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ABSTRACT

We consider a federated learning (FL) system consisting of multiple clients and a server, where the
clients aim to collaboratively learn a common decision model from their distributed data. Unlike the
conventional FL framework that assumes the client’s data is static, we consider scenarios where the
clients’ data distributions may be reshaped by the deployed decision model. In this work, we leverage
the idea of distribution shift mappings in performative prediction to formalize this model-dependent
data distribution shift and propose a performative federated learning framework. We first introduce
necessary and sufficient conditions for the existence of a unique performative stable solution and
characterize its distance to the performative optimal solution. Then we propose the performative
FedAvg algorithm and show that it converges to the performative stable solution at a rate of O(1/T")
under both full and partial participation schemes. In particular, we use novel proof techniques and
show how the clients’ heterogeneity influences the convergence. Numerical results validate our
analysis and provide valuable insights into real-world applications.

1 Introduction

Traditional learning problems typically assume data distributions to be static. For applications such as face recognition,
this is largely true and designing algorithms under such an assumption in general does not impact learning efficacy. This,
however, is not true in many other domains. In some cases, there may be a natural evolution and shift in the distribution,
e.g., in weather and climate data, in which case new data need to be acquired periodically and the algorithm re-trained
to remain up to date. In other cases, the distribution shift is the result of the very learning outcome, when individuals
respond to the algorithmic decisions they are subjected to. For instance, when users with certain accents perceive
larger-than-acceptable errors from a speech recognition software and therefore stop using it, this can directly impact the
type of speech samples collected by the software used for training the next generation of the product. Another example
is “gaming the algorithm”, where users through honest or dishonest means attempt to improve critical features so as to
obtain a favorable decision by the algorithm (e.g., in loan approvals or job applications). This again can directly lead to
the distributional change in features and label that the algorithm relies on for decision making.

*These authors contributed equally to this work.
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This latter type of distribution shifts, one of particular interest, where the deployed model itself can trigger changes in
the data distribution and influence the objective, said to be performative. Performing prediction in the presence of such
distribution shift is called performative prediction Perdomo et al. [2020]. Typical scenarios of performative prediction
include strategic learning Hardt et al. [2016], Dong et al. [2018], Milli et al. [2019], Hu et al. [2019], Braverman
and Garg [2020], Chen et al. [2020], Miller et al. [2020], Shavit et al. [2020], Haghtalab et al. [2020], Kleinberg and
Raghavan [2020], Zrnic et al. [2021].

Performative prediction has been primarily studied in a centralized setting, with fruitful literature including the
convergence analysis Mendler-Diinner et al. [2020], Drusvyatskiy and Xiao [2020], Brown et al. [2020], Li and Wai
[2022], Wood et al. [2022] and algorithm development Izzo et al. [2021, 2022], Miller et al. [2021], Ray et al. [2022].

In modern large-scale machine learning, distributed learning offers greater privacy protection and better avoids the
computational resource bottlenecks compared to centralized learning, and federated learning (FL) is one of the most
popular examples. Here the issue of distribution shift is further compounded due to data heterogeneity in a distributed
setting. Specifically, the distributed data sources can be heterogeneous in nature, and their respective distribution shifts
can also be different. Prior works in FL systems that address data distribution shifts, such as Guo et al. [2021], Casado
et al. [2022], Rizk et al. [2020], Hosseinalipour et al. [2022], Zhu et al. [2021a], Eichner et al. [2019], Ding et al. [2020],
typically do not consider shifts in local distributions at the client end induced by the model. In this work, we propose
the performative federated learning framework to study and handle such data shifts in FL.

Extending the current results in performative prediction to the decentralized FL has a number of challenges. To highlight
afew: 1) Data heterogeneity: As already one of the major difficulties in FL, tackling data heterogeneity faces additional
challenges when taking the disparity of client distribution shift into consideration. 2) Central = Local: During training,
clients receive the aggregated model at certain steps and train from it. While fitting better as an entity, such aggregation
may fail to fit well on each client, which may lead to more severe shifting issues. 3) heterogeneity in shift: some
clients may be more sensitive to the deployed decisions and have more drastic data shifts than other clients, e.g., due to
different manipulation costs in strategic learning.

Toward this end, we formally introduce the performative FedAvg algorithm, or P-FedAvg, and establish its convergence.
Our main findings are as follows.

* We prove the uniqueness of the performative stable (PS) solution reached by the algorithm, and show that it is
a provable approximation to the performative optimal (PO) solution under mild conditions. Both solutions
will be formally defined in Section 2.1. More interestingly, we show that the stable solution has its own
game-theoretic interpretation as the fixed point of the best response dynamics.

* We show in Section 3.3 that the P-FedAvg algorithm converges to the performative stable solution and has a
O(1/T) convergence rate with both the full and partial participation schemes under mild assumptions similar
to those in prior works.

* In doing so we also introduce some novel proof techniques: we prove convergence without a bounded
gradient assumption. This technique can be directly applied to conventional FL, which is a special case of the
performative setting.

1.1 Related Works

Federated Learning. Our work is strongly related to the literature on federated learning (FL). Although many studies
have tried to address client heterogeneity in FL through constrained gradient optimization and knowledge distillation
Li et al. [2020a], Karimireddy et al. [2020], Wang et al. [2020], Haddadpour et al. [2021], Zhu et al. [2021b], Li and
Wang [2019], Lin et al. [2020], most of them still assume the data is static without considering the distribution shifts.
To the best of our knowledge, only a few recent works consider distribution shifts in FL. Guo et al. [2021], Casado et al.
[2022], Rizk et al. [2020], Hosseinalipour et al. [2022], Zhu et al. [2021a], Eichner et al. [2019], Ding et al. [2020]. For
example, Guo et al. [2021] considered FL with time-evolving clients where the time-drift of each client is modeled as a
time-independent additive noise with zero-mean and bounded variance. Casado et al. [2022] proposed an FL algorithm
adaptable to distribution drifts; it monitors the confidence scores of the model prediction throughout the learning process
and assumes the drift happens whenever there is a substantial drop in confidence scores. Rizk et al. [2020] also studied
dynamic FL and assumed the true model under time-evolving data follows a random walk. Hosseinalipour et al. [2022]
considered FL with dynamic clients and modeled the drift using the variation in local loss over two consecutive time
steps. Zhu et al. [2021a], Eichner et al. [2019], Ding et al. [2020] considered the periodical distribution shift of client
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population in FL; they assume the block-cyclic structure where the clients from two different time zones alternately
participate in training.

Performative Prediction. In addition to the one we discussed in the introduction that focuses on the centralized setting
for performative prediction, more recently, Li et al. [2022] formalize the multi-agent/player performative predictions
where agents try to learn a common decision rule but have heterogeneous distribution shifts (responses) to the model,
and study the convergence of decentralized algorithms to the PS solution. The decentralized performative predictions
capture the heterogeneity in agents’/clients’ responses to the decision model and avoid centralized data collection for
training. This work provides inspiration for our formulation of the performative federated learning framework, and our
proposed P-FedAvg can be viewed as a substantial algorithmic extension that supports unbalanced data, much less
frequent synchronizations, and partial device participation. Narang et al. [2022] propose a decentralized multi-player
performative prediction framework where the players react to competing institutions’ actions. Raab and Liu [2021]
proposes a replicator dynamics model with label shift.

Strategic Classification and Regression. As discussed in Perdomo et al. [2020], performative prediction can be used
to solve repeated strategic classification and regression problems. We can use Stackelberg games to model these
problems, where the decision maker moves in the first stage by designing, publishing, and committing to a decision rule,
then the agents move in the second stage, best responding to the decision rule by manipulating their features to get more
desirable decision outcomes, and such manipulation can be modeled by the distribution shift mappings. Conventional
strategic learning literature focus on finding the Stackelberg equilibrium Hardt et al. [2016], Kleinberg and Raghavan
[2020], Shavit et al. [2020], Haghtalab et al. [2020], i.e., the PO solution where the decision maker and the agents know
each others’ utilities, whereas performative prediction can find the PS solution in repeated strategic learning problems
regardless of the knowledge on the utilities.

2 Problem Formulation

In this section, we formulate the performative federated learning problem, define the learning objective, and introduce
our performative federated learning algorithm to optimize the objective function.

To help with the understanding of performative federated learning, we first recall the performative prediction problem
Perdomo et al. [2020]. Consider a typical loss minimization problem where the data distribution experiences a shift
induced by the model parameter, expressed as a mapping D(8). The objective function is thus given by

[(0) :=Ez pe[l(0; 2)),

where ¢ denotes the loss function. Then the performative optimal (PO) solution is 8°'C := arg ming f(8). Perdomo
et al. [2020] also introduces a second, decoupled objective function, also called the performatively stable (PS) model,
which separates decision parameters (8) from deployed parameters (6):

F(6:0) :=E,_p@)[U0;2)).

Minimizing this objective achieves minimal risk for the distribution induced by the deployed parameters, eliminating
the need for retraining, which makes it more practical. The PS solution is defined as ors .= arg ming f(6; or S).
Perdomo et al. [2020] showed that 07 % 67 in general. We next consider a distributed setting and introduce
performative federated learning.

2.1 System Settings and Objectives

Consider a system with N clients and a server, where the clients have feature distributions as D;(6), supported on
Z CRM and O € R™ denotes the decision (model) parameters deployed on the i-th client. We consider the general
case where clients can have heterogeneous distributions D;(0) # D;(8), and each client represents a p; > 0 fraction of

the total data population, Y~ | p; = 1.

The system aims to minimize the weighted average loss across all agents, which is given by the performative optimal
objective as follows

P
07° .= arg Jnin sz]Ez ~,(0)[L(6; Z;)]. M
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We note that our objective reduces to that in Li et al. [2022] when p; = % for all 7. This objective can typically
model the strategic learning problem with different sub-populations in the system, where each client corresponds to
a sub-population. Each sub-population may differ in some attributes so that they respond to the decision parameters
differently, e.g., due to different action costs Milli et al. [2019], Hu et al. [2019], Braverman and Garg [2020], Zhang
et al. [2022], Jin et al. [2022]. The decision maker uses a common decision rule for the entire population and aims to
minimize the expected loss, and p; represents the population fraction of each sub-population. Correspondingly, the
decoupled/performative stable objective is

N
[:(6:60) :=Ey _p 506 Z)],1(6;6) = pifi(6:6),

i=1
where the first argument denotes the client’s decision parameter, and the second argument the deployed parameters,
which determine the distribution of the samples together with D; (). The PS solution is
N

9Fs .— arg mein Zpi]EZ,iNDi(GPs) [€(6; Z;)] .
i=1

= argmein 16, BPS).
Note that this is a fixed point equation with 07 as a fixed point.

2.2 Key Assumptions

We make the following assumptions similar to Li et al. [2022], Perdomo et al. [2020]:

Assumption 2.1 (Strong Convexity). Given any 6 € R™, f(-,0) is p-strongly convex in 8, i.e., f(8';8) > f(6;0) +
(V1(6;0),6'— 0) + L6 — 6]3.v6',0 € R,

In Assumption 2.1, we do not require strong convexity for every single f; but only the weighted average f.

Assumption 2.2 (Smoothness). The loss function ¢(6; z) is L-smooth, i.e.,
IV6(0; 2) — VU(O';2')||l2 < L(]|0 — 0|2 + |z — 2'[|2).
Assumption 2.3 (Distribution Mapping Sensitivity). Forany ¢ = 1, ..., n there exists ¢; > 0 such that
Wi(Dy(8), Di(8))) < |0 — 6|2, V6,6 € R™,
where W1 (D, D')) is the 1-Wasserstein distance under Lo norm between the distributions D, D’.

