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Spectral clustering in the Gaussian mixture block model

Shuangping Li* Tselil Schramm?

Abstract

Gaussian mixture block models are distributions over graphs that strive to model modern networks:
to generate a graph from such a model, we associate each vertex i with a latent “feature” vector u; € R?
sampled from a mixture of Gaussians, and we add edge (i, j) if and only if the feature vectors are suf-
ficiently similar, in that (u;, u;) > 7 for a pre-specified threshold 7. The different components of the
Gaussian mixture represent the fact that there may be different types of nodes with different distribu-
tions over features—for example, in a social network each component represents the different attributes
of a distinct community. Natural algorithmic tasks associated with these networks are embedding (re-
covering the latent feature vectors) and clustering (grouping nodes by their mixture component).

In this paper we initiate the study of clustering and embedding graphs sampled from high-dimensional
Gaussian mixture block models, where the dimension of the latent feature vectors d — oo as the size
of the network n — oo. This high-dimensional setting is most appropriate in the context of modern
networks, in which we think of the latent feature space as being high-dimensional. We analyze the
performance of canonical spectral clustering and embedding algorithms for such graphs in the case
of 2-component spherical Gaussian mixtures, and begin to sketch out the information-computation
landscape for clustering and embedding in these models.
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1 Introduction

For algorithmic problems arising in data science, it is useful to study “model organisms:” families of syn-
thetic datasets which aspire to faithfully represent the input data, while being simple enough to admit
provable guarantees for the algorithms in question.

Consider, for example, the task of clustering in social networks: we observe an unlabeled graph in
which each node belongs to one of several communities, and we would like to partition the graph into
communities. This problem is hard to study in the traditional worst-case analysis framework for several
reasons. Firstly, many of the objectives associated with finding community structure (e.g. sparsest cut,
correlation clustering) are computationally intractable [MS90, BBC04] (even to approximate [CKK*06]) in
the worst case. Secondly, it is not even clear that sparsest cut and other proxy clustering objectives faith-
fully capture community structure in real-life networks; in fact, they are sometimes poorly correlated with
network structure even in non-adversarial synthetic models (see Section 3.1 of [Abb17]). Model organisms
(such as the stochastic block model) allow researchers to “theoretically benchmark” the performance of
their clustering algorithms. Even if the algorithm has no provable guarantees for worst-case inputs, at
least we can rest assured that it works well in a simple generative data model.

Perhaps the most popular model for this task is the Stochastic Block Model (SBM) [HLL83], a general-
ization of an Erdds-Rényi graph in which each node belongs to an unknown community, and each edge
is present independently with probability p between nodes in the same community and probability g be-
tween nodes in different communities (see [Abb17] for a definition of the model in its full generality).
When p > g, this model reflects the empirical observation that social networks tend to have denser con-
nections within communities. The SBM has been a successful model organism in that it has allowed for a
nuanced study of spectral methods, motif (small subgraph) counting, and other algorithms for community
detection (e.g. [MNS15, Mas14, BMR21, DANS22]), and a rich mathematical theory has developed to de-
scribe its behavior (e.g. [MPW16, MNS16, AS15], see also the survey [Abb17]). However, this simple model
leaves much to be desired because it fails to capture much of the structure of real-life social networks (see
e.g. the discussion in [GMPS18]).

We study the following Gaussian mixture block model (GMBM) as a model organism for community
recovery. The model is meant to reflect the conception of networks wherein each node is associated with
a latent feature vector which describes its characteristics, and pairs of nodes with similar feature vectors
are more likely to be connected. To generate a sample from the spherical 2-community Gaussian mixture
block model, G ~ G q4(p, ) with n,d € Z,,u € Ry, p € [0,1], (1) independently sample n latent vectors
from a mixture of Gaussians in RY,

1 1
Ul, .o, Uy ~ E-/‘f(—ll -eq, %Id) + 5N(ﬂ'el’ %Id),

then (2) for each i # j € [n], add edge (i, j) to G if and only if the corresponding vectors are 7-correlated,
(uj,u j> > 1, where 7 is chosen in advance as a function of n,d, 1, and p so that the edge probability
Pr[(i, j) € E(G)] is p. Note that we ultimately observe only G and not the latent embedding uy, ..., uy,.

Each Gaussian component of the mixture represents the characteristics of a community as a distri-
bution over feature space, and the distance between the means, 2y, is a measure of the communities’
separation. The edge criterion (u;,u;) > 7 reflects the intuition that nodes with similar feature vectors
are more likely to be connected; the larger we set 7, the more stringent the connection criterion is, and
therefore the sparser the resulting network becomes.

Variants of this model have been studied in the past, albeit with minor variations (for example, u;
sampled from the uniform distribution over the sphere rather than a Gaussian mixture) [GMPS18, EMP22].
But to date, the focus has been on the (more mathematically tractable) low-dimensional regime, where d
remains fixed as n — oo.



In this work, we will study the performance of spectral algorithms in the GMBM in the high-dimensional
regime, where d — oo as n — co. This high-dimensional setting is more compatible with our conception
of modern networks, in which we think of the feature space as being large, on a scale comparable to the
networks’ size. We will show that so long as p is chosen to ensure that the network is not too sparse
and so long as the dimension of the feature space d is not too large relative to the number of nodes n, the
canonical spectral embedding algorithm provides a good estimate of the latent embedding uy, ..., u, (up to
rotation). Further, if the separation between the communities y is large enough, the spectral embedding
allows us to test for the presence of and/or recover the communities.

Spectral embedding methods are used widely throughout network science, and our analysis is the
first that provides provable guarantees for their performance in the relatively realistic high-dimensional
Gaussian mixture block model. However, our work is merely an initial step; we will formulate several
open questions for future research, both towards the goal of increasing the realism of the model, and
better understanding the information-computation landscape of this simplest model.

1.1 Our results

We begin by defining our model and formulating our algorithmic objectives.

Definition 1.1 (Gaussian mixture block model). For n,d € Z, and p > 0,p € [0,1], the n-vertex, d-
dimensional, yi-separated, 2-community Gaussian mixture block model with edge probability p is the distri-
bution over n-vertex graphs G ~ G, 4(p, j1) defined by the following sampling procedure:

1. Independently sample n d-dimensional vectors uy, ..., u, ~ %N(—p -eq, %Id) + %N(y -eq, %Id).
2. Let V(G) = [n] and add (i, j) to E(G) if and only if (u;, u;) >,
where 7 = 7(n,d, p, p) is a threshold chosen in advance so that Pr[{u;, u;) > 7] = p.

We say that vertex i € [n] comes from community +1 if 4; comes from the component in the mixture
with mean - ¢;; otherwise we say that vertex i comes from community —1.

Remark 1.2. Because of the rotational invariance of N (0, %Id), the distribution over graphs produced by
the mixture with means +:- e, is equivalent to that produced by the means +6 for any 6 € R? with |0] = p.
We suspect that our techniques will generalize in a straightforward manner to the case in which the points
are sampled from a mixture with any pair of means N'(01, 3Iz) + $ N (02, 31), or to the case when edges
are based on the distance criterion |u; — u;| < o (so that §; = —0, is equivalent to the general case) rather
than correlation criterion. We opted to analyze only this special case in order to keep the proofs simpler.

Problem 1.3. There are three algorithmic problems we associate with the GMBM:

1. Latent vector recovery: Given G ~ G, 4(p, it), can we estimate the latent vectors uy, ..., u, up to
rotation?

2. Hypothesis testing: Can we tell if the data that generated G comes from two distinct clusters?
Formally, we would like to hypothesis test between the “one community” null hypothesis that
G ~ Gu4(p,0) (so that y = 0 and the two components of the mixture are merged) and the “two
community” alternative hypothesis G ~ G, 4(p, ) with u > 0.

3. Clustering: When p > 0, can we partition the vertices V(G) into sets S,V \ S so that for all (or most)
i €S, icomes from community +1 and for all (or most) j € V \ S, j is in community —1?

Spectral algorithm. Spectral methods are broadly employed for clustering and embedding tasks in net-
work science. Though many variations on the basic concept exist, in this work we are mostly concerned
with providing rigorous guarantees for this model organism, and we analyze a very canonical and “vanilla”
spectral algorithm. Roughly, the algorithm is as follows: given input graph G on n vertices,



(a) Assemble the n x n adjacency matrix A with A; ; = 1[(i, j) € E(G)], then
(b) Compute the top d + 1 eigenvalues and unit eigenvectors {(;, w;)}L, of A, where 5 > - > n,_1.

If d is unknown, in step (b) we simply look for a spectral gap: we find the smallest i > 0 so that n; — 141
is sufficiently large, and we let i = d. We then use this spectral information to solve vector recovery,
hypothesis testing, or clustering, employing a slightly different final step in each case:

« For the task of recovery, we define the vectors iy, ..., i, with 4;(i) o< w;(j), and let ii; be our estimate
for u; (up to rotation).’

« For the task of hypothesis testing, we check if ; > 6 for a threshold 6 € R chosen as a function of
n,d, u, 7 (larger n; corresponds to the case when p > 0).

« Finally, for the task of clustering, we embed the points on the line according to the vector w; and
we let community membership be defined by a threshold cut along the line.

For each task, we are able to prove that the above algorithm works, provided the number of vertices n is
large enough as a function of the dimension d, p is large enough so that the graph is not too sparse, and the
separation p between the cluster centers is not too small (except for some gaps of logarithmic width). In
what follows, we use < to denote < with a polylog factor. The following diagram summarizes our results;
we give the theorem statements below.
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Figure 1: Diagram illustrating the range of u for which we show that the spectral algorithm completes
each task successfully (up to logarithmic factors), all under the condition that 1 &d& pn. The solid lines
correspond to our theorems. The dashed teal line indicates that beyond d~'/%, each community corresponds
to a distinct connected component in the graph and thus spectral clustering trivially succeeds. Similarly,
the dashed violet line indicates that beyond d~'/%, the community labels suffice to recover an approximate
embedding. The gray x’s mark a range in which clustering/testing is impossible even when the latent
embedding is known (lower bounds for clustering in [Nda22], for testing in Appendix A).

Theorem 1.4 (Latent vector recovery/embedding). Suppose thatn,d € Z, and p € Ry, and p € [0,1/2—¢]
for any constant £ > 0, satisfy the conditions log'®n <« d < n, > < 1/(Jdlogn), and pn > 1. Then given
G ~ Gnq(p, 1) generated by latent vectors uy, ..., u, € RY, the spectral algorithm described above produces
vectors Uy, ..., U, which satisfy

i’J"’[n]

E (i b)) — (us ) <<max{J%, NN }log%ugn]uui,uj»,

log % np log %
with high probability as n goes to infinity.

Aslong as 1 Zad& pnand p & d=1/4, the relative error in Theorem 1.4 is o(1) and the ; recover the
u; approximately, up to rotation. See also Theorem 4.21 which states an approximation result in terms of
the spectral distance between the matrices whose columns are given by 4; and u; respectively.

!Note vector entries u ;(-) and w;(+) are indexed starting at 1, whereas the eigenvectors w(, are indexed starting at 0.



The condition d << pn asks that the dimension not exceed the average vertex degree. It is not difficult
to see that if d — oo too fast relative to n, the geometry disappears (because the quantities {(u;, u;)}; je[n]
become increasingly independent). Similarly, when p is small more information is “lost” So it is unsur-
prising that we see an upper bound on d as a function of n and p. However, it is not clear to us whether
d < np is sharp (even up to logarithmic factors); we discuss more below in the “lower bounds” paragraph.

The condition y & d7'/* ensures that the separation between the communities does not “drown out”
other geometric information present in the graph. Indeed, whenever > (1//dr) = ©((d log %)_1/ %), the
number of edges between communities is of a smaller order than the number of edges within each com-
munity, and whenever i > d=/ logl/ % n, the components of the graph corresponding to the communities
become disconnected with high probability.” In this ¥ g-1/4 range, embedding reduces to clustering, as
0l; = x;pteq for x; the £1 label of node i is a good approximate embedding for u;.

Theorem 1.5 (Hypothesis Testing). Define the one-community model to be the null hypothesis Hy = G, 4(p, 0)
and the two-community mixture model to be the alternative hypothesis Hy = G q4(p, p1). If d, n, y1, p satisfy

log 1
y2>max{\/ Ogd3/p, fnpdllog;}loggn, loglén Ld<n, pn > 1, pelo,1/2—¢],

for any constant € > 0, then if we run the spectral algorithm described above on input graph G we have that

min {Pr(accept Hy | G ~ Hy), Pr(reject Hy | G ~ H1)} > 1 — 0,(1),
with high probability as n goes to infinity. In other words, both type 1 and type 2 error go to zero asn — oo.

Theorem 1.5 requires that p % max(d—3/4, (npd)_l/ %) for the errors to vanish. This is much smaller
than 1/ vd whenever d & pn. In other words, whenever d & pn, we can tell apart the two models even if
the mean separation is 0(1/ v/d) and almost-exact clustering is impossible. A second moment computation
shows that y1 = Q((nd)~/*) is necessary for testing (Appendix A).

Theorem 1.6 (Spectral clustering). Supposed,n € Z., p € [0,1/2 — ¢] for any constant ¢ > 0, and p > 0
satisfy the conditions d"'/? « p < d/*log™"/?n, log'n <« d < n and pn > 1. IfG ~ Gna(p, 1), then with
high probability the spectral algorithm described above correctly labels (up to a global sign flip) a

1 log1/ . .
1-0| —= + , /max{ p?- \[ g /P 1 log® n | -fraction of the vertices.
(y\/ﬁ \/ {” 47 fnpdlog ; & f f

Theorem 1.6 implies that when 1 Zd& pn and d~1/2 & U & 1/, the spectral clustering algorithm
clusters a (1—o(1))-fraction of vertices correctly. As discussed briefly above, we expect that when p exceeds
the range covered by Theorem 1.6, the spectral algorithm also works because the cut between the +1 and
—1 labeled vertices becomes sparse (and eventually has no crossing edges with high probability when
u>( % log n)'/*); however this regime requires a different analysis than our theorem (and can probably

avoid the trace method), and we defer it to future work. The bound d-1/2 & 1 matches the lower bound in
the Gaussian mixture model (when the u; are not latent but observed) up to logarithmic factors [Nda22].

Lower bounds. It is interesting to know whether our results are tight. A priori, in some regimes we
can deduce information-theoretic barriers to solving the embedding and/or hypothesis testing problem by
appealing to a known barrier for another model:

®For reference, so long as d = (1) and y is small enough that it does not dominate the edge probability, 7 = ©(v] log 1/p).



« When p is too small (precisely, when y < v é + ﬁ), clustering in the underlying Gaussian mixture
model is information-theoretically impossible [Nda22]. Given only G ~ G, 4(y, 7), we have access
to strictly less information than if we were handed the latent embedding, so clustering in G in this
regime is impossible.

« Similarly, we show in Appendix A that when p < (%) 1/4, the underlying Gaussian mixture model
cannot be hypothesis tested against N (0, %]1) from n samples. This implies that testing is impossible
in this regime.

« When d = Q(logn) and p = 0, the graph we observe is a random geometric graph with points
sampled from N'(0, éld), which is not too different from a random geometric graph over S4~'. A
random geometric graph over S%~! with average degree np is known to be indistinguishable from
Erdés-Rényi G(n, p) whend > n®p?, and is conjectured indistinguishable when d > (nH(p))® for H(-)
the binary entropy function [LMSY22b]. In this regime, the embedding that generated the GMBM
graph G is likely not identifiable, and at the very least it is not meaningful because the geometry has
effectively “disappeared” in the observed graph.

