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1. Introduction

With the accumulated collision data of Run 2 at the Large Hadron Collider (LHC), and espe-
cially the data that will be collected in the High-Luminosity phase of LHC (HL-LHC), the experi-
mental uncertainty keeps decreasing for many benchmark processes, motivating theory predictions
with correspondingly high precision. Currently, several benchmark computations in Quantum
Chromodynamics (QCD) are available at next-to-next-to-next-to-leading order (N3LO) for inclu-
sive cross sections [1–5], and for more di�erential distributions [6–10]. The resulting predictions
are based on NNLO parton distribution functions (PDFs) and therefore carry a residual uncertainty
due to the missing N3LO PDFs. The evolution of N3LO PDFs requires the N3LO (four-loop)
splitting functions, which are currently still not completely known. Furthermore, the four-loop
splitting functions are also important ingredients to complete N4LL resummations for Drell-Yan
and single Higgs production.

Given the importance of splitting functions, they are widely studied in the literature. Many
fruitful results are extracted from deep-inelastic scattering (DIS) or DIS-like processes with one-
loop [11], two-loop [12, 13], three-loop [14, 15], and low moments four-loop results [16] available.
The splitting function results to three-loop have been verified multiple times, from hadronic cross
sections [3, 4] or from operator matrix elements (OMEs) which we will elaborate upon in more
detail below.

As one of the most e�cient methods for the determination of splitting functions [17], the
OME method has been studied for a long time. The OMEs are defined as matrix elements of local
operators,

�8 9 = h 9 (?) |$8 | 9 (?)i , 8, 9 = @ or 6 . (1)

The operators we consider in the following are the so-called leading twist (twist-two) contributions
in the operator product expansion that encode the collinear physics at leading power. According
to the flavour group, the twist-two operators are divided into non-singlet and singlet parts. The
non-singlet operators of spin-= are given by

$@,: =
1
2
⇥
k̄8 /�(� · ⇡)

=�1
8 9

_:

2
k 9

⇤
, (2)

where _: is a diagonal generator of the flavour group. The singlet quark and gluon operators are
obtained as
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8 9 k 9

⇤
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⇤
, (3)

where the covariant derivative in quark and gluon operators are defined by

(⇡`)8 9 = m`X8 9 � 86B ()
0
)8 9�

0
` , ⇡01

` = m`X
01

� 6B 5
012�2

` , (4)

respectively. The non-singlet operator $@,: is distinguished from singlet operators by the quark
flavor and is multiplicatively renormalized,

$R
@,: = /ns$B

@,: . (5)
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The two singlet operators have the same quantum number and therefore mix under renormalization,
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!R
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/@@ /@6

/6@ /66

!  
$@

$6

!B

. (6)

The anomalous dimensions W8 9 of the twist-two operators are related to the splitting functions
through a Mellin transformation

W8 9 (=) = �

π 1

0
3I I=�1%8 9 (I) , (7)

and the coe�cients of the perturbative expansion W8 9 =
Õ

1

;=0 W
(;)
8 9 (UB/(4c));+1 can be extracted

from the single pole of the corresponding renormalization factors,
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where UB = 62
B/(4c), 6B is the strong coupling constant, and n = (4 � 3)/2 is the dimensional

regulator.
Depending on the nature of the external parton states in Eq. (1), one distinguishes on-shell and

o�-shell OMEs. The renormalization procedure in Eq. (5) and Eq. (6) remains valid only for on-
shell OMEs. However, at least one-mass scale is needed to keep the on-shell OMEs non-vanishing
in dimensional regularization. In the literature, three approaches were proposed to generate the
mass scale. The first one is to consider an operator insertion with non-zero momentum transfer
and the one-loop case was studied in Ref. [18]. The method introduces not only one mass scale
but also an external momentum resulting in much more scalar products, such that the calculation
becomes very involved at higher orders. The second method introduces an internal mass scale and
was widely used to study the 3-loop heavy flavour quark contributions in DIS [19–22]. The third
method introduces the mass scale by imposing phase-space constraints and was used to compute,
for example, three-loop beam functions [23–26]. As a by-product, these calculations based on the
second and the third method also confirm the splitting functions to three loops independently.

