iz is the empirical mean, so by Claim 48, with probability at least 1 — 3/4, we have

d+log 1/
i — pells ,SKD\/n/- (5)

Since n > K2 (d + log1/3), Claim 49 implies that, with probability at least 1 — 3/4, we have
[vlls < llvllg, for all vectors v. Thus ||z — filly S |ltte — fillg, This is the “correct” norm in
which to control p, — fi, since fi ~ N (jz,c*¥;). Abusing notation and conflating distributions
with random variables, we have

e = illy, = 5220, 252) |, = ¢+ IV, DI,

Again applying Claim 48, with probability at least 1 — 3/4 we have [|p, — filly < cy/d +log1/B.
Plugging in the value of ¢ from Equation (4) and using d + logn /3 > d + log 1//3, we have
B log1/6
s~ ils, < Ko/t 1ogn/8- VY0 /o178
V/1og1/é
S Kp - (d+logn/p) - #

En

Combining this with the upper bound on ||z — (15 ||5; in Equation (5) finishes the proof. |

16



FAST PRIVATE MEAN AND COVARIANCE ESTIMATION

2.3. Running Time

For modest privacy parameters, our running time is dominated by a few matrix operations related to
computing the empirical covariance and rescaling the data.

Lemma 20 Algorithm 1 can be implemented to require at most
(1) One product of the form AT A for A € R"*¢;
(2) Two products of the form AB for A € R™ % and B € R¥*¢;

(3) One inversion of a positive definite matrix in R¥< to polynomial precision (logarithmic bit
complexity); and

(4) Further computational overhead of O(nd/e).

All of our algorithms can be implemented with finite-precision arithmetic in the word RAM
model, setting the bit complexity to be logarithmic in the other parameters. Informally, matrix prod-
ucts of the form in (1) or (2) can be executed in time O(ndwfl) and inversion can be accomplished
in time O(d®), for an overall running time of

O(nd“~" +nd/e).

We have used n = Q(kd) = Q(d), where k = O(log(1/d)/¢) is our discretization parameter.
These relationships are required by our privacy argument. In what follows we ignore the precision
of our operations, as an exact understanding of the running time is not a focus of our work. Also
note that the asymptotically fastest algorithms for matrix operations are not practical; “schoolbook”
matrix operations can be performed with the number 3 in place of w.

Covariance Estimation We compute the covariance 3= %yTy and its inverse ~!. For each
(paired) point y; € [m] we rescale it: g; < i_lyi. This operation can be written as § <— yﬁ_l,
where 3y € R™*? and Sl e Rixd, (Alternatively, one may solve the system 2gT =y directly.)
Computing each squared Mahalanobis norm (and thus identifying any outliers) can be computed
from y and g (via entrywise multiplication and summation) in time O(nd).

A naive implementation of LargestGoodSet would repeat the above procedure from scratch
after finding an outlier. On top of this, StableCovariance calls LargestGoodSet 2k + 1 times
to generate {Sg}?io, the family of sets where .Sy is the largest /% \g-good subset for y. To improve
upon this naive approach, we note three points.

(1) Once we have found an outlier, removing it requires a rank-one update to the Mahalanobis
norms (in order to check f0~r new outliers).~ There are well-known efficient techniques for
updates of this type, taking O(nd + d*) = O(nd) time. We provide details below.

(2) For any ¢ < ¢ we know from Lemma 27 that Sy C Sy. Therefore, by proceeding through
the outlier thresholds in decreasing order, each outlier we find can be ignored going forward.

(3) Once we have found an £* such that | Sy«| < m — k, we can immediately halt and either return
FAIL or output the covariance estimate. Recall that we compute

SCORE = min {k, min {m — |S¢| + K}}
0<(<k

17



BROWN HOPKINS SMITH

If ¢* > k + 1, then we know that SCORE = £, since for all £ < k we have |Sy| < |Sk41| <
n — k. This means the call to M‘;,’ESFR will fail with probability one. If /* < k+ 1, we can still
move to the next step: for all ¢ < ¢£* we have m — |Sy| + £ > k, so the size of the smaller Sy’s

will not affect our score computation.

Combined, these facts imply that we need to perform at most k outlier removals, updating all n Ma-
halanobis distances each time. Tracking 3 across removals, we can also compute the final weighted
covariance.

Let us discuss the process of updating after an outlier removal in more detail. Suppose we want
to recompute the norm of a point v after removing v from the covariance matrix. Let >; be the
initial covariance matrix and >y = 37 — %uuT the matrix after removing u. We want to compute
UT(EQ)_lv for each point in the data set. The Sherman-Morrison formula tells us

1 -1 DIRRIVIVLS e
yol=(% - uuT> =yt = 6
2 ( Yom L m—uTe ©

Therefore

Z_l Tz—l
szglv = vTEflv + ol <1uul>

m—ulY
Ty—1,,)2

v YT
—orspte s UYL
m—ul X u
We have already calculated v” ¥ 'v and u”X]  u. We can calculate ¥7'u once (in time O(d?)),
which allows us to compute (vTEflu)Q in time O(d) for any vector v. Observe furthermore that
Equation (6) allows us to compute >, ! directly in time O~(d2).
_ We have established that each update after an outlier’s removal can be accomplished in time
O(d? 4+ nd) = O(nd). Since we perform at most k updates, this takes time O(knd).

Note that we can simultaneously calculate the final weighted covariance with an additional cost

of O(kd?) = O(knd) time. Furthermore, we can return the weighted inverse; it also requires at
most k rank-one updates to the original (%yTy) ! we computed.

Thus we can execute StableCovariance with one computation of S = yTy, one matrix
inversion to obtain .71, one product y>. 7!, and additional overhead of O(knd) = O(nd/¢).

Mean Estimation As with covariance estimation, naively repeating LargestCore all 2k + 1
times would waste effort. Instead, suppose we had a matrix D € R™*M where M = |R| = O(k +
logn/6), and D has entries D; ; = ||z; — R; H; Observe that, with this matrix D in hand, one can
compute the family of cores {Sg}?io and thus the score and weights in time O(nM) = O(n/¢).
Given the weights, computing the mean takes time O(nd).

We must compute this matrix D of squared distances. As we pointed out, StableCovariance
can return $~1, the inverse of the final weighted covariance. We rescale the data: © < 271, With
Z and z in hand, each entry in D can be computed in time O(d).

Thus we can execute StableMean with one product 3" and O(nd/¢) time.
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Main Algorithm We can draw from N (ji, ¢23) in time O(nd) by drawing z ~ N(0,1I,,) and
returning /i 4+ 37 W/22, where y € R™*9 is the matrix of paired examples and TV is the diagonal
matrix whose entries are the weights computed by StableCovariance. (Digital computers do
not sample exactly from Gaussian distributions, but we expect one can discretize appropriately, as
in Canonne et al. (2020).)

To see that this is the correct distribution, note that 3. = y? Wy by definition and write out the

expectation of (yTW1/2z) (yTW1/2z)T

3. Stable Covariance Estimation

In this section we present StableCovariance, our deterministic algorithm for nonprivate covari-
ance estimation. Crucially, its parameter estimate is stable when the score it computes is small.

Lemma 21 (Lemma 11 Restated) Fix data set size n outlier threshold Ay > 0, and discretization
parameter k € N. Assume k < 5y v and let v = %. Let x, 2’ be adjacent data sets and

31, SCORE < StableCovariance(z, Ao, k)
Y9, SCORE +— StableCovariance(z’, Ao, k).

Assume SCORE, SCORE’ < k. Then X1, %5 > 0 and (1 — v)X1 < 39 < ﬁzl. Ifv < %, then

)(2‘1/2222;1/2 —1

|E i -1 < a2
r

We can prove Lemma 21 quickly once we assemble the following deﬁnmon and lemmas.
The first step in Algorithm 2 is a standard trick to center the data: if x;,x; NN (1, %) then
\}5(:1:% z;) ~ N(0,X). (A similar statement holds for subgaussian distributions.) With this
in mind, the lemmas in this section will concern data sets y of size m = [n/2|, where y; =
%(mZ — Ziy|n/2 J). We emphasize that this section is part of the privacy analysis and does not
assume the data is in fact mean-zero. We analyze accuracy in Section 2.2

Definition 22 (Good Weighting/Subset) Let A > 0. For data set y = yi1,...,Ym, a vector w €
[0, 1]™ is a A-good weighting of y if; for ¥, = Z;”Zl w; - Yyl

Vi € supp(w HZ 1/2yZ § A

If the weights take the value % over a set S C [m] and are zero elsewhere, we will call S a A-good
subset of y.