These lower bounds are inherited by G, 4(p, i) from these simpler models, and they are consistent with
our results which do need p not too small to cluster and d not too large relative to np. However, these
lower bounds do not give the full story—the first two bounds do not account for the information lost when
the embedding is thrown out, and the latter lower bound is very far from our result,’ and does not explain
what happens when y is large.

The condition d = O(nH(p)) for H(-) the binary entropy function seems plausibly tight for spectral
algorithms; see Section 1.3 for more discussion. We also mention that since the span of the embedding
vectors ugy, ..., u, has rank at most n, when the embedding dimension d > n, there is always some set
of vectors in n dimensions, vy, ..., v, € R", so that (u;, u;) = (v;,v;) for all ;, j; hence the embedding which
produced the graph is certainly no longer unique up to rotation. However, it is possible that the embedding
may still be identifiable (up to rotation) in the d > n regime, because the u; also behave like Gaussian
vectors; it is not clear whether the same is true for alternate embeddings such as the one given by {v;}ic[n].

We leave proving lower bounds as an interesting open question. In the case of embedding, one might
imagine that in the large-d regime, it might be possible to demonstrate (via direct calculation or otherwise)
that the posterior distribution over embeddings has high entropy. An alternate approach in the sparse
regime might be to try to adapt the arguments for lower bounds in the stochastic block model (using
information flow on trees); see [EMP22] for a discussion of this possibility.

1.2 Related work

Gaussian mixture block model and variations. Most of the prior work on geometric block models in
the literature focuses on the low-dimensional regime, where the dimension d is held fixed as n — oco. For
example, in [ABARS20], the authors study the performance of a (somewhat different) spectral algorithm
for the approximate clustering problem in the special case of d = 2. Another previously studied slight
variation on our model was studied in [GMPS18, GMPS19]. There, the authors introduce a variant of the
model in which the ith node’s latent vector z; is sampled uniformly at random from the unit sphere S¢7!,
and each node also has a latent community label x; € [k]. Edge (i, /) is present if and only if (z;, z;) > 7,
so the connectivity threshold depends on the communities that the nodes belong to. Though not exactly
the same, this is not too dissimilar from our model.* The authors study the relatively low-dimensional case

3We require d < np, rather than d < (nH(p))?, though we are not sure if either of these bounds is sharp.

*In our case u; = Z; + x;ue, for Z; ~ N(0, é[d) (almost like vectors on the sphere when d is large) and x; € {+1} the community
label of node i, so that (u;, u;) = (Z, Z;) + j{x;Z; + x:.Z;, 1) + x;x;41*. Now the condition (u;, u;) > 7 is equivalent to the condition
(Z1,Z;) =2 v — x;x;i* up to the random fluctuation p(x;Z; + x,Z;, e1).



d = O(logn) for this model, and give a clustering algorithm based on counting motifs (small subgraphs)
that works in some parameter regimes. See also [ABD21] for a result on the success of spectral clustering
when the feature vectors are drawn from the uniform measure over the torus T¢ with d = O(1).

Other works have considered variants of the classical stochastic block model which incorporate higher-
dimensional geometry. In [SB18, ABS21] the authors consider a version of the SBM in which one observes
a known embedding of the nodes in R¢, but the community labels of the nodes are latent and the edges
are a function of both the embedding and the labels. Their setting differs significantly from ours because
the node embedding is not latent. Another instance of a geometric variant of the block model is the
mixed-membership k-community stochastic block model [ABFX08]. There each node i has a latent k-
dimensional “community membership” distribution u; € Ay where Ay denotes the k-dimensional simplex;
u; is supposed to represent node i’s fractional belonging to each of the k different communities. The
u; are sampled independently from a Dirichlet distribution, and then the presence of the edge (i, j) is a
randomized function of u; and u;.

In this context (more sophisticated) spectral algorithms are also known to recover the latent embed-
ding, even in the sparse and high-dimensional regime where k grows with n [HS17]. The underlying
geometry in the mixed-membership block model is quite different from the Gaussian mixture block model
(as the embedding vectors u; are supposed to represent something else), so the result of [HHS17] does not
imply anything for our setting. Still, the fact that the techniques in these cases are similar further points to
a potential universality of methods for recovering embeddings in random geometric graphs. We also think
it likely that the spectral algorithms from [HS17] could give sharper (up to logarithmic factors) algorith-
mic thresholds, for instance removing polylogs from the inequality d < np and potentially allowing us to
handle sparse graphs with np = ©(1); however in this work our goal was to analyze the more “canonical”
and efficient basic spectral method.

Recovering embeddings of random geometric graphs. A random geometric graph is any graph
which is generated by sampling points according to a measure on a metric space, associating each point to
a vertex, and connecting vertices according to a probability which depends on their distance in the metric.
The GMBM is a geometric random graph where the metric space is Euclidean space and the measure is a
mixture of two spherical Gaussians. Recovering the embedding is a natural algorithmic task on random
geometric graphs; we mention a couple of relevant works here.

Motivated by social networks, the work [EMP22] considers the task of recovering the embedding of a
random geometric graph over a single unit sphere S¢~!, where the edge indicator for (i, j) is distributed
asa Bernoulli(%qﬁ((u,-, u;))) for u;, u; the latent embedding vectors (the fact that the edge probabilities are
a function of distance is supposed to mimic community structure). They prove that so long as ¢’s spec-
trum satisfies certain conditions (which restrict their result to the low-dimensional setting), the spectral
embedding approximates the latent embedding well.

The work of [EMP22] makes use of techniques used in the study of kernel random matrices, which is a
class of random matrices that includes the adjacency matrices of random geometric graphs. These are ma-
trices which are sampled by first sampling n latent vectors uy, ..., u, uniformly from S%°!, and then taking
the (i, j)-th entry to be a (deterministic) function ¢ of (u;, u;). The spectrum (eigenvalues and eigenvectors)
of a kernel random matrix can be thought of as a random approximation to the spectrum of the associated
integral operator. A sufficiently strong quantitative bound on the strength of this approximation in the
context of the random geometric graph kernel function, ¢(x) = 1[x > 7], would imply that spectral al-
gorithms recover the latent embedding. For example, in the low-dimensional setting where d = O(1), the
classical results [KG00] imply that a spectral algorithm recovers the embedding of a kernel random matrix
up to error which goes to zero as n — oco. See also [AVY19].

In the high dimensional setting less is known. A series of works [EK10, CS13,DV13, Bor13, FM19, LY22]



characterizes the empirical spectral densities of well-behaved kernel functions, under restrictions on the
relationship between d and n (state of the art requires d = n'/* for integer k). Recently, in a push to more
finely characterize the non-asymptotic performance of Kernel methods in machine learning, a series of
papers has made progress on understanding the spectral edge and eigenvectors of certain kernel random
matrices as well. See [FM19, GMMM21, MMM21, MMM22], which study a fairly flexible class of kernel
functions (though as far as we understand, their results do not accommodate random geometric graphs).
Our result shows that part of the spectrum of the random geometric graph approximates the associated
operator’s spectrum well. We mention as well the work [LMSY22a], in which the authors obtain sharp
bounds on the spectral gap of random geometric graphs on the high-dimensional sphere.

Clustering Gaussian mixtures. The well-studied problem of clustering mixture distributions, and
specifically Gaussian mixtures, is the easier version of our problem in which we are already given ac-
cess to the latent embedding of our vertices in R?. The performance of spectral clustering algorithms in
this context has been well studied, with a focus on the many-cluster case (see e.g. [VW04], and [Nda22]
for the case of 2 Gaussians).

Our problem is harder because we do not observe this latent embedding. Our clustering algorithms
work by trying to find an approximate embedding, and then applying spectral clustering. It is interesting
to ask whether we could use a more sophisticated clustering algorithm on our approximate embedding.
Though the robust Gaussian clustering problem is well-studied, the works that we are aware of consider
contamination models in which a small fraction of the data points have been corrupted arbitrarily (e.g.
[DKK"18, HL18, KSS18]). Here, we are instead interested in the case where all of the points may be cor-
rupted, but the corruption overall is bounded in operator norm.

Comparison to the Stochastic Block Model. Ofinterest is how our results compare to the classic two-
community stochastic block model (SBM). The distribution SSBM(n, 2, A, B) is defined as follows: every
vertex i € [n] is assigned a community label independently from Unif({+1}), and then each edge (i, j) is
added independently with probability A if nodes i, j belong to the same community, and with probability

B otherwise. The signal-to-noise ratio in this model can be expressed as A(n, A, B) = .| ”2((’:\41%))2.

The clustering and testing problems have been well-studied in the SBM (embedding has no analogue).
Here we focus on the Q(log n)-average-degree results, as they are most directly comparable to our setting.
For clustering, almost exact recovery (a 1 — 0,(1) fraction of the vertices are labelled correctly) can be
achieved if and only if A(n, A, B) = w(1) [YP14, MNS14, AS15]. Some works have studied the performance
of spectral algorithms for clustering in SBMs, including [Bop87, McS01, CWA12, Vu18, RCY11]. The setting
in each of these works differs slightly, but the bottom line is that exact recovery (where all vertices are
labeled correctly) by spectral algorithm is possible if A(n, A, B) = Q(/logn).

For the task of testing, the null hypothesis is the Erdés-Rényi graph G(n, A—erB) with n vertices and edge
probability %. It is known that if A(n, A, B) > 1, then consistent testing is possible, in both the bounded
degree case [MNS15] (nA and nB are constants as n — o) and in the growing degree case [Jan95, Ban18]
(nA,nB — o0 as n — o0). Furthermore, there are tests with polynomial time complexity in the both cases
[MNS15,BM17, MS16]. When A(n, A, B) < 1, the two distributions are asymptotically mutually contiguous,
thus there is no consistent test.

In order to compare with the stochastic block model, we first match the parameters in our setting to
the SBM case. In the GMBM setting, when ;1 < d~'/*log™'/%(n), the within-community edge probability
is Agmpm = p + O(prp®d), and the across-community edge probability is Boypm = p — ©(pru?d). A
calculation shows that if we plug these edge probabilities in the the SBM signal-to-noise ratio function,
A(n, Acnmems Bavsm) = ©({/npdlog(1/p)p?). Requiring A(n, Agmsm, Bomem) > 1 is equivalent (up to poly-
log factors) to one of our requirements for testing, that i 35 (npdlog(1/p))~/*. Our second requirement



in the GMBM, that u % g3/ 4 is aresult of the geometric structure of the model, and is the dominant term
in the maximum only when d? < np; it is plausible that the signal-to-noise ratio for testing in the GMBM
is indeed impacted by the geometry, and differs in this lower-dimensional setting.

For clustering, the requirement that y % d71/2 is more strict than A(n, Agmems Bamem) = «(1) when
np > d. However, this requirement derives from the fact that even the Gaussian mixture itself is not
clusterable when y1 < d~'/2, so even given perfect access to the Gaussian mixture embedding this clustering
task is impossible. For d > np, we anticipate that the threshold will be the same (or similar) for both the
GMBM and the SBM. Our results primarily focus on the moderate range where d < np.

1.3 Directions for future research

Our work makes an initial study of algorithmic tasks in a basic high-dimensional geometric block model. It
is our hope that this is merely a small early step, and that GMBMs will become a standard model organism
for network science. Here, we highlight a couple of intriguing directions for future research.

1. Characterize the information-computation landscape of the Gaussian Mixture block model.

Here, we have given polynomial-time algorithms for this basic geometric block model that work so
long as certain conditions are met: 1 &d& pn in all cases, and d~1/2 & u for clustering (save
for a logarithmic-scale window around p = d~'/4, also present for embedding, where we suspect
a more careful analysis might succeed), and d=3/* + (npd)~/4 & u for hypothesis testing. But our
understanding of the information-theoretic landscape for these problems is incomplete.

It seems that a natural requirement for the success of spectral algorithms is d = O(nH(p)) for H(-)
the binary entropy function. This is because the order of random fluctuations in the spectrum of
the adjacency matrix is at least /np, and the d-dimensional embedding has eigenvalues on the or-
der of npr = ©(np./d~'log1/p), so one should only expect spectral embedding to succeed when
npt > /np, that is when d = O(nH(p)). In the sparse regime np = O(1), the fluctuations of
the adjacency matrix are actually of higher order than \/np (which is why our algorithm requires
np = Q(polylog n)), but it is possible that the precise threshold d ~ nH(p) could be achieved by the
non-backtracking matrix or a spectral algorithm in the style of [HS17]. It is unclear to us whether
any algorithm, polynomial-time or otherwise, can succeed in the regime d > pn.

In the stochastic block model, extensive study has been made of the information and computational
landscape of the clustering problem, and beautiful conjectures from statistical physics have been
confirmed by an elegant mathematical theory to establish the existence of information-theoretic and
computational phase transitions. When the signal-to-noise ratio in the SBM (a function of the inter-
and intra-community edge probabilities and the number of communities) is below the Kesten-Stigum
threshold, the hypothesis testing problem is believed to be computationally hard; there is also an
information-theoretic threshold below which it is impossible to tell a graph generated from the SBM
apart from an Erdés-Rényi graph®.

It seems plausible that geometric block models exhibit a similarly rich computational landscape,
both for clustering and separately for embedding; we feel that charting this landscape is an exciting
direction for future research. The excitement is deepened by the fact that the mathematical tools
used in the context of the stochastic block model seem ill-suited to this more geometric setting (see
also [EMP22] for some discussion). To our knowledge, the field is wide open both on the algorith-
mic/mathematical side and also from the perspective of predictions in statistical physics.

>The information-theoretic threshold coincides with the Kesten-Stigum transition in the 2-community case [DKMZ11, Abb17],
see also the more recent [MSS22].



2. Understand the performance of spectral (and other) algorithms for GMBMs generated by a wider class
of Gaussian mixtures.

Though the GMBM that we have studied in this paper is certainly a more realistic than, for example,
the stochastic block model, it is still far from capturing most real-world settings. Recall that the
underlying Gaussian mixture is supposed to model a distribution over the feature space of network
nodes. Here we have only studied the case of a mixture of at most two perfectly spherical Gaussians.

It would be interesting to understand in which scenarios the spectral embedding algorithm continues
to work if the number of communities is larger than two. More problematically, it seems unlikely
that spectral embedding will succeed out-of-the-box when the Gaussian covariances are far from
being spherical; this is even more so true for clustering, as spectral algorithms are known to fail
even when given access to the true Gaussian mixture model in the non-spherical case [AMO05]. Is
it possible to design other algorithms for embedding and clustering for this more general “model
organism,” and would such algorithms yield insights which would transfer well to practice?

2 Technical overview

Recall that we have let A denote the adjacency matrix of G and that (#;, w;) are the eigenvalues and corre-
sponding unit eigenvectors of A, where 19 > - > 5,_;. Define the vectors i, .., &i, € R? by setting

max(7;, 0)

u;(i) = 78 wi()),

where d and A, are to be specified later. And define the n x d matrix U by putting all the vectors iy, -+, g
as rows in the matrix. In other words, dA;UUT is the projection of A on to the subspace spanned by its
second to d + 1-st eigenvector. Similarly, we define the n xd matrix U by putting all the true latent vectors
uq, -+, Ug as rows in the matrix. The key is to show that the 4; approximate the latent u;, spectrally. For
technical reasons, we treat the case when p is small and large separately. When p is small, we show:

Theorem 2.1. Supposed,n € Z., p € [0,1/2 — €] for any constant ¢ > 0, and p > 0 satisfy the conditions
log16 n<d<n,pu<rt,andpn > 1, then we have that

Juu" —UU o, < max{ R \/ﬁ; } og’(n).

