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Abstract

The transition kernel of a continuous-state-action Markov decision process (MDP) admits
a natural tensor structure. This paper proposes a tensor-inspired unsupervised learning
method to identify meaningful low-dimensional state and action representations from
empirical trajectories. The method exploits the MDP’s tensor structure by kernelization,
importance sampling and low-Tucker-rank approximation. This method can be further
used to cluster states and actions respectively and find the best discrete MDP abstraction.
We provide sharp statistical error bounds for tensor concentration and the preservation
of diffusion distance after embedding. We further prove that the learned state/action
abstractions provide accurate approximations to latent block structures if they exist, enabling
function approximation in downstream tasks such as policy evaluation.

1. Introduction

State abstraction is a core problem at the heart of control and reinforcement learning (RL).
In high-dimension RL, a naive grid discretization of the continuous state space often leads to
exponentially many discrete states - an open challenge known as the curse of dimensionality.
Having good state representations will significantly improve the efficiency of RL, by enabling
the use of function approximation to better generalize knowledge from seen states to unseen
states.
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Figure 1: An illustration of our tensor-inspired state and action embedding method
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We say a state/action representation is “good”, if it enables the use of function ap-
proximation to extrapolate and predict future value of unseen states. Suppose there is a
representation allowing exact linear parametrization of the transition and value functions,
then the sample complexity of RL reduces to depend linearly on d - the representation’s
dimension (Lagoudakis and Parr, 2003; Zanette et al., 2019; Yang and Wang, 2019; Jin
et al., 2019). Even if exact parametrization is not possible, a good representation can be
still useful for solving RL with approximation error guarantee (see discussions in Du et al.
(2019a); Lattimore and Szepesvari (2019)). An important related problem is to strategically
explore in online RL while learning state abstractions (Du et al., 2019b; Misra et al., 2019).
Motivated by these advances, we desire methods that can learn good representations, for
RL with high-dimensional state and action spaces, automatically from empirical data.

What further complicates the problem is the large action space. An action can be
either a one-step decision or a sequence of multi-step decisions (known as option). States
under different actions lead to very different dynamics. Although states and actions may
admit separate low-dimensional structures, they are entangled with each other in sample
trajectories. This necessitates the tensor approach to decouple actions from states, so that
we can learn their abstractions respectively.

1.1 Our Approach

In this paper, we study the state and action abstraction of Markov decision processes
(MDP) from a tensor decomposition view. We focus on the batch data setting. The Tucker
decomposition structure of a transition kernel p provides natural abstractions of the state
and action spaces. We illustrate the low-Tucker-rank property in a number of reduced-order
MDP models, including the block MDP (i.e., hard aggregation), latent-state model (i.e., soft
aggregation).

Suppose we are given state-action-state transition samples D = {(s,a, s’)} from a long
sample path generated by a behavior policy. Our objective is to identify a state embedding
map and an action embedding map, which map the original state and action spaces (maybe
continuous and high-dimensional) into low-dimensional representations, respectively. The
embedding maps are desired to be maximally “predicative”, by preserving a notion of
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kernelized diffusion distance that measures similarity between states in terms of their future
dynamics.

To handle continuous state and action spaces, we use nonparametric function approxi-
mation with known kernel functions over the state and action spaces. By approximately
decomposing the kernel into finitely many features, we are able to handle the continuous
problem by estimating a transition tensor of finite dimensions. Next, we leverage importance
sampling and low-rank tensor approximation to identify the desired state and action embed-
ding maps. They yield “good” representations of states and actions that are useful for linear
function approximation in RL. Further, these representations can be used to find the best
discrete approximation to the MDP, and in particular, recover the latent structures of block
MDP with high accuracy. To the best of knowledge, this paper makes the first attempt
to learn low-rank representations for high-dimensional continuous Markov decision, with
statistical guarantee. Figure 1 illustrates the main idea of our approach. Contributions of
this paper include:

e A tensor-inspired kernelized embedding method to learn low-dimensional state and ac-
tion representations from empirical trajectories. The method exploits the MDP’s tensor
structure by importance sampling, mean embedding and low-rank approximation.

7

e Theoretical guarantee that the embedding maps largely preserve the “predictability
of states and actions in terms of a kernelized diffusion distance, which is proved using
a novel tensor concentration analysis.

e A discrete state/action abstraction method that provably recovers latent block struc-
tures of aggregable MDP. Theoretical guarantee that the learned abstractions are
“good” representations for approximating transition/value functions within a small
error tolerance.

e The numerical studies to corroborate our theoretical findings. The simulation results
show the advantage of the proposed method over the baselines of vanilla and top r
kernel PCA methods.

1.2 Related Literature

Spectral and low-rank methods for dimension reduction have a long history. Our approach
traces back to the diffusion map approach for manifold learning and graph analysis (Lafon
and Lee, 2006), which comes with a notion of diffusion distance that quantifies similarity
between two nodes in a random walk. Coifman et al. (2008) extended the idea to systems
driven by stochastic differential equations. Schiitte et al. (2011) and Klus et al. (2016, 2020)
studied how to infer dynamics of a system from leading spectrum of transition operator and
find coresets of the state space.

The statistical theory of low-rank Markov model estimation received attention in recent
years. Zhang and Wang (2020); Zhu et al. (2022) studied the low-rank estimation of
finite-state Markov chains. Loffler and Picard (2021) studied the nonparametric estimation
of transition kernel for continuous-state reversible Markov processes with exponentially
decaying eigenvalues. Sun et al. (2019) studied kernelized state embedding and statistical
estimation of metastable clusters. These results only apply to Markov processes.
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In control theory and RL, state aggregation is a long known approach for reducing
the complexity of the state space; see e.g., Moore (1991); Bertsekas and Tsitsiklis (1996);
Singh et al. (1995); Tsitsiklis and Van Roy (1996); Ren and Krogh (2002). Representation
learning methods were proposed that uses diagonalization or dilation of some Laplacian
operator as a surrogate of the transition operator; see e.g. Johns and Mahadevan (2007);
Mahadevan (2005); Parr et al. (2007); Petrik (2007). See Mahadevan et al. (2009) for a
review. For online RL problems, representation learning approaches have been proposed to
find good state-action representations while maintaining a sub-linear regret (Modi et al.,
2021; Agarwal et al., 2020; Uehara et al., 2021; Zhang et al., 2022). (Ni et al., 2023) recently
applied the representation learning approach to the multi-agent setting. These methods
typically require prior knowledge about structures of the problem such as the transition
function, or assume access to a finite feature class that covers the ground-truth feature.
For tensor-based methods, Mahajan et al. (2021) uses low-rank tensor approximations to
model agent interactions in the multi-agent setting. The approach views the Q-function as a
tensor whose modes correspond to the action spaces of different agents. Van Der Vaart et al.
(2021) considers model-based multi-agent RL and applies low-rank tensor approximation
to estimate the transition probabilities and rewards. These approaches only apply to finite
state-action MDPs with a low CP rank.

General methods for tensor decomposition and low-rank approximation have been studied
in the applied math, statistics, and computer science literature, including the high-order
singular value decomposition (HOSVD) (De Lathauwer et al., 2000b), high-order orthogonal
iteration (HOOI) (De Lathauwer et al., 2000a), best low-rank approximation (Richard and
Montanari, 2014; Zhang and Xia, 2018), sketched-based algorithms (Song et al., 2016),
power iteration, k-means power iteration (Anandkumar et al., 2014; Sun et al., 2017), sparse
high-order SVD (Zhang and Han, 2019), generalized tensor decomposition (Hong et al., 2020;
Han et al., 2022), etc. The readers are also referred to surveys on tensor decomposition
(Kolda and Bader, 2009; Cichocki et al., 2015) and their applications in machine learning
(Sidiropoulos et al., 2017; Janzamin et al., 2019; Panagakis et al., 2021).

1.3 Markov Decision Process

An instance of a Markov decision process can be specified by a tuple M = (S, A, p, ), where
S and A are state and action spaces, p is the transition probability kernel, r : S x A — R is
the one-step reward function. At each step t, suppose the current state is s;. If the agent
chooses an action a;, she will receive an instant reward r(s¢, a;) € [0, 1] and system’s state
will transit to s;+1 according to the probability distribution p(:|s¢, a¢). A policy 7 is a rule for
choosing actions based on states, where 7(+|s) is a probability distribution over A conditioned
on s € §. Under a given policy, the transition of the MDP will reduce to a Markov chain,
whose transition kernel is denoted by p™ where p™(s'[s) = p"7(s'|s) = [, w(a|s)p(s'|s, a)da.
Based on that, we define the t-step transition kernel p® ( |s ) 1nduct1vely by pbT(]s) =
[pt=17(s'|s)p™(-|s')ds’. And we further use ™ to denote the invariant distribution of that
Markov chain. Define the worst-case mixing time (Levin et al., 2009, Page 55) as

tmie = maxmin {¢[||p" " (-|s0) — " [l7v < 1/4,¥s0 € S, ¥ > t},
™
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where || - |7y denotes the total variation distance. Throughout the paper, we use C to
denote generic constants, while the actual values of C' may vary from line to line.

1.4 Tensor and Tucker Decomposition

For a general tensor X € RP1*P2XPN_we denote X x, U as the product between X and a
matrix U € R%*P» on the nth mode, which is of size p1 X ... X pp_1 X ¢ X pni1 X ... X PN
Each element of X x,, U is defined as (X X, U )i, . i1 jiniroin = o Xy g riinirin Uji-
We denote by My (X) € RP-*IiziPi the factor-k matricization (or flattening) of X. The
Tucker decomposition of X is of the form X = G x; Uy Xo...xy Uy, where G € R11*--*N
is a smaller core tensor. In particular, we call the smallest size of G the Tucker-rank of
X. Rigorously, we define Tucker-Rank(X) = (R, Ra, ..., Ry), where R;, = Rank(Mj(X)).
The inner product between two tensors X,Y € RP1*P2XPN jg defined as

p1 D2 PN

(X,Y) = Z Z Z Xiyig-win Yigigwiy -

i1=lis=1  iy=1
The spectral norm and Frobenius norm of a tensor X € RPL*P2X--XPN are defined as

X[l = ol sup (X, ujougo...oun), [|[X||r = (X, X).
wi||=1,1<i< N

Suppose S, A are reproducing kernel Hilbert space. We define the Tucker-rank of an operator
P:Sx A— S as an analogue of Tucker decomposition of tabular tensors: suppose there
exist ¢ € R and functions u;,wy € Hs,vj € Ha,i € [r],j € [l],k € [m], such that
(Pf)(s,a) = > i 22:1 Y orey Cijrui(s)vi(a)(f, wg)pg. Then write Tucker-Rank(PP) as the
minimum (r,[, m) that ensure this equation holds.

2. A Tensor View of Markov Decision Process

Consider a continuous-state MDP with the transition kernel p, where each p(:|s,a) is a
conditional transition density function. We adopt a tensor view to exploit structures of p for
abstractions of state and action spaces. The Tucker rank of p turns out related to commonly
used reduced-order models such as state aggregation and latent models. We handle the
continuous state and action spaces using kernel function approximation. Suppose we have a
Reproducing Kernel Hilbert Space (RKHS) Hg for functions over states and a RKHS H 4
for functions over actions. We make the assumption that the MDP’s transition kernel p can
be represented in these function spaces.

/

Assumption 1 Let P be the transition operator of p, i.e., (Pf)(s,a) = [p(s'|s,a)f(s")ds .
Assume that Tucker-Rank(P) < (r,l,m) ', and Pf € Hg x Ha,Vf € Hs.

