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Abstract

We study the problem of PAC learning y-margin halfspaces with Random Classification
Noise. We establish an information-computation tradeoff suggesting an inherent gap be-
tween the sample complexity of the problem and the sample complexity of computationally
efficient algorithms. Concretely, the sample complexity of the problem is ©(1/(v%¢)). We
start by giving a simple efficient algorithm with sample complexity 5(1 /(7%€2)). Our main
result is a lower bound for Statistical Query (SQ) algorithms and low-degree polynomial
tests suggesting that the quadratic dependence on 1/¢ in the sample complexity is inherent
for computationally efficient algorithms. Specifically, our results imply a lower bound of
Q(1/(v'/%€%)) on the sample complexity of any efficient SQ learner or low-degree test.
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1. Introduction

This work studies the efficient learnability of halfspaces with a margin in the presence of
random label noise. Before we present our contributions, we provide the necessary back-
ground. A halfspace or Linear Threshold Function (LTF) is any Boolean-valued function
h : RY — {£1} of the form h(x) = sign(w-x — #), where w € R? is the weight vector
and 0 € R is the threshold. The function sign : R — {£1} is defined as sign(t) = 1 if
t > 0 and sign(t) = —1 otherwise. The problem of learning halfspaces with a margin — i.e.,
under the assumption that no example lies too close to the separating hyperplane — is a
textbook problem in machine learning, whose history goes back to the Perceptron algorithm
of Rosenblatt (1958). Here we study the problem of PAC learning margin halfspaces in the
presence of Random Classification Noise (RCN) (Angluin and Laird, 1988).

Before we describe the noisy setting (the focus of this work), we recall the basics in the
realizable PAC model (Valiant, 1984) (i.e., when the labels are consistent with the target
concept). We will henceforth assume that the threshold is # = 0, which is well-known to be
no loss of generality. The setup is as follows: there is an unknown distribution (x,y) ~ D
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on S%1 x {41}, where S?~! is the unit sphere on R?, such that y = sign(w* - x) for some
w* € R? with |[w*||2 = 1. The margin assumption means that the marginal distribution
of D on the examples x, denoted by Dy, puts no probability mass on points with distance
less than v € (0,1) from the separating hyperplane w* - x = 0; that is, we have that
Prx.p, [[W* - x| <] = 0. The parameter ~ is called the margin of the target halfspace.

In this context, the learning algorithm is given as input a desired accuracy € > 0 and a
training set S = {(x(*, )} | of i.i.d. samples from D. The goal is to output a hypothesis
h:RY — {£1} whose misclassification error err ;(h) = Pr(x,)~p[h(x) # y] is at most ¢
with high probability'. The aforementioned setting is well-understood. First, it is known
that the sample complexity of the learning problem, ignoring computational considerations,
is O(1/(v%€)); see, e.g., Shalev-Shwartz and Ben-David (2014)2. Moreover, the Perceptron
algorithm is a computationally efficient PAC learner achieving this sample complexity. (This
follows, e.g., by combining the mistake bound of O(1/4%) of the online Perceptron with
the online-to-PAC conversion in Littlestone (1989).) That is, in the realizable setting, there
exists a computationally efficient learner for margin halfspaces achieving the optimal sample
complexity (within constant factors).

The high-level question that serves as the motivation for this work is the following;:

Can we develop “similarly efficient” algorithms in the presence of label noise, and
specifically in the (most) basic model of Random Classification Noise?

By the term “similarly efficient” above, we mean that we would like a polynomial-time

algorithm with near-optimal sample complexity (up to logarithmic factors).

This problem appears innocuous and our initial efforts focused towards obtaining such
an algorithm. After several failed attempts, we established an information-computation
tradeoff strongly suggesting that such an algorithm does not exist. We next describe our
setting in more detail.

Learning Margin Halfspaces with RCN The RCN model (Angluin and Laird, 1988)
is the most basic model of random label noise. In this model, the label of each example is
independently flipped with probability exactly 1, where 0 < n < 1/2 is a noise parameter.
Since its introduction, RCN has been studied extensively in learning theory from both an
information-theoretic and an algorithmic standpoint. One of the early fundamental results
in this field was given by Kearns (1998), who showed that any Statistical Query (SQ)
algorithm can be transformed into a PAC learning algorithm that is tolerant to RCN. This
transformation preserves statistical and computational efficiency within polynomial factors.

We return to our problem of PAC learning margin halfspaces with RCN. The setup is
very similar to the one above. The only difference is that the labels are now perturbed
by RCN with noise rate n (see Definition 1). As a result, the optimal misclassification
error is equal to 7, and the goal is to find a hypothesis that with high probability satisfies
errOD_l(h) < n+e. A closely related objective would be to approximate the target halfspace,
i.e., the function sign(w* - x), within any desired accuracy ¢ > 0. It is well-known (and
easy to derive) that the two goals are essentially equivalent, up to rescaling the parameter

1. Throughout this introduction, we will take the failure probability to be a small constant, say 1/10.
2. We are implicitly assuming that d = Q(1/+?); otherwise, a sample complexity bound of O(d/¢) follows
from standard VC-dimension arguments.
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e by a factor of (1 — 27). In this paper, we phrase our results for the misclassification error
with respect to the observed labels.

In this context, the sample complexity of PAC learning margin halfspaces with RCN is
equal to ©(1/((1 — 2n)72¢)). This bound can be derived, e.g., from the work of Massart
and Nedelec (2006). (That is, the sample complexity of the RCN learning problem is es-
sentially the same as in the realizable case — assuming 7 is bounded from 1/2 — within
logarithmic factors.) On the algorithmic side, a number of works, starting with Bylander
(1994), developed polynomial sample and time algorithms for this learning task. Specifi-
cally, Bylander (1994) developed a careful adaptation of the Perceptron algorithm for this
purpose. Subsequently, Blum et al. (1997) pointed out that an SQ version of the Perceptron
algorithm coupled with Kearns’ reduction immediately implies the existence of an efficient
RCN learner (see also Cohen (1997) for a closely related work). More recently, in a related
context, Diakonikolas et al. (2019) pointed out that a simple convex surrogate loss can be
used for this purpose (see also Diakonikolas et al. (2020) for a related setting).

The preceding paragraph might suggest that the RCN version of the problem is fully
resolved. The catch is that all known algorithms for the problem require sample complexities
that are polynomially worse than the information-theoretic minimum. Specifically, for all
known polynomial-time algorithms, the dependence of the sample complexity on the inverse
of the accuracy parameter € is at least quadratic — while the information-theoretic minimum
scales near-linearly with 1/e. It is thus natural to ask whether a computationally efficient
algorithm with (near-)optimal sample complexity exists. This leads us to the following
question:

Is the existing gap between the sample complexity of known efficient algorithms
and the information-theoretic sample complexity inherent?

In this paper, we resolve the above question in the affirmative for a broad class of algorithms
— specifically, for all Statistical Query algorithms and low-degree polynomial tests.
1.1. Our Results

The following definition summarizes our setting.

Definition 1 (PAC Learning Margin Halfspaces with RCN) Let D be a distribu-
tion over STt x {£1}, where STt is the unit sphere in RY, and let w* € S%1. Let
v € (0,1) and n € (0, %) For each sample (x,y) ~ D, the following assumptions both hold:

(A1) The unit vector w* satisfies the y-margin condition, i.e., Pr ,.p [[W* - x| <7] = 0.

(As) For each point x € S%1, the corresponding label y satisfies: with probability 1 — 7,
y = sign(w* - x); otherwise, y = —sign(w™ - x).

Given i.i.d. samples from D, the goal of the learner is to output a hypothesis h that with
high probability satisfies exrr ;(h) = Prxy~plh(x) #y] <n+e.

While our definition applies to homogeneous halfspaces, the case of general halfspaces, i.e.,
functions of the form y = sign(w™*-x —t), can easily be reduced to the homogeneous case by
increasing the dimension by one, i.e., writing y = sign((w*, —t) - (x,1)). By rescaling these
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vectors and letting w' := (w*,t)/v/1+12, and x' := (x,1)/v/2, we have a homogeneous
halfspace y = sign(w’ - x’) in d + 1 dimensions with margin v/1/2(1 + t2) > /2 equivalent
to our original problem. By the homogeneity assumption, it follows that the assumption
that the examples lie on the unit sphere is also generic (up to scaling). We also recall
that it can be assumed without loss of generality that the noise rate 5 is known to the
algorithm (Angluin and Laird, 1988).

To the best of our knowledge, prior to our work, the best known sample-complexity upper
bound of an efficient algorithm for our problem was O(1/(v*€?)) (Diakonikolas et al., 2019).
Our first result is a computationally efficient learner with sample complexity O(1/(72€2)).

