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ABSTRACT

Carpooling is an effective strategy to mitigate congestion. By grouping more people into fewer
vehicles smartly, total travel distances can be reduced significantly. However, the effectiveness of
a carpooling system highly depends on the proportion of interested users that can be successfully
matched with each other and the amount of benefits individual users gain from these matches.
This paper develops analytical models to estimate these measures for a carpooling system that
serves a many-to-one demand pattern, in which travelers share the same basic destination but from
different origins. The models provide the expected match rate and average user surplus achieved as
a function of the network size, number of users, and travel costs. Different from other works, this
model considers the fact that carpool users would be willing to travel under cost-based detour limits
instead of fixed detour limits to create a match based on their origins and travel cost considerations.
The results are validated using simulation tests and also used to better understand how different
parameters might influence the overall performance of a carpooling system.

Keywords: Many-to-One, Carpool system, Cost-based detour limits, Flexible-role
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INTRODUCTION

Continually expanding roadway networks and adding new infrastructure are not cost-effective so-
lutions to alleviate congestion and address environmental concerns associated with automobile
transportation. It has been shown that these approaches can create more demand for travel which
even worsens the problem, a phenomenon known as induced demand (7). An alternative solution is
to decrease the number of vehicles by increasing vehicle occupancy. With the increase in the pop-
ularity of shared mobility in urban transportation networks, carpooling has become a commonly
proposed travel mode to help reach this goal. Different from ridesharing which usually includes
not only travelers but also a dedicated driver, carpooling is a self-scheduling mode in which trav-
elers agree to share their trips without the need for extra drivers (2). Carpooling first appeared in
the United States in the 1970s as a solution to the growing oil crisis; however, carpool demand de-
clined after that time and tends to resurface during periods of increased travel costs such as the oil
crises in 2005 and financial crises in 2008 (3). Thanks to the boom of the internet and the sharing
economy, carpooling has been boosted rapidly recently (4).

As critical factors considered by stakeholders for the investment in the carpool system, the
financial benefits and operational efficiency improvements resulting from carpool systems have
drawn abundant research efforts. Numerous studies have explored how various factors — such as
demand (5, 6), system design (7, 8), pricing strategies (9), detour or waiting time policies (/0—12),
matching algorithms (/3—15), etc. — influence the performance of carpool systems.

There exist studies that explored the influencing factors of the carpool system or ride-
splitting system’s performance using big data: Lehe et al. (5) used data from the carpool service
(Scoop) to identify signs of increasing returns to scale in a carpool matching system; specifically,
as more participants join the carpool system, there is a greater potential for enhanced matching
performance and overall benefits. Liu et al. (6) utilized ridesharing data from Chicago to demon-
strate how an increase in requested shared trips leads to higher matching rates and reduced detour
distances. Some agent-based models were also conducted, which simulated the whole carpool
process to reproduce the real scene and explore the influence of certain factors for optimization:
For example, Masoud et al. (/6) modeled the carpool system as a bipartite graph and developed
a ride-matching algorithm, in which they used a rolling time horizon framework to increase the
matching rate. Huang et al. (/7) proposed a genetic algorithm to solve the multi-objective op-
timization problem in the carpool system, which helps increase matched passengers and is more
efficient. Zhang et al. (/8) developed a multi-objective optimization model to find the best pricing
parameters that protect both the drivers’ and the riders’ benefits from carpooling by taxi.

Although these data-based and agent-based studies are very detailed and provide precise
estimates of performance, they usually require a large amount of input data — such as individual
trip data, OD distributions, history trip itinerary, etc. — which usually is challenging to obtain and
time-consuming to process and simulate. Analytical models that require less detailed input data
have been developed to obtain more general, but less precise, insights about carpooling system’s
performance. For example, Daganzo et al. (1/9) developed a general analytical model to quantify
the cost and performance of dial-a-ride ride-sharing systems, which considers the system status
and dynamics. However, the detour distance in this model can be infinite. Other models have been
proposed to address this issue. Daganzo et al. (/0) developed closed-form formulas using system
dynamics to quantify the performance of ridesharing with upper limits of detours and proved that
taxis produce shorter trip times than the case without limits. Wang et al. (//) proposed a model
that can predict the matching probability, expected detour, and shared distance for each passenger.
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Their model can be used by carpool companies to predict the profit and develop discount policies
to attract riders. Ouyang et al. (/2) developed a many-to-many carpool analytical model with fixed
detour limits and waiting time restrictions. The proposed model can predict the performance of the
carpool system in terms of Vehicle Kilometers Traveled (VKT), and Personal Kilometers Traveled
(PKT) in idealized settings accurately.

These previous analytical studies assumed that carpool users can be potentially matched
within fixed detour limits (a fixed maximum detour distance); however, this assumption is question-
able in practice. For instance, if some passengers have very short trip distances, and the assigned
drivers experience a quite large detour distance, the payment by the rider would not adequately
cover the additional costs incurred from the detour by the driver. In such cases, carpooling would
create a negative surplus and increase the total travel cost. Therefore, it’s plausible to assume that
a driver’s acceptable detour distance hinges on the monetary benefits from matching, and varies
with trip-specific factors like origin, destination, and the rider’s willingness to pay.