Assumption 2.2 and 2.3 together induce the smoothness of f;(-, -), which is a result of Lemma 2.1 in Drusvyatskiy and
Xiao [2022] and will be used in the later proofs.

Lemma 2.4 (Continuity of V f;). Under Assumption 2.2 and 2.3, for any 0,01, 0, 0 cR™,

IV £:(80;0) — V f:(01:0)||l2 < L[|8o — 012 + Le;[|0 — ]2

We introduce the following assumptions specifically made in decentralized performative predictions Li et al. [2022].

Assumption 2.5 (Stochastic Gradient Variance Bound). Forany ¢ =1,..., N and 8 € R™, there exists o > 0 such
that

Ez,~p,0)|IVU6; Zi) = V [i(8;0)|3 < o*(1 + 1|0 — 677 3).

Assumption 2.6 (Local Gradient Bound). Foranyi=1,..., N and 8 € R™, there exists ¢ > 0 such that

IVf(6;0) — Vi(6;0)|5 < <*(1+ [0 — 677|3).
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Here we elaborate on Assumption 2.6, and explain reasons for using it over another commonly used assumption in
federated learning Li et al. [2020b], which is

Ez.~p,0) [ VH(6; Z) 3] < G. 3)

First, it can be shown that (3) implies Assumption 2.6, thus Assumption 2.6 is weaker than (3). To see this: when (3)
holds, let > = 4G?, then ||V £(8;0) — V £:(0;0) |3 < 2|V £(6;0)[3 + 2|V :(6:0) HQ <4G? =2

We further give a concrete example where (3) does not hold but Assumption 2.6 holds.

Example 2.7. Suppose we have a two-client Gaussian mean estimation problem {(0, Z) = (0 — Z)? where 0, Z € R,
D (0) = ./\/'(%9,02), Dy(0) = N(*%@,O’Q), and p; = py = % Then Ez, .p,(0)[[|V(0; Z1)|13] = Ez, D, (0)[(0 —
Z1)?] = 02 + (Bzupy 00 — Z1))? = 10% + 0% and Eg,p, o) [|IVU(0; Z2)||3] = $6% + o which all go to
infinity when 0 goes to infinity. Thus (3) does not hold. On the other hand, ¥V f1(0;0) = 1 50, Vfa(0;0) = 29, and
Vf(0;0)= 20, 675 = 0, then by taking ¢ = % we can verify Assumption 2.6 holds.

Secondly, (3) also implies Assumption 2.5: when (3) holds, letting 0? = G? leads to E[|VI(0; Z;) — V £:(6,0)|13] <
E[|VI(0; Z;)||3] < G? = o*. On the other hand, Assumption 2.6 does not imply Assumption 2.5.

It turns out that Assumption 2.6 better characterizes the system heterogeneity, as we show how the heterogeneity
impacts convergence (more details are in Theorem 3.1, 3.2, and 3.3).

2.3 Properties of the PS Solution

Define the average sensitivity as € := Zf;l pi€;, and the mapping ®(0) := argming cgm f(0’,0). Then we can
establish the existence and uniqueness of the PS solution.

Proposition 2.8 (Uniqueness of 6% ). Under Assumptions 2.1, 2.2 and 2.3, if € < p/L, then ®(-) is a contraction
mapping with the unique fixed point s = CIJ(OPS); if € > p/L, then there is an instance where any sequence
generated by ®(-) will diverge.

Proposition 2.8 establishes a sufficient and necessary condition for the existence of 67, similar to Li et al. [2022].
This condition only depends on the average sensitivity €, which implies that we may still have a unique performative
stable solution 7 for the whole system even if certain clients do not. The following proposition further validates the
quality of 67 in terms of its distance to 67 .

Proposition 2.9 (Distance |77 — 877 ||, Bound). Under Assumption 2.1 and 2.3, suppose that the loss £(0; Z) is
L.-Lipschitz in Z, then for every performative stable solution 075 and every performative optimal solution 07°, we
have |67 — HPOH (2L.¢)/p.

The proofs of Proposition 2.8 and 2.9 are in Appendix A.

2.4 The P-FedAvg Algorithm
In P-FedAvg, the clients communicate with the server every F local updates. Denote Zg := {nE|n =1,2,...}as
the set of aggregation steps. Next, we formalize the full and partial participation schemes of the proposed P-FedAvg.
Full client participation. All clients communicate with the server at every aggregation step and update the local
models 87" based on the following: let Z! ™ ~ D;(8!), then

with = 6] —nV6]; ZT);

N .
g+l — S pjwit ift+1eTy
] wttt o.w

w! W.

Partial client participation. A more realistic setting that does not require the response of all clients’ output at every
aggregation step. In this case, the central server only collects the outputs of the first X' < N responded clients at the
aggregation step. Denote the first K’ < N responded clients in ¢-th step as a size-K set Sy := {i1,...,ix} € [N]. Let
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ZH ~ Di(8Y), then
wit = 0 — 0 VL0 21

samples Sy 1, and )
gitl — & ift+1elp
= average {wt+1}kest+1
wﬁ“ 0.W.
We further consider two schemes of partial participation:
1. (Scheme I) The server establishes S;11 by i.i.d. with replacement sampling an index k € {1,--- , N} with
probabilities pi,--- ,py for K times. Hence S;1 is a multiset that allows an element to occur more than

once. Then the server averages the parameters by OEH = % D oke Sesa 'wﬁjl. This sampling scheme is first
proposed in Sahu et al. [2018] but the theoretical analysis was first done in Li et al. [2020b].
2. (Scheme II) The server samples S;41 uniformly without replacement. Hence each element in S;y; only

occurs once. Then the server averages the parameters by 0;“ = e Se1 PR %wfjl. Note that when the
probabilities {py } are not the same, one cannot ensure  _; - Seir pk,% = 1Lietal. [2020b].

Pseudo-codes of P-FedAvg are in Appendix 2?.

Communication cost. The P-FedAvg requires two rounds of communications, aggregation, and broadcast for every
E iterations. So at time step 7', the system completes 2|7/ F| communications. We follow the setting in Li et al.
[2020b] where the server aggregates based on the chosen scheme and broadcasts the aggregated parameters to all
clients.

Next, we will prove that P-FedAvg has O(1/T') convergence rate under the above assumption. As a supplement, we
prove in Appendix D that P-FedAvg also has O(1/T') convergence rate if we replace Assumption 2.6 with (3).

3 Convergence Analysis

In this section, we show that the P~FedAvg converges to the unique 87 at a rate of O(1/T) under the assumptions
made in Section 2, which holds for all above-introduced schemes. The key observation is that for sufficiently small
and decaying learning rates, the effect of E steps is similar to a one-step update with a larger learning rate in the static
case, as stated in Li et al. [2020a] without the performative setting. Therefore, given appropriate sampling and updating
schemes that satisfy the above assumptions, the global update behaves similarly to the repeated performative SGD in
Perdomo et al. [2020]. We also show that partial device participation makes the averaged parameter sequence {gt} have
the same mean as but a larger variance than the full participation, where the variance can be controlled with carefully
chosen learning rates. It’s worth noting that the heterogeneity of clients plays a key role in the convergence analysis,
which we elaborate on below.

Quantifying the heterogeneity. The client heterogeneity can be quantified by the consensus error Zf\; ;| 0% — 9’ I3,
which is dynamic due to the nature of performative prediction. It depends on both the shift mappings D; and the decision
parameters. After every broadcast, the heterogeneity leads to heterogeneous distribution shifts, causing heterogeneous
local updates and eventually resulting in the consensus error. The ¢ value in Assumption 2.6 is also a good indicator for
heterogeneity.

Next, we will first present the convergence analysis of the full participation scheme and later extend the analysis to
partial participation schemes. Due to the complexity of analysis in the performative setting, we define the following
constants for ease of analysis and clarity of presentation.

Constants independent of system design.

€= 21111 Di€iy,  €max ‘= INAX; €,
f=p—(14+0eL, §>0,

c1 = (L(1 + €maz)?)/(20¢),

cy 1= 4[02 + L1+ emam)2],

¢ :=6[20% + 3L*(1 + €max)?].

ey = 1602 + 1262 + (802 + 12¢2)/E[8° — 6752,
c5 1= (4802 + 36¢2)E[[8° — 0752 + (2402 + 36¢2).
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Constants related to system design (e.g., £, K).

c6 = (2E% + 3E + 1)log(E + 1),

flg := /1/(202 + (ere3 + C2/6)C4C6),

flo := fi/ (207 + (c1c3 + c2/6)ca(2E* — E)log E),
B :=20% + (4c1fo + 4cafif)es (2E% — E)log E
Bl = 202 =+ (461770 + 40277(2) —+ 1/K)C506,

By := 202 + (401’[70 + 462778 + %)CE)C@.
3.1 Convergence of Full Participation
Theorem 3.1 (Full Participation). Consider P—FedAvg with full participation and diminishing step size ny =

where ¥ = max { ﬂ%o B, % (4E2 + 2E)C3}. Under Assumption 2.1, 2.2, 2.3, 2.5, 2.6, the following holds

2
P

E[[6° — 6753 <——, vt
vFt

where v = max {%ﬁEﬂao - GPSH%}'

The proof of Theorem 3.1 can be found in Appendix B. The key to the proof is that expected distance E||§t — 092

— = . At—1
and expected consensus error Zi\;l piE||0 — 6 |2 all depend on expected distance E||0t — 0752 and expected

consensus error Zf\il pE|l0: — 9! |2 in the previous step. While we can establish a descent lemma for expected
distance including the expected consensus error, it is impossible to establish one for expected consensus error, which
makes it impossible to establish a joint descent lemma for expected distance and expected consensus error as in Li et al.
[2022]. Fortunately, consensus error will become zero at every aggregation step, which enables us to control expected
consensus error at every step within a constant with a novel double-iteration technique under small enough step sizes.
Then by relaxing the expected consensus error to the constant, we can establish a standard descent lemma in SGD
analysis for expected distance.

3.2 Convergence of Partial Participation

As mentioned in Section 2, the partial participation scheme is more realistic in federated learning Li et al. [2020b] and
is of more interest since it reduces the stragglers’ effect.

We first present the convergence result of Scheme 1.
Theorem 3.2 (Partial Participation, Scheme I). Consider P—FedAvg with partial participation (scheme I) and a

diminishing step size n, = ﬁ, where 7 = max {ﬁ, E, % (4E? + 10F + 6)63}. Under Assumption 2.1, 2.2,

2.3, 2.5, 2.6, the following holds

E[|6" — 0753 <——, vt
v+t

where v = maX{4ﬁBgl /YIEHEO - OPSH%}'

Then we present the convergence result of Scheme II. As discussed in Section 2, we need probabilities p; = %7 Vi to
ensure Y, s, Pk = 1.

Theorem 3.3 (Partial Participation, Scheme II). Consider P—FedAvg with partial participation (scheme II) and a
diminishing step size —>—, where v = max{ 2 F % (4E? + 10F + 6)05}. Under Assumption 2.1, 2.2, 2.3,

alt+v) ano”?
2.5, 2.6, the following holds
v

Wt
i

—t
E[6" - 67%|3] <

where v = max {%,VE‘@O - OPSH%}
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The proofs of Theorem 3.2 and 3.3 can be found in Appendix C. Besides the technical difficulty as that of Theorem 3.1,

we also need to bound the variance of 8" at the aggregation step. Fortunately, it can be bounded by the consensus error.
Then by similar techniques as in the proof of Theorem 3.1, we can establish a standard descent lemma in SGD analysis
for the expected distance.