For references’ sake (and for the sake of comparison with the theorem statements in the introduction),
when ;i & d~/* is not too large and in the high-dimensional regime d = Q(logn), 7 = O(~ Zlog1/p).
This can be seen by noting that the distribution of (u;, u;) is close to N'(0, %), and so Pr[{u;,u;) > 7] =
exp(—dr?/2).

Proving Theorem 2.1 amounts to showing that the top d + 1-dimensional eigenspace of A is spanned
by the columns of U and a non-negative vector 1, € R" (whose entries scale as a function of the length of
the corresponding u;). Specifically, we show:

Pr0p051t10n 2.2. Supposed,n € Z., p € [0,1/2—¢] for any constant ¢ > 0, and p > 0 satisfy the conditions
log'®n « d < n, p < 1, and pn > 1, there exist a length-n vector 1,, constants p, d and Ay to be defined
later, such that with high probability,

|A = poL, 1 — dAUU " |op < log®(n) max { npr? Jnp}.



The above is enough to imply that 1, is close to the top eigenvector of A and the columns of U are
close to the span of the next d eigenvectors of A so long as

np = omin(polnly) > Omax(@A1 - UUT) = omin(dA; - UUT) > max {npfz, \/@} -log’ n,

for omin and omax denoting the minimum and maximum singular values, respectively. Applying spectral
concentration of Wishart matrices, all of the singular values of dA; - UUT are of order npr with high
probability, so A’s top eigenspace is well-approximated by U when —= Er&1 = 1842 np since

Jnp
7=0(V % log 1/p); this is the source of our upper bound on d.

Linear approximation of the adjacency matrix. The i, j-th entry of A is a function of the inner
product of the latent u;, u;:

11 lj(<u13uj>) 1w, uj> > 7]

We can understand the matrix po1,1] + d), -UUT subtracted in Proposition 2.2 as a linear approximation
of A in the inner products (ui,uj). Intuitively, if we were to express 1[(u;, u;) > 7] as a polynomial in
(ui, uj), we'd see that poln 1] is roughly the zeroth order term of the polynomial and dAUUT is the first
order term. The error term npr? in Proposition 2.2 reflects the fact that the second order coefficient in the
polynomial expansion of A; j is quadratic in 7 (the other error term, \/np, comes from random fluctuations).
So in effect, we want to show that A is well-approximated by its linear term in a polynomial basis.

Our proof will proceed by applying the trace method. We will expand A’s entries in the basis of
Gegenbauer polynomials, which is a basis of polynomials that enjoys nice orthogonality properties when
evaluated on inner products of random vectors on the unit sphere (see Section 4.1 for details). In the
high-dimensional setting d > 1, the latent vectors ; lie roughly on the sphere S9!, so we can write
u; = v; + error, where each v; ~ Unif(S9°1). Therefore, we can write

Ay = 1w, uj) > 1) = 1({vs,v;) = )

for some 7/ close to 7. Ignoring the difference between 7*/ and 7 for the moment, we then expand the
threshold function 1(- > 7) in the Gegenbauer polynomial basis gy, g1, ... (in this proof overview, the gy are
implicitly renormalized to ease notation), so we have that

Aij= Z ckqe({vi,v)),
k=0

and our goal now reduces to showing that when we subtract the k = 0 and k = 1 terms, the operator norm
of the resulting matrix A, with A>,(i, j) = Y7—, ckqc((v;, v;)) is bounded.

The trace method. The trace method relates the maximum eigenvalue of a matrix to the expectation of
a power’s trace (using Markov’s inequality): for any integer ¢,

IM| >t = tr(M?*) > ¥,  so Pr[|M]| > ¢ E[tr(MZt’)]l/ZI] < Pr [tr(Mzz) > et E[tr(MZf)]] <L e2t,

and ¢ = w(log?n) gives us that [M| < (1 + o(1)) E[tr(M2)]/? with high

So choosing, say, ¢ =
probability.

The trace method thus allows us to relate the operator norm, an analytic quantity, to degree-2¢ mo-
ments of entries of a random matrix. Specifically, we can relate the trace of a power of M to expected value
of products over “walks” of length 2¢ in K,, weighted by the expected product of the edge “weights” given

1
logn
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by the entries of M:
Etr(M*)= ) E

i1,....i2¢€[n]

2t
H Mis,isﬂl :
s=1

where the subscript s + 1 is understood to be taken modulo 24.

We apply the trace method with M = A>,, and our goal becomes to upper bound E[tr(AZ;Z)] by a
quantity scaling like O(npr?)?
orthogonality properties of Gegenbauer polynomials evaluated on inner products of random vectors on
S%1, We have

for ¢ = polylogn. To analyze the expected trace, we make use of the

(o8]

Etr(AY) = >

i1,...i2¢€[n]

i> Vigyq >)] = Z E

i1,..ize€[n]
ki,.kae>2

27
| AR >)]

s=1 k=2 s=1

The orthogonality properties of the Gegenbauer polynomials will (at a high level) allow us to eliminate
summands which contain any terms of different orders, ks # kg, unless the indices i, iy appear with
high multiplicity. This is very helpful in our accounting and allows us to show that the ¢, ~ pr? coeffi-
cients more-or-less dominate the summation. The all-c; term in which no i is repeated has a contribution
bounded by d®n?c3!, and since this is roughly the dominant® term when ¢ = polylog(n) and npr® > /np,’

we get that with high probability |A>,| < polylogn- (d?n®c2’) e
us the correct order of magnitude for the error.

= nc, polylog n = npr? polylogn, giving

Accounting for large separation. Recall that (though we have momentarily ignored this detail) the
coefficients in the polynomlal expansion of of A,j(<v,,vj>) = 1[{viv;) > "] depend on 7/ as well, so
really A;; = Y17 ¢’ qe((vi,v;)). The coefficients ¢’ concentrate well when the separation y is small, but
when p is large the analysis is slightly more involved when we related the gaussian mixture to the sphere.
We prove a similar result with an application of the trace method:

Theorem 2.3. Supposed,n € Z., p € [0,1/2 — €] for any constant ¢ > 0, and p > 0 satisfy the conditions
log'®n <« d<n,t<pu<d*log™/?(n), and pn > 1, we have that with high probability,

n/l“ n
 Jpdr

As in the small p case, we prove Theorem 2.3 through the following proposition, using the same strategy
that applied in the small p case.

JUUT —UU|op < max { }Iog (n).

Proposition 2.4. Supposed,n € Z.,., p € [0,1/2—¢] for any constant e > 0, and u > 0 satisfy the conditions
log®n «d<nt<p<dilog 2(n), and pn >> 1, we have that there exist a length-n vector 1, and
scalars po, d, and A, to be defined later, such that with high probability,

A= pol, 1) — clelUUTHop <« max {npd,u4, \/@} log’(n).

Hypothesis testing and clustering. Once we have a good approximation to the latent embedding
vectors, we can use them to hypothesis test and to cluster. For clustering, we show using standard matrix
concentration techniques that the top singular vector of UU" in R" must have signs which closely match the

*We lose polylogarithmic factors because we do not show that it is completely dominant; we suspect that a more careful
argument would be able to establish full dominance and eliminate the polylogs.
"When npr* < /np, terms where indices i, appear with high multiplicity dominate, which gives the bound |A>,| < O(np).
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cluster labeling, and therefore by a classic eigenvector perturbation argument (the Davis-Kahan theorem)
the same is true of UU" because [UUT — UUT| is small. For hypothesis testing, we show that if y is large
enough, U and U have a spectral gap, and thus 5; furnishes a good hypothesis test.

3 Preliminaries and notation

We use standard big-O notation: for any A,, B,, we use A, = O(B,) to denote that lim,_,« g—: < o0, For
any A,, B,, we use A, = o(B) or A, < B, to denote that lim,_,c g—: = 0. Similarly we use A, = Q(B,) to
denote that lim,_, 2—: > 0, A, = w(By) to denote that lim,,_, 2—: = o0, and A, = O(B,) if A, = O(B,) and
A, = Q(B,). The notation A, = O(B,) to denote that there exists some constant C so that 4, < logC(Bn)-Bn
for large enough n. The notation Q(), 8(-) applies similarly.

For any A,, B,, we use A, S B, to denote that for every constant ¢ > 0, we have |A,| < ¢B, for large
enough n with high probability.

For any n x n matrix B, we define diag(B) to the n x n matrix with the same diagonal as B and all zero
entries off-diagonal. The notation |B| and |B|,, denote the operator norm of B.

We use 1(-) and 1(-) interchangeably to denote the indicator function.

If we don’t specify in the setting, we always assume that n,d € Z,, p € Ry, p € [0,1/2 — ¢] for any
constant £ > 0, log!®n « d < n and pn > 1. This is the regime we focus on.

Gegenbauer polynomials

For u, w ~ Unif(S971), we denote by D, the law of v/d - (u, w) (scaling by v/d ensures that E[(u, w)?] = 1).
The Gegenbauer polynomials are an orthonormal basis for functions in L>([—v/d, ¥d], D,;). The Gegenbauer
polynomials can be obtained via application of the Gram-Schmidt process to the monomial basis, so that
they naturally form a sequence of polynomials {qf,d)}[em, increasing in degree so that deg(ql(yd)) = (. For
instance, the first three Gegenbauer polynomials are

d+2
@'0=1 @®w=x ad ¢ =176 -,

2
The orthogonality of the Gegenbauer polynomials is equivalent to the property that

B 16760g (ol = 11k = 4]

The Gegenbauer polynomials are related to the spherical harmonics, an orthonormal basis for functions
on S%1. We write {gbm(u)}t e[N®] @S the spherical harmonics of degree ¢ associated to u, (and we use thd)
to denote the cardinality of the orthonormal degree-¢ spherical harmonics associated with a fixed vector
on S41). It is known that

20+d—-2/¢+d-3
N§d)=7( )

t t—1
If u ~ Unif(S%"), orthonormality of the spherical harmonics implies that

}3 [¢€1,t1(u)¢€2,tz(u)] =1[6 = 6,1 = 1],

for any ¢, ¢, € Z>p and t,t; € [Néd)].
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The spherical harmonics are related to the Gegenbauer polynomials through the addition theorem

GO = —— Y pr@pn),

d
\/ng ) te[N@]

See [Dai13, EF14] for a proof of this statement. The addition theorem and the orthonormality of the
spherical harmonics together imply the following remarkable property: if v ~ Unif(S%!), then

1

Further, from the orthonormality of the spherical harmonics we can derive that

VD = Bl u) = —— ¥ Eg = N,

N[ te[N}d)]

E |¢i"(Vd- u.0)) - 4" (Vd- 0, w)] = L1k = 6] —— - (V- (ww))

4 Proofs of the main results

4.1 Polynomial expansion of the indicator function

We will expand the threshold function 1(x > vdr) in the basis of d-dimensional Gegenbauer polynomials.
As our vectors uy, ..., u, are sampled from a Gaussian mixture distribution, the Gegenbauer polynomials
are no longer an orthogonal basis for (u;, u;). To correct for this, we begin by shifting and rescaling our
vectors.

For each u;, we define the first entry of it to be g; and the let the remaining d — 1 coordinates form the
(d — 1)-vector w;. Furthermore, let £; = |w;| and write w; = fiv;. We then have that u; = (a;, f;v;) where each
v; is a unit vector. For each i # j € [n], the (i, j)-th entry of the adjacency matrix is now given by

T —a;a;
Aij = 1(up, uj) = 1) = Waa; + G4{vi,0;) > 1) =1 ((vi,vj> > “,l J) . (1)
itj
For notational convenience, call
Ti’j _ T — a,-aj (2)
6t

We will later show that the 7"/ are well-concentrated around 7, with 7%/ = (r +4?)(1+d~'/2). The dimension
of the v; is now d — 1, and in what follows we write d = d — 1 for simplicity.

We now expand the threshold function 1(x > \/57) as well as the threshold function corresponding
to each (i, j) entry, 1(x > ﬁri’j ), in the d-dimensional sphere S%! and define

1(x > \/ér) = Z ckq,g;)(x), and 1(x > \/gri’j) = Z c,ic’qug‘b(x).
k=0 k=0

Importantly, we further define

M=% and 2= K (3)
Nk

where Ny = N,gd) is the cardinality of the orthonormal degree-k spherical harmonics associated with any

fixed vector on the sphere S%7!, as introduced in Section 3. As a convention, we write p := A, and

13



pé’j 1= Af)’j . In the rest of this subsection and the next, we write g = ql(cd)’ omitting the superscript for
simplicity.

4.2 The trace method

In order to prove Proposition 2.2, we apply the trace method to A minus a linear approximation to its top
eigenspace in terms of the unit-vector inner products (v;, v;); this will let us better exploit orthogonality
properties of Gegenbauer polynomials. The constant-order term which we subtract will not be a rank-1
matrix; we’ll correct for this (accounting for the difference between Gaussian and spherical vectors) later
in Section 4.4.

For simplicity, we adopt a notation and write [a; j]o uxn to denote the nxn matrix where each off-diagonal
entry equals a; ; and the diagonal equals 0.

Proposition 4.1. For y < d"/*log™"*(n), and any/i, j € [n], we have that

|A - [pf)’j]o,nxn - [(zﬂil’j(v,-, Vi) lonxnllop < log® n max {npfz, \/@} ,
with high probability as n goes to infinity.
To simplify notation, we define the n x n matrix Q to be the left hand side in Proposition 4.1. So this
implies that when i # j,
Qij = 1(wi05) > o) = pg’ = dAy s v)).
And Q;; = 0 for any i € [n]. The rest of the subsection will be devoted to the proof of Proposition 4.1. Now
we briefly recall the statement of the trace method.

Lemma 4.2 (Trace Method). Let M be a symmetric matrix. Then for any even integer £ > 0,
Pr(|M]| > " E[tr(M)]'/") < exp(e0).

We will proceed to compute E[tr(Q)] for an even integer £. This amounts to bounding the expectation
of a sum over closed walks of length ¢ in the complete graph K,, when weighted by entries of Q:

t
E[tr(Q)] = )] E(HQZ»,,Z»,H)
t=1

i1,ic€[n]

where we identify iy, with i;. We’ll associate each sequence i= (i1, ,i¢) € [n]* with a (multi-)graph H:
(often we will drop the subscript 7) We define the set of vertices in {iy, -+, i;} as the vertex set and put an
edge between i; and iy for any 1 <t < ¢, where again we identify i,y with i, allowing multi-edges.

Note that the diagonal of the matrix Q consists of all zero entries, so we only need to consider multi-
graphs with no self loops. Furthermore, because iy, -, i, is a closed walk, all vertices in H: have even
degree.