In light of the above, the objective of this research is to develop an analytical model to
assess a carpool system’s performance, accounting for individual variations in acceptable detour
distance based on travel cost. The model is used to estimate the match rate and financial benefits
in a many-to-one demand pattern—emulating morning commutes from various suburban loca-
tions to a central business district. Given that only 8.8% of commuters carpool according to the
United States Census Bureau (20), this paper concentrates on ‘small” carpooling systems with few
riders/drivers. Further, the accuracy of the proposed analytical models is demonstrated with simu-
lation results. Additionally, this study investigates the impact of factors like demand, payment-cost
ratio, driver-rider ratio, and role flexibility on the carpool system’s performance.

The remainder of this paper is organized as follows. The subsequent section provides a de-
tailed description of the realistic scenarios in which this model is applied. Following that, the next
section delves into the methodology employed to evaluate the performance of the carpool system.
The numerical validation of the analytical model is presented in the next section. The following
section presents a thorough analysis of the impact of certain factors on the carpool system’s per-
formance using models derived from the study. Finally, the key takeaways and concluding remarks
are provided.

SCENARIO

This paper considers a "many-to-one" scenario in which trip origins are homogeneously distributed
across a large region but ultimately destined for the same location. We assume that travelers in this
system can take one of two roles: a driver or a rider. After the carpool requests are set by users, the
system will assign carpool pairs based on whether the shared trip is financially beneficial for both,
as will be described later in this section. For simplicity, we assume that each driver can pick up at
most one rider during a trip. The rest of this section explains the setting and matching mechanics
in more detail.

Many-to-One Environment

The "many-to-one" environment is common for urban transportation networks; e.g., commuters
from all over a city travel towards a dense downtown region during morning peak hours. For
simplicity, a city with a dense grid-like street network is considered, and the origins of commuters
are assumed to be uniformly distributed across the city. Figure 1(a) presents the comprehensive
future land use plan of Washington, D.C. (developed with data from (27)), which serves as an
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example of the "many-to-one" environment. In this environment, it is expected that the central
high-density commercial region (red-colored) attracts commuters from the surrounding residential
areas (yellow-colored) during peak hours.

In the analytical model, we considered the environment setting as a 2/ (km) x 21 (km) square
region with area A, as shown in Figure 1(b). The destinations are assumed to be located at the center
of the region with coordinates (0,0), shown by the red dot; the origins of commuters are assumed
to be uniformly distributed from the whole area (A), examples are shown by the green and blue
dots.

0 (Xa,Ya) ’

b I_.J O(X,.%)
D (0,0) 6———-—'
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T T
. Commercial Area \n N 4 B l l
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P data (C).OpenStreetMap contributors Shared trip route X-AXiS; Y-Axis

(a) Washington D.C. Layout and Land Use (b) An example network of the Analytical Model

FIGURE 1 Many-to-One Carpooling Environment Setting

Note that we assume all trips are generated during the same time period (e.g., 15 minutes),
and the proposed model can be used to estimate performance metrics within each of these time
periods. Therefore, any pair of rider and driver can be matched if they satisfy the criteria defined
in the following. The temporal effect on the performance of the carpool system is ignored in this
work.

Trip Routing and Trip Distance
For the network configuration shown in Figure 1(b), the L; (or Manhattan) metric is employed to
calculate the travel distance for all trips. We assume all travelers use the shortest path to complete
their trips. Also, we assume if a rider fails to be matched by a driver, the rider will drive alone to
the destination.

The blue and green routes in Figure 1(b) are two feasible routes for travelers originating
from the blue and green dots if they travel alone. The trip distance for the driver and the rider when
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traveling alone can be expressed as L; = |X;| + |Yy| and L, = |X,|+ |Y;|, respectively.

The yellow route shows a feasible path under a pooling scenario if the driver at (X, Yy)
matched with the rider at (X,,Y,). The new trip would consist of two parts: 1) the trip from the
driver’s origin, Oy, to the rider’s origin, O,, with a length of Lg,; and, 2) the trip from the rider’s
origin O, to their destination D(0,0) with a length of L,. Compared to driving alone, the extra
travel distance incurred by the driver, Ly, is referred to as detour distance. L;. and Ly can be
expressed as:

Lagr = |Xa —Xo| +|Ya — Y| (D)
Ly =Lgy+Lr—Lg = |Xqg —Xo| + |Ya = Y| + (| X:| + |Yr]) — (|Xa] + |Yal]) 2
Trip Cost

For simplicity, we estimate all trip costs based on a fixed unit cost per distance, o/($/km). Further,
assume that riders reimburse drivers for a portion of their trips, and the unit cost per distance of
this reimbursement, 3($/km), is less than a. Based on the unit cost, the following equations are
used to describe the various types of expenses involved:

Cq = oLy = o([Xa|+[Ya]) 3)
Cy = oLy +Lr) = BLy = a(|Xq — X + [Ya = V| + |Xe| + [V,]) = B(IX:| + Y, ) 4)
Cg:O‘Lr:a(|Xr|+’YrD )
CY = BL, = B(1X:|+[Yy]) (©6)

where Cj is the cost a driver incurs without picking up a rider; Cg is the cost the driver incurs when
picking up a rider, including all detours and reimbursements; C¢ is the cost the rider incurs if they
were to drive themselves; and, C? is the cost the rider incurs in a pooled trip.