Scheme II requires p; = %, Vi, which violates the unbalanced nature of FL. One solution in Li et al. [2020b] is scaling

the local objectives to g;(0;0) = p; N f:(6;6), and then the global objective is a simple average of the scaled local
objectives

Zplfz (6:6) Zgz (6:0).

We need to be careful with the Assumptions in Section 2 since scaling the objective will change those properties. The
convergence theorems still hold if we replace L, p1, 0, With L' := qaz L, 1t := Gmintt; 0" = /Gmaz0,S = \/GmazSs
where dmazx ‘= N - max; Pi, min ‘= N - mlnz Di-

3.3 Discussions on the Algorithm and Solution

We will only discuss with respect to the aggregation step in this sub-section for convenience, denoted as T' € Z, then
we can simply use % when dividing E. Note for a general step ¢, we only need to use L%J to obtain an integer.

Choice of E. We are interested in the total time we need to achieve an e accuracy, and how this total time changes with
FE. We use our results in Theorem 3.1, 3.2, and 3.3, and denote T, := % — = as the number of computation steps that
is sufficient to guarantee an e-accuracy. To connect T to the total time needed, suppose the expected time for each
communication step is C times the expected time of each computation step, then the total time required for e-accuracy
is linear in T, + C' - ==. Below we separately analyze the influence of E on E‘ and 7, and then discuss how to choose
the optimal £ for dlfferent C values.

Let By := B in Theorem 3.1 for full participation and ~; (¢ = 0, 1,2) denotes the v in Theorem 3.1, 3.2, and 3.3
respectively. Then in Theorem 3.1, 3.2, and 3.3, T, is dominated by O (4B, /i? +yE[6 - 6"|13]) where i = 0, 1, 2.
From the definition, we know that B; (i = 0, 1, 2) is almost a constant w.r.t. F and ~; is of O(E? log E). This means
that when E grows, the total update steps to reach e-accuracy, 7. will grow, while the number of aggregation steps
needed, L= 7= will first grow and then decrease.

Now we consider T, + C - E‘ the total time needed to reach e-accuracy. From the above analysis, we know it is of
order O(E?log E) + C - O(Elog E) + C - O(log E/E). When communication is fast, i.e., C is small, O(E? log E)
is the dominating term, and we can focus more on the number of computation iterations 7, and smaller F values are
preferable. However, when C'is large, C - O(Elog E) + C - O(log E/ E) becomes the dominating term, and we should
focus more on the number of communication rounds % and some middle E' values are preferable.

Choice of K. Again T, is dominated by O(4B;/[i* + V,E[H@O —0"9)13]) where i = 1,2. Then by the formulae of
B; (1 = 1,2), we know T, monotonically decreases with K, but the total communication time increases with K due
to more severe stragglers’ effect. Generally, as we show in Theorem 3.2 and 3.3, the convergence rate has a weak
dependence on K. We have empirically observed this phenomenon in Figure 3(a). Therefore, we can set % to an
appropriate small value to reduce the straggler’s effect while keeping the convergence rate.

Choice of sampling schemes. We formalize the two sampling schemes in Section 2 and show their convergence
properties in Theorem 3.2 and 3.3. We note that Scheme I has a desirable property that it naturally supports unbalanced
clients, so if the server has control over the sampling, Scheme I should be chosen.

But as discussed in Li et al. [2020b], sometimes the server may have no control over the sampling and simply use
the first K received results for update. In this case, if the reception times from each client are IID random variables,
we can treat this process as uniformly sampling K out of N at random without replacement. Theorem 3.3 showed
the convergence, and the discussion on scaling the objectives provides instructions on how to make the system work
with arbitrary initial py, ..., pn values. However, it’s worth noting that when p1, . .., py are highly non-uniform, the
corresponding L', o/, ¢’ values will be much larger than from L, 0, c, and ' will be much smaller than z. Then by the
formula of 7 and 779, we have to use much smaller starting learning rates and thus slower convergence. However, such
a small learning rate may cause the model to fail to train at all. We also empirically show this in Figure 7.



Performative Federated Learning:

A Solution to Model-Dependent and Heterogeneous Distribution Shifts A PREPRINT
102
- —— full participation
.g scheme |, k=20
8 10! —— scheme ll, k=20
()
3
£ 10°
()
=
210!
()
[9)
C
81072
n
a
1073

Iterations 1e3

Figure 1: Distance to the performative stable solution vs. the number of iterations for full participation, Scheme I, and
Scheme II.

However, an interesting observation is that when p; =
outperforms Scheme I.

%, we empirically show in Figure 4 and 5, Scheme II slightly
Learning rate decay. The learning rate decay is a necessity for stochastic gradient descent (SGD) to converge, even
when clients have static, independent and individually distributed (IID) data. The decay is used in Li et al. [2022] in

decentralized performative prediction and the necessity for such decay is proved in FedAvg with static, non-1ID clients.
We also empirically show that constant learning rates fail to converge in Figure 6.

075 and 7. Here we discuss the relationship between the 675 and 879 solutions more in depth. In the strategic
learning setting, Perdomo et al. [2020] showed that 079 is the Stackelberg equilibrium. It’s worth noting that ors
is not merely an approximation to 679, but a natural convergence point of the best response dynamics (BRD). More
specifically, when the clients and the decision maker have no information about others’ utilities, backward induction is
unavailable, and playing the Stackelberg equilibrium is unrealistic. In this case, treating others’ strategies in the previous
time step as constants, and optimizing one’s own strategy accordingly is a rational strategy. Such an optimization step is
a best response, and in multi-round sequential strategic learning problems Zrnic et al. [2021], the best responses can form
the BRD, and 877 is the convergence point of the BRD. Although the decision maker’s natural best response step is
a risk minimization step, the gradient-based P—FedAvg can find the same 6% S Another interesting observation of
6" is that if we remove the sequential decision nature, then {687, D, (07%), ..., Dn(07%)} is a Nash equilibrium
since no participant has an incentive to unilaterally deviate.

4 Numerical Experiments

4.1 Weighted Gaussian mean performative prediction

As a numerical simulation, we perform P-FedAvg to estimate the mean of heterogeneous Gaussian data under
performative effects and examine the impact of the hyperparameters, the sampling schemes, and client heterogeneity.
We consider N = 25 clients, with the i-th client minimizing the loss function ¢(6; Z;) := (0 — Z)?/2,60,Z € R on
data Z; ~ D;(0) :== N (m; + €;0,0?). For this loss function, we have yn = 1, L = 1. For € € [0, 1), the PS solution is

N oo . ) _ ) _
oFs = w; while #7% does not exist when € > 1. Denote the weighted average of m; as m = Efil pym; and

the variance as Var(m) = Zivzl pi(m; —m)?2. In experiment, we set € = 0.9, m = 10.

Figure 1 shows P-FedAvg converges to the performative stable solution in all three communication settings: full
participation and the two schemes for the partial participation. Interestingly, partial participation with scheme II
converges the fastest in this experiment. Despite the full participation scheme having the lowest upper bound on the
number of iterations sufficient to convergence, our experimental results show that the actual convergence behaviors of

all three schemes are very similar and weakly depend on K, especially when p; = %
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Impact of E. We conduct an experiment to compare the performance of our algorithm with a variety of E values, under
a homogeneous system. Figure 2 shows the result on both sampling schemes, with K = 20. A slightly larger F' leads
to faster convergence. However, an extremely large F(E = 50 in the experiment) can also cause slower convergence.
Since at this case, the clients deviate too much at each aggregation, which causes low efficiency issues. In real world
scenarios, as the communication cost changes, E' should be carefully chosen.
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Figure 2: Impact of E on Scheme I and Scheme II. K = 20, Var(m) = 0.6, Var(¢) = 0.1 for both (a) and (b). For (b),
1

bi = 35-

Impact of K. Figure 3 shows the convergence of FedAvg under different k values, For scheme I, larger k leads to faster
convergence. While for scheme 11, as k increasing, the convergence rate will first increase and then decrease.
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Figure 3: Impact of K on Scheme I and Scheme I . E = 5, Var(m) = 0.6, Var(e) = 0.1 for both (a) and (b). For (b),
1

bi = 25

Impact of sampling schemes. Figure 1 also compares different schemes. We can see if the clients’ data are uniformly
sampled (p; = %), then scheme II achieves a better convergence rate, which conforms to our theoretical result because
Bi > Bs.

Data heterogeneity and shifting heterogeneity. In Figure 4 we test our algorithm under data heterogeneity. Specifi-
cally, we set m and e to have large variances, respectively. In this example, m mainly captures the data heterogeneity
and € capture the shifting heterogeneity. This experiment shows our algorithm still converges under a certain amount of

10
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heterogeneity. Comparing the performance of our algorithm on both figures, we can see shifting heterogeneity is the
main factor in performative federated learning.
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Figure 4: Impact of heterogeneity on the two schemes of partial participation. The impact of m; is shown in (a) and the

impact of ¢; is shown in (b). K = 20,p; = 2—15 and. In (a), Var(m) = 6 for hetergeneous case and 0 for homogeneous

case, Var(e) = 0.1. In (b), Var(e) = 0.6 for hetergeneous case and 0.1 for homogeneous case, Var(m) = 0.6.

4.2 Credit Score Strategic Classification

To show the performance of P-FedAvg on a real world dataset, we follow Perdomo et al. [2020] and use the same
Kaggle dataset *, where a bank predicts whether loan applicants are creditworthy. The features consist of the information
about an individual, and the target is 1 if the individual defaulted on a loan, and 0 otherwise. We use the same strategic
setting as in Perdomo et al. [2020] where the applicants can manipulate their features in (1) revolving utilization of
unsecured lines, (2) number of open credit lines and loans, and (3) number real estate loans or lines. The strength
of manipulation for the i-th population is controlled by ¢;. We equally partition the training set into 10 subsets and
distributed it to 10 clients, and thus p; = 0.1, Vi. The sensitivities ¢; for the 10 clients are independently and uniformly
sampled from [0.9,1.1]. We set K = 5 in partial participation. We train a logistic regression binary classifier. In each
round of P-FedAvg, we perform E' = 5 gradient descent steps on a random minibatch of size 4. A discussion on the
effect of the batch size can be found in Appendix E.2.

Figure 5 shows the loss function and the distance to the PS solution as the number of deployment rounds increases. The
mean and 1 standard deviation error bar are generated from 5 experiments with different random seeds. Similar to the
numerical simulation, the actual convergence behaviors of all three schemes are very similar.

5 Conclusion

In this work, we leveraged the idea of distribution shift mappings in performative predictions to study federated
learning problems where data shifts exists and such shifts are induced by the decision parameters. We formulated the
performative federated learning problem and showed that a unique performative stable solution exists, which is a natural
equilibrium of the iterative updating process between the server and the clients. Then we formalized the P-FedAvg
algorithm and proved that both the full device participation and the partial device participation schemes have O(1/T')
convergence rate to the performative stable solution. We also thoroughly discussed the impact of how some of the key
system parameters influence the convergence, including the aggregation interval size, the number of sampled devices in
partial participation, the sampling schemes, and the heterogeneity among clients. Our numerical results validate our
theory and discussion, and provide valuable insights into the real-world applications of performative federated learning.