The weights can be thought of as a distribution over data points; our analysis is simpler if we do not
require them to sum to one. Note that this definition requires invertibility of the covariance matrix.

Our proof of Lemma 21 requires the following lemma, which shows that if adjacent datasets
y, vy’ have “similar” good weightings w, v respectively, then the corresponding weighted covariances
are close in spectral and trace distances. Nearly identical calculations appeared in BGSUZ; for
completeness we prove our version (restated as Lemma 53) in Appendix B.
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Lemma 23 Let A\ > 0 and let y and v be adjacent data sets of size m. Let w be a A\-good weighting
for y and let v be a \-good weighting for y' with ||w —v||; < pand ||v||,||w],, < 1. Let ¥y
and ¥, be the corresponding weighted covariances, as in Definition 22. Let v = \(p + 27).

Then ¥y, % = 0and (1 — v)X, =< 3, < ﬁEw. Furthermore, if v < %, then

< (1429)y.

tr

”251/22102;1/2 — 1

‘2;1/221)2;1/2 -1

)
tr

This lemma, and its mean-estimation analog Lemma 36, are statements about “identifiability.”
Informally, identifiability is used in robust statistics via a standard blueprint: if y is a “good” data
set (for some notion of “good”) and ¢/’ is a corruption of g, then finding a “good” data set z that has
high overlap with 3’ means z will also have high overlap with y, and “goodness” will ensure that
empirical parameter estimates based on z therefore will be accurate for y.

Following BGSUZ, we use identifiability to establish privacy: on adjacent data sets we will
produce “good” vectors of weights that are very similar. These will ultimately give rise to indistin-
guishable Gaussian distributions, from which we produce our final mean estimates.

To apply Lemma 23, we must argue that StableCovariance computes good weightings.

Lemma 24 Fix data set y € R™*4 ourlier threshold Ao > 0, and discretization parameter k € N.
Assume k < ﬁ If StableCovariance computes SCORE < k, then the weights {wi}ie[m] it
produces are a 2e>\g-good weighting of y.

Finally, to prove Lemma 21 we must establish that on adjacent datasets, StableCovariance
computes weightings which are close in ¢; and not too large in /.

Lemma 25 Fix data set size m, outlier threshold Ao > 0, and discretization parameter k € N.

Assume k < ﬁ. Let y and y' be adjacent data sets of size m. Let w be the weights computed

by Algorithm 2 on y and let w' be the weights computed on 1. Assume in both cases we compute
SCORE < k. Then ||w — w'||; < 2/m. Furthermore, ||w||_,,|lw'||, < *

oo — m”

Algorithm 2: StableCovariance(x, Ao, k), for nonprivate covariance estimation

input: dataset v = (x1,...,2,) € R™*4outlier threshold \g, discretization parameter k € N

m < [n/2];
Vi € [m],y; %(acZ — Titm); /* pair and rescale x/

for/=0,1,...,2k do

‘ Sy < LargestGoodSubset(y, eE/k)\o); /* Algorithm 3 =/
end
SCORE <— min {k, ming<y<i {m — |S¢e| + ¢} };
fori=1,...,mdo

2k .

| wi e i i € Sk
end
5 Y Wit i ;
return X, SCORE;
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We are now ready to prove the main result of this section.
Proof [Proof of Lemma 21] On adjacent x and z’, we pair and rescale to obtain y and ¢’ (also
adjacent). Lemma 25 says that we get vectors w and w’ such that ||w —w’'||; < 2/m and both
|w]| ., and ||w’||, are at most % By Lemma 24, both w and w’ are 2e%\o-good weightings of their
respective data set. Setting p = 2/m and \ = 2e?)\o, Lemma 23 tells us that, for

862)\0
7= Mot [wllog + [l0]l0) < =25,

we have the desired inequalities. Finally, use m = n/2. |

In the remainder of this section, we prove Lemma 23, Lemma 24, and Lemma 25. Finally, in
Section 3.4, we prove that the score returned by StableCovariance is low-sensitivity.

Algorithm 3: LargestGoodSubset(y, \), subroutine for covariance estimation

input: data set y = (y1, ..., ym) € R™*?, outlier threshold )
/* For vector v and singular matrix A, define HA_1UH2 = +00 x/

S« [m];
repeat
-1/2 |2
OUT <« {iGS: H(%Z]esgh;ﬁ) Yi >)\};
2
S « S\ OUT
until OUT = 0);
return S;

3.1. Families of Largest Good Subsets

Before proceeding to the proofs of Lemmas 24 and 25, we establish a few facts about the operation
of Algorithm 2.

Algorithm 2, StableCovariance, takes as input a discretization parameter £ € N. For each
£=0,1,...,2k, it calls LargestGoodSubset to find a set Sy. Denote by {Sg}?io this family of
subsets. In this subsection we prove that each Sy is a unique largest good subset and discuss some
properties of families of sets of this form.

Lemma 26 For any data set y and \ > 0, there is a largest A-good subset S* that is unique and
satisfies the following property: if Sy is a A-good subset, then Sy C S*. Furthermore, Algorithm 3
returns S*.

Proof Observe that Algorithm 3 either returns a A-good subset or the empty set. We will show that,
if y has a A-good set Sy, then the set returned by Algorithm 3 contains Sy. This finishes the proof:
for any two distinct A-good sets, the output contains their union and thus must be strictly larger than
both.

Suppose y has a A-good set Syg. We prove that Sy C S is an algorithmic invariant, where S
denotes the set operated upon in Algorithm 3. At initialization we have Sy C S = [m]. Pick an
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index j € Sy and consider a value of S at the start of the repeat-until block of Algorithm 3. We
will show that j is not added to OUT. Let g = + Y ics ylyZT and similarly define g, .

m
Removing points cannot increase the matrix in the positive semidefinite order, so

1 T 1 T
ZS:EZ%% tgzyiyi = 2g-

i€S 1€Sp
Since the Xg, is invertible (by the goodness assumption), ¥g is as well. So we also know that
Zgl < Egol, and thus in turn

2 2
”ysz;S < ”yjHEso .

The right term is at most A by the A-goodness assumption on Sy, so j is not removed as an outlier.
To finish, note that Algorithm 3 only terminates when it has found a A-good subset. |

The following lemma shows that families of good subsets computed on adjacent data sets are
closely interwoven.

Lemma 27 Let \g > 0and k € N. Let y and 3y be adjacent data sets of size m that differ in index
i*. Let {Sg}?io be the family of sets where Sy is the largest e*/% \o-good subset for y. Let {Tg}?io
be the corresponding family of largest €'/¥\o-good sets computed on y'. Assume k < ﬁ. We
have the following properties:

(i) Forany 0 < { < /(' <2k, we have Sy C Sy.
(ii) Forany 0 < { < 2k, we have Sy \ {i*} C Ty11.

Before we prove Lemma 27, we will prove a statement relating to the stability of good subsets
(on a single data set y) under the removal of a index. If we remove an index j from a A-good subset
S, the covariance may shrink and the resulting subset may no longer be A-good. However, we can
show that the resulting set is \'-good, where )\’ is larger than A by a small multiplicative factor that
depends on A\ and m.

Claim 28 Let A > 0 and m > 2\. Let y be a data set of size m and let S be a \-good subset for
y. Forany j € [m), S\ {j} is a €)™ \-good subset for y.

Proof Let S = S\ {j}. Assume j € S, otherwise we are done. By construction, we have g =
Yg— %y]yJT We claim that Xg = g — (A/m)Xg. This is equivalent to %y]y]T =< (A\/m)Xg, or

—-1/2 —1/2
25 Pyl <L

A

2
This holds because HE;l/Qyj H2 < A(since j € S). By assumption > is at most 1 so we have

1
-1 w-1 < 20/m | y-1
s = 1—)\/m' s € . s -
Forany i € S’ C S we had HylH%S < ), so we also have HyiH%S/ < eAmy, |
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Proof [Proof of Lemma 27] To prove statement (), pick two indices ¢ < ¢/. We know that Sy is
an e’/ ¥ X\o-good subset for y, because increasing the outlier threshold cannot cause any points in S;
to become outliers. By construction, .Sy is the largest el'/k Ap-good subset for y. What’s more, by
Lemma 26, Sy contains all et'/k Ap-good subsets. In particular, Sy C Sy.