Surplus

We define the cost savings achieved through carpooling compared to the scenario where individuals

travel alone as the ‘surplus’, which can be used to evaluate the economic benefits produced by the

carpool system. The surplus for the driver, S;, and the rider, S,, can be expressed as:

Sq=Ci—Cl=o0aL;—[a(Ly+L:)—BL] = BL — 0t(Lgr+ Ly — Ly) -

= o(|Xal + [Ya|) = (IXa — X;| + [Yg = Y;[)) — (o = B) (|X;| + |Y7])

Sr=C—C = aL,— BL, = (a—B)(|X:|+|¥,]) ®)
Also, we use S(X,,Y,,X;,Y,) to refer to the combined surplus of the driver and the rider in

a carpool pair (i.e., Sy +S,). And it is dependent on the locations of the driver and the rider, which

can be expressed as:

S(Xr Y, Xa, Ya) = Sa+Sr = o(|Xa| + [Ya| = [Xr — Xa| = Y, — Yal) ©)

Financially-Feasible Matching Rule

A financially feasible matching rule is proposed based on the notion of individual rationality in the
carpooling system. This rule ensures that carpools would only form (i.e., a driver agrees to pick
up a specific rider) when both individuals benefit from the match. Mathematically, this means that
carpools only form if S, > 0 and S; > 0, and this also promises S(X,,Y,,Xy,Y;) > 0.

Note that engaging in a carpool pair is always financially beneficial for riders under the
setting of B < a. However, it is not always true for drivers. They will only engage in carpooling if
the extra cost incurred from the detour can be reimbursed by the rider’s payment, which is S; > 0.

Compared to a commonly used rule in the literature that assumes drivers are willing to
travel with fixed detour limits (same value for everyone) (12, 22, 23), denoted by A, the cost-
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based detour limits (varying value for everyone) in our rule is more reasonable. The fixed detour
tolerance assumption requires Ly € [0,A], which results in S(X,,Y,,Xy,Yy) € [o(L, — A), 0L,
Under this scenario, the lower bound of the surplus can be negative if L, < A, which leads to a
negative surplus. Thus, the fixed detour tolerance is not always financially feasible.

For this reason, the mechanism we proposed provides a more realistic depiction of car-
pooling matching, where every participant would find it worthy to join, and promises individual
rationality and a self-sustaining carpool system.

ANALYTICAL MODEL

In this section, we derive analytical models to estimate the performance of the proposed carpool
system under various conditions. The measures of performance are the match rate of the system
and the system surplus that can be achieved through carpooling arrangements. Two scenarios
are considered: 1) a fixed-role scenario in which each traveler can only take a single role (either
driver or rider); and, 2) a flexible-role scenario in which travelers can take either role. The models
consider the influence of trip demand, as well as the payment-cost ratio, defined as y = 8 /o, which
represents the relationship between the payment and cost rate. And noted that in our model, we
assume 3 < a, therefore 0 < y < 1.

Feasible Region for a Rider

We first define the set of locations in which a driver would be financially motivated to match with
a specific rider. We call this set of locations the feasible region for that rider, denote it Q,(X;,Y,),
and define its area as A¢(X,,Y,). Since the network is symmetric and the travelers are assumed to
be homogeneously distributed in the network, without loss of generality, we assume the rider is in
the first quadrant, i.e., X, > 0 and ¥, > 0. The feasible region for a given rider located at (X,,Y,)
can be expressed as:

(X, 1r) = {(Xa, X (1K — Xal + [V = ¥al) — (Kol + Vo) + (1= 9) = (X, +%,) <O} (10)
which is derived from Equation (7) by ensuring the non-negativity of S,.

Figure (2) illustrates how this feasible region changes with the rider’s location, the example
is given with the region area as a unit one. Based on the absolute value sign in Equation (10), the
feasible region can be divided into eight sub-regions Q,;(X;,Y,), i = 1,2,...,8. Note that sub-
regions 1~4 in Figure 2(a) exist for every origin of the rider while sub-region 5~8 in Figure 2(b)-
2(e) only exist for certain rider origins.

Detailed information for these sub-regions is provided in Table 1: including requirement
for the rider’s origin, partition of sub-regions expressed with feasible drivers’ locations, area and
the integration of surplus over each sub-region.
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FIGURE 2 Feasible Regions (Q,) at Different Locations (Sub-regions 1-4 exist at all (x,,y,)s,
while sub-regions 5-8 only exist at certain (x,,y,)s.)
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For later derivation of match rate and system surplus, we need the following two terms:
the area of the feasible region, expressed as A ¢(x,,y,) = Y'o_; A7 ;(x,-); and the expected surplus
conditional on (xy,yy), Sx,y,x,v,> €xpressed as:

_ 1 8
S T // S(xr,yrsXa,ya)dxa dya (11)

xryrXa¥a =
ryr Af(-xr,yr) i—1 o )
ri\XrsYr

where the integration part of surplus over each sub-region is given in Table 1.