*www.kaggle.com/competitions/GiveMeSomeCredit/data

11



Performative Federated Learning:
A Solution to Model-Dependent and Heterogeneous Distribution Shifts A PREPRINT

0.6103 S 0.25
—— Full participation B —— Full participation
3 h I
Scheme | [} Scheme
- [V)] -
0.6102 —— Schemell £) 0.20 —— Schemelll
8
2 0.6101 - 2 0.15 1
o V. )
- =
8
0.6100 - g 0-107
C
8
%] 4
0.6099 T T T T T T .-c_) 0.05 T T T T T T
00 02 04 06 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0
number of rounds le6 number of rounds le6
(a) Training losses (b) Distances to 875
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A Proof of Proposition 2.8 and 2.9
Proposition 2.5. (Uniqueness of 67%) Under Assumptions 2.1, 2.2 and 2.3, define the map ¢ : R™ +— R™
d(0) := i 0.6
(6) = arg min f(¢',6)

Ife := Zf\; pi€; < /L, then ®(-) is a contraction mapping with the unique fixed point 8° = &(6”%). On the
contrary, if € > p/ L, then there is an instance where any sequence generated by ®(-) will diverge.

Proof. This proof simulates the proof of Proposition 1 in Li et al. [2022].

Fix 8’,0 € R™, the optimality condition implies that

N N
Zpri(@(G); 6) =0, Zpivfi(‘ﬁ(@'); 0)=0

where the gradients are taken w.r.t the first argument in f;. Then we have

0=(0,5(0) — &(0"))

N
=D pi(Vi(2(0);0) - V[i(2(0');6)),2(0) — 2(8")).
i=1
Rearranging the above equation and adding Zivzl pi fi(®(0),0") to both hand sides leads to
N
O pi(V1:(2(0);:6") = V[i(2(0);0)),2(0) — 2(0"))
i=1

=<Zpi (Vi(2(0);0") = Vfi(2(6');0")), 2(8) — 2(6")).

By strong convexity in assumption 2.1, we have

F(2(0):6') > f(2(0);0") + (VF(2(6');6'), 2(0) — ©(0")) + %II‘P(@) — o(6")|13,

f(2(0):6") > f((6);0) + (Vf(®(6);0),2(0) — 2(8)) + gH‘I’(H) — (6|13,
and thus
(VI(®(6);6') = V[(®(0');8),0(0) — 0(0")) > ul|B(6) — D(8")]5. 4)

Applying Lemma 2.4, we have

N N
Zpi<Vfi(<I>(9); 0') — V1,(®(6');0'),8(6) — (6)) <Y piLei[|0— 6]z - [B(8) — D(B)[].  (5)

i=1
Combine (4) and (5), we have

iI\Ll pifiL ‘
i

/ / 7L !
|8(8) — (6] < = 06l = 10 - 6|1 ©)

Therefore, if € < ﬁ, ®(-) is a contraction mapping by Banach fixed point theorem and admits a unique fixed point 0rs.

To show the divergence when € > =, we consider the following example where 6 € R, % =1,7:= Zf\; pivi # 0,

and

L
"
00;2) = %(9 ~2)2,Z ~Di(0) = N(vi + €0,1)
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we observe
1
Ji(8/:6) =Ezp,0)[5(6 — 2)?)

1 _
:]EZNN(O,1)[§(9/ — i — €& — 2)?]
1

1
_(p o~ 0\2 -
—2(9 vi — €i0)” + 9

N
(0) = argmingey Y pi(0 — i — i8)* =0 +7,
i=1
so by applying ®(-) ¢ times, we obtain
<I>t(9) = €9+ (1+e+--- +g(t—1))77

and since € > % = 1,7 # 0, we have lim;_,, [|®(0)|]2 = . O

Proposition 2.6. Under Assumption 2.1 and 2.3, suppose that the loss £(0; Z) is L,-Lipschitz in Z, let € := vazl Di€i,
we have for every performative stable solution and every performative optimal solution 079 that

2L €
HOPS _ 01‘:’0”2 < 76
Proof. This proof simulates the proof of Theorem 4.3 in Perdomo et al. [2020].

First by the optimality of 877, we have f(677;67°) < f(07°;07). By strong convexity in Assumption 2.1, we
have

F(070507%) = £(07%:07%) + (V1(67:6"%), 67° — 07%) + L||0"" —07%|3 = £67° — 0753,

Further by Assmption 2.3, the the loss £(0; Z) is L.-Lipschitz in Z, and Kantorovich-Rubinstein duality, we have

f(OPO; OPS) _ f(OPO; OPO)
N

= Zpi (EziNDi(ePS)V(OPOQ Z:)] = By, p, 070\ [L(07°; Zi)])
i=1

N
< ZpiLzWI(Di(HPS)7Di(0PO))
i=1

piL.¢;|07° — 07|, = L.e|07° — 677),. (7)

Il
.MZ

I
—

(2

where the inequality is a well-know conclusion in optimal tranport theory. Equation 7, we have L.e¢;||07° — 077, >
£(670,07%) — £(67°;677) > f(877;07%) — £(87%:0"%) > 467 — 6773, implying that 67 — 67|, <

2L.€
e
O
B  Proof of Theorem 3.1
B.1 Additional Notation
In our analysis, for the sake of convenience, we will define two additional sequences as W' := vazl p;w! and

9 = Ziil p;0%, following that of Li et al. [2020b]. We note that @' results from a single step of SGD from 9.

When t + 1 ¢ Zg, both w' and gt are unaccessible. When t + 1 € Zg, we can obtain ét. In addition, we also define
g, = va:l piV£i(0::6)), g, := va:l piVL(6%; ZITh) where Z!T! ~ D;(8%). Tt is clear that in full participation,

wtl =8 — ntg, and Eg, = g,. Clearly we have 9' = w for any t.
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B.2 Key Lemmas

For clarity, we will present several lemmas for establishing our main theorem. In particular, we will present a descent
—t . .
lemma for E[|[@w’ — 87°|3] and an upper bound for Z@Z\; piE||@% — 0" ||2, which together gives a standard descent

lemma for IE[||§75+1 — 079)13] in SGD analysis and leads to O(7) convergence. The proof of the Lemmas will be
deferred.

In the following lemma, we aim to establish an upper bound for E[||§t+1 — 6077)12]. Because 9" =@ in full
participation, this is equivalent to establishing an upper bound for E[|[w**! — 7% 2].

Lemma B.1. (Descent Lemma) Under Assumptions 2.1, 2.2, 2.3, 2.5, in full participation

N
—t+1 . ~ —t —t
E[67 — 67%(3] = E[|w"*" — 67%|3] < (1 — fim)EI0" — 8773 + 20707 + (crne + c2nf) Y piE|6; — 6|13
=1

L(14€maz)?

for any t, where €4, = max; €;,€ := va:l Di€;, C1 = Sge i, Oy = 402+ L2 (1+€maz)?], fi := p—(1+06)eL.

Now we are going to establish an upper bound for vazl piE||0F — 0 3. Note that if t € Zp, the synchronization step,
we have 0} = ' for any ¢ € [N], which implies that Zf\; piE||6% — 0 |2 =0.1ft ¢ Zg, the following lemma gives
an upper bound for " p,E[|6 — 9'|2.

Lemma B.2. (Consensus Error) Under Assumption 2.1, 2.2, 2.3, 2.5, 2.6, if {n;} is non-increasing, n; < 2m;1p,
t¢Ip,ni <1/(2c3(t+1—1to)(1+2(t+1—ty))), and

~ —0
AE(6” — 67|13
202 + (crc3 + 2/6)(2E2 — E) log E((1602 + 122)E[|8° — 0752 + (802 + 1262))

no < 7o ==

then in full participation, we have

N
> piEl|6; — 0'|12 < 402(2E? — E)log E(4802 + 36¢2)E|[8° — 0752 + 4n2(2E? — E)log E(2402 + 36¢2).
i=1

where for any t, where €,,,, ‘= max; €;,€ := Zf\il Ppi€i,C1 = IJ(I%{%’”F,CQ = 4lo? + L?(1 + €maz)?], o :=
p— (1+0)eL, ez := 1202 + 18L*(1 + €max)*

(One should note that 4n?, (4802 + 36¢2), and (2402 + 365%) comes from several times of applying 1,1 < 2n; and
the real constants could be much smaller by choosing stepsizes carefully.)

The following lemma gives us a standard descent lemma in SGD analysis under technical conditions for establishing
the (9(%) convergence in Theorem 3.1.

Lemma B.3. Under Assumption 2.1, 2.2, 2.3, 2.5, 2.6, if {n} is non-increasing, ny < 2my4p, 7 < 1/(2c5(t +1 —
to)(L+2(t+ 1 —1t0))), and

- —0
fE[6” — 6|3
202 + (c1c3 + €2/6)(2E2 — E)log E((1602 + 12)E|[8” — 67512 + (802 + 1242))

no < fo =

then in full participation, we have
—t+1 _ —t
E[|0" — 0773 <(1 — im)E|6" — 67|35 + B

where for any t, where €,,,, ‘= max; €;,€ := Zfil Di€i,C1 1= L(1+267£w)2,02 = 4[o? + L?>(1 + emam)z],[io::
p—(1+08)eL, c5 := 1202+ 18L2(1+€max)? and B := 202+ (4cyflo+4c213) (2E? — E) log E (4802 +36¢?)E||0” —

0753 + (2402 + 3662)).

17
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B.3 Completing the Proof of Theorem 3.1

We restate the definitions of all the constants here:

Constants independent of system design.
€mar ‘= Max; €;,

€= Zf\il Di€is

fii=p— (1+06)eL,

c1 = (L(l + 6mam)2)/(25é),

ez :=4[0? + L*(1 4 €maz)?],

¢ :=6[20% + 3L2(1 + €max)?],

ey = 1602 + 1262 + (802 + 12¢2)/E[8° — 6752,
c5 1= (4802 + 36¢2)E[8° — 0752 + (2402 + 36¢2).

Constants related to system design (e.g., £, K).
Ny = ﬂ/<20‘2 + (0103 + 02/6)04(2E2 — E) log E),

B :=20% + (4c17o + 4cafif)es (2E% — E)log E
c6 = (2E? + 3E + 1) log(E + 1),

7o 1= /1/(202 + (c1e3 + 02/6)0406),

By =202 + (4e1ijo + 4eaid + 1/ K)esc,

By := 20 + (4erijo + deaf + ano1y) 506

Instead of proving Theorem 3.1 directly, we prove a more general version of convergence results suppose that some
conditions about the stepsize are satisfied. Then we will show that the stepsizes given in Theorem 3.1 satisfy the
conditions.

Theorem B.4. Under Assumption 2.1, 2.2, 2.3, 2.5, 2.6, for a diminishing stepsize n; = % where 3 > % v > 0 such

that ng < o, 1 < 2044, andnf < 1/(2c3(t + 1 —to)(1 + 2(t + 1 — to))), then in full participation, we have for
anyt

v

ot PSy 2
[|| HQ] > ‘

where v = max { ‘;f , 7E[||§0 — 9PS||§]}-

Proof. Let A, := E[H@t — 679|13], then from Lemma B.3, we have
- —t
Apy1 < (1= i )E[6" — 6755 + By}

For a diminishing stepsize 7, = % where 5 > %, v > Osuch that 7 < 1/(2c3(t 4+ 1 —to)(1 + 2(t + 1 — to))),

N0 < 7o, and n; < 211 g, we will prove that A; < # where v = max {%WAO} = max {%77A0} by
induction.