Theorem 2 (Algorithmic Result) There exists an algorithm that draws N = O(1/(2€2))
samples, runs in time poly (N, d) and learns y-margin halfspaces up to misclassification error
1 + € with probability at least 9/10.

See Theorem 9 for a more detailed formal statement. While the above sample bound
does not improve on the e-dependence over prior algorithmic results, it does improve the
dependence on the margin parameter v quadratically — nearly matching the information-
theoretic lower bound (within logarithmic factors). An independent and contemporaneous
work by Kontonis et al. (2023) obtained a similar O,(1/(7?€?)) sample complexity result
for learning y-margin halfspaces with RCN in polynomial time, using a different algorithm
and techniques.

Our second and main result is an information-computation tradeoff suggesting that
the quadratic dependence in 1/€ is inherent for polynomial-time algorithms. Formally, we
establish such a tradeoff in the Statistical Query model and (via a known reduction) for
low-degree polynomial tests.

Statistical Query (SQ) Model Before we state our main result, we recall the basics of
the SQ model (Kearns, 1998). Instead of drawing samples from the input distribution, SQ
algorithms are given query access to the distribution via the following oracle:

Definition 3 (STAT Oracle) Let D be a distribution on R®. A statistical query is a
bounded function f : RY — [—=1,1]. For tolerance T > 0 of the statistical query, the STAT(7)
oracle responds to the query f with a value v such that |[v — Ex.p[f(x)]] < 7.

We note that other oracles have been considered in the literature, in particular VSTAT
(Definition 10); our lower bound also holds with respect to these oracles.

An SQ lower bound for a learning problem II is typically of the following form: any SQ
algorithm for II must either make at least ¢ queries or it makes at least one query with small
tolerance 7. When simulating a statistical query in the standard PAC model (by averaging
i.i.d. samples to approximate expectations), the number of samples needed for a 7-accurate
query can be as high as Q(1/72). Thus, we can intuitively interpret an SQ lower bound as
a tradeoff between runtime of (q) and a sample complexity of Q(1/72).

We are now ready to state our SQ lower bound:

Theorem 4 (SQ Lower Bound) For any constant ¢ > 0, any SQ algorithm that learns
~v-margin halfspaces on the unit sphere in the presence of RCN with n = 1/3 to error n+ €

requires at least 2(1/7)) queries or makes at least one query with tolerance 0(671/4_0).
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The reader is referred to Theorem 11 for a more detailed formal statement. The intuitive
interpretation of our result is that any (sample simulation of an) SQ algorithm for the
class of y-margin halfspaces with RCN either draws at least Q(1/(y'/27%?)) samples or
requires at least 2(1/ N time. That is, for sufficiently small ¢ (namely, € < 73/ 2+e). the
computational sample complexity of the problem (in the SQ model) is polynomially higher
than its information-theoretic sample complexity. See Theorem 43 for the implications to
low-degree polynomial tests.

Finally, we note that SQ lower bounds have been previously obtained for the (more
challenging) problem of learning halfspaces with bounded (Massart) noise in a variety of
regimes (Diakonikolas and Kane, 2022; Diakonikolas et al., 2022a; Nasser and Tiegel, 2022).
Importantly, all these previous results make essential use of the bounded noise model and
do not apply in the RCN setting.

1.2. Our Techniques

Upper Bound Our algorithmic approach is quite simple: we use projected subgradi-
ent descent applied to the leaky ReLU loss with parameter 7, as was done in previous
work (Diakonikolas et al., 2019). However, our analysis never explicitly makes a connec-
tion to minimizing the leaky ReLU loss; for our arguments, this loss is irrelevant. Instead,
we make a novel connection between the (sub)gradient field of the leaky ReLU loss and
the disagreement between how the vector w at which the subgradient is evaluated and an
optimal vector w* would classify points. Through this connection, we leverage the regret
analysis of projected subgradient descent to obtain a novel regret bound on the disagree-
ment probability Pr[sign(w; -x) # sign(w”* - x)], where w, are the iterates of the algorithm.
The obtained bound decomposes into three terms: (i) the standard regret term, which is
bounded by choosing the algorithm iteration count to be sufficiently high, (ii) an error
term bounded by the subgradient norm of empirical leaky ReLU at w*, and (iii) an er-
ror term that corresponds to the uniform convergence error of the disagreement function
1{sign(w - x) # sign(w* - x)}. The latter two terms are then bounded choosing the sample
size to be sufficiently high, yet bounded by O(1/(e242)).

SQ Lower Bound To prove our SQ lower bound, we bound from below the SQ dimension
of the problem; using standard results (Feldman et al., 2017) this implies the desired lower
bound guarantees. Bounding the SQ dimension from below amounts to establishing the
existence of a large set of distributions whose pairwise correlations are small. Inspired by
the technique of Diakonikolas et al. (2017), we achieve this by selecting our distributions
to be random rotations of a single distribution, each behaving in a standard way in all but
one critical direction. To ensure the necessary margin property, we make the x-marginals
of our distribution uniform over the hypercube in d < 1/ dimensions — as opposed to
Gaussian-like (as in Diakonikolas et al. (2017)).

The distributions we consider are quite simple. We define fy(x) = sign(v-x —t), where
v is a randomly chosen Boolean-valued vector and the threshold ¢ is chosen so that the
probability that v - x > t is of the order of e. We then let x be the uniform distribution
over the hypercube and let y = f,(x) with probability 2/3 and —fy(x) otherwise. By
picking many different vectors v, we get many different LTFs. We claim that there exist
many of these LTFs whose pairwise correlations (with respect to the distribution where
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x is independent over the hypercube and y is independent of x) are small, as long as
the corresponding defining vectors v and v’/ have small inner product (see Lemma 13 and
Lemma 14). Intuitively, this should hold because (i) both distributions are already e-close
to the base distribution, and (ii) when u and v are nearly orthogonal, fy(x) and f,(x) are
nearly independent of each other.

To analyze this inner product, we use a Fourier analytic approach. First, we note that
the sizes of the individual Fourier coefficients of f,; and fy, can be computed using Kravchuk
polynomials (see Claim 18). This allows us to show that they do not have too much Fourier
mass in low degrees. Second, we note that when taking the inner product of the degree-k
parts of the Fourier transforms of fy, and fs, we will have large amounts of cancellation of
terms, particularly when |u - v| is small or when k is large (see Claim 20 and Claim 21).
The size of the remaining term after the cancellation can be written in terms of another
Kravchuk polynomial, which we can bound. A careful analysis of all of the relevant terms
gives us the necessary correlation bounds which imply our main result.

1.3. Notation

For n € Z,, we use [n] to denote the set {1,...,n}. We use small boldface characters for
vectors and capital bold characters for matrices. For x € RY, ||x[|2 = (X%, x?)/? denotes
the £3-norm of x. We use x-y for the inner product of x,y € R? and By = {x € R?: ||x]| <
1} to denote the unit centered Euclidean ball in R?; when the dimension is clear from the
context, we omit it from the subscript. We use 1{A} to denote the indicator function of A;
equal to one if A is a true statement, and equal to zero otherwise.

We use E,.p[z] for the expectation of the random variable = according to the distribu-
tion D and Pr[€] for the probability of event £. For simplicity of notation, we may omit
the distribution when it is clear from the context. For (x,y) distributed according to D, we
denote by Dy the marginal distribution of x and by D, the marginal distribution of y. We
denote by Uy the uniform distribution over {+1}%.

2. Computationally Efficient Learning Algorithm

In this section, we give the algorithm establishing Theorem 2. We start by providing some
intuition for our algorithm and its analysis. We then formally state the algorithm and
bound its sample complexity and runtime. Due to space constraints, some of the technical
details and proofs are deferred to Appendix A.

Leaky ReLU, its subgradient, and intuition. The Leaky ReLU loss function with
parameter 1 € (0,1/2) is defined by

LeakyReLU, (z) := (1 —n)21{z > 0} + nz1{z < 0} . (1)

While the Leaky ReLLU has been used as a convex surrogate for margin halfspace classifica-
tion problems, this is not the core of our approach: we never argue about minimizing the
expected leaky ReLU loss nor that its minimizer is a good classifier. Instead, we rely on
the following vector-valued function g, : R? — R4

gn(w:x,y) = 5 [(1 — 2n)sign(w - x) — y)x 2)
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When x and y are clear from the context, we omit them and instead simply write g, (w). The
connection between g, and LeakyReLU is that g, (w) is a subgradient of LeakyReLU(w);
see, e.g., Diakonikolas et al. (2019, Lemma 2.1). However, this connection is not important
for our analysis and we do not make any explicit use of the leaky ReLU function itself.
What we do rely on is the following key observation.

Proposition 5 For any w,w € R?,
(8n(W) — gn(W)) - (w — W) = (1 — 2n)L{sign(w - x) # sign(w - x) }(|w - x| + |w - x|).