Fixed-role Carpool System
This section derives models to estimate the performance of the carpool system when drivers and
riders have pre-registered roles. This may exist when each person selects the type of role they wish
to perform (either rider or driver) before the matching process.

First, a special case in which only a single rider exists is provided. This is then used to
estimate a more general case when n, riders are present.

Special Case: Single Rider

In this case, we assume whether a rider can be matched with a feasible driver is independent of
other riders; i.e., at most one rider can locate in the feasible region of a certain driver, if a rider is
in the feasible region of the driver, the driver will always agree to be matched with the rider.

Match Rate

The probability of a rider being matched when there is 1 rider and n, drivers is denoted by p,(1,n4).
This can be calculated as the probability of at least one driver in Q,(X;,Y,). Denote the number of
drivers that fall within Q,(X,,Y,) as Ng, then, p,(1,n;) = p(Ng > 0|X, = x,,Y, = y,). The expected
value of this probability, denoted as p,(1,n4), can be expressed as follows:

pr(1,ng) = p(Na 2 0) = P(X, = x,Yr = yr) *//P(NQ > 0[Xr = x,, Y, = yr) dx, dy,
Ay

VA VA n

4 7 (72 Ar(xp,yr) 1™
=1-(— l - —— r)r
oy { e

where A is the first quadrant where all possible (x,,y,)s homogeneously distributed; p(Ng >
0|X; = x,,Y, = y,) can be expressed with A ¢(x,,y,), provided in Table 1.

It is also crucial to assess the system’s match rate, defined as the proportion of travelers that
are matched. When there are 1 rider and n, drivers in the system, we define the system surplus as
Psys(1,ng4), which can be developed with the rider’s expected probability of being matched:

2p(1,n

psys(land):% (13)
System Surplus

The system surplus is defined as the average surplus for all travelers in the system, where both the
matched and unmatched agents are considered. The expected value of system surplus when there
is 1 rider and ny drivers is denoted as S sys(1,14), and expressed in Equation (14). In this scenario,
the total surplus is the weighted sum of S,,, x,y, given in Equation (11) across all possible riders’
locations.

(12)
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_ P(X, = x,,Y, —
Ssys(1ma) = <r(1+rndr)

2 *//gxrerde *p(No > 01X, = x, Y, = y,) dx, dy,
Ay

8 As ryJr d
/ Sdxgdyg (1—(1—#) ) dx,dy,

=1

Qr,i(xrvyr)
where S is the abbreviation of S(x;,y,,x4,V4), which is the surplus of a matched carpool pair, given
in Equation (9).

(14)

(1 —:tad)A A// Af(xlr,yr) :

General Case: Multiple Riders

The previous section focuses on the case with just one rider in the system. In such a case, if the
rider locates in the feasible region of a driver, this driver will always agree to match since there
are no other potential matches for the driver. However, when the carpool system gets popular and
more riders sign up for the system, it is possible that a driver can receive multiple requests that are
financially feasible. In this scenario, the probability of the driver’s selection of one specific rider is
not 100%, which will greatly change the probability of matching for riders and also the match rate
of the system.

Therefore, this section fuses the influence of the driver’s selection into formulas of the
match rate and system surplus. When there are multiple riders and multiple drivers in the system,
we assume the number of each category is n, and ny, respectively. Also, for simplicity, we assume
that the driver has an equal probability of selecting each rider within the feasible region.

Probability of Selection

When there are multiple riders that can be matched by the same driver, the probability that the
driver selects a specific rider iS pyejecr- Pselect 18 @ conditional probability of event Hy: {the driver
selecting this specific rider}, given the event Hy: {a specific rider is feasible for a specific driver}:

CP(HINHy) Xy Gy P =) (15)
Pselect = P(Hz) - 2
where P is an abbreviation of the probability of event H,, calculated with Equation (12) by assign-
ing ny; = 1; ng is the number of riders who locates in the feasible region of the driver, which could

range from 1 to n,; P(H; N H;) is achieved by aggregating # weighted by the probability of the

occurrence of ny, which is given by the probability of exactly (n; — 1) successes in the binomial
experiment of B(n, — 1, P).

Match Rate

The key distinction between the general case and the special case section is the presence of multi-
ple riders, which leads to competition. py..s is applied to estimate the competition and derive the
rider’s probability of matching and match rate in the general case.

The probability of a rider being matched when there are n, riders and n,; drivers is ex-
pressed as p,(n,,ng), which is the probability of the event H: {At least I driver exists who is in
Q,(X;,Y,) and agrees to match}. Let Ng y.; denote the number of such drivers, then p,(n,,ng)
can be expressed as p(Ng yes > 0). Therefore, the expected value of this probability, denoted as
pr(ny,ng), is expressed as:
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p_r(nrand) = p_(NQ7yes > 0) = P(Xr =x,Y, = yr) * //P(Ng,yes > OIXr =xp, Y, = )’r) dx,dy,
. (16)

1 4 (7 [
T Z/o /0 A
where p(Ng,yes > 0|X, = x,Y, = y,) is derived with Ay(x,,y,) provided in Table 1 and pgejecs
provided in Equation (15).