Regarding the o�-shell OMEs method, there is no need to introduce other scales since the
o�-shellness of the external particle sets the mass scale. From the point of view of computational
e�ciency, the computation of purely massless o�-shell OMEs is preferable over on-shell OMEs
with phase-space constraints or with an internal mass. The massless o�-shell OMEs are however
non-physical objects since the virtuality of external quark or gluon states should be zero in massless
QCD. For the non-singlet case, the renormalization in Eq. (5) is still correct, since only a single
operator exists for a specified quark flavour and it can not mix with other operators. As a result,
computations of non-singlet splitting functions based on the o�-shell OMEs method are very
advanced. Historically, both the one-loop [27] and two-loop [28] non-singlet splitting functions
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were first calculated using this method. The three-loop non-singlet splitting functions were rederived
with this method in Ref. [29, 30]. At four loops, partial results for the non-singlet splitting functions
have been obtained in Ref. [31]. In particular, the authors reconstructed the full-= leading-color
results from fixed Mellin moments up to = = 20. Together with Mellin moments up to = = 16
for the full-color contribution, these results constitute the state-of-the-art precision for non-singlet
splitting functions.

For the singlet case, three-loop calculations based on the massless o�-shell OME method are
available only for the polarized splitting functions [32, 33]. Calculations for the unpolarized singlet
splitting functions, however, are much less advanced with this method. This is mainly because
the renormalization procedure in Eq. (6) is no longer valid in the sense that the operators $@ and
$6 will also mix with some unknown a priori gauge-variant (alien) operators. The new mixing
was first pointed out by Gross and Wilczek in 1974 [17] when the first one-loop singlet splitting
function was calculated. In the seminal work of Dixon and Taylor [34] the set of gauge-variant
operators relevant at order 6B was constructed explicitly. These results enabled subsequently the
determination of the correct singlet renormalization at two loops [35], thereby resolving earlier
inconsistencies [36, 37]. All-order renormalization conditions for the gauge-invariant operators $@

and $6 were derived by Joglekar and Lee [38], confirming the results of [34] but not providing a
procedure for the construction of gauge-variant operators at higher orders in 6B.

Most recently, Falcioni and Herzog [39, 40] revisited the conditions formulated by Joglekar and
Lee [38] and established a framework based on BRST symmetry, that allows inferring the gauge-
variant operators and their associated renormalization factors at fixed = order-by-order in the loop
expansion and the strong coupling constant. They demonstrated their method with the derivation
of the three-loop anomalous dimensions for = = 6 and of the four-loop anomalous dimensions for
= up to 4.

In this study, we propose to overcome the current lack of understanding of the all-= structure of
the gauge-variant operators by devising a procedure for the direct extraction of the all-= Feynman
rules resulting from these operators. The method and results for all-= Feynman rules will be
presented in section 2. In section 3, we apply the newly derived Feynman rules to the computation
of singlet splitting functions with the massless o�-shell OME method and reproduce the all-= three
loop results of [15]. Finally, we conclude in section 4.

2. Systematic method of deriving all-= Feynman rules of gauge-variant operators

We start from the generalization of Eq. (6) by also including the gauge-variant operators.
Generally, the renormalization of the physical quark and gluon operators $@ and $6 can be written
as the following form,

$R
@ = /@@$

B
@ + /@6$

B
6 +

1’
8=1

#8’
9=1

⇣
/@�8, 9$

B
�8, 9

+ /@⌫8, 9$
B
⌫8, 9

+ /@⇠8, 9$
B
⇠8, 9

⌘
, (9)

$R
6 = /6@$

B
@ + /66$

B
6 +

1’
8=1

#8’
9=1

⇣
/6�8, 9$

B
�8, 9

+ /6⌫8, 9$
B
⌫8, 9

+ /6⇠8, 9$
B
⇠8, 9

⌘
, (10)
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Og Og Og

Figure 1: Sample Feynman diagrams for the direct extraction of Feynman rules for the 46 vertex from $�1