Proof By a direct calculation,

(80(w) — 1(W)) - (w — W) =+ (sign(w ) — sign(w - x))(w - x ~ % - x))
= P fw o x +wx

— (w-x)sign(w-x) — (W - x)sign(w - x)).

In the last expression, the term in the parentheses is zero when the signs of w-x and w - x
agree; otherwise it is equal to 2(|w - x| 4+ |W - x|), leading to the claimed identity. [ ]

In particular, recalling that w* is the weight vector of the target halfspace (see Defini-
tion 1), Proposition 5 implies that

(8n (W) —gy(w")) - (w—w") = (1 - 2n)1{sign(w - x) # sign(w" - x) }(|w - x| + [w" - x[). (3)

In other words, the inner product (g, (w)—g,(w*))- (w—w") is proportional to the Boolean
function 1{sign(w-x) # sign(w*-x)} that indicates disagreement between w and w* in how
they classify points x. In particular, if we argue that Ex.p, [1{sign(w-x) # sign(w*-x)}] =
Prisign(w - x) # sign(w* - x)| < € for some w, then we can immediately conclude that the
misclassification error of w is n + (1 — 2n)€, due to Definition 1, Item (Ag). Thus, for
the misclassification error is 7 4+ €. This is the approach that we take.

- __ €
€= 12

To carry out the analysis, given x(M), x| ... x®) drawn i.i.d. from Dy, we use

N
Pry(w) := (1/N) Y 1{sign(w - x¥) # sign(w* - x)} (4)
=1

to denote the empirical probability of disagreement between w and w*.

Projected subgradient descent and disagreement regret. Our Algorithm 1 is the
simple projected subgradient descent, applied to the subgradient of the empirical leaky
ReLU function, which given a sample {(x(), y(i))}ij\il drawn i.i.d. from D is defined by

N
gn(w) == (1/N) > g, (wix@,y@). (5)
=1

To utilize standard regret bounds for (projected) subgradient descent, we first observe
that g, is bounded for all w € R?. As a consequence, gy admits the same upper bound.
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Input: € >0,y € (0,1), 7 € (0,1/2), i.i.d. sample {x® ¢y from D, any wo € B

LetT:’rng}Zn)2—1-| M:(lfn)#m fOI‘tZOT—ldO

gn(we) = 2N Z 1 (1 — 2n)sign(w; - x@) — y(i))x(i)
Wit1 = projg(wy — ugn(wy)), where B = {x € Re: ||x|l2 < 1}
end
return {wy,...,wr}
Algorithm 1: PAC Learner for Margin Halfspaces with RCN

Claim 6 Given any w € R? and any (x,y) € ST x {~1,1}, |lgy(w;x,y)|l2 < 1—7. 4As a
consequence, given any set of points (x),y) € S¥1x {=1,1}, i € [N], |gn(w)|l2 < 1—1.

Proof By the definition of g, from Equation (2), we have

lgn (Wi x,9)ll2 = (1/2)[(1 = 2m)sign(w - x) — y|llx[l2 < (1/2)|(1 = 2n) + 1] =1 -,

where we have used that sign(-) € {—1,1}, y € {—1,1} and |x||]2 = 1. The bound on
llgn (w)||2 follows immediately from this bound, by its definition and Jensen’s inequality. H

The following lemma provides what can be interpreted as a regret bound for the dis-
agreement probability Pr[sign(w - x) # sign(w™ - x)]. We refer to is as the “disagreement
regret” and bound it using the regret analysis of projected subgradient descent, combined
with Equation (3) and Definition 1, Item (A;). Its proof is provided in Appendix A.

Lemma 7 Consider Algorithm 1. There exists t € {0,...T} such that
Pr[sign(w; - x) # sign(w” - x)|] < Ey + Eo + E3,

2 .
where By = = 2571)73;?, By = =5 lan (w)ll2, and Es = 747 S5 [Prisign(w; - x) #

sign(w* - x)] — Pry (wy)].

In Lemma 7, error E; is simply the empirical regret, which can be bounded by choos-
ing the number of iterations 7" in Algorithm 1 to be sufficiently high. Errors Fy and Ej
determine the sample complexity of our algorithm, and are dealt with in what follows.

Bounding the required number of samples. We now show that the errors Es and
E5 can be controlled by choosing a sufficiently large sample size N. We then combine
everything we have shown so far to state our main result on upper bounds in Theorem 9.

Lemma 8 Let Es and E3 be defined as in Lemma 7. For any € > 0,0 > 0, if N =
Q(d + W) log(%)), then with probability at least 1 — & we have Ea + E3 < 5.

We are now ready to state and prove our main upper bound result.

Theorem 9 Let D be a distribution on pairs (x,y) € ST~1x{£1} as in Definition 1. Then,
there is an algorithm (Algorithm 1) that for any given €,§ € (0,1) uses N = O(=—L d(1=2n) 2") +

2ﬂyQ)log((;)) samples, Tuns in time O(62 4 and learns ~y-margin halfspaces corrupted with
n-RCN up to error n + e, with probability at least 1 — 6.
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Proof Applying Lemma 7 and Lemma 8, we have that for N = O(M + #) log(%)),
with probability at least 1 — ¢, there exists ¢ € {0,...,T} in Algorithm 1 such that

. . . €
Pr {sgn(w ) 7 sizn(w’ - 3)}] < By + g5
where F; = (1_37%7;\7%? Hence, to ensure that Pr[sign(w; - x) # sign(w* - x)] <

< 5
% — 1, which is what Algorithm 1 does. The bound on

the runtime is then simply O(T'Nd), as the complexity of each iteration is dominated by
the computation of gy, which takes O(Nd) time. By Definition 1, Item (Asz), such a wy
misclassifies points x drawn from D with probability n + e.

What we have shown so far is that at least one of the vectors wy, ..., wr output by
Algorithm 1 attains the target misclassification error 1+ €, but we have not specified which
one. The appropriate vector can be determined by drawing a fresh sample {(x®), 5®)}Y'| of
size N = O(log(£)log(})) = O(log(%) log (%)) and selecting the vector w; € {wy, ..., wr}

with minimum empirical misclassification error % Zf\gl 1{sign(w; - X)) # 5@}, Clearly,

this additional step does not negatively impact the sample complexity or the runtime stated
in Theorem 9. The standard analysis for this part is provided in Appendix A. |

it suffices to choose T' >

Removing the Dependence on d from the Sample Complexity In Theorem 9,
the sample complexity N depends on d via the term %bg(%), which comes from the VC
dimension of O(d) that appears when bounding the error term E3. The dependence on d
can be avoided and replaced by 1/+2, using standard dimension-reduction; see Appendix A.

Low-Noise Regime When the noise parameter 7 is equal to zero (i.e., in the realizable
setting), the sample complexity of the problem is @(ﬁ) and is achievable via the classical
Perceptron algorithm. Based on the result of Theorem 9 and with the dimension reduction
discussed in the previous paragraph, we recover this optimal sample complexity with our
algorithm not only for n = 0, but also whenever n = O(e).

3. SQ Lower Bound For Learning Margin Halfspaces with RCIN

In this section, we establish our SQ lower bound result (Theorem 4) and its associated
implication for low-degree polynomial tests. In addition to the STAT oracle defined in the
introduction, we also consider the VSTAT oracle, defined below.

Definition 10 (VSTAT Oracle) Let D be a distribution on R%. A statistical query is a
bounded function f:R% — [—1,1]. Fort > 0, the VSTAT(t) oracle responds to the query f

with a value v such that |v — Exp[f(x)]| < 7, where 7 = max (1/t, \/VarXND[f(x)]/t).

Our main SQ lower bound result is stated in the following theorem.

Theorem 11 (Main SQ Lower Bound) Fizc e (0,1/2). Any SQ algorithm that learns
the class of y-margin halfspaces on S%~! in the presence of RCN with n = 1/3 within
misclassification error n + € either requires queries of accuracy better than 0(6’}/1/4_C/2),
i.e., queries to STAT(O(ey'/4=¢/2)) or VSTAT(O(v*~1/2/€?)), or needs to make at least
22007 statistical queries.
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3.1. Proof of Theorem 11

To prove the theorem, we construct a family of non-homogeneous margin halfspaces with
RCN such that any SQ learner requires the desired complexity. This result can be trans-
lated to an SQ lower bound for homogeneous halfspaces with almost as good margin (see
paragraph after Definition 1). The family of halfspaces that we construct is supported on
{£1}¢ and has margin v = Q(1/d). Note that we can straightforwardly extend this con-
struction to a higher dimensional space (by setting the values of the new coordinates of
points x ~ Dy to zero). Hence, our construction directly implies a similar SQ lower bound
for v-margin halfspaces on the unit sphere S*! for any d > 1/7.