To prove statement (ii), consider Sy \ {i*}, where data sets y and 3’ differ only in index i*. We
know that Sy is an e//* \g-good subset for y, so by Claim 28 we know that Sy \ {i*} is X’-good for

2
N =exp { . ee/k)\o} 'ee/k)\o
m

2

< exp { . 62)\0} ek g
m

< DRy,

where the first inequality uses ¢ < 2k and the second uses k < 53—
The next key fact is that, on the indices i in Sy \ {i*}, we have y; = y,. Therefore Sy \ {i*} is
eHD/E ), - -good for y/. Since, by Lemma 26, Ty contains all such sets, Sy \ {i*} C Tyy1. |

3.2. The Weights Are Good (Proofs of Lemma 24)

Lemma 24 says that, when StableCovariance computes SCORE < k, the weights it produces are
in fact a good weighting.

Proof [Proof of Lemma 24] For ¢ € {0, ...,2k}, let Sy denote the largest et/k \g-good subset for
y. Let¥, = L > ies, yiy? . Algorithm 2 computes weights w; = 7 e g+1 1{i € S¢}, meaning
that we can rewrite the released 3 as

sz yzyz k‘ Z 2.

l=k+1

The larger sets contain the smaller ones, so we have a lower bound on S in terms of Yttt

2k
R Z k1 = D1

Now, any two values ¢ and ¢ such that k + 1 < ¢ < ¢’ < 2k correspond to sets Sy, Sy that
differ in at most k£ elements: .Sy is a subset of Sy, Sy has size at most m, and .Sy has size at least
m —k + 1 > m — k. (To see this last fact, observe that SCORE < k means there is an £* < k such
that n — |Sp«| + ¢* < k, which implies |Sg«| > n — k. Then note that Sy» C Sy, since £* < k < {.)
By the identifiability lemma for good sets, Lemma 23, we have ¥, = (1 — )Xy for v = e Aok /m.
(Both sets are e?\g-good, since £, ¢ < 2k.) This in turn implies an upper bound on the squared
Mahalanobis distance for >.

Pick any point i € U?ikﬂ Sp. We know that i € Sy, so HyzHQE% < e%)\g. Using our above
calculations, we have

lyill < Nlyill%,.,,
< (1426 Mok /m) il
< (1 +2e*X\gk/m) - €2 ).
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This is at most 22\, since we assumed k < ﬁ [ |

3.3. The Weights Are Stable (Proof of Lemma 25)

Lemma 25 says that, on adjacent inputs, StableCovariance produces nearly identical weight
vectors (assuming the scores are not large).
Proof [Proof of Lemma 25] For ¢ € {0, ..., 2k}, let Sy denote the largest etlk Ap-good subset for y
and let T, denote the largest e’/% \g-good subset for 3. Recall the notation from Algorithm 2: for
each i we compute counts ¢; = Z?ik-u 1{i € Sy} andletc; + A; = Z?ik-u 1{i € T;}. Suppose
y and ¢/ differ in index i*. Then |A}| < k, since the counts are bounded between 0 and k. By
Lemma 27, for all i # i*, we know that A; € {—1,0,+1}.

We can bound the number of indices 7 # i* that have nonzero A;. Because the score on y is less
than k, the set Sy, has size at least m — k+ 1. By Lemma 27, for every ¢ > k we have Sy, \ {i*} C Sy
and S\ {i*} C T, so for all the indices i € S\ {i*} we compute weight exactly . So the number

of indices 7 # ¢* with A; # 0 is at most k. Thus

|w—w'||, = |wir —wi-| + Z |wi — wj
i€[m]\{i*}
_ | Gix G + Ay Z Ci G + Aj
| km km , 1km km
i€[m]\{i*}

A A,

- ‘ km , Z km
i€[m]\{i*}

1 1
<—+k —.
- m + km

Finally, note that all weights are at most 1/m by construction. |

3.4. The Score Has Low Sensitivity

In this subsection we introduce the function g(-) that StableCovariance computes to determine
the value of SCORE, which it returns. We prove that SCORE is low-sensitivity, which will allow us to
use it as an input to M;’%R, our propose-test-release subroutine.

Definition 29 Fix data set y, outlier threshold Ao > 0, and discretization parameter k € N. For
€ {0,1,...,k}, let Sy denote the largest etk \g-good subset for y, with Sy = 0 if no good subset
exists. Define

o f(y) mingego gy {m — |Se| + ¢} and

* g(y) € min {f(y),k}.

The function f(y) is small when there is A not too much larger than )\, that yields a large set
Sx. In particular, when a data set y has S = [m] as a A\p-good subset, then f(y) = g(y) = 0.

For additional intuition, recall that a key subroutine in BGSUZ was computing the Hamming
distance to the space of data sets with no outliers. Our score function approximates this quantity.
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We make this precise in the following claim, which is stated to aid the reader and not directly used
elsewhere.

Claim 30 Ler &) be the space of size-m data sets where [m] is a A-good subset. Let d(y,Sy) =
min,eg, d(y, z) denote the Hamming distance to this space. If we compute g(y) < k, then we know

that d(y, Sexy) < g(y) < 2-d(y, Gy,).

Proof For the upper bound, assume d(y,S)y,) = r, so there exists a z with d(y,z) = r and
r € 6),. Removing r points from z, we have an e/ kXo-good subset of y with size m — 7, so
gy) <m—m+r+r=2-d(y,Sy,).

Now assume g(y) = r < k, so there exists some ¢ with m — |Sy| + ¢ = r. We know that
S¢ C Sk, so augmenting Sy with at most r copies of 0 yields a set z € Sy, with d(y, z) = r. Thus
d(y, 66)\0) STr= g(y)' u

The main result of this section says that our score function has low sensitivity.

Lemma 31 Fix data set size m, outlier threshold Ao > 0, and discretization parameter k € N.
Assume k < 555 For all adjacent y and y' we have |g(y) — g(y')| < 2.

We argued in Lemma 27 that, for certain parameters, if data set y has a large good set then adjacent
y’ must have a (slightly smaller) good set (for a slightly larger outlier threshold). Under these
conditions, then, we have have f(y) =~ f(y'). These conditions might be violated when y has no
good sets under modest A, causing f(y) to be large. To combat this, we introduce ¢(y), which
cannot be larger than k.

Proof [Proof of Lemma 31] Without loss of generality, assume g(y) < g(y’). We will show that
g9(y") < g(y) + 2 by analyzing two cases.

Case 1: Suppose g(y) = k. Then g(y') < g(y) < g(y)+2 by construction, since g(-) is capped
at k.

Case 2: Suppose g(y) < k. This can only happen when f(y) < k, so there exists an {* €
{0,...,k} and subset Sy that (i) is el /% xo-good for y and (ii) satisfies m — |Se=| + 0* < k.
Furthermore, we know ¢* < k, since m — |Sy«| is nonnegative.

We can now apply Lemma 27, since we have assumed k < 535 For £ € {0,...,k}, let T; be
the largest e//¥\o-good subset for /. Lemma 27 says that Sg« \ {i*} C Ty-,;. This allows us to
upper bound g(y/):

/ < ! — . _ S e

g(y') < f(y) jelpin, m |Se| +

Sm*|Tg*+1|+f*+1
<m—(|Sp| = 1)+ +1

=9(y) +2.

So we are done. ]
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4. Stable Mean Estimation

In this section we present StableMean, our algorithm for nonprivate mean estimation, and prove its
stability guarantee. It is based on a notion of “outlyingness” where inliers are sufficiently close to
many other points in the data. More formally, one may think of a graph with n vertices correspond-
ing to a data set x, where vertices ¢ and j are adjacent if they are close. Under this interpretation,
outliers are points with degree below some threshold.

StableMean takes as input a data set z, a matrix 3 that serves as a preconditioner, an outlier
threshold A, a “discretization” parameter k, and a set of “reference points” R C [n].

We analyze this algorithm’s stability with respect to simultaneously changing a single data point
as well as slightly changing the preconditioner . The exact meaning of “slight change” we use is
that of being multiplicatively close in the positive definite order, as in the consequence of Lemma 11.