When we take the expectation over the vector v;, for any degree-2 vertex i; € H, it can be contracted
at the cost of a shrinking factor:

Lemma 4.3 (Contracting degree-2 vertices). In a path sy,--,s.+1 of lengtht > 2 in which s,,...,s; have
degree 2 in H, in expectation over the randomness of vs,, ..., vs, we have,

t 0 t
0, ,..]-i,"vs,,l (11 Qsa,sa+1> = kZz qk(\/&”sl’ Vsi,1)) (H Aia’sm) \/ﬁk

a=

14



Proof.

o0

t
Usl’vst+1> =, E ( <Z Aia’sm \/ﬁqu(\/;@sa’”sﬁl»))

s 01\ g=1 \ k=2

) t t
> ITa= M E <qua(\/§(vsa,vsa+l>)>.
$200YSt—1 a=1

ki, k=2 a=1

t
E | | Qsa’sa-#l
Usg seeosUsp g =1

The exchange of the limit and the expectation is justified by the standard dominated convergence theorem.
Note that by the properties of the Gegenbauer polynomials given in Section 3, the product is only nonzero
when all k, are the same, and further

SE (Qk‘,(\/;@sa’ vsa+1>)qka(\/§<vsa+p Us,in >)> = \/%—qua(\/;@sa, Usa+z>)~

By applying the above equation repeatedly, we have the lemma. O

If we begin with a cycle sy,..., ;41 = s1, and contract all of the degree-2 vertices in a cycle, then this
produces a self-loop. So we have the following as a corollary:

Corollary 4.4 (Contracting a cycle to a self-loop). In an induced cycle sy, ..., sr11 = s; of lengtht > 2 in H,
in expectation over the randomness of vs,, ..., v, ,, we have

E (H Q) = Y q(d) <H Ak> Nk
k=2 a=1

UsyeUsp_q =1
Proof. This follows from Lemma 4.3 and from the fact that if v, = v,,, then (v, v5,,,) = 1. O

We will obtain a “contracted” graph I:I; from H: as follows: as long as there exists either a vertex of
degree 2, contract it; otherwise if there exits a self-loop, remove it. When the algorithm terminates we are
left with the contracted (and potentially empty) graph I:I;. If 1:17 is nonempty, then every vertex has degree
at least 4: this is because (i) every vertex had even degree to begin with, (ii) all degrees have to be larger
than two for the procedure to terminate, and (iii) our algorithm for producing I:I; maintains the invariant
that all degrees are even. To see (iii) is true, note that so long as we follow the convention that a self-loop
induces degree two, then vertex contractions do not change the degree of the non-contracted vertices,
and further when a self loop is removed from a vertex the degree drops by two, therefore maintaining the
invariant that the degree is even.

For any edge e € E(IEI ) which is the result of the contraction of a path sy, ..., s;+1 € H, define

- t
Qe - Z qk(ﬁ(vsl’vsﬂ—l)) : \/ﬁk : | | /12“’3‘“'1’
k=2 ey

and for the sake of consistency if e € E(H) n E(H) then define O, = Q, in any case. Note that this is a
random variable depending only on vy, and vy,,, conditioned on the values A}’

Further, let C (7) be the set of all cycles C = (s, ..., St+1 = s1) € H that were contracted into a self-loop
and removed in producing H, and define

) t
QC = Z qk(\/é) . \/ﬁk H/lia,saﬂ‘
k=2 a=1
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Note that in light of Corollary 4.4 Q¢ is deterministic conditioned on the values Aﬁc’j .
From Lemma 4.3 and Corollary 4.4, we have

E<H Qe>:HQC'E HQe~ (4)
e€E(H) CeC ecE(H)

It remains to deal with the expectation over the Q, in H; here we will appeal to the fact that |Q,| are not
too large whenever the inner products (v;, v;) are not too large. For any vertices i # j € [n], define the good
event G j)

. log?(n)
Ciuj = {Kvi, vj)l < %}

and let G = ().je[n G, j) be the event that all such inner products are good. We can bound the probability
of G using the following lemma.

Lemma 4.5 (Bound on inner products). For anyi # j € [n], we have that
Pr(C) < n®- p~log’(m/3,

Proof. By direct computation with the density of Dj,

— T (1 2 \/E 2 _d-3 ~ J_ 1 3
PGy = —— L2 / (1= ) dE < Vdexp (D) i@,

JanT((@ - 1)/2) Jlogw 2
By a union bound, we have the lemma. O

Now, it will be useful to divide H into two (multi)graphs: the contracted-edges graph induced by the
edges resulting from contraction, Kz, and the “uncontracted graph” U; which remains when the edges in
K are removed, with vertex set V(H) and edge set E(H) \ E(K). This is because for a contracted edge e,
10e1(G)|eo decays with p, whereas for uncontracted edges in E(U) we will have to argue differently. We
now have that

[1%cE| IT Q|<T0c-E| [T Q:10)|+Pr©) Q.

ceC ecE(H) CeC ecE(HE)
<|[JOcl- TI 101Gle-E| ] 10:1(Gol|+Pr(C)- QeI
CeC ecE(H)\E(H) ecE(H)NE(H)

T 101Gk -E| TT 1Q1GI| +n2 -n7o€"/5 . 2+ @), (5)

EEE(K{) eGE(Ulf)

[1¢c

CeC

where in the last line we used Lemma 4.5 and the following claim:
Claim 4.1. For every edge e,
1Qclls < 2+ d,
Proof. For e = (i, j), expand
0uil = |1 = pi7 + 2 (0w
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The bound follows from the fact that [(v;,v;)| < 1, and |p(i)’j| < 1, |\/§Allj| < 1 and [v;,v;)| < 1 since each
() <1 d

Concerning the second term in Equation (5), we will ultimately choose £ < log> n, so the second term
is effectively negligible. The following lemmas provide the bounds on the edge weights needed to bound
the first term in Equation (5):

Lemma 4.6 (Bounds on contracted edge weights). There exists a constant ¢ > 0 so that ifd > log'® n, with
high probability over the random variables {t"'}; je[n, for any e € E(K) and C € C,

10:1(Co)leo < log(m) - p- (cpr®Y @Y, and Q¢ <log’(n): p- (cpr?) 2,

where t(e) > 2 is the number of edges in the path that produced edge e before contraction, and t(C) > 2 is the
number of edges in the cycle C. Further, if p = Q(1/n), then for any uncontracted edge e € E(U),

0:1(Go)l < 1[e € E(G)] +cplog’ n,
and E[1[e € E(G)]] < cp.
We will prove Lemma 4.6 below, in Section 4.3.

Lemma 4.7 (Bound on uncontracted edges). There exists a constant C > 0 such that with high probability
over the random variables {t"7}; ;cn,

E( 11 |Qe1(§e)|> < (Clog? n)EW) . pVIDIHEGOI-

ecE(U)

Proof. Choose a spanning forest F of U. Then

E( 11 |Qel<ge>|> < JI 1ea@ols-E T 110

ecE(U) ecE(UNE(F) ecE(F)

Now, by Lemma 4.6 there exists a constant ¢ > 0 so that for any e, with high probability over the random-
ness of the 7; ;,
E [] 101G <E [] (le € EG)] + cplog® ).
ecE(F) ecE(F)
Further, for any leaf (i, j) in the spanning forest F, 1[(i, j) € E(G)] is independent of the remaining edge
indicators, and has expectation at most cp with high probability over the 7'/ (by Lemma 4.6). Applying
this bound inductively, peeling off the leaves one at a time, we have

E J] 101G <E [] (1le € E@G)] + cplog®n) < (2cplog® n) =P,
e€E(F) ecE(F)

Since F is a spanning forest of U, we note that [E(F)| + |[E(K)| > |V(H)| — 1: the union of edges of F and K
form a connected graph with [V(H)| number of vertices. So, |E(F)| > |V(H)| — |[E(K)| — 1.

Combining with Lemma 4.6 to bound [Q.1(C,) < (1 + 2¢)log® n (and taking C = 1 + 2c) gives our
conclusion. O
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Applying Lemma 4.6 and Lemma 4.7 in combination with Equation (4) and Equation (5), we conclude

E< H Qe> —n?. n—log3n/3(2 + \/5)[

ecE(H)
< [ Jlog?®m) - plepr®y @2 T log’(m) - plepr®)©@" - (clog® n)FWl pl UDIFIE=

CceC e€E(K)
< (log? n)°! - (log® n) K . (¢ log? m) FW . (¢ pr2)Beeets HeH Eicee HO=2CIHEWOL LV (D=1
< (log® n)/EEDIHCI/2(¢ pr2y=2ICHHIEG  plClHV (-1 ©)

where in the final line we use that £ = }’ccc t(C) + 3 cpk) t(e) + |[E(U)|, and |E(H)| = |[EQU)| + |[E(K))|.
Now, we account for the number of distinct vertices in H-.

Claim 4.2 (Bound on size of vertex set). We can bound the size of the vertex set of H; by
V(H)| = ¢~ |C| - [E(H)| + [V (H)|

Proof. We charge each contracted vertex to the cycle or edge in which it was contracted during the creation
of I:I; from H:. In particular, when a cycle C is contracted, every vertex save for the final vertex is removed,
for a total of t(C)— 1. When a path of t edges is contracted down to a single edge, t —1 vertices are removed.
This amounts to a total of ) .(#(C) — 1) + ZeeE(H)(t(e) —1) = £—|C| - |E(H)| vertices removed. Finally,

we account for the vertices which remain in H. O

We now have all of the ingredients with which to bound the trace. We partition the sum over weighted
closed walks of length ¢ in [n] according to the shape of the corresponding graph H. For each H resulting
from a closed walk of length ¢, let num(H) be the number of sequences i=ii,...,i, which yield the graph
H. For each s,m,v € N, let H; ,, , be the set of all possible unlabeled graphs H resulting from a closed walk
of length ¢ for which s = |C]| cycles are removed in the process of producing H, and in which [E(H)| = m
and |V(H)| = v. Note that s < ¢/2 always, since each contracted cycle uses at least two edges, and similarly
v < m/2, because every vertex left over in H cannot be contracted and therefore has degree at least 4. Then

{
E(tr(Q) = Y E <H Qit,iHl)
t=1

ie[n]*

IYY num(H)-E<HQe>

s=0 m=0 v=0 HEH, 1, ecE(H)

From Claim 4.2, if H € H; ,, num(H) < n“*7™* since we sample vertex labels from the set [n] without
replacement. In combination with Equation (6) this gives

t/2 p—2sm/2 , \/1 ,
T /2 2\{—2s—m , s+v—1 n (2 + d)
< Z Z Z Z ptms—mtv (clog5 n)m+s (cpt?) P ISR et
s=0 m=0 v=0 HeH, plog®n/3
t/2 p—2sm/2 ) \/1 o
5 \mts/2 oINF—25— tp—1 1 2+ Nd)'n
< ; r;) ; |Hs,m,u| : <n : (C log fl) (cnpr ) m(np)s vl W
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Since |H; m,| is upper bounded by the number of ¢-vertex graphs with ¢ edges, which is at most £,

t/2 ¢—2sm/2

2 T\t
SSapIPID) ( (clog® n)™ """ (enpr®) - mupy ot + BEE NE R (iljggﬁ) - )

s=0 m=0 v=0
£/2 ¢—2s

—as—m s+m n 2 + \/7 ‘n’
e e ( (clog? n)™"* enprty-t-mupys et 4 CEND Ay >

s=0 m=0

/2 p-2s m+2s 2 N, L
< P Z Z <n‘ <log5n W) (cnpr?)’ + %)
nO n

2
s=0 m=0 in

The maximum term in the summation is achieved either at m + 2s = 0 or m + 2s = £, and there are at most
£ terms, so

< P (n - max ((c log® n\np)", (cnprz)[) + w) .

nlog3 n/3

Choosing ¢ = log®n, the second term is dwarfed by the first, and applying the trace method, we
conclude that with high probability over the {r"/}; ;c,,

Pr (||Q|| > ef - 2log’ n - max (c Jnp, cnprz)) < exp(—¢log®n),

as desired.

4.3 Controlling expansion coefficients and contracted edge weights

Above, we relied on high-probability upper bounds on the contribution that each edge could make to the
weight of a walk in order to bound the contribution of walks containing vertices of degree > 2. The main
purpose of this section is to prove those bounds. We start by establishing a lemma that bounds the size of
T.

Lemma 4.8. Fory < d~'/* log_l/z(n), d > log?n, and p € [0,1/2 — €], there are constantsc; > 0 and Cy > 0

such that for all n sufficiently large,
/10 1 /Io 1/p
¢ g( /P <71<G g(/)

Proof. For each vector u;, we write u; = (uS; + N;, w;), where N; ~ N(0,1/d), S; ~ Unif({+1}), and
~ N(0,1;-1/d) independently. Then p can be rewritten as

1 1
p= 2 Pr[p® + p(N; + Nj) + NiN; + (w;,wj) > 7] + 2 Pr[—p* + p(N; — N;) + NiNj + (w;, wj) > 7].
We bound 7 in terms of p. First, an upper bound on p gives us the following relation:

p < Prlp® + p(N; +N<)+N>N< +(wi, wy) > 7]

< 2max{Pr[N +N; > ] Pr[N;N; + (w;, w;) > Z]}
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Write 7, := (r — p?)/(2p). Then we note that

Pr[N; + N; > 7,] = Pr[Jd/2(N; + N)) > \Jd/2z,] < exp(~1,d/2).

Further, we note that N;N; + (w;, w j> can be written as the difference of two independent normalized Chi-
Squared random variables N;N; + (w;, w;) = (Aq — By)/(2d), where A4, By ~ )((f. By the Laurent-Massart
bound [LM00], we know that Pr[Ag —d > 2dx + 2x] < exp(—x), Pr[Ag —d < —2+dx] < exp(—x) and
so does By. This implies that

Pr[N:N; + (wi,w;) > (r — p?)/2] = Pr[(Aq — d)/(2d) — (B; — d)/(2d) > (r — p*)/2]
< Pr[(Ag — d)/(2d) = (r — p*) /4] + Pr[(Bs — d)/(2d) < —(r — pi*) /4]
< 2exp(—c(r — p*)*d)

for some constant c. Combining the two estimates, we have that

p < 2max {exp(—r,ld/Z), 2 exp(—c(r — ;12)2(1')} .

This implies that
10g 4/p
(T _”2)2 P 7& / ) (7)

To show that 7 — p? cannot be negative, we lower bound p. There exists a constant a > 0 so that for for
any C > 0 sufficiently large,

1
5—5217 > Pr[—p? + p(N; — N)) + NiN; + (wi, w;) > 7]
- 2
>Pr[ H2+H(M_N])+MN]+<WI,W]>>T||]\/'l|’|]\]j|<%](1_26 aC )2
2 2
Pr[<wz,wj> T+ﬂ2+2%”+%](1_26 aC )2

=Pr [(Wh Wj> T+ (ll + %)2] . (1 _ Ze—acz)z

Now choose C to be a constant large enough such that (3 — ¢)/(1 - 2e77C")2 <
78 T < W’ so for d sufficiently large the above implies that

5. By assumption,

D=

&> Pr[(Wi,Wj> 2T \(/ljiocg)n]

1
2

N | =

Note that if 7 + f/1_+1C) < 0, then the symmetry of w; implies that the probability on the right-hand side

1 (1+0)*
is at least , a contradiction. Moreover, if 7 + dlog 2 \/—, then for d sufficiently large 7 > \/—logn and
(1+C)*

hence 7 > 2, and there is nothing left to prove. If 1nstead T+ Tdlogn < 1—\/%, then (by an approximation of

the density of (w;, w j>) there exists a constant ¢y, such that

11 e (+oy
—— e > Pr[wyw)y >+ (u+ £)] > ——C\/ T+(1+c) = > >
) [< i ]> (ll \/g) ] 2 Vd( ) o g ,—logn

So we conclude that 7 > p2. Combining with Equation (7), our conclusion holds. O

We next present a lemma that bounds the size of 7/ and A;;j .
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Lemma 4.9. Forany y < d-/* log_l/z(n), d > log® n, there exists a constant C, such that with high proba-
bility with respect to the randomness of T/, the following holds uniformly,

log(1/p)
£ d )
Al = Pr (& > Nd) < Cop,
{~Dy

) <

P)

L _
A =

E [£1¢ > Vdr™)] < Copf'r < Cipr,
~*a

T B € - D1E > Vi) < oY < e

Proof. Recall the definition of 7/ in Equation (2) and the paragraph above. We will firstly show that p =
O(¥(r Vd)) = O(exp(—%d/2)/(r Jd)), where ¥ is 1-CDF of a standard Gaussian distribution. Lemma 4.8
implies that 7> = 0(1/(d/log n)). Therefore, ®(¥(r Vd)) = O(¥((r + p?)Vd)) = O(¥((r — p?) d)). Write

Ty = (1 — u?)(1 - #) By an argument similar to the proof of Lemma 4.8, we have that

p < Pr [N +N; > M] +Pr [NiNj + (wi, wj) = (7 — 121 — )]

2
<v Vad(t — p?)
yd1/4

< \F(T\/E)'f-PI' [MN] +<Wi,Wj> > T,u] .