18
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Firstly, Ay < % by the definition of v. Assume that for some 0 < ¢, A; < #, then

App

IN

(1 —mer) Ay + 17 B

B\ v 82B
(1_t+v>t+v+(t+v)2
oty -1 [ B°B _ Ba-—1
BNCETIERRE

IN

v
t+7)?  (t+9)?
v

<—.
t+v+1

Specifically, if we choose 8 = 2, v = max{ 2=, E, 2/2E(2E +1)(1202 + 18L2(1 + €max)?)}, then we have

B
no=—<
Y

and

2 BE-y= o BE=-)
Y+t y+t+E (vt (y+t+E) T (y+t)(y+t+E) T

e — 277t+E =

To prove that 77 < 1/(2c5(t + 1 — to)(1 4+ 2(t + 1 — ¢))) for any ¢, it suffices to prove that for 0 < t < F — 1
because {n;}, i.e., to = 0, is non-increasing and ¢ + 1 — ¢ is periodic with period E. When ¢y = 0, we need to prove
n? <1/(2c3(t +1)(1+2(t +1))) for 0 < t < E — 1, which is satisfied if

o Jmax e < oun \/1/(263(t +1)(1+2(t+1)))

1
2E(2E + 1)63

7> BV2EQRE + 1)c3 = % 2E(2E + 1)cs = %\/2E(2E + 1)(1202 + 18L%(1 + €max)?).

1o <

B.4 Deferred Proofs of Key Lemmas

Proof of Lemma B.1. This proof follows from Lemma 3 in Li et al. [2022]. We first decompose |[w'*! — 07|32 as

. —t —t —t
E[w'* — 7|3 =E|6 —n.g, — 073 =E[6" —67|3 — 20, E(6" — 677, g,) +n{Elg,l3.  (®

Next we present an upper bound for E||g,||2. By the definition of 7%, we have Zf\; piVf;(07°:67%) = 0, and thus

N
Ellg,l3 =E| Y pi[VA(O5; Z{) = V£i(65:67) + V /(65 67) — V £i(07°;67%)]]3

i=1

N N
<2E|| Y VO ZIT) = V£:(05600)|3 + 2B > pilV£:(05:67) — V£:(075:07%)]|]3

=1 i=1

N N
<2 pE[|VUO: Z) = V(05075 + 2 pE[Vfi(65:67) — VFi(67%;67%)|3]
=1 =1

N N
< QZPi02 (1 +E|6; - OPS\@) + QZPiLz(l +e)’E|6; — 0713
i=1 i=1
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where the second inequality is due to the convexity of 2-norm and the last inequality is due to Assumption 2.5 and
Lemma 2.4. Since ||6" — 8752 < 2/10! — 8"|12 +2/[8" — 6752 and €; < €z, We have

N
Elllg;|3] < 202 +4[02 + L2(1 + €nao) 2JEINO" — 07513 +4[02 + L2(1 + €mao)?] > piE]|6) — 8
=1
N
2 St PS|2 t  at2
= 20"+ E|[0 — 0773+ 2 > piE[6] — 0 |3. ©9)
=1

Next, we focus on establishing a lower bound for E[(@t —ors , g;)]- By the law of total expectation and
SN piV£i(07%67%) = 0, we have

E@ — 6075, g,) =E[E.(8 — 675, g,)]
=E[(8' - 675, 7,)]

N
- ]E{Zpiwt — 675, V(056" —V1.(8';07%))
i=1

A

N
+> " pi(8 — 675, V£,(8':07%) — V£,(67%67%)) |
i=1

B

On the one hand, applying Cauchy-Schwarz inequality and Lemma 2.4, we have

N
A> — 8 — 075> pi(LII6L — 8|12 + Le;[|6F — 6752)

i=1
—t N —t —t
> 118" = 0752 Y pi(L(1 + )67 — 6 |2+ Les [0 — 677]2)
i=1
—t N —t —t
> — Le|6 — 07%|5 — L(1 + emax) Y_pill0 — 077210 — 6.

=1

On the other hand, with the strong convexity in Assumption 2.1, we have B > u||§t — 079||2. Therefore, for any
a > 0, using the lower bounds on A, B, and the Young’s inequality shows that

E[@ - 675, g,)]

N
. —t —t —t
> (u— LOE|G — 073 — L(1L + €maz) Y iE[|[0° —0772]|6] — 8 |2]
i=1

o —t L(1+ €maz) al —t
> (= Le = SL(1 + emaa) ) B[ — 0773 — —— == > niEl6; - 6|3

2 P
¢ L+ €maz)? & t
> (= (1+0)LOE[0 — 77| - —— 2= piE|6; — 013 (10)
i=1
where we have set o := I _ffg - in the last line.
Recall that we denote
L1 max 2 ~
oy o= BT Emos)” 40 4 L2014 )], = (14 O)EL.

20€
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Combining (8), (9), (10), we have

E[|@"*" —67%|3]

<E| - 0”13
N
_ at L 1+€maw At
~ (- (1 o) Lese’ - 675 - Foreeel Y pumel - o))
1=1

N
—t —t
R R R ST

i=1
—t al —t
= (1= 2fim; + con?)E[[0° — 073 + (come + can?) > _ piE6) — 0|13 + 20707
i=1
t al t
< (1= im)E0" — 0713 + (came + can?) > piE||OF — 6|5 + 20707
i=1

where the last inequality is obtained by observing the condition 1, < fi/cs. O

Proof of Lemma B.2. In this proof, for convenience, we will discuss with respect to ¢ + 1 where we assume ¢t + 1 ¢ Zg
and transfer back to ¢ in the last. First by the update rule, we have

0t — 9 =0l — 8" — (VU6 2 — ).

Using Young’s inequality, we have

N N
—t4+1 —t
ZpiEHeﬁ“ -6 3= ZpiEHGf — 0 — (VU0 ZITY) — g3
= =1
N
<(L+a) Y pEIOL — 8|3+ 021+ o) szEIIW 057 — g2
1=1

B
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where a; > 0 is a free chosen parameter. Next, we are going to establish an upper bound for B. Notice that
N
B= pE|VUO;:Z{) — g3
i=1

N N
[Z (Ve 2 ijww;;z;“)n%]
j=1

[

pil| V(O ZEY) — V1 (68, 6Y) + V f; (61, 67) Zp]wj 66

J’]

MZ H'Mz i

p;V1i(05:6Y) Zp7w (0% Zt+1)||§}

<.

uMz L

PV (6% 201y — V1, (61, 61) ||2]+3E[sz||wz (0!.0)) mez (6'.0%) }
=1
N

N
>nil S0V (6560) — 3 5, VU0 zf“)n%}
=1 =1

+3E

1

N
§3]E[Z Ve (6% 214 — Vi, (6, 6Y) ||2]+3E[Zpllvfz (6;.6) ZngfJ (65,65) 2}

=1

N N
+3]E[Z Z iV £;(6%:6%) — W(ag.;zj.ﬂ)ug]

=1

N

[Z Ve (8 28 — v, (61, 07) ||2]+3E[sz||wz 6. 0!) ZWJ (6'.0) }

i=1 i=1

=z

+3JE[Z V7,061 - wwz;z;“)%}

< 60? (1+E[zp,»|ez —ePS%D

=1
N
+3E[zpinv]@ (6'.6") zpm (6'.6%) uz}
=1

where the last inequality is by Assumption 2.5. On the other hand, we have
N N )
3E[zpiuvjz (61,61 = 3 p;V1,(6',0") HQ}
i=1 j=1

N N
=3> piE|Vfi(0}6]) - V5(0',0)+ V0.0 ijije 0) Z (V165,64 — V10,82

i=1 j=1

N
<9 pE|VSi(6L.6)) - Vi(0',8) ||2+9ZplE||sze ) ijvfg 0.8")|3

=1 =1 Jj=1

B, B

N N
—t —t
+9Y B pi (V05,65 —V(0,6))]3
i=1 j=1

B3
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Using Lemma 2.4, we have

N N
By <93 piLl®(1+¢)?E6! — 82 <93 piL2(1+ €nas)*E[6) — 8|12
i=1 i=1

Using Assumption 2.6, we have

N
—t —t —t —t 2
=1
N —t
<9Y piP(1+E[6 —67%|3)
=1
=9 + 9°E[6" — 6713,

Using Lemma 2.4, we have

N N N
—t —t —t
B3 <9 pi Y piE|V£(05,05) = Vfi(0,60)]3 <9 pil’(1+ €maa)’El|6; — 6 |3.
i=1  j=1 i=1

Therefore,
N t N t
By + By + By <18 piL*(1+ €maa)’El6] — 07|13 + 9¢% + 95° > " p;E[|6° — 6773,
i=1 i=1
which results in that

N N
B < 60 (1 +E[Zme;§ - ePS%D F18 S pL? (1 + e E]0) — 8|24

i=1 i=1
962 + 9¢2E||8" — 6752

N N
<60’ (1 +2) P[0}~ 8|3+ 2E[8° — 0773 + 18 piL>(1 + €maa) EI|6} — 8 |13+

i=1 i=1

oc* + 97E[8" - 07 3)
al t t
= 60" + 96 + (120 + 18L%(1 + €max)®) Y _ piE[|6] — 0'[|3 + (120° + 95*)E[6° — 6"7[3.
i=1
Inserting this formula into (11), we obtain

al t+1
> pE[6F -6 |3
i=1

N

<(L+an) Y piE|6: — 03
=1

N
+ 021+ o) (602 + 962 + (120 + 18L2(1 + €max)?) D_ piEI|6} — 8'[[3 + (1207 + 9)E|[8 - 0PS||§)
=1
N —t —t
= (1+ar+17(1+ ;1) (120% + 18L°(1 + emax)?)) > piEN0F — 013 + 07 (1 + a7 1) (120% + 95*)E[|§” — 0713

i=1
+ 7 (1+ a; 1)(60° + 967
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where a; > 0 is a free chosen parameter. Let tg := max{s | s <t + 1,5 € Zg} and c3 := 1202 + 18L2(1 + €max) >

Then we choose o = m, if we have

1
2 -1 2 2 2 2 -1
1+ 120° 4+ 18L*(1 + €max = 1+ < ——
771:( Oy )( a ( €max) ) m( Qg )es 20t +1— to)

1

— )
(v e “to) (142t +1— 1))

12)

thennote that 1 + oy ' = 1+ 2(t +1—tg) <2E — 1,

al t+1
> _piE6;T -0 3

t+2—1t —
gmioz piE||0) — 8|2 + n2(2E — 1)(120% + 9A)E(8' — 875 |2 + n2(2E — 1)(602 + 962).

Continuing the above expansion until ¢y and leveraging s < 1, < 20,4+ < 217 gives us

al t+1
> _piE[6 873

N
t+2—tg to _gto t+2—t n? PS|2
< — E|0;° — 6 (2E —1)(12 9)E6° — 6
S i Z | ||2+Zs+2 )(120% + 9¢2)E|| I3

t
—t
Z 202 (2E — 1) (602 + 9¢2)

t—to

—to
t4+2—t t4+2—t
= Z T2 N0,208 _1)(1202 + 92)E|[0° 0P5||2+Z T2710,2098 — 1)(60° + 9¢2)
s=0
—to

t—to
% HEE — 1(dso? + 306)BE ~ 6715+ 3 S R -0 36, ()
0

S

With the above formula and Lemma B.1, we now prove that if 7 is sufficiently small, the for any ¢, we have

]E||§75 — 0792 < EH@O — 075||2. We first derive the following inequality, which we will use later. Note that for any ¢
where to ;= max{s | s <t+1,s € Zg}, we have

t—to

P U T

= s+ 2

1
b — _ ) <
tot ) S (42 to)log(t+2 —to) < Elog E.  (14)

N

We prove E[[8' — 6752 < ]E||§0 — 67512 by induction.
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First, this inequality clearly holds for t = 0. Suppose it holds for 0 < s < ¢ where t < E' — 1. Then by Lemma B.1 and
(13), we have

St+1 S
E[6™ —67%|3]
— E[jw' ! - 673
t—to—1

B —0 t+1—+t )
< (1— im)El0" — 0753 + 20°n7 + (came + 0277152)( Z w’lf—ﬂ?E —1)(480% + 36¢°)E(|0 — 0773
s=0

t—to—1

t+1—+tp 9 9 9
+ 2::0 — g M(2E - 1)(240° +366%)

~ —0
= (1 — im)E||0” — 67%|[3 + 20°n;
+ (e1ms + canP)n?_ (2E* — E) logE<(48a2 +36¢2)E|8° — 8752 + (2402 + 368)).