Here, the low-Tucker rankness assumption captures the structure that state/action space
can be compressed into a lower-dimensional space while preserving the dynamics. This
assumption naturally holds in many well-known reinforcement learning models, such as
soft state aggregation (Singh et al., 1995; Bertsekas, 2007; Sutton and Barto, 1998), rich-
observation MDP (Azizzadenesheli et al., 2016; Du et al., 2019b), contextual MDP (Jiang
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et al., 2017), linear/factor MDP (Jin et al., 2019), kernel MDP (Ormoneit and Glynn, 2002;
Chowdhury and Gopalan, 2019).

In the remainder of the paper, we assume without loss of generality that the state and
action kernel spaces admit finitely many known basis functions, which we refer to as state
features ¢(s) € R and action features 1(a) € R%. This is a rather mild assumption: Even
if we do not know the basis function but are only given kernel functions Kg and K 4 for Hg
and H4. According to Rahimi and Recht (2008), one can generate finitely many random
features to approximately span these kernel spaces such that Kg(s,s') =~ Zfi L Bi(s) T i(s")
and K4(a,d') =~ Z?ﬁl ¥;(a) T (a’). Also note that our approach applies to arbitrary state
and action spaces, as long as they come with appropriate kernel functions. Although p is
infinitely dimensional, we use the given kernel spaces and represent p with a finite-dimensional
tensor. In particular, Assumption 1 implies the following tensor linear model:

Lemma 1 (Conditional transition tensor and linear model) Suppose Assumption 1
holds. There exists a tensor P € RIs*daxds gych that Tucker-Rank(P) < (r,1,m) and

P x1 ¢(s)" xa9(a)" =E[p(s')]s, al, Vs e S,a e A

Tucker decomposition is one of the most general low-rank structure for tensors. Remarkably,
the low-Tucker-rank property (Assumption 1) turns out to be universal in a number of
reduced-order MDP models. Typical examples include block MDP (Du et al., 2019b) and soft
MDP aggregation (Singh et al., 1995), whose detailed descriptions are placed in Appendix B.
The low-Tucker-rank property also holds in MDPs with rich observations (Azizzadenesheli
et al., 2016), and is related to the Bellman rank (Jiang et al., 2017). We remark that the
tensor rank is determined solely by the transition model p (i.e., the environment), regardless
of the reward r.

3. Tensor-Inspired State and Action Embedding Learning

In this section, we develop a tensor-inspired representation learning method, which embeds
states and actions into decoupled low-dimensional spaces. Next, we will develop the method
step by step, and provide theoretical guarantees.

3.1 Tensor MDP Mean Embedding by Importance Sampling

Suppose we have a batch dataset of state-action samples.

Assumption 2 The data D = {(s,a,s')} consists of state-action-state transitions from a
single sample path generated by a known behavior policy .

Let £ be the stationary state distribution of the sample path under policy 7. Let n be a
positive probability measure over the action space. Consider the tensor mean embedding

F = /¢(3) o 1/1(0,) o ¢(5/)p(s,a, S/)dsdadsl c RdstAXdS’

where p(s, a,s’) = p(s'ls,a)é(s)n(a).

Lemma 2 Assumption 1 implies Tucker-Rank(F') < (r,l,m).
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We estimate the mean embedding tensor F' by importance sampling:
F=n"'0 229 6(s:) 0 4b(ai) 0 6(s))- (1)

The mean embedding tensor F' is related to the transition tensor P through a simple relation.

Lemma 3 (Relation between P and F) When {v;(-) ?;‘1 forms a set of orthogonal
basis with respect to L?(n), we have P = F x1 71 where T = [ £(s)p(s)d(s) " ds.

Necessity of importance sampling. The importance sampling step (1) is necessary to
decouple states from actions. Without importance sampling, the naive mean embedding
tensor

W .= /QS(S) o(a)o ¢(s')E(s)m(als)p(s'|a, s)dsdads

may have large ranks on the first two dimensions. This is due to that the behavior policy 7
couples the state and action spaces together, therefore their independent low-dimensional
structures are lost in the mean embedding tensor W. Without using importance sampling,
if we replace F' with plain mean W, Lemma 2 and Lemma 3 no longer hold. As a result,
one cannot learn the best low-dimensional structure of p from W.

3.2 Low-Rank Estimation of Transition Tensor

We estimate a low-rank approximation to F' by solving:
F = argmin |Q — F||,, subject to Tucker-Rank(Q) < (r,,m) (2)

and estimate the transition operator P by P = F x; 371, where 3 = % S B(53)p " (55).
Define

S a

A= |E[K1(S, 5)6(9)6(S) llo,

K g = max {Sup KS(87 8), sup KA(G, a)} 5

A= sup Egopopr)[(w6(9) (v ¢(A))(w' ¢(5"))]%], where u,w € S9! v e 591,

u,v,

Here, Kg, K4 are the kernels associated with the state RKHS space Hg and action RKHS
space H 4, respectively.

Theorem 4 (Low-rank estimation of the transition tensor P) Suppose Assumptions
1-2 hold. Suppose 1 is orthonormal with respect to L*(n), and

n/tmiw < —1)2 - Krzna:c "fKrS;Lax) < 2tmiz )
———— >10241( || u~+ — 4+ = lo +8(ds +da) |,
(1 (n/tmzm)>2 = || ||0' by g 5 ( S )

then with probability 1 — §, we have

A(log 2mic 4 dg + da)(k + Al 2712)
(n/tmzx) 10g72(n/tmm) .

|P—P|, < 256\\2‘1110\/
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The derivation of P also provides a tractable way to estimate E[¢(s')|s, a] by
E[p(s')]s,a] := P x1 6(s) " x2(a)".
And we have the following guarantee on the estimation error:
IE[¢(s")]s, a] — E[p(s")]s, a]| < Kmaa| P — Pl

Rank selection Our theory assumes the prior knowledge of tensor rank. In practice, it
is common to tune the rank parameters by checking the elbow in the scree plot and using
cross validation (see discussions in the classical literature on PCA, e.g., Jolliffe (1986)). In
theory, rank estimation is hard unless one makes additional strong assumptions, like that
the eigengap is bounded from below.

Computation Finding the exact optimum of (2) can be computationally intense in general
De Silva and Lim (2008). In practice, we can apply classic tensor decomposition algorithms,
such as higher-order orthogonal iteration (HOOI) (De Lathauwer et al., 2000a), high-order
SVD (De Lathauwer et al., 2000b), sequential-HOSVD (Vannieuwenhoven et al., 2012),
gradient descent (Han et al., 2022), to find an approximate solution to (2). In particular, the
statistical optimality of tensor power iterations, e.g., HOOI and HOSVD (Appendix A), have
been justified in some special cases Zhang and Xia (2018). We expect these approximations
also work for our problems, which is later validated in our experiment.

3.3 Learning State and Action Embeddings

Next, we show how to embed states and actions to low-dimensional representations to be
maximally “predictive.” Consider a kernelized diffusion distance of the MDP, which measures
similarity in terms of future dynamics restricted to a function class:

dist[(s1,a1), (s2,a2)] = sup [E[f(s')[s1,a1] — E[f(5')[s2, az]|-

£l <1

This distance quantifies how well one can generalize the predicted value at a seen state-
action pair (s,a) to a new (s',a’). Under the low-tensor-rank assumption, we have P =
C x1 Uy xo Uy x3 Us, where Uy, U,, Us are columnwisely orthonormal matrices. Then we
can define the kernelized state diffusion map, kernelized action diffusion map and their joint
map as

FO =0 0(), g(-)=Uy¢(), ®(s,a):=C x1 f(s)" xag(a)’,

respectively. It follows that dist[(s, a), (s',a’)] = ||®(s,a) — ®(s',d’)||, if ¢ is a collection of
orthonormal basis functions of Hg. Motivated by the preceding analysis, we propose to
estimate state and action embedding maps based on the tensor estimator. After we obtain
P, we can simply find the corresponding state and action embedding maps from factors of
its Tucker decomposition

P:CX1U1X2U2X3U3,

where we require that ﬁk, k =1,2,3 are column-wisely orthonormal. The full procedure is
given in Algorithm 1. Now we have obtained the state embedding map f and the action
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Algorithm 1 Learning State and Action Embedding Maps

1: Input: {(s;,a;,s}) -y, (r,l,m)
2: Calculate

and get F' as the low-rank approximation of F' using (2)
3: Calculate %= LS L d(si)o ! (si), P=Fx 3!
4: Let P, = P. For k =1,2,3, derive Uy, from the SVD

My (Py) = U ARV,

and let Pk—i—l = Pk Xk ﬁk

5: Qutput:
State and action embedding maps f : s ﬁlT (s),g:ar (A]QTw(a);
Core transition tensor C' = Py.

embedding map §. Accordingly, we define the joint state-action embedding and the empirical
embedding distance as

b(s,a) = C x1 f(5)" x29(a)", dist[(s,a), (s',a)] = | ®(s,a) — &(s',a)]|.

Theorem 5 (Embedding error bound) Let Assumptions 1-2 hold. Suppose ¢ is an
orthogonal basis of Hg, and 1 is orthogonal w.r.t L*(n), then we can find an orthogonal
matriz O, such that

[ (s,a) — OB(s,a)| < e,
|Ei;€[(s, a),(s',a")] — dist[(s, a), (s',d")]| < 2¢,Vs,a,s,d,

where € is controlled by the low-rank estimation error, € ;== Kpax (1 + %) |P — P|,,

and o := sup|j, <1 om (P X1 w'), where o, denotes the m-th singular value of a matriz.

Advantage of tensor method. As an alternative, one could ignore the tensor structure
and treat the state and action jointly, yielding a low-dimensional representation for the
pair (s,a) directly. This approach may be favorable if the (s,a) has a very simple joint
structure. However, the tensor approach may be significantly more sample efficient if s and a
admit separate low-dimensional structures. To see this, suppose the state and action features
have dimensions dg and d4 before embedding. Also assume the Tucker rank is r =1 =m
for simplicity. By treating (s,a) jointly and ignoring the tensor structure, one would need

Q(dadsr) samples to reliably recover the low-dimensional structure. In comparison, our
tensor-based approach requires only Q((dx + da)r) samples.

4. Estimating the Optimal Discrete MDP Abstraction

Next, we study how to provably reduce a continuous-state continuous-action MDP into a
discrete one, by an application of the learned kernelized diffusion distance to partition the
state and action spaces.
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4.1 Optimal Partition of State and Action Spaces

Our goal is to learn an optimal discretization of a continuous MDP. Specifically, we want
to find a partition of S and A, denoted as blocks A;, Bj,i € [ng],j € [ny] and a collection
of probability transition distributions {g;;(-)} on the blocks. For each state-action pair
(s,a) € A; x Bj, and some function f € Hg, we want to approximate the one-step expected

value (Pf)(s,a) = [p(s'|s,a)f(s)ds" by

(B)(s,a) = / p(s']s,a) f(s')ds' ~ / 4 () F(s)ds'.

We formalize the optimal state-action partition problem as:

L({Ai, By, ;) : Z / lpC1s,a) - ()2 dsda, (3

{AuB]:Qz]

whose solution is denoted as { A}, B, q;*j}, and the corresponding optimal value is denoted
by L*.

In particular, if | 4] = 1, the MDP reduces to a Markov process and the optimization
problem reduces to min4, ming,y Y i) fA s)|lp(-ls) — qi(-)||§_tsdsda, which becomes equiv-
alent to the metastable state partition problem for random walk and dynamic systems E
et al. (2008).

4.2 Decoupled State and Action Clustering

Next, consider the RL setting where we wish to learn {47, B} when p is unknown. Observe
that the optimal partition is determined solely by the kernehzed diffusion distance equipped
by the state-action space. This allows the approximation of (3) by the empirical state-action
clustering problem:

i (6150~ 2 P,
o, S [, - 1860 -5 "

whose solution is denoted by {Ai,Bj,ﬁij}. Then the corresponding discrete transition
distribution from state abstraction ¢ and action abstraction j takes the form ¢;;(-) =
2504 ().