Consequently, the system’s match rate when there are n, riders with n; drivers, denoted as
Psys(nr,ng), can be expressed as:

_ 2n,  _
Psys(nr;nd) = mpr(nrand) (17)

VA VA n,
v Ar(xp,y d
[ - M * pselect} dx,dy,

System Surplus
The derivation of system surplus in the general case differs a little from the special case in the
incorporation of the probability of selection, pg,jec;-

The expected value of system surplus when there are n, riders and n,; drivers, denoted as
Ssys(nr,ng), is expressed in Equation (18). In this scenario, the total surplus is the multiplication
of the number of riders and the weighted sum of § ,y,X,¥, across all possible riders’ locations.

nP(X, =x,,Y, = G
r ( r rodr )’r)*//er)YerYd*p(NdesZO|Xr:xr,Yr :yr)dx;"dyr
Ay

Sos(1r,1ma) = (n,+ny)

o // ) / ( ( Af(xr,yr) "
= Sdx;dy; | 1— |1 — ——%pg dx,dy,
(nr+nd)A AL Af(xhyr) lzl 0 A setect

;-,i(xr7Yr)

(18)

Flexible-role Carpool System

This section derives measures of performance under the case where travelers do not have pre-
assigned roles. In this case, each traveler can be either a driver or rider, depending on if that helps
them find a match. This provides more flexibility for the users.

A tree model is utilized to model this flexible system. The structure of this tree is shown
in Figure (3). Within the tree, each node has a unique state vector, denoted as v(vy, vz, v3), which
encapsulates the number of current waiting agents in the system:

* v represents the number of agents in a searching state as riders, and at most 1 agent at a

time can be searching for carpool pairs.

* Vv; is the number of agents in the driver-only pool who were unsuccessful in finding

matches as riders but are waiting for potential matches as drivers.

* v3 presents the number of agents in the flexible-role pool, who has not been assigned a

role yet and are available for matching with either role.

Let N be the total number of travelers in the system. The state vector at the root node is
v(1,0,N — 1), which means from the beginning of the matching process, a traveler is randomly
selected to be a rider and searches for a match, regarding the rest N — 1 flexible agents as drivers.
If there is any agent presented in v, there will be 3 directed edges emanating from this parent node
since the matched driver can originate from both v3 and v;; if not, there will be 2 directed edges
from it. Then if this searching rider is successfully matched, denoted by the right branches from
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v(1,0,N—1)
p=1, s=0

X : (1—pi)

v(1,1,N—2)
p=p*(1—p;)
S=S

v(1,0,N —3)
P=DP*Ppi

S =84S

v(1,0,N —5)

P=P*pi
§ = 54 S

X/ [\ X/ [\ X/ \v X/ 1\ X/ \v
WP O G VL O

FIGURE 3 Tree Structure for Flexible-role Carpool Matching System

the parent node, both the rider and the corresponding driver (selected from either v, or v3) are
removed from the system; however, if a match is not found, denoted the left branch, the searching
rider is placed in the driver-only pool, v, to await potential matches, and one agent out of v3 will
be moved to v; to search. Repeat this process until the system is empty or there are only drivers
left, which implies that at the leaf node, v; and v3 are always 0. For the latter scenarios, all drivers
will leave the system by driving alone.

Therefore, the height of this tree is equal to the number of all agents (N) within the carpool
system, representing the length of the path from the root node to the deepest leaf node. The depth

of the leaf tree, h;, varies within [|§ |, N]. The maximum depth of the path is N when no one in

the system is matched, and the minimum depth is L%’J when the maximum number of travelers is
matched.

In the tree, the likelihood shown beside the edge is the conditional probability from its
parent node; and p; is the probability of the i served agent getting matched with the appearance
of n; drivers, which is the abbreviation of p,(1,n;). In each node, the probability value, p, denotes
the likelihood of this current state (following the path from the root node to this node); s denotes
the total surplus out of the whole system at this current state. Both p and s are derived iteratively,
and updated at each layer of the tree. §,,, is the expected surplus that a matched pair can achieve,
which is given by:

4 1
sma =~ [ [ ——— [ SGrsyrxa,ya) dxg dyad,dy,
" AA//Af(xr,yr) // (Xr, yrsXda, Ya) dxq dyadxrdy )
1

Qr(xr,yr)
Match Rate
With the information from the leaf nodes of the tree model, the system’s match rate with N flexible-
role agents in the system could be derived, which is denoted as pgy(N). This is calculated by
dividing the weighted average number of matched agents (weighted by the probability at the leaf
node) by the number of agents in the system:
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Lr pleaf

nleaf - ~

i

3]
Py N= 1 Y Y T [T r(1m) + (1= 8 (1= py (1)

nm=1Y, §=ny i=1

20
o { 1, i"* agent matched 20)
-

0, n;=0or M agent not matched

N, i=1
n; = min(0,n;_1), i > 1and if (i—1)™ agent not matched

min(0,n;_1 —2), i>1andif (i—1)™ agent matched
where ) 7 controls the sum along all paths by traversing #n,,, the number of matched pairs in each
path, in the range of [1, %’] Pleas denotes the probability at the leaf node of each path, given by the
continuous multiplication of the probability besides the edge along this path, with either p,(1,n;)
(matched) or 1 — p,(1,n;) (unmatched). ny,, r 1s the number of matched agents at the leaf node of
each path. Other variables are explained as follows:
8; : An indicator whether the i/ agent gets matched, and ):?;1 0; = ny,.
n; : The number of potential ‘drivers’ in the system, which is also the summation of v, and v3.
ny, - The number of matched pairs along each path, which can not exceed L%VJ
h; : The depth of each path, varies within[| 5 |, V]
Pr(1,n;) : The probability of a rider being matched with the appearance of n; drivers.