By (12), we need ng <

< i, together with ;1 < 21, implies

(crme + comi)ni—y < mj(ex + 02(603)_1)%3~
Therefore, we have
E[|8" - 0"|3]
< (1— fm)E[8° — 073 + 20202
+n?(cies + ¢2/6)(2E* — E) 1ogE<(160—2 +12)E(8° — 0752 + (802 + 128))

whose right-hand side is no larger than ]’E||§0 — 0752 if
e < 1o
B AE[9” — 0753
T 20 + (cre3 + 02/6)(2E2 — E)log E((1602 + 1262)E[6° — 0752 + (802 + 1262))

=17o.  (15)

Thus we have proved that for any 0 < ¢t < FE, if (15) holds, then E||§t - 0792 < ]E||§O — 6792, The same
proof technique can be extended to any nE < ¢ < (n + 1)E where n € N and thus for any ¢, if (15) holds, then
E[6 - 07| <E[0" - 0”73

Therefore, under (12), (15) and n;—1 < 2n;, by (11) and (13), if ¢ ¢ Zg, we have
N
> piE|6; — 8'|2 < 12, (2E% — E)log E(480° + 36¢2)E|[8° — 0752 + n2_, (2E? — E) log E(240® + 36¢2)
i=1

< 4(2E° — E) log B(480° + 36<*)E[[0° — 675 |3 + 472 (2% — E) log E(240” + 36*).
O

Proof of Lemma B.3. We discuss in two cases, t € Zg and t ¢ Zg. If t € Zg, then we have 0;? = gt, and by Lemma
B.1,

—t+1
E[|6" - 67%|I3]
N
~ 7t P52 2,2 2 t_pty2
< (1 —pm)E(6 — 6773 + 207 n; + (came +C277t)zpiEH0i -6
i=1
- —t
= (1—m)E(6" — 6|3 + 20°n;
- —t
< (1—im)E[6" — 675 + Bn}.
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If t ¢ T, combining Lemma B.1 and Lemma B.2, we have

—tt1
E[|6" —6"%3]
—t N —t
< (1= fim)E|6" — 073 + 20”07 + (cum + canf) ZPiEH0§ -0;

i=1

- —
< (1 fm)E|0" — 7|3 + 20%n7
+ (dermy + 4ean?) (n3(2E2 — E)log B(480% + 36¢2)E|[8° — 0752 + 2 (2E> — E)log E(240° + 36<2))

~ —t
< (1 - im)E|0" — 675 + 2Bn;.

C Proof of Theorem 3.2 and Theorem 3.3

C.1 Additional Notations

Similar to Appendix B, in our analysis, for the sake of convenience, we will define two additional sequences as
w' = Zi\; 1 pitw;? and 0’ = Ef\; L i0, followingt that of Li et al. [2020b]. We note that " results fromt a single step
of SGD from 6 . When ¢ + 1 ¢ Tg, both w" and O are unaccessible. When t + 1 € Zg, we can obtain 6 . In addition,
we also define g, := Y., p;V fi(0%;0%), g, := SN, piVE(OL; ZEHY) where ZIT ~ Dy(6}). Tt is clear that in full
participation, w' ! = w' — 1,9, and Eg, = g,. Notice now we do not have 9’ = w' for any t. But we will show later

that they are equal with expectation to the choice of S;.

In particular, in our analysis, there would be two types of randomness, one from the stochastic gradients and one from
the random sampling of the devices. All analysis in Appendix B only involves the former. To make a distinguishment,
we use Es, to denote the latter.

C.2 Key Lemmas

We show in this subsection the key lemmas for proving the convergence and defer proofs to later parts. We first show
that the sampling schemes I & II are unbiased.

Lemma C.1. Li et al. [2020b] (Unbiased sampling scheme). If t + 1 € Lg, for Scheme I and Scheme II, we have

Es, WHI] — wttl

Similar to Lemma B.1, we are going to establish an upper bound for IE[HEFrl —0752]. Whent + 1 ¢ Zp, we have
—t+1
0

However, when ¢ + 1 € Zf, we only have Eg, Wtﬂ] = w'*! and we need other upper-bounding strategies.
Lemma C.2. Under Assumptions 2.1, 2.2, 2.3, 2.5, for scheme I & II:

= @'t for both schemes, and therefore this is equivalent to establishing an upper bound for E[|[w't* — 67%2].

N

—t+1 . - —t —t
E[l6" - 07|35 = E[|w™" - 0755 < (1 — fim)E|6° — 6773 + 207 + (comy + conf) Y piEI|6F — 6|

i=1
2. ift+ 1€ Zg: for scheme I,
—t+1 S
E[l6" —67%|3]
N

N
1 - - —t —t
<% > peEllwitt = w3 + (1 am)E6° — 0773 + 20%n7 + (cume + con?) Y piE[6] - 0|3,
k=1 i=1
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while for scheme II,

—t4+1
E[|6" - 67%|I3]

N N
N K - - —t —t
< m (1 - N) ZpkE”w?l - thHg + (1 — an)E[|6 — BPSH% + 2‘7277? + (c1me + 0277152) ZPJE”GE -0 ||§
k=1 i=1
where €mqy = Max; €, € 1= Zi\;l Di€i, C1 = 7L(1+;£“)2 yeo = 4[0? + L2(1 + €maz)?], i := p — (1 + 8)eL.

To really give a descent lemma as in SGD analysis, we have to bound vazl |6 — §t||§ fort ¢ Zg and
Zﬁvzl piE||lw! — w||3 for t € I, given by the following lemma.
Lemma C.3. Under Assumption 2.1, 2.2, 2.3, 2.5, 2.6, if {n;} is non-increasing, n; < 2n¢yp, t ¢ Ig, 07 <
1/(2c3(t+1—to)(1+2(t + 1 —to))), and

AE[G” — 0™
202 + (c1c3 4 ¢2/6)(2E% + 3E + 1) log(E + 1) ((1602 + 12§2)EH§0 — 0752 + (802 + 12¢2)) 7

no < 7o 1=

then

1. for scheme I,
—t+1 S
E[[6" — 6"7|3]
- —t
< (1—fim)E|0 — 6775 + 20°n;
+ (4erny + dean? + K H(2E? + 3E 4 1) log(E + 1)n? ((4802 + 36g2)1[<:||§° — 0792 + (2402 + 368)),
2. for scheme II,
—t+1
E[|6 " —0"%|3]
- —t
< (1—am)E0 — 073 + 20°n}

N - K _
+ (40177t + degn? + K(N—l)) (2E% 4+ 3E + 1) log(E + 1)n? <(4802 +36¢)E(8° — 0752 + (2402 + 36<2)> .
where for any t, where €4, = max; €;,€ 1= Zf.vzlpiei,cl = L(l";igg“)z,@ =402 + L?(1 + €paz)?], i ==

p— (14 08)eL, c3 := 1202 + 18L%(1 + €max)>
(One should note that 4cin; + 4con?, (4802 + 36¢2), and (2402 + 3662) comes from several times of applying
Ni—1 < 21y and the real constants could be much smaller by choosing stepsizes carefully.)
The following lemma gives us a standard descent lemma in SGD analysis under technical conditions for establishing
the O( ) convergence in Theorem 3.2 and 3.3.
Lemma C.4. Under Assumption 2.1, 2.2, 2.3, 2.5, 2.6, if {n;} is non-increasing, n; < 2nyyp, t ¢ Ip, n? <
1/(2c3(t+1—to)(1+2(t + 1 — to))), and

50

E0” — 6773
202 + (c1c3 4 ¢2/6)(2E% + 3E + 1) log(E + 1) ((1602 + 12g2)E|\§0 — 0773 + (802 + 12¢2))

no < 7o =

then
1. for scheme I,
—t+1 - —t
E[6" —07%|3] < (1 — i )E||6° — 07%|3 + By,

with

By = 20% + (deymy + deanf + K1)(2E% + 3E + 1) log(E + 1) ((4802 +36¢1)E[8° — 0752 + (2402 + 36§2)>,
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2. for scheme II,

—t+1 - —t
(6 — 67%(3] < (1 - fim)E| — 673 + Banf

with
N - K — \
By =202 + (4017)25 + degn? + K(Nl)> (2E? +3E + 1)log(E + 1) ((4802 +36)E[8° — 0752 + (2402 + 3662)
- /
where for any t, where €,,,, := max; €;,€ 1= vazlpiei,cl = LH%M,CQ = 4[0? + L?>(1 + €maz)?], i ==

p— (1+0)eL, c3 1= 1202 + 18L*(1 + €max)®.

C.3 Completing the proof of Theorem 3.2 and 3.3

‘We restate the definitions of all the constants here:

Constants independent of system design.
€max -— IMaX; €;,

€= Ziv:l Di€i,

fii=p— (1+6)eL,

c = (L(l + €maz)2)/(25€)’

Co = 4[02 + L%(1 + Emaa:)2],

c3 = 6[202 + 3L2(1 + emax)?],

cq 1= 1602 + 1262 + (802 + 12¢2)/E[8° — 0752,
cs 1= (4802 + 36¢2)E[[8° — 0752 + (2402 + 36¢2).

Constants related to system design (e.g., F, K).
Mo := ﬂ/(202 + (c1c3 + ¢2/6)cs(2E? — E) log E),

B =202 + (4e1f)o + deafif)es(2E? — E)log E,
c6 := (2E% + 3E + 1)log(E + 1),

flo := fi/ (20% + (c1c3 + c2/6)cacs),

By = 202 + (4erfjo + 4eaiip + 1/ K)esce,

By := 20° + (4evijo + deafiy + gty ) esce.

Instead of proving Theorem 3.2 and 3.3 directly, we prove a more general version of convergence results suppose that
some conditions about the stepsize are satisfied. Then we will show that the stepsizes given in Theorem 3.2 and 3.3
satisfy the conditions. The proof of lemmas will be deferred

Theorem C.5. Under Assumption 2.1, 2.2, 2.3, 2.5, 2.6, for a diminishing stepsize 1, = % where 3 > é v > 0 such
that no < jo, 7y < 2m1p, and nf < 1/(2c3(t+1 —to)(1+2(t + 1 — to))), then

1. for scheme I,

E[[8"™ — 07| < .
v+t
where v = maX{4£1,7E[|\§O - GPSH%]};
2. for scheme II,
—t+1 S v
E[6" — 67531 < —
Y+t

where v = max {%W]E[Hgo _ 9PSH%]}_
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Proof. We give a proof for scheme I and the proof for scheme II follows exactly the same way.
Let A; := ]E[||9 — 67%|3], then from Lemma C.4, we have
- —t
Ay < (1— im)E[6° — 6773 + Bin}.