The reference points R C [n] are used to estimate which points are outliers: rather than check
the distance to every one of the other n — 1 points in the data set, we compute distances to a few
randomly chosen data points. One can think of this as estimating the degree of vertices in the graph
defined above: we will argue that the algorithm is private when R is sufficiently representative.
A standard concentration argument says that a sufficiently large random R will be representative
with probability at least 1 — §. (Such an argument appeared, with a similar application to private
estimation, in the work of Tsfadia et al. (2022).)

Definition 32 (Degree-Representative) Fix data set x, covariance ¥, outlier threshold )y, and
reference set R C [n]. For all i, let

N2 e ) o — a3 < 2o}
Ni “ {] ER: Hmz — :L'jH% < 62)\0}.

Let z; = |N;| and %; = |Nj| be the sets’ sizes. We say that R is degree-representative for z: if for

every index © we have ‘ﬁél — %zi < %.

The main result in this section is the following stability guarantee for our nonprivate mean
estimates on adjacent data sets.

Lemma 33 (Lemma 13 Restated) Fix data set size n, dimension d, outlier threshold \og > 1
and discretization parameter k € N. Use reference set R C [n] with |R| > 6k. Let x and x’
be adjacent d-dimensional data sets of size n. Let ¥1,%9 € R be positive definite matrices
satisfying (1 — )X < X9 < ﬁzl for~ = 1662%. Assume that k < % Let

[, SCORE < StableMean(x, X1, Ao, k, R)
i, SCORE' < StableMean(z’, Yo, Ao, k, R).
If SCORE, SCORE’ < k and R is degree-representative for both x and ' (see Definition 32), then
HA _ A,HQ < (1+27)38¢e2 \o
b=y, > E R

As in Section 3, we assemble another definition and a few lemmas before proving Lemma 33.
In this section “outliers” are those points with insufficient degree. We formalize this notion
(without explicit reference to graphs), below. We consider weighted subsets, as in Section 3.
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Algorithm 4: StableMean(z, 2, Ao, k, R) for nonprivate mean estimation

input: data set v = (x1,...,2,) € R™*4_covariance f], outlier threshold )\, discretization
parameter k& € N, reference set R C [n]

for/=0,1,...,2k do
‘ Sy + LargestCore(z, 3, e/F )\, R);
end
SCORE <— min {k, ming</<r {n — |Se| + £} };
fori=1,...,ndo
| e T i€ Sehs
end
Z 4 3 e G /* normalizing constant =/
Vi € [n], w; + %; /% set w; <0 if Z=0 =/
4= Zie[n} Wi T
return /i, SCORE;

Algorithm 5: LargestCore(x, ST R), subroutine for mean estimation

input: data set x = (x1,...,x,) € R™*d_covariance i), outlier threshold )\, degree threshold
T, reference set R C [n]

for i € [n]| do
N; = {j ER:|x; — x]HQE < )\}; /* Nearby points in R x/

end
return {i € [n] : [N;| > 7};

27



BROWN HOPKINS SMITH

Definition 34 (Weighted Core) Let x be a data set of size n. Let \ > 0, 7 € N, and R C [n]. A
distribution w over [n] is a (T, A, X)-weighted-core for = with respect to R if, for each i € supp(w),
there is a set N; C R of size at least T such thatVj € N;, ||x; — x]||% < A If w is uniform over a
subset S, we will refer to S as a (7, A, X)-core for x with respect to R.

Remark 35 For a given data set x, reference set R, and parameters T, A, and %, one can directly
find S* C [n], the largest (T, \, X)-core for x with respect to R (if y; has T nearby points in R,
put i in S*, otherwise omit it). Contrast this with Section 3, where it was nontrivial that an efficient
algorithm recovers the largest \-good sets. In addition to such an algorithmic guarantee, Lemma 26
established that the largest A\-good set is unique and contains all other \-good sets. The analogous
observation is obvious for (T, \, X)-cores.

The first statement we need in the proof of Lemma 33 tells us that, if two weighted cores
(on adjacent data sets) are close in ¢; distance, then their means are close. We give the proof of
Corollary 36 (restated as Corollary 55) in Appendix B; nearly identical calculations appeared in
BGSUZ.

Corollary 36 Let x and x' be adjacent data sets of size n. Let A > 0, 7 € N, and R C [n]. Let ¥,
and Y9 be positive definite matrices satisfying (1 — )X < Yo < ﬁzl for~v < % Let w be a
(1, \, X1)-weighted-core for x with respect to R and let v be a (T, \, X3)-weighted-core for x’ with
respect to R, with T > 5 + 1. If |[w — v||; < p then

2

i — gl = || wimi— St < (04 2000+ il + o)
i€[n] i€[n] o

To apply Corollary 36, we need to show that the weights produced by StableMean are in fact a
weighted core for z.

Lemma 37 Fix a set of inputs to StableMean (Algorithm 4): data set x, covariance S, outlier
threshold \o, discretization parameter k € N, and reference set R C [n]. Assume |R| > 6k. If
StableMean computes SCORE < k and R is degree-representative for x, then the weights w €

[0, 1]™ it produces are an (g + 1, e\, f]) -weighted-core for x with respect to [n).

Additionally, the weights produced by StableMean on adjacent data sets must be close in ¢1
distance.

Lemma 38 Fix outlier threshold \y > 1, discretizaion parameter k € N, and reference set R C
[n]. Let x and x' be adjacent data sets of size n. Let 31 and Xy be positive definite matrices
satisfying (1 — )X < X9 < ﬁﬂl for~ < % Further assume k < %

Let w be the weights Algorithm 4 computes on inputs (x,%1, Ao, k, R) and w' the weights it
computes on inputs (', Xa, N, k, R). Assume in both cases that it computes SCORE < k. Then

lw—|, < 4(1 + 2k/n)?
1= n :

142k
Furthermore ||w|| . , ||w'|| o, < T/n
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We are now ready to prove the stability guarantee for the nonprivate mean estimate.
Proof [Proof of Lemma 33] Let w be the vector of weights computed by StableMean on input
(,%1, Ao, k, R) and w’ the weights computed on input (2, X2, A\, k, R). By Lemma 37 and the
fact that R is degree-representative for z, w is an (n/2 + 1, e%\g, X1 )-weighted-core for z. For
the same reasons, w’ is an (n/2 + 1,e2)\g, X2 )-weighted-core for 2’. By Lemma 38, w and w’
satisfy [Jw — w'[|; < M and |lw|| o, [|w'] o < (Hznﬂ Thus, setting p = 4(1+2n7k’/")2 and
A = €2\, Corollary 36 tells us that the means must be close:

9 2
5, < 2Mp + lw]l o + [vll)

6(1 + 2k/n)2>2

il

<(1+ 27)62)\0 . <

. . 2 :
To clean this expression up, note that v = % and k < % imply

2k 1 1
I P
n — 16e2)\g — 16e2
Thus (1 + 2%)* < 1.04 and we arrive at||/l—/l’||§1 < Wr%ﬁﬂ' [ |

4.1. Families of Largest Cores

Before presenting the proofs of Lemmas 37 and 38, we establish a few facts about the operation of
StableMean, Algorithm 4.
Fix a reference set R C [n] and a discretization parameter k£ € N. For each ¢ = 0,1,..., 2k,

StableMean calls LargestCore (Algorithm 5) to find the largest <\R| — 0, etk ), f]) -core for x
with respect to R, where 3 is the nonprivate estimate produced by StableCovariance. Denote by
{Sg}gi o this family of largest cores for = with respect to R. In this section we will discuss some

properties of families of this form. As in Section 3 and Lemma 27, we show that families of cores
on adjacent data sets are tightly interwoven.

Lemma 39 Fix R C [n], \o > 0, and k € N. Let x and 2’ be adjacent data sets that differ in index
i*. Let X1 and X be positive definite matrices that satisfy (1 — )31 = ¥g < ﬁzl for~y < %
Further assume k < %

Let {Sg}?io be the family of sets where Sy is the largest (|R| — £, e"/F X, X1)-core for x with
respect to R. Let {Tg}?io the corresponding family of largest (|R| — £, e*/* g, ¥2)-cores for x' with
respect to R. The following properties hold:

(i) Forany 0 < ¢ < /(' < 2k, we have Sy C Sy.
(ii) Forany 0 < £ < 2k, we have Sy \ {i*} C Ty41.