) +Pr [N:N; + (wi, w;) > 7]

Now, for the second term,

Pr [Nle +{(wi, wj) = r,l] < EP£ (§ > \/ETH)
s~

T(d/2) f
= a7 Ja, LT
I(d/2) Vi g
= Vdrl((d - 1)/2) J @, Jdr,
I'(d/2) d 1 gnd=3
(1-12)7

\/_r((d— 1)/2)d -1 Jdr,
= O(¥(r,Vd)) = O(exp(—7?d/2) /(r Vd)).

For the lower tail, we use a similar technique as in the proof of Lemma 4.8 and have that for a constant
Cy,C5 >0,

1
P> g Pr[(ww) > v+ O]

1 — T(d-1/2) Va-1
G e, (&> Vd-1r)= CsJ(d — DaT((d - 2)/2)

= Q(¥(r Vd)) = Q(exp(—fzd/Z)/(r Vd)).

( — 8- 1) T dE

We apply similar arguments to bound 7"/ and A"/. Recall that we have defined u; = (a;, fv;), 7™/ = (7 —
a;aj)/t;¢; and A;;j = ﬁ Eqp, )(f)l(f \/71'”) Note that as y < d~"/*log™ 12(n), we have a; iaj =
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O(1/(Jdlogn)) and ¢ = 1 + o(log n/ +/d) with high probability. So
= T%Ziaj =1+ 0(1/(Jdlogn)).

itj

Therefore we have that

I(d/2)

= P ( > Vartly = ——%
o B N oo

Ja .
/ i u(l —8/d)7 dE = 0¥ (" Vd)) = O(¥(r Vd)) = O(p).

This implies that 7/ = @( /log(1/p’/)/ /d) with high probability. Similarly we have that py, = @(¥(r vV/d)) =
O(p). Similarly, for A}/, we have an explicit formula

~ Ji
Pl > Jarhi I'(d/2)
! \ff~ ~§l(§ wl= d ymT((d - 1)/2) iz

B N R T
&ﬁr((d—n/z)g_l(l E/d)% 1Y% = 0pi’t) = e(pr).

-8/ d

Similarly for 15, we also have an explicit formula

y 1 = T(d/2) Ja i

Pl E 2_ 1)1 2\/51,1 _ 2 _ 11— 22/0) 5

e T N = [ @ -va-gFa

= rd/2) 205 1V Z o(p i) = O(pr?

T 1-8/d)? |z =0 =0 : O
T €T = et = et

To prove Lemma 4.6, we need an L., bound of the normalized Gegenbauer polynomials gj.

Lemma 4.10. There exists a fixed constant dy such that for anya? >dy, k >0, and any B > 3,

sup |ge(x)| < B
x€[—-B,B]

Proof. The Gegenbauer polynomials can be defined using the following recurrence [Dail3, EF14]:

X qe(x) = ag - @1 (x) + ag—1 - e—1(x), where a; = \/%-

We will prove that the supremum bound inductively. One can manually verify that the lemma holds for
k = 0,1, 2, noting that

B =1 @@ =x 60 = |[#26 -,

Now, for the inductive step, the recurrence and the inductive hypothesis imply that

1 Af— _ 1
sup [ger1(0)] < = sup |ge1(x)| + — sup |x| - [ge(x)] < == B!+ — B,
|x|<B Ak |x|<B Ak |x|<B (3 ak
We'll show that so long asd > dy, kK > 2, and B > 3, Z:Blz + - <1, which completes the proof of the
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lemma. We note that when d, k > 2,

, - _ k(d + k — 3)(d + 2k) d + 2k
vk+1>a )mln{\[ldﬂllk%-l}, Gt _ = = <.
¢ s ok +1) a (k+D)d+k—2)d+2k—4)  Nd+2k—4
Therefore, for any k > 2 and d larger than some constant dy, we have that

i-kak_1<max \/EJL +1 1+=—2— <1
ar  aB* d> N k+1 9 d+2k-4 > 7

as desired. O

Now we provide another bound which will come in useful when k is large relative to d.

Claim 4.3. There exists a fixed constant dy such that for any d> do, k> d*/3, and any0 < B < \/3/2,

i KT(=1)T(k
sup |ge(x)] < Nk v3dY* exp(B/2) - M.
x€[-B,B] T d%l +k)

Proof. This is a consequence of the connection between Gegenbauer and Jacobi polynomials, combined

with known bounds on Jacobi polynomials. The Jacobi polynomials P,Ea’ﬂ )(x) are defined by

(—1)F

P60 = 2kk!

k
1-x)""1+x)" <%> (1= )" (1 + x)/*F) .

The Gegenbauer polynomial q,g;l) is proportional to the Jacobi polynomial with @ = f§ = d-3)/2,

k+ %l -1 1 F(% — Ik + d—2) (d-3)/2,d-3)/2) [ X
d 1 VNer(d - 2)r(k + 4 - 1) Jd
i . .
N LCDNW) paasyragiaa (X ©
T(& +k) Ja

for a reference, see [Dail3], equation (B.2.1) (noting that we normalize our Gegenbauer polynomial differ-

ently). By Theorem 2 in [Kra07], we have that when k > 6, and o, f > 1+4ﬁ, for any x € [-1,1],

1 1 2
=021+ 02 (BEP(0) <3+ D

This implies that for any 0 < b < 1,

o 3(4=3)1/3(1 4 d=3)1/6
P}Ed 9/20-9/2) )] (=) ~ 1+ %) .

sup 3
xG[—b,b] (1 _ b)z_l(l + b)z—l
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Combining with Equation (8), we have

KT(LT(k) 32131+ L2y
sup ge(x)] < Nk Cj_z : 7 “ /-1’
x€[-B,B] F(Tl +k) 1 B /2 1 B /e
- + N

Now for any k > d%/3, d sufficiently large, and any 0 < B < \/5/2, we have that

2

G O LT (1 + ﬁ>d/4 < V3 exp(B/2)
3 ~ (z ~ b

~ <
/-1 /-1 N
B 14 B (1-%)
( Ja ) ( ﬁ) ’

which completes the proof. O

In the proof of Lemma 4.6 we also need to control the decay of Ai. Intuitively, when k is small, A
should be O(pr*) = O(polylog % - pd~*/2). The two lemmas below give a very coarse bound on the decay
of A for any k.

Lemma 4.11. Suppose p = Q(%) Then for any k > 3,2 < t < log®n and any i, j, we have that

sup gl NEA T < log® nyNo(Cepor?®)' /K2

x€[—log? n,log? n]
uniformly with high probability with respect to the randomness of t"/.

Proof. We divide our proof into two cases: relatively small k and large k. For k < logn, we use a more
refined estimate. We note that by Rodrigues’ formula for Gegenbauer polynomials [Dail3], we have that

@¢gy. _§_2 @ _~ (4 k _§_2 k+(d-3)/2
4O 1-%) _C’“d(dg) -4 |

where
- k d=1 k
B / @ 1 NG =
Itk +5)

A similar formula holds for k — 1 and d + 2, 1.e.,

. 2. d k-1 2
q,E‘i?’(f)-(l—f—Z)(d‘“/z=Ck_1,a+z(d—g) (1 .

k—1+(d—1)/2
d+ T d+ 2) '

Applying a change of variables, the anti-derivative of q,(f)(g )-(1-¢&%/ d)d-3)/2 equals

] < k-1
: ENC. C, -
®) =g ( msr) (1= 8/ ( \/d—+2> o

\/5 \/g k—1,d+2 .
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By Lemma 4.10, we have that
kd
C

Jirz \ @ (dra "
fa®l < | == (1-%) ~
' \/; d k—1,d+2

- (k-1)/2 . -
_[d+2 N (1 B ﬁ>(d_1)/2 d
d d Jk@+k-2)d-1)
‘g fd+ exp 2d 1) ’

. . e . . T(d/2) _r13\(d-3)/2 I(d/2)
Note that since the probability distribution of ¢ ~ D; equals TG (1-¢/d) and T DD
1/ {/x, this implies that

m;’;fi:‘f_ [g(OLE > Ndr)| < ‘r(fkd(f o)~ fa(J)

< \/—N_k|\/0~l +2- 7 Lexp (—(Ti’j)2%> .

By the proof of Lemma 4.9, we have that \/d + 2 - 7%/ < log for all i, j with high probability over the
randomness of 7'/, and that exp(—(z"/ Y(d —1)/2) = O(z* \/7 dp™’) = O(t VJdp). Therefore, we have that
2] < ——(CoVd +2 - My 1eidp < £ crVayk < POE(CT Vay* < po(Cr) VU (9)
T INe Nk Jak

For k < log n, we have that there is an absolute constant C such that

N d (po(Cr) VR
IN(Cepor®) ~ kld (por®)

where we have used that k! < (2k)*~2 for k > 3. By Lemma 4.10, we know that SUP e[ log? n,log? n] lgi(x)] <

< (C22k \/ETZ)k—Z . ((CT)k—Z \/H)t—Z

10g2k n. Therefore, we have

|Qk(x)| VNkM;:jV ( 2 2 k-2 _ _
su < (K% (C*2kVdr?log’n ) Cr) 2k 2.
xe[—logzilogz . log* n VN(Cpor2)t/k? ( g ) ((Cr) )

Since d > log12 n,3 < k <logn, and r = ©(\/logn/d), the first term is < 1 and the latter term is at most
1 for large enough n.

For k > log n, we use a more direct bound. Since the gx form an orthonormal basis, this implies that
s = .2 .
AN < [1E = Varth] = pif <1, (10)
Therefore, we have that

< Nk_(t_l)/z,

Naerd,
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and so

el YNAT ) Ne 1
Sp 4 2)t /k2 <k sup gl | |G A
x€[~log? n,log? n] log"n VN2(Cpor®)'/ Ix|<log? n Ny ((/NkCpot?)

We note that by definition

2k+d—-2(k+d-3 d*
= >
k k—1 kk

Thus, since the Ny are non-decreasing,

~ llogn]/2
\/Nk \/Nllognj d 1
JNepor? > > > — >1, 11
kPot nd nd llog n| nd (11)

since d > Iog2 n. So to prove our statement for large k, it remains to check the case when t = 2, i.e., we
need to show that

sup qi(x)] < log4 n\/ﬁk\/ﬁz(Cporz)z/kz

x€[—log? n,log? n]
Now, if k < d*/3, by Lemma 4.10, then our lower bound d > Iog12 n implies that
g (0)| < (log n)%* « & < log? n\[Ne\[No(Cpot?)? /K
sup (X))l < (logn itnzgege S 108 NNk A poT ’

x€[—log? nlog? n]

where the second inequality follows by taking log on both sides and dividing by k. If k > d%/, by Claim 4.3,

d-1
SUPye[—log? n,log? n] |qk(x)| 1/4 4 kI“(T)l"(k)
< V3dV* exp(log*n/2) - —=2"—2. (12)
\lNk r(d;l + k)

By Stirling’s formula,

MR etk (1 NE L
(41 + k) [, \ Gk 1)

Taking logarithm of the right hand side of Equation (12), we have that

log < SUPye[—log? n,log? n] |qk(x)|
N

2 d-1
2

- d—1 43 4 a1 4
< 0(1) + O(log(d)) + log* n/2 + O(log k) — log ( 2 > —klog < 2 p
< —2log(n) — log(d) — 21og(k),
where the last inequality follows for all d > log'? n so long as n is sufficiently large, for instance by noting

that in the case k > d'%, the subtracted terms have magnitude at least %d log k, whereas in the case k < d 100
the subtracted terms have magnitude at least klog 2 > d% log 2.

26



This implies that

VN
sup  |g@)| < —o < log! nyNey[No(CporY /K7,
x€[—log? nlog? n] n
which completes the proof. O

We will make use of a second bound for the A;:j :

Lemma 4.12. Suppose p = Q(3). Then for anyk > 3,3 <t < log® n and any i, j, we have that

(NG

uniformly with high probability with respect to the randomness of 7.

< d\N,(Copor?) /K

Proof. The proof follows the same strategy as Lemma 4.11. When k < logn, by Equation (9) and Lemma 4.9,
we have that

< dk/z\/ﬁkpg(CT\ﬂog n)* < phd*(Clog n)*/?¢t*

(DN

Comparing to the desired upper bound,

t k=1 (¢/2-1)(k-2)
pf)dk(C log n)tk/ZTtk 2 (c’ log n)t(k—l) o, « log n) @D ket
d JN;(Cpor?) /K2 = J02—Dk-2) y

for C” some constant, where we have used that 72 = @(logn/d). Given that k > 3,t > 3,and d > log16 n,
the right-hand side above is 0(1) and the conclusion holds.

It remains to handle the case k > log n. By the orthonormality of the spherical harmonics, qk(\/é) =
JNk. So we have that by Lemma 4.10 and Equation (10),

N—t/2+1

VAN < 20172 < NCPY < A ING(Copor?) k2 ek .
g (VDN | < I < N NCopur Yk

To bound the fraction, by Equation (11), it is enough to check the case when ¢t = 3. Indeed, in such situation,
the fraction is bounded by

_ -1/2 2
Nk 1/2k2 _ N“OgnJ log®n _ (Clogn)logn/2+2n3

X S 1.
d2(Cp,r?)® d2(Cpor?) dlogn/2 <

Combining Lemmas 4.9, 4.10, and 4.11, we now prove Lemma 4.6.

Proof of Lemma 4.6. For any edge e € E(él») which is the result of the contraction of a path sy, ..., 5141 € G,
recall that by definition, we have

> t
"Qel(ge)"oo = Z Qk(\/;@sl’ vsr+1>) . 1(g(51,5t+1)) : \/ﬁk : H Az‘“saﬂ
k=2 =1

(<]
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> = 1 2 t
Z Qk(\/g@)sl, vst+1>) -1 <|<vsl’ vSt+l>| < = En)> : \/ﬁk ' H Azl’s'”l
k=2 Ja 1

By Lemma 4.10 (taking B to be log?(n)) and Lemma 4.11, we have that for t > 2,

(<]

t )

10:1(Golw < (log?(m)” d [ T (Copgeser(r1)?) + 3 (log?(n))” No(Cepor®)'k

a=1 k=3

< log*(m)d(Clpor?)',

uniformly with high probability with respect to the randomness of "/, The bound as stated in Lemma 4.6
follows by applying Lemma 4.9 to eliminate the factor d at the cost of a factor log % When t = 1, then

Qe = Q.. Write e = (i, j), then we have

10 1(Co)l < 1(wi, v = ) + pi’ +1d27 (v1,0,)1(Ge)|
log*(n)
Jd
where the second-to-last inequality follows from Lemma 4.9. Furthermore, E[1[(v;,v;) > t%/]] < C,po.