System Surplus
The expected system surplus for a flexible-role system with N agents can also be derived with
the information from the leaf nodes of the tree model, denoted as Sys(N). This value is given by
dividing the weighted average of the total surplus (weighted by the probability at the leaf node) by
the number of agents in the system:

Yrw Pleaf Sleaf

A\

1¥) i S B
S_sys(N)I%, Y ) H[&*ﬁr(l,m)ﬂl—5z~)*<1—15r(1,m>)]]*(;&*@m) 1)

where sy, is the total surplus achieved at the leaf node of each path, given by the sum of §,,,, the
average surplus of all matched carpool pairs, along the path; §,,, is calculated with Equation (19).

NUMERICAL VALIDATION
The validity of the analytical models is tested using agent-based simulations, the parameters for
which are outlined in Table 2. Two scenarios are explored:

1) For the fixed-role scenario, riders and drivers are randomly generated within the system.
A rider is randomly selected to seek carpool pairs among available drivers. If there are multiple
feasible drivers, one is randomly selected for matching. If matched, both are removed from the
system. Otherwise, unmatched riders exit the system to drive alone, while unmatched drivers
remain available for further pairing. Repeat the process until no drivers or riders are left. The
match rate is calculated as the number of matched travelers over the number of all. The system
surplus is calculated by dividing the sum of all the surplus by the number of agents.
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2) For the flexible-role scenario, all travelers are generated at random locations. First, an
agent is randomly selected and treated as a rider. The rider searches for a match with other agents
in the system, who are seen as drivers by the rider. If there are multiple feasible agents for the
searcher, one is randomly selected for matching. If matched, both agents are removed from the
system. Unmatched agents stay in the system with a driver-only role, awaiting future potential
matches. The process continues until only driver-only agents remain or all possible agents are
matched. The remaining agents are assumed to drive alone. Match rates and system surplus are
calculated similarly to the fixed-role scenario.

TABLE 2 Simulation Settings

Notation Description Value
A Network size, the area of the square region (km?) 100

[ Half the side length of the region (km) 5

A Trip generating rate of region (per unit time & area) [0.01,0.2]
ng Number of drivers in the system [1,10]
ny Number of riders in the system [1,10]
ny Number of flexible-role agents in the system [1,20]
a Unit cost for driving alone ($/km) 1

B Unit payment being carried ($/km) [0.1,1]
Y payment-cost ratio, derived by (/o) [0.1,1]

Iteration Number of simulations with different random seeds 50000

The validation results are illustrated in Figure (4). The three columns from left to right
present the fixed-role scenario with 1 rider and 1~10 drivers, the fixed-role scenario with 5 riders
and 1~10 drivers, and the flexible-role scenario with 1~10 agents. The horizontal axis depicts
the simulated results, and the vertical axis depicts the analytical results. The top row displays
the match rate, while the bottom row showcases the system surplus. The different colors in the
plot correspond to varying numbers of drivers (travelers) in the fixed-role scenarios (flexible-role
scenario). Within each color category, multiple dots are presented, representing different payment-
cost ratios.



O 00 9 N L W =

[\ I NG T NS I e N e T e e e e e )
N = O O 0 N NN = O

Dong, Liu, and Gayah 16

@
S

@

S

IS @
S o
Y
S

w

S
IS
S

15

N

S}
N
o

Analytical Match Rate (%)
Analytical Match Rate (%)

Analytical Match Rate (%)

-

=
o
o

10 15 20 25 30 35 10 20 30 40 50 60 0 10 20 30 40 50 60 70 80 90
Simulated Match Rate (%) Simulated Match Rate (%) Simulated Match Rate (%)

(a) Match Rate (Fixed-role, n, = 1)  (b) Match Rate (Fixed-role, n, = 5) (c) Match Rate (Flexible-role)

Analytical System Surplus ($)
015 020 025 030 035 0.40

02 03 04 05 06 07 08

[ R NN

6
7
e 8
9
1

Analytical System Surplus ($)

Analytical System Surplus ($)

00 02 04 06 08 10 1.2

1
2
/l . 3
. 4
o 0 5 0
0.15 0.20 0.25 0.30 0.35 0.40 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.0 0.2 0.4 0.6 0.8 1.0 1.2
Simulated System Surplus ($) Simulated System Surplus ($) Simulated System Surplus ($)
(d) Surplus (Fixed-role, n, = 1) (e) Surplus (Fixed-role, n, = 5) (f) Surplus (Flexible-role)

FIGURE 4 Numerical validation for metrics in the Analytical Model

Figure 4 shows that the analytical results match well with the simulated results overall.
However, in the fixed-role general scenario, the analytical results slightly overestimate the match
rate and surplus. A possible reason is the insufficient consideration of the dependence of matching
between riders. Remember we use the feasible region, Q, to capture the probability of a rider being
matched. The 1¥ rider’s not matching with a driver indicates the driver locates at the complement
of the 1* rider’s feasible region, Q}. Conditionally, whether the 24 rider can be matched with this
driver should use the area of 9/1 N, which is a subset of €,. However, in our model, we still use
Q to capture the probability of the consequent rider being matched with this driver regardless of
previous information. Therefore, our analytical model overestimates the system performance a bit
in this scenario.