Proof Statement (i) is direct from our definition of core: decreasing the neighbor threshold and
increasing the outlier threshold results in a less restrictive condition, so Syis a (|R|—¢', e"'/% g, £1)-
core for x with respect to R. Since Sy contains all such cores (recall Remark 35), S, C Sy.
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When ¥; > (1 — v)3s, for any vector v we have Hv||§1 < ﬁ HUHQE2 Now, Sy \ {i*} is a

(|R| — ¢,¢e"F X, X1 )-core for x with respect to R: for all i € S, \ {i*} there exists a set N; C R
such that

INi| > |[R|—¢ and Vj €N, [z — ;|3 < e

(This condition holds for all i € Sy, so it holds for all i € Sy \ {¢*}.) Changing the covariance, we
see that Sy \ {i*} is a (|R| — £, ', Xg2)-core for = with respect to R, where \' = ﬁeé/k)\o. We

assumed y < % and k < % ) ﬁ <142y <27 < e’k which means X < elc+D/k).
We now want to argue that Sy \ {i*} is a core for 2. This is not trivial, since i* could still be a
member of our reference set. We must decrease the degree threshold by one: for all i € Sy \ {i*},

there exists a set N/ = N; \ {i*} C R such that
IN/| > |R| - (¢+1) and Vje N/, |2} - g;;.H;l < Dk N,

where we have used the fact that for all ¢ in Sy \ {i*} or N] = N; \ {i*} we have z; = z.
Thus Sy \ {i*} is a (|R| — (£ + 1),eléTD/k )\, 5y)-core for z’ with respect to R, which implies
Sy \ {i*} C Ty41 as we previously argued. [

4.2. The Weights Are Good (Proof of Lemma 37)

Lemma 37 says that, when StableMean on input x computes SCORE < k and the set of reference
points is degree-representative, the weights produced are a core for .
Proof [Proof of Lemma 37] For £ € {0, ..., 2k}, let Sy denote the largest (|R| — £, e/* \g, 3)-core
for x with respect to R. We know that So;, contains all such cores (recall Remark 35). In particular, if
an index  is in the support of w, then i € So,. This directly implies that w is an (| R| — 2k, e2)g, %)-
weighted-core for  with respect to R. (As a technical point, note that SCORE < k implies that there
exists an £* < k with Sy« # (), so the weights returned are not the zero vector.)

Now suppose for contradiction that the weights w are not an (n/2 + 1, €2\, ﬁ))—weighted—core
for  with respect to [n]. Then there is an index ¢ € supp(w) such that z; < n/2 (here z; and Z; are
as in Definition 32). Since R is degree-representative for z, this implies that ﬁéi < % However,

since 7 is in the weighted core, it has many neighbors in R: Z; is at least | R| —2k > |R|— @ = @.

Thus we have arrived at a contradiction. [ |

4.3. The Weights Are Stable (Proof of Lemma 38)

Lemma 38 says that StableMean produces nearly identical weight vectors on adjacent inputs (as-
suming the scores are not too large).
Proof [Proof of Lemma 38] For ¢ € {0,...,2k}, let Sy denote the largest (|R| — £, e"/F )\, 32)-
core for 2 with respect to R. Similarly let T, denote the largest (|R| — ¢, e*/*\g, ¥z)-core for
2’ with respect to R. Recall notation from Algorithm 4: for each 7 we compute counts ¢; =
Z?i;m 1{i € S}, normalizing constant Z = .1, ci, and weights w; = . Let ¢;, Z', and
w; denote the same values computed on z’. As in the proof of Lemma 25, let A; = ¢; — ¢}.

We first show that the normalizing constants computed under x and 2’ are similar. Suppose
and 2/ differ on index ¢*. We know that |A;«| < k, since the counts are bounded between 0 and k.
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Lemma 39 tells us that, for all i # i*, A; € {—1,0,+1}. We also have an upper bound on
the number of indices ¢ # ¢* where A; # 0. Since we computed SCORE < k in both cases, the
core Sy, has size at least n — k + 1. Furthermore, for all / > k we know that S, \ {i*} C Sy and
Sk \ {i*} C T}. Thus, for all but at most & indices ¢ # i* (namely, those indices not in Sy, \ {i*}),
we have A; = 0. So |Z — Z'| = |37, ¢i — ¢; — A| < 2F, since the ¢* term may have magnitude k
and at most k indices have magnitude one.

The same facts imply that Z’ is large:

n 2k 2k
7= Y ieT}= Y |1
=1 l=k+1 l=k+1
> k- Sk \ {i"}-

This is true for Z, too, so we have Z, Z' > k(n — k).
We can now break the ¢; difference in weights across three cases: i*, those i # i* where A; = 0,
and those ¢ # i* where A; # 0.

zZ 7!z
i€[n]
1 1 A
<X ¢lz-7%7
i€[n]
1 1 2k
Sn-‘Z—Z/ max{ci}—kﬁ, @)

again arriving at 2k by combining the (at most k indices) where |A;| = 1 with the (one, namely 7*)
index that has |A;«| < k. Because Z’ is large, the second term is at most ﬁ < W The
first term in Equation (7) is also small: we have

1 1] |z Z

z Z ‘ZZ’_ZZ’
__ 2%
= K2(n— k)%

Since ¢; < k we can bound the first term as

1

2 2
n-’—l 2nk <2(1+2k/n) ‘

k2(n— k)2 — n

7~ 77| mexlal =

We combine this with the second term in Equation (7) by using (14 2k/n)? > (1+2k/n). Finally,
1+2k/n
< = |

note that all the weights are at most %k: <
n n

4.4. The Score Has Low Sensitivity

In this subsection we introduce the function g(-) that StableMean computes to determine the value

of SCORE, which it returns along with the mean estimate. We prove that SCORE has low sensitivity,
. . . . £,0 .

which will allow us to use it as an input to M1, our propose-test-release subroutine.
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Definition 40 Fix x, ¥, \o, k, and R C [n]. For ¢ € {0,1,...,k}, let Sy denote the largest
(|R| — ¢, et/* \g, ©)-core for x with respect to R, with Sy = ) if no such core exists. Define

o« f(2,%) Lmingero gy (n— [Se| + ¢) and
* g(x, %) “ min {f(z,%), k}.

Lemma 41 Fix Ao > 0, k € N, and R C [n]. Let x and x’ be adjacent data sets. Let 31 and Yo be
positive definite matrices satisfying (1 — )X =< 3o < ﬁEl for~y < % Further assume k < %
Then ’g<$7 Z:1) - g<$/7 22)‘ S 2.

This proof is nearly identical to that of Lemma 41, except we apply Lemma 39 instead of Lemma 27.
For completeness, Appendix B contains a restatement (as Claim 56) and proof.

5. Private Covariance Estimation and Fast Learning of Gaussians

As discussed in Section 1.1, our privacy analysis argues that on adjacent inputs x and 2’ we either
fail or produce covariance estimates 31 and X5 such that N'(0, ¥1) ~. 5) N (0, X2). As Alabi et al.
(2022) point out, with a stronger stability guarantee one could offer indistinguishability guarantees
for multiple independent draws from these distributions. With enough such samples, one could form
an accurate private estimate of the covariance matrix.

We formalize this connection below. To simplify our presentation, we assume d = Q(logn)
and focus on guarantees for Gaussian data that hold with high constant probability. We state the
guarantees for spectral norm; one obtains the guarantees for Frobenius norm immediately via the
inequality [|-{| p < vV |[-[|,.

Theorem 42 Fixe € (0,1), § € (0,£/10), and n,d € N. Assume d = Q(logn). Algorithm 6
takes a data set of n. points, each in R%, privacy parameters €, 5, and an outlier threshold \g.

e Forany \g > 1, Algorithm 6 is (e, 6)-differentially private.

s Suppose x is drawn i.i.d. from N'(0, ) where ¥ € R?*? is positive definite. There exists ab-
solute constants K1, Ko, and K3 such that, if \g = K1d and n > Ksdlog(1/0) /e, then with
high constant probability Algorithm 6 does not fail and instead returns a positive semidefinite
matrix ¥ € R¥™4 such that

“2—1/222_1/2 _HH < K3< d . 432, /log 1/(5)‘
2

n En

* Algorithm 6 can be implemented to require: one product of the form AT A for A € R"*¢,
one product of the form AB for A € R™% and B € R4, one product of the form AT A for
A € RN one product of the form AB for A € RVN*? and B € R*¥¢, one inversion and one
eigenvalue decomposition of a positive definite matrix in R¥™ ¢ to logarithmic bit complexity,
and further computational overhead of O(nd /€). Here N is the number of synthetic samples,
set in Algorithm 6.
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Claim 43 connects Gaussian parameter estimation (the mean to low Mahalanobis error, the
covariance to low Frobenius error) to learning the distribution itself in low total variation distance.
With this fact, the utility guarantee for Algorithm 7 (which simply runs Algorithms 1 and 6) is
immediate. The privacy guarantee follows basic composition (Fact 51).