To facilitate computation, we provide a relaxation of problem (4) that can be solved
using k-means-type algorithms. By taking z;; = C x1 f;T X g] for some f;, g;, the partition
problem becomes

min min sin(a) - |C x1 f(s)T x24(a)T = C x ;X dsda.
i, i 3 | et 16 51 707 xagla)” = €1 17 xag] P

Using the relation
IC x1 f(s)" x29(a)" = € x1 £ %2 g] | < 2O Kinaa(11.f () = fill* + 9(a) — 511,

we can relax the problem (4) into two simpler subproblems:

: : ¢ _£12 - 12
DY / D)~ filPs mljnmmz / 0))l3(a) — g;da.

10
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In short, one can efficiently compute the decoupled state and action clusters using the
learned representations from the tensor method. The full procedure is given in Alg. 2

Algorithm 2 Learning Optimal State-Action Abstractions

1: Inpl'It: {(sia Qj, S;)}?zla (Ta l7 m)
2: Estimate the state embedding and action embedding maps f, g, Us using Algorithm 1.
3: Apply k-means to solve the following two problems, respectively:

min min 2|%ds,
min i Z/é ()~ £l

min min 11%da.
min i Z/ @)li(a) g

4: Output: The state partition {A;} and action partition {B;}

4.3 Theoretical Guarantee
The following theorem guarantees that the empirical discretion is not far from the groundtruth.
Theorem 6 (Mean squared clustering error) Let Assumptions 1-2 hold. Suppose 1 is

a orthonormal basis with respect to L*(n) and n sufficiently large, then with probability at
least 1 — &, we have

3 —12 _
LA By g < IZTortm ot PUEE) Alog(tin/0) +ds + da) (s + Al E3)
v =AYt = max{r,l,m} (n/tmim)IOg_2(n/tmix>
+4L%,

where L* is the optimal value of problem (3), o is defined as in Theorem 5, C' is an absolute
constant.

Next, we focus on the case where the true MDP has latent block structures.

Assumption 3 Let there be blocks on the state and action spaces A;, Bj,i € [ns,j € [nal,

1.e.,
Ns Na

‘8 CL Z Z C.Iz] SEAZ' 1a€Bj7

i=1 j=1

for some probability density functions g;;.

Suppose we have applied Algorithm 2 to recover the latent blocks. Let {A; b {B; }iey be
the estimated state and action clusters. Define the misclassification error as

- s Do (€% n)((A; x B )\(Aal(i) X ng(j)))
MUAD B = min > (€< n)(Ai = B)) |

where o1 and oy are permutations over the state and action blocks, respectively. We prove
the following clustering error bound:

11
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Theorem 7 (Misclassification error for block MDP) Let Assumptions 1, 2, 3 hold.
For n sufficiently large, with probability 1 — &, we have

- rim(1+ 2205 X (log (20 /8) + ds + da) (s + GlIZ2)
M({A} . {B;}) <=7, z : e z
({4 4B} = € | max{r,l,m} A2(n/tmiz)(log T:ﬁ)” '

where AT := min; j ming, ;)4 ) E(A)N(B))la5;(-) — qzl()H%S and C'is an absolute constant.

Remark 1 The bounds in Theorems 6 and 7 grow proportionally to rim (i.e., the product
of Tucker ranks of P ), which can be large even when r,l,m are individually small. However,
the term is essential as it represents the degree of freedom of a Tucker rank (r,l,m) tensor,
which is given by p(r + 1+ m) + rlm (Zhang, 2019, Proposition 1).

Next we investigate how the statistical inaccuracy of state abstraction would affect
downstream RL tasks. We consider block-structured MDP whose transition kernel p, reward
r and policy 7 are defined on state and action blocks {A;}, {B;}. We use M = (p, {rn}L))
to denote such an MDP instance, and use M to denote the collection of all such M. One
may wonder if the state abstraction error would blow up, particularly if we want to evaluate
a multi-step cumulative return. Define the H -step state abstraction error as the worst-case
policy evaluation error over horizon H, given by

H

> ra(Sh, An)

h=1

D({4;},{B;}) = sup inf

™
Ep
MeM,x P

)

H
— Eg [Z T’h(Sh, Ah)
h=1

where the supremum is taken over all block-structured MDP instances and policies on
{A;, B;}, and the infimum is to find a best-fit transition model on the estimated clusters
{4;, B;}, of the form

A ] _ Ns Na ‘j(kllvj) N ~ ~
p(s |S,CL) - Zi,k:l =1 ¢(4y) lseAilaGles’EAk’
where § is a set of discrete transition probabilities.

Theorem 8 (Policy evaluation error due to inaccurate state abstraction) Let As-
sumptions 1, 2, 8 hold. Then for n sufficiently large, with probability 1 — §, we have

D({A:},{B;}) < dec " H*M({A:},{B;}),
where ¢ = mini,j(f X 77)(141 X Bj),é = maxi,j(f X 77)(142 X BJ)
Theorem 8 shows that the H-step state abstraction error grows at most quadratically with
H, not exponentially. In other words, inaccuracy in state abstraction does not suffer from the

curse of horizon. Thus the learned state and action abstractions are useful for approximate
policy evaluation.

12
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5. Numerical Experiment

We test our approach on a particular MDP derived from a controlled stochastic process. Let
the state and action spaces be both R2. Suppose the state-action pair at step k is (sg, az).
Then the next state sg.; is set to be X, ) for some 7 > 0, where X} is the solution of

the SDE:
dX; = —[VV(Xy) + F(ag)ldt + V2dBy, kr < t < (k + 1),

where V(-) is a wavy potential function, F'(-) is a block-wise constant function (Figure
2), By is the standard Brownian motion. Let the behavior policy be always choosing a
from a standard normal distribution. We use the Gaussian kernels and obtain state/action
features by generating N random Fourier features h = [h1, ho,- -, hy] such that K(z,y) ~

S hi(@)ha(y).

3
s N M
4. 1 \ /
o~ -~ —_—
2 24 w O —— —
= 0- 1 / \
: VNN
5 !
o~ -3
—— 3 2 1 0 1 2 3
X, © e X 2
8 State Space, Cluster=4 s State Space, Cluster=8 s State Space, Cluster=10 8 State Space, Cluster=14
6 6 6 6
4 4 4 4
2 2 2 2
s 0 0 o 0 0
-2 -2
-4 -4
-6 6
-8 -8 -8
-5 0 5 -5 0 5 -5 0 5
S S S
. Action Space, Cluster=4 . Action Space, Cluster=8 4 Action Space, Cluster=13

Figure 2: Row 1: Left: Potential function V(-); Right: Block-wise control function F(-).
The action space has 16 blocks, and in each block F'(-) is a constant drift vector
(see the arrows); Row 2: Learned state abstractions with varying clustering sizes;
Row 3: Learned action abstractions with varying clustering sizes.

13



N1, DUuAN, DAHLEH, WANG, AND ZHANG

State-action Clustering We first apply Algorithm 2 to estimate state and action clusters.
The results are shown at the right side of Figure 2. Comparing them with the ground truth,
we can validate that our method indeed reveal the latent state and action blocks.

Low-Rank Estimation of the Transition Tensor We then investigate the efficiency of
estimating P via our tensor method. We compare our method with two baselines: (1) The
vanilla method, which directly estimates the transition tensor by P = F x; ! without any
low-rank approximation; (2) The “top r” method, whose the procedure is: i) calculate the
top r (or I, m) principle components of the sample covariance per mode; ii) project features
onto the subspace spanned by the top principle components; iii) estimate the transition
tensor via the vanilla method (discussed above) in the space of projected features. Fig. 3
visualizes the estimation errors of these methods with different choices of (r,1,m), where
errors are averaged over five independent runs. We observe that, for most of the time, our
method consistently outperforms the baselines. Note that the top r method performs slightly
better when n is very small, because in this case data is too small to get meaningful estimate
of P. The three approaches have similar performance when the rank constraint is set to be
(60,30, 60) or higher. This is because the rank constraint is already close to the dimensions of
the original state-action features, which reduces the impact of the rank-constrained estimator
and introduces additional noise due to computational limitations. In practice, small rank
constraints are preferred for both statistical and computational reasons.

(r,‘ 1, m)‘= (20? 10, 20)

(r,‘ 1, m)‘= (30? 15, 30)

T 10 T
—-Hool —+-HOOI
of ~Topr |4 ok ~Topr |
Vanilla Vanilla
[T |
_ler _ o
& | & Nh
= = | =
© SpEig . N © 6 R F3gg, 1
i N T TS e U ——— g 5 : TEEigs 3333345555050 00e
st gL £ st (I\\I\l\f\} £
e TS esesossa Treag, og g
- 55 cood R = S
s ] o
1000 ZU‘UU 30‘00 AD‘OO EU‘EIEI 60‘00 70‘00 8000 1000 20‘00 SU‘UU 40‘00 50‘00 SU‘UU 70‘00 8000
n n
(r, I, m) = (40, 20, 40) (r, I, m) = (60, 30, 60)
10 —p 10
—+-HOOI —+-HOOI
o ] ~Topr |4 ol ~Topr |4
Vanilla Vanilla
L
_ler
o
vl Big,
— !
EL K\E\% Fig 3 3
© oF g Hepq 1
e - gy
= f&*‘w\}
sl HI\‘;L&
4+ 4
1000 20‘00 30‘00 AD‘DD 50‘00 60‘00 70‘00 8000 1000 20‘00 30‘00 40‘00 SG‘DD 50‘00 70‘00 8000
n n

Figure 3: Low-tensor-rank estimation of P, compared with baseline methods.
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Appendix
A. The HOOI Algorithm

Algorithm 3 HOOI for MDP Tensor Decomposition

1: Input: tensor mean embedding F, (7,1,m), tmax
2: Initialization:

U = SVD,(My(F)), U = SVD,(My(F x; UVTY),

U" = SVD,,(M3(F x; UV x, T{OTy),

where SVD,.(+) is the operation that returns the leading r singular vector of matrix -.

3: fort=1,...,tmax do

g O =SVD (M (F x, U VT s O{T),
U = SVD(Ma(F x U T x3 U8V,
U = SVD,,(M3(F x; U 5, UPT).

5: end for

(=)

: Output_ F = F X1 (0{tmax)TU{tmax)T) X9 (Uétmax)—rlj—z(tmax)—r) X3 (U?Stmax)—rl—]étmax)—l—)

B. Examples of Low Rank MDPs

We give two basic examples.

probab'i‘lity P

PE[5.0)

..2G2°% o

meta-action
meta-actions A

. ~ ot

Figure 4: Left: Block MDP (aka hard aggregation); Right: Latent-state-action MDP (aka
soft aggregation).

Example 1 (Block MDP (Hard Aggregation)) Let S and /1 be finite sets. Suppose
there exists state and action abstractions f: S+ S and g : S — A such that

p(s,a) = p(|s',d’) if f(s) = f(s'),9(a) = g(d).
Then p has Tucker rank at most (|S|,|Al,|S]).
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Example 2 (Latent-State-Action MDP (Soft Aggregation)) Given an MDP M =
(S, A,p,r), we say M has an (r,l,m)—laten:c variable model if there exist a latent state-
action-state stochastic process {§;,a¢, §;} €S x A x &', with [S| =r,|A| =, |S’| = m, such
that

]P)(gt, dt\sl, A1, ...,St, (It) = P(§t|8t)P(C~Lt|CLt), P(§2|31, A, ..., St, g, gt, CNLt) = ]P(gﬂgt, &t),

P(si41]81,a1, - - -, S, ap, 8¢, ar, Sp) = P(s¢41]8}).

In this case, one can verify that p has Tucker rank (r,l,m).

We give an illustrative example to show the advantage of utilizing tensor MDP formulation
as opposed to the matrix ones.