Fix € € (0,1/2). For v € {#1}% let fy(x) = 1{v-x —t > 0} and choose t € R so that
Pr[fy(x) > 0] = 2¢. We define the distribution Dy over {£1}¢x {0, 1} as follows. We choose
the marginal distribution of x, denoted by (Dy)x, to be the uniform distribution over the
set {+1}?. For each x, we couple the random variable y by setting Pr[y = fy(x)|x] =1—17
and Pr[y # fyv(x)|x] = n. Let Ay be the conditional distribution of Dy, given y =1 and let
By be the conditional distribution of Dy, given y = 0. We denote by Ay(x) and By(x) the
pmf of Ay and By, respectively. Moreover, we denote by Uy(x) the pmf of U;. We first give
a closed form expression for the pmf of Ay and By,. Its proof can be found in Appendix B.

Claim 12 It holds Ay(x) = LUEUEE)1/,(x) and By (x) = 220U 20EE) 1/ (x).

Fix v,u € {£1}9. We associate each v and u to a distribution Dy and Dy, constructed
as above. The following lemma provides explicit bounds on the correlation between the
distributions Dy, and Dy, and its proof can be found in Appendix B.

Recall that the pairwise correlation of two distributions with pmfs D;, Dy with respect
to a distribution with pmf D is defined as xp(D1, D2) + 1 := 3, cx Di(x)D2(z)/D(x) (see
Definition 30). We have the following lemma:

Lemma 13 Let Dy be a product distribution over Uy x {0, 1}, where Pry yp,ly = 1] =
Prixy~p,[y =1]. We have xp,(Dy, Du) < 2(1 — 2n)(E[fy(x) fu(x)] — E[fv(X)] E[fu(x)])
and x*(Dv, Do) < (1 —2n)(E[fv(x)] — E[fv(x)]?).

To bound the correlation between fy, fu, we use the following key lemma whose proof
can be found in Section 3.2.

Lemma 14 (Correlation Bound) Let v,u € {+1}? and fy(x) = 1{v-x > 2t — d}.
Choose t so that E[fy(x)] = € for e € (0,1). Assume that |v-u| < O(d/polylog(d/e)). Then
there is an absolute constant C > 0 such that E[fy(x)fu(x)] < Clog?(d/e)e?|v - ul|/d + €.

The following fact states that there exists a large set of almost orthogonal vectors in
{=£1}¢. Tts proof can be found in Appendix B.

Fact 15 Let d € Z,. Let 0 < ¢ < 1/2. There exists a collection S of 2U%) vectors in
{+1}¢, such that any pair v,u € S, with v # u, satisfies |v - u| < d'/>*¢,

By Lemma 14, we get that for any two vectors v, u € {£1}¢, we have that xp, (Dy, Dy) <
C'log*(d/e)(1 — 2n)e®|v -u|/d and x?(Dy, Do) < (1 — 2n)4e for some C > 0.

10



TRADEOFFS FOR LEARNING MARGIN HALFSPACES WITH RANDOM CLASSIFICATION NOISE

By Fact 15, for any 0 < ¢ < 1/2, there exists a set S of 2%) vectors such that for
any two vectors v,u € S, we have that |v - u|/d < d°~'/2. Denote by D the set containing
the distributions Dy for each v € S and let Dy be a product distribution over Uy x {0,1},
where Pr(x ,y.py[y = 1] = 7+ 2(1 — 2n)e. By standard results (see Lemma 32), for the
decision problem B(D, Dy) of distinguishing between a distribution in D and the reference
distribution Dy, the following holds: any SQ algorithm either requires a query of tolerance
at most O(ed/>~/4) or needs to make at least 2°) many queries.

It remains to reduce the testing (decision) problem above to the learning problem.
This is standard, but we include it here for completeness. Suppose we have access to an
algorithm A that solves the RCN problem with margin v to excess error ¢ > 0. For
the distributions in the set D of hard distributions, the margin v is 1/(2d). We describe
how algorithm 4 can be used to solve the testing problem B(D, Dy). If the underlying
distribution were D, for some v € {£1}¢, then algorithm A would produce a hypothesis
h such that Pr yp, [(x) # y] < 1+ €. If the underlying distribution were Dy — i.e.,
the one with independent labels — then the best attainable error would be 1 + 2(1 — 2n)e
(achieved by the constant hypothesis h(x) = 1). Therefore, for n = 1/3 and ¢ = €/4,
algorithm 4 solves the decision problem B(D, D). This completes the proof of Theorem 11.

3.2. Proof of Lemma 14

We start with some definitions of the Fourier transform over the uniform distribution on
the hypercube. For a subset 7' C [d] and x € {£1}%, we denote x7(x) = [[;,erx;. For
a function f from {+1}%, let f(T) = E[f(x)xr(x)]. For a boolean function f : {£1}%
{0,1}, we can write f in the Fourier basis as follows, f(x) = > pciq E[f(2)x7(2)]x7(x) =

~

>orcpa f(T)xr(x). Note that x7(x) is an orthonormal polynomial basis under the uniform

distribution over {£1}%; this means that E[x7(x)x7(x)] = 67,77, where § is the Kronecker
delta. Further, for any two functions f1, fo : {£1}% — {0, 1}, we have that E[f1(x) fa(x)] =
>orca f1(T)f2(T). We also define the normalized Kravchuk polynomials as follows.

Definition 16 (Normalized Kravchuk Polynomials) Forn,a,b € Z; with0 < a,b <
n, the normalized Kravchuk polynomial K(n,a,b) is defined by

1

K(n,a,b) := (—1)lAnBl

(@) (5) acqBeima=als—

One can think of the normalized Kravchuk polynomial K(n, a,b) as the expectation over the
random subsets A, B of size a and b of —1 to the number of elements in the intersection of
A and B. Note that for n,a,b € Z; K(n,a,b) = K(n,b,a) and |K(n,a,b)| = |K(n,a,n—>b)|.
Furthermore, by definition, it also holds that |K(n,a,b)| < 1. The proof of the following
lemma can be found in Appendix B.

Lemma 17 Let d,m,k € Z. Then the following hold:
1. For k <d/2, it holds |KC(d, m, k)| < e*23F ((kd=")*/2 + (|d/2 — m|d~1)F) .

2. If k <d/2 and |d/2 —m| < d/4, then |K(d, m, k)| = exp(—Q(k)).

11
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For a vector v € {£1}%, we define the boolean function fy(x) = 1{v-x > t}. We first
calculate the Fourier transform of fy(x). The proof can be found in Appendix B.

Claim 18 (Fourier Coefficients) Fiz vector v € {£1}¢ and let fo(x) =1{v-x >t}
For T C [d], we have that the Fourier coefficient of f at xr(x), i.e., f(T), is given by

d
FT) = BIA G (x)] = xr(v)(-)T27 Y (j)lc(d,& I)

Proof of Lemma 14 Using Claim 18, we have that

2

E[fv(x =) Fo(T = Z (2 dz< ) (d,k,s ) > xr(v)xr(u)
TC[d] k=0 TC[d],|T|=k
2

:;;)@) (2 dZ() dks) K(d,m, k),

where m is the number of components for which v, u agree. We proceed by bounding each
2
term of this sum. To this end, we denote Ry = (§) (2 s (DK, k s)) K(d, k,m).

First note that Ry = E[fy(x)]?; to see this, observe that Ry = E[fy(x)xp(x)]? = E[fv(x)]?.
Next, we bound R;. We have the following claim, whose proof can be found in Appendix B.

Claim 19 It holds that |Ry| < 2724(-1)°,

Therefore, using that (Ctl:ll) = (dd;iQ) = (t/d) (f), we get that |Ry| < (t/al)2(2_d(ctl))2 <

€2/d. We next bound Ry, for k € {1,2,...,d — 1} (see Appendix B for the proof).

Claim 20 Let ¢ > 0 be a sufficiently large constant. We have that ZZ Zizg %3 Ry < €%/d.
Finally, the following claim bounds the small degree terms.

Claim 21 Let k' = clog(d/e), where ¢ > 0 is the absolute constant as in Claim 20. For
0<k<k ord—FkK <k<d, we have |Ry| < 4¢*k'|v - u|/d.

Proof We provide the proof for the case where 0 < k < &/, as the other case is symmetric.
Let a = |d—2m/|/d and note that a = |v-u|/d. From Lemma 17, we have that |I(d, m, k)| <
(a* + (log(d/€)/d)*/?). Thus, it follows that

2

|Ry| = ( (2 dz() dks)lC(d,m,k)

2

@ (2 dZ( >’< (d,k,s ) (a* + (log(d/e) /d)*/?)

d 2
Z) (Td > <d> K(d, k., 5)] + <e/d>20’f> (a* + (log(d/e)/d)*1?)

s=t
|s—d/2|<c’+/dklog(d/€)

\ /\

12
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where we used that [K(d, k,s)| < 1 and that 2%, (9)27¢ < 2exp(—(k — n/2)?/n) from
Hoeffding’s inequality, hence Zi 42! JaRTogd]e) (d) < (¢/d)?*. Futhermore, note that from

s

Lemma 17, we have that |K(d, k,s)| < (2k\/log(d/e)/d)* for |s — d/2| < ¢'\/dklog(d/e).