Claim 43 (Diakonikolas et al. (2016)) There exists a constant K such that, for any o < %, vectors
w1, pi2 € RY, and positive definite $1, Xy € R34 if |y — p2lls, < aand “21_1/22221_1/2 — ]IHF
a then TV(N (1, 21), N (u2,22)) < Ko

Corollary 44 Fix ¢ € (0,1), 6 € (0,¢/10), and n,d € N. Assume d = Q(logn). Algorithm 7
takes a data set of n points, each in R, privacy parameters ¢, 5, and an outlier threshold \o.

o Forany \g > 1, Algorithm 7 is (2¢, 29)-differentially private.

* Suppose x id N (1, ) where 3 is positive definite. There exists absolute constants K1 and
K> such that, if \o = K1d and

42 +d%/logl,/a +dlog1/5>

TLZ K2 (2
(0} ag 9

then, with high constant probability, Algorithm 7 does not fail and instead returns a pair

(1, X) such that TV(N (u, ), N (1, %)) < .

5.1. Discussion of Private Covariance Estimation

The topic of differentially private Gaussian covariance estimation has received much attention re-
cently. Under the assumption that the true covariance satisfies I < > =< kI for some x > 1, Kamath,
Li, Singhal, and Ullman (2019) provided efficient algorithms for learning in both the spectral and
Frobenius norms. These algorithms are nearly optimal but require a priori information in the form
of k. Their error depends only polylogarithmically on « (in contrast with prior approaches, with
error Q(poly(k))), but such prior knowledge is not generally available). In what follows, we focus
on learning unrestricted covariances, when we do not have such prior knowledge.

With n 2 d3/? samples, Algorithm 6 returns a private covariance estimate that is accurate in
spectral norm. To the best of our knowledge, this is the first differentially private polynomial-
time algorithm achieving such a guarantee for unrestricted Gaussian distributions, closing an open
question posed by Alabi et al. (2022). This dependence on the dimension is known to be optimal in
the regime of a = O(1/+/d) (Kamath et al., 2022) and matches the standard Gaussian mechanism
applied under the assumption that I < 3 < O(1)L

In the past two years, many papers have established techniques for privately learning the co-
variance of unrestricted Gaussian distributions to « error in rescaled Frobenius norm, also called
the Mahalanobis norm for matrices. Such an estimator, combined with a standard mean estimation
procedure, allows one to learn the entire distribution to O(«) total variation distance (see Claim 43).
The optimal sample complexity for this task is

& & logl1/s
L & loel/
g 3
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The information-theoretic upper bound is due to Aden-Ali et al. (2021); the first term is required
for nonprivate estimation, the third is required even for estimating the mean of a univariate Gaus-
sian with known variance and unrestricted mean (Karwa and Vadhan, 2017), and the second was
recently proved to be tight (Kamath et al., 2022). The upper bound of Aden-Ali et al. (2021) is non-
constructive; later work by Liu et al. (2022) gave an exponential-time algorithm with nearly the same
guarantees. A group of concurrent and independent papers soon gave polynomial-time algorithms
(Kamath et al., 2021; Ashtiani and Liaw, 2021; Kothari et al., 2021), with Ashtiani and Liaw (2021)
achieving the optimal d? dimension-dependence. (Using tools from Ashtiani and Liaw (2021), the
framework of Tsfadia et al. (2022) achieves a similar error bound.) Very recently, simultaneous
work by Hopkins et al. (2022) and Alabi et al. (2022) gave polynomial-time and sample-optimal
estimators that also satisfy robustness against adversarial perturbation to the input. The former’s
guarantees for this task are also the best-known in polynomial time, matching Equation 5.1 up to
logarithmic factors in d, «, €, and log 1/0.

Our work (combining Algorithms 1 and 6) matches the optimal sample complexity up to loga-
rithmic factors and runs in time O (nd“~" +nd/¢). To the best of our knowledge, the fastest known
algorithm takes time O(nd“~! + d“*+!/¢) and arises by combining ideas of Ashtiani and Liaw
(2021) and Tsfadia et al. (2022). For this task’s typical parameter setting of n > d? /&, both of these
expressions are asymptotically dominated by their first terms, corresponding to the time needed to
compute the covariance of the entire input data.

We remark that the exact computation of eigenvalue decompositions is not possible; suitable
approximation algorithms are well-understood (see, e.g., Trefethen and Bau, 1997).

Algorithm 6: Private Covariance Estimation, A3 (x)

input : data set x € R™*?, privacy parameters ¢, §, outlier threshold \g

. 272e2 g log 2/6
require: n > €+°g/

4log2/6 .
o [
N + {10_6 : AJ
Alog2/s |’
3., SCORE <— StableCovariance(x, g, k); /+ 3 R4 SCORE € N «/
if M2/ (SCORE) = PASS then
Draw Z1,..., 2N %1/\/(072);
return + SN 7,77
else
| return FAIL
end

5.2. Proof of Theorem 42

We use the following lemma, which can be interpreted as an analog of Claim 12 (used in BGSUZ)
that uses advanced composition, requiring roughly a factor of v/N more samples to repeat the
process N times.
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Claim 45 (Alabi et al. (2022), Theorem 5.1) Fix ¢,5 € (0,1). Let X1, %y be positive definite
matrices satisfying

i,

RG> e —}IHF — A

. . 2
for any A satisfying A < m < 1. Forany N < m, we have N(0,%1)®N R(e.0)
N(0,32)®N, where p®VN denotes the N-fold product distribution, i.e., N independent copies of p.

Proof [Proof of Theorem 42] Set ¢/ = £/2 and 0’ = §/2. Recall from Lemma 11 that, when
the scores are below k, we have "21_1/22221_1/2 — H‘ < (1 4+ 2y)y for v = 16e2\o/n (and
the same inequality with >; and 39 swappe/:d). Thus,trto apply Claim 45, we use the fact that
Il < |I|ly, and require (1 4+ 2v)y < 81021/6 = 161022/5. Our assumptions on ¢ and J mean

that v < 0.03, so (1 +2v) < 1.06 and (1 + 2v)y < 17e2)\g/n. Thus, to draw a single sample
2722\ log 2/
g

_n__
4e2 )\’

2
[
" 331og2ys- (The constant

we require n > ; otherwise we fail. This is a stronger assumption than & <

which Lemma 11 also requires. To draw N samples, we require

n2
172e472
in Algorithm 6 is 10%, which is larger than 172 x e* x 32.) The remainder of the privacy argument
follows from the guarantees of propose-test-release (Lemma 9 for sensitivity of the score function
and Claim 10 for privacy of M‘;’%R) and basic composition.

We analyzed the running time of StableCovariance in Section 2.3. To generate the private
covariance estimate, we first we compute the eigenvalue decomposition of S and from it produce
3:1/2, We then draw N samples from A/(0, 1) (in time O(Nd)), rescale them by /2, and compute
the empirical covariance of the rescaled points.

For accuracy, first note that we have assumed n = dlog(1/d)/e so that the input requirement
on n is satisfied and we do not fail immediately. Beyond that, the accuracy argument uses two
straightforward applications of Claim 49. Let %, be the empirical covariance of i and 3 the private
estimate we release. We add and subtract XJ,, and apply the triangle inequality:

e B
- 2—1/2(2 — N, D, — 2)2—1/2”2

e S el

- 2—1/2(2 _ zy)z—l/QHQ + Hz—l/szz—l/z _ ]1H2 .