(left), @@̄66 vertex from $⌫1 (middle) and 22̄66 vertex from $⇠1 (right). All diagrams involve an insertion
of the physical operator $6.

where the gauge-variant operators are denoted as $�8, 9 for operators involving only gluon fields,
$⌫8, 9 involving two quarks plus gluons and$⇠8, 9 involving two ghosts plus gluons. We stress that, as
for$@ and$6, the gauge-variant operators are considered for generic =. The index 8 for the operators
is assigned such that the renormalization constants /@�8 , /@⌫8 , /@⇠8 and /6�8 , /6⌫8 , /6⇠8 are
starting at O(U8+1

B ) and O(U8
B), respectively. The index 8 is taken to extend to infinity since the

twist-two operators are not renormalizable in the sense that they have infinite mass dimension
when = tends to infinity. However, only a finite number of gauge variant operators are needed at
finite order of UB. We note that Joglekar and Lee have shown [38], that the renormalization of the
gauge-variant operators does not involve the physical operators.

Our key idea is to derive the (counter-term) Feynman rules due to the gauge-variant operators
instead of trying to derive the operators themselves. The main ingredient for deriving the Feynman
rules is to consider the one-particle-irreducible (1PI) o�-shell OMEs with multiple legs for both
sides of Eqs. (9) and (10), and impose the renormalization conditions. We only consider Eq. (10)
in the following, since we find it to be su�cient to derive the desired Feynman rules. Since the
OMEs of the renormalized operator $R

6 must be finite, if the divergences between the OMEs of
the operators $B

@ and $B
6 together with corresponding renormalization factors do not cancel each

other, contributions from the gauge-variant operators are needed to render the right-hand side of
the equation finite.

Let us focus on the contributions with 8 = 1 in Eqs. (9) and (10) due to the operators �1, 9 , ⌫1, 9
and ⇠1, 9 . We will see that it is su�cient to assume that there is only one gauge-variant operator for
each type of involved fields, that is, #1 = 1. Furthermore, we identify the renormalization constants

/@�1,1 = /@⌫1,1 = /@⇠1,1 ⌘ ^1 , (11)
/6�1,1 = /6⌫1,1 = /6⇠1,1 ⌘ [1 , (12)

which allows us to consider the combination

$�1 +$⌫1 +$⇠1 , (13)

where we abbreviated $�1 ⌘ $�1,1 , $⌫1 ⌘ $⌫1,1 , and $⇠1 ⌘ $⇠1,1 . We find in our explicit
calculations that Eqs. (11) and (12) are compatible with the requirement of transversity of the gluon
field. With this, the renormalization of the physical operators reads

$R
@ = /@@$

B
@ + /@6$

B
6 + ^1

�
$�1 +$⌫1 +$⇠1

�
+ . . . , (14)
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$R
6 = /6@$

B
@ + /66$

B
6 + [1

�
$�1 +$⌫1 +$⇠1

�
+ . . . , (15)

where we omitted 8 � 2 type terms in this first preliminary study.
As an example, to determine the Feynman rules for the 8 = 1 gauge-variant operators, we only

need to consider the 1PI one-loop o�-shell OMEs with $6 insertion since /6�8, 9 , /6⌫8, 9 , /6⇠8, 9

start at O(U2
B) or higher for 8 � 2. More precisely, to extract the Feynman rules for the ghost

operator $⇠1 at order 6<B , we start from the following 1PI o�-shell OMEs with < gluons and a pair
of ghost anti-ghost states,

h2 |$6 |2 + < 6i`1 · · ·`<, R
1PI = /2 (

p
/�)

<
⌦
2 |/6@$@ + /66$6 + [1$⇠1 + . . . |2 + < 6

↵`1 · · ·`<, B
1PI ,

(16)

where /2 and /� are wave function renormalization constants for ghost and gluon fields, respec-
tively. We perform a double expansion according to the number of loops (;) and legs (< + 2),

h2 |$6 |2 + < 6i`1 · · ·`< =
1’
;=0

h2 |$6 |2 + < 6i`1 · · ·`<, (;) , (<)