Therefore, we have that

2

d
Ry < 21 (Z) ((2\/log(d/6)/dk)k )3 <d> 271+ <e/d>2°’k> (a + (log(d/e)/d)*?)

s=t

<2t <Z> (2y/log(d/e)/dk)* (a* + (log(d/e) /d)*/?)

where we used that by our choice of ¢ it holds E[f,(x)] = €; therefore, ¥¢_, (i)2*d <e
Using the fact that x < clog(d/e) and that (f) < d*, we get that |Ry| < ¢2(2k")“"*(a* +
d=*/?) . Therefore, if a < C/poly(k’) for some sufficiently small absolute constant C' > 0,
we get that all the terms are bounded by the first term, i.e., we get that |Ry| < 4€’k'c. W

In summary, we have that 3¢_, Ry, < C'log?(d/e)e*|v-u|/d+ €2, for some absolute constant
C > 0. This completes the proof. |

4. Conclusions

We studied the classical problem of learning margin halfspaces with Random Classification
Noise. Our main finding is an information-computation tradeoff for SQ algorithms and
low-degree polynomial tests. Specifically, our lower bounds suggest that efficient learners
require sample complexity at least Q(1/(7*/2€2)) (while O(1/(y2€)) samples information-
theoretically suffice). A number of interesting open questions remain. First, there is still a
gap between O(1/(~2€2)) — the sample complexity of our algorithm — and the lower bound
of Q(1/(y'/%€?)). We believe that an SQ lower bound of Q(1/(ve?)) can be obtained with
a more careful construction, but it is not clear what the optimal bound may be. Second,
it would be interesting to obtain reduction-based computational hardness matching our SQ
lower bound, along the lines of recent results (Gupte et al., 2022; Diakonikolas et al., 2022b,
2023).
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Appendix A. Omitted Proofs from Section 2
A.1. Proof of Lemma 7
We restate and prove the following.
Lemma 7 Consider Algorithm 1. There exists t € {0,...T} such that
Pr[sign(w; - x) # sign(w” - x)|] < Ey + Eo + E3,
where Ey = (17;,%7;\%?, By = g5 18N (W) |2, and B3 = 743 Y, [ Prlsign(we - x) #
sign(w* - x)] — Pry(wy)].

Proof We first argue, using standard regret analysis provided for completeness, that

: —_m)2
1§gN(Ws) (ws — W) < u(ti 5+ p(l . n)” ©)

where p is the step size specified in Algorithm 1.
Fix any ¢t € {0,1,...,T — 1}. Recall that wiy1 = projg(wy — pugn(we)) and w* =
projg(w*). Hence, by the nonexpansivity of the projection operator, we have

[Wipr — w2 < [[we — W™ — pgn (W) 2. (7)
Further, expanding the square ||w; — w* — ugxn(w;)||3 and using Claim 6, we get

Wi — w* — pgn (wo)ll3 = [lwe — w*[[3 + 12 |&n (W) 13 — 2ugn (W) - (Wi — w")

< lwe = w3+ g2 (1 —1)* = 2u8n (W) - (W — W),
Hence, combining the last inequality with Equation (7), we get
Iwisn — w3 < i — w3+ g1 — )% — 2w (wi) - (wy — "), (s)

To obtain Equation (6), it remains to rearrange Equation (8) and telescope. In particular,
. . _ 2
for T itearations and u = v e have

1 & 2(1—n)
75 on(wy) - (wy —wh) < —=.
T+1t:OgN( ) - (Wi VS

(9)

A

Writing g (wy) - (wy —w*) as gy (wy) - (W —w*) = gn(w*)- (Wi —w*)+ (gn(wy) —gn(W"))-
(wy — w*) and rearranging Equation (9), we further get

1 4 A A * *) < 2(1 - 77) A * * 1 !
T BN () (W) - (we = wh) < e e () (W g 2w
<22 g (we, (10)

T VI'+1

where we used Cauchy-Schwarz inequality and w*, w; € B, for all t € {0,...,T'}.
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Recall from Equation (3) that

(80(W) — gy(W") - (w — w*) = (1 — 201 {sign(w - x) # sign(w" - x)}(|w - x| + [w" - x])
> (1 — 2n)yL {sign(w - x) # sign(w" - )},

where the inequality holds by Definition 1, Item (A7). Hence, by the definitions of gy and
Pry (from Equation (5) and Equation (4)), we have

(En(we) — gn(W")) - (Wi = w") > (1 = 2n)yPry(wy). (11)

Combining Equation (10) and Equation (11), we then obtain the claimed regret bound,
using simple algebraic manipulations. |

A.2. Proof of Lemma 8

We restate the lemma and provide proof.

Lemma 8 Let Ey and E3 be defined as in Lemma 7. For any € > 0,6 > 0, if N =
Q¢+ W) log (%)), then with probability at least 1 — § we have Ea + E3 < £.

We first bound the error Ey = ﬁ”g]\z(w*)ﬂg. Observe that E[g,(w*)] = 0 and

that, by Claim 6, ||g,(w*)||2 < 1 — 7 surely. We use the following Bennett-type inequality

Fact 22 ((Smale and Zhou, 2007), Lemma 1) Let Z1,...,Z, € R? be random vari-
ables such that for each i € [n] it holds ||Z;]ls < M < oo almost surely and let 0? =
" E[||Z;]|3]. Then, we have that for any e > 0,
1 & M
< 2exp (—mlog (1 + n ;)) .
o

~> (2; - E[Z])

n i=1

Pr > €

2

2M

Note that E[||g,(w*)||3 = O(n) and using Fact 22, along with the inequality log(1+2) > 2/2,
for 2 € (0,1) (note that o2 is at most nM), we get that for any ¢ and N > Q(logg#), with
probability at least 1 — d/2, we have

I Elgn(w)] — gn(w)ll2 = [[gn(w)[2 < €.
To complete bounding FEs, it remains to choose é = (1%”)7%.

To complete the proof and bound E3 = T%Ll Zf:o [Prlsign(w; - x) # sign(w* - x)] —
IS\I‘N(Wt>], we use uniform convergence results for the function w — 1{sign(w - x) #
sign(w*-x)}. Note that this boolean concept class is a subset of the class of the intersection
of two halfspaces. The latter class has VC dimension O(d). Thus, by the standard VC
inequality combined with uniform convergence (see e.g., p. 31 of Devroye and Lugosi (2001))
we have that N = Q(% log(1/§)) samples suffice so that with probability 1 — §/2, we have
E3 < 1. [
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A.3. Testing to Find the Right Hypothesis

The following lemma justifies the claim made at the end of the proof of Theorem 9 and
completes its proof. We use the following fact from Shalev-Shwartz and Ben-David (2014).

Fact 23 (Thereom 6.8 of Shalev-Shwartz and Ben-David (2014)) Given a finite

1
set of hypotheses H, by drawing N = O(W)

. samples, it is guranteed that with
probability at least 1 — § it holds

N
min {% ; 1{h(x?) # 47} } < min Prih(x) ] + ¢

A.4. Dimension Reduction

We will use the following Johnson-Lindenstrauss lemma as our main technique to reduce
the dimension of the space.

Lemma 24 (Johnson-Lindenstrauss) Let §,e be some positive constants. Let A €
R™*4 be a random matriz with each entry A;; sampled from Uniform{—1/\/m,1/y/m}
where m = O(log(1/3)/€?). Then, for any unit vector u,v € R%, it holds

Paffu-v — (Au) - (4v)| = < 4.
Consequently, for any unit vector u € R, we have Pr]|||u)|2 — [|Au|j3| > ¢ < 6.

Corollary 25 Let 3,5,y be some positive constants such that 3 < ' and v € (0,1).
Let A € R™? be a random matriz with each entry A;; sampled uniformly at random
from {=1/y/m,1//m} where m = O(log(1/8)/4?). Then, for x ~ Dy and w* € B, with
probability at least 1 — 3/ it holds

Pr [[w" - x — (Aw") - (Ax)| > 7/2] < B,

x~Dy

In addition, with probability at least 1 — 3/B" it holds Prxp,[|||x|13 — [|Ax|]3] > v/2] < 3.