Since n 2 d + log1//3, with high probability ¥, is invertible and "21/2251/2“2 =14 o0(1), so
applying Cauchy-Schwarz we have

[s2(E w7 = =2 (2 2) (B - 3) (z5 28y =77
<= (B -2)5|
2

_ —1/25v—1/2
e !
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Thus we have to control two terms:

HZ—WEZ—W—HH < Hz—1/2zyz—1/2—HH n sz—mizy—l/Q—HH . ®)
2 2 2

Since X, is an empirical estimate of X with n samples, with high probability the first term in
Equation (8) will be at most /d/n.
Similarly, 3 is an empirical estimate of X, with /N samples, so with high probability the second

term in Equation 8 will be at most \/d/N. We have N ~ #gi/a’ and thus rearranging get an
3/2 /
upper bound of d&_i;ogl/(s, as promised. |

Algorithm 7: Private Learner for Unrestricted Gaussians

input : data set z € R™*?, privacy parameters ¢, §, outlier threshold \g

. 272e% Mg log2/6
require: n > €+°g/

ﬂ(_AE,&)\o(x); /+ Algorithm 1 =«/

maln

Vi€ [|n/2]],yi + %(l’z — Tit|n/2))s /% Pair and rescale x/
> Ai&fyo(y); /+ Algorithm 6 =*/
if i = FAIL or & = FAIL then

‘ return FAIL;
else

‘ return /i, >
end
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Appendix A. Preliminaries
A.l. Notation and Elementary Facts

Unless stated otherwise, “2” and “<<” hide absolute constants. We interpret dataset x = (1, ..., xy)
of points z; € R? as both an ordered n-tuple and a matrix x € R™*?, Vectors are columns. Log-
arithms are base e. We use [n] for the set {1,...,n} and N = {1,2,...} for the natural numbers.
For a vector v € R, its support is supp(v) = {i € [d] : v; # 0}. The indicator 1{P} € {0,1}
equals one when predicate P is true and zero otherwise. With zero-mean data, we will often use
“covariance” to refer to the second moment matrix: >, = % Z?zl xlw;[ = %J}T:U.

Throughout, we use the facts that ﬁ <142z (forz €0,1/2])and 1 4+ = < e” (for all ).

We say that a symmetric matrix A = R%*? is positive semidefinite if v’ Av > 0 for all v € R%.
If the same statement holds with a strict inequality, we say that A is positive definite. For positive
semidefinite matrices A and B, we denote the positive semidefinite order (also called the Loewner
order) in the standard way: A = B if and only if A — B is positive semidefinite. This notation
extends to =<, >, and <. Matrix inversion respects the positive semidefinite order (Horn and Johnson
(2012), Corollary 7.7.4.a): if A, B = 0 then A = B if and only if A~! < B~L,

For a matrix A € R?¥*? with singular values oy > --- > 0,4, we use the spectral norm || A, =

o1, the Frobenius norm ||A| p = \/Z?ﬂ o2, and the trace norm || Al|,, = Zgzl o;. We have
[Ally < 1AllF < [[Allg-

A.2. Subgaussian Random Variables and Concentration Inequalities

For further discussion on subgaussian random variables, see the textbook by Vershynin (2018).

Definition 46 (Subgaussian Norm) Let y € R be a random variable. The subgaussian norm of y,
denoted ||y||,. is ||yl 4, = inf {t >0:Eexp (y*/t?) < 2}.

Definition 47 (Subgaussian Random Variable) Ler y € R be a random variable with mean
and covariance Y. Call y subgaussian with parameter K if there exists K > 1 such that for all
v € R% we have

Iy — 1, 0)ly, < KVoTSv.
The Gaussian distribution N (1, X)) is subgaussian with parameter KX = O(1).

Claim 48 (Concentration of Norm) Let vy, ..., y, be drawn i.i.d. from a d-dimensional subgaus-
sian distribution with parameter K, mean i, and (full-rank) covariance X. There exists a constant
K1 such that, with probability at least 1 — (3, we have both
2

< KiK}
by

d+logl/p

1 n
lyr — plls < KiKj(d+1log1/8) and any —p -
=1
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Claim 49 (Concentration of Covariance) Let y1,...,Yy, be drawn i.id. from a d-dimensional
subgaussian distribution with parameter K,, mean ;. = 0, and (full-rank) covariance .. Let
S = % Yoy yiyiT be the empirical covariance. There exists absolute constants Ky and Ko such
that, for any B € (0, 1), if n > Ka(d + log 1/3), then with probability at least 1 — 3 we have

‘)271/222—1/2_]1“ < KK /d+10g1/5.
2 n

Finally, we use the following tail bound for hypergeometric distributions to argue that the ran-
dom set R of reference points (selected in Algorithm 1 and provided to StableMean) is degree-
representative with high probability.

Claim 50 (See Skala (2013)) Suppose an urn contains N balls and exactly k of them are black.
Let random variable y be the number of black balls selected when drawing n balls uniformly from
the urn without replacement. Then for all t > 0 we have Pr [ly — kn/N| > tn] < 2e~2°",

A.3. Differential Privacy

For these facts and further background on differential privacy, see the monograph by Vadhan (2017).

Fact 51 (Basic Composition) For all 1 < i < K, suppose mechanism M, is (e, d)-differentially
private. Then (My, Mas, ..., Mk) is (Ke, K§)-differentially private. Moreover, this holds even
when the mechanisms are chosen adaptively.

Fact 52 Suppose for some € and § that distributions py, p2, and p3 satisfy p1 ~(c 5y p2 and p2 (¢ 5)
p3. Then p1 ~(2¢ (1+4e2)5) P3-

Appendix B. Deferred Proofs: Identifiability and Sensitivity

In this appendix we prove three statements whose proofs appeared, with only minor changes from
the versions we present, in BGSUZ.

We also prove Lemma 41 (restated as Lemma 56), whose proof is almost identical to that of
Lemma 31, and Claim 10 (restated as Claim 57), the guarantees for our propose-test-release variant.

Lemma 53 (Restatement of Lemma 23) Ler A\ > 0 and let y and i/ be adjacent data sets of size

m. Let w be a \-good weighting for y and let v be a A\-good weighting for y' with ||w — v||; < pand

V]| o s W]l o < 1. Let £y, and ¥, be the corresponding weighted covariances, as in Definition 22.
Then ¥, and %, are positive definite and, for v = X(p + 2n), satisfy

1
1= )8y <5y < —— Sy,
(1=7)%y =2 T ©)

. 1
Furthermore, if v < 5 then

HEJI/"’EwE;W 1

‘2;1/221,2;1/2 _1

< (14 27)y.

)
tr tr
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Proof Assume without loss of generality that y and 3’ differ on index 1 and let 23 e y;. Then we

have
Yo=Y v () () =Sw v a2 —weyyl + > (v —w) yl (10)
i€[m) i€[m]
i>1
=Y+ 0—w iyl + Z (vi —wi) - yay -
i€supp(w)
i>1

The last line follows from the fact that, by restricting to the support of w, we only drop positive
semidefinite terms from the sum (when w; = 0, we have v; — w; > 0). We want to lower bound
this with (1 — )X, so it remains to show that —wy - y1y7 + Ziesupp(w) (v; — wz)ylle = =,
or equivalently that w1 - y137 + ZZESupp )(wi — vz)ylsz = vXy. This is an upper bound on

the operator norm; to prove it we conjugate by E;l/ % and apply the triangle inequality plus the
assumption that w is A-good. (Also recall that HuuT H2 = u"u for any vector u.)

|

wy - By, Pyl 512 + Z (wi — ;) - £, Pyl T,

2

i€supp(w)
AT (oot ol IS SN MR 8 ot ol
i€supp(w)

—1/2. ||? —1/2. ||?

= |w1]- sz Z/1H2 + > fwi— vl sz Yill,,
i€supp(w)

g]w1]~)\+ Z ]wi—vi]-)\.

i€supp(w)

This is at most A(||w||, + ||w — v]|,), which is less than A(2n+p). A symmetrical argument shows
that (1 — )%, < X, which gives us our upper bound on X,,.

A straightforward argument establishes the trace norm inequalities. Continuing from Equa-
. o ~1/2
tion (10) and conjugating by >,/ ~, we have

S22 =gy S22 T2 2y T2

+ Z - wz 1/2y2y1 Z 1/2

As before, we apply the triangle inequality and HuuTH o= ||uH§

2 2
oz, < ol s o e

Ui 2
+ z; i — wi| - HEEUQ,% )
1=

tr

We cannot uniformly upper bound these squared norms by A, since our assumption of w’s goodness
only applies to points in the support of w. However, by Equation (9), for all ¢ in the support of v,

we have HE 1/2 < (14 2y)A
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This argument, combined with ||w — v||; < p, yields
|zat 22 mg 2 — 1 < (14+200) - (ol + ol + ) - A
The second trace norm inequality is symmetrical. |

Observe that, when R = [n] and the degree threshold 7 is at least § + 1, any two points in
supp(w) must have a “neighbor” in common, and thus cannot themselves be too far apart. We have
the following claim, which says that weighted cores which are close in #; norm (equivalently, total
variation distance) have close means. Furthermore, this holds even when the cores are computed
under covariances that differ slightly.