Example 3 Consider A = {1,2}, S ={1,2,3,4}. Construct the MDP transition tensor P
as

[1/6 1/6 1/3 1/3]
p._ [1/6 1/6 1/3 1/3
T 11/3 173 1/6 1/6°
11/3 1/3 1/6 1/6]
[1/3 1/3 1/6 1/6]
po _ [1/3 1/3 1/6 1/6
27 l1/6 1/6 1/3 1/3
11/6 1/6 1/3 1/3]
Then, P = C x, U x3 U for
10
1o _[1/6 1/3 _[1/3 1/6
V=101 ’C'l'_[1/3 1/6]’0’2'_[1/6 1/3}
0 1

and the state-space is aggregatable into two meta-states: {1,2} and {3,4}. Consider a
random policy: m(als) =1/2 for a = 1,2. Without taking into account the tensor structure
induced by the policy, one can check that the state transitions {sg, s1,...} form a Markov
process with the following transition matrix

1/4 1/4 1/4 1/4
1/4 1/4 1/4 1/4
1/4 1/4 1/4 1/4
1/4 1/4 1/4 1/4

- 1 1
P=—-P{+-Poy =
5 1+2 2

Clearly, the meta-state partition is “averaged out” using any matrix methods and there is
no hope to extract the meta-state information merely from the state transitions {so, s1,...}.
On the other hand, the tensor formulation, which preserves the original state-action-state,
allows a reliable state aggregation efficiently.
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C. Derivation of Optimization Problem (4)

The original optimization objective is

min min £(s)n(a)|lp(-ls,a) — ¢ (- stda
A“BJ {Q'L]}Z/A ><B ( )77( )H (| ) ]()H'Hs

= Jin mmZ/AxB E(s)n(@)| (p(-ls,a), () — (g (), ¢()) | *dsda.

Ai,Bj {45}

Simple calculations show that given fixed A;, B;, the best choice of (g;;(-), ¢(-)) is

1
(i (1), 8()) = f(Az‘)n(l%)/AiXBj £(s)n(a)(p(-|s, a), 6(-))dsda
— ; s a % S T % a T sda
= i o S 1) o v() s
- W /A'XB‘ £(s)n(a)(C x1 f(s)" x2g(a)" x3Us)dsda

= Usz;j,

where z;; = W’i(ﬁﬁ) fAthj £(s)n(a)(C x1 f(s)" xa g(a)T)dsda. Note that

> [, COm@Ipis.0).90) ~ sz, s
_Z/A B; a)||C %1 f(s ) X2 g(a)T X3 U3—U3Zij”2d8da
_Z/A <B, a)[|C x1 f(s ) X2 Q(G)T—Zij‘|2d8da.

Therefore, our problem can be further formalized as

wigmin Y [ @€ xi f9)7 x2 (o) - 2 |Psd

which is exactly (4).

D. Experiment Details

o2
In the experiment, we use the Gaussian kernels Ki(z,y) = Ka(x,y) = 27302 exp{— ”ngyQH }.

And the features are obtained by generating Ny (or N,) random Fourier features h =
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[h1, ho, -+ hy,] such that K (z,y) ~ SN0

i ) hi(z)hi(y). And the action features are then
orthogonalized with respect to L?(n). In the experiment, we choose 7 = 0.1,0 = 0.5, Ny =
100, N, = 50.

For the clustering problem, we choose sample size n = 10% and (r,1,m) = (3,3,3), and
the state features are further orthogonalized with respect to L?(¢). For the estimation
problem, the ground-truth is approximately obtained from the vanilla method with sample
size n = 105. The following figure shows the clustering result of the top-r method, which does
the clustering on the subspace spanned by the top-r (or [, m) eigenvectors of the covariance
matrix. From the figure we can see that the top-r method does not capture the correct

clustering information of the transition kernel compared with our method.

s State Space, Cluster=4 . State Space, Cluster=8 s State Space, Cluster=10 s State Space, Cluster=14
6 6 6 6
4 4 4 4
2 2 2 2
P a0 a0 &0
2| 2 2| -2
-4 -4 -4 -4
6 -6 6! -6
-8 . . - -8 - -8 -8
-5 0 5 -5 0 5 -5 0 5 -5 0 5
S1 S1 S1 S 1
4 Action Space, Cluster=4 4 Action Spgc Cluster=8 4 Action Spag Cluster=13 4 Action Space, Cluster=17
2!
' 0 o o
.2 t
-4
-4 2 0 2 4

Figure 5: Row 1: Learned state abstractions with varying clustering sizes by top-r method; Row 2: Learned
action abstractions with varying clustering sizes by top-r method.

E. Technical Lemmas

Lemma 9 Suppose

n/tmix ( _ —112 Kg,mx ) dstmiz
—— > 1024 | |3 ot —— log .
(log(n/tmiz))? | | g )

Then with probability 1 — §, we have

filog 4tz (log )2

=7 - =l < 32 =72

Lemma 10 For any tensor X € RPV*P2PN - sych that Tucker-Rank(X) < (r1,r2, -+ ,rn),
we can always find column-wise orthonormal matrices Uy € RP1*™ | Uy € RPNX™N gnd
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a core tensor C € R™M* " X"N sych that

X:CX1U1X2~~-><NUN.

Lemma 11 Suppose the worst-case mixing time of the MDP is tpz, then for any e > 0
and policy 7, suppose V™ 1is the invariant distribution of 7, then for any initial distribution
w, we have

1
< e, Vt > 2t log —.
€

H/pt’ﬂ('so)ﬂ(so)dso — ()

TV

Lemma 12 For any given tensor X € RP1*P2XP3 gych that Tucker-Rank(X) < (r1,79,73),
we have

r1rars3

1X[r < 1 X |-

max{ry,re, 3}

Lemma 13 Given p € N,e € R, there always exists an e-net of the sphere SP~1 whose size
is no more than (14 2/e)P.

Lemma 14 Given a tensor X € RP1Y*P2XP3 qgnd three e-nets of the unit sphere N1 C
SPi—l Ny © SP2=1 N € SP3~L we have

maxXge Ny ,yeN2,2EN3 ‘<X7 royo Z>‘
X, < .
1 X < 1—3e—3e2—¢3

Lemma 15 Suppose

n/tmix < —112 Kgmm ) dStmi:c
———— >1024 > + — lo .
Toa(1/tmis))? D2 7 &5

Then with probability 1 — &, we have

. s | jilog dstmiz (1gg )2
H(Zfl o Zfl)Z%HJ S 32“21”3\/lu’ g J/t( gtmlz) .
N/ lmix

Lemma 16 (Concentration in tensor spectral norm) Let Assumptions 1-2 hold. Sup-
pose

/i > 1024 FLK;LC”: (log i +8(ds +da))

(log(n/tmiz))? — A § ’

then with probability 1 — &, we have

. Mlog tmiz + 8(dg + da))(log )2
\F—Fuggm\/“( g 5 +8(ds + da))(log 2)°

tmiz
n/tmim
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Lemma 17 Suppose

n/tmifﬂ K2 kK3 tmiz
———— > 1024 e et 1 8(d d .
a2 1008 (15137 e 250 ) (g 222 s+

Then with probability 1 — &, we have
|F <y (B712Y2) — F x; (271Y2),

S \/A(log i 4 ds + da) (s + 2 3) (log 2 )

n/tmix

Lemma 18 Suppose P, P are two order-3 tensors of the same dimension. Suppose P =
C ><1 U1 X9 U2 X3 U3 and P C X1 U1 X9 Ug X3 Ug, where C C € Rrxlxm UTUg =
U U3 = 1. We have

Isin©Us, Us)|l» < ||PUPHU
where
o= sup on(P xiw).
wERP, [|lw||=1
F. Proofs

Proof of Lemma 1 Recall that under Assumption 1, there exist ¢;j1 € R, u;, wy, € Hg,
vj € Ha, i €[r], j €[l], k € [m] such that

r I m
Pf S, a Z Z Z Czjkuz Uj <f7 wk>7‘lsa Vf € HS~
=1 j=1 k=1
Let C € R™*>™ he defined as Cijr = ciji- Then we can rewrite
k I m
SN cipuls)iv(a);(fwr) = C x1u(s) " xav(a)" x3 (f,w) .

i=1 j=1 k=1

Now, because we have u;, w,, € Hg,v; € Ha, we can find three matrices Uy € RIs*T U, €
Raxl Uy € R%*™ guch that

u=U] ¢,v=U)p,w=Uj] ¢.
Then we have by the association law (Kolda and Bader, 2009, Section 2.5) that

C x1u(s)" xav(a)’ x5 (f,w)" =C x1 (U ¢(s))" x2 (U 9(a))" x3 (U (f, )"
= (C x1 Uy x2Us x3U3) x1 ¢(s)" x21p(a)" x5 (f,¢)".

25



N1, DUuAN, DAHLEH, WANG, AND ZHANG

In particular, we take f = ¢;,79=1,2,--- ,dg, and define V' by
‘/Zj = <¢17 ¢j>7
then we have

E[é(s’)\s,a] = (C X1 U1 X9 U2 X3 Ug) X1 (b(s) X9 w(a)T X3 VT
= (C X1 U1 X9 UQ X3 (U;V)T) X1 (Z)(S)T X9 ¢(a)T.

Now, we define P € Résxdaxds 1y
P=Cx, U xyUy x3 (U V).
Then the Tucker-rank of P is no larger than the size of C, i.e.,
Tucker-Rank(P) < (r,1,m),
and we have
E[p(s)]s,a] = P x16(s)" x29(a)",
which finishes the proof.

Proof of Lemma 2 To show this, simply notice

F = /¢(5) o ¥(a) o ¢(s)p(s'|s, a)¢(s)n(a)dsdads’

= [ o6 ( [ o5,y )5(8)n(a)d8da

= [ 6(s) 0 wla) o Blo(s)s. alé(m(adsda

Now we use the notation in Lemma 1 to write E[¢(s')|s,a] = P x1 ¢(s)" xa1(a) for some
P c R¥sxdaxds and get

F = [ o(s)0v(@) o (Px16(s)7 2 6(@) )e(om(a)dsda
= [P ( 5<s>¢><s>¢<s>T)T - (n(aw(aw(aﬂ)Tdsda )

=P x, </§(3)¢(s) Tds) ( )Tda>T.
<

The result of Lemma 1 shows that Tucker-Rank(P) < (r,l,m), which implies that

Tucker-Rank(F') < Tucker-Rank(P) < (r,l,m).
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Proof of Lemma 3 Notice that when 1) is orthogonal with respect to L?(n), (5) reduces
to

F = /ﬁ(S)n(a)p(S'SaaW(S) o ¥(a) o ¢(s')dsdads’

which implies
P=Fx; 3L

Proof of Lemma 9 According to the result of Lemma 15, we know that when

n/tmiz‘ (_ —1112 Kgnm ) dStmiJ}
————— >1024 b} + —= lo .
Toa(1/tmis))? D2 7 &5

Then with probability 1 — &, we have

n

B 3 | filog dstmiz (Jog 12
|-z §32HE‘III3\/M Chawr 1l
g

n/tmix

Therefore, we can directly get
1= ==, = (27
<|I(="

o dstmia n 2

_ filog =52 (log )
<32|% 1!!3\/ T
max

HEiss|,

1_2—
1 —1yy i -1
- X)Xz, X7z,

)

which finishes the proof.
Proof of Lemma 10 Suppose the SVD of M;(X) is
M(X)=UZV T,
where Uy € RPL*"! is a column-wise orthonormal matrix. Therefore,
Mi(X) = U (U] My(X)),
which is equivalent to
X = (X x U/) x, Uy.

Let X; = X x; U/, with a similar procedure we can find some column-wise orthogonal
matrix Us, such that

X1 = (Xl X9 UQT) X9 UQ.