Now for any cycle C = (s1,...,8+1 = s1) € G that was contracted into a self-loop and removed in
producing G, recall that we have

< 1((1)1', l)j> > Ti’j) + Cgp() + ngpoT < 1(<Ui, Uj> > Ti’j) + 2C, 10g3(n)p0.

oo t
Oc = Z C]k(\/g) Nk - H/li“’s"“.
k=2 a=1
Fort > 3, by Lemma 4.12, we have that

Qc < d\Ny(Cepr™) @ + Y dNo(Cepor®) Ok < Cd N (Cepr?)©
k=3

< (P*r'd\Ng) - (e2pr®) 72 < (log? m)p - (5 pr®) 72,
When t = 2, we write e = (s1, s7), then Qc = E(Qez) Therefore, by Lemma 4.9, we have that
~ .. Qi ~. Qi 2
Qc=E (1(<vi,vj> > ) —py! - d/ll’j@i,vj))
= Pf)’j + (Pf)’j)z + (zz(ﬁa’j)z E((vi,0))%) — Z(Pf)’j)z - 2{;/11'1,]' E((v;, v)1(v;,vj) > 7))
< Cp +Cp®log(1/p) < Cop.
Therefore, we have

Oc < log?(n) - p - (cpr®) 2,

where t(C) is the number of edges in the cycle C. O

4.4 Relating the Gaussian mixture and the sphere

In this section, we will relate the matrix we subtracted from A in Section 4.2 to the matrix we wish to
show is close to the top eigenspace of A, pyl,1,} + dA;UU". Recall the definition of &, vx, a; and 7/ in
Equation (1). First, we finally define 1,. For each k € [n], define L; := £ —1, and define 1, to be alength-n
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vector where each entry equals

Lk).lf,;'f

Do

(in)k =1+

We prove the following lemma and another lemma (Lemma 4.17) designed for larger . Let V be the n by
d matrix where the i-th row equals v;.

Lemma 4.13. For u < 7, we have that
Ipg’ 1,1y +dAYVVT = (pol, 1, +dAUUT) - diag |op < npr?logh(n),
with high probability. Here diag is the diagonal of pi 1,17 + dAYVVT — (po1,17 +dA,UUT).

Definition 4.1. We define (and recall that)

bie=a/VE, Li=6-1 po= PrE> Jar), A= B [£1( > > Jan)l.

J}

We further define the change of 7%/, pi/ and A%/ as follows.
AT =1 — Apf)’j 1= pf)’j — Pos A/la’j 1= Ail’j — A1
To prove Lemma 4.13, we firstly prove a lemma bounding the fluctuations of 7%, p(i)’j and /11'1,j .

Lemma 4.14. For u < 7, the following holds uniformly with high probability

Ll‘ — (logn) t;i—l =1- Li + O(IO%;n), blb] — O(logn) <l)l',l)j> — O(logn)

Az'i’j = —T(bibj + Li + LJ + O(IO%ZH)),
Apy = —AdAT™ (1 + o(z?Jdlogn)) = Ayde(bib; + L + L + 0(10%12“))’
AN = —Aydr AT (1 + o(z? Vd log n)).

Proof. We firstly note that A; can be computed explicitly as follows.

- Ji )
A = [£1¢ > Var] = — L@/ 1- 22/ 7 d
1 ﬁ E [E1¢ > T f a-EDT
_ I@d/2 d W I(d/2) g
BN E O I LR N CE O

The bou_nds onlL; & L bb s (v;,v j), and A% follows directly from concentration inequalities and definitions.
For Ap,’, we note that

r(d/2) Jar
Jdrr((d - 1)/2) / Vi

(1- Tz)d%(l +o(r?Vdlogn)) = ~MdATH (1 + o(r? Jdlogn)).

Apoj— Pr 56(\/71'1] \/7)

(l—f/d) T dg

—_A i,j\/g I(d/2)
C @ - )2
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Similarly, for A/Vi’j , we have that

ij_ 1 RTINAA I(d/2) g2
MY == B I (fe (N NIl = s o= | s - £/ F g

= —Arbid

I(d/2)
dmT((d - 1)/2)

Now we recall two facts that are useful in our proofs.

(1 - 1'2)%3(1 + o(z? \/Elog n)) = —Adr At (1 + o(r? \/Elog n)). O

Fact 4.15. For M € R™", define M| = max; je) |M;jl. Then [M|op < n|M]e.
Proof. This is because [M|op < [Mr < n|M]e. O

Fact 4.16. Let wy, -, w, € S9! be uniform random vectors in S41 withn > d. Then their gram matrix
with the diagonal set to zero satisfies |[{wi, Wj)lomnlop < O (%), with high probability.

The proof of Fact 4.16 follows from standard matrix concentration results (see e.g. [Ver18], Theorem
4.6.1 and Theorem 3.4.6). Now we are ready to prove Lemma 4.13.

Proof of Lemma 4.13. We firstly note that p, = ©(p) and A; = ©(pr). This follows from the proof of
Lemma 4.9. For each i, j € [n] with i # j, we have that by Lemma 4.14,

Py’ +dA (o) — po(1 + Lididr / po)(1 + Lidsdr/ po) — dAs(us, uj)
(Apy’ + p) +d(AAY + A v, v;) — po(1 + Lididr / po)(1 + Lidrdr / po) — dAi(chib; + 66,v;,v;))
—hdro(REmY — 22 @P L1/ po + DAy (o5 0;) — A1 (66 — 1)(vi,v;)
=: fili, )) + L3 ) + 3G ) + fuGG, J).

For simplicity, again, we adopt a notation and write [a; j]o»«n to denote the n x n matrix where each off-
diagonal entry equals g; ; and the diagonal equals 0. Similarly, we write [a; j]nx, as the n x n matrix where
each entry equals a; ;. Then we can rewrite our goal as to show that

| [Pé’j - ‘;Aa’j@i, Uj> — po(1+ LiAI(;T/pO)(l + Lj/lléf/PO) + fi/ll(“i, uj)]O,nxn”op < ”PT2 10g4(n)-

Now according to the above computation, the left hand side can be reduced to

” [fl(is j)]O,nxn + [fZ(i: j)]O,nxn + [f:o,(i, j)]O,nxn + [f4(i: j)]O,nxn”op~

Note that by Lemma 4.14 and Fact 4.15, we have that

5 og’n
"[fl(l, j)]O,nxnuop < nAldTO(l %1 )<o (inZ 10g2 n) .

Similarly, by Lemma 4.14 and Fact 4.15, we have that

o 22d  log?
"[fZ(l’ ])]O,nxn"op <n 1;0 0(%) <o (in4d logz n) .

Furthermore, by Lemma 4.14, Fact 4.15, and Fact 4.16, we have that

"[f3(l, j)]O,nxn"op = |[/11d~272(bibj + Li + Lj + O(IO% n))(”i’ vj>]0,n><n||op

< MAde?bib 03, 0 o menllop + 21 d* T Licwi, 0o menlop + nA1d*T*0(PE Yo (257
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< Md*r?o (10\%") (%) + Myd?r%o (ki%"> ) (g) + n/11622720(%) (logn)

(n/l d*r zlzg\/_n) (np\/—r log® n)

Finally, by Lemma 4.14, Fact 4.15, and Fact 4.16, we have that

3 7 ogn
[f4(i: j)]O,nxnuop = "[d/ll([ifj - 1)<Ui:vj>]0,n><n”op = |[dA:(L; + Lj + 0(1 gd ))(Ui:vj”o,nxnnop
3 3 og’n
= [dAs(Li + L)Xvi, v,  omenlop + 1[dA10CE )05, 07) o mxnllop
< dAo (log") O (%) +nd20 (1013 ") 0 (ki%"> < o (nprlog® n/\/g) .

Combining the bounds for fi, f,, f3, and f; together, we have that

” [fl(i’ j)]O,nxn + [fZ(i, j)]o,nxn + [fS(i’ j)]O,nxn + [f4(i, j)]o,nxn”op
0 (np Jdr® log? n) <o (nprz log* n) . O

In the rest of the subsection, we will prove the following lemma for relatively larger p.
Lemma 4.17. Fort < p < d"/*log™"/*(n), we have that
Ipg 1,1+ dAYVVT — (podl, 1) +dAUUT) — diaglop < npdp® log®(n),
with high probability. Here diag is the diagonal of the matrix on the left hand side.
Adopting the same notation, we have the following lemma.

Lemma 4.18. Fort < i < d~/*log™/%(n), the following holds uniformly with high probability

2
L= (IOg”) l=1-L;+ o(loi D, aa; = o(u?), (vi,vj) = o(lOgn

AT = —gia;(1 = L — L + 05 ™)) — £(L; + Lj + o(E™)),
Apy = —2dAT (1 + O(AT™1d))

= Md (aa;(1 — L = L;) + o(L; + L;) + o(z* log® n) + O(u*zd)) ,
AL = —Qdr AT (1 + O(ArTd))

= \dr (aiaj(l —Li—Lj))+t(Li+ L)+ o(z® log? n) + O(,u4rd)) .

Proof. The bounds on L;, €& L bib; s (v;,v j>, and Ar’/ follows directly from concentration inequalities and
definitions. For Apj’, we note that

i = P (& € (Vi iy = - 12 1) a
po = B e et @r((d—n/z)/ﬁw /A

_ _Az.i,j\/g F(a’/2)

__ (1 -7 (1 + O(Athrd)) = A, dATI(1 + O(AT ird)).
JarT((@ - 1)/2)

Similarly, for A/la’j , we have that

AR =

. I(d/2) Vis i
Bl (fe i)l = - mm s | -2/ a

é
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L~ T d~ 2 d—3 .. ~ L. ..
= —Athd~ ( ~/ ) (1 — TZ)dT(l + O(At"1d)) = —A1dr AT (1 + O(AT™ 7d)). O

d\nI((d - 1)/2)

Proof of Lemma 4.17. For each i, j € [n] with i # j, we have that by Lemma 4.18

pé’j + (;Ail’j@i, vj) — po(1 + Li/h(;h'/po)(l + Lj/llfzr/po) - (;7/11<ui, uj)

= (Apg” + po) + d(AXY + A Xvi,v;) — po(1 + Lididr /po)(1 + Lididr / po) — dAi(aia;j + £:€1(v;,v;))
= 61/11(0(73 logr2 n) + O(,u4rd)) - AfrzﬁzLiLj/po + JA/h(v,-, vj) — c?/ll(t’it’j — 1)v;,v;5)

=: fili, )+ LG )+ B3 )) + ful, )

We follow the same proof strategy as in Lemma 4.13, with slightly different bounds. Note that by Lemma 4.14
and Fact 4.15, we have that

IAG Dopxalop < ndAo(z log®n) + nd) 10(urd) < (npdr4 log? n) + O(npd*t®u®).

Similarly, by Lemma 4.14 and Fact 4.15, we have that

ZTZ 72 o Zn
"[fZ(l, j)]O,nxn"op < Tlllpod 0(1 gd ) S [ (npr4d 10g2 n) .
Furthermore, by Lemma 4.14, Fact 4.15, and Fact 4.16, we have that
A£G Dopxalop = | [Ad% (aiaj(l —Li—L)+1(Li + L)+ o(z’ log* n) + O(#4Td)) Wi, v lonxnllop
< ”[/hfizfaiaj(’)ia Uj)]o,nxn”op + 2”[/11(;'21'aiajLi<vi: vj)](),nxn"op + 2“[/11&272[4'(”1" Uj>]0 n><n||0p
+ nhd*ro(s? log? n)o(log") +nA dzro(y Td)O(log")
3 n 3 logn n 3 logn n
< AldzryzO (3) + Aldzr,uzo ( % ) (0] (3) + Md*t%0 ( % ) (0] (3)
+ nhd?ro(r® log® n)o(log") +ni dZTO([l rd)O(log")

0 (np75d3/2 log® n + in3d5/2y4) =0 (nprz log9 n+npdy’ Iogs/2 )

Finally, by Lemma 4.14, Fact 4.15, and Fact 4.16, we have that

[ﬁl(i, j)]O,nxn"op = "[a/ll([ifj - l)(l)l', Uj>]0,n><n||op = ||[d~/11(Ll + Lj + 0(10% n))(”i, Uj>]0,n><n”0p
= I[dA1(Li + Ly)vi, v)lomanlop + 1dA10CE )03, 07 o mxnlop
logn n 5 log?n logn
< dAo ( } )O<E) +nd/110( £ )o( % ) So(nprlogsn/\/a).

Combining the bounds for fi, f,, f3, and f; together, we have that

” [fl(i’ j)]O,nxn + [fz(i, j)]o,nxn + [fS(i’ j)]O,nxn + [f4(i, j)]o,nxnnop
o (npr® log®? n + npdy*log®? n) = o(npdy* log® n). O

4.5 Accounting for the diagonal

In this section, we will prove Proposition 2.2 by combining Proposition 4.1 with Lemma 4.13, and prove
Proposition 2.4 by combining Proposition 4.1 with Lemma 4.17. Directly combining Proposition 4.1 with
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Lemma 4.13, we have that for y < 7,
|A — (polnd, —dAUUT) — diag |op "€ log®(n) max(npr?, Jnp).

And similarly, directly combining Proposition 4.1 with Lemma 4.17, we have thatforr < y < d~*/*log™/?(n),
|A = (pollndy — dMUUT) — diag |op ‘€ log®(n) max(npdy*, Jnp).

The remaining of the task is to bound the diagonal of A—(poL, 1} — dAUUT). Note that we have that with
high probability,

po(1n)} = po(1 + Lidrdr / po)* = O(po)-
Furthermore, with high probability,
dAy(us, ;) = dAy(B? + £2) = O(dpr).

Define diag to be the diagonal (matrix) of A — (pol,1] — dA\UUT). Therefore, for p < 7, with high
probability,

”A - (pO]Nln]Nl;zr - dN/llUUT)"op

< “A - (Poflnﬂ - &AIUUT) - diag "op + " diag(A - (Poflnﬂ - &AIUUT))"op
o(log(n) max(npr?, ynp)) + O(py) + O(dpr)

<
< o(log*(n) max(npr?, \np)).

And similarly, for 7 < y < d~"/*log™"/?(n), we have that with high probability,

”A - (pO]Nln]i;zr - ‘zAlUUT)Hop
< “A - (Poflnﬂ - dAIUUT) - diag "op + " diag(A - (Poflnﬂ - dAIUUT))"op
o(log®(n) max(npdy", J1p)) + O(po) + O(dpr)

<
< o(log*(n) max(npdy’, Jp)).

4.6 Hypothesis testing

We begin by recalling our hypothesis testing algorithm. Define 7’ to be the connectivity threshold for
the one-community model G, 4(p,0). Correspondingly, as in equation Equation (3), we define A to be

the normalized Gegenbauer polynomial expansion coefficient of 1(x > \/gr’ ). For the task of hypothesis
testing, we check if the second largest eigenvalue of A satisfies

1 [log 1 ’
n > nA; <1 + Emax{ Ogd/p, nplig% }log9 n> .

If so, we declare the model to be the separated mixture model. Otherwise, we say the model is the one-
community model.

Theorem (Restatement of Theorem 1.5). Define the one-community model to be the null hypothesis Hy =

33



G,.4(p,0) and the separated mixture model to be the alternative hypothesis Hy = G 4(p, ). If d, n, u satisfy

log1
y2>max{\/ Ogdg/p, fnpdllog;}logn, 10g16n Ld<n, pn > 1, pelo,1/2—¢],

then if we run the spectral algorithm described above on input graph G we have that

min {Pr(accept Hy | G ~ Hy), Pr(reject Hy | G ~ H1)} > 1 — 0,(1),
In other words, both type 1 error and type 2 error go to zero as n goes to infinity.