⇣UB

4c

⌘ ;
6<B (17)

and similarly for the other operators. To lowest order in UB, imposing the renormalization condition,
it is easy to express the Feynman rules through the single pole part of the 1PI one-loop OMEs,

[ (1)1 h2 |$⇠1 |2 + < 6i`1 · · ·`<, (0) , (<)

1PI = �

h
h2 |$6 |2 + < 6i`1 · · ·`<, (1) , (<) , B

1PI

i
1/n

. (18)

Here, [ (1)1 is defined through [1 = UB/(4c) [ (1)1 +O(U2
B) and can easily be determined for symbolic =

up to an overall constant by evaluating the right-hand-side for < = 0 and factorizing the dependence
on the kinematics. Similarly, we apply the method to the determination of Feynman rules for $�1

and $⌫1 and obtain

h6 |$�1 |6 + < 6i`a`1 · · ·`<, (0) , (<)

1PI = �
1

[ (1)1

⇢ h
h6 |$6 |6 + < 6i`a`1 · · ·`<, (1) , (<) , B

1PI

i
1/n

+


/ (1)
66 �

<

2n
V0 +

< + 2
2

/ (1)
�

�
h6 |$6 |6 + < 6i`a`1 · · ·`<, (0) , (<)

1PI

�
, (19)

h@ |$⌫1 |@ + < 6i`1 · · ·`<, (0) , (<)

1PI = �
1

[ (1)1

⇢
/ (1)
6@

h
h@ |$@ |@ + < 6i`1 · · ·`<, (0) , (<)

1PI

i

+

h
h@ |$6 |@ + < 6i`1 · · ·`<, (1) , (<) , B

1PI

i
1/n

�
. (20)

Equations (18), (19) and (20) translate the task of finding the Feynman rules for the 8 = 1 type gauge-
variant operators into the computations of 1PI one-loop multi-point o�-shell OMEs. The details
of these computations will be presented in a forthcoming paper. The extraction of contributions
from 8 � 2 type gauge-variant operators requires us to consider the multi-point, o�-shell OMEs
at two loops or higher, which is in itself a complicated task and still work in progress. However,
the Feynman rules up to 62

B for the 8 = 1 type gauge-variant operators are proving to be su�cient
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to extract the three-loop, all-=, singlet splitting functions in the Feynman gauge, which will be
presented in the next section.

The Feynman rules to order 6B for $�1 and $⇠1 were first listed in the reference [35]. Upon
correction of some typos there [41], we find full agreement with them. The Feynman rules to order
6B for $⌫1 were first given in [42], we also find full agreement. Our Feynman rules at order 62

B

for the 8 = 1 type of gauge-variant operators are new. We present them in the following, with
the convention of all momenta flowing into the vertex. The Feynman rules due to $⌫1 for quark
interactions with up to 2 additional gluons are obtained as

p1, i1 p2, i2

! 0 , (21)

p1, i1 p2, i2

p3, µ3, a3

! �
1
2
(1 + (�1)=)

2
8 6B �`3)03

8281
/�
�
� · (?1 + ?2)

�=�2 , (22)

p1, i1 p2, i2

p3, µ3, a3 p4, µ4, a4

! �
8

8
(1 + (�1)=)

2
62
B�

`3�`4 ()03)04 � )04)03)8281
/�

=�3’
91=0

✓
3 (� · (?1 + ?2))

� 91+=�3 ⇥
(�� · ?3)

91 � (�� · ?4)
91
⇤
� (�� · ?4)

91 (� · ?3)
� 91+=�3

◆
.