Proof Lemma 24 indicates that since the matrix A is generated independent of the distri-
bution Dy, for any unit vector x ~ Dy the norm of the transformed vector Ax is close to 1
with constant probability. To be specific, we have:

LPr W x = (Aw) - (Ax)] 2 7/2] <5 (12)
Now let P(A) = Prx.p, [|[Ww* - x— (AwW*):(Ax)| > 7/2] = Exp, [1{|w* - x— (AW*) - (Ax)| >

v/2}|A] be a random variable determined by A. Note that E4[P(A)] < 8 by Equation (12).
Thus, applying Markov inequality to P(A) we get

Pr{p(4) > #) < 221

<

s
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Therefore, for any given matrix A sampled from the distribution A;; ~ Umform{:l: }
where m = O(log(1/3)/7?), we have with probability at least 1 — 3/43/,

Pr [[w' - x — (Aw") - (Ax)| > 7/2] < &
Following the same idea, we can also show that with probability at least 1 — /4" it holds
Pryp,[l|x[3 — [|Ax|[3] > 7/2] < #" u

Input: ¢ > 0, v € (0,1), n € (0,1/2), m > 0, sample {x(i),y(")}i]\i1 drawn i.i.d. from
D, a random matrix A € R™*? generated such that A;; = 1/y/m w.p. 1/2 and
Aijj =—1/y/m w.p. 1/2, any wg € B

48(1—n) \2 2(i) _ i _
T = {((17(277)7;)6) —1],;12(1_")#\/?,)(()—14)(()forz—l,n- ,N.

fort=0:T—1do
gn(Wi) = 55 iy (1 — 2n)sign(w, - D) — y)x)
Wit1 = PIOj||g,<1 (Wt — ugN (Wi))

end

return {ATwy,...,ATwr}
Algorithm 2: Dimension-Reduced Margin Halfspace Learner with RCN

Theorem 26 Fize > 0,7 € (0,1). Let the number of iterations be T = O(( 7 2)2) and set

ﬁ. Furthermore, let A € R™*? be a matrix genemted from the dis-

the stepsize yu = a
(log((l—Qn)/(56)))
72

tribution described in Algorithm 2 with m = O . Then running Algorithm 2

for T iterations with N = Q(( s + (1 277) log (1521 277))10g(%)) i.i.d. samples drawn from
distribution D, Algorithm 2 learns v- margm halfspaces corrupted with n-RCN with error
1 + € with probability at least 1 — 4.

Proof The goal of the proof is to show that the analysis of Algorithm 1 can be transformed
to Algorithm 2 with minor modifications. For simplicity, let’s denote w = Aw € R and
% = Ax € R™ for any w,x € R%. Similarly, we have w* = Aw* and x() = Ax(®.

We first show that as a consequence of Lemma 24 and Corollary 25, with a large prob-
ability that the A generated in Algorithm 2 is a “good matrix” in the sense that for most
of the points in D, Ax will not be far away from x. Formally, we have the following claim.

Claim 27 Fiz some constants v,€,0 > 0, N > 1 and let m = O(bgg#) where f = 20N
For any A generated in Algorithm 2, denote £4 = {x € S 1: |w* x—Ww*-%| < /2, |||x[|3—
IXI13] < v/2} and let € be the set of A such that W* is close to w* and moreover, for
any x ~ Dy, x € 4 with high probability, i.e., € = {A € R™*4 : Pryop, [x € 4] >
1—¢€/(2N), [[Iw*[|3 — [[W*[3| < ~/2}. Then,

1. £ happens with probability at least 1 — %5;

2. If €& happens, then for any N i.i.d. samples {x(i)}gvzl, it holds Pr[x\¥) € £4,Vi €
[M]=>1-53.
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Proof According to Lemma 24, we know that Pr[|||w*[]3 — [W*[|3] < v/2] > 1 -8 =
1 —€&/(20N). Furthermore, recall that in Corollary 25 (with a union bound) we showed
with probability at least 1 —4NG/e =1—0/5, Prx.p,[x € E4] > 1 —€/(2N), therefore the
first claim follows from a union bound on these 2 events.

Now conditioned on £. Given any N samples {X(i),y(")}f\il, we know that Pr[x(®) e
£4] > 1 — 55, hence applying union bound we get Pr[x(®) € £4,Vi € [N]] > 1 — £. [ |

For the analysis below, we will condition on the event A € £ which occurs with probabil-
ity at least 1 — 75 We begin with showing that under such fixed A, the norm of ||gn(W)]||2
can be bounded by 2(1 —n).

Claim 28 Given N samples {x(i),y(i)}ﬁil and suppose that x) € £4,¥i =1,--- N, we
have

sup [[gn(W)2 < 2(1 —n).
weR™

Proof Since x(¥) € £4, we have [|x®]||y < [|x® |5 4 ~/2. Hence, it holds

1, & R )\ (i
sup |lgn (W)l = sup {m||2((1—2n)s1gn(w-x())_y())x()HQ}
i=1

weR™
< (1= n)IxDlz < (1 = n)(Ix@l2 +7/2) < 2(1 - n),
where in the last inequality we used the fact that [|[x® |, = 1 and v € (0,1). [ |

We then study the difference between (w41 — W*||2 and ||W; — W*||2, which is almost
analogous to the analysis we have seen in Lemma 7 with the only differences being that: (i)
with probability at least 1 —€/2 we have x(?) € £4 for i € [N], hence ||gn (W) |2 < 2(1 n) for
every w; and w* as shown in Claim 27 and Claim 28; (ii) since [w* - x() — w* . x| < ~v/2
for all i € [N], it holds sign(w* - x) = sign(w* - x®)); (iii) |[W*|]a < 2 since we have
[[[w*||3 — [|w*||3] <~/2 conditioning on the event &.

Now we further condition on the event that x(*) € £4 for i € [N] and denote the distri-

bution of Dy restricted on £4 as Dx(€4). Then, choosing p = (1—77)%\/? and following the

same steps as in Lemma 7, we have Pry.p_(¢,)[sign((ATwy)-x) 75 sign(w*-x)] < E{+E5+
8(1—
E3, where By = W)Tﬁ, By = oy 188 (W)l|l2 and B = 73 320 { Pryep, (e.)[sign((ATw)-
x) # sign(w* - x)] — Pry(ATw)}.
We show that our choice of N and T suffices to make Pry.p, [sign((A'w;)-x) # sign(w*

x)] <& First, T = ((418(;)72_)2 renders E] < €/6. Next, observe that Ex.p, (g,)[&y(W* X, y)] =

0 and recall that ||g, (w*; x®, y@) |2 < 2(1—7), thus by Fact 22 we know N = Q(log(1/3)/e?)
suffices to make FY < €/6 with probability 1 —¢§/10. Finally, since linear threshold function
class W — 1{sign((ATw)-x) # sign(w*-x)} has VC dimension m+1, therefore by standard
VC dimension arguments choosing N > Q(*2log(1/4)) we are guaranteed to have Ej < £
with probability 1 — §/10. Recall that Pr[x € £4] > 1 — €/2, hence under our choice of
m, N, T, under the condition of event £ and x(*) € 4 for i € [N], we have with probability
at least 1 — ¢§/5,

<e

DO | M

Pr ien((ATw0)x) #sign(w )] < P fsgn((4” w0)x) £ sign(w' 0] (1-5 ) +
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Finally, applying a union bound on all of these 3 events, we know that with probability at
least 1 — 26 — § — 16 > 1— 8, Pryop, [sign((ATw;) - x) # sign(w* - x)] < €. By substituting
€ with €/(1 — 2n), we get a learner with error 7 + € and the proof is complete. [ |

Appendix B. Omitted Proofs from Section 3

B.1. Additional Background on SQ Model

We will use the framework of Statistical Query (SQ) algorithms for problems over distribu-
tions (Feldman et al., 2017). We require the following standard definition.

Definition 29 (Decision/Testing Problem over Distributions) Let D be a distribu-
tion and D be a family of distributions over R%. We denote by B(D, D) the decision (or
hypothesis testing) problem in which the input distribution D' is promised to satisfy either
(a) D' =D or (b) D' € D, and the goal of the algorithm is to distinguish between these two
cases.

To define the SQ dimension, we need the following definition.

Definition 30 (Pairwise Correlation) The pairwise correlation of two distributions with
probability mass functions (pmfs) D1, Dy : X — Ry with respect to a distribution with pmf
D : X — Ry, where the support of D contains the supports of D1 and D, is defined
as Xp(D1,D2) + 1 =3 cx Di(x)D2(z)/D(x). We say that a collection of s distributions
D ={Dq,...,Ds} over X is (7, 5)-correlated relative to a distribution D if |xp(D;, D;)| <
for alli # j, and |xp(D;, Dj)| < B fori=j.

The following notion of dimension effectively characterizes the difficulty of the decision
problem.

Definition 31 (SQ Dimension) For v, > 0, a decision problem B(D, D), where D is
fized and D is a family of distributions over X, let s be the mazximum integer such that there
exists Dp C D such that Dp is (v, B)-correlated relative to D and |Dp| > s. We define the
Statistical Query dimension with pairwise correlations (v, 3) of B to be s and denote it by

SD(B,~, ).