In the rest of the subsection, we will firstly prove Theorem 2.1 and Theorem 2.3. This will allow us
prove Theorem 1.5.

As the vector 1, is not necessarily orthogonal to columns of U, we next prove a proposition that shows
that they are not far away from othogononality, and in fact the same results hold for the projection. Define

a projected matrix as
i, i i,
PUUT) := <1— i ;>UUT (I— z ;).
ILnl ILnl

Proposition 4.19. For y < d~/*log™"/%(n), we have that the following holds with high probability,

|A = poll, 1T - &AIP(UUT)HOP « log’(n) max {nprz, \/@} ,  ifu<r,
|A = poll, 1} - &AIP(UUT)HOP « log’(n) max {npdy4, \/@} , ifr<pu< d-\/4 Iog_l/z(n).

Proof of Proposition 4.19. We will show that with high probability,
[UUT = PUUDop = Olog(n)). (13)

Together with Proposition 2.2 and Proposition 2.4, this would imply the proposition, since dA; logn is
much smaller than the right hand sides of the proposition. To bound the operator norm, we note that

Ly or o lady  JGUP <o
n+tn-

UUT - PUUT) = -= i L
|12 (NP O VP

We will bound the operator norm of each of the summands above separately. By definition, U can be
written as

Uk1 = pSi + Ne1s Urj = Ny, forje{2,.d},

where all Nj; are i.i.d. N'(0,1/d) and S; represents the community information, which are i.i.d. samples
from {+1} with probability 1/2 each. Recall that Ly = € — 1 and £ is defined to be the length of w;,

which equals [Ukzz + - Uk2 4 We note that, L is independent of Sy and Ni ;. Therefore, by Lemma 4.14,

Lemma 4.18 and concentration inequalities for subgaussian random variables,

o Joston (5 +) ).

Z(l + LeArdr / po)(uSic + Nia)

vy =
k=1

34



with high probability. Now for general j € {2, --,d}, we have that

ZNM

The first term is again bounded by O(y/log(n)n/d). For the second term, we note that by Lemma 4.14 and
Lemma 4.18, the term & — 1 = o(log n/ vd) uniformly with high probability. Therefore, by concentration
inequalities for subgaussian random variables again, we have that

P dr/ \/nlog (n) « \/Iog;n)n’

((TNU)J-( - + Jadr/ po

Z(l + Lk/lld}/po)Nk’j
k=1

Z(fk_l)Nkj

k=1

A dT/Po

Z([k - 1)Nkj

with high probability uniformly in j. Therefore we have that

d
11U = (1TU)? + Z(flTU)f = O(ny*logn) + O(nlogn) = O (nlogn),
=2

with high probability, provided that y? = O(1). This implies that with high probability,

[LUF = =+ _ 1L UP
21, =1
[T, 1Ll

_ lijup
o L

= O(log(n)).

n-n

Similarly, we have that with high probability,
I,y Zd:
|| ln||2 =

L ”(U’)( Hr

11, ILnl

d (1TU)?
=Z(~”=omwm
j=1

op op

where U’ denotes the j-th column of U. Putting the above estimates together, we have that

juuT - P(UUT)hOp = O(log(n)).

To facilitate the proof, we cite a useful result concerning the spectrum of UU.

Lemma 4.20 (Spectrum of UUT). Let A{(UU") be the largest eigenvalue of UU, where each row is sampled
from the Gaussian mixture distribution %N(—y -eq, é]ld) + %./\f(y -eq, é]ld). Then we have that

LUUT) - (,uzn+ S)‘ <O (Jg(yzn+ S)>,

with high probability. Similarly, if where each row is sampled from the Gaussian distribution N (0, é]ld), then

we have that
<O -
= d ’

Proof. This follows from Theorem 4.6.1 in [Ver18]. U

o= (3)

with high probability.
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Proof of Theorem 2.1. Recall that (see the definitions before Theorem 2.1) we used 1y and wy to denote
the first eigenvalue and eigenvector of the adjacency matrix A respectively. Similarly, as before, we use
dA;UUT to denote the projection of A onto the subspace spanned by its second to d + 1-th eigenvector. By
Proposition 2.2, we have that

|A = nowow, — a?thUT”op « log’(n)max { npr?, Jnp } .
Combining with Proposition 4.19, we have that
Inowowg +dAUUT — pol, 1) — clelp(UUT)Hop « log’(n) max {nprz, \/@} .

We note that the first eigenvalue of poﬂnﬂ; +d,PUUT) is p0||]~ln||2 = O(pn) and the second eigenvalue
of it satisfies
n

AapoTnd] +dAPUUT) = dAy - L(PUUT) < A0 <#2n vt JE (sn+ ) + 1°g(”)> <pn

by Equation (13) and Lemma 4.20. Thus, by the Davis-Kahan sin 8 theorem (Theorem 4.5.5 in [Ver18]), we
have that there exist 6 € {+1}, such that

"Hwo - ]:l” < log?(m) max { npt”, W} (14)
|, pn
Without loss of generality, assume 6 = 1. Therefore by Equation (14), we have that
Inowows — polnlylop < 1m0 = polTLalll + pol LalPiCwowg — Ln Ty /1 Tal)lop
< o~ polLal?1 + 2polE,lPlwn — L /1iall < log?(n) max { npr?, Jip}
Therefore, combine the above with the fact that [UUT — P(UU")|op = O(log(n)), we have that
[d21UUT — dA,UU o < log®(n) max { npr?, Jmp} .
AsldA, —dA| = A = O(pr), we thus have that
IUUT U0 lop < A dprUUT = AU Dl + I dpr = U0 ey
=o0 <$ log’(n) max {nprz, W}) +0 <$pr (g + ,uzn>)
=0 <max { HTJ’ \/%ZT } Iogg(n)) )
U

Proof of Theorem 2.3. We use the same proof idea for large y. By Proposition 2.4, we have that
|A = nowow, — d~/11UUT||Op « log’(n) max {npdy4, \/@} .
Combining with Proposition 4.19, we have that

Inowowg +dAUUT — pol, 1) — &AIP(UUT)HOP « log’(n) max {npdy4, \/@} )
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We note that the first eigenvalue of poL,1] + dMPUUT) is polLn? = ©(pn) and the second eigenvalue
of it satisfies

o~ ~ ~ ~ d
Ao(pol, 1) +dAP(UUT)) =dA; - L(PUUT)) < dA,0 (,uzn + g + \/j (,uzn + g) + log(n)> < pn,
n

by Equation (13) and Lemma 4.20. Thus, by the Davis-Kahan sin 8 theorem (Theorem 4.5.5 in [Ver18]), we
have that there exist 6 € {+1}, such that

1
QWO - ~n
L1},

« log’(n) max {npdp“, \/@}

on (15)

Without loss of generality, assume 6 = 1. Therefore by Equation (15), we have that

no = pol Lall*l + pol TalPM(wowg — LTy /ITaI*)lop
Mo = pol Ll + 2pol L lwo — L /IL4lll < log®(n) max {npdp®, Jnp } .

Therefore, combine the above with the fact that [UUT — P(UU")|op = O(log(n)), we have that

”UOWOW(—)r - Poflni;"op

NN

ldA;,UuUT — (;'/11UUT||op « log’(n) max {npdy4, \/@} )
As |a~1/11 —dA| = A1 = O(pr), we thus have that
1 ~ 1 ~
JuU" —UU op < Ell(deUUT —dAUUD)op + @ll(dpf —dA)UU Dlop
1 1
=0 (E log’(n) max {npdp“, W}) +0 (EPT (g + p2n>>
4
=0 (max { ﬂ, Jn }10g9(n)> .
dr ~ [pdr

Proof of Theorem 1.5. We use subscripts g and m to denote terms in the Gaussian model and in the mixture

model respectively. In the Gaussian model G, 4(0,7”), by combining Theorem 2.1 with Lemma 4.20, we
have that the largest eigenvalue of UgU-gr satisfies

A1(UgUy) < S +0 <\/§> +0 (max { nd \/_\/Z y } Iogg(n)>

with high probability. Therefore, in the testing problem,

O

ha(Ag) = X AU = "0 (dA’max{ C }1og9(n)>

d° Jpdt
=nA+o (d/l’ max { nd’ \/_\/; y } log (n))

= n)} (1 +0 (max {T’, \/%T/ } 10g9(n))>
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1 log1/ d 9
<n/1;(1+5max{\[%p, wplog T log’n |,

where the last inequality follows from the fact that 7/ = ©(y/log(1/p)/d), by Lemma 4.8. Therefore,
Pr(accept Hy | G ~ Hy) > 1—0,(1) holds. Now in the mixture model G, 4(y, 7), by combining Theorem 2.1
with Lemma 4.20, we have that when p < 7

M(UnUL) > pPn+ S +0 <\/§ (,uzn + S)) -0 <max { % —\/%Zr } 10g9(n)>

_ yzn + S -0 <max{ R \/12, }10g9(n)> ,

with high probability. For y < 7 satisfying the conditions in Theorem 1.5, we have that

~ ol [ i
Ao(Am) = dA; - 11 (UpUL) = dA]pPn + Tl -0 <d/1{ max{ 4 e }10g9(n)>

> n)] <(§p2+1—o<max{d Jipr }log (n)>>
/(5 [log1/p 1 9 _ r
> nAj (dmax{ P\ mpdiog] }10g n+l-o <max{d ot }1og (n)))

1 [log 1 [ d 9
>n/1;(1+5max{ %/p, nplog%}logn ,

where again the last inequality follows from the fact that 7 = ©(y/log(1/p)/d), by Lemma 4.8. Therefore,
we have Pr(reject Hy | G ~ H;) > 1 — 0,(1). Now p > 7, by combining Theorem 2.3 with Lemma 4.20, we

have that,
d n TN
NS 2 a9 n _ H
Al(UmUm)/,un+d+O<1/n(y n+d>> o(max{ S log’(n)

4
= yzn + g -0 (max { %, \/%ET } Iogg(n)) ,

with high probability. Therefore, for y > 7 satisfying the conditions in Theorem 1.5, we have that

A2(Am) = dA; - 1 (UUT)

. &1/1/ N 4
=dNy*n+ n y L_»o (d/l{ max { r;i \/%Zr } logg(n)>

- 1
> nl} <du2 +1-o0 (max{d N }log (n)>>
’ 1. 2 1- log1/p 1 9
> nij <1+§dy +5dmax{\[T, npdlog T log”n

1 log 1 d 9
> nAj <1+5max{\[%/p, /nplog;}log nl,

where again we used the fact that 7 = ©(y/log(1/p)/d), by Lemma 4.8. Therefore, we have Pr(reject Hj |
G ~ H;) > 1 - 0,(1). Therefore, the statement follows. O
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4.7 Latent vector embedding

In this subsection, we prove our latent vector embedding results. We re-state our theorem in terms of 7
for convenience.

Theorem (Restatement of Theorem 1.4). Suppose that n,d € Z, and p € Ry, and p € [0,1/2 — ¢] for
any constant ¢ > 0, satisfy the conditions log'®n « d < n, y? < 1/(J/dlogn), and pn > 1. Then given
G ~ Gnq(u,7) generated by latent vectors uy, ..., u, € RY, the spectral algorithm described before produces
vectors Uy, ..., U, which satisfy

Z 1
E [d;) — (unu)| < max{r,“— }1og9n E [usu),
i,j~[n] i, j~[n]

T’ fnpr
with high probability as n goes to infinity.

We state another approximation theorem in terms of the spectral distance between the matrices.
Theorem 4.21. Suppose thatn,d € Z, and p € Ry, and p € [0,1/2 — €] for any constant ¢ > 0, satisfy the

conditionslog'® n « d < n, u* < 1/(Jdlogn), and pn > 1, we have that

T T 1 /‘14 1 9 T
JUU" —UU o < mmax T, ar ﬁ log"(M[UU " |op,

with high probability as n goes to infinity.
Proof of Theorem 4.21. This theorem follows directly by Theorem 2.1, Theorem 2.3, and Lemma 4.20. [

In the rest of the subsection, we prove Theorem 1.4. We firstly prove a proposition that bounds the
Frobenius norm of UUT —UU.

Proposition 4.22. We have that for any u < d*/*log™"/?(n),

2
TVl ¥ Vdmax | T g
Juu lp < \/_max{d, i Jpdr og’(n)

Proof. When p < 7, by Theorem 2.1, we have that

nt  \n
d’ Jpdr

Whenrt < pp < d~V/* Iog_l/ %(n), by a similar proof as that of Lemma 4.17, we have that with high probability

[UUT = UUT | < V2d|UUT = UUT |y "€ Vd max { } log”(n).

5/ 1a1y +dAVVT = (pollaly +d0UUT) - diag e
< " [fl(i’ j)]O,nxn + [fZ(ia j)]O,nxn + [fS(i, j)]O,nxn + [f4(i’ j)]O,nxn”F

For the first term, we have that |[ fi(i, ))]o.nxnlF < 0 (npdr4 log? n) +O0(npd?c?p*). And for the second term,
similarly, we have that |[ f2(i, /)]onsnlr < 0 (in4d log? n). For the third term, we have that

LA Dlonnle = 1 [Ld*T (aiaj(l —Li—Lj)+t(Li + L) + o(z* log® n) + O(#4Td)) (i, ) JonxnllF
< ||[/1132Taiaj<vi, Vi) lonxnlle + 2||[/11‘§21'aiajLi<vi: ) Jonxnlle + 2| d*e2Liv;, i) lomxnllE

+ n/hczzro(r3 10g2 n)O(lo%) + n/110~lzro(,u47d)0(l°%)
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< /110727/120 (%) +A dzr,u 0 (ki’/%—”> (0] (%) + /110721'20 (ki’/%”> (0] (%)
+ nAid?ro(z® log? n)o(lOgn) + nhdro(ut Td)O(lOgn)

0 (nprsa'2 log® n + np~du*log n) .

Furthermore,

3 3 og’n
ILfaGE, Dlowxnle = MdA1(€i€; — 1Cvi, v} Jopxnle = I[dAL(Li + Lj + 0(1 gd )i, v} lonxnl
= |[dA(Li + L)Xwi, ;) o menllr + ||[0~l/110(1°g2” )03, v) Jo.nxnlE

<dlo (ki/ggn> O (%) +nd0 (10%12") 0 (ki/g—n> o(nprlogn).

Putting all the inequalities together, we have that

Ipe/ 1,17 +dA VYT — (pod, 1) + dAUUT) — diag| = o(npr log® n + npJdyu?® log n).
We also note that by the same argument as in the proof of Proposition 2.2 and Proposition 2.4,
| diag |r = O(Vndpr) = o(\[dnplog*(n)).
Therefore, we know that
1P 1,1 + dAVVT = (pol, 1) + dAUUD|e = o(npr log® n + npVdy?log n).
By Proposition 4.1, we further have that with high probability,

Inowowg +dA;UUT = po1, 1 —dAUU [
= 0 (max {npfz, \/@} Vdlog’(n)) + o(npr log® n + np~dy? logn)
<« max { npr?, Jynp,npy? } Vdlog®(n).

Thus, we have that

|[dA;UUT — dAUUT g
< Inowowg +dAUUT — pol, 1, — d\UU g + Inowows — polnly Iy
<« max {nprz, Jnp, npyz} Jdlog’(n).
We thus have that
dA|UUT - UU [ < [dUUT — dAUU [ + |dA; — dA4|[UUT [
<« max {npr , Jnp, np,uz} Jdlog’(n).