Another observation under the flexible-role scenario, from Figure 4(c), is that when there
are more than two agents, the model tends to underestimate the match rate a bit. This is also caused
by the insufficient consideration of the dependence of matching between riders. When an agent is
not able to be matched as a rider, it is highly possible this agent locates further from the destination
(Itis obvious in Figure 2 that the further the agent locates, the smaller the feasible region as a rider).
Thus this agent actually has a higher potential of being matched as a driver with other agents. But
in the tree model, the probability of matching is not captured from this individual level, leading
to an underestimation of the match rate. However, the 2 flexible agents case does not follow this
trend and the model predicts a higher match rate and surplus. This is because when an agent can
not be matched as a rider, it is further from the destination, however, different from multiple agents
case, there are not any other agent waiting to be matched with him. The actual probability of being
matched as a driver is not greatly lifted up compared with when there are more agents, therefore
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the analytical model overestimates.

Overall, the differences between the analytical and simulated results have an acceptable
range: For the fixed-role general case (example of 5 riders and 1~10 drivers), on average the ab-
solute difference of match rate observed is 1.4%, and the largest absolute difference is around 5%.
The average absolute difference of the system surplus is 0.04$. The average relative difference
observed is 8%, and the largest relative difference observed is 19%. For the flexible-role case
(example of 1~10 agents), on average the absolute difference of match rate observed is 2.6%, and
the largest absolute difference observed is 10%, where the analytical model is underestimating the
match rate compared with the simulation. The average absolute difference of system surplus ob-
served is 0.05$, the average relative error observed is 5.5%, and the largest relative error observed
is around 24%, which appears when there are only 2 agents.

RESULTS OF ANALYTICAL MODELS

In this section, we examine the impact of various factors on the carpool system’s performance with
both fixed-role and flexible-role scenarios. Specifically, we focus on understanding how demand,
driver-rider ratio, and payment-cost ratio contribute to the overall effectiveness of the system.
Additionally, we compare the outcomes between the two distinct scenarios.

Influence of Demand
Figure 5(a) and Figure 5(b) show the patterns of match rate and system surplus against the number
of agents (ny and n,, respectively). The payment-cost ratio is set to 0.5, while the demand varies.
In both Figure 5(a) and Figure 5(b), the curves generally show a unimodal pattern. Both
match rate and system surplus increase with the number of drivers and reach a maximum value
when the number of drivers is slightly greater than the number of riders, then start to decrease. The
increasing trend occurs when the supply of one side (n, or ny) is insufficient to meet the demand of
the other side (n; or n,), indicating an imbalance in the system. Conversely, the decreasing trend
is observed when the supply exceeds the demand, resulting in an oversupply condition. As the
increase and the decrease are caused by the relative relationship between the demand of drivers
and riders, it will be elaborated on in the next section.
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FIGURE 5 System Performance With the Changes in Demand
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Influence of Driver-Rider Ratio

In this section, to explore the influence of the driver-rider ratio on system performance, we fix the
total demand of travelers in the system, while changing the driver-rider ratio. In both Figure 6(a)
and Figure 6(b), the total number of travelers is set to 20.

Figure 6(a) shows the system performance of the match rate. Along the horizontal axis, the
number of riders increases, while drivers decrease in the fixed-role scenario, indicating a decrease
in the driver-rider ratio. Three fixed-role scenarios with different payment-cost ratios and one
flexible-role scenario are shown in the figure. Notably, the match rate achieved by the flexible-
role system (blue horizontal line) surpasses the corresponding fixed-role system with y = 0.5 (blue
curve). This is due to the flexibility of the agents’ roles, which would be elaborated in the last
subsection.

In addition, Figure 6(a) reveals that the highest match rate for the fixed-role scenarios is
achieved when the driver-rider ratio reaches one under our tested scenarios, indicating the attain-
ment of an equilibrium point. At this ratio, the system is effectively balanced, maximizing the
probability of successful matches between drivers and riders. Further, the curves with different
colors reveal that changes in the driver-rider ratio have a more pronounced impact when the 7 is
higher. As an example, when ¥ = 0.7, the change of the match rate with a unit change if the num-
ber of riders is large than that when y = 0.5. This can be attributed to the fact that, with a higher
payment-cost ratio, the payment to the driver becomes less restrictive in terms of covering drivers’
costs. Thus, changing the driver-rider ratio would quickly change the system equilibrium.