The connection between SQ dimension and lower bounds is captured by the following lemma.

Lemma 32 ((Feldman et al., 2017)) Let B(D, D) be a decision problem, where D is
the reference distribution and D is a class of distributions over X. For ~v,8 > 0, let
s = SD(B,v,3). Any SQ algorithm that solves B with probability at least 2/3 requires at
least s -v/B queries to the STAT(1/27v) or VSTAT(1/7) oracles.

B.2. Proof of Fact 15

We restate and prove the following fact.

Fact 15 Letd € Z,. Let 0 < ¢ < 1/2. There exists a collection S of 2M%) vectors in
{£1}%, such that any pair v,u € S, with v # u, satisfies |v - u| < d'/?t¢,
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Proof Sample two vectors v,u at random, i.e., v,u ~ U;. Note that v -u is a sum of
Rademacher random variables. We use the following concentration inequality:

Fact 33 Let z1,..., 2, be Rademacher random variables. Then, for any t > 0, it holds
Pr [

n
D%
=1

Using Fact 33, we get that for ¢ = d° for some 0 < ¢ < 1/2, we get that

")
>ty/n| < 2exp (—2> .

dQC
Pr UV -u| > d1/2+c} < 2exp <—2> .

From union bound we get that there exists 2°24) such vectors. |

B.3. Proof of Claim 12

We restate and prove the following claim.

Claim 12 It holds Ay(x) = USRS (x) and By (x) = 122500 Bty (%)

Proof Denote gp, the pmf of Dy. We show the claim only for the distribution A, as By

follows similarly. Note that Ay (x) = %. By construction, we have that Pr[y =

1] =n+ (1 - 2n)2¢ and gp,(x,y = 1) = (NI{fv(x) = 0} + (1 — n)L{fv(x) > 0})Ua(x) =

(n+ (1 —2n) fv(x))Ug(x). Therefore, Ay(x) = %Ud(x). Similarly, we show that

B(x) = ‘T UG U (x). =

B.4. Proof of Lemma 13

We restate and prove the following.

Lemma 13 Let Do be a product distribution over Uy x {0,1}, where Pry y.p,[y = 1] =
Pr(xy)~p,[y = 1]. We have xp,(Dy, Du) < 2(1 — 2n)(E[fv(x) fu(x)] — E[fv(x)] E[fu(x)])
and x*(Dv, Do) < (1 —2n)(E[fv(x)] — E[fv(x)]*).

Proof Denote k1 = 1/ Pr(x)~p, [y = 1] and ko = 1/ Pr(x)~p, [y = 0]. We have that

(xy)~Dy (x,y)~Dvy
= k7 Xy (Av, Aw) + kg xa, (By, Bu) -

We now bound each term in the above expression.

Claim 34 We have xy,(Ay, Aw) < (1 — 20)k3(E[fv(X) fu(x)] — E[fv(x)] E[fu(x)]) and
Xtty(By, Bu) < (1 = 20)#3(E[fv(x) fu(x)] — E[fv(x)] E[fu(x)]).
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Proof We first bound xy, (Ayv, Au) as the other follows similarly. We have that
> (Av(x) — Ug(x))(Au(x) — Us(x))

XUy (Aw Au) =

xe{£1}4 Ud(X)
= ! _277 X)— X X)— X X
- (7}+(1—277)E[fv(x)])2 xe{E:t:l}d(fV( ) E[fv( )])(fu( ) E[fu( )])Ud( )
1-2n

= o o B G2 B 0]~ BLAGI Bl

Working in a similar way, we also get that xu,(Bv, Bu) = (1 — 20)k3(E[fv(X) fu(x)] —
Elfv(x)] E[fu(®)]). _

Using Claim 34, we get that
X0 (Dys Da) < (1= 20) (k1 + o) Blfu (%) ful(3)] < 2(1 — 20) B[y (%) fu(x)] -
It remains to bound x2(Dy, D). We show the following:
Claim 35 Let k = (1 —2n)/(n+ (1 — 27)2E[fv(x)] — E[fv(x)]?)?. It holds that

X2(DV,DO) < (1 - 27’) E[fv(x)] - E[fv(x)]Z :
Proof Let k = (1 —2n)/(n+ (1 — 21)2 E[fv(x)] — E[fv(x)]?)® We have that
X2(DV, Dy) = nf1X2(Ud,AV) + N61X2(Ud7 By) .

(Ay(x) — Ug(x))?
U (x)

Xz(udv Av) = Z

xe{£1}4

=1 -2t Y (fu(x) — E[fe(x)])Us(x)

x€{x1}d
= (1 - 20)ri (E[fv(x)] - E[fv(x)]*) .

Similarly, we show that x?(Uy, By) = (1 — 21)k3(E[fv(x)] — E[fv(x)]?). Combining, we get
the result. [ |

B.5. Proof of Lemma 17

The following is a more detailed version of Lemma 17.
Lemma 36 Let d,m,k € Z. Then, the following hold
1. |K(d,m,k)| <1 for any k € Z.
2. For k <d/2, it holds

KC(d, m, k)| < k2% <(Z;>k/2+ (W)k) |
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3. If k <d/2 and |d/2 — m| < d/4, then |K(d, m,k)| = exp(—Q(k)).

Proof The first part follows from the fact that IC(d, m, k) is the expectation of a random
variable with support in [—1,1]. For the next claims, we use the following fact.

Fact 37 (Claim 22 of Btlasiok et al. (2021)) Let d,m,k € Z, then

w5 () (4552

Using the inequality (Z) > (d/k)*, we have that

KC(d,m, )| < ek ((/;)k/2+ <W>k> |

If k < d/12 and |d/2—m| < d/4, then we have that |IC(d, m, k)| < 2exp(—0.2k). We provide
a proof for the final part, i.e., the case where d/12 < k < d/2. Denote Y4 p = (—1)4"B.
The sum we want to bound is equal to E4 p[Y4 g]. Denote A" = {1,3,...,2m — 1} and
sB =|Bn{2 —1,2i}| fori =1,...,m. Note that the Eq p[Yap | A=A, sP, ... s8] =0,
if we condition that any sZB = 1. This holds because if SZ»B = 1 for some ¢, then we can swap
which 2i and 2i — 1 is in B to create B’ and hence (—1)475 4 (—=1)405" = 0.

It suffices to show that if we choose B at random, i.e., B is a uniform subset of [d] of
size k, then with probability at most exp(—(k)) we are in the case where no s? is equal
to 1. To show that, we create a new random variable B’ and we sample B’ as follows: we
let the size of B’ be equal to Bin(d, k/d), which is equivalent to sampling each element of
[d] with probability k/d. Now each s?l is independent of each other. The probability that
cach sP' is equal to one is 2k/d(1 — k/d) = Q(k/d). Therefore, the probability that no s?’
is one is at most

(1= Q(k/d))™ < exp(=Q(—km/d)) = exp(=Q(k)) ,

where we used that |d/2 — m| < d/4. Therefore, | E[Y, pr|A]| < exp(—=Q(k)). It remains to
relate the expectation with respect B’ to the expectation of B. Note that according to the
sampling rule, there is an Q(1/v/k) probability of generating a uniform subset of size k, but
the probability that Y is non-zero is at most exp(—€(k)). Therefore, we have that

|E[Ya,p|A]| = |E[Yap|A,|B| = K| < exp(—Q(k))Vk = exp(-Q(k)) ,
where we used that k is large enough by assumption. Therefore, | E[Y4 g|A]| < exp(—Q(k))

and the total expectation is at most exp(—Q(k)).
|

B.6. Proof of Claim 18

We restate and prove the following.
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Claim 18 (Fourier Coefficients) Fiz vector v € {£1}¢ and let fy(x) = I{v-x > t}.
For T C [d], we have that the Fourier coefficient of f at xr(x), i.e., f(T), is given by

d
F(T) = Elfy Go)xr(x)] = xr(v)(~1)T127 3~ (f)’C(d, s, T1) -

Proof We have that

E[fe(x)xr(x)] =277 Y fulx)xr(x)

xe{+1}d

22 Y v T ew

s=t AC[d],|A|=si€TNA  jcTnA

DY Sy

s=t AC[d] |A|=s

d -1
SRCCIEVERD DD DR 4 D SRS

s=t AC[d],|A|=s BC[d],|B|=|T|
i (d

= x7(v)(-1)T1274 3" <|S|>K(d,s, ),
s=t

where in the first equality we changed the summation so that s is the number of x; that
agree with v;, and we sum from ¢ as if v and x agree in more than ¢ coordinates, then the
indicator is positive. In the third inequality, we used the fact that, due to the symmetry,
the sum only depends on the size of |T'|; hence, we sum over all subsets with size |T'| and
divide by the number of subsets with size |T|. [ |

B.7. Proof of Claim 19

We restate and prove the following:

Claim 19 It holds that |Rq| < 2724(4"1)°,

Proof We have that

K:(d, d, 3) = % Z (_1>|Aﬂ[d]| — (_1)5 ,
(5) acipiaj=s

hence, Ry = (2742 ,(—1)*(%))2K(d, d,m). Therefore, |Ry| < 272424, (~1)*(%))2. Us-

s=t
ing the two identities about binomial sums, i.e., that Z’;:O(—l)s(i) = (—1)t(d;1) and
>4 5(~1)*(%) = 0, we have that |R4| < 2_2d(?:11)2. |
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B.8. Proof of Claim 20

We restate and prove the following claim.

d—clog(d/e)

Claim 20 Let ¢ > 0 be a sufficiently large constant. We have that Zk:clog(d/e)

Ry < €%/d.