Lemma 54 Letx = x1,...,x, be adata set. Let A\ > 0, 7 € N, and R C [n]. Let ¥1 and 39 be
positive definite matrices satisfying (1 —v)3; < 39 < ﬁzl fory < % Let w be a (1,\,%1)-
weighted-core for x with respect to R and let v be a (T, A, ¥.0)-weighted-core for x with respect to
R. Assume T > 5. If |w — v||; < p, then

2

it = poll5, = | D0 wiz =D wiws|| < (1427)p%A
1€[n] 1€[n] o

Proof For any i,j € supp(w) U supp(v), by definition there exist sets of “nearby” data points
Ni, N;j C R of size at least 7. As 7 > 7, we know that N; and NN; have a nonempty intersection.
Thus there is a point ¢« € R such that ||z; — $LH221 < Xand ||z, — ij;Q < . By the assumptions
on X1, Y9, and ~, the second inequality also implies ||z, — ;vj||2El < (1 + 2y)\. Now, working
with the (unsquared) norm, we add and subtract x, and apply the triangle inequality. For any ¢, j €
supp(w) U supp(v),

i — zjlly, = llzi — 20+ 2 — zjl5,

< i =iy, + e =2y,

< 2/(1+27)A.

Let C' be a multivariate random variable obeying distribution w, and let random variable D
obey v. Thus [|py — oy, is just [|[E[C' — D]||y, . The distributions w and v have total variation
distance at most p/2 (since total variation distance is exactly half the ¢; distance), so there exists a
maximum coupling of w and v and random variables C’, D’ such that E[C' — D] = E[C" — D’] and
Pr[C’ # D’] < p/2. We apply Jensen’s inequality to the norm and drop the part of the expectation
corresponding to C’ = D', because it is zero:

i = polls, = [[EIC" = D5,
<E[|c' - D|ly,]
=PiC’ £ D] -E|||c' = D]y, | C" £ D).
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With an upper bound on Pr[C’ # D] and a uniform upper bound on the values inside the expecta-
tion, we arrive at

P
It = polls, <523/ (14294 = py/(1+ 27)A

Squaring gives an upper bound of (1 + 2)p?\. |

Corollary 36 shows that the same argument applies, with little modification, to the setting where
the cores are computed on adjacent data sets. Note that we make a slightly stronger assumption,
asking that 7 > § + 1 instead of 7.

Corollary 55 (Restatement of Corollary 36) Let x and x' be adjacent data sets of size n. Let
A> 0,7 €N, and R C [n]. Let ¥y and X2 be positive definite matrices satisfying (1 — vy)X; <
Yo =% ﬁEl for~ < % Let w be a (1, \, ¥1)-weighted-core for x with respect to R and let v be a
(7, A, Xg)-weighted-core for ' with respect to R, with T > § + 1. If |[w — v||; < p then

2

it — ol = | S s — S vl < (L 20N+l + o)
i€[n] i€[n] o,

Proof [Proof of Corollary 36] From w and v we construct cores w™ and v over x U 2 and apply
Lemma 54.

Let i* € [n] be the index in which z and 2/ differ. Our data sets are ordered and not strictly sets,
so interpret t Uz’ = (z1, @, ..., Tn, T ) as a data set of sizen+ 1. Let RT +— RU{n + 1} be the
similarly extended reference set. Already, w™ = (w1, ..., wy,0) is an (m, A, 31 )-core for z U 2’
with respect to RT. Similarly,

vt =(

Vly.-o ,’Ui_l,o, Vit+1y-+-5Un, Ui)
isan (7, \, X2)-core for zUa’ with respect to RT. Lemma 54 asks thatm > "L, which is satisfied:

we have assumed that m > % + 1. So it remains to calculate ||w™ — v||;, which is simple:

Jot = vt = 30 fwi —of|
jEn+1]
= o —of |+ o — ol - X [wf
jem+1\{in+1}
=fwf =0l +o—vial+ 3 |uf—of]

j€n+1\{s,n+1}
< wlloo + [[0lloo + lJw = vll; -

Lemma 56 (Restatement of Lemma 41) Fix \y > 0, k € N, and R C [n]. Let x and z' be
adjacent data sets. Let 31 and Yo be positive definite matrices satisfying (1—~)X; =< 3o < ﬁZl

for~ < 3. Further assume k < % Then |g(x, %) — g(2', X92)| < 2.
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Proof Without loss of generality, assume g(z,¥1) < g(2/,X2). We will show that g(z’,3s) <
g(z,%1) + 2 by analyzing two cases.

Case 1: Suppose g(z,%1) = k. Then g(z/,33) < g(z,%1) < g(z,%1) + 2 by construction,
since g(-) is capped at k.

Case 2: Suppose g(x,%1) < k. This can only happen when g(x, ¥1) < k, so there exists an
¢* € {0,...,k} and subset Sp- that (i) is a (|R| — £, e"/*\g, ¥1)-core for z with respect to R and
(ii) satisfies n — |Sp«| + €* < k. Furthermore, we know that £* = k, since n — |Sy«| is nonnegative.

We can now apply Lemma 39. For £ € {0, ...k}, let T; be the largest (|R| — £, e'/* g, £)-
core for 2’ with respect to R. Lemma 39 says that Sy \ ©* C Ty«,1. This allows us to upper bound

g(x', Xa):

g(x',3s) < g(a',3s) = Kefnin }n —|Ty| + ¢

<n—|Tppa| +0°+1
<n—([Se| -1+ +1
=g(z, %) +2.

So we are done. |

Claim 57 (Restatement of Claim 10) Fix0 < e < land0 < 6 < 1%' There is an algorithm

M;’%R : R — {PASS,FAIL} that satisfies the following conditions:

(1) Let U be a set and g : U™ — Rxq a function. If, for all x,x' € U™ that differ in one entry,
0 :
l9(2) — 9(a")| < 2, then M3y (9(-)) s (=.5)-DP

(2) M35(0) = PASS.

(3) Forall z > 2105;71/6 44, M;’%R(z) = FAIL.

1-6
Proof Let 7 = 210% +4 and let p(z) be the probability that M‘;’?FR(Z') passes, defined as follows:

1 ifz=0
p(z) = Pr (M35, (2) = PASS| = { 0 if2> 1
1—e2=2§  otherwise

What properties must p(z) have? It satisfies the second and third conditions by construction, so we

only have to argue privacy, and consider p(z) and p(z’) for |z — 2’| < 2. Without loss of generality,

assume z < z’. Since p(+) is monotone decreasing (and thus p(z) > p(z’)), we must show that
p(2) < Epl(e') + 6

Since 2z’ < z + 2, we know that p(2’) > p(z + 2) so it suffices to show that

p(z) < e p(z +2) + 0.
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We will prove this via cases, dealing with the boundaries (near 0 and 7) first. (Note that 7 in the
2log %
€

lemma statement is slightly larger than +4 for simplicity; we prove the stronger statement.)
Case 1: Suppose z = 0. Then p(z) = 1 and p(z +2) = 1 —ec?72§ = 1 — 4. Thus
p(z) <p(z+2)+6 <ep(z+2)+4.
Case 2: Suppose z > 7 — 2, so that p(z + 2) = 0. We calculate

p(z) <p(r—2)=1- e3(172-2)§
B 2log 155
= 1 — 62( € )(5

— 11— " .5=05.
5 =9

Thus p(z) < p(z +2) +6 < ep(z +2) + 6.
Case 3: Now suppose 0 < z < 7 — 2 and set §/ = e3(2=2)§ for brevity. Since 0 < z, we have
& > e¢5. We calculate

p(z)=1-9¢ and p(z+2)=1- e3(3+2-2)5 — 1 _ o84/,
We now e“p(z + 2) — p(z) and show that it is positive:

ep(z+2) —pz) =e (1 —€) - (1-¢)
= —e®y —14¢
=(ef—1)— ¢ (e* —1).

This is positive when £ e i d" > e7¢4. Since € < 1, this is true. Observe:

e —1 S €
2 _ 1 T 26 1
s _€
T e -1
This is greater than ¢’ when & < 5 & Using 7 > % finishes the proof, since we assumed

o< £

= 10" u
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