For a diminishing stepsize 7, = 71~ where § > 1,y > 0 such that 77 < 1/(2c3(t + 1 —to)(1 +2(t + 1 — to))),

< 'H- where v = max{gi 1,7A0} = maX{4~z ,’YAO}

t+
o < 7o, and n; < 2y g, we will prove that A, <

induction.
Firstly, Ay < % by the definition of v. Assume that for some 0 < ¢, A; < + 7> then
A1 < (1= mefi) Ay + 07 By
~ 2
<(1- B vy B* By
t+y)t+y  (t+7)?
oty -1 B32B; _/3,1—1U
(t+7)? t+7)?  (t+7)?
<
Tty+1
Specifically, if we choose 3 = un , (4E? + 10F + 6)(1202 4+ 18L2(1 + €max)?)}, then we have
B 2 .
n=—-—<—5 ="
T HER
and
23 B(E —~v—t B(E —
I __BE=—y=-Y (E—-17)

v+t y+t+E (vt (y+t+E) - (Y+t)(y+t+E)

To prove that 7 < 1/(2c3(t + 1 —to)(1 + 2(t + 1 — to))) for any ¢, it suffices to prove that for 0 < t < E because
{n¢}, i.e., t¢ = 0, is non-increasing and ¢ + 1 — ¢, is periodic with period E. When to = 0, we need to prove
n? <1/(2c3(t+1)(1 4 2(¢t +1))) for 0 < ¢ < E, which is satisfied if

Or<nta<xE?7 01<r11n \/1/ (2c3(t +1)(1+2(¢ + 1))

1
<~ <
o= \/(4132 +10E + 6)c3

2 2
> B\/(4E2 + 10E + 6)c3 = ﬁ\/(4E2 + 10E + 6)c3 = ﬁ\/(4E2 +10E + 6)(1202 + 18L2(1 + €max)?)-

O

C.4 Deferred Proofs of Key Lemmas

Proof of C.1. Let {z;}Y, denote any fixed deterministic sequence. We sample a multiset S; with |S;| = K by the
procedure where each sampling time, we sample xj, with probability g, for each time. Note that two samples are not
necessarily independent. We only require each sampling distribution is identical. Let S; = {i1,...,ix} C [IN] (some
ix’s may have the same value if sampling with replacement). Then

Es, Z rr = Eg, me = KEg,x;, = Kquxk

kES:

For Scheme I, g3, = py, and for Scheme 11, ¢;, = ﬁ, replacing the values into the above proves the lemma. O
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Proof of Lemma C.2. Whent+1 ¢ Zg, because Etﬂ = w'T! for both schemes, by Lemma B.1, we got the conclusion.
Whent + 1 € Zg, we have

B0 — 673 =E8 " — w3+ Elw' ! - 073+ 2E@ T —w't w07,
By Lemma C.1 and the law of total expectation, we have
E@ " —wt wtt — 9F%) = E[Es,., @+ —wt wtt - 6"%)] =o0.
Next we focus on upper bounding E[||§t“ — '™ ||2] under two sampling schemes.

) ) —t41 )
Denote Sy 1 = {i1,...,ix}, then for scheme I, = & Zz 1 w75+1 Thus by the law of total expectation, we have

1 i1
E|0" —w'"|3 =E[Es, [0 —w"|3]

E5t+1”7 Zwt+1 7t+1||§]

<E[Es.. 7z Z wit™ =]
=1

N
1
= = > mEw -,
k=1

Again with 9 = 7 Z =1 'wH'1 for scheme II, by the law of total expectation, we have

—t+1 . —t+1 .
El[6 - wH—lH% = E[E3t+1 16 - H—lH%]
K

E[ESM{I > witt - t“ll%”

=1

2

=5 | s 10160 € Suajol — w13 |

1 . _ o _ _
< E[ZP@ € Sin)w ! — @+ SR, € Sipa) (wl ! @ wl - wtt)

RNTE
=1 i
N
_ L ZEHwtﬂ _Et—HHZ + L ZE<wt+1 _wttl ottt — Et+1>
KN & PTRNIN 1) » W

N

K\ <
=— (1-—= E t+1 _ oot+1)2
K(N —1) < N) Zizlp i =2

where we use the following equalities: (1) P (i € S¢41) = % and P (i,5 € Siq1) = ﬁgji for all 7 # j and (2)
AN Hw _ th + 50, (w! wit ﬁt+1’w§+1 — @ty = 0.

The conclusion follows from the above discussion. O

Proof of Lemma C.4. In this proof, for convenience, we will discuss with respect to ¢ + 1 where we assume t + 1 ¢ T
and transfer back to ¢ in the last. First by the update rule, we have whent + 1 ¢ Zg

—t+1 —t
0" -0 =60, -0 —n(VUO;ZT) — 1)
and whent +1 € Zg,

- —t
w§+1 _ le — 0[1‘; —0 — m(vé(gf, Zit‘f‘l) — gt)
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Then with the same method in Lemma B.2, let o := max{s | s <t+ 1,5 € Zg} and c3 := 1202 + 18L2(1 + €1max)?,
ifn? < we will have: ift + 1 ¢ Zp,

2C3(t+17t0)(1+2(t+17t0))

al t+1
> pEl6; -8 |3

t—to t+2 ¢ t—to t+2 +
0,2 PS)2 0 2 2 9
< 2 Y2(2E +1)(4802 + 36¢%)E|0° — 6 + —n; (2E 4 1)(240° + 365
<3 g ieE E| B+ 3 =g eE + 1) )
andift+1 € 7Zg,

N

ZpiEIIwEH — w3

t—to t—to

t+2—1o o PS t+2—ty) o 9 9

< Z — g W2E+1)(480” + 36 )E[6° — 6753 + Z — oy HRE+1)(240° +366%).

With the above formula and Lemma C.2, we now prove that if 7y is sufficiently small, then for any ¢, we have

E||§t -9z < EH?O — 0752, We first derive the following inequality, which we will use later. Note that for any ¢
where to ;= max{s | s <t+1,s € Zg}, we have

t—to

t+2—1o 1 1
Y T (142 t0) (5 et ) < (E 42— t) log(t + 2 to) < (E + 1) log(E + 1),
2y 2GS (42— to)log(t 42— o) < (B Dlog(E+ 1)

Then again by the same induction method in Lemma B.2, we have if

e < Mo
~ —0
- AE|” — 6773 _
202+ (c103 + ¢2/6)(2E2 + 3E + 1) log(E + 1) ((1602 + 12¢2)E||8° — 072 + (802 + 12¢2))

Mo,

then for any ¢, we have E||§t -5z < EH@O — 0752,

Under all these conditions, if t ¢ Zg, we have

N
> piE|6; - 8'|12 < n?2_ (2B + 3E + 1) log(E + 1)(4802 + 36:2)E||8° — 6752
=1
+ 12 (2E* 4+ 3E + 1) log(E + 1)(240? + 36¢2)
< 4n2(2E* + 3E + 1) log(E + 1)(4802 + 36¢2)E|[8° — 6752
+ 402 (2E? 4 3F + 1) log(E + 1)(240” + 36¢2),

andif ¢t +1 € Zg, we have
N 0
> piElwitt — w3 <nf (2B + 3E + 1) log(E + 1)(4807 + 36¢*)E[0° — 0753
+ 071 (2E* + 3E + 1) log(E + 1)(240? + 3662).

Note that in Lemma C.2, the inequality for ¢t ¢ Z is looser than the inequality for ¢ € Zg. Therefore, we can apply the
inequality for ¢ € T for all £. Combining this inequality with the above formula gives us that:
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1. for scheme I,

attl Ps
Efl6 —6"|I3]
1 X : o t
< 2 2 pBllwi™ =@ S+ (1= i) B0 — 073 + 2007 + (cum + conf) D_ piE]0; — O[13
k=1 i=1

~ —t
< (1= )E[6 —07%|3 + 207

+ (4erny + dean? + KH(2E? + 3E 4 1) log(E + 1)n? ((4802 +36¢2)E(8° — 0752 + (2402 + 36g2)>,

2. for scheme II,
—t+1
E[6" — 6753
N

N

N - K . - —t —t

RN -T) > prElwit = w3+ (1 - fine)E6° — 0773 + 2007 + (cme + can?) Y piE[6) — 0|3
k=1 =1

<
= KN(N

- —t
< (1— fin)E|@ — 6753 + 20707

+ (4clnt + deon? + szfN_Kl)> (2E% + 3F + 1) log(E + 1)n? ((4802 +36¢)E[8° — 0752 + (2402 + 36<2)>.
O
Proof of Lemma C.4. The conclusion follows directly from Lemma C.3. [
D Proof of convergence under the alternative assumption in (3)
Assumption D.1. Suppose the following hold
Ez.~p.0) [ VH(6; Z) ]3] < G. (16)

Lemma D.2. (Bound on the divergence of parameters, i.e., consensus error bound)
When E > 1, under Assumption 2.1, 2.2, 2.3, 2.5, and if 0, is non-increasing and ny < 2ny4 g holds for allt > 0, we
have

N
—t
Eb pil|0; — 6 ||§] <4A(E -1)°p;G? (17)
=1

Proof. FedAvg requires a communication every E steps, so for any ¢ > 0, there exists a ty < t,ty € Zg, such that
t—to < FE—1and 0;“ = gtO,Vi. Also, we use the fact that 7, < 2n; forallt —typ < E — 1, then

N N N
—t —to —t —to —to
E[Zmuoz—ouz} =E[2pi|<ez—e CA >|5} gE[anwz—e ||§], (8)
=1 =1

i=1

since E|| X — EX |3 < E|| X ||? where X = 0! — 0" Using Jensen’s inequality, we further have

t—1 2 t—1
at S S 2
105 —67°113 = || > maVed;; 2| < (t—to) Y n2||[ Vo5 2|5 (19)
S:to 2 S:to

2
2

N
—t
E[zpnei—e‘)@} —E[
=1

N t—1
D iy Mozt
=1

s=tg

t—1 N
| <=t X Y ne|[veerze ],
i=1

s=tg

(20)
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Z nsVL(O5; Z:H1)

Sto

] Znszpz [HW(H;-“;ZSH)IE} 1)

Sto

[ ] o

where we used 7, < 7,. Therefore, based on AS, we have

N t—1
—t S s
E[Zmez 9 |§} sz [ - 1>n§||w<9i;zi“>||§]
=1 s=

to

< ip[ > (8- 1]

=1 s=to
N
< ZP:(E 1) mOGQ
i=1
<4(E - 1)*p7G? (22)
since 75 < My, < 2M¢+E < 27, in the last two inequalities. O

Lemma D.3. Li et al. [2022] Consider a sequence of non-negative, non-increasing step sizes {nt}t21. Leta>0,p €
Zyandm < 2/a. Ifny /nf . <1+ (a/2)n},, for any t > 1, then

N
AV

1 (23)

an'H H (1 =1na) < an Vit

l=j+1

Lemma D.4. Under Assumptions 2.1, 2.2, 2.3, D.1 and the condition that iy < fifca, , e < mg < 21 where
to = maxs{s € N|Es < t}, 411 < n foranyt > 0,m < = and ni/ni < 1+ (/2)nf, for any t > 0 and
¢=12,3.

t

. ~ —0 2 20207 E 26107 402

Effw'* — 07|13 < [[(1 - m:)||0” — 677|; + s+ n§+7m, (24)
1=0

where c7 := 4(E — 1)G>.

Proof. From Lemma B.1, we have

N
B{jw ! —0718) < (1|8~ 0™+ con - emndE| S0t~ 0[] + 207t

<(1- ﬂnt)]E[HOt - OPSH;} + cacnt 4 cremm? 4 20707 (25)
t o t t
= H(l — in)||0" - BPSHZ + Z H (1- ﬂﬂz‘)(czcﬂlg + crerm? + 202773)
i=0 S=1i=s+1

The second inequality holds because of Lemma D.2. Using Lemma D.3,

t t
B 2coc 2c1c 402
> OII a- um)(@c?nf + crerl + 202775) < %77? + ; T} + - (26)
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Theorem D.5. (Full participation convergence theorem, alternative assumption)
Under Assumption 2.1, 2.2, 2.3, 2.5, the full participation scheme has convergence rate O(%) i.e., denote Ay :=

IE[H@t — 07%)2], then for some ~ > 0,

27)

where v := max{ 6257’847_2+§3l:7_/3137_1+202ﬁ2 (v +1)A L

Proof. We will show it on the partial participation algorithm and the proof for the full participation is similar.