Repeating this process for N times, we can find a series of column orthogonal matrix
U,,U,,--- , Uy and a core tensor C' = X, such that

X:C><1U1-'- XNUN,
which has finished the proof.
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Proof of Lemma 11 Let o = t,;,;;, for any initial distribution u, we use the notation

P () = / PV (|3)(s)ds

to denote the state distribution after ¢ steps starting from initial state distribution pu. One
direct fact is

i) = Ol = 3 f | [~ tsomtsnisn -]

=5 || [0l = vt
< [utso(5 [ 17 lsn) = v (9las ) s
< [ nsoydso = .

Now, for any initial distribution u and any n > 2«, we have

ds

157 (1) = 7 (Yl = = /]/ (slso)p(s0)dso — v (s)| ds

[etston [ [ msutsntsortsa 7o) as
[l (sl = 770D~ (st 7o)
[ sl |6 Gsaln) v (s0)s = ([ 6276 = @)ds) 7o)
(06l = 76115 7 (61) = (0 (s1b) = 7o)t

ds

ds

N~ N~ N~

o= T— T T

ds,

+

where we use the relation
[0l @) = [ 6) - 7))~
because we have
0= [ ()~ v 65 = [0 Gli) = 7 (@)~ [0 6lu) 7 (5)-s.
Therefore, we get

1" () =" Cllrv

<5 [| oot [t = v = (formisho v @as ) )] ds
v [ foremeton (o0 - v @)-as ) s - 6 Gl - o751 as
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LEARNING STATE AND ACTION REPRESENTATIONS VIA TENSOR DECOMPOSITION

For the first term, note that

S| stsn) [0 = v = ([0 = 76025 ) (50| | s
- o um—u<mwuﬂ/“a”b e = () s s
:/(paﬂf(gm) U7 (5))4d5 - / ‘/ mm (5]s,) f(é’a ﬂ(il|‘5))—_:7r((s)l))_|)_28ds v7(s)| ds.
Note that

(P () —v™())+
J(pom(8]p) — v™(3)) +d3
is also a probability density of some initial distribution, and n — a > «, so we have
S|t [ s = o700 = [ 076l =765 s
<5 [0 G) — 7)) ds
Similarly, we also get
S|t [t = vm o= = [ 076l 7@ a7 o) s as

<5 [ @6l ~ ()
which implies that

1) =~ Ol < 5 ([ 076l = (35 +

1 ([t - @) <

By induction, we can prove that for any n > ka, we have

" <§n¢>—-v“<§>)_d§)

1
!
1P ()~ " Ol < ()4

Therefore, for any 0 < ¢ < e™!, let k = [2log %] + 1, then for any n > 2alog% > (k—1a,
we have

0" () = Ol < 4 (5)F 2 < e

which has finished the proof.
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Proof of Lemma 12 Without loss of generality, assume that r3 = max{ry,ra,r3}. Since
Tucker-Rank(X) < (ry,72,73), according to the result of Lemma 10, there exists a decom-
position of X

X = G x U,G € RIVP2Xms [J ¢ RPXT

where U is a column-wise orthonormal matrix, i.e., UTU = I,.,. This formulation im-
plies Tucker-Rank(G) < (ri,ra,73), therefore for each 1 < i < 11, we have rank(G;..) <
min{ry, r3} = ro. We then consider the SVD of G;..,

Gi. = ViAW,

where A; = diag(Ai1, Az, - - - Airy ), Vi € RP2X72 W, € RP#*72 VTV, = W, W, = I,,,. The

above formulation is equivalent to

L T2

X =3 Aijui o v 0 wij,

i=1 j=1

where v;; is the jth column of V;, w;; is the jth column of W;, w; is the ith column of U.
According to the definition of || - ||, we have

L T2
Aij = <ZZ)\Uuz O Vjj © Wij, U; O Vjj 0wij> < 1 X[lo

i=1 j=1

L2
*)\ij = <ZZ )\Z]ul O Vj; © Wiy, (*’u,l) o v;; 0 wij> < HXHO'

i=1 j=1
So we get
Aijl? < 11115, Vi .

On the other hand,

p1 p2 pP3 Tr1i T2 pL p2 p3 711
2
1 X7 = Z Z Z(Z Z )\ijuia'vijb'wijc Z ZZ Zum Z Azjvwbwm

a=1b=1 c=1 i=1 j=1 a=1b=1 c=1 =1
7L P2 PpP3 T2 T T2 P2 P3

=20 2 Q M) =3 D D) vipwhA
i=1 b=1 c=1 j=1 i=1 j=1 b=1 c=1
L2

_§ § : 2 2

- )\’L] S 7“17’2HXHU,
i=1 j=1

which implies

rirar3

1X|lr < Vil Xl = \/ 1X ]\

max{ry,re, 73}

Proof of Lemma 13 The conclusion can be directly derived from Corollary 4.2.13 in
Vershynin (2017).
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Proof of Lemma 14 According to the definition of || - ||, we can always find xy €
SP1yo € P21 20 €SP such that

(X, 200900 20) = | X|lo

Then according to the definition of e-net, we can always find x,y, z from these e-nets such
that ||z — zoll2 < e, ]|y — woll2 < &,]|z — 20l|2 < &, then

(X ,xg0ypozg) — (X,x0yo0z2)]
<X, (w0 — =) 0 yo 0 20)| + (X, z 0 (Yo —y) © 20) + [[{X, 0 0 yo © (20 — 2))|
+{X, (zo — @) o (yo — y) © 20)| + (X, (w0 — ) o yo © (20 — 2))]
+(X, 200 (Yo —y) o (20 — 2))| + (X, (xo — ) o (yo — ¥) © (20 — 2))|
< Xo([zo — zll2 + [[yo — yll2 + [[20 — 2|l
+llzo — zll2llvo — yll2 + l[zo — z[|2[lz0 — 2[l2 + lyo — yll2/20 — 2|2
+lzo — zl2llyo — yll2ll20 — 2[l2)
<|IX |5 (3 + 3% 4 £3),

which implies

1Xllo < max (X, zoy02)|+ X o3 +3c° +%)

maXge Ny ,yeNa,zEN3 ’<X7 Troyo Z>’
1—3e —3e2 —¢&3 ’

=[Xllo <

which has finished the proof.

Proof of Lemma 15 Step 1:
Let H; = ¢(s;)¢(s;) . We introduce some sufficiently large integer o such that from any
initial distribution u, one always has

i t
T (slpu) — E(s)||lry < A )
17 sli) = €)rv < g 1 g

By Lemma 11, we can simply choose o = [2t,i, log %} + 1 to satisfy this condition. For

cach0<[<a-land1<k<n = ["7711, we define H,i as Hyq1;. We also denote H as
a random matrix independent with H;,1 < i < n, which is defined as

H = Es¢[¢(5)¢(5)"].
Denote F; as the o-algebra generated by the history up to step ¢. Then we have

1 — E[H Feyasile < [ Hillo + IEHLFg-1)atlllo

< 16(skat)lI” + Ell(skat) I [Fe—1)a-+1]
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and

IE[HHF - 1yasille < |E[HH} — E[HH]|Fg 1))l + |E[HH]||;

— |E[HLH] — EHH|F ol + i
_ H 1662 60:)65) 0 sl s — €5

< 2K 0 07 (11— 1)art) — E()llTv + 10 < 2,

+ i

o

where p; is the state distribution at step ?. We then have
IE[(H}, — E[HF g -1)a1]) (HE, = EHLF g ar)IFg-natillle < EHHLFg-arllls < 20

So according to the martingale version of matrix Bernstein’s inequality (See e.g. Tropp
(2011)), we have

1 &
P (Hm S (HL — E[HL P o)
k=1

1 nyt®
>t | <2dge 22H2Kmast/3,
g

Step 2:
We have

IELHLF i yord] — Hlo = H [ 06T sl ryas0) — €l

< 2Kaz [P (8| pk—1)ar1) — E(S)|lTv < ¢,

g

which implies

Ly - m)

e

'

We then use a union bound to get

1 o
> 2t> < 2dge 220+2Kmaxt/3
g

1 ny a—1 1 ng
P(3 H —H)|| >2t| =P - H! — H)|| >2t
(3 o m] > ) =2 (U {1 o )] >}
=1 =0 k=1
a—1 1 ny
<N "P||= H - H
SR E I IEE)
=0 k=1 o
a—1 1 nyt2
< 2dse_ 2 2fi+2Kmaxt/3
=0

1 (n72o¢)t2
S QQdSG 2 2a(p+Kmaxzt/3) R
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where we use the fact that ny = [%=L] > 2 — 2. Therefore, we get

BIS - 5, > 20) = (H Zﬂk— >2t>

<P[3, > 2t
g
(n72o¢)t2

1
S 204d56_§ 2a(p+EKmaxt/3) |

ny

LS |- H)

k=1

Replacing 2t by t, we get
(n— 2a)t2
P(|$ - S|, > 1) < 2adge” 570 Ronas 7
Now we assume

n/tmz’m > 956 Kgum log dstmiz

(IOg(n/tmiw))z B Iz o

and take

. \/256u log dstm“” (log 77-)?2

mZI
n/tmiaz

Then we have

4K3 K3 mw
< 4t 1 mar __ At 1 max mir
« mix 108 it mix Og( =3/2 \/16 log mm)2

7nzz (log 7
K3 N/t N/t n 1
< At e | max e < St iz | L < 8tia ] —n.
Meanwhile,
1 1 256/i log 45 ’"“” (log - 2—)2
6Kmaxt — 6 max\/ bmiz < ﬂa
n/tmim

so we have

2 o wm?
1 _ (n=20)t® N 6T files T
(HE EHU > t) < QOédse 16 a(ptKmazt/6) < 16t mizds 10g mee tmix

miz

10g dgt mzz log

= 16tmlzds log tmzz

mi:r
dgt mzz

S 16tml$ds 1Og i (10g +log tmzz)

tmzx
166 log -2
J— g tmlﬂ? g 6’
n/tmzx
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i.e., with probability at least 1 — d, we have

X 256 log Lstmiz (Jog )2
\Z—EHJS\/ filog *5% (gtm)'

n/tmix

Step 3:
Notice the relation

> 1 _ > S 1
(=" =22 < 27 |1Z - ZloZ7 2l
— y— 1 _1 — >
< (1= =2, + 272 ) 1576 1E - Zlo,

ie.,

3 4
. SHEIE -2,
(& - zs), < A2 _J5IE = Fle
DR SE

Therefore, if

n/tmm« _ —1112 dStmi:Jc
— > 102442 log ———
ozt )2 = 024727 || log ==,

then we have
_1 - 1
HE ||o||2*2||0§ 5

and

filog = (log ¢ )2

n/tmiz

N ESIN 3
(=7 == hm2 |, < 2372 - B, < 32IIE_lIJf\/

In summary, if we have

n/tmix — —12 K72na$ > dstmia
— > 1024 X5+ —= log ,
oy = 1024 (1711 + 5

then with probability 1 — §, we have

n

plog 7dst§m (log @)2
n/tmix ’

N 3
(= -2 hss3), < 32uz-1||3\/

Proof of Lemma 16 Step 1:

9

Denote G; = /140 B(si)op(a;)og(s;) and let o = [2¢ log %] +1. Then according

m(aqlsq)
to the result of Lemma 11, we have that for arbitrary initial state distribution pu,

A t
lp*™ (s|p) = &(s)||l7v < A )
2K7§“a$ 2K21/112:c

34



LEARNING STATE AND ACTION REPRESENTATIONS VIA TENSOR DECOMPOSITION

Foreach0<[<a—land1<k<n = (”T_l}, we define Gig = Gpasi- We also denote G
as a random tensor independent with our data which is defined as
a- 1A
m(A]S)

$(S) 0 ¥(A) 0 §(5), 5 ~ £(), A~ 7(:[8), 5" ~ p(|S, A).