Similarly, Figure 6(b) shows the system surplus variations under different scenarios. The
system surplus achieved by the flexible-role system surpasses that of the fixed-role system because
of the flexibility of the agents’ roles. Further, examining each curve within the fixed-role system,
the results suggest that the highest system surplus occurs when the driver-rider ratio reaches one
under our tested scenarios as well .
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FIGURE 6 System Performance With the Changes in Driver-Rider Ratio

Influence of Payment-Cost Ratio

Figure 7(a) and Figure 7(b) depict the relationship between the payment-cost ratio () and the
match rate or system surplus for both the fixed-role and flexible-role systems with different number
of agents within the system.
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In Figure 7(a), it is obvious that the match rate increases as the payment-cost ratio increases
under all scenarios, and the match rate is higher in the flexible role system than that with fixed roles.
However, the highest system surplus is not necessarily achieved at the largest payment-cost ratio,
observed from Figure 7(b). The system surplus initially rises and starts to decline from a certain
point. This phenomenon is a result of the trade-off between the match rate and the detour distance.
Increasing the payment-cost ratio leads to an expansion of the feasible region and thus an increase
in the probability of matching. However, a larger feasible region also implies a greater distance,
on average, between the rider’s origin and the driver’s, which results in a longer average detour
distance. As surplus reduces with the additional distance the driver has to travel, a larger payment-
cost ratio leads to a smaller system surplus. Therefore, the trade-off between the match rate and
the detour distance explains why the system surplus initially increases but eventually declines as
the payment-cost ratio increases.
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FIGURE 7 System Performance With the Changes in Payment-Cost Ratio

Comparison of Fixed-role & Flexible-role System’s Performance

Since the above results suggest the driver-rider ratio of one resulted in the highest system perfor-
mance in the fixed-role system. Therefore, here we use this ratio setting to evaluate and compare
the performance of the fixed-role system with that of the flexible-role system.

In Figure 8(a) and Figure 8(b), the driver-rider ratio is set to one, and the payment-cost
ratio is fixed as 0.5. The total number of agents ranges from 2 to 20 in both the fixed-role system
and the flexible-role system. As can be seen from both figures, the flexible-role system always has
better performance than the fixed-role system with the same number of agents in the system. This
occurs because of the flexibility offered by travelers being willing to take both roles. In certain
scenarios, there may be agents located far from the destination who have a low likelihood of being
picked up by other agents but are more likely to function as drivers and pick up riders along their
route to the destination. In such cases, the introduction of flexible-role selection would help such
agents to match and consequently improve the system’s performance.

Observing the slope of both curves in Figure 8(a) and Figure 8(b), the flexible-role system
demonstrates a more substantial and rapid increase in the match rate and system surplus as the
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demand intensifies from a very small value to a relatively larger value. On the other hand, the
curve of the fixed-role system exhibits a comparatively gentler slope, indicating a relatively slower
response to increased demand due to the predefined roles and constraints within the system.
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FIGURE 8 System Performance of Fixed-role and Flexible-role System

DISCUSSION AND CONCLUSION

This study investigates the performance of a carpooling system with cost-based detour limits in
a grid-networked squared city with homogeneous many-to-one demand. Analytical models are
provided to predict the expected match rate between travelers and the average surplus (benefits)
out of the system under two scenarios: one with the agents having fixed-roles (either as drivers or
as riders), and the other with flexible-roles (both roles). The results of the analytical models are
compared to values obtained from simulations of the proposed carpool system.

Overall, the results from the proposed models match well with the simulated results under
various conditions. The models are then used to investigate the impact of certain factors, such as the
payment-cost ratio, driver-rider ratio, number of travelers, and the role of flexibility on the match
rate and system surplus. The results reveal the benefits of flexible-roles are significant as the fixed-
roles greatly reduce the opportunity to create financially feasible matches. This demonstrates the
importance of ensuring that travelers are encouraged to seek both roles or motivated (via subsidies
or other schemes) to balance between preferred roles. In the fixed-role cases, match rates and
surpluses are generally maximized when the number of riders and drivers are equal under our tested
scenarios. In conclusion, while the proposed analytical model has limitations and assumptions,
it offers valuable insights and trends that can assist stakeholders in assessing the benefits and
potential returns on investment in a carpool system.

Future refinement could focus on improving the assumptions made in the model which
may not be satisfied in practice, including the trip cost calculation, distribution of the demand,
and network layouts, etc. For instance, improving the trip cost’s consideration and the financially
feasible rule, which currently relies solely on fuel costs. However, it may not accurately reflect
the additional cost of time resulted from detouring. To address this limitation, future work could
incorporate the cost of time and schedule delays into the trip cost. Another aspect to explore is ex-
panding the many-to-one system to a many-to-many system, with multiple origins and destinations.



AN N R W=

[o BN

10
11
12
13

Dong, Liu, and Gayah 21

This would provide planners and stakeholders with a more comprehensive tool with versatility and
applicability.

Furthermore, the model assumes a square city layout with homogeneous demand, which
may not accurately reflect the complexities of real-world transportation networks and diverse de-
mand patterns. By incorporating actual network layouts and heterogeneous demand distributions,
the model can be enhanced to provide more realistic and robust insights.
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