(23)

The Feynman rules due to $�1 for the interaction of up to 4 gluons are obtained as

p1, µ1, a1 p2, µ2, a2

! �X0102
(1 + (�1)=)

2


� � · ?1

�
?`

1 �
a
+ �`?a1

�
+ 2�`�a?2

1

�
(� · ?1)

=�2 , (24)
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p1, µ1, a1 p2, µ2, a2

p3, µ3, a3

!
1
8
(1 + (�1)=)

2
6B 5

010203

✓
� 4�`36`1`2� · ?1 (� · (?1 + ?2))

=�2

� 3�`1�`3 ?`2
2

=�2’
91=0

⇣
(�� · ?2)

91 (� · ?1)
� 91+=�2

⌘
+ 2�`1�`2

⇣
4?`3

2 + ?`3
3

⌘
(� · ?1)

=�2

� �`1�`2�`3 (?1 · ?1 � ?1 · ?2 + ?2 · ?2)
=�3’
91=0

⇣
(�� · ?2)

91 (� · ?1)
� 91+=�3

⌘ ◆
+ permutations ,

(25)

p1, µ1, a1 p2, µ2, a2

p3, µ3, a3 p4, µ4, a4

!
1
96

(1 + (�1)=)
2

862
B

⇢
3�`1�`26`3`4

✓
8 (2 5 00103 5 00204 � 5 00102 5 00304) (� · ?1)

=�2

� 5 00102 5 00304 (� · ?1 + � · ?2 + 2� · ?3)

⇥

=�3’
91=0

 ⇥
6 (� · (�?1 � ?2))

91 + (� · ?2)
91
⇤
(�� · ?1)

� 91+=�3
� ◆

+ 2�`1�`2�`3�`4

✓
(?1 · ?1 + ?1 · ?2 + ?1 · ?3 + ?2 · ?2 + ?2 · ?3 + ?3 · ?3) 5

00103 5 00204

+ (4?1 · ?1 � 5?1 · ?2 � 5?1 · ?3 � 5?2 · ?2 � 5?2 · ?3 + 4?3 · ?3) 5
00102 5 00304

◆

⇥

=�4’
91=0

91’
92=0

⇣
(�� · ?3)

92 (� · (?1 + ?2))
91� 92 (� · ?1)

� 91+=�4
⌘

� �`2�`4 ( 5 00103 5 00204 + 13 5 00102 5 00304)

⇣
�`1 ?`3

3 � �`3 ?`1
1

⌘

⇥

=�3’
91=0

91’
92=0

⇣
(� · (�?1 � ?2))

91� 92 (� · ?3)
92 (�� · ?1)

� 91+=�3
⌘
+ 3�`1�`2�`4

⇥

⇣
4?`3

1 + ?`3
3

⌘
5 00103 5 00204

=�3’
91=0

 ⇥
4 (� · (?1 + ?3))

91 + (� · ?4)
91
⇤
(�� · ?2)

� 91+=�3

+ 2 (� · ?4)
91 (� · (�?1 � ?3))

� 91+=�3
�
+ 301020304

A (· · · )

�
+ permutations , (26)

where plus permutations means that we add the contributions from permutations of all involved
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gluons. Further, 301020304
A is the totally symmetric color structure and contributes to the splitting

functions only at the four-loop level. The Feynman rules for $⇠1 and the color structure 301020304
A

in Eq. (24) will be presented in a future publication. Our results in Eq. (24), Eq. (21) and also the
Feynman rules for $⌫1 are in closed forms with generic = dependence and with the renormalization
constants being factored out. Therefore, it shows that only three operators, i.e. $�1 ,$⌫1 and $⇠1 ,
are needed for 8 = 1 and up to 4 legs, thus providing strong evidence for our statement right above
Eq. (11). It also explicitly verifies the correctness of Eqs. (11) and (12) at the one-loop level. As
we discuss in the following, our setup allows us to successfully reproduce the literature result for
the three-loop singlet splitting functions.

3. Three-loop singlet splitting functions from o�-shell OMEs

With the newly derived Feynman rules for the 8 = 1 type gauge-variant operators in section 2, we
are ready to apply the o�-shell OME method to compute the three-loop singlet splitting functions.
Unlike the derivation of Feynman rules in the last section, at this point, we only need to compute
two-point multi-loop o�-shell OMEs. However, one can not naively apply integration-by-part
(IBP) reductions [43] to the OMEs since non-standard terms involving the symbol = appear in the
Feynman rules of the twist-two operators, see for example Eq. (24). For example, the terms like
(� · ?)=�2 with scalar products raised to arbitrary power need to be dealt with properly. We adopt
the method first proposed in [44, 45] to sum the non-standard terms into a linear propagator with
the help of a tracing parameter G,

(� · ?)=�2
!