Then for any u,w € R% v € R%, we have

n(aka+l>
W(akaJrl |Ska+l)

3
Gix1u’ xav! xzw'| < 1 (arar) |l é(skar) | < Kaxts.

D (Ska+1)

Therefore,

3
E[G), x1u' xa0" x3w | Fr_1jasill < Kdaak,
which implies

3
l T T T l T T T 2
‘Gk X1U XU X3zw —E[Gk X1UuU XU X3zw ‘-’T_‘(kfl)a+l” < QKTQWHH.

Meanwhile, we have

E[(G x1u” xov" xgw " )?| Fp_1)a]
:]Ef[((;;C X1 ’LLT X9 UT X3 wT)2
— E[(G X1 ’LLT X9 ’U—r X3 wT)2]|.7:(k_1)a+l] + E(G X1 UT X9 UT X3 ’LUT)2]

2 a
= [ (6 TP () 0P ) TP sl yass) — 66 2l a)dsdads

+E[(G x1u' xav" x3w")?
</<6/(¢(8)TU)2(¢(a)Tv)2(¢(8')Tw)2Ipa’”(sw(k_naﬂ) = &(s)ln(a)p(s'|s, a)dsdads’ + kX
<2k,
where p; is the state distribution at step ¢. Therefore, we have

E[(Gl x1u' xov" xgw' —E[G) x1u’ x20" x50 [F-1)ast]) I F(k-1)at]

SE[(G% X1 UT X9 UT X3 ’wT)2|f(k,1)a+l] < 2K .

Again we apply the matrix Bernstein’s inequality Tropp (2011) on Gi xiu! xov! xgw!

(Note that Gi: xiu' xov! xgw' is a scalar, which can be viewed as a 1 x 1 matrix.), and
get
1 &
P < an Z(Gif X1 uT X9 UT X3 wT — E[Gi X1 uT X9 UT X3 wT‘f(kfl)a+l]) > t>
k=1

1 nlt2
T2, 5 3/2
<2€ 2&A+%K"L/axﬁt.

Step 2:

35



N1, DUuAN, DAHLEH, WANG, AND ZHANG

Now consider three 1-nets over §%s—1 §4a—1 gds=1 denoted as N, N2, N3. By Lemma

DIDIDI

13, we know that |N;| < 99, || < 994 |N3] < 995, Then we can get a union bound by
u€N1 vEN2 wENS3

)
p(l

T T T
7Z(Gk X1U X2 ><3U) E[Gk ><1u X2V Xgw ’f(k,l)aJrl])
—9. 92d5+dAe_§2nX+%K?,{a2xm < % §2m\+g m/(mnt

]P’(Hu e Ni,v € No,w € N3,

1 o
7Z(Gk X1 uT X9 ’UT ><3w [Gk X1 u X9 UT X3 w ’f(k—l)a—i-l])

n
L=t

ny

)

n
L=t

2
L nt L nyt? +4(dg+d4)log3

Then according to Lemma 14, we know that

ny

1
o > (Gl — ElGhIFe-1)asi))
ps

ag
64
<=
3 ueN ,UENQ,MEN?,

< ! i(Gl E[GL|F-n)aril) uovo w>'

k 1

which implies that

1 ™ I I 3 %2)\#&3/2+4(d3+d‘4)10g3
_ _ . KA+ 2 Ky gz Kkt
P (Hm > (@ - BIGURk e > gyt) <2
1 omt? 8(de-td
< 2 2 ooat 3K +8(ds+ A).
Step 3:
Note that

E[Gi|Fh-1)ast] — F = /¢(S) o ¥(a) o d(s") (P (slpre—1)a+1) — &(s))n(a)p(s'|s, a)dsdads’.

So we get

3
“E[Gz‘f(kq)aﬂ] — Flly < Kiaa / |pa7ﬂ-(3‘ﬂ(k71)a+1) —&(s)|dsdads” <,

which implies that

1 &
P (HWZ@L _F)
k=1

1 o 3
) < (| et - st )| > )
2

3 ——3t g —+8(ds+da)
< 26 262+ 5 Kpjap Kt
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Based on the fact that n; = (”—_l} > = — 2, and replace 2t by t, we further get

o il

n; _LM_i_g(d +da)
P([=S2(GL-F)| >t) <2 Pomsdmiidon 0T
M= o
Step 4:
Now, we get a union bound over [/, and get
1 ny a—1 1 n;
]P’(Hl, —> (G- F) >t>§Z]P’< — > (G- F) >2t>
[y} o 1=0 gy} o
1 (n—2&)t2

6 7 a2 —1+8(ds+da)
<9nqe 16 aeat L K32, mt)

. t)

k=1 o

Such the result implies that
>t <P| 4,
g
(n72a)t2

]P> (
L73/2"!‘8(d5"f‘dA)

~ 16 5
<2ae a(n)wl»%Kmaznt

n

LS Gi-p)

n

ny

3G~ F)

k=1

Now we assume

n/tmix 5K3 tmix
— L >1024—29T (] 8(d d
a2 102475 (tog % - tds )

and take

. \/1024&)\(10g buie 4 8(dg + da))(log )2

n/tmiz

Then we have

9 9

4K7$1aa: K’r%ax n/tmiz
a < 4t lo - = 4t 10 =
S 4lmig 10g ¥ miz 108 \3/2 645 (log tm% +8(dg + d4))(log )2

tmix

9

K’I’%la.l‘ n/tmix
A3/2 \| 64log E—

t -
< Stmiax log 17(;/ méz < Stmw IOg z

tmiz

S 4tmi:v 10g

<1
-n
4

tmix

and

IN
>1

R \/10245\/{(10g b 1 dg + da)(log 12 )2

n/ tmix
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So we have
1 En: _11*6%4'8(015-&-!1,4)
]P)(Hi (Gk‘ - F)Hg > t) S 2ce O‘(N’\"'B‘Kmax’it)
n
k=1
ne2
n *ﬁW+8(ds+dA)

S 16tmzz log e tmix
miz
N —(log "z +8(dg+d))log 2~ +8(ds+da)

(& tmiz

= 16t,,,;, log
tmiz
n o log —t"gi”“' log

t

n
< 16tz IOg miz
mix

t .
n o log “%Z —log tn’:m
mix

< 16tmix IOg n

i.e., with probability at least 1 — d, we have

\/1024/{>\(log iz 4 8(dg + da))(log 72-)2

tmia
n/tmix

1 — _
H; Z(Gk —F)lo=|F—-F|, <
k=1

Step 5: According to our programming, we have
|F = Fllo <|F —Fllo+||F - Fl, <2||F - F|,.

So with probability at least 1 — §, we have

R 4 \log tmiz log —2—)2
HFFHUS\/ 096k (log = +8(d5+d,4))(ogtmm).

n/ tmiz

Proof of Lemma 17 Given that

’I’L/tmix 1 _ K2 HK?’ tmix
> 1024 (|2 maz maz ) (] 8(ds +da) ),
oy > 1028 (15137 B+ 25 ) (1og 8 (s +

then the assumptions in Lemma 16 and Lemma 15 are satisfied simultaneously, and with
probability at least 1 — 26, we have the following relations hold simultaneously,

n/ Uiz ’

. k\(log iz 4+ 8(dg + d4))(log ~2—)2
HF—F||0§64\/ (log 2§ (ds +da))(og 7, )

alog “G= (log 12

n/tmix

N 3
(= -=hss3), < 32u2—1||3\/
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So we have
IF x1 (27122)T — F x, (7'22) 7,
=[|F x, (7'22)T - F x; (57'22)T + F x; (87'82)T — F x; (Z'22)7|,
<~ F) x1 (3780) o + | F > (57 - 57H)T22)),
<|F - B, |E71S2 |, + | F|.[(S7! - = H)s3|,
<|F = B2 o + [|Flo (57 = =7 H)2 |, + |F - F|, (57 - =7 )32,

Note that under our assumptions, we have

flog “Ge (log ¢1-)2

3
I =i, <3212 L
3 _1 dstmiz
s3m2*w¢ .
1024][ %12 ja(log = + S(ds + da))
_1
< 1726
Meanwhile, we have
A= sup E[((¢(S) 0 9(A) 0 $(S"),u0 v 0 w))?]
lull<L]lvlI<1,[lw|<1
> sup (E[(¢(S) 0 9(A) 0 ¢(S),u0vow)])?

ull <L [Jo]| <1, [lw]| <1

_ ( sup E[(¢(S) o 1(A) o¢(S'),uovow>]>

ull<1,[lvlI<L[lw|[<1
= |IF|>.
So we get
| xy (37183)T - F xy (27122) 7,
A~ 1 A _ 1
2| F = Fllo|| =72 |0 + | Fllo[|(Z7" = =71 Zz |,

1 |kA(log iz 1 8(dg + d4))(log 2—)2
§128HE‘1H3N/ e Co
mix

s [[log dstmic (1og 1 )2
+32||FHUH2_1H§\/M ) ( tmzx)

n/tmiax
C1pd [A(og T - dg 4 da) (s + il BT 2) (log )2
<256/ = 7V|2 o .
mix

Replacing § by %5 , then with probability at least 1 — J, we get
IF <1 (37132)T - F xq (57152) 7,

tmim
n/tmix

)
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which has finished the proof.

Proof of Lemma 18 Note that for any vector w € R¥ such that |Jw|| = 1, the columns
of Ug span the row space of matrix P x; w' and the columns of Us span the row space of
matrix P x; w'. So according to Wedin’s lemma Wedin (1972), we have

IPxiw! —Pxjw'| - |P— P|,

Isin®(Us, Us)|| <

om(P x1wTl) T om(Pxiw')’
Taking infimum over w, we get
A P-P P-P
Isin O, Uy « — L —Lle___ IP= Pl
Sup”wuzl O'm(P X1 w ) (o}

which has finished the proof.

Proof of Theorem 4 According to the result of Lemma 17, we know that with probability
at least 1 — 9, we have

A 1
1F > (B7182) T = F xy (271%22) 7|,

n / tmia:

N

and our result follows directly by noticing
|P—Plo=|Fx1 X' —Fx; 7,
— |(Fx (27T —F x; (27'22)T) x; 277,
< (B (B7'85)T - F oo (37'95) 7)o 5712

_ Mlog #4i + dg + d ) (k + jil|5~"|2) (log )2

)

which has finished the proof.

Proof of Theorem 5 We first prove

dist(s,a), (s',a")] = [C x1 f(s) " x2g(a)" = C x1 f(s") T x2 g(a)"]].

For any f € Hg such that ||f|ns < 1, we can always find some weight w such that
|lw| <1,f=w'¢, and

[(p(-]s,a), () = (p(-|s', a’), £()))]
=|w " (p(-]s,a),6()) —w (p(|s,a
<I{p(-ls, a), 6()) — (p(-Is',a'), p())
=[P x19(s)" xa9p(a)" — P x16(s) " xa9p(a)
=[C x1 (U] ¢(s)) " x2 (Uj ¥(a))" x3 Us —C x1 (U] ¢(5) " x2 (U 9(a') " x3 Us||
=)C x1 (U] ¢(s)) " x2 (U 9p(a))" = C x1 (U] ¢(s) " x2 (U 1b(a’)) ]|
=[C x1 f(s)" x2g(a)" —C x1 f(s")" x2g(a") .
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Now we are ready to prove the main result. Notice that

dist[(s, a), (s, a")] = € x1 f(5)T %2 4(a)" = € x1 f(s)T x5 4(a > u
=[|C x1 (U ¢(s))" x2 (Uy (a))" - C ><1( L) T xo (U (a)) |
=[P x1¢(5)" xatp(a)" x3 Uy — P x19(s)" x29(a)" x5 Uy |
= H(i)(sua) - i)(slva/)H

Rmxm

and for any orthogonal matrix O € , we have

dist[(s, a), (s',a')] = [|C x1 f(5)" x29(a)" = C x1 f(s')" x2g(a) 7|
= 1C x1 (U ()T xa (Uy ()T = C x1 (U ¢(s) T xa (UJ p(a)) 7|
= |P x16(s)T xa9p(a) x3 Uy — P x19(s")" xaep(a’)” x3 Uy ||
= [|P x16(s)" %3 w<a>T x3 (U30)" = P x1¢(s")" xatp(a)" x3 (U30)"|
= |07 ®(s,a) — O ®(5', ).
So we have
[dist[(s, a), (s', a')] — dist[(s, a), (s, a)]| < |®(s,a) — O B(s,a)|| + | ®(s',a) — OT®(s,d)].