As|dA, —dAy = O(4y) = O(pr), we thus have that

2
JUUT —UU" |f « —— max {nprz, Jnp, np,uz} Jdlog’(n) = O ( max E, ﬂ, Jn log’(n) ) .
d/l d’ dr’ Jp
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Proof of Theorem 1.4. We note that by Cauchy-Schwarz inequality and Proposition 4.22,

1 A 1 1
) Z K, ) — (i up)| < \/; Z Kuis uj) — us,up)? = ;"UUT —UU"[g

i,j€[n] i,j€[n]

2
< \/—amax{m— e Jn

}logg(n).

Therefore, our goal remains to show that

& X lwwl=a( ).

i,je[n]

Notice that for any fixed vector v, we can write
(v,u;) = Njlo| + pSjo1,
where N; follows N (0, 1/d) and S; equals to {+1} with probability 1/2. Therefore, we have that

1 1

Pe(io, )| > RIS Pr(Njo] > 1y Pr(VdN; > m) = ‘I’(m),

24d 24d
where ¥ is 1—CDF of standard Gaussian distribution. For each i € [n] with |u;]| > 1/2, if we fix u;, then we
have that {|(u;, u;)|};« are all independent and satisfy that Pr(|(u;, u;)| > 1/(2vd)) > 1/2. Therefore, for
any i € [n] with |u;| > 1/2,

Pr <n—11 Z Kug, uj)| > ﬁ) > 1— exp(—n/128).

J#i

Notice that with high probability there are at least n/2 of i € [n] with |u;| > 1/2. So by a union bound
over all i € [n] with |u;| > 1/2, we have that with high probability,

1 1
7 2 =2 (). =

i,je[n]

4.8 Spectral clustering

In this section, we will prove our clustering result. The theorem will follow from an analysis of a ba-
sic spectral clustering algorithm for a mixture of two Gaussians in the absence of a perturbation to the
data matrix which is bounded in operator norm. The argument is certainly not novel, but we could not
find a statement in the literature which matched our precise needs and so we include this appendix for
completeness.

Algorithm 4.23 (Spectral clustering). On input M € R™", compute the top right singular vector a of M
and then output y = sign(a), applying the sign function entrywise and breaking ties arbitrarily if a; = 0.

Proposition 4.24. Suppose U € R®™" with d < n has columns uy, ..., u, which are sampled independently
from the Gaussian mixture %N(—Q, %]ld) + %./\/(—0, %ld) with |0 = p, and let x € {£1}" denote the vector
of the component labels of the u;, so that x; = +1 if and only if u; was sampled from the mixture component
with mean +0.
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Then with probability 1 — o(1) over the matrix U, when Algorithm 4.23 is run on an n x n matrix M =
U'U + A for A an arbitrary matrix with |A| < n, then the output of Algorithm 4.23 is a vector y € {+1}" with

e 0 (1) -
n ! O(uﬁ) O(\/;)’

that is, Algorithm 4.23 clusters at most a O(#—\l/g) + O( [}%)—fmction of the columns of U incorrectly.

We re-state our theorem for convenience.

Theorem (Restatement of Theorem 1.6). Suppose that n,d € Z, and p € Ry, and p € [0,1/2 — ¢] for
any constant ¢ > 0, satisfy the conditions d™V/? « p < d7V/4 Iog_l/2 n, logn « d < nandpn > 1. If
G ~ Gna(p, i), then with high probability Algorithm 4.23 on input UU" correctly labels (up to a global sign

flip) a
1-0 <L + \/max { 'u—z _ } log’ n | -fraction of the vertices
pd v’ drp? Jnp ’

Remark 4.25. Similar to the case in latent vector recovery, potentially we could remove the second error
term O(\/p?/7) by choosing #; in a slightly different way that accounts for changes in the connecting

probability as j gets close to its upper limit of d~'/*log™/? n.

Proof of Theorem 1.6. For t < p < d~/4 Iog_l/z(n), we prove the theorem by combining Proposition 4.24
with Theorem 2.3. O

Proof of Proposition 4.24. Our proof proceeds in two steps: first we will show that with high probability,
the top eigenvector of U'U is well-correlated with x. Then we will apply a matrix perturbation result to
argue that the same is true for M = UTU + A.

We let A;(-) denote the ith-largest eigenvalue, and o;(-) denote the ith-largest singular value. We also

define o := \/g % and assume for the remainder of the proof that « <« 1 (which we may do without loss of
generality since otherwise the claim of the theorem is vacuous).

Claim 4.4. With probability 1 — o(1), A,(UTU) < 5(1 + O(\/g)) Further, if a = \/gi & 1, then with
probability 1 — o(1), Ly (UTU)? = p*n(1 + O(a)).

Proof of Claim 4.4. We will work with UUT rather than U'U; both matrices have the same spectrum but
UUT is more convenient to work with because it has full rank. We decompose each u; = z; + x;6, for
zi ~ N(0, %]ld). Let Z be the d x n matrix whose columns are the z;. Then U = Z + 0x', and

UU'"=ZZ"+0x"Z"+Zx0" +n-00".

Invoking standard matrix concentration results (see e.g. [Ver18], Theorem 4.6.1), with probability at least

1 — 0(1) over the choice of U, ||%IZZT -1y < C\/g for a universal constant C.

Conditioning on this event, for any unit vector w L 6, w'UU ™w = 5(1+C \/g ), and so defining v to

be the top eigenvector of UU ', from the variational characterization of eigenvalues,

LUUT) = maxw'UU ™w < maxw'UU w < n (l +C 4) .
2UU) =1 wi=1 d \E
wlog wl6
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Now, we lower bound the maximum eigenvalue. Let 0 be the unit vector in the direction of 6. We have

MUUTY > 00U = 672276+ 206] - x" 276 + n|o|? = Z (1 el ) + 2 x"Z70 + ny?

and because xTZT0 ~ N(0, 7). with probability 1 — o(1), IxTZ70] < n log" Therefore using that o =
\/g/y « landthatd <n

LUUT) > S (1 - C\/7> —2un, ’ + np? > np(1 - 2a — (C + 1)a?)

with high probability.
Finally, we also need an upper bound on A;(UU"). For this we can use the above concentration results;
decomposing any unit w € R? into the sum w = ¢ + w, for ¢ = (0, w) and w, the orthogonal component,

LUU) = ﬁax w'UU w
1
= max F0'UUTO + wlUU w,

cel0,1]
lzgnn +n,u2> +(1-¢) (g (l +C\/g>)

wi 10w, [2=1-c?
n
< 2( = (1 +C 4) +2
mane (3 (v eT) w2
n 1
< ] (1+C\/g) +2un %+nu2
< np(1 + 20 + (C + 1)a?) O

From Claim 4.4, we can show that the unit vector in the direction of x, x, is well-correlated with the
top right singular vector of U.

Claim 4.5. Let a; be the top unit right eigenvector of U'U. If a = éi <« 1, then with high probability,
%, a1)] = 1 - O0(a).
Proof of Claim 4.5. By direct calculation,
UTUR = |Zz|* + 2|x| - 0" Zx + |0)*|x|* = |Z2x|* + 2Jn0" Z% + 1°n.

We now argue that the first two terms concentrate: since |Z%|? is a Chi-squared random variable, with

probability at least 1 — o(1), |Zx[* = 1 + \/E for a universal constant C. And since 0" Zx ~ N(0, %2), with
logn

probability at least 1 — o(1), |07 Zx| < u . Hence with high probability,

FU'Ux > 1—\/9—2;111 lfign" +np? >y (1— (2+%)0{).

Now, write X = ca; + %, for a; the top right unit singular vector of U and ¢ = (a;, x). With Claim 4.4’s
upper bound on A;(UTU) and 1,(UU) we have that

pn(1-(2+ %) a) < x'U'Ux < Po? + (1 - c*)ol

< Apfn(1 + 20+ (C + Do) + = (1+C\/7>
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< EpPn(1 + 2a + 2(C + 1)a®),

and now simplifying the above, so long as a « 1, we have that

1-2+Sa
)| = > L =1-0(a). O
(a1, )| = Il \/1+2a+(C+1)a2 @

Finally, we use a spectral perturbation bound to argue that the top singular vector of M = U'U + A
is not too far from the top eigenvector of UTU. Here we will apply the classic Davis-Kahan sin 0 theorem
([Ver18], Theorem 4.5.5):

Theorem (Corollary of the Davis-Kahan sin 8 theorem). Let A, B € R™". Let a; be the ith unit eigenvector
of A and let b; be the ith unit eigenvector of B. Then there exists a sign s € {£1} so that

2°/%|A -~ B
min;; |i(A) — A;(A)|

From this, Claim 4.4, and Claim 4.5, we conclude that the top singular vector a of M has

| U
el > 1= V23 Gt o) 2 ' it - oy
and hence
(a.9)| > [((@.a)-a1, D=1~ {@.a1)? > (1-0(@)- (1-0 (%)>‘O< ui> - 1_0@_0( “L>

From Claim 4.5 we conclude that a must agree with x on at least n(1 — O(a) — O( %)) of the entry signs.

To see why, note that up to sign we can write
a=x+9.

Since each entry of x has absolute value in, the vector § has to have magnitude at least % in a coordinate

to flip a’s sign to be opposite of x’s. But from Claim 4.5, |§] = O(«) + O( [%) so & can flip at most
(O(a) + O(yn/ p?n))n signs. This completes the proof. O
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A Lower bound for hypothesis testing when the embedding is known

In this appendix we give a lower bound for hypothesis testing. We assume that we observe uy, -+, u, and
either uy, ..., u, ~ Hy = N'(0, é]l) Or Uy, ..., U, ~ Hy = %./\/(—;19, é]l)%— %./\/(;10, %]l), where 0 ~ Unif($¢1).

Our proof is similar to the proof of Theorem 3 in [BMV 18], with two differences. In [BMV 18], it is
assumed that d/n = ©(1) whereas for us, d/n can approach 0 or . Also, the signal vector in [BMV 18]
follows gaussian distribution, while the signal vector in our setting is either 8 or —0. The proofidea is to use
the second moment computation to show that the two distributions are contiguous when the separation
u is small.

We change our notation slightly to align with the notation in [BMV*18]. Define X to be a n by d matrix
with iid. N'(0,1) entries. Let P be the distribution of X. Define S to be a n by d random matrix where
each row equals +60 with probability 1/2 independently, with 6 ~ Unif(S9™"). Let Q be the distribution of

X + p+/dS. Then testing Hy versus Hj is the same as testing P versus Q.

Claim A.1. If u < (N2 —&)(nd)™"/* for arbitrary constant ¢ > 0, then P is contiguous to Q. Thus detection is
impossible.
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Proof. By Lemma 1 in [BMV" 18], we compute the second moment

(53)
QX)
where T is an independent copy of S with the same distribution, N ~ Bin(n, 1/2), and 6 and 6’ are inde-

pendent with the same distribution Unif(S¢~"). We now give a bound for Eg o (exp(t(0,0’))). Using the
density function of (6, 6’), we have that

X~P

- s =g e (7 (v~ 2)00).

N r(d/2)
E(xp(t(0,0) = / explt) = s

! I'(d/2)
< [1 exp(tx)m exp(—x*(d — 3)/2)dx

27 t2 I'(d/2) 3 t?
S\a=3 P (z(d = 3)) FT(d =1z - A Hod)exp (_z(d = 3)) ’

where in the last equality, we used I'(x + 1/2) /T(x) = /x(1 + 0(1)), for x large. With this inequality, we
n

get that
2 2
(003) | <Bow (w35 (v-3) ) a o0

Now we give a bound for Ex exp (t (N - n/2)2). Note that for any ¢ > 0, when t < 20-6) e have that

n

n n/2
I}\Zjexp (t (N - g)2> = Z <Z> 27" exp(t(k — n/2)*) = Z 27" (n/2n+ [) exp(tf).

k=0 t=—n/2

(1- xz)d’?dx

X~P

For ¢ < n®/3, we have that

—n n B J2rn 20 —(n/2-0) 20 —(n/2+£)
2 (n/Z + f) = (1+0,(1)) \/271'(;1/2 + f)\/27r(n/2 +¢) <1 B ;) (1 * ;)

= (14 0,1) i <1 - 4_"2>_("/2_[) (1 — 24/ ”)f
- 7 en(n/2 + 0)J2n(n/2 + o)

exp (2[2/n) exp (—(1 - n_1/8)4£’2/n) < % exp (—(l - on(l))Zfz/n) )

<

Sl

Therefore, we have that

n/2

S (s o= B (1, Jomeereat © (1 oo

t=—n/2 \t’|<nz/3 |[‘>nz/3

< Z % exp(t£*) exp (—(1 - on(l))2£’2/n) + n% exp(2(1 — e)n'’?) exp (—(2 - on(l))nl/?’)

le|<n?/3

< Z % exp(—ef*/n) + 0,(1)

|e]<n?/3

< C..
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Putting together the computations, we showed that as long as

d? 2(1—¢)
4
”z(d—3)< n =’

(a0)
~P [\ Q(X)

1/4
p<(l-e) (%) ,

we have that the second moment

The above condition is equivalent to

for arbitrarily small constant e.

B Distinct connected components when the separation is large

In this appendix we show that when y is large, each community corresponds to a distinct connected com-
ponent in the graph.

For uy,...,u, ~ %N(—y - ey, %]l) + %./\f(y - ey, %]l), recall that we say that vertex i € [n] comes from
community +1 if u; comes from the component in the mixture with mean p - ¢;; otherwise we say that
vertex i comes from community —1. We define C. to be the set of label i € [n] if u; comes from community
+1 and C_ to be the set of label i € [n] if u; comes from community —1.

Claim B.1. Suppose p € [0,1/2 — €] for any constant ¢ > 0 and p > (5 log n)'/4, then there is no crossing
edges with high probability.

Proof. Fori € C; and j € C_, we write ; = (g + N;,w;), where N; € R and w; € R4! and similarly
write u; = (—p + Nj, w;), where N; € R and w; € R, Here note that N; ~ N(0, 1/d), N; ~ N(0,1/d),
~ N(0,14-1/d), wj ~ N'(0,1;-1/d) and they are all independent.

Pr[i ~ jl = Pr[(u + N)(—p + Nj) + {wi,w;) = 7] = Pr[p(N; — N) + NiNj + (wi, wj) = 7 + pi°]
[N — N; > 7/(2p) + p1/2] + Pr[NiN; + (wi, wj) = 7/2 + 4i* /2]

< T
< I‘[N] N; ﬂ/ ]+Pr[MM+<Wi’Wj>/ 2/2]’

P
P

\\/ \\/

since T > 0. We note that

Pr[N; — N; > /2] = Pr[\Jd/2(N; = N}) > Jd/2 - 11/2] < exp(—12d/8) < exp(—d).

Further, we note that N;N; + (w;, w;) can be written as the difference of two independent normalized Chi-
Squared random variables N;N; + (w;, w;) = (Aq — By)/(2d), where Ay, By ~ x;. By the Laurent-Massart
bound [LM00], we know that Pr[A; —d > 2dx + 2x] < exp(—x), Pr[Ay —d < —2+dx] < exp(—x) and
so does By. This implies that there exists a constant ¢ such that

Pr[NN; + (w;, w;) > p*/2] < exp(—cd min(p*, 1)) < n™".

By a union bound over all vertices i € C; and j € C_, we have the claim. O
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