1’
==2

G= (� · ?)=�2 =
G2

1 � G� · ?
. (27)

With the help of Eq. (27) and its generalization to multiple sums, we are able to map all Feynman
rules to quantities in resummed-G space involving linear propagators. We work in resummed-G
space throughout and revert back to = space at the end of the calculation by expanding in G and
extracting the coe�cient of G=.

In this way, the computation follows a standard computational framework. We use QGRAF [46]
to generate all relevant Feynman diagrams, and substitute the resummed-G space Feynman rules in
Mathematica. Subsequently, FORM [47] is used to to evaluate the Dirac and color algebra. Then,
we use Reduze 2 [48] as well as FeynCalc [49] to classify the list of integrals into a small set
of integral families. Several public packages implementing Laporta’s algorithm [50] were used
extensively to perform IBP reductions: FIRE6 [51] in combination with LiteRed [52], Reduze
2 [48] as well as Kira [53].

To solve the master integrals, we choose to derive di�erential equations [54–56] with respect to
the parameter G [57]. We manage to turn them into canonical form [58] using the public packages
CANONICA [59, 60] and Libra [61, 62]. The integration involves only the forms d ln(G), d ln(1� G)

and d ln(1 + G), and the boundary constants are conveniently fixed at G = 0, where the integrals
are just standard massless propagator integrals [43, 63–66]. In this way, the o�-shell OMEs are
written in terms of harmonic polylogarithms [67] with argument G. The OMEs in G space are turned
into = space expressions in terms of harmonic sums [68, 69] with the help of the Mathematica
package HarmonicSums [70, 71]. In the end, we obtain h 9 (?) |$@/6 | 9 (?)i to three loops and

9
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Og OA1
OA2 ,j

Figure 2: Sample Feynman diagrams for three-loop singlet splitting functions, with contributions from the
physical operators to three loops (left), the 8 = 1 type gauge-variant operators to two loops (middle) and the
8 = 2 type gauge-variant operators to one loop (right).

h6(?) |$�1 |6(?)i, h@(?) |$⌫1 |@(?)i, h2(?) |$⇠1 |2(?)i to two loops with general b dependence,
where b is the gauge parameter and b = 1 in Feynman gauge.

From Eq. (10) it is easy to tell that the one-loop OMEs of 8 = 2 type operators also contribute
to the three-loop singlet splitting functions for general b < 1. Their associated Feynman rules are
still work in progress. As a first step, we just omit the 8 = 2 contributions (dots) in Eqs. (14)-(15).
Interestingly, we still reproduce the three-loop all-= singlet splitting functions W (2)

:;

��
VMV presented

in Ref. [15] in Feynman gauge with b = 1,

W (2)
@@

���
this study

� W (2)
@@

���
VMV

= 0 , W (2)
@6

���
this study

� W (2)
@6

���
VMV

= 0 ,

W (2)
6@

���
this study

� W (2)
6@

���
VMV

= 0 , W (2)
66

���
this study

� W (2)
66

���
VMV

= (1 � b) [· · · ] . (28)

The correctness of @ to 6 splitting in covariant gauge with general b dependence implies that the
Feynman rule of the @@̄6 vertex from 8 = 2 type contributions should be zero.

4. Conclusion

Massless o�-shell operator matrix elements allow for a very e�cient computation of higher-
order splitting functions. In the singlet case, however, there is a longstanding problem: the physical
quark and gluon operators mix with some unknown gauge-variant operators under renormalization.
We developed a novel method to directly extract the all-= Feynman rules resulting from those un-
known operators. The method translates the determination of Feynman rules into the computations
of multi-loop multi-point OMEs. As a first study, we obtained the all-= Feynman rules for the
leading contributions of the gauge-variant operators and applied them to the computation of the
three-loop singlet splitting functions. Interestingly, we found that we reproduced the three-loop
all-= singlet functions in Ref. [15] in Feynman gauge even though the next-to-leading contributions
of the gauge-variant operators were not included. Work on the Feynman rules associated to these
contributions is still in progress.
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