For a diminishing step size n; = for some 8 > = p and v > 0 such that n; < mm{; , 4L} = L and n; < 2ny4 .

f—‘r’)’
We will prove A; := IE[HO - 0792 < s Where v 1= max{ cactfly” +%1;761 7420767 ,(vy+ 1AL We prove
this by induction. Firstly, the definition if v ensures it holds for ¢ = 1. Assume it holds for some ¢, i.e., 7, = then

it follows from Lemma D.4 that

A1 < (1= net)Ar + cacont + creenp + 20%n7

< B ) et aceB® | 20757
- t+yt+y @+t (E+)? (E+9)?
t+y—1 et aef | 20°6% Bu—1
G e (F TR e R e R e ]
t+v-—1 cocr B crcr 33 20232 Bu—1
= (t+7)? [(t +)22 T ()2 ()2 7)2U]
< tﬂ% (28)

where [i, ¢1, ¢2, c3, c7 are defined the same as in earlier proofs, and thus the O(1/T') convergence rate is shown. [

—t4+1
Lemma D.6. (Bounding the difference w'+! — 6" in partial participation)

Suppose Assumption 2.1, 2.2, 2.3, and 2.5 hold. Fort + 1 € Ly, assume that 1, is non-increasing and ny < 2144 g for
all t, then we have the following results

1. For Scheme I, the expected difference w' ™" — §t+1 is bounded by
—t4+1 4
Es [0 -l < ol B°GP. (29)

—t+1
2. For Scheme II, assuming p1 = py = - -+ = py = . the expected difference w't" — 6" is bounded by

—t+1H2 4(N7K)

—t+
Es, |6 —t

n; E*G® (30)

Lt . .
Proof. We prove the bound for Scheme I as follows. Since 8 = % Zf; 'wﬁl , taking expectation over Sy 1, we
have

N
—t+1 _ 1 .
B 8" @ =B 1 3t — @R = L3 gl — w1 G
=1 k=1

We note that since t + 1 € 7, we know that the time ) =t — E' 4+ 1 € Zg is the communication time, which implies
{Hfo} is identical. Then

N

— 7t — t
> prllwitt —w s = Zp I(wy —87) — (@ ~87)|3 < Zmll'werl 0°13 (32)
k=1
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Similar to Lemma D.2, the last inequality is due to E|X — EX||2 < E||X||3 where X = wfjl - gto, and
SN pr(wit —8") = w'+! — 8" Similarly, we have

pRE[witt —8°|12]

= =
Mz

1
Es [0 —@3] <

b
Il
—

I
= =
Mz

prE[Jlwi — 03 [13]

ol
Il
-

= \

] = HMZ

e[| Y o )

s=tg

IN

N\H ==

piE Z E[||nsvi(05; Z5+Y)|12]

1 s=to

4
E’n; G* < Kn§E2G2. (33)

ol
Il

. attl
Then we prove the bound for Scheme II. Since 0" = + Z{il wfjl, we have

Es, [0 — @t ||2]

o [l St -]
1
= Es, [u z 1{i € Si}(wit! —w“l)\\ﬂ
i=1

N
1 . _ .. _ —
=% { E P(i € Sp)||lwit — w3 + E P(i,j € &) (with —w'*, w§-+1 —w'th)
i=1

J#i
_ 1 iv: ||w7?+1 t+1|| K—-1 Z <,wt_+1 _wttl ittt _ﬁt+1>
KN & 2t KN(N —1) £ e
N
1 K _
= w0 W) 2 el - w . (34)
=1

xg:g ; and the last equality

Note that the second last equality holds because P(i € S;) = £ and P(i,j € S;) =
holds because

t+1 —t-i—l ||2 + Z Et+17 w;Jrl _ Et+1>

N
2w
i=1 i#]
i < AR (iw) B Nwt+1> o
i=1 j=1

Recall that
N N .
> pellwitt w3 <> pellwit - 073,
k=1 i=1
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we get
t+1 1 K N
]E 6 _ at+1y2 — 177E fj+17—t+12
N K _[<\1 :
<2 1-HE[ S = et - 82
N K 4(N - K)
<————(1— =)4?E*G? = —0?F?G? 35
where the last inequality can be found in (22) in the proof of Lemma D.2. [

Lemma D.7. Under Under Assumption 2.1, 2.2, 2.3, 2.5, and the condition that n; < fi/ca, , 1 < nty < 21 where
to = maxy{s € N|Es < t}, 11 < ¢ forany t > 0, 1 < % and nf /i < 1+ (/2)n},, for any t > 0 and
q=1,2,3, we have

t

—t+1 - —0 2 2caocs 2cic3 2cg
Es, (107 — 07513 < [[(1 = jim)||0° — 07°||; + =) + ——nf + =, (36)
pals fi fi fi
(cg for Scheme I, replace cg with cy in Scheme II) where we define cg := 202 + %EZG2 in Scheme I, and cg :=
202 + AN=K) p22 iy Scheme II.

K(N—1)

Proof. Note that
8" — 67|13
=8 —w w075

— ([0 —w |+ |t - 075 2wt — 0, T - 67 (37)

Ty Ty Ts

When expectation is taken over S 1, the last term 73 vanishes due to Lemma C.1.

. s .. . . .
If t + 1 ¢ Zg, T} vanishes since 0t+ —wt! by definition when ¢ 4 1 is not a communication step. For term 75, it’s
not hard to see that we can use Lemma B.1 to derive one step bounds for it (and use (25) in Lemma D.4), and thus we
have

E[|6"" - 675|3] = E[|[w' ! — 075|13]

- —t 2 .
<(1- ;mt)E| |0 - 0P5| |2 + 02077121 + 010777? + 20277?, (38)

and we recall that ¢; := W, c2 = 4[0? + L*(1 + €maz)?], 3 := 4(E — 1)2G?, i := p — (1 + §)eL.

Ift + 1 € g, then we have the following result from Lemma D.6,
—t+1
E6 —6"%3]
=E[|0" - w'*3] + E[[wtt! - 675 3]

~ —t 2
< (1 - mp)E||6 — BPSHQ + coern) + cremm} + csny, (39)

where we recall cg := 20 + # E?G? in Scheme I, and ¢g := 202 + ‘;{(é\]’\,__lig E?G? in Scheme II.
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The only difference between (26) and (39) is in (cg — 20%)n?. Therefore, we can use similar techniques to show the
convergence,

—t+1 - —t 2
E[||6 — 0753 < (1 — fin,)E||6° — 07%|| + cacrn + crerm + csn}
t
~ —0 PS|2
o | (C Ol A
i=0
t t
+ IT a—am) (0207772l + crem; + 08775)
s=1i=s+1
t
N —0 2 2c9ct 2cic7 2cg
<[ —am)|6" — 675, + —=—ni + ——ni + ="n:
pi f f f
(cs for Scheme I, replace cg with ¢g in Scheme II). O

Theorem D.8. (Full participation convergence theorem, alternative assumption)
Under Assumption 2.1, 2.2, 2.3, 2.5, the full participation scheme has convergence rate (’)(%) i.e., denote Ay =

IE[H@t — 0793, then for some ~ > 0,

v
A < e (40)
where v ;= max{ 626754772?;677?3771“8‘32 , (v + 1)A1} (cs for Scheme I, replace cg with cy in Scheme II).
Proof. We will show it on the partial participation algorithm, and the proof for the full participation is similar.
For a diminishing step size 1, = % for some 8 > % and v > 0 such that 7, < min{%, ﬁ} = ﬁ and n; < 2n44 .
We will prove A\; := IE[HEt - 093] < 7> where v := max{ 026764772*'5;6_7{33771“852 ,(y+1)A1}. We prove

this by induction. Firstly, the definition if v ensures it holds for ¢ = 1. Assume it holds for some ¢, i.e., 7, = %, then
it follows that

Npp1 < (1 =)y + cacon} + crem? + csn?

<o PRy Bt | acB | B
t+ytty ()t () (E49)?

oty -1 cocrBt e csf3” Bu—1

IR [ R ]

0% ) )2 2
cttr—1 [ cacr cre73° csf3? Bp—1 ]
(

N (e R N (N e B (Y v (e R (ERPY

Si
t+y+1

(41)

(cs for Scheme I, replace cg with cg in Scheme II), where i, ¢1 to cg are defined the same as in earlier proofs, and thus
the O(1/T) convergence rate is shown. O
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E Experiments

E.1 Numerical simulation

E.1.1 Learning rate decay (Figure 6)

2 | )
10 —— constant learning rate

Distance to the stable point

0 1 2 3 4 5 6
Iterations 1e3

Figure 6: Constant learning rate on ExpGaussian. Full participation with £ = 10. The learning rate is set to 0.02.

E.1.2 Scheme II with lower learning rate (Figure 7)

2
1044 —— High Variance p

Distance to the stable point

0 1 2 3 4 5 6
Iterations 1es

Figure 7: Sampling without replacement on ExpGaussian. The variance of p; is set to 0.01. The learning rate is set
5

10 70000

E.2 Credit score strategic classification

Figure 8 shows the losses and distances to the PS solution for the full participation, Scheme I and Scheme II using
batch size 1 in client gradient descent. Figure 9 and 10 show the same figure with batch size 4 and 16, respectively.
The scales of y axes are set equal for convenience of comparison. Using a larger batch size improves the convergence
speed for all three schemes, especially for the two schemes of partial participation, both converging as fast as the full
participation with batch size 16.

To study how batch batch size affect the convergence, we initialize P-FedAvg with 67, the solution that minimizes

the performative objective function. Due to the randomness of minibatch stochastic descent, we expect the parameter to
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Figure 8: The losses (a) and distances (b) to the PS solution for the full participation, Scheme I and Scheme II using

batch size 1 in client gradient descent.
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Figure 10:
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Same as Figure 8, but using batch size 4.
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Same as Figure 8, but using batch size 16.
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Figure 11: The loss functions and the distance to 8~ of P-FedAvg initialized with 6 ~.

deviate from 87 and gradually stabilize back to 07 as the algorithm proceeds with decaying step sizes. It can be
seen from Figure 11 (b), (c) and (f) that it is indeed the case for batch sizes larger than 1. This motivates our choice of a
batch size larger than 1.

40



	1 Introduction
	1.1 Related Works

	2 Problem Formulation
	2.1 System Settings and Objectives
	2.2 Key Assumptions
	2.3 Properties of the PS Solution
	2.4 The P-FedAvg Algorithm

	3 Convergence Analysis
	3.1 Convergence of Full Participation
	3.2 Convergence of Partial Participation
	3.3 Discussions on the Algorithm and Solution

	4 Numerical Experiments
	4.1 Weighted Gaussian mean performative prediction
	4.2 Credit Score Strategic Classification

	5 Conclusion
	A Proof of Proposition 2.8 and 2.9
	B Proof of Theorem 3.1
	B.1 Additional Notation
	B.2 Key Lemmas
	B.3 Completing the Proof of Theorem 3.1
	B.4 Deferred Proofs of Key Lemmas

	C Proof of Theorem 3.2 and Theorem 3.3
	C.1 Additional Notations
	C.2 Key Lemmas
	C.3 Completing the proof of Theorem 3.2 and 3.3
	C.4 Deferred Proofs of Key Lemmas

	D Proof of convergence under the alternative assumption in (3)
	E Experiments
	E.1 Numerical simulation
	E.1.1 Learning rate decay (fig:learningrate)
	E.1.2 Scheme II with lower learning rate (fig:highvarp)

	E.2 Credit score strategic classification