It suffices to bound ||®(s,a) — OT®(s,a)|, and |®(s',a’) — OT®(s',d')| can be bounded
in the exactly same way. Notice that

1®(s,a) — O @(s,a)|

<I(P = P) x1(s)" x29(a)" x3U3 + P x16(s)" x29(a)" x5 (Us —U;0)" |

<P = PlloKmas + | PlloKmasllUS — U3 O]
In particular, By Part 3, Lemma 1 in Cai and Zhang (2018), one can choose O such that

|Us" = Uy Ol < V2||sin ©(Us, Us)|.
Then we have
1®(s,a) = OT®(s,a)|| < | P~ PlloKmaz + V2| PlloKmas | sin ©(Us, Us)|.
Now according to the result of Lemma 18, we know that
Jsinows, Ty < 17— Pl

So we get

|®(s,a) — OT®(s,0)|| < Kmaz (1 + \/i”P”"> |P—P|,.
g
It follows that
|dist[(s, ), (s/,a")] — dist[(s, a), (5", a')]| < [|[®(s,a) — O ®(s,a)|| + |®(s',a) — OT (5, )|
< 2K mae (1 + f” lo ) |P - P|,,

which has finished the proof.
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Proof of Theorem 6 Define pi(-|s,a) =37 >0, ‘jij(')lseAilaij? then we have

Z/A 5 §(s)n(a)llp(-ls, a) _Qij(‘)|3—tsd5da:/5(3)77(“)||p(‘|5aa) — Pal-|s, a)|Fzdsda

Z?]

=/ (s)n(@) | (p(-]s,a), &(-)) = (Bal-|s,a), &(-))|Pdsda.

Note that

/§(S)n(a)\|<p(‘\8aa),¢(')> — (Pa(-ls,a), 6(-))|*dsda

<2 / (@)l p(1s,a), () — (B(1s, a), &(-) | 2dsda
+2 / Es)n(@) | (15, a), () — (pal-]s, ), 6())|*dsda
= / (@) (P — P) x1 ¢(s) T x2¢(a)T |dsda

+2/ ($)n(@) | (B(-]s,a), &(-)) = (Bal-|s,a), &(-))||*dsda.

We have

/ ($)n(@)[l(B(-]s, ), &(-)) = (Bal-]s, @), $()) | *dsda

N Ng 2
:/f(s)n(a) é’ X1 f(s)'l' X9 g(a)T X3 ﬁ3_zzls€Ai1a€B~U3ﬁij dsda
1=1 j=1
= [ &om@|| € 1 FOT 2@ =30 1, Ly | dsda
i=1 j=1
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For any orthogonal matrix O € R™*™  because A;, Bj, Zi; is the minimizer of the above
term, we have

/5 HC’ X1 f ng ZleeA wch z”|| dsda

11]1

/5 a)||C x1 f(s)" x2 §(a ZzlseA Lae, Ozij|*dsda

=1 j=1

§2/a$mwwimfwfme@T—0xlﬂ@ngmFX3owwm

+ 2/5(3)77(G)HC x1 f(5)T x29(a)" x30 =3 1ica,lacp; Ozl dsda

i=1 j=1

—2/5(8)?7(@)\\(:' x1 f(s)" x29(a)" = C x1 f(s)" x29(a)" x5 O|*dsda

+2 [ €om@)lC % 1) xagla T SO S Lia L, 2 Pdsda

i=1 j=1

:g/a@mwwfmf@WX2m@T—0xlﬂ@ngmFX3owww
+z/<>mw<w@<»—@mmw¢mwwm

=2/§(8)?7(G)HC" x1 f(5)" x29(a)" = C x1 f(s)" x2g(a)" x5 O|*dsda + 2L*

where we denote

2 = UT (@500 paltlsia) = 30500 ( e Lucay.

=1 j=1

Furthermore, we have

[€m@IC 1 797 %29(a)T = € x1 £5)T xa9(a)” %3 O|Pdsda

= [ €em@)|P 1 65)7 x2 0(@)T %0 TF — P x1 6(9)7 %2 ¥(0)T xa (Us0") Pdsda
<2 [€On@IP ~ P) x1 6(5)7 x2 ¥(a)] xa Uy [Pdsda

+ 2/5 a)||P x16(s)T xa0(a)" x3 (Us —Us0")T||dsda

<2 [€@n@I(P - P) x1 6(5)7 xa wla)T |Pdsda

+ 2/5 a)||[P x1¢(s)" x2v(a)" x3 (Us —UsO")T|?dsda.
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Therefore,

/ (@)(p(-15 a), () — (a5, a), 6()|dsda
<AL 410 / E(sn(@)[(P = P) x1 6(5)T x2 %(a) " [Pdsda

+ 8/5(8) (@)|P x1¢(s)" xa1p(a)" x5 (Us —Us0") " |*dsda
_102/5 (P = P)ag x1 6(s)T xa(a)T)*dsda
+ s/g(s) (@)|P x1 6(5)T x20(a)T x5 (O3—Us0™)T |2dsda + AL*
~10 Z / £(s T(P — P)Lo(5)0(s) (P~ P)st(a)dsda
+ 8/5 a)||[P x1¢(s)" x20(a)T x3 (Us —UsO")T||?dsda + AL*.
Note that
[e@owoTds =2 [n@uiaiaTde =1,
So we have
E(s)m(a)p(a) (P = P)1o(s)d(s) " (P — P).iib(a)dsda
n(a)y </g Tds> (P — P).xy(a)da

n(@)(a)’ (P~ P)4E(P — Pt (a)da

tr[n(a)w(a)T(P—P)IkE(ﬁ—P)::ka(a)]da

Il
—— — —

=tr {(13 - P),S(P-P). / n(a)qp(aw(aﬁda]
:tr[(P—P):—l:—kz(P_P)::k]
=23 (P~ P).sl?

which implies
Z / §(s (P~ P)Lo(s)p(s) T (P — P).xt(a)dsda

1.5 B 1
SZ 122 (P = P).l|7 = [|(P = P) x1 22| 7.
k=1
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LEARNING STATE AND ACTION REPRESENTATIONS VIA TENSOR DECOMPOSITION

With a similar argument, we also have
/é(S)H(a)IIP x16(s)" x21(a)" x3 (U = UsOT)T |Pdsda = | P x1 B2 x5 (Us — Us0T) 3.

Therefore,

/ﬁ(s)n(a)Hp(-!s,a), o(-)) — (Pal-|s,a), ¢(-)) | dsda
<10|[(P — P) x1 22||2 + 8||P x, 22 x5 (Us — Us0")T||% + 4L*.

Note that

~

(P-P)x; 32 =Fx; (37'%2)T - F x; (27'52)7.

According to the result of Lemma 12, and note that Tucker-Rank(F x; (2*12%)T —F x4
(Z_lZé)T) < (2r,2l,2m), we have

~ ~ 1 _ 1
|F <1 (27122) — F x (27122) 7|

rlm A

1F x, (7'22)T — F x; (7182)7 |,

N

max{r,l,m}
For the second term, similarly we have

rim

P x1 32 x5 (Us — Us0) T ||p < 2 P x1 22 x5 (U3 — Us0") 7|,

max{r,l,m}
Note that

1 2 1 ~ — 1 A
|P x1 5% x5 (Us — UsO") o < | Fllo | =72 0|05 — UsO T o < VS35 — UsO |l

In particular, by Part 3, Lemma 1 in Cai and Zhang (2018), we can choose O such that
Uz — U307, <2 sin©(Us, Us)|, and according to the result of Lemma 18, we know
that

. PP,
HSiH@(UQ;,Ug)HU S u

g

By Theorem 4 and Lemma 17, we know that with probability at least 1 — §, we have
IF 1 (37'%2)T — F xy (871'22) 7|,

— \/X(log 2y +ds + da)(s + 7l B 3) (log )2

n/tmix
HP*P”U
1 [Mlog 2wz 4+ dg + da)(k + | Z1[2) (log )2
<256(|%7" |, ’
n/tmim
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which implies that with probability at least 1 — ¢,

[ m@lipt1s,a),60)) — (Galls,), 60 Pasda
szmnz-lna”im (14 P15 Mo T2 st et BTSN 8 2)”
max{r,l,m} o2 1 tmie
Then we get the desired result.
Proof of Theorem 7 For each k € [ng],l € [ng], define
S = (i;)n;&’l) g (-) — qz'j(')H%_[S — (iﬁi&’l) 2 — 2ij]1%, B(s,a) = ; jzza:lﬁijlseAilaij‘

where we still use the notation z;; = Uy (g;;(+), ¢(+)). For an arbitrary orthogonal matrix
O € R™*™ et

Okl

Su = {(s,a) € A, x Bi||0¥(s,a) — z| > 5 b

then we have

Ns Ng Ns Ng
DD (€ x0)(Sk) 5m<422/ E(s)n(a)[|0U(s, a) — zy|*dsda
k=1 1=1 k=1 1=1
ns MNa 2
<4/§ O\I! (s,a) ZzzkllseAk aeB, || dsda
k=1 =1
ns MNa 2
) zwlaxs ()
k=1 1=1 L2(exn)
Note that
ns MNa 2
H S S L ()
k=1 1=1 L2(£xn)

<[OU(-) = C x1 fT(-) %257 () x3 Oll 126

+Cx1 f()T %x29()T x30 — ZzzkllAkal
k=1 1=1 L2(xn)
=[1T() = C x1 f() T x29() "l 2(exn)

+{[Cx1 fO)T x29()T x30 =" " zulacxs ()

k=1 1=1 L2(¢xn)
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We use the fact that A;, Bj, %2;; is the solution to (4), and derive

=13 E14,5 ()= Cxa FOT x29()T

i=1 j=1 (éxn)
<S>0z, ()~ € xa )T x29()T

i=1 j=1 L2(£xn)

=[1C x1 f()T x2g9()" x30T = C x1 f()7 x290) " 12(exm)
=[P x16()" x20()" x3([U30)" = P x16(-)" x29(-)" x3 U3 || z2(¢5n)-

Here we use the fact that

ns Ng

C %1 f(s)" x29(a)T =U; (p(-|s,a) => ) zilaxs(s,a)

i=1 j=1
because of Assumption 3. Therefore, we have

Ns  Na

— Z szzlAkal(')

k=11=1

L2(&xn)
<2 P x1 ()" xa9(-)" x3(Us0)" = P x1¢(-)" x29(-)" x3 Uy || 12(6)

and

Ns  MNaqa

>N (€ x ) (Su)diy

k=1 1=1
<16[P x1 ¢(-) " %o ()" x5 (Us0)T = P x1 ()" xa9()" x3 U5 |72 (e
<32|(P = P) x16() " x29()" %3 Us' 72y
+32| P x1¢()" x29() " x5 (UsO — Us) " 226
<32||(P — P) x1 6()" x29() " F2(exn)
+32P x16()" x20() " x5 (UsO — Us) " 26y
=32||(P — P) x1 32|}, + 32| P x1 £2 x3 (U0 — Us) ||}

Again by Part 3, Lemma 1 in Cai and Zhang (2018), we can choose O such that
[UsO" — Us| < V2| sin ©(Us, Us)|.
With a similar argument in the proof of Theorem 6, we know when

n/tmiz‘

(log(n/tmiz))?