Proof Note that, 3¢  (£) (2 Ay, (hK(d.k s))2 = E[f%(x)] = e. From Lemma 17,

we get that |KC(d, m, k)| < exp(—ck), where ¢ > 0 is an absolute constant. Therefore, if
d/2 > k > clog(d/e) we have that |[KC(d,m, k)| < €/d. Furthermore, using the fact that
|KC(d, m, k)| is symmetric with center d/2, we get that if d/2 < k < d — clog(d/e), then we
also have that |IC(d, m, k)| < €/d. Therefore, we have that

2

d/2—clog(d/e) d/2—clog(d/e) d/2—clog(d/e) d
SR 0) (e (o) s

k=clog(d/e) k=clog(d/e) k=clog(d/e)

This completes the proof. |

Appendix C. Lower Bound for Low-Degree Polynomial Testing
We begin by formally defining a hypothesis problem.

Definition 38 (Hypothesis testing) Let a distribution Dy and a set S = {Dy}yes of
distributions on R%. Let p be a prior distribution on the indices S of that family. We are
given access (via i.i.d. samples or oracle) to an underlying distribution where one of the
two is true:

o Hy: The underlying distribution is Dy.
e Hi: First w is drawn from p and then the underlying distribution is set to be D,,.

We say that a (randomized) algorithm solves the hypothesis testing problem if it succeeds
with non-trivial probability (i.e., greater than 0.9).

Definition 39 Let Dy be the joint distribution Dy over the pair (x,y) € {£1}¢ x {0,1}
where x ~ Uy and y ~ Dy(y) independently of x. Let D, be the joint distribution over
pairs (x,y) € {£1}¢ x {0,1} where the marginal on y is again Do(y) but the conditional
distribution Ey(x|1) is of the form Ay (as in Theorem 11) and the conditional distribution
Ey(x|0) is of the form By . Define S = {Ey}ves for S being the set of d-dimensional nearly
orthogonal vectors from Fact 15 and let the hypothesis testing problem be distinguishing
between Do vs. S with prior p being the uniform distribution on S.

We need the following variant of the statistical dimension from Brennan et al. (2020),
which is closely related to the hypothesis testing problems considered in this section. Since
this is a slightly different definition from the statistical dimension (SD) used so far, we will
assign the distinct notation (SDA) for it.
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Notation For f: R - R, g : R — R and a distribution D, we define the inner product
{(f:9)p = Ex~p[f(X)g(X)] and the norm ||, = V/{/, f)p-

Definition 40 (Statistical Dimension) For the hypothesis testing problem of Defini-
tion 38, we define the statistical dimension SDA(S, u,n) as follows:

o 1 1
SDA(S, p,n) = max{q eN: E [[(Dy,Dy)p, — 1| | E] < — for all events E s.t. Pr [E] > 2} .
n

UV~ U,V q

We will omit writing p when it is clear from the context.

The following lemma translates the (v, 3)-correlation of S to a lower bound for the
statistical dimension of the hypothesis testing problem. The proof is very similar to that of
Corollary 8.28 of Brennan et al. (2020) but it is given below for completeness.

Lemma 41 Let 0 < ¢ < 1/2 and d,m € Z,. Consider the hypothesis testing problem of
Definition 39. Then, for any q¢ > 1,

-1 1/2—c
SDA (D,( e tC) i )) >q.
(1= 2n)e(q?/2%@7*) + 1)
Proof The first part is to calculate the correlation of the set S. By Theorem 11, we know
that the set S is (v, §)-correlated with v = (1 — 217)e2Q(d)*~/? and 8 = 4(1 — 2n)e.
We next calculate the SDA according to Definition 40. We denote by Ey the ratios of
the density of F, to the density of R. Note that the quantity (Ey, Ey) — 1 used there is

equal to (Ey — 1, Ey —1). Let E be an event that has Pryv~,[FE] > 1/¢?. For d sufficiently
large we have that

_ 1 1
E [[(Ew Ey) —1|E] <min (1, —— ) [
B ) =181 = i (1 gy ) - (0.1~ )
2 -1 1/2—¢ \ !
q € B e 1Q(d)Y
< (1 - 277)6 (29(dc) + Q(d)1/2_6> - (1 - 277)6 <q2/29(dc/2) +1 )
where the first inequality uses that Pr[u = v|E] = Pr[u = v, E]/ Pr[E] and bounds the

numerator in two different ways: Prju = v, E]/ Pr[E] < Pr[u = v|/Pr[E] = 1/(|S| Pr[E])
and Pr[u = v, E|/Pr[E] < Pr[E]/Pr[E] = 1. [ ]

C.1. Preliminaries: Low-Degree Method

We begin by recording the necessary notation, definitions, and facts. This section mostly
follows Brennan et al. (2020).

Low-Degree Polynomials A function f : R* — R? is a polynomial of degree at most k
if it can be written in the form

f(@) = (fi(@), fa(2), ..., fo(2))
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where each f; : R* — R is a polynomial of degree at most k. We allow polynomials to have
random coeflicients as long as they are independent of the input . When considering list-
decodable estimation problems, an algorithm in this model of computation is a polynomial
f:RExm 5 REXE where d; is the dimension of each sample, n is the number of samples,
ds is the dimension of the output hypotheses, and ¢ is the number of hypotheses returned.
On the other hand, Brennan et al. (2020) focuses on binary hypothesis testing problems
defined in Definition 38.

A degree-k polynomial test for Definition 38 is a degree-k polynomial f : R¥*" — R
and a threshold ¢t € R. The corresponding algorithm consists of evaluating f on the input
Z1,..., Ty and returning Hy if and only if f(z1,...,2,) > t.

Definition 42 (n-sample e-good distinguisher) We say that the polynomial p : R¥*™
R is an n-sample e-distinguisher for the hypothesis testing problem in Definition 38 if

| E_ X))~ E E_[pX)]|>c [ Var p(X)].
X~DE Ut X DS X~DE

We call € the advantage of the distinguisher.

Let C be the linear space of polynomials with a degree at most k. The best possible
advantage is given by the low-degree likelihood ratio

B peﬂg(x)m ‘UNM XND“?n[p( ! XND?"[p( I
X~D6®" pS

E [07)] -1 .

where we denote D, = D, /Dg and the notation f<* denotes the orthogonal projection of
f toC.

Another notation we will use regarding a finer notion of degrees is the following: We
say that the polynomial f(z1,...,2,) : R*™ — R has samplewise degree (r,k) if it is a
polynomial, where each monomial uses at most &k different samples from z1,...,z, and
uses degree at most r for each of them. In analogy to what was stated for the best
degree-k distinguisher, the best distinguisher of samplewise degree (r,k)-achieves advan-

tage HEUNM[(DS?”)S”‘:] - 1HD®" the notation f="* now means the orthogonal projection of
0

f to the space of all samplewise degree-(r, k) polynomials with unit norm.

C.2. Hardness of Hypothesis Testing Against Low-Degree Polynomials

We restate and prove the following.

Theorem 43 Let 0 < ¢ < 1/2. Consider the hypothesis testing problem of Definition 39.
For d € Zy with d larger than an absolute constant, any n < Q(d)/>=¢/(3(1 — 2n)) and
any even integer k < d/*, we have that

2
<1.

B, [(Egmy<=at] -1

N

®n
DO

Proof In Brennan et al. (2020), the following relation between SDA and low-degree likeli-
hood ratio is established.
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Theorem 44 (Theorem 4.1 of Brennan et al. (2020)) Let D be a hypothesis testing
problem on R® with respect to null hypothesis Dy. Letn,k € N with k even. Suppose that for

_ 2
all0 < n' <n, SDA(S,n') > 100%(n/n")*. Then, for allr, |Ey, [(D?”)Sﬂﬂ(k)] - 1H on <
1.

Dg™

In Lemma 41 we set n = Q(d)/27¢/(2(1 — 21)) and ¢ = /22d*)(n/n/). Then,

SDA(S,n/) > 1/2d/*)(n/n/) > (100n/n’)* for k < d/* and then we apply the theorem
above.
|
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