K2 K3 toni
> 1024 (y Yem + Z“I 4+ Am‘”) (log ":s”” + 8(ds + dA)> ,
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with probability at least 1 — § we have
32[(P — P) x1 22|3 + 32| P x; B2 x5 (U301 —Us)" |3

rim Q %mlW)a%%m+@+MW+mewma )2

§224||E—1||0 5 n/t mix
mix

max{r,l,m} o

Now we choose sufficiently large n such that
32|[(P — P) x1 7|2 + 32| P x; £3 x3 (U301 —Us)T |3 < AL,

Then for any 1 < k < ng, 1 <[ < n, we always have

Ns  Ng

(€ xSk < D) (€ x n)(Sk)dpy < AT < (€ x n)(Ag x B)djy,
=1 1=1

e, (Exm)(Sw) < (€ x ) (Ax x By), and (£ x n)((Ax x By) \ Su) # 0. Now, for any
(i,7) # (k,1), we are going to show that V(s,a) € (4; x Bj) \ Sij, (¢',a’) € (Ax x By) \ Sk,
we always have W(s,a) # ¥(s',a’). Suppose the claim is not true, then we can find the
corresponding (s, a), (s',a’), such that ¥(s,a) = ¥(s',a’). However, then we have

_ _ dij 0
max{dij,ékl} < ”Zij — ZMH < sz‘j — O\Il(s,a)|| + HO\I’(S’,(L/) _ Zle > ? + %

which leads to a contradiction.

Furthermore, notice that for any (s, a), (s',a’) € (A; x Bj)\ S;j, we always have ¥(s,a) =
W(s',a'), otherwise ¥(s,a) will take more than ngn, values.

The above two claims show that we can find two one-to-one mappings o1 : [ns] —
[ns], 02 : [na] = [nal, such that for any 1 < k < n4, 1 <1 < ng,, we have

(Ak X B)\ Skt € Agy ) X Boyt)-

Without loss of generality we can assume that o1(k) = k, 02(1) = [, which is always possible
after we rearrange the indexes of Ay, B;. Then we have

(Ax x B)) \ S C (Ag x By),
which implies
(Ar x B) \ (Ax x B)) C S
Therefore, for n sufficiently large, we have
”Z”Z (€ x ) ((Ai x B)) \ (A x By))
(f X1 (A x Bj)

<ZZ £><n(

1
<25 II=7|
A

9

rim <1+2)\H2 1H?> Mlog 25 + dg + da)(k + A Z7"2) (log )

“max{r,l,m} o2 n/tmiz

which has finished the proof.
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Proof of Theorem 8 According to the result of Theorem 7, we can find some mapping
01,02, such that

2 oy (€ x ) ((Ai x By) \ (Agy (i) X Boy())

2.2 (& xn)(Ai x Bj)

=1 j=1

o

rim <1+2>\H2 1||2> Alog 2miz 4 dg + da)(k + | Z71)|2)
> .

2 (n/tmiz) (log 77— Trnin )2

Without loss of generality we assume that o1(k) = k,02(l) = [,Vk € [ng],l € [ng]. In this
case, the result changes into

max{r,[,m}

U x n)((4; x Bj /fo}
sz n)( )\( ]))

P e (& x m)(A;i x Bj)

<ot Ly im <1 23|~ 1”2) Mlog 2= +ds + da) (k + AIZ12) _
— AQ g

max{r,l,m} o? (n/tmiz)(log 77-) 72
ns na  (Exm)((AixB))\(AixB;))

Based on that, we want to further bound ) 7%, i1 (an)(AjixB) . Notice that

SOST(Ex (A x B\ (Aix By)) = S0 S (€ ) m)(Ai % By)\ (As x B;))

i=1 j=1 i=1 j=1
S 2 (€ x ) ((As % By) \ (A x By))
=>> (€ x 1) (As x B)) (€ xn)(A; x Bj)
i=1 j=1
szxﬁ A)\(;'XBJ'))SCE
= £><77)( x Bj)

and

(& xm)(Ai x By) < (€ x m)(Ai x By) + (€ x n)((Ai x By)\ (Ai x By)) < (§ x )(Ai x By) +ee.
So we have

e o () (i x By) \ (A x By)) _ L (€% ) (i x By) \ (i x By)
2 T A X E <2 A By =

i=1 j=1 j) i=1 j=1

IN

e (Ex ) ((A; x By) \ (A; x By))
ZZ (€ xn)(Ai x Bj)

C—C€
=1 j=1

M({Ai}izy {Bj} )

IN

c—
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Therefore, when n is sufficiently large such that ce < %g, we have

s (€ x ) ((Ai x By)
ZZ (¢ A

:M({Ai}?;p {B;}re)).

Now we are ready to prove the main result. By definition, the transition dynamic can be
written as

Ns Mg MNg

|S CL Z ZZ ' ')186141‘10463]‘ 18’€Ak'

lelkl

Now, without loss of generality, we can assume that the groundtruth transition dynamic
also takes the form

Ns Mg Ns

(s'ls, a) ZZZ& q(kli, j)1 seA; laeB;lsca,-

=1 j=1 k=1

which is due to the fact that the policy and reward are the same in the same block, so for a
general transition dynamic satisfying assumption 3, we can simply set ¢(k|¢,j) = [ Ay qu(s’ )ds,
then the transition dynamic provided by the above formula will lead to exactly the same
H-step value.

Because the infimum is taken over all possible ¢, we can choose § exactly to be ¢, and get

te Qo B Qo g (K, L, ) Licilaen Yoci Yaes
e =2 2.2 0 (A0n(B) |
where
q" (k, i, j) = w(lk)q(k[i, j)-
For each single path (s1,a1), (s2,a2), - ,(sH,am), consider a series of auxiliary random

variables 17,75, -+ , Ty, which are defined inductively by

To =0,Tj, = max {Th—h L snan)gUzs, (Aindo)xUne, (B,nB, >}

Then for each reward function rp,, h € [H] and any initial distribution u, we have

EL[rn(sns an)] = E[ra(sh, an)ln,=0] + Eji[ra(sn, an)ln,=1],
B [rn(sn, an)] = B [ra(sn, an)1n,=o] + Ef[ra(sn, an) 1z, =1]

and

[ [ra(sns an)] — EX[rn(sn, an)]]
<[Ef;[rn(shs an)1m,=o] — Bfj[rn(sn, an)1n,=o]| + (PR(Th = 1) + B (T), = 1)).
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For the second term, note that

Pi(Thi1=1)
:PZ(Th-H =11}, = 1)PZ(Th =1)+ PZ(Th+1 =11} = O)PZ(T}Z =0)
ns ng

:PZ(Th = 1) + ZZPZ(Sh+1 S Ai,ah_H S BjaTh—i-l = 1|Th = 0)
i=1 j=1

ns MNqg

=P (1] )+ ZZP (Sht1, an+1) € (Ai x Bj) \ (A; x B))|spi1 € Ai,aps1 € B;)
=1 j=1

. PW(S}HA € Ai,ah+1 S B"Th = 0)

N ((A; x B;j)\ (4; x B;
—Pﬂ Th—l +ZZ fXTI s )\( a ))Pﬂ(8h+1€Az,ah+1€B‘Th—O)

e (€ x n)(A; x By)
—_— (€ x m((4i x By) \ (Ai x B)))
<PL(Th=1) + |<i<nod €j<na (€ x U)(fiz' x Bj) .

which implies

e (€ x )((4; x B))\ (A x B)))
PL(Th =1) < HlSiSTrlrsl%)S(ana (€ x Tl)(fiz‘ x Bj) o

Similarly, we have

ax (€ xn)((A; x B)) \ (4; x By))
1<isns,1<j<na (& x n)(A; x B;) '

Pr(T, =1) < H

For the first term, we consider a discrete MDP over (4; N A;) x (BN Bj), 1<i<ng1<
j < ng plus an absorbing state Cp, and two corresponding transition probabilities

(A 1 k) (B BOIA 0 &) (B 1 B) = (i) e DA A E0),

P(Col(AinAs) x (BN By)) =13 Y P((AxN Ax) x (B, N By)|(Ain A;) x (B; N By))

P((A N Ag) x (B;N By)|(A;i N A) x (Bj N By)) = ¢" (k, 1], )(5 . mgéﬁ;ﬁ: : g})l n5))

)

P(Co|(A; N A;) x (Bj N =1-) > P((AxN Ay) x (BiNB)|(A; N A) x (Bj N By)).
k=11=1

We use P, P to denote the two corresponding transition matrices restricted on (A; N Az) X
(BjNBj),1 <i<ng 1 <j < ng (e, the entries related with Cp are not included, so
P, P are sub-matrices of two stochastic matrices). For two different distributions p, i over
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(Aiﬁfli) x(BjﬂBj),lgiSns,lngna, we have

lnP — Py < [|nP — pPly + ||nP — GP|

< max P—Pi' + || — [ max 15z
llallx A, I( Vi), (k) | T 11— A1 (i7j)7(k7l)| (i,5), (k1)

< max |(P—P)qjywnl+ Ik — il

(4,9), (k1)
Note that
By _[(Exn(An A x (BinBy)  (Exn)(AxnAy) x (BINBY)) Y ;g
P = Plaa e ( (& x ) (Ai x B) (€ x ) (As x B) ) (k. did),

so we have

max |(P — P »
(i.4),(k.D) ( ) (5.4, (k1)

c a0 A) < (B0 BY) € xn((Ain A x (B0 By)
T 1<i<ng,1<j<na (& xn)(A; x By) (€ x n)(A; x By)
C e OXMAXB)\CGixB)) (e xa)((Aox B) \ (A x B)
1<i<ng, 1<j<nq (€ xn)(A; x By) 1<i<ng,1<j<nq (€ x n)(A; x Bj)
So we get
lnP" — Py
(& x ) ((Ai x By) \ (A x By)) (€ x ) ((Ai x B)) \ (A x By))
SELTT ©oB) T EE xalhixB)
+ |uP" = pP
(€ x m)((As x Bj) \ (Ai x By))
§H<1<i<g,%§j<na (€ x n)(/ii x Bj) :
e EXM(Ax By (A x Bm)’
isisntSisna (€xn)(As x By)

Note that the transition dynamic of the original state-action space can be embedded into the
discrete MDP mentioned above according to the following mapping: Denote §j, as the state of
the discrete MDP at step h, then we let 5, = Cy if T}, = 1, and let 5, = (A; x Bj)N (fll X E])
if T, = 0 and (sp,an) € (A; x Bj) N (A; x Bj). Because the reward is only related with
blocks and is bounded between [0, 1], so we have

B [rn (S, An) 11, —0] — EX[rn(Sh, An) 11,0l
<[|uP" — uP"|y

el e EXMAXB)\(AixB) (€ x (A x By) \ (Ai x By))
0\ 1<i<ng, 1<j<n, (& xn)(A; x By) 1<i<n,, 1<j<nq (€ xn)(A; x B;)
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In summary, we get

B [rh(Shs An)] = E™[ra(Sh, An)]|

(€ x ) ((Ai x By) \ (Ai x By)) (£ x n)((Ai x Bj) \ (Ai x By))
s2H <1<i<3§??’éj<na (€ < n)(A x B;) T icicntEicn, (€ x n)(4; x B)

<4H- M({A 2 ABsY )

and
H H
> E[rn(Sh, An)] Z [r1(Shs An)]
h=1 =1
H A
< B [rn(Sh, An)] = B [ra(Sh, Ap)|
=1

<4H2 M({4; Heas {Bj}?il)

which finishes the